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NONLINEAR FRACTIONAL MAGNETIC SCHRODINGER EQUATION:
EXISTENCE AND MULTIPLICITY

VINCENZO AMBROSIO AND PIETRO D’AVENIA

ABSTRACT. In this paper we focus our attention on the following nonlinear fractional Schrédinger equa-
tion with magnetic field

(= A)yjeu+ V(@ = f(uf)u i RY,
where € > 0 is a parameter, s € (0,1), N >3, (=A)% is the fractional magnetic Laplacian, V : RY — R
and A : RY — RY are continuous potentials and f : RN — R is a subcritical nonlinearity. By applying
variational methods and Ljusternick-Schnirelmann theory, we prove existence and multiplicity of solutions
for € small.

1. INTRODUCTION
In this paper we consider the following fractional nonlinear Schrédinger equation
525(—A)5A/6u +V(@)u=f(u®u inRY (1.1)
where ¢ > 0 is a parameter, s € (0,1), N > 3, V € C(RV,R) and A € CORYN,RN), a € (0,1], are

the electric and magnetic potentials respectively, v € RY — C, f : R — R. The fractional magnetic
Laplacian is defined by

u(x) — er@=V-AC
|ZL‘ _ y|N+2$

4 (M)
N INRID(—s)]

(—A)5u(z) == cns lim dy, (1.2)

r—0 Be(x)
This nonlocal operator has been defined in [15] as a fractional extension (for an arbitrary s € (0,1))
of the magnetic pseudorelativistic operator, or Weyl pseudodifferential operator defined with mid-point
prescription,

%AU(ZE) _ (271r)3 /RG ez(x—y)'f\/’§ — A(L—;y) ’2u(y)dyd§

N 1 z—y)-(E+A ITW
- W/ﬂgﬁe A YigRuayde,

introduced in [26] by Ichinose and Tamura, through oscillatory integrals, as a fractional relativistic gen-
eralization of the magnetic Laplacian (see also [25] and the references therein). Observe that for smooth
functions w,

A ==l [eﬂy*‘(“%)u(my) — (@) = Ly @)y - (V = 14(2)u(2) | dp
= éll{% o [u(-’r) - 6’(”“"_””(%%@)} u(y — x)dy,
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2 V. AMBROSIO AND P. D’AVENIA

where . (N+1)
2
dp = p(y)dy = W%W\Nﬂdy'
For details about the consistency of the definition in (1.2) we refer the reader to [30,32,33,37].

The study of nonlinear fractional Schrodinger equations attracted a great attention, specially in the
case A = 0 (see [29] and references therein). For instance, Felmer et al. [20] dealt with existence, regularity
and symmetry of positive solutions when V is constant, and f is a superlinear function with subcritical
growth; see also [3,5,17] and [14] for the nonlocal Choquard equation. Secchi [35] obtained the existence
of ground state solutions under the assumptions that the potential V' is coercive. Shang and Zhang [36]
considered a fractional Schrodinger equation involving a critical nonlinearity, investigating the relation
between the number of solutions and the topology of the set where V' attains its minimum. Alves and
Miyagaki |2] studied the existence and the concentration of positive solutions via penalization method
(see also [4,6,21,24] for related results).

On the other hand, the classical magnetic nonlinear Schrédinger equation has been extensively inves-
tigated by many authors |1,7,10,13,19,27| by applying suitable variational and topological methods.

However, in our nonlocal setting, only few papers [15,22,28,39] dealt with the existence and multiplicity
of fractional magnetic problems. Therefore, motivated by this, in the present work we are interested in
the existence and multiplicity of solutions to (1.1) when the potential V' verifies the following condition

Voo =liminf V(z) > V= inf V(z) >0 (V)
|z| =00 zERN
introduced by Rabinowitz in [34].

In this context, the presence of the nonlocal operator (1.2) makes our analysis more complicated and
intriguing, and new techniques are needed to overcome the difficulties that appear.

Before to state our results, we introduce the assumptions on the nonlinearity. Along the paper we will
assume that f:R — R is a C! function satisfying the following assumptions:

(f1) f(t)=0for t <0

(f2) Tim £(t) = 0;

t—0

(f3) there exists ¢ € (2,2%), where 2% = 2N/(N — 2s), such that lim;_, f(t)/tq%2 = 0;

(f1) there exists 6 > 2 such that 0 < $F(t) < tf(t) for any t > 0, where F(t) = fot f(r)dr;

(f5) there exists o € (2,2%) such that f(t) > C,t°T for any ¢t > 0.

A first result we get is the following.

Theorem 1.1. Assume that (V) and (f1)-(fs) hold. Then there exists €9 > 0 such that the problem
(2.1) admits a ground state solution for any € € (0,&g).

Now, let us introduce the sets
M={zcRY:V(z)=V} and Ms={zcRY :dist(x, M) < 5} for § > 0. (1.3)

In order to obtain a multiplicity result for (1.1), we consider the Ljusternik-Schnirelmann category:
given a closed set Y is of a topological space X, the Ljusternik-Schnirelmann category of Y in X, denoted
by catx(Y), is the least number of closed and contractible sets in X which cover Y (see [38]).

More precisely we have

Theorem 1.2. Assume V wverifies (V), and f satisfies (f1)-(f5). Then, for any § > 0 there exists e5 > 0
such that, for any € € (0,¢5), the problem (1.1) has at least catp; (M) nontrivial solutions.

The proof of the above theorem is based on variational methods.

In the study of our problem, we will use the diamagnetic inequality recently established in [15] and
some interesting decay properties of positive solutions to the limit problem associated to (1.1) (see [20]).
These facts combined with the Holder continuity assumption on the magnetic potential, will play an



NONLINEAR FRACTIONAL MAGNETIC SCHRODINGER EQUATION 3

essential role to get some useful estimates needed to obtain the existence of solutions and to implement
the barycenter machinery.

The paper is organized as follows: in Section 2 we introduce the functional setting and we give some
fundamental tools and in Sections 3 and 4 we give the proof of Theorems 1.1 and 1.2 respectively.

Notations: In what follows |- |, denotes the L"(R™) norm, R(z) is the real part of the complex number
z, the letters C, C; will be repeatedly used to denote various positive constants whose exact values are
irrelevant and can change from line to line, and Bg(z) is the ball in RY centered at 2 with radius R.

2. THE SPACE H?

By using the change of variable z — ¢ x we can see that the problem (1.1) is equivalent to the following
one
(=AY v+ Ve(z)u = f(|u]2)u in RV, (2.1)
where Ac(z) = A(ex) and V(x) = V (ex).
For a function u : RN — C, let us denote by

_ la—y) A(EEY) 2
W) = e // lu(z) —e 2 u(y)| dudy.
2 R2N |z — y|N+2s

and consider
D5 (RN, C) := {u e L%[RN,C) : [u)} < oo} .

