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Abstract—An extensive literature discusses traction control 

systems for electric vehicles. In general, the proposed control 

structures do not include consideration of the actuation dynamics, 

which are especially important for vehicles with on-board 

drivetrains, usually characterized by significant torsional 

dynamics of the half-shafts. This paper compares the performance  

of a selection of traction controllers from the literature with 

control structures specifically designed for on-board electric 

drivetrains. The simulation results clearly show the performance  

improvement provided by the control structures taking into 

account the actuation dynamics.  

 
Index Terms—Fully electric vehicle; traction control; on-board 

drivetrain; PID control; H∞ control; sliding mode control 

I. LIST OF SYMBOLS 

𝑎: longitudinal acceleration 

𝐴𝑠(𝑣), 𝐵𝑠(𝑣),𝐶𝑠(𝑣): shaped plant matrices, functions of vehicle 
speed 

𝑏: coefficient of the first order sliding mode controller 
𝑐𝜆: longitudinal slip stiffness 

𝐶𝑑𝑟𝑎𝑔: aerodynamic drag coefficient 

𝑒: error 

𝑓0, 𝑓2: constant and quadratic coefficient of the rolling 
resistance force 
𝐹: force 

𝑔: acceleration of gravity 
𝐺: transfer function 

GM: gain margin  

ℎ: index used for the gain scheduling points 
𝐻: height of the centre of gravity of the vehicle 

𝐻𝑠(𝑣),𝐹𝑠(𝑣): output of the H∞ optimization procedure , 
functions of vehicle speed 
𝑖1, 𝑖2: transmission gear ratios 

𝐼: identity matrix 
𝐽: mass moment of inertia 

𝑘: torsional stiffness 
𝐾: gain 

𝐿: wheelbase 

𝐿𝑡𝑖𝑟𝑒 : tire relaxation length 
𝑀: mass of the vehicle 

PM: phase margin 
𝑅: radius 

𝑠: Laplace operator 
𝑆: frontal area of the vehicle  

𝑇: torque 
𝑢: control input 

𝑣, 𝑣̇: vehicle speed and acceleration 

𝑉: Lyapunov function 

𝑊: shaped plant used in the H∞ observer based form 
𝑥: state variables in the state space approach 

𝑦: output in the state space approach 
𝛼: parameter used in the MTTE controller 

𝛽: torsional damping coefficient 

𝛾: upper bound of the sliding mode controllers 
Γ: uncertain term of the SOSM, function of the states and time 

𝜖: stability margin 
𝜂: efficiency 

𝜗, 𝜗̇, 𝜗̈: angular position, speed, acceleration 

𝜆: slip ratio 
𝜇: road friction coefficient 

𝜈: derivative of the control input 𝑢 
𝜌: air density 

𝜎: sliding variable 
𝜏: time constant delay 

𝜑: value for the H∞ optimization procedure  
Φ: uncertain term of the SOSM, function of the states, input and 

time 
𝜒: gain used in the MTTE controller 

Ω: equivalent control in the friction estimation through sliding 
mode  
 
The following superscripts and subscripts are used in the paper: 

𝑎𝑐𝑡: actual 
𝑎𝑒𝑟: aerodynamic 

𝐴𝑉𝐶: active vibration controller 
𝑏𝑝: break point 

𝑑: delayed 
𝑒𝑞: equivalent 

𝑓, 𝑟: front, rear 
𝑓𝑖𝑛: final 

𝑔: gear 

𝐻𝑆: half-shaft 
𝑖𝑛: initial 

𝐼: integral term 
𝑚: motor 

𝑚𝑎𝑛: manoeuvre 
𝑚𝑎𝑥: maximum 

MTTE: maximum transmissible torque estimation 
𝑃: proportional term 

𝑟𝑒𝑓: reference 
𝑟𝑜𝑙𝑙: rolling resistance 

𝑆𝑀𝐶: sliding mode controller 
𝑆𝑂𝑆𝑀: sub-optimal sliding mode 

𝑇𝐶: traction controller 

𝑤: wheel 
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II. INTRODUCTION 

Electric vehicles (EVs) with multiple and individually 

controlled drivetrains present significant potential benefits with 

respect to more conventional EV layouts with a single electric 

drivetrain, an open differential and half-shafts. In fact, these 

vehicle configurations can produce torque-vectoring, which is 

yaw moment control actuated through the torque difference 

among the left and right wheels of the same axle. Torque-

vectoring  significantly improves the vehicle cornering 

response, thus enhancing active safety. For example, torque-

vectoring increases the maximum lateral acceleration in steady-

state conditions, and yaw damping during transients [1]-[2].  

Moreover, the continuous control of the individual drivetrain 

torque levels can provide improved slip ratio tracking 

performance during extreme traction or braking, with respect to 

conventional internal-combustion-engine-driven vehicles. 

Hence, the performance of traction controllers (TC) and anti-

lock braking systems (ABS) can be enhanced by the adoption 

of electric drivetrains. In fact, electric motor drives are 

characterized by more precise and fast torque response, with 

respect to internal combustion engines or hydraulic friction 

brakes. Therefore, they are more suitable for continuous wheel 

slip control.  

An extensive literature describes traction control (TC) 

systems, or more generally wheel slip controllers, potentially 

suitable for EVs with multiple drivetrains. These control 

structures range from controllers not requiring the definition of 

a reference slip ratio [4], to controllers based on slip ratio 

feedback control. The feedback control action can be based on 

gain scheduled proportional integral derivative (PID) control 

structures [], 𝐻∞ controllers [], sliding mode controllers [], and 

model predictive controllers [].  

More specifically, the proposed controllers are usually based 

on the simplified equations of the wheel dynamics, with the slip 

ratio used as a state. They exclude consideration of: i) tyre 

relaxation [], which is very relevant according to industrial 

sources []; and ii) drivetrain torsional dynamics, which can 

provoke a significant deviation between the expected and the 

actual wheel torque, according to simulation and experimental 

studies []. This is an important limitation, as the on-board 

(rather than the in-wheel) installation of the electric drivetrains 

is the preferred solution in many applications, mainly for 

packaging constraints.  

