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ON FRACTIONAL CHOQUARD EQUATIONS

PIETRO D’AVENIA, GAETANO SICILIANO, AND MARCO SQUASSINA

ABSTRACT. We investigate a class of nonlinear Schrédinger equations with a generalized Choquard
nonlinearity and fractional diffusion. We obtain regularity, existence, nonexistence, symmetry as well
as decays properties.

1. INTRODUCTION
Given w >0, N >3, a € (0,N), p>1 and s € (0,1), we consider the nonlocal problem
(P.,) (=A)u +wu = (Ko * [uP)[ulP~2u, ue H(RY),
where K, (z) = |2/~ and the Hilbert space H*(R") is defined as
HRY) = {ue L*R"Y): (-A)*?u e L*(R")},

with scalar product and norm given by
(u,v) = /(*A)S/%(*A)S/zv +W/uv, ] = [1(=2)*"2ull3 +wllull3.

The fractional Laplacian operator (—A)® is defined by

(—A)Su(x) — _C(];f, 8) / u(gc + y) _|;L|g\5f+;sy) — 2“(1') dy, w€ RN,

where C'(N, s) is a suitable normalization constant. Thus, problem (P,,) presents nonlocal characteristics
in the nonlinearity as well as in the (fractional) diffusion. We point out that when s = 1, p = 2 and
a =2, then (P,) boils down to the so-called Choquard or nonlinear Schrédinger-Newton equation

(1.1) —Au+wu=(Kyxu)u, ue H (RY).

This equation was elaborated by Pekar [22] in the framework of quantum mechanics. Subsequently,
Choquard [15] adopted the equation as an approximation of the Hartree-Fock theory. More recently,
Penrose [23] settled it as a model of self-gravitating matter. The first investigations for existence and
symmetry of the solutions to (1.1) go back to the works of Lieb and Lions [15,17]. On this basis,
we will refer to (P,) as to the generalized nonlinear Choquard equation. In the last few years, the
study of equations involving pseudodifferential operators has steadily grown. In [18,19] the authors
discuss recent developments in the description of anomalous diffusion via fractional dynamics and various
fractional equations are derived asymptotically from Lévy random walk models, extending Brownian
walk models in a natural way. In particular, in [14], a fractional Schrédinger equation with local power
type nonlinearity was studied. This extends to a Lévy framework the classical statement that path
integral over Brownian trajectories leads to the standard Schrodinger equation —Au 4+ wu = f(u), see
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2 P. D’AVENIA, G. SICILIANO, AND M. SQUASSINA

e.g. [6] and references therein. In the case s = 1/2, problem (P,,) has been used to model the dynamics
of pseudo-relativistic boson stars, see [12]. We shall say that u € H*(RY) is a weak solution of (P,) if

/(—A)S/Qu (=A)*/2y —i—w/uv = / (Kg * |uP)|[ulP~2uv, for all v e H*(RY).

Let

« N+«
1.2 1+ —
(1.2) TN PSS N o

and introduce the Nehari manifold
N = {u € HP@)\ (0} (-2 ulf + wlull ~ [ (o s uP)lup =0},
and the C' functional E,, : H*(R") — R defined by

1 1
(13 Buw) = 5 182 +5 [ = o [ (o s lu)pup.
A ground state of (P,,) is a solution with minimal energy E,, and can be characterized as

The main result of the paper is the following.

Theorem 1.1. Assume that p satisfies (1.2). Then

Existence: there evists a ground state u € H*(RN) to problem (P,) which is positive, radially sym-
metric and decreasing;

Regularity: u € L'(RY) and moreover if s < 1/2, u € CO*(RY) for some p € (0,2s), if s > 1/2,
u € CHH(RN) for some p € (0,25 — 1);

Asymptotics: if p > 2, there exists C' > 0 such that

o _N—
u(z) = W +o(|z]7V72),  as|z| — oo;

Morse Index: if2 <p <14 (2s+ a)/N and s > 1/2, the Morse index of u is equal to one.