Then let us introduce the Hilbert space

HS = {u € D5 (RY,C): /

V(ex)|ul? dx < oo}
RN

endowed with the scalar product

(u,v)e =R V(e x)uvdx

RN
- cNS?R// (u(x) — @V A5 (y)) (u(z) — €Z(m_y)’A€(zgy)U(y))dxd
2 R2N |z — y| V2 Y

and let

[ulle == v/ (u, we.

Observe that for A = 0 we recover the classical definition of H*(RY,C) (for details we refer the reader
to [16]).
If ue HZ, let

tj(x) = pj(x)u(z) (2.2)

where j € N* and p;(z) = ¢(22/j) with o € CRY,R), 0 < ¢ <1, p(x) =1 if |2| <1, and p(z) =0
if |z| > 2. Note that u; € H? and @, has compact support.
Proceeding as in [39, Lemma 3.2|, we get the following useful result.

Lemma 2.1. For any € > 0, it holds ||i; — u|l: = 0 as j — oo.
The space H satisfies the following fundamental properties.

Lemma 2.2. The space HS is complete and C°(RY,C) is dense in H?.
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Proof. To prove that HZ is a complete space, let us consider a Cauchy sequence (u,,) in H .- In particular
(v/Veuy,) is a Cauchy sequence in L?(RY,C), and being V. > Vj in RV, there exists u € L2(RY,C) such
that v/Vou, — v/Veu in L2(RN,(C) and a.e. in RY. By using Fatou’s Lemma we get u, — u in a;.

To prove that C2°(RY, C) is dense in Hf we fix u € H? and we consider the sequence @;(z) = u(z)p(z/5)
defined as in (2.2).

In view of Lemma 2.1, we know that ||4; — ullc — 0 as j — oo and so it is enough to prove the density
for compact supported functions in HZ.

Now, we consider v € Hf with compact support, and assume that supp(v) C Br(0). Taking into account

u(z) — u(y)[® < 2Ju(z) — uly)e =T ER 4oy (y) 2t 5@y )2

and that, from |e¥ — 112 < 4 and |e" — 1|> < 2, we deduce

[ty [ T co| [ pa -
u(y)|“dy T < / u(y y/ — 5o dx
Br(0) RN |z — y|N+2s Br(0) lomy|>1 [T — YN T2

+ [ty [ e anes |42
u y y — X
Br(0) oyl<1 |z oy

< 00,

since V2 >V in RV, we can see that u € H*(RY,C).

Then, it makes sense to define u. = p. * u € C°(RY,C), where p. is a mollifier with supp(p.) C B.(0).
Arguing as in [23, Theorem 3.24] we have that u. — u in H¥(RY,C) as € — 0.

Moreover there exists K > 0 such that supp(us —u) C Bg(0) for all € > 0 small enough and, arguing as
before,

2 <2 242 i | O
[US_U]AE — [’U,&-—U] + RQN’(ua_U)( )’ |fL'— |N+25 ray

1
we — ) (y)2dy / S
/BK(O) ’( : |z—y|>1 |x - y‘N—’—QS

/ (e — ) (3)[2d (max,) e |4 (2)])°
+ Us — ) (Y y/ — — T
B(0) o—yl<t o —yNTET2

<2u. —u*+C |(ue — u)(y)|?dy — 0 as € — 0.
Bk (0)

< 2us —u)? +C

Using (V) and the pointwise diamagnetic inequality
—). A EtY
()| — ()| < [u(z) - @A ugy)],

we can proceed as in [15, Lemma 3.1] to prove that if u € HZ, then |u| € H*(RY,R) and the following
fractional diamagnetic inequality

[Jull* < [ul?. (2:3)

CN,s )|2
= dxdy.
//Rw I$—y|N+28 Y

Then, arguing as in [15, Lemma 3.5] and using |9, Lemma 3.2, we get

holds, where
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Lemma 2.3. The space H? is continuously embedded in L™ (RN, C) for r € [2,2%], and compactly embed-
ded in L}, (RN, C) for r € [1,2F).

loc
Moreover, if Voo = o0, then, for any bounded sequence (uy,) in HZ, we have that, up to a subsequence,

(|un|) is strongly convergent in L™ (RN, R) for r € [2,2).
For compact supported functions in H*(RY,R) we can prove the following result.
Lemma 2.4. Ifu € H*(RV,R) and u has compact support, then w = e A0)zy e H:.

Proof. Assume that supp(u) C Br(0). Since V' is continuous it is clear that
/ V(e x)|w|?de = / V(ez)|u|?dr < Clul3 < oc.
RN Br(0)

Therefore, it is enough to show that [w]a, < oo.
Recalling that A is continuous and |e? — 1|? < 4 and |e? — 1|2 < ¢? for all t € R, we have

1A(0)-z _ 1A(0)y 1A (B (x—y) 2
[w]ff:// [ ulw) — TV YWIE gy
R2N

|z — y| V2
2 A (F)~A(0))-(@—y) _ 1|2
2 u”(y)le =t 1
< 2[u)” + 2//R2N P =T dxdy

A (") — A(0)?

4
< 2[u)?® + 2/ u?(y)dy [/ _C dr +/ i
Br(0) o—y|>1 [T — y|NF2 oyl | —y[NTE2

cuprzf lgaf[ [ bl A0
Br(0) o—y|>1 |z — y[N T2 le—y|<1 |z — y|[N+2s-2
<20l +C uH(y)dy [/OO %ﬂdﬂ + /1 %dp} < o0
Br(0) 1 P o P
because of u € H*(RY,R) and s € (0,1). -

Moreover we have the following Lions-type Lemma (see [20, Lemma 2.2]).

Lemma 2.5. Let N > 2. If (uy,) is a bounded sequence in H*(RN,R) and if

lim sup / up, |2dz = 0
" yeRN JBr(y)
where R > 0, then u, — 0 in L"(RN,R) for all r € (2,2%).

Arguing as in [18, Lemma 3.2] and taking into account Lemma 2.3 we can prove

Lemma 2.6. Let 7 € [2,2}) and (un) C Hf be a bounded sequence. Then there exists a subsequence
(unj) C H? such that for any o > 0 there exists v+ > 0 such that

lim sup/ U, |"dr < & (2.4)
J B;(0)\Br(0)

for any r > 1.