The novel contributions of this paper are: 

 The analysis of the variation of the system dynamic 

response, when considering tyre relaxation and drivetrain 

torsional dynamics for traction control design. 

 The development of PID and 𝐻∞ controllers specifically 

designed for wheel slip control with on-board electric 

drivetrains. 

 The objective comparison of the performance of different 

control structures from the literature, with that of the novel 

traction controllers designed in this paper. Among the 

controllers from the literature, this paper focuses on the 

PID controllers, a couple sliding mode control 

formulations, and the maximum transmissible torque 

estimation controller. 

The paper is structured as follows. Section III describes the 

models for control system design. Section IV presents the 

formulations of the control structures that will be the object of 

the comparison in Section V.  Section VI includes the main 

conclusions of the research.  

 

Fig.1.  Longitudinal tire force as function of the slip ratio for different 
values of the tire-road friction coefficient 𝜇, for 𝐹𝑧 = 6130  N. 

 
Fig.2.   Scheme of the proposed Traction controller (TC) and active 

vibration controller (AVC). 

III. DESIGN REQUIREMENTS   

Fig. 1 shows a typical longitudinal force (𝐹𝑥) – slip ratio (𝜆) 

characteristic of a passenger car tire, for different values of the 
tire-road friction coefficient 𝜇. The value of 𝜆 that maximizes 

the longitudinal force is a function of 𝜇. Actual traction 
controllers include algorithms for the estimation of 𝜇 []. 

However, these are usually very approximate, and in real-world 
applications the friction coefficient is often estimated according 
to two or three discrete levels. Also, the shape of the 𝐹𝑥(𝜆) 
characteristic can be very different depending on 𝜇, e.g., it can 
happen that 𝐹𝑥 is monotonically increasing as a function of 𝜆, 

or that the slip ratio corresponding to the maximum value of 𝐹𝑥 
is very different from the expected one. As a consequence of 
the actual tire characteristics, the first essential requirement of 

any TC is to be able to operate for a wide range of values of the 
local longitudinal slip stiffness, 𝑐𝜆. This is defined as: 

𝑐𝜆 =
𝜕𝐹𝑥

𝜕𝜆
|
𝜆=𝜆𝑎𝑐𝑡

 (1) 

The second requirement is that the TC is operational only 

when strictly required, i.e., to limit |𝜆| when its estimated value 
is above specified thresholds. During its interventions, the TC 
outputs a torque correction, i.e., a reduction (and never an 
increase) of the electric motor torque with respect to the value 

produced by the low-level layer of the torque-vectoring 
controller. The TC must be de-activated when the slip ratio is 
back within its normal values. Therefore, the control structure 

Traction 

Controller 

(TC)

Active 

Vibration  

Controller 

(AVC)

Plant
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has to be flexible enough to allow ease of 
activation/deactivation in a limited time frame. Thirdly, the 
control action should be as smooth as possible, to allow 
comfortable vehicle operation, and not to provoke accelerated 

wear of the electric drivetrain hardware.  
As shown in Errore. L'origine riferimento non è stata 

trovata., the control problem is to regulate the estimated value 
of the longitudinal slip ratio, 𝜆𝑎𝑐𝑡, to a setpoint, 𝜆𝑟𝑒𝑓, through 

the variation of the motor torque demand. However, the 
performance of on-board electric drivetrains is affected by their 
torsional dynamics, mainly caused by the half-shafts [7]. For 
improving drivability, an active vibration controller (AVC) is 
included in the control structure. The AVC behaves like a 
virtual damper, i.e., it is a gain-scheduled proportional 

controller of the torsional speed of the drivetrain (see [8] for 
details).   

IV. MODELS FOR SLIP RATIO CONTROL  

A. Plant and the simulation model 

The case-study vehicle is a high performance front-wheel-
drive (FWD) sport utility vehicle. The drivetrain layout, shown 

in , consists of one on-board electric motor per wheel. The 
powertrains are connected to the wheels through single-speed 
transmissions and half-shafts with constant velocity joints.  

 
Fig. 1.  Schematic drivetrain of the case study FWD electric vehicle. 

The main vehicle parameters are reported in the Appendix. 
To evaluate the vehicle dynamics behaviour, a simulation 

model in the time domain has been created through the 
Simulink environment. The electric drivetrain dynamics have 
been considered by taking into account the stiffness and 
damping of the half-shafts. The electric motor drive has been 
modelled by including its torque slew rate, the air gap torque 
(implemented in the form of a transfer function), and the 

windage losses.  
The system dynamics are also affected by the non-linear 

force vs. slip ratio characteristics of the tires, and their 
relaxation behaviour, variable as a function of the operating 
conditions of the tire. The relaxation length for each 
load/slip/frequency condition has been determined from the 

results shown in [1], in which vertical load and longitudinal slip 
ratio strongly influence the relaxation length.  

Finally, the dynamics of the electric powertrain mounting 
system, especially if the drivetrain includes bushings, can affect 
system performance as well. All these factors can interfere with 
the performance of TC and ABS controllers based on electric 

motor torque modulation. The control system design is based 
on models at increasing levels of complexity:  

i) a model including a steady-state linearized tire model 
and considering the rotating parts of the drivetrain as 

a rigid system (named Model 1);  
ii) a model considering the transient behaviour of the 

tire through the concept of tire relaxation, named 
Model 2;  

iii) a model accounting for the torsional dynamics of the 
half-shaft and tire relaxation, named Model 3. 

iv) The model 3 including the control action of the 
Active Vibration Controller (AVC) (Model 4) 

A wheel slip controller will be designed for each of the four 
models through frequency domain analysis based on gain and 
phase margins.   