Under some restrictions on the values of p, there exist different ways of obtaining ground state solutions,
via minimization problems which turn out to be equivalent up to a suitable change of scale, as shown
in Propositions 4.1 and 4.6. In particular, in the range

25 4+«
N
the ground states can be found by minimizing the functional

(1.5) Ep(u) = %/|(_A)s/2u|2 _ %/(KQ s |ufP) |ulP

on L%-spheres, which allows to obtain the additional information about the Morse index of solutions.
The information provided in Proposition 4.6 is also useful when studying the orbital stability property
of the family of ground states for the equation

(1.6) iuy = (—A)u 4 wu — (Ko * [ulP)[ulP~2u RY x (0, 00).

This topic was recently investigated in [28] in the case p = 2 and with « € (N —2s, N), see the introduc-
tion therein for the physical motivations. We plan to investigate (1.6) - in presence of a parameter ¢ of
singular perturbation - from the point of view of soliton dynamics by following an approach used in [4]
to study the local case s = 1 and motivated by the absence of general results about the nondegeneracy
of ground states.

(1.4) 1+%<p<1+

We point out that, contrary to the local case s = 1, the solutions can only decay at the polynomial
rate |x| =N ~25. We refer the reader to [21] for sharp results about the exponential decay of ground state
solutions in the case s = 1.

Moreover, we have the following multiplicity result.
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Theorem 1.2. Assume that (1.2) holds. Then (P,) admits infinitely many radial solutions with di-
verging norm and diverging energy levels. If in addition N =4 or N > 6, then (P,) admits infinitely
many nonradial solutions with diverging norm and diverging energy levels.

Next, we have the following nonexistence result.

Theorem 1.3. Assume that either p <14+ «/N orp > (N + «)/(N —2s). Then (P,,) does not admit
nontrivial solutions u € C?(RYN).

As a consequence, the range of p detected in (1.2) is optimal for the existence of nontrivial solutions. The
first complete study of Pohozaev identities and nonexistence results in star-shaped bounded domains for
equations involving the fractional Laplacian and a local nonlinearity was done in [24,25]. Then, more
recently, for fractional equations set on the whole R | in [7], the authors obtained a Pohozaev identity
for power type nonlinearities. Theorem 1.3 is based upon Pohozaev identity (6.1) which is obtained, as
in [7], by the localization procedure due to Caffarelli and Silvestre [5].

Next, we denote by H*(RY) the completion of C°(RY) with respect to the seminorm |[(—A)%/2 - ||,
known as Gagliardo seminorm, and consider the problem

(Po) (=A)u = (Ko * |ulP)|ulP~%u, ue H*(RY)
We have the following result.

Theorem 1.4. The following assertions hold:

(1) Let p # €. Then (Py) does not admit nontrivial solutions u € H*(RN)N L s (RM).

(2) Let p= 2t = 2. Then the problem writes as
(1.7) (=A)u = (Jz| 7% « jul>)u, uwe H*RN), N > 4s,
and any of its solutions of fized sign have the form
t N;2S
1.8 Cl———— RN
(L8) (Frp—ap) o 7<R

for some g € RN, C >0 and t > 0.
The classification of the solutions to problem (1.7) is reminiscent of that for the fixed-sign solutions to
(—A)u = u NI in RV,
In [8] the authors proved that any positive to this problem has the form of (1.8).
The plan of the paper is as follows.
In Section 2, we collect some preliminary notions and results.
In Section 3 we investigate the Holder regularity and the asymptotic behaviour of weak solutions.
In Section 4 we prove the existence of least energy solutions (ground states) determining equivalent ways
of characterizing them. Here we also get their symmetry and monotonicity properties and we investigate
the Morse index of ground states in the particular ranges 2 < p <1+ (2s+ «)/N and s > 1/2.

In Section 5 we get the existence of infinitely many solutions, symmetric under the action of some group.
In Section 6, we obtain a general Pohozaev identity and we prove Theorem 1.4.

In the paper, C' will always denote a generic constant which may vary from line to line. Unless expressly
specified, the integral are meant to be extended to RY.