We conclude this section giving some properties on the nonlinearity that will be useful in the proofs
of our results.
Lemma 2.7. The nonlinearity satisfies the following properties:
(1) for every & > 0 there exists C¢ > 0 such that for all t € R,

DE(?) < S < €2 + Gl
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(ii) there exist C1,Cy > 0 such that for all t € R, F(t?) > Cy|t[? — Co;
(i4) if up;, — uw in HZ and 4; is defined as in (2.2) we have that

/RN F(fun,[2) — Fllun, — a5[2) — F(ijP)dx = 05(1) as j — oo

(iv) if (un) C HE is bounded, (un;) a subsequence as in Lemma 2.6 such that w,, — u in HZ and i;
is defined as in (2.2) we have that

L U Py, = = ), = ) = £ )il >0 as = o0

uniformly with respect to ¢ € HE with ||¢]le < 1.
Proof. Properties (i) and (ii) are easy consequences of (f2), (f3) and (f4).
Let us prove (iii). Recalling that 4; = @;u with ¢; € [0,1], (i) in Lemma 2.7, and using the Young
inequality we can see that
1
|F(Jun, [2) = F(Jun, —a%)| < 2/0 |f (luny — tag )|y — tag||a;dt
< O [(funy | + ul)ul + (| + ful)4 ful]
< E(Juny [* + Jun,|7) + O(Jul* + [ul?)
for any £ > 0. Then
| (Jun, 1*) = F(Jun, — 451%) = F(1a51)] < &, |* + [, |7) + C(Jul? + |ul?)

Now let
GS 1= max {|F(|Jun, [*) = F(Jun, — 1) — F(|it]*)] — (|, |* + un,|7), 0} .

Note that G§ —0asj— ooae in RY and 0 < G§ < O(|ul® + |ul?) € LY(RN,R). Thus, applying the
Dominated Convergence Theorem, we deduce that

/ ng:v—>0 as j — o0.
RN

On the other hand, from the definition of Gﬁ,
[P (Jun [*) = F(Jun; = @51%) = Fla5*)] < &(usl* + us|*) + G5

Hence, since (uy,) is bounded in H?, we have

fimsup [P, ) = Fllun, = ,]%) = Pl < Ce
J

and, from the arbitrariness of £, we conclude.
To prove (iv), let us consider ¢ € HZ such that ||¢||. < 1and o > 0. Note that, for any r» > max{ry 2,744},
where 7, » has been introduced in Lemma 2.4,

L By, = £, = i, = ) = £
< [ Py, = Qs = £
(0)

+/ [ f ([t | PYun; — f(|v*)oj = f(|@5]*)a|pldx
<(0)
=: Dj + Ej.
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Taking into account Lemma 2.3 and Lemma 2.1, we can apply the Dominated Convergence Theorem to
obtain that D; — 0 uniformly in ¢ € H? with ||¢||c < 1.

On the other hand, recalling that (i) in Lemma 2.7 and that 4; = 0 in B$(0) for any j > 1, we deduce
that, for j large enough,

Ej = / [ (e, Pyim, = f (| = 1) (un, = 35) = f(151)a5] | 6lda
Bj(0)\Br(0)

<c / (Tt |+ 455] + ot 77+ i[9 8
B;(0)\B(0)

Since ||¢|| < 1, using also the Holder inequality and Lemma 2.3, we get

q—1

1
2 q
/ (|t | + |tn, [97Y)|plda < C (/ ‘un]_de> + (/ yunj\qu>
B;(0)\B:(0) B;(0)\B:(0) B;j(0)\B:(0)

and so, by Lemma 2.4,
—1
limsup/ (|t | + Jun, |7 1) |p|da < C’(U% tolT).
J B;(0)\B:(0)

Moreover, note that from Lemma 2.3 and Lemma 2.1, we know that 4; — u in L2(RN,C)n LY(RN,C)
as j — oo. This and Holder inequality give

-1
lim sup / (lag + [a;1Y)|glde = / (Jul + [ul"™)|glde < C(o* +07)
J B;(0)\Br(0) Bg(0)

for r large enough. Thus the arbitrariness of o > 0 yields E; — 0 as j — oo uniformly with respect to
o, ||¢]le <1 and we conclude. -

3. A FIRST EXISTENCE RESULT

The goal of this section is to prove Theorem 1.1.
We want to find solutions of (2.1) in the sense of the following definition.

Definition 3.1. We say that uw € H is a weak solution to (2.1) if for any v € H

R (e / / (u() — A uy)) (v(w) = A o(y))
9 RoN |z — y|N+2s Yy

+ o V(ex)uvdx — /RN f(|u]2)u17d1:> = 0.

Such solutions can be found as critical points of the functional J, : H — R defined as

1 1
Tw) = gl =5 [ F(ul?)da.

Using Lemma 2.3 and Lemma 2.7, we can get that J. is well-defined and that J. € C'(HZ,R).
Let us show that for any € > 0 the functional J. satisfies the geometrical assumptions of the Mountain
Pass Theorem.

Lemma 3.2. The functional J. satisfies the following conditions:

(i) there exist o, p > 0 such that J.(u) > a with ||ullc = p;
(11) there exists e € HE \ B,(0) such that J:(e) < 0.
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Proof. Taking into account (i) in Lemma 2.7, Lemma 2.3, and (V), for £ < Vj we get

1 1 C,
T > S+ (1 V(e x)ul*dx - 5/ [ul?dz > Cy|lullZ = CollullZ
2 2 Vb RN 2 RN

and then (i).
To prove (ii), we observe that by (ii) in Lemma 2.7 and taking ¢ € C°(RY, C) such that ¢ # 0 we have

t2
Je(tp) < S |19l = t"Crlly + Calsupp(p)| — —00 as t = +o0
since ¥ > 2. 0

By the Ekeland Variational Principle there exists a (PS).. sequence (uy,) C HZ, that is
Je(up) = ¢ and  Jl(uy) — 0, (3.1)
where ¢, is the minimax level of the Mountain Pass Theorem, namely

;= inf
e = inf max Je(7(t))

with I' :== {y € H([0,1], Hf) : 7v(0) = 0, Jo(y(1)) < 0}.
Let us observe that (u,) is bounded in HZ. In fact by using (3.1) and (f4) we can see that
1
¢z + op(1)|Junlle = Je(un) — (T2 (un), un)

0
R A U B
(5= 5) Il [ [GrtuaPlunk? = L7 (unf)| a

1 1
> (5-) Il

Moreover it is standard to verify the characterization

= i f J t — i f J b}
G = el 5 =(tu) Jnf = (u)

where
Nz o= {u e H2\ {0} : (Jl(u),u) = 0}
is the usually Nehari manifold associated to J..
The following properties hold.
Lemma 3.3. We have:

(i) there exists K > 0 such that, for all u € N¢, ||ull: > K;
(i1) for any uw € HZ\ {0} there exists a unique to = to(u) such that J.(tou) = maxs>q J-(tu) and then
tou € Ng.