B. Model 1 

𝜏𝑚 𝑇̇𝑚 +𝑇𝑚 =  𝑇𝑚,𝑟𝑒𝑓  (2) 

 

𝑇𝑚 − 𝑇𝑤,𝑓
𝑖𝑔

𝜂𝑔
− 𝑖𝑔𝑇𝑟𝑜𝑙𝑙,𝑓 = 𝐽𝑒𝑞,1𝜃̈𝑚 (1) 

2𝑇𝑓,𝑤 − 2𝑇𝑟𝑜𝑙𝑙,𝑟 −𝑇𝑎𝑒𝑟 = 𝐽𝑒𝑞,2𝜃̈𝑣 (2) 
where  

𝜂𝑔 = 𝜂1𝜂2  ;       𝑖𝑔 = 𝑖1𝑖2;    (3) 

𝐽𝑒𝑞,1 = (𝐽1 + 𝐽𝑚) +
𝑖1
2

𝜂1
𝐽2 +

𝑖𝑔
2

𝜂𝑔
(𝐽𝑤 + 𝐽𝐻𝑆) (4) 

𝐽𝑒𝑞,2 = (𝐽𝑟,𝑤 + 𝑀𝑅𝑤
2) (5) 

 
The wheel torque, Tf,w, is a function of the longitudinal slip 

stiffness and the slip ratio: 

𝑇𝑓,𝑤 = 𝑐𝜆𝜆𝑅𝑤 = 𝑐𝜆 (
𝑖𝑔𝜃̇𝑚 − 𝜃̇𝑣

𝑖𝑔𝜃̇𝑚
)𝑅𝑤  (6) 

 
The controller design is based on the transfer function 𝐺𝜆 =

𝜆/𝑇𝑚,𝑟𝑒𝑓 where 𝜆 is the slip ratio, defined in equation (7): 

𝜆 = 1 −
𝜃̇𝑣

𝜃̇𝑤
 (7) 

The model has been evaluated considering the state space 
approach, after the linearization of the resistance forces (drag, 
rolling and traction force through Pacejka Magic Formula). 
Linearization of the forces 

𝑇𝑤,𝑓 =
𝑐𝜆𝑅𝑤

𝑖𝑔𝜃̇𝑚,0

(𝑖𝑔𝜃̇𝑚 −
𝜃̇𝑣,0

𝑖𝑔𝜃̇𝑚,0
𝜃̇𝑣)

+
𝑐𝜆𝑅𝑤

𝑖𝑔𝜃̇𝑚,0
(𝑖𝑔𝜃̇𝑚,0 − 𝜃̇𝑣 ,0) 

(8) 

Linearized equation for rolling resistance torque:  

Vehicle

direction

gearbox

Front

right wheel

Front

left wheel

Front left 

electric motor

EM

Vehicle 

model 

EM

Front right 

electric motor
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𝑇𝑟𝑜𝑙𝑙 = 𝑓0𝐹𝑧𝑅𝑤 − 𝑓2𝐹𝑧𝑅𝑤
3 (𝑖𝑔𝜃̇𝑚,0)

2

+ 2𝑓2𝐹𝑧𝑅𝑤
3 𝑖𝑔

2𝜃̇𝑚,0𝜃̇𝑚 
(9) 

Linearized equation for aerodynamic drag resistant torque:  

𝑇𝑎𝑒𝑟 = 𝜌𝐶𝑥𝑆𝑅𝑤
3 𝜃̇𝑣,0𝜃̇𝑣 −

1

2
𝜌𝐶𝑑𝑟𝑎𝑔𝑆𝜃̇𝑣,0

2 𝑅𝑤
3  (10) 

States and outputs are here reported 

𝑥 = {𝜃̇𝑚, 𝜃̇𝑣 , 𝑇𝑚}
𝑇

 

𝑦 = {𝜃̇𝑚 , 𝜃̇𝑣 , 𝑇𝑚, 𝜆}
𝑇

 
(11) 

 where 

𝜆 = 𝜆0 + {
𝜃̇𝑣,0

𝜃̇𝑤,0
2 𝑖𝑔} 𝜃̇𝑀 + {−

1

𝜃̇𝑤,0
}𝜃̇𝑣  (12) 

C. Model 2 

Model 2 is characterized by the tire relaxation length. The 
longitudinal force 𝑇𝑑,𝑓,𝑤/𝑅𝑤 of the tires is modelled using the 

Pacejka magic formula, including a relaxation length model 
for the evaluation of the transient effects, according to (13): 

𝐿𝑡𝑖𝑟𝑒

𝜃̇𝑤,0𝑅𝑤
𝑇̇𝑑,𝑓,𝑤 + 𝑇𝑑,𝑓,𝑤 = 𝑇𝑓,𝑤  (13) 

Eq. 16 shows the state variables and the states: 

𝑥 = {𝜃̇𝑚 , 𝑇𝑑,𝑓,𝑤 , 𝜃̇𝑣 , 𝑇𝑚}
𝑇

 

𝑦 = {𝜃̇𝑚 , 𝑇𝑑,𝑓,𝑤 , 𝜃̇𝑣 , 𝑇𝑚 , 𝜆}
𝑇

 
(14) 

D. Model 3 

The complexity of the model is here increased by adding the 
dynamics of the half-shaft (HS). The HS is modelled as a 
combination of torsion spring and damper: 

𝑇𝐻𝑆 = 𝛽𝐻𝑆(𝑖𝑔𝜃̇𝑚 − 𝜃̇𝑤) + 𝑘𝐻𝑆(𝑖𝑔𝜃𝑚 − 𝜃𝑤) (15) 

 

𝑥 = {𝜃̇𝑚 , 𝜃̇𝑤 , 𝜃̇𝑣, 𝜃𝑚 , 𝜃𝑤 , 𝑇𝑚 , 𝑇𝑑}
𝑇

 

𝑦 = {𝜃̇𝑚 , 𝜃̇𝑤 , 𝜃̇𝑣 , 𝜃𝑚 , 𝜃𝑤 , 𝑇𝑚 , 𝑇𝑑 , 𝜆}
𝑇
 

(16) 

E. Model 3 with AVC 

This section shows model 3 including the active vibration 
control (AVC): 

𝜏𝑚 𝑇̇𝑚 + 𝑇𝑚 = 𝑇𝑚,𝑟𝑒𝑓 − 𝐾𝐴𝑉𝐶(𝑖𝑔𝜃̇𝑚 − 𝜃̇𝑤) (17) 

Equation (17) includes the AVC with a constant gain 𝐾𝐴𝑉𝐶 =
15 𝑁𝑚𝑠/𝑟𝑎𝑑 . The equations of model 3, with and without 
the AVC, have been implemented in the state space approach 
for the design of the PI controller. The matrices A and B are 
reported in the appendix.    