2. PRELIMINARIES

First of all, let us recall the following properties which follow from the fractional Sobolev embedding

2N
H*(R") — L"(RN), € [2,27], where 2% := ———
(R < L'(RY), 7 e [2,2], where 2 =

the Hardy-Littlewood inequality and the fractional version of the Gagliardo-Niremberg inequality
s 1—
(21) lully < CII=A)"2ull3]julls”
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for ¢ € [2,2%] and S satisfying % = 2@ + % Notice that by [10, Proposition 3.6]),

C(N,s)

|u(z) — uy)|?

(2.2) 1(=2)*/2ul3 =

2
Lemma 2.1. Let p satisfy (1.2). We have that

/

|z —y[NH2s

(i) 2Np/(N + a) € (2,2%) and for every u € H*(RY)

(2.3)
(ii) If
N(@2p-1)
24 Nia S
and u € LYRYN), then
(2.5) (Ko * [ulP)|ulP~2u € L"(RN)  for -

/ (Ko luP)ul” < Clull,, s

N
e

1 2p-1 «

rq N’

In particular (2.5) defines a function r = r(q) which is strictly increasing and maps [N (2p —

1)/(N + ), Np/a) onto [1, Np/(a(p - 1))).
(iii) For every u € H*(RY)

(2.6)

/ (Ko * [ulP)|ul? < CI(=A) a3 |lu 3077, 5

_ Np—N-—-a«a
n 2sp '

Proof. Property (i) is trivial. In order to prove (2.5), let ¢ be as in (2.4) and u € L¢(RY). Using
Hardy-Littlewood-Sobolev inequality we have that
1 p «
Ko *|uP € L'RY) with - =%——.
* |ul (RY)  wi T4 N
Since ¢ < Np/a, then t > 0. Moreover, since p > 1, then
Np N(2p—1)
N+« N+a
and so t > 1. Hence, since for p > 1,
Np _N(2p-1)
—_ < _,
e’ a
by using Holder inequality we get (2.5). Finally (iii) easily follows from by (2.3) and (2.1). O

The next result is an adaptation of a classical lemma of Lions and it is crucial in the proofs of the

existence theorems.

Lemma 2.2. Let q € [2,2%]. For every u € H*(RN) we have that

||qu <C ( sup /
xeRN J B,

Proof. If ¢ = 2 it is obvious. Let now ¢ € (2,2%].

by [10, Theorem 6.7], we have

F0-3)
[ ([ r [
B () Bi(z) Bi(x)
<c / e
Bl(az)
<c{swp [
zeRN J By (z)

sup

1—2
IUI”>
()

[
Since 7 := N(q — 2)/2s < q, for a.e. z € RV,

2

¥

2% :
s

||UH§15(131($))

1—2

Q

||UH%‘IS(B1(1))
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where ||uH%{S(B1(w)) is defined in [10, Equation (2.2)]. Hence, we cover RY with balls of radius 1 in such

a way that each point of RY is contained in at most N + 1 balls. This procedure works even if in the
H?*(B;(x))-norm there is a nonlocal term (the Gagliardo seminorm) and so we conclude. O

With the same procedure of Lemma 2.2, one proves that, for all w € H*® (RN), 2<¢qg<2; and o >0,
Bt

q
||u||§so<sup / |uq> Jul]2
z€RN J B, (z)

where t = g + 2(2% — ¢)/2% and 8 = q(2% — 2)/[q(2% — 2) + 2 - 2%] and so one obtains

Lemma 2.3. If {u,} is bounded in H*(RY) and for some o >0 and 2 < q < 2 we have

sup / [tun|? — 0 as n — oo,
zeR™ J B, (x)

then u, — 0 in L"(RY) for 2 <r < 2%.

3. REGULARITY AND ASYMPTOTICS

In this section we want to show that any H*(R™)-solution of (P,) is indeed regular as well as the
asymptotic profile. Let us recall the definition of the fractional Sobolev spaces for ¢ > 1 and 8 > 0:
(3.1) WP = {u e LYRY)|FH(1+ |¢°)Fu] € LYRN)}

(see [27] for more details) and the following results [11, Theorem 3.2].