Proof. Property (i) follows easily from (i) in Lemma 2.7 and Lemma 2.3, since, if u € N, then, for all
£E>0

Jull2 = [ QP lude < gl +Clal.

To prove (ii), let us fix u € H? \ {0} and consider the smooth function h(t) := J-(tu) for t > 0. Arguing
as in Lemma 3.2 we can get that

Je(tu) > C1t*||ul|2 — Cotull?
and

t2
Je(tu) < Sl - tﬁcl/ luf?dz + Ch|Q — —o00 as £ — +oo,
Q
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where € is a compact subset of supp(u) with |Q2] > 0. Then there exists a maximum point of h. To prove
the uniqueness, let 0 < t; < t2 be two maximum points of h. Since h/(t1) = h/(t2) = 0, then

lull? = / F([trul?)|uf*da = / F(t2ul*)|uf*dx
RN RN
which is in contradiction with the strict increasing of f assumed in (f5). O

To prove the compactness of the (PS)y sequences, for suitable d € R, we will use the following
preliminary result.

Lemma 3.4. Let d € R and (u,) C HE be a (PS)q sequence for J. such that u, — 0 in HZ. Then, one
of the following alternatives occurs:

(a) up, — 0 in H;

(b) there are a sequence {y,} C RN and constants R, 3 > 0 such that

liminf/ lun|?dz > B > 0.
Br(yn)

n

Proof. Assume that (b) does not hold true. Then, for every R > 0 such that
lim sup / [ |2dz = 0.
" yeRN JBr(y)

Since (uy) is bounded in HZ, from (2.3) we deduce that (|u,|) is bounded in H*(RY R), so by Lemma
2.5 it follows that |u,|; — 0.
Since, moreover, (u,) is also a (PS)4 sequence for J;, by (i) in Lemma 2.7 we have that for every & > 0

§
0 < [fun i = /RN F(Junl*)unl?dz + 0a(1) < Elunl3 + Celun|? + 0a(1) < Vo\lunllg + Celunlg + on(1).

Thus, for £ small enough, we get (a). O

Moreover, to develop our arguments, we will need to consider the following family of limit problems
associated to (2.1)
(—=A)u+ pu = f(lul*)u in RY, (Pu)
with g > 0, whose corresponding C! functional Iy, : H*(RY,R) — R is given by
Lo 1 2
o) = gl =5 [ P(ul?)da,

where
lullf, = [u]® + Volul3.
Even in this case we can define the Nehari manifold
My ={u € H*(RY,R) : (I),(u),u) = 0}
and we have that

= inf L(~(t)) = inf L(tu) = inf I
Cpi= lnf max u(y(1)) I u(tu) b u(u)

with 2, := {y € C([0, 1], H*(RY, R)) : (0) = 0, ,(+(1)) < 0}.

We will call ground state for (P,) each minimum of /,, in M, wich is also a solution of (P,).

Remark 3.5. Arguing as in Lemma 3.3 we can prove that for every fived p > 0 there exists K > 0 such
that, for allu € My, ||lull. > K and that for any v € H*(RN R) \ {0} there exists a unique to = to(u)
such that I,(tou) = max;>o I, (tu) and then tou € M,,.

Using the same arguments of Lemma 3.4 and arguing as in |21, Lemma 6| we can get
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Lemma 3.6. Let (wy,) C M, be a sequence satisfying I,,(wy,) — c,. Then (wy,) is bounded in H*(RYN R)
and, up to a subsequence, w, — w in H* (RN, R). If w # 0, then w, — w € M, in H3RN,R) and w is
a ground state for (P,). If w =0, then there exist (§,) C RY and @ € H*(RN,R) \ {0} such that up to
a subsequence wy (- + §n) — W € M, in H* (RN R) and @ is a ground state for (P,).

Remark 3.7. In view of [20, Theorems 1.2 and 3.4] we can see that a ground state v obtained in Lemma
3.6 is Holder continuous and has a power type decay at infinite, more precisely

0 <wv(x) if |x| > 1.

< |x|N+25
Now we prove a fundamental property on the (P.S), sequences for J. in the noncoercive case (Voo < 00).

Lemma 3.8. Let d € R. Assume that Voo < 00 and let (v,) be a (PS)q sequence for J. in Hf with
v, = 09 HE. Ifv, A0 in H, then d > cy_.

Proof. Let (t,) C (0,+00) such that (¢,|v,|) C My, .
Firstly we prove that limsup,, ¢, < 1.
Assume by contradiction that there exist 6 > 0 and a subsequence, still denoted by (t,,), such that

t, >14+d6 VneN. (3.2)
Since (vy,) is a (PS)4 sequence for J. we have
o], +/ V(e 2)|vnl?da _/ F(fonl®)vnl?dz + on(1). (3.3)
RN RN
On the other hand, t,|v,| € My, . Thus we get
[lonl]? + Voo lvnl3 = / F(En o) vn|*de. (3.4)
RN
Putting together (3.3), (3.4) and using (2.3) we obtain
[ @0aP) = 5P foulde < [ (Vo = Vi) fonfdo + 001, (35)
RN RN
Now, by the assumption (V), we can see that for every ¢ > 0 there exists R = R({) > 0 such that
Voo = V(ex) < (¢ forany |z| > R. (3.6)

Combining (3.6) with the fact that, by Lemma 2.3, v, — 0 in L?(Bg, C), so that |v,| — 0 in L?(Bg),
and with the boundedness of (v,) in HZ, we get

/ (Vo — V(e 2)) [vn P = / (Voo — V(e 2)) |on2da +/ (Ve — V(e ) |vn|2da
R B(0) B5,0)

gvoo/ yvny2dx+</ [un|2de
Bi(0) B5,(0)

<on(1)+ ‘fb

Thus, in view of (3.5), we deduce that

/RN [f(tlonl?) = f(lval®)] [onl* dz < CC + 0n(1). (3.7)

||UnHz < on(1) +¢C.