V.  ANALYSIS OF THE VEHICLE DYNAMICS IN THE FREQUENCY 

DOMAIN 

The slip ratio transfer function of the vehicle without TC 
control (the so-called “baseline vehicle”) can be obtained from 

the equations of the four different models described in the 
previous section. Assuming some particular parameters for the 
vehicle (𝜇 = 0.3, 𝐹𝑧 = 6130 𝑁), the frequency response of the 

models was analysed, given the absence of any literature about 
the frequency response of such powertrain. Fig. 2 plots the 
sensitivity of the frequency response of the same electric 
powertrain, modelled with increasing complexity, to a reference 

low slip ratio (𝜆𝑟𝑒𝑓 = 3.3%). Passing from a simple model 

(Model 1) to a more complicated (Model 4), the response of the 
system changes from a first order system to a second order with 
a resonant peak in the region between 80 and 90 rad/s. It can 

also be observed that the bandwidth is between 40 and 75 rad/s.  

  
Fig. 2 – Longitudinal slip ratio frequency response evaluated for the four 

models at 20 km/h. 

The frequency response is then evaluated for Model 4 with 
different vehicle speeds (Fig. 3).  

  
Fig. 3 - Longitudinal slip ratio frequency response evaluated for the model 

4 at different vehicle speeds, starting from 20 km/h to 80 km/h with a step 

of 20 km/h. 

VI. CONTROL STRATEGIES 

Five different approaches for the design of the slip ratio 
controller generating a corrective motor torque are considered 
and evaluated as follows: 

 a maximum transmissible torque estimation (MTTE) 
controller, as described in [9] 

 a first order sliding mode controller (SMC), based on [10] 

 a second-order sliding-mode (SOSM) control based on 
the suboptimal algorithm (without feedforward 
contribution),[10]-[13]; 

 PI control with gain scheduling 

 an H∞ controller based on loop shaping (the general 
theory of loop shaping is discussed in  [26][25]-[27], 
implemented in the form of an observer structure, suitable 
for the gain scheduling as function of the vehicle speed. 

Condition for the activation of the controllers except for the first 

order sliding mode controllers are (MTTE, PID, H∞: 

𝑂𝑛 𝑖𝑓 𝜆 > 𝜆𝑟𝑒𝑓 

𝑂𝑓𝑓 𝑖𝑓 𝜆 < 0.3𝜆𝑟𝑒𝑓 
(18) 

A. Maximum Transmissible Torque Estimation controller 

This particular controller has been developed by Hori et al 

[14] to avoid the problem of measuring the chassis velocity for 
the four wheel drive systems. Generally for vehicles 
characterized by just one driven axle, the vehicle speed is 
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approximated using the non-driven wheels. This method is no 
longer suitable when the vehicle is accelerated by four-wheel 
drive systems thus, to overcome the problem of the speed 

estimation, the MTTE algorithm only make use of torque and 
wheel rotation as input variables to estimate the maximum 
transmissible torque to the road surface.   

𝐹𝑤 =
𝑇𝑚 𝑖𝑔

𝑅𝑤
−
𝐽𝑤𝑣̇

𝑅𝑤
2

 (19) 

𝛼 =
𝑣̇

𝜃̈𝑤
=

(𝐹𝑤 − 𝐹𝑤,𝑟)𝐽𝑤

𝑀(𝑇𝑤,𝑚𝑎𝑥 − 𝑅𝑤𝐹𝑤)𝑅𝑤
 (20) 

𝑇𝑤,𝑚𝑎𝑥 = (
𝐽𝑤

𝛼𝑀𝑅𝑤
2
+ 1)𝑅𝑤𝐹𝑤  (21) 

𝑇𝑤,𝑚𝑎𝑥
′ = 𝑇𝑤,𝑚𝑎𝑥 + 𝜒𝑇̇𝑤,𝑚𝑎𝑥  (22) 

Controller parameters, 𝛼, 𝐺, 𝜏1, 𝜏2, were selected by using an 
evolution strategy  optimization procedure of type (1+N)-ES 
(for further references see [9]) to maximize the velocity of the 
vehicle and minimize the RMS of the slip ratio error, during a 

test manoeuvre performed with the non-linear simulation 
model. 

B. First order sliding mode controller 

In the first order sliding model controller, the control objective 
is to reach and remain in sliding surface 𝜎𝜆 = 0 

𝜎𝜆 = 𝜆𝑎𝑐𝑡 − 𝜆𝑟𝑒𝑓  (23) 

The control law obtained by the sliding approach is composed 

of two terms: the first is an equivalent control term that, ideally, 
would keep the system in the sliding surface, as long as the 
system model was completely known; since this hardly 
happens, a switching term is added to ensure the robustness to 
the modelling errors [10]-[13]. Applying this design method, 
the sliding control law is defined as follows [10]:  

𝑇𝑆𝑀 =
1

𝑏𝑓
 [−𝛾𝑆𝑀𝐶𝑠𝑖𝑔𝑛(𝜎𝜆) − 𝐹𝑓] (24) 

Where the value  𝐹𝑓 is the feedforward contribution and 𝛾𝑆𝑀𝐶 

is the upper bound for the uncertainty.  
 