Theorem 3.1. We have:
(i) If B> 0 and either 1 <r < q <rj:=Nr/(N —pr) <+oo orr=1and1<q<N/(N - p),
we have that WP is continuously embedded in LI(RN).
(i) Assume that 0 < B <2 and 3 > N/r. If 3— N/r <1 and 0 < u < 3 — N/r then W57 is
continuously embedded in CO*(RN). If 3— N/r > 1 and 0 < u < 8 — N/r — 1 then W57 is
continuously embedded in C*H(RN).

We prove the following

Theorem 3.2. Let u be a solution of (P.). If s < 1/2, then u € LY(RYN) N CO#(RY) for u € (0,2s).
If s > 1/2, then u € LY(RN) N CYH(RN) for p € (0,25 — 1).

Lemma 3.3. Let u € H*(RY) be a solution of (P,). Then for every q > 1 such that

Lo 1)_2
q N P N

we have that u € W2,

Proof. Let us consider ¢ = 2Np/(N + a). Since u € H*(RY), by Sobolev embeddings we have
that u € L%(RYN). Moreover by (ii) of Lemma 2.1 we have that (K, * |[u[P)|ulP~2u € L™ (RY) with
1/ro = (2p—1)/qo — a/N. Thus, since the Bessel operator preserves the Lebesgue spaces (see [27]) and
by (3.1) we have that u € W2s7. Then, by Sobolev embedding in (i) of Theorem 3.1, u € L4(RY) for
every q € [ro, (10)3s), i.e. for every ¢ such that

(5(-2)-2 L2l dy
N D N ro N T q 1o )

N(©2p—1 N
g1 := max {7“07 (p)} and ¢! := min {(T0)§s> p} :
[0

Hence let us define

N+ «
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It is easy to see that gy € [q1,¢'[. Moreover, since for every q € [q1,q'[ we have u € L4(RY), then
(Ko * |ulP)|ulP~2u € L™(RY) and so u € W?" for every r € [r(q1),7(¢})[, where the map r = 7(q)
has been defined in (ii) of Lemma 2.1. Hence by Sobolev embeddings and again by (ii) of Lemma 2.1,
u € LIRYN) for every q € [r(q1), (r(q"))3s[. If 7(q1) = 1, namely ¢g; = N(2p — 1)/(N + «), we stop
here from the left hand side of the interval of ¢’s. Analogously, if 1/(r(¢'))3, = a/N(1 —1/p) — 2s/N,
namely ¢! = Np/a we stop here from the right hand side of the interval of ¢’s. Otherwise we iterate
the procedure. We take

N(2p-1)

e

g; := max {T(qi_1), Nia

wnd o s=min {rta =05, 52 =min {00505 T2 -

We have that
Qi1 < q; < ... <qo<...<qz<q2+1.
Indeed, by induction, if we assume that ¢; < ¢;—; then

1 1 1 1

g r(gi-1) (@) qiw

and, analogously, if ¢~ < ¢* then
1 1 2s 1 2s 1

gttt r(¢) N r(@t) N ¢

We can conclude this procedure after a finite number of steps; indeed,

(1 « o 1 «
—=(2p-1)i (= - + with ————— >0,
i (2p )<QO 2N(p—1)> 2N(p—1) @ 2N(p-—-1)

and

1 o+ 2s > o+ 2s 1 o
2

1 _
—=2p -1V = - with _—— < 0.
g )<% Np-1) TN 1) o NG D)

Lemma 3.4. For every r > 1, the solution u of (P,) is in W27,

Proof. Let 7o be such that 1/7g = a(1 — 1/p)/N. By Lemma 3.3 we have that u € W?*" for every
r € (1,79). Then by Sobolev embeddings, u € LI(RY) for every ¢ € [1,(rg)3,). Hence, since p <
(N 4+ a)/(N —2s), then