Since v, # 0, we can apply Lemma 3.4 to deduce the existence of a sequence (y,) C RY, and the
existence of two positive numbers R, 5 such that

/ |vn|2d2 > B > 0. (3.8)
B (yn)
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Now, let us consider wy, = |v,|(- + ). Taking into account that (V), (2.3), and the boundedness of (vy,)
in H?, we can see that

lwnllt, = lloalll¥, < llvnllZ < C

Therefore w, — w in H*(RY,R) and w,, — w in L] (RY,R) for all r € [2,2}). By (3.8)

/ w? = lim w2 > f
Bg(0) " JBg(0)

and so there exists  C RY with positive measure and such that w # 0 in Q. By using (3.2) and (3.7)
we can infer

[+ 52u2) = f(w) whde < O+ 0,(0).
Q
By applying Fatou’s Lemma and by (f5) we obtain

0< /Q (f((1+6)*w?) — f(w?) w?dz < ¢C

and by the arbitrariness of ( > 0 we get a contradiction.

Now, two cases can occur.

Case 1: limsup,, t, = 1.

In this case there exists a subsequence still denoted by () such that ¢, — 1. Taking into account that
{vn} is a (PS)4 sequence for J., cy,, is the minimax level of Iy, and (2.3), we have

d+ on(1) = Je(vp)
2 Je(vn) = T, (tnfon]) + cvs,

1—¢2 1
zw%P+/ (V(e) — £2Vao) [vn Pda (3.9)
2 2 Jon
1
+ / [F(t2|vn)?) — F(Jvn]?)] dz + cv.,-
2 Jan
Since (|vn|) is bounded in H*(RY,R) and t,, — 1, we can see that
(1-t)
5 [lonl]* = 0n(1). (3.10)

Now, using (V), we have that for every ¢ > 0 there exists R = R(¢) > 0 such that for any |z| > R it
holds

View) —t2Voo = (V(ex) = Vao) + (1 = t2) Voo = —=C + (1 — £7) Veor.
Thus, since (vy,) is bounded in HE, |v,| — 0 in LP(BR), t, — 1, we get

/ (V(ex) — t2Vio) |vp|?dx = / (V(ex) —t2Vas) Jvn|*dz
RN Br(0)

+/ (V(ex) —t2Vas) |vn?dz
B (0)

> (Vo —tiVoo)/

v |2da — C/ v, |?dx (3.11)
Br(0) B(0)

+voo(1—ti)/ lon 2der
B5,(0)

C
> On(l) - %C
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Finally, using the Mean Value Theorem, (i) in Lemma 2.7, t,, — 1, and the boundedness of (|v,|), we get

/ [F(th]vnl*) = F(jva|?)] da| < / |f (Onlvn )1t — 1| |vn|* dz
RN RN

< (Cilval3 + Calvald) |t — 1] = 0n(1).
Now, putting together (3.9), (3.10), (3.11) and (3.12) we can infer that

d+o0n(1) > 0,(1) = CC + ey,

and taking the limit as n — oo we get d > cy,_.
Case 2: limsup,, t, =19 < 1.
In this case there exists a subsequence still denoted by (¢,), such that ¢, — ¢t and ¢, < 1 for any n € N.
Since (vy,) is a bounded (PS)4 sequence for J,, we have
1

A+ 0u(1) = Je(wn) = 520 vnd = 5 [ (FlloaPlon = Pllon2) da. (3.13)

Observe that, by (f5), the map ¢ — f(t)t — F(t) is increasing for ¢ > 0.
Hence, since t,|v,| € My, and t, < 1, from (3.13), we obtain

(3.12)

cve < Iy, (tnlvnl)

1
= Iy, (tn|vnl) — tn§<l{/oo (tnlvnl), [val)
1
=5 |, U@ = F(Efenf?)) do
RN
1
<5 [ o)l = F(joa) do
RN
=d+ o,(1).
Passing to the limit as n — oo we get d > ¢y, . O
Thus we are ready to give conditions on the levels ¢ so that J. satisfies the (P.S). condition.

Proposition 3.9. The functional J. satisfies the (PS). condition at any level ¢ < cy,, if Voo < 00 and
at any level ¢ € R if Voo = 0.

Proof. Let (up) be a (PS). sequence for J.. Then (u,) is bounded in H and, up to a subsequence,
Up — u in HS and u, — v in LL (RN C) for any ¢ € [1,2}). Using also the assumptions (f2), (f3), it is

loc
easy to deduce that J/(u) = 0 and so, using (f41), we can see that

Jta) = o) = 3ww) = 5 [ (P lul? = F(faf))do > (3.1

In view of Lemma 2.6 we can find a subsequence (uy;) C H¢ verifying (2.4).
Now, let v; = up,; — 1; where 1; is defined as in (2.2). We claim that

Je(vj) = ¢ — J:(u) + 05(1) (3.15)
and
JL(v;) = 0j(1). (3.16)
To prove (3.15), let us observe that

=: AJ’ +Bj.
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In view of the weak convergence of (uy,) to u in HZ and Lemma 2.1, we can see that A; — 0 as j — oo.
Moreover, by (iii) in Lemma 2.7, we have that B; — 0 as j — oo.
To show (3.16) we observe that

(T2 (vg) = JL(un,) + JL(d5), 6)| = ‘ / [f (ln, [ )un; — f(lvil?)vs = f(l5]?)a5)¢de

< [ 1 Py, = sy = £ 6lda

and so, by (iv) in Lemma 2.7 we get that (J.(v;) — JL(un,;) + JL(t;),¢) — 0 for any ¢ € HZ such that
|¢lle < 1. Thus, since J.(up,;) — 0 and JL(@;) — J.(u) = 0, we can infer that (3.16) is satisfied.

Let us assume that Vo, < 0o and ¢ < ¢y, . By (3.15) and (3.14) we have that ¢ — J.(u) < ¢ < ey,
Thus, since (v;) is a (PS)._j. () sequence for J. and v; — 0 in HZ, by Lemma 3.8 we infer v; — 0 in
H?. Hence Lemma 2.1 implies that u,; — w in H} as j — oo.

If Voo = +00. Then, by Lemma 2.3, v; — 0 in L"(RY,C) for any r € [2,2}) and by (3.16) and (i) in
Lemma 2.7 we deduce that

ol = [ £ lesda +0,(1) = 0;(1).
Hence, as before, u,; — u in H? as j — oo and we conclude. ([l

Now we show that A is a natural constraint, namely that the constrained critical points of the
functional J. on N; are critical points of J. in H.