 
 

𝐹𝑓 = −
𝑣̇

𝑅𝑤𝜃̇𝑤
−
𝑣𝐹𝑥

𝐽𝑤𝜃̇𝑤
2

 (25) 

𝑏𝑓 =
𝑣

𝐽𝑤𝑅𝑤𝜃̇𝑤
2

 (26) 

The value of 𝛾𝑆𝑀𝐶 should not be lower than a quantity. To 

show that, in spite of model disturbances, the closed loop 
system reaches 𝜎𝜆 = 0 in finite time, consider the time 

derivative of the Lyapunov function 𝑉(𝜎𝜆) =
1

2
𝜎𝜆
2. The first 

sliding mode controller has been designed considering the 
equations of Model 1: 

𝜆 = 1 −
𝑣

𝜃̇𝑚 𝑖𝑔𝑅𝑤
  (27) 

 

𝑉̇(𝑠𝜆) = 𝜎𝜆𝜎̇𝜆 = 𝜎𝜆(𝜆̇𝑎𝑐𝑡 − 𝜆̇𝑟𝑒𝑓) = 

𝜎𝜆 (−
𝑣̇

𝜃̇𝑚
2 𝑖𝑔𝑅𝑤

+
𝑣𝜃̈𝑚

𝜃̇𝑚
2 𝑖𝑔𝑅𝑤

) ≤ −𝛾𝑆𝑀𝐶 |𝜎𝜆| 
(28) 

 
 

 

Fig. 5 – First order sliding mode control structure 

C. Sub-optimal sliding mode controller 

The main advantage of SOSM control is the ability to achieve 

the robustness typical of a conventional sliding-mode control 
while avoiding control input chattering, which can compromise 
vehicle comfort and drivability.  
Considering a double integrator system including state 
variables 𝑥1(𝑡) and 𝑥2(𝑡) 
 

{
𝑥̇1(𝑡) = 𝑥2(𝑡)

𝑥2(𝑡) = Φ(𝑥, 𝑢, 𝑡) +Γ(𝑥, 𝑡)𝜈(𝑡)
 (29) 

 
In a neighbourhood of the sliding manifold, 𝜎𝜆(𝑥, 𝑡) = 𝑦1(𝑡) =
0, the uncertain terms  Φ and Γ are bounded by known positive 
constants, i.e.  

 
Fig. 4 – MTTE control structure 

-
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|Φ(𝑥, 𝑢, 𝑡)| ≤ Φ̃

0 < Γ̃1 ≤ Γ(𝑥, 𝑡) ≤ Γ̃2
 (30) 

Depending on the relative degree between the sliding variable 

𝜎𝜆(𝑥, 𝑡) and the control input, 𝑢(𝑡), 𝜈(𝑡) may present either 

the actual control action or its time derivative, [11]-[13]. 
Neglecting the losses, we obtain 

{
 
 
 

 
 
 𝑦̇1 (𝑡) = 𝜎̇𝜆(𝑥, 𝑡) = −

𝑣̇

𝜃̇𝑚
2 𝑖𝑔𝑅𝑤

+

+
𝑣

𝜃̇𝑚
2 𝑖𝑔𝑅𝑤

(

 
(
𝜂𝑔𝑇𝑚
𝑖𝑔

−𝑅𝑤𝐹𝑥)

𝐽𝑒𝑞,1
)

 

𝑦̇2 (𝑡) =Φ(𝑥,𝑢, 𝑡) +Γ(𝑥, 𝑡)𝑇̇𝑚(𝑡)

 (31) 

 

The functions Φ(𝑥, 𝑢, 𝑡) and Γ(𝑥, 𝑡) are reported in the 
appendix 

𝑇̇𝑆𝑂𝑆𝑀 = −𝛾𝑆𝑂𝑆𝑀  𝑠𝑖𝑔𝑛(𝜎𝜆
∗)

= −𝛾𝑆𝑂𝑆𝑀  𝑠𝑖𝑔𝑛 (𝜎𝜆 −
1

2
𝜎𝜆,𝑀) 

(32) 

 

𝛾𝑆𝑂𝑆𝑀 > 2Φ̃ (33) 

The gains for the sliding mode controller were selected in order 
to maximize the velocity of the vehicle and minimize the RMS 

of the slip ratio error, during a test manoeuvre performed with 
the non-linear simulation model.  

 

Fig. 6 – Sub-optimal sliding mode control structure 

D. PI with gain scheduling  

The constant gains of the conventional PI have been tuned 
starting from the frequency response characteristic of the open-

loop system through specifications in terms of phase and gain 
margins, and the requirement of the closed-loop tracking 
bandwidth. Fig. 8 provides the integral gain and the tracking 
bandwidth expressed as functions of the proportional gain, for 
two different vehicle speed.  

 

Fig. 7 – PI with gain scheduling control structure 

Four points within the vehicle speed range from 20 km/h to 80 
km/h are selected to grid the scheduling set and the pre-
compensator is designed individually for each of these points to 
ensure that the controller behaves consistently at different 

vehicle speeds. To achieve this objective, the compensator 
parameters is adjusted to provide similar stability margin and 
cut-off frequency. In order to find the proportional and integral 
gains, for the required specifications of 15 dB and 60 deg, an 
optimization procedure has been implemented.  
 

 

  

  
Fig. 8 – Integral gain as function of proportional gain with gain margin 

equal to 15±0.1 dB and phase margin 60±0.1 deg. 

Grid for the gains: step of 25 for Kp and 250 Ki 
 

  

  
Fig. 9 – Time-domain performance comparison of PI controller with model 

3 and model 3 with AVC gains. 
 

Table 1 – Gain and phase margins sensitivity analysis.  

Speed 

[km/h

] 

GM

4 

[dB

] 

PM4 

[deg

] 

GM4,

1 

[dB] 

PM4,

1 

[deg

] 

GM4,

2 

[dB] 

PM4,

2 

[deg

] 

GM4,

3  

[dB] 

PM4,

3 

[deg

] 

20 14.9 59.9 8.6 -17.5 8.1 -16.9 16.0 63.5 

40 14.9 60.1 8.8 -18.6 8.6 -18.4 16.0 63.3 

60 15.1 60.0 8.6 -18.4 8.6 -18.9 16.0 63.1 

80 15.1 60.0 8.6 -18.8 8.5 -18.6 15.8 62.7 

 

E. Observer based structure for H∞ loop-shaping controllers 

The mathematical formulation of the H∞ loop shaping robust 

stabilization problem is provided in [26]. The structure of the 
H∞ feedback controller is shown in Fig. 10. For simplicity of 

*

*

via

+
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notation the dependence of s the transfer functions is omitted. 
The plant 𝐺𝜆 adopted for the control system derives from model 

3 and 4 (including the AVC).  The H∞ controller consists of: 

i.  A pre-compensator 𝐺𝑃𝐼(𝑠) with proportional and integral 
gains equal to the ones used for the control structure with 

the only PI controller. The plant is 𝐺𝜆 is then multiplied by 
the pre-compensator and each transfer function is 
evaluated for different vehicle speeds (from 20 to 80 with 
a constant step of 20km/h) 

𝑊(𝑣) = 𝐺𝑃𝐼(𝑣)𝐺𝜆 (𝑣) (34) 

ii. The actual H∞ compensator 𝐹𝑠 derived from the solution of 

the two algebraic Riccati equations reported in [26]. The 
order of the resulting compensator depends on the order of 
the system. 