1 o 1 2s « N —2s 2s o N—2s o
— S (i-2)-Z2 <2 (1= 22 <.
(ro)ss N D N N N+a N NN+a Np
Thus by K4 * [ulP € L¥(RY) and so (K4 * |[ulP)|ulP~2u € L"(RYN) for every r € (max{1/(p —
1),1}, (r0)35/(p — 1)). Thus u € W?*" for every r € (max{1/(p — 1),1}, (r0)3,/(p — 1)) and so for

every r € (1,(rg)ss/(p—1)). If ro > N/(2s) we conclude. Otherwise we take r; := (r¢)5,/(p—1) and we
iterate the procedure. If p < 2, then r1 > r¢ and the procedure stops in a finite number of steps since

1 p-1  (p-1F 2s(p—1) = i =1 2s(p-1D(1—-(p— 1))
o TN > (-1 = ro N(2-p) '

T (rifl)SS To =0

If p = 2, then 1 > rg and the procedure stops in a finite number of steps since
1 1 1 2si

T (Ti—1)§5 To N ’
If p > 2, then, since
1 2s(p—1)

75 < N(p—-2)’
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we have that

1 2s 1 -2 2s(p—1 1
(p—1) _Ltop=2 (-1 1
Tit1 r; N T T N 5
and the procedure stops in a finite number of steps since

1 1 2s(p—1 2s(p—1

Ti ro Np-2)) Np-2)

O

Proof of Theorem 8.2. The conclusions follow from Lemma 3.3 and combining Lemma 3.4 and (ii) of
Theorem 3.1. O

The proof of the regularity in Theorem 1.1 is thereby completed.

We note also the following result on the summability property of the fixed sign solutions which we will
need in studying the Morse index. In this context we need the functional to be C2, and this is achieved
for p > 2.

Proposition 3.5. Let s > 1/2 and p > 2. If u € H*(RY) is a solution of (P,) with |u| > 0, then
u € H¥TYRN). In particular Vu € H*(RY).

Before to proceed with the proof, we show the following general fact.
Lemma 3.6. Let u be a function in L'(RN) N L2 (RY). Then K, * |u|P € Co(RV).
Proof. Let B; C RY be the unit ball centered in 0 and write K, = 15,K4 + 1p:Kq, with
15,K, € L"(RY)  for every r € [I, N/(N — a))
1p:Ka € L"(RY)  for every r € (N/(N — a), +oc].
Since u € LY(RY) N L>(RY), it is possible to choose a small positive ¢ in such a way that 1p,K, €
LY*(RN) and |u? € L'+1/¢(RN) and we conclude that
(3.2) (1p,Ka) * |uP € Co(RN).

Here Cy(RY) the space of continuous functions vanishing at infinity. Analogously, we can choose a small
positive € such that [ulP € L'*¢(RY) and 15:K, € L*T1/¢(RV) and we have

(3.3) (1p:Kq) = |ul” € Co(RY).
By (3.2) and (3.3) we conclude. O

Proof of Proposition 3.5. Let us assume u > 0. By Theorem 3.2 and Lemma 3.4, it is u € L'(RY) N
CUH(RN) N HY(RN). We will show that ||(—A)5+1/2y||y < co. By Lemma 3.6 we know that Ko * u? €
Co(R™M). We observe now that K, *u? € C'(RY). Indeed, consider n € C°(RM) with supp(n) C B;(0)
and 7 =1 on By/5(0). Then

o 1K, € LYRY),uP € CH(RY) with bounded first order derivatives;

e (1-n)K, € C®(R"Y) with bounded derivatives, u? € L}(RY).
Hence, by the usual properties of the convolution, K, * u? is C! with derivatives given by