Proposition 3.10. The functional J. restricted to N satisfies the (PS). condition at any level ¢ < cy,,
if Voo < 00 and at any level ¢ € R if V,

Proof. Let (u,) C Nz be a (PS). sequence of restricted to M. Then, by 38, Proposition 5.12|, J-(u,) — ¢
as n — oo and there exists (\,) C R such that

JL(un) = AT (up) + on(1) (3.17)
where T, : H} — R is defined as

To(u) = [Jull? - / F(luf?)[ul?da.
]RN
By (fs5) we can see that
(T () ) = 22 — 2 / F(ltnl?)funde — 2 / £ (fun?) fun
RN ]RN
= 2/ f’(|un|2)|un|4dx < —2Cy|un |2 < 0.
RN

Up to a subsequence, we may assume that (77 (uy), un) — £ < 0.
If £ =0, then

on(1) = |<Té(un),un>] > Cluplg

so we obtain that u, — 0 in L7(R™,C). Observe that, since (u,) C N and J.(u,) — ¢ as n — oo,
then (uy,) is bounded in H?. Thus, by interpolation, we also have u,, — 0 in LI(R" C). Hence, by (i) in
Lemma 2.7, we get

§ §
[ unl|? = / Flun]®)unlPde < 2|, ||2 + Celun|d = = Jun |2 + on(1),
RN Vo Vo
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which implies that u, — 0 in Hf. This is impossible in view of (i) of Lemma 3.3. Therefore ¢ < 0 and
by (3.17) we deduce that A\, = 0,(1). Moreover, by the assumptions on f we have that for every ¢ € HZ

(TL(un), $)] < 2unllcll¢ll + Q/RN |f ()| un |l + Q/RN |f () P pl e
< Cllun (1 + [lun|272) ][]
Then, the boundedness of (u,) implies the boundedness of 7! (u,,) and so, by (3.17) we infer that J.(u,) =

on(1), that is (uy,) is a (PS), sequence for J.. Hence, it is enough to apply Proposition 3.9 to obtain the
thesis. 0

As a consequence we have the following result.

Corollary 3.11. The constrained critical points of the functional J. on N are critical points of J. in

Now we are ready the proof of the main result of this section.

Proof of Theorem 1.1. By Lemma 3.2 we know that J. has a mountain pass geometry. So, by the Ekeland
Variational Principle, there exists a (PS).. sequence (u,) C Hf for J..

If Voo = 00, by Lemma 2.3 and Proposition 3.9 we deduce that J.(u) = ¢, and J.(u) = 0, where u € H?
is the weak limit of wu,,.

Now, we consider the case Voo < 0o. In view of Proposition 3.9 it is enough to show that c. < ¢y, .
Suppose without loss of generality that

V(0) =V = inf V(z).

RN

Let p € (Vo, V). Clearly ¢y, < ¢y < cv,. Let w € H*RYM,R) be a positive ground state to the
autonomous problem (P,) and n € C°(RY,R) be a cut-off function such that n =1 in By(0) and n = 0
in B§(0). Let us define w,(x) := n,(z)w(x)e 0 with n,(x) = n(x/r) for » > 0, and we observe that
|wy| = npw and w, € HY in view of Lemma 2.4. Take ¢, > 0 such that

Lu(tr|wy]) = r{lzagc L (twr|)

Let us prove that there exists r sufficiently large such that I,(¢.|w,|) < cv...
If by contradiction I,,(t,|w,|) > ¢y, for any r > 0, by using the fact that |w,| — w in H*(RY,R) as
r — o0 (see [31, Lemma 5|), we have ¢, — 1 and

cv,, < ligglflu(tr\wrl) =1, (w) =cu
which gives a contradiction since ¢y, > ¢,. Hence, there exists r > 0 such that
L(trJw,|) = r?géclu(r(trlwrm and I,(t,|w,|) < cy,,. (3.18)

Now, we show that

lim[w,]%, = [nyw]?. (3.19)

e—0
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Then we can see that
XYY (z—y) 2 .
2 (27 1 4(0) ym(y)w(y)lz

[w 4. = // e A0 2y (2)w(x) — el
Wrja, = o |z — y[Nr2s

n2(y ’el[As (5 =AO)]-(z—y) _ 12
o+ /Rm
m)*A(O)]-(ﬂf*y))

’N+25
—nr(y ) W) (y)w(y) (L — e 1A

777’
2R
- //Rzzv |z — y|N+2s

=: [nppw ]+X;+%@
Since |Yz| < [prw]v/ X, it s enough to show that X, — 0 as € — 0 to deduce that (3.19) holds

Observe t};Lt, for0<f<a/(l+a-—s),

dxdy

dxdy

dxdy

9 ) |el[As (ZE)—A(0)]-(z—y) _ d
Xe g/ w / T
o (y Yy ay[e |3j _ y|N+23
z+y
‘€Z[As )—A0)]-(z—y) _ 1’2 (3.20)
+/ w?(y)d / dz
- (y) Yy oyl <ot |x _ y|N+2s

= X!+ X2
Since |e” — 1]? < 4 and recalling that w € H*(R™,R), we can observe that
oo
Xl<c w2(y)dy/ p17%dp < C e 0.
RN e=h

12 <t forallt € R, A € CORN RN) for a € (0,1], and |z + y|?> <

(3.21)

Concerning X2, since |e
2(|z — y|? + 4]y|?), we have
|4: (52) — A(0)?

X2
< / w?(y)dy /
= lz—y|<e—8 |z — y|N+2572
< Ce?

@+ y[*
d ————dx
/RN (y) Y /zy|<5_5 |z — y’N+25_2

dx

1 (3.22)
< Ce / w2ydy/ dx
( RN ( ) oyl <e—B ‘1. _ y’N+25—2—2a
+ / |y2°‘w2(y)dy/ %dﬂﬂ
RN |z—y|<e—B ‘.’L‘ - y‘ s
= O 2 (X2 4 x22%),
Then .
—
- C wQ(y)dy/ p1+2a—25dp < 05—26(14—(1—5)' (323)
RN 0
On the other hand, using Remark 3.7, we infer that
B
X2% < C/ \ylzawz(y)dy/ p'~Fdp
RN 0
(3.24)

1
< 0 280-9) / w?(y)dy —|—/ —————dy
B1(0) (v) B2 (0) |y|2(V+25)—2a

<C 5—23(1—5) )
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Taking into account (3.20), (3.21), (3.22), (3.23) and (3.24) we can conclude that X, — 0.

Now, in view of (V), there exists g > 0 such that
V(ex) < p for all x € supp(Jwy|), e € (0,¢ep).

Therefore, putting together (3.18) , (3.19) and (3.25), we deduce that
limsup ¢ < limsup [max JE(TtTwT)] < mgg([u(rtﬁwr\) = I,(tr|w,|) < ey

e—0 e—0 720

which implies that c¢. < ¢y, for any € > 0 sufficiently small.

4. PROOF OF THEOREM 1.2

(3.25)

In this section, our main purpose is to apply the Ljusternik-Schnirelmann category theory to prove
a multiplicity result for problem (2.1). In order to achieve our main result, first we give some useful

preliminary lemmas.