 
Table 2 - Maximum stability margin 𝝐𝒎𝒂𝒙 with respect to different vehicle 

speeds (model 3 without AVC) 

Vehicle Speed 

[km/h] 

𝜖𝑚𝑎𝑥  for H∞ 

controller  

𝜖𝑚𝑎𝑥  for H∞ with  

Shaped plant 
𝜖𝑚𝑎𝑥  with PI  for 

𝐺𝜆  

20 0.707 0.520 0.322 

40 0.707 0.516 0.326 

60 0.707 0.514 0.329 

80 0.707 0.514 0.331 

In Table 2 and Table 3 the robustness properties of the H∞ 
design are assessed through the maximum robust stability 
margin 𝜖𝑚𝑎𝑥 [26] (i.e. the maximum coprime uncertainty that 

can be tolerated before the system becomes unstable), for: i) the 
H∞ controller designed for four vehicle speeds; ii) the H∞ 
controller designed for each of the speeds, i.e., by changing the 
values of the vehicle speed adopted in the definition of 𝐺𝜆(𝑣); 
 

Table 3 - Maximum stability margin 𝜖𝑚𝑎𝑥  with respect to different vehicle 

speeds (model 4 with AVC) 

Vehicle Speed 
[km/h] 

𝜖𝑚𝑎𝑥  for H∞ 
controller  

𝜖𝑚𝑎𝑥  for H∞ with  
Shaped plant 

𝜖𝑚𝑎𝑥  with PI  for 
𝐺𝜆  

20 0.707 0.518 0.317 

40 0.707 0.514 0.329 

60 0.707 0.513 0.329 

80 0.707 0.512 0.329 

 
iii) the same PI controller used for the design of the H∞ 

controller. The robustness benefit of the H∞ control design with 

respect to the PI is evident.  
An observer/state feedback structure of the H∞ loop shaping 

controller is employed in order to implement the gain 
scheduling scheme as a function of vehicle speed 𝑣. The 

transfer function 𝐺𝜆(𝑠) is thus parameterized with the following 
set-up: 

 
𝐺𝜆 (𝑣) = [

𝐴(𝑣) 𝐵(𝑣)

𝐶(𝑣) 0
] (35) 

The compensators adopted for shaping the transfer function of 
the plant have been already described previously in Section… 
The shaped plant as a function of vehicle speed is defined as: 

 
𝑊(𝑣) = 𝑊𝑃𝐼(𝑣)𝐺𝜆 (𝑣) = [

𝐴𝑠(𝑣) 𝐵𝑠(𝑣)

𝐶𝑠(𝑣) 0
] (36) 

where the pre-compensator 𝑊𝑃𝐼(𝑣) is scheduled by using linear 

interpolation between the two pre-compensators at adjacent 
design points ℎ and ℎ + 1. In order to incorporate the gain 
scheduling scheme, the H∞ loop shaping controller is 
implemented in the observer/state feedback form (Fig. 10): 

{

𝜆̇ = (𝐴𝑠(𝑣) + 𝐻𝑠(𝑣)𝐶𝑠(𝑣))𝑥 +

+𝐵𝑠(𝑣)𝑇𝐻∞ +𝑊(𝑣)(𝜆𝑟𝑒𝑓 − 𝜆𝑎𝑐𝑡)

𝑇𝐻∞ = 𝐹𝑠(𝑣)𝜆̂

 (37) 

Where 

{
𝐻𝑠(𝑣) = −𝑍𝑠

𝑇(𝑣)𝐶𝑠
𝑇(𝑣)

𝐹𝑠 (𝑣) = −𝐵𝑠
𝑇(𝑣)[𝐼 − 𝜑−2𝐼 − 𝜑−2]

 (38) 

𝑍𝑠 and 𝐹𝑠 are the appropriate solutions to the generalized 

algebraic Riccati equations of the H∞ loop shaping optimization. 

The observer structure of Equation (37) makes it possible to 

implement the H∞ loop shaping controller directly into the gain 

scheduling scheme. 𝐻𝑠 and 𝐹𝑠 can be scheduled by linear 

interpolation between the adjacent design points according to 

(39) and (40), provided the system state-space matrices 𝐻𝑠 and 

𝐹𝑠 vary smoothly with vehicle speed. 

 𝐹𝑠(𝑣) =
𝑣ℎ+1 − 𝑣

𝑣ℎ+1 − 𝑣ℎ
𝐹𝑠
ℎ +

𝑣 − 𝑣ℎ

𝑣ℎ+1 − 𝑣ℎ
𝐹𝑠
ℎ+1 (39) 

 𝐻𝑠(𝑣) =
𝑣ℎ+1 − 𝑣

𝑣ℎ+1 − 𝑣ℎ
𝐻𝑠
ℎ +

𝑣 − 𝑣ℎ

𝑣ℎ+1 − 𝑣ℎ
𝐻𝑠
ℎ+1  (40) 

 

 

Fig. 10 - H∞ loop-shaping controller structure 

 

F. Friction coefficient estimation  

In the results section, two different approaches will be used in 

order to assess the performance of the controller: i. the slip ratio 

reference as a constant value during the maneuver and ii) slip 

ratio reference implemented as a Look-up-table as a function of 

vertical load and estimated friction coefficient.  Different 

estimation techniques for this parameter have been proposed in 

the literature, and most of them are based on the Bakker-

Pacejka magic formula model. For example, [37], a procedure 

for the real-time estimation of 𝜇 is presented, whilst in [38], a 

scheme to identify different classes of roads with a Kalman 

filter and a least-square algorithm is presented. In [39] and [39], 

a recursive least-square algorithm [41] is adopted to estimate 

the tire-road adhesion coefficient.  