0i(Ko xuP) = nlq # 0P + ((1 — n)Ky) * OjuP.
Now, since u € C#(RY) and p > 2, we have
o % OiuP = Ny * (puP~0u) € LY(RY) x L(RY)  L=(RY),
(1= mKa) * 0P = (1 = n)Ka) * (puP™'0iu) € L=(RY) « L'(RY) € L¥(RY),

which prove that 9;(K, * uP) € L= (RY). Set v := (K, * uP)uP~1; since p > 2 we have
(3.4) 00 = uP710; (Ko * uP) + (Ko * uP)0;uP~! € L2(RYN) N L>=(RY)

and then
(=) 2ulls = [(=A)*[(=A)* + wI] 7 (=A)2v]l2 < || Vo2 < oo
The proof is thereby complete. U
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Remark 3.7. Under the hypotheses of Proposition 3.5, we have u € C?(RY). Indeed by Theorem 3.2
and (3.4) we know that u € CL#(RY) with 8;(—wu + (Ko * uP)uP~1) € L®°(RY). Thus d;u satisfies

(—A)*0u = 0;(—wu + (Ko * uP)uP ™)
and, by [26, Proposition 2.1.11], we conclude that d;u € C1(RY).

We conclude this section by showing the asymptotic profile of the solutions of (P,). For the sake of
simplicity we set

Vo= (Ko [ulP)|ulP~2.
We get the following

Theorem 3.8. Let p > 2 and u be a solution of (P,). Then there exist two positive constants Cy,Cy
such that, for any x € RV,

lu(z)] < Cy (x) V72 where (z) = (1+ |z]?)"/?
and

1 —N-—2s
uw) = ~Co( [ Vi) g+ ollal ™) for Jaf = o

Proof. For a solution u of (P,,), we have
(—A)Y'u+Vu=—wu.

By Lemma 3.6 we have V € L>(R"™) and V(z) — 0 for || — oo. Then, for every 7 € (0, 1) there exists
R > 0 such that V(z) > —7, whenever |z| > R. Then, we are in a position to apply [13, Lemma C.2] to
obtain the conclusion. O

As it can be seen in [13, Lemma C.2], the constants Cy, Cy depend on the solutions by their L?—norm.
The decay estimate in Theorem 1.1 is proved.

4. GROUND STATES

Ground states solutions for (P,,) can be found minimizing Ey, defined in (1.5), on the sphere 3, = {u €
H3RYN) ¢ |Jull2 = p} with p > 0, or

ul”
(S (o ul?)luf)
on (H*(RN) N L2Np/(N+e)(RN))\ {0}, or considering

S(u) ==

N(p—1)—« —(N—2s)
A 2uly, 7 (@l =

([ (Ka * luf?)ul?) /"

Indeed, straightforward calculations show the following relationships between these three functionals

W(u) :=

Proposition 4.1. For every p > 1 and u € (H*(RN) N L2NP/(N+a)(RN))\ {0},

1

1
S p/(p=1)
glgg{Ew(Tu) = (2 2p> S(u) .

Moreover let u,(-) = u(r-). We have that
(i) if p satisfies (1.2) then

Np—(N+a)

) B 2sp N+a—(N-2s)p 2sp '
IEI;I(}S(UT)_N+O¢(N2S)p< Np— (N+«) ) W (u);
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(i) if p satisfies (1.4) then

1
2\N+a—(N-2s)p\ @s+a)-N(p—1)
iy o) = o ()
where Nty a
. (a+2s)—N(p—1) (N(p—l) —a)Wrzs)—NW—U.
4sp 2sp '

(iii) if p=1+ (25 + @) /N then Eo(7™V/?u,) = 72°Ey(u);
() if p>1+(2s+a)/N then

. N/2, y _
TEIEOOEO(T Ur) 00
and L
W (u)2P NG @ Ta
N/2, N\
g En™ ) = (i
where

" 2[N(p-1)-ao] \Np-1)- :

Hence, arguing as in [21, Proof of Proposition 2.2] and applying Lemma 2.2, we obtain
Theorem 4.2. If p satisfyies (1.2), then S achieves the minimum on H®(RY)\ {0}.

This proves the existence part of Theorem 1.1. Concerning the symmetry of these ground states, we
have the following result.

Theorem 4.3. Let u € H*(RY) be a ground state of (P,). Then u has fized sign and there exist
zo € RY and a monotone function v : R — R with fived sign such that u(x) = v(|x — zo|).