Let § > 0 be fixed and w € H*(RY,R) be a ground state solution of the problem (P,) for u = V; given

by Lemma 3.6 (see also Remark 3.7).

Moreover let 1 € C*°(R™, [0, 1]) be a nonincreasing function such that ) = 1 in [0,8/2] and % = 0 in

[0, 00) and, for any fixed y € M, let us introduce

Vey(z) :=9(lez —ylw <€xg_y> ety (5)

where M is defined in (1.3) and 7,(z) := Z;\le Aj(y)z;
By Lemma 3.3 let t. > 0 be the unique positive number such that

Je(teWey) = I?Zag( Ja(teq’a,y)

and let us introduce the map ®. : M — AN by setting ®.(y) = teW.,. By construction, ®.(y) has

compact support for any y € M.
We begin proving the following result.

Lemma 4.1. As e — 0 we have that || U 4|12 — ||w|[3, uniformly with respect to y € M.

Proof. By applying the Dominated Convergence Theorem we easily have that

/]RN V(ex)|Wey(z)|*de — Vb/ w?(z)dz.

RN
Thus, we only need to prove that as e — 0

:01+12

W, (1) — Ve y ()t (®12)Ac( |2 // |w(w1) — w(xa)?
d d d dxro — dxidxs.
//R?N |1 — wo|NF28 e RN |@1 — x| N2 e
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By using the change of variable e z; —y = €2; (i = 1,2), we obtain

T+
|\I/ey 1?1 &y(xZ) z(x1fx2).A5(%)|2d ;
RN ’1‘1 — $2|N+23 xr1dxo

_ e alw(z)e™ ) — (| sl lw(zp)emela R AC =2
= on ’21 — 22’N+25 21429

e 21|)w(z1) — ¥(] € 22| Jw(22)|?
dz1d
//RzN ’21 — 32’N+25 ez

92| e 22])w(22) (1 = cos { (21 — 22) - [A(e(252) + 1) — A))})
w2 [,

|z1 _ 22|N+2s

le dZQ

(] € 21 w(z1) = (] € 22w (z2) (| € 2ol w(zg) 1 — o= AT 0=
+ 2§R// dz1dz
R2N

|2’1 _ Z2|N+25
= X.+Y. +2Z.

Since ¢ (|z]) = 1 for x € Bs/s, we can use [31, Lemma 5| to get
e 21w (z1) — ¥(le 2 )w(ze) // jw(z1) — w(z2)|?
X, dzidze — dzid
//RQN 21 — 29| N 25 #1022 woN |21 — zg|N 128 z1022
as € — 0.

On the other hand, by the Holder inequality we can see that

Ze] < VXY

Therefore, it is enough to show that Y; — 0 as ¢ — 0.
Being ¢ = 0 in B§(0), we have

B ) ) 1 — cos {(zl — 29) [A(€(¥) +y) — A(y)]}
== 2/B§/8(0) v (’ 622’)('0 <Z2)d22 {~/|21—Z2|<5—5 ‘Zl - 22‘N+28 =

<) L-eos{(m - 2) [ACCF) +9) - AW |y, e
|21 —22|>e= 8 ‘21 — 22‘N+28 10 - =,

(4.1)

where 0 < 8 < 170—-
Taking into account that |21 + 22|?® < O(|z1 — 22|>* + |22|>®) for any 21,22 € RY, 2(1 — cost) < 2 in R,
the assumptions on A, and recalling that 0 < ) < 1 we can see that

E Y ST S S
By« (0) lz1—zo|<e—B |21 — 2oV F2572720 0 ] l<e8 |21 — 22|V H2s

—. C€2a[}/€1’1 + }/;1,2]'

(4.2)

We have
B
}/61,1 < C w2(22)dz2/ p1+2a ZSdp_ CE B(1+a—s) (4.3)
RN 0
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and, taking into account Remark 3.7 and that N > 3,

B
vit<c [ jafrutads [0
RN 0
a1 1 (4.4)
< Cem280-3) / —————————dz —I—/ w(2z2)?dzs
|22]>1 |Z2’2(N+2S)72a |z2]<1
< O e28(1=s)
Putting together (4.2), (4.3) and (4.4) we can infer that
Y! = 0as e—0. (4.5)
Finally, using the facts 0 <y <1 and 0 <1 —-cost <1 in R, we have
[e.e]
1
2 2 253
Y- <C . w*(z2)dz /gﬁ e dp < Ce™. (4.6)
Taking into account (4.1),(4.5) and (4.6) we can conclude. O

The next result will be very useful to define a map from M to a suitable sub level in the Nehari
manifold.

Lemma 4.2. The functional ®. satisfies the following limit
lin% Je (P (y)) = ¢y, uniformly iny € M.
E—

Proof. Assume by contradiction that there there exists k > 0, (y,) C M and &, — 0 such that

| Je, (Pc,, (Yn)) — 1] > K.
Since (J. (P, (yn)), Pe, (yn)) = 0 and using the change of variable z = (e, & — yn)/en, (f5), and that, if

z € Bg/sn<0), then €, z + yn € Bs(yn) C Ms, we can see that
19e g2, = / F(lte, We, [2)| 0., 2
RN
- /R (e, n DD e 2o(2)
> [ (e P
Bs/2(0)
> f(tnaf?) / WA (2)dz
Bs/2(0)

for all n > ng, with ng € N such that Bs(0) C B_s (0) and av = min{w(z) : |2| < g}
2 2en

Hence, if t., — oo, by (f1) we deduce that ||¥., ,.||* — oo which contradicts Lemma 4.1.
Therefore, up to a subsequence, we may assume that t., — tg > 0. In fact, taking into account Lemma
4.1 and passing to the limit as n — oo in

1We,, g lI2, = /RN F(te, ol en 2w (2)P) (| €n 2w () dz

it is easy to check that tg > 0.
Moreover

[tow]? + /N Voltow|*dz = /N F([towH)t3w?,
R R
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that is tow € My;. Since w € My, we get that tgp = 1.

Then
im [P, )) = [ F@).
RN
and so
h,rl;n Jan ((ban (yn)) = IVO (CU) = CVO
which gives a contradiction. ([l

Now, we are in the position to define the barycenter map. We take p > 0 such that M; C B, and we
consider T : RN — R¥ defined by setting

| if |z] < p
Te) = { prfle| it f| > p.