A different approach is presented in [42], where an extended 



 8 

Kalman filter is used to estimate the forces produced by the 

tires. A sliding-mode observer to estimate the longitudinal 

stiffness for a simplified linear tire-road interaction model was 

proposed in [43] and [44], whilst a dynamical tire-road 

interaction model with a nonlinear observer to estimate the 

adhesion coefficient has been proposed in [45]. In this sub-

section, a first-order sliding mode observer for the online 

estimation of the adhesion coefficient 𝜇 is designed. The sliding 

mode methodology has also been adopted to design the 

observer since it is applicable to nonlinear systems and has 

good robustness properties against disturbances, modeling 

inaccuracy, and parameter uncertainties [46]. To design the 

sliding mode observer the following sliding variable has been 

introduced: 

𝜎𝜇 = 𝑣 − 𝑣 (41) 

where 𝑣𝑥 is an estimate of the longitudinal speed 𝑣𝑥. The 
dynamics of 𝑣𝑥 is considered as  

𝑣̇ =
1

𝑀
(Ω − 𝑀𝑔(𝑓0 + 𝑓2𝑣

2) − 0.5𝑆𝜌𝐶𝑥𝑣
2) (42) 

where 

Ω𝑒𝑞 = 𝐾 𝑠𝑖𝑔𝑛(𝜎𝜇) (43) 

is the control signal of the sliding mode observer. By 
differentiating (41) one has that 

𝜎̇𝜇 = 𝑣̇ − 𝑣̇ =
1

𝑀
(𝐹𝑥,𝑓 − 𝐾𝜇 𝑠𝑖𝑔𝑛(𝜎𝜇)) (44) 

The longitudinal 𝐹𝑥,𝑓 has an upper bound such that: 

𝐹𝑥,𝑓 ≤ 𝐹𝑧,𝑓 ≤
𝑀𝑔𝑏 − 𝑀𝐻𝑎 𝑔 − 0.5𝐻𝑆𝜌𝐶𝑥𝑣

2

𝐿
≤ 𝐾𝜇 

(45) 

The tire-road adhesion coefficient 𝜇 can be estimated by taking 

into account the so-called equivalent control Ω𝑒𝑞, which is 

defined as the continuous control signal that maintains the 

system on the sliding surface 𝜎𝜇 = 0 [46]. The equivalent 

control can be calculated by setting the time derivative of the 
sliding variable 𝜎̇𝜇 equal to zero, i.e., 

Ω𝑒𝑞 = 𝐹𝑥,𝑓 (46) 

 

 
Fig. 11 – Bath tube explanation 

The equivalent control must be filtered since the presence of 
high-frequency component. A low-pass filter is then used: 

Ω𝑒𝑞 = 𝜏Ω̇̂ + Ω̂ 

Ω̂ ≈ Ω𝑒𝑞  
(47) 

The filter time constant should be chosen sufficiently small to 

preserve the slow components of the control Ω̂ undistorted but 

large enough to eliminate the high-frequency component. The 
friction estimation can be then performed considering the ration 
between the estimated forces and the maximum traction force 
with 𝜇 = 𝜇∗ = 1. In formula: 

𝜇̂ =
Ω̂

𝐹𝑥,𝑓(𝜆, 𝐹𝑧 , 𝜇 = 1)
 (48) 

G. Bath tube function 

At low vehicle speeds the ideal base slip is disconnected from 
a percentage value and connected to an absolute value. This 

ensures, that a vehicle can start a launch with a sufficient 
amount of slip – e.g.: if the vehicle speed is zero, than equals 
100% slip to zero. With increasing vehicle speed, there is a 
smooth transition from the absolute slip value to a percentage 

slip value. Use of delta speed reference (𝑅𝑤𝜃̇𝑤 − 𝑣)𝑟𝑒𝑓 instead 

of slip ratio reference 𝜆𝑟𝑒𝑓: 

(𝑅𝑤𝜃̇𝑤− 𝑣)𝑟𝑒𝑓 =

=

{
 
 
 
 

 
 
 
 

(𝑅𝑤𝜃̇𝑤− 𝑣)𝑟𝑒𝑓 ,0
+

−
𝑣

𝑣𝑏𝑝,1
((𝑅𝑤𝜃̇𝑤 −𝑣)𝑟𝑒𝑓 ,𝑣=0

−(
𝑣𝑏𝑝,2
1 −𝜆𝑟𝑒𝑓

−𝑣𝑏𝑝,2)) , 𝑖𝑓 0 ≤ 𝑣 ≤ 𝑣𝑏𝑝,1

𝑣𝑏𝑝,2

1 −𝜆𝑟𝑒𝑓
−𝑣𝑏𝑝,2, 𝑖𝑓 𝑣𝑏𝑝,1 ≤ 𝑣< 𝑣𝑏𝑝,2

𝑣

1 −𝜆𝑟𝑒𝑓
−𝑣𝑣𝑒ℎ, 𝑖𝑓 𝑣𝑏𝑝,2 ≤ 𝑣

  (49) 

with 𝑣𝑏𝑝,1, 𝑣𝑏𝑝,2 are first and second speed breakpoints 

VII. ASSESSMENT OF THE PERFORMANCE 

The performance of the yaw rate control systems is assessed 
through indexes related to the control action 𝑢(𝑡) = 𝑇𝑇𝐶  and the 

control error, 𝑒(𝑡) = 𝜆𝑎𝑐𝑡− 𝜆𝑟𝑒𝑓. In particular, the following 

Delta reference at 0 speed
(7 km/h)

First speed breakpoint 
20 km/h

Second speed breakpoint
40 km/h

Reference slip ratio at 
high speed (0.05)
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indexes are used during the relevant phases of the selected 
maneuvers:  

 Integral of the absolute value of the control action, 

𝐼𝐴𝐶𝐴 in eq.((50).  

 The root-mean square value of the slip error, 𝑅𝑀𝑆𝐸 in 

eq. (51) 

𝐼𝐴𝐶𝐴 =
1

𝑡𝑚𝑎𝑛,𝑓𝑖𝑛 − 𝑡𝑚𝑎𝑛,𝑖𝑛
∫ |𝑇𝑇𝐶(𝑡)|𝑑𝑡
𝑡𝑚𝑎𝑛,𝑓𝑖𝑛

𝑡𝑚𝑎𝑛,𝑖𝑛

 (50) 

 

𝑅𝑀𝑆𝐸 = √
1

𝑡𝑚𝑎𝑛,𝑓𝑖𝑛 − 𝑡𝑚𝑎𝑛,𝑖𝑛
∫ (𝑒(𝑡))2𝑑𝑡
𝑡𝑚𝑎𝑛,𝑓𝑖𝑛

𝑡𝑚𝑎𝑛,𝑖𝑛

 (51) 

Different tests have been simulated with the Simulink vehicle 
model. In the following figures, three maneuvers have been 

selected for assessing the performance of the controllers: 

 

 Manouvre 1: Tip-in acceleration test starting from 30 
km/h with reference slip ratio set equal to 3.3% and 

road friction coefficient 𝜇 = 0.3 

 Manouvre 2: Tip-in acceleration test starting from 30 
km/h with reference slip ratio set equal to 10% and 

road friction coefficient 𝜇 = 0.3 

 Manouvre 3: Tip-in acceleration test starting from 30 

km/h with reference slip ratio set equal to 3.3% and 
road friction coefficient passing from 0.15 to 0.45 
with a step of 0.15. 

Performance 

Controllers 

Manoeuvre 1 Manoeuvre 2 Manoeuvre 3 

RMS 

[-] 

𝑣𝑓𝑖𝑛𝑎𝑙  

 [km/h] 
IACA 

[Nm] 
RMS 

[-] 

𝑣𝑓𝑖𝑛𝑎𝑙  

[km/h] 
IACA 

[Nm] 
RMS 

[-] 

𝑣𝑓𝑖𝑛𝑎𝑙  

[km/h] 
IACA 

[Nm] 

1st order SM 0.0541 46.6 73.83 0.0784 45.7 78.67 0.0461 64.4 83.31 

SOSM 0.0799 47.5 68.69 0.1174 45.8 78.1 0.0773 69.4 70.17 

MTTE - 45.1 - - 45.1 - - 65.3 - 

PI (mod. 4) 0.0171 48.8 61.02 0.0477 46.6 73.37 0.0134 71.7 63.81 

PI+H∞ (mod. 4) 0.0168 48.8 60.96 0.0475 46.6 73.37 0.0137 71.7 63.84 

PI+H∞ (mod. 4) + F.Est. 0.0474 48.6 62.14 0.0474 48.6 62.14 0.0503 72.0 63.25 
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Fig. 12 – Time-domain performance of compared controllers (step torque 

demand, reference slip ratio 3.3%, initial speed of 30 km/h, road friction 

coefficient 𝜇 = 0.3) 

 
Fig. 12 shows the results in terms of slip ration and motor torque 
demand for the 5 controllers presented in section V.  
Manovra uno: slip di riferimento pari al 3.3 % con uno step di 

coppia mortice pari a 180 Nm, coefficient di aderenza pari a 
0.3 

 Chattering nel SMC 

 Il SOSM ha buone performance ma un picco iniziale 

piu’ alto rispetto agli altri controllori 

 L,MTTE funziona ma e’ basato su un diverso 
funzionamento. Questo incide notevolmente sulle 
performance 

  

 Tra PI e PI+H8 non c’e’ sostanziale differenza. 
Quello che riusciamo a ridurre e’ il picco iniziale. 

 
Fig. 13 – Time-domain performance of compared controllers (step torque 

demand, reference slip ratio 10%, initial speed of 30 km/h, road friction 

coefficient 𝜇 = 0.3) 

Seconda manovra: slip di riferimento pari al 10 % con uno 

step di coppia mortice pari a 180 Nm, coefficient di aderenza 
pari a 0.3 

 Stesse considerazioni rispetto al caso precedente 

 Il Sistema e’ piu’ robusto con il PI e il PI + H8 

 
Terza manovra: step di coppia e slip di  riferimento fisso a 
3.3% ma con il coefficient di aderenza che varia tra 0.15 e 
0.45 con passo di 0.15. 
In questo caso le performance migliori sembrano essere quelle 
del PI e del PI+H8.  

 
Quarta manovra: step di coppia e slip di  riferimento variabile 
a seconda del coefficient di aderenza stimato.  Coefficient di 
aderenza alle ruote che varia tra 0.15 e 0.45 con passo di 0.15. 
In questo caso viene fatto solo per il PI+H8 (vedi tabella di 
sopra)  
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Fig. 14 – Time-domain performance of compared controllers  

 
 

 
Fig. 15 – Friction coefficient estimation on Manoeuvre 3 (step torque 

demand, reference slip ratio 3.3%, initial speed of 30 km/h, varying road 

friction coefficient 𝜇  between 0.15 − 0.45) 

VIII. CONCLUSIONS 
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CONDITIONS FOR THE SOSM CONTROLLER: 
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VEHICLE PARAMETERS 

SYMBOL VALUE 

VEHICLE PARAMETERS  

𝑀 2500  𝑘𝑔 
𝑆 2.76  𝑚2  
𝐶𝑥 0.39  [−] 
𝐿 2.66  𝑚 

WHEEL PARAMETERS  

𝐽𝑤 0.9  𝑘𝑔𝑚2 
𝑅𝑤  370  𝑚𝑚 

HALF-SHAFT PARAMETERS  

𝛽𝐻𝑆  0.04  𝑁𝑚𝑠/𝑟𝑎𝑑  
𝑘𝐻𝑆  12693  𝑁𝑚/𝑟𝑎𝑑  

GEARBOX PARAMETERS  

𝑖𝑔 1/5.9 [−]  
𝑖1 1 4.7⁄ [−] 
𝑖2 1 1.2⁄ [−] 

MOTOR PARAMETERS  

𝑇𝑚,𝑚𝑎𝑥 200  𝑁𝑚 
𝑃𝑚,𝑚𝑎𝑥  80  𝑘𝑊  
𝐽𝑚 0.016  𝑘𝑔𝑚2  

 