Proof. Given a ground state u of (P,), u # 0 and u is a solution of

Su) = inf S(p).
) pEH(RN)\{0} (#)
Taking into account ||(—A)%/2|u||lz < ||(—=A)%/2ul|5 also |u| is a ground state. Then

(=)l + wlu] = (Ko * Jul?)[ul"~".
By arguing as in [11, end of Section 3], if u(zg) = 0 for some zq € RY, then one obtains

/|U zo +y)| + |u(zo — y)|
2o — y[NT2s

=0,

yielding u = 0, a contradiction. Whence |u| > 0 and u does not change sign. We shall assume u > 0.
Given v € H*(RY) with v > 0 and any half-space H C R the polarization v¥ is defined as

o () = {max{v(x),v(oH(x))} if v € H,
min{v(z),v(opy(z))} ifx € RN\ H,

where o () is the reflected of z with respect to H. Then, |[v7|]3 = ||v||% and, by (2.2) and [1, Theorem
2], [(=A)*20H |13 < ||(=A)*/?v|3. In turn, since S(u) < S(u'?), we conclude that

[ —_
(Ko # [ul?)[ul” = > = [ (Ko [u™[P)[u”]".
/ [S(w)]r — [S(u)]P
Then, by combining [21, Lemma 5.3 and Lemma 5.4, we conclude the proof. O

As we said in the Introduction, here we are particularly interested into the precompactness properties
of the minimizing sequences of Ey on ¥,. In this case we have to assume that p satisfies (1.4). Indeed,
ifp>1+ 2“”]'\‘]'“, using the same rescaling 7/?u, as in Proposition 4.1, we deduce that Ej is unbounded
from below. In the following lemma we collect some basic facts.
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Lemma 4.4. Let p > 0 be fized. Then

(i) Ey is coercive and bounded from below on X,;
(i) my> :=inf,ex, Eo(u) < 0;
(i11) every minimizing sequence for Ey in X, is bounded and can be assumed non-negative, radially
symmetric and decreasing.

‘l (Cf. Let Uu e Ep~ By (2.6) we haVe
)(u) > 9 H( )b/ UHQ CH(—A) / u||2 0 a )1 .

Since p satisfies (1.4), then 0 < fp < 1 we get (i). To show (ii), fix u € ¥, and observe that the
rescaling 77V/2u, preserves L?>-norm. We have that Eo(mV /24,) becomes negative for small 7. Finally,
the statements in (iii) easily follow from the coercivity of Ey and from the fact that ||(=A)*/2u*|s <
| (—A)*/?ul|5, where u* is the symmetric radial decreasing rearrangement of u (see [1, Theorem 3]). [

Hence we have the following compactness result.

Theorem 4.5. For every p > 0, every minimizing sequence for Ey in X, is relatively compact in H*(RY)
up to a translation. In particular Ey has a minimum point on X,, that can be assumed non-negative,
radially symmetric and decreasing.

Proof. Let {u,} be a minimizing sequence for Ey on X, satisfying Ej(u,) — 0 as n — +o0. In view
of Lemma 4.4 it is bounded in H*(R") and then there exists u € H*(R") such that u, — u. Now let

R > 0. If it were
lim sup / ufb =0,
"™ yeRN JBg(y)

then, by Lemma 2.3, we would have u,, — 0 in LY(RY) and then, by (i) of Lemma 2.1,

/ (Ko % [t0n]?)tn P = 0,

implying that lim,, Ey(u,) > 0, which is a contradiction with (ii) in Lemma 4.4. Then, possibly passing
to a subsequence, there exists a ¢ > 0 such that

sup sup / [, |? > 6.
n yeRN JBg(y)

We infer that there exists {y,} C RY such that

/ [un | > 6.
Br(yn)

Hence, defining v,, = u,,(- +y,) and by the compact embedding of H{ (RY) into L2 (RY) (see e.g. [10,

Corollary 7.2]) we get a bounded minimizing sequence whose weak limit v is nontrivial, ||v||2 < p,
(4.1) lvn = wll3 + [[vll3 = llval3 + 0n (1),

(4.2) 1(=2)*"2 (v = )15 + [[(=2)*"20]13 = [|(=2)*"*va 13 + 0n(1)

and, by [21, Lemma 2.4],

@3) [ aslon— oo =P+ [ (Cax Pl = [ Uk ool + 0 (D).
Assume by contradiction that ||v||2 = p < p. Since, by (4.1),

Qp = 7M —1
[on = v]l2
and, by (4.2) and (4.3),
Eo(vn —v) + Eg(v) = mp2 + 0,(1),
and then
Eo(an(vy, —v)) + Eo(v) = Eg(vy, —v) + Eg(v) 4+ 0n(1) = mp2 + 0, (1).
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Then, since |a, (v, —v)||3 = p? — 2, we get
(4.4) M2y +my2 <my, + o, (1).

Now let us define for v > 0, ¥ = {wes,: [(Kqx*|wP)|wlP>v}. We show that there exists v > 0
such that

(4.5) Mmp2 = wlélzfj‘z Ep(w).

Of course my2 < infyexy Eo(u). Assuming by contradiction that, for every v > 0, m > < infyexy Ey(w),
we can find a minimizing sequence {w,, } such that

Eo(w,) = my2  and /(/Ca * |wp|P)|wp|P — 0.

Thus

1 1
0 S8 Al = Botun) + 1 [ (s P al” = e < 0.

Then, by (4.5), we easily get m,2,2 < 72m,2 for every 7 > 1. Thus, for all u € (0, p)

Mp2 < My2 +Mp2_ 2
which is in contradiction with (4.4). Hence v € ¥, ||v, — v||2 = 0,(1) and, by applying (2.1),
(4.6) [on = vll2np/(Nt+a) = 0n(1)-

It remains to show that ||(=A)*/?(v, — v)||2 = 0,(1). Since {v,} is a bounded Palais-Smale sequence,
there exists {\,} C R such that for every w € H*(RY)

E{(vn)[w] — /\n/vnw =o0,(1) and Ej(vy)[vn] — Anllvnlz = on(1).
Then we obtain that {\,,} is bounded and
(Ef(vn) — Ey(vm))[vn — vm] — /\n/vn(vn — V) + /\m/vm(vn —vm) =0 asm,n — oo.

Since, by Hardy-Littlewood-Sobolev inequality and (4.6)

— 2p—1
[ P20 0 = )| < Clon Bl = vy 0

and
)\n/vn(vn — V) =0

as m,n — oo, we have that {v,} is a Cauchy sequence in H*(R") and we get that {v,} is relatively
compact. The last statement of the Theorem is achieved by taking into account (iii) of Lemma 4.4. O

Finally, following step by step [9, Proof of Lemma 2.6], we get the following relations between the ground
states (as minima of E,, on N,,) and the minima of Ey on X,.

Proposition 4.6. For every p > 0, the minimization problems
in £ d in E
sl Folw) and - g Bol)

are equivalent. Moreover the L?-norm p of any ground state u of (P.,) satisfies

N —(N-2
2 _Nto ( 5)p min E,, (u)
ws(p—1) uEN.,

and
min E,(u) = min E,(u).

u€s, uEN,
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Proof. Let p,w > 0,
Ry, ={meR_:3ueX,st. Es,(v)=0and Ey(u) =m}

and
A, ={ceR:FueN, st. E (u)=0and E,(u) =c}
where, for all u,v € H*(RY),

E (u)[v] :/(—A)S/2u (—A)S/2v+w/uv—/(lCa* P ulP~2uv.

First of all we observe that, by Lemma 4.4 and Theorem 4.5, Ky, is well defined.
Let now u € ¥, such that Ej|s,(u) =0 and Ey(u) = m with m < 0. Then there exists A € R such that

(4.7 (=A)u — (Ko * [ul?)|ulP2u = —Au
and so
(4.8) 1(=2)*"?ul)3 - /(’Ca *[ulP)ulP = —Ap%.
Then, since Eg(u) = m, by