We define the barycenter map 3. : N. — RY as follows

/ Y(ex)|u(z)|*dx
RN _

/RN lu(z) | da

Lemma 4.3. The function ®. verifies the following limit

Be(u) :=

lin% Be(®-(y)) = y uniformly iny € M.
e—

Proof. Suppose by contradiction that there exists k > 0, (y,) C M and &, — 0 such that

|Be, (P, (yn)) — ynl| = k. (4.7)
Using the change of variable z = (¢,  — yy,)/en, We can see that

Jen [ (En 2+ yn) — ynll¥(|en 2))Plw(2) [ dz
Bfn (\I]?fn (yN)) =Yn + 2 2
Jew [ (len 2))P|w(2)[* d2
Taking into account (y,) C M C M;s C B, and the Dominated Convergence Theorem, we can infer that
B2, (Pe,, (yn)) — yn| = 0n(1)
which contradicts (4.7). O

Next, we prove the following useful compactness result.

Proposition 4.4. Let e, — 0% and (u,) C N, be such that Je, (un) — cv,. Then there exists (§,) C RN
such that the translated sequence

Un () = |up|(z + Jn)
has a subsequence which converges in H*(RY,R). Moreover, up to a subsequence, (yn) := (€n 9n) is such
that y, -y € M.

Proof. Since (J. (un),un) = 0 and J;, (un) — cy, We easily get that there exists C' > 0 such that
|unlle, < C for all n € N. Let us observe that ||uy|ls, - 0 since ¢y, > 0. Therefore, as in the proof of
Lemma 3.4, we can find a sequence (§,) C R and constants R, 3 > 0 such that

lim inf/ |up, |2dz > . (4.8)
n BR(?:/n)

Let us define

() = |up|(z + Un).
By the diamagnetic inequality (2.3) we get the boundedness of (|u,|) in H*(R™,R) and, using (4.8), we
may suppose that v, — v in H*(RY R) for some v # 0.
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Let (tn) C (0,400) be such that w,, = t,v, € My, and set y, := €, Un.
By (2.3), we can see that

cvy < Iy (wp) < r&agc Je, (tun) = Je, (un) = cyy + on(1),

which yields Iy, (wy) — cy .

Now, the sequence (t,) is bounded since (v,) and (w,), by Lemma 3.6, are bounded in H*(R¥ R) and
vp = 0 in H*(RN,R). Therefore, up to a subsequence, we may assume that ¢, — tq > 0.

Let us show that ty > 0.

In fact, if £y = 0, from the boundedness of (v,), we get w, = t,v, — 0 in H*(RY R), that is Iy, (wyp) = 0
in contrast with the fact ¢y, > 0.

Thus, up to a subsequence, we may assume that w, — w := tov # 0 in H*(RY,R).

From Lemma 3.6, we can deduce that w, — w in H*(R™,R), which gives v, — v in H*(RN,R).

Now show that (y,,) has a subsequence such that y, — y € M.

Assume by contradiction that (y,) is not bounded, that is there exists a subsequence, still denoted by
(yn), such that |y,| — +oo.

Firstly, we deal with the case V,, = oc.

Taking into account (2.3), we can see that

/ V(en e + ya)lonl?dz < [Joall? + / V(ene + gn)lonl?dz < Jun|2, < C.
RN RN

On the other hand, by Fatou’s Lemma, we deduce that

n

lim inf/ Vienx + yn)]vn]2da@ = 00
RN

and we get a contradiction.
Now, let us consider the case V, < oo.
Since w,, — w strongly in H*(RY,R), Vi < V4, and by using (2.3), we obtain

vy = IVO (w) < IVoo (w)

1 1
< liminf [[wn]2 + - / V(enz 4 yn)|wn2d — / F(|wn]2)dm]
n 2 2 RN RN
[t 2 th 2 20, |2
= liminf | 2{|u,|]* + 2 V(en 2)|un|“dz — F(t; |uy|?)dx
n 2 2 RN RN
<

< liminf J. (tnu,) < liminf J; (un) = cy,

which gives a contradiction.
Thus (y,) is bounded and, up to a subsequence, we may assume that y, — y. If y ¢ M, then Vi < V (y)
and we can argue as in (4.9) to get a contradiction and so the proof is complete. U

At this point, we introduce a subset N of N- by setting
Ne={ueN.:J.(u) < ey, + h(e)},

where h : Ry — Ry is such that h(s) — 0 as ¢ — 0.
Fixed y € M, we conclude from Lemma 4.2 that h(s) = |J(P(y)) — cy| — 0 as ¢ — 0. Hence

. (y) € N, and N, # 0 for any € > 0. B
Moreover, we have the following relation between A and the barycenter map.

Lemma 4.5. We have
lim sup dist(8:(u), Ms) = 0.
e—0 uE/\75
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Proof. Let €, — 0 as n — oo. For any n € N, there exists (u,) € /\75” such that

s inf —y| = inf —y|+ on(l).
S |Ben (u) =yl = inf |Be, (un) =yl + 0n(1)
Therefore, it is suffices to prove that there exists (y,,) C Ms such that

1i7£n B, (tn) = yn| = 0. (4.10)

By using the diamagnetic inequality (2.3), we can see that Iy (t|uy|) < Je, (tuy,) for any ¢t > 0. Therefore,
recalling that (u,) C N, C N;,, we can deduce that

cyy < r?za(f( Ly, (tun]) < r?zaox Je, (tun) = Je, (un) < ey, + h(en)

which implies that J., (u,) — ¢y, because of h(e,) — 0 as n — oo.

From Proposition 4.4 it follows that there exists (7,) C RY such that y, = &, §, € M for n sufficiently
large.

Thus

" fRN (Y (en 2+ Yn) = Ynllun(z + Gn)|* dz
f]RN |un (2 + ?jn)’Z dz

Since, up to a subsequence, |uy|(- 4 §,) converges strongly in H*(R™ R) and ¢, z +y,, — y € M for any
z € RN, we deduce (4.10). O

Bsn (un) = Un

Now, we are ready to present the proof of our multiplicity result.

Proof of Theorem 1.2. Given § > 0, we can apply Lemma 4.2, Lemma 4.3 and Lemma 4.5 and argue as
in [11, Section 6] to find €5 > 0 such that for any € € (0,¢5), the diagram

M 2 N5 g

is well-defined and B, o ®. is homotopically equivalent to the embedding ¢« : M — Ms. This fact
and [8, Lemma 4.3] (see also [12, Lemma 2.2|) yield

cat i (Nz) > cata, (M).

From the definition ./\N/'€ and Proposition 3.10, we know that .J. verifies the Palais-Smale condition in
N. (taking 5 smaller if necessary), so we can apply standard Ljusternik-Schnirelmann theory for C*
functionals (see [38, Theorem 5.20]) to obtain at least cataz, (M) critical points of .J; restricted to N;.
From Corollary 3.11, we can deduce that J. has at least catps, (M) critical points in HZ. O
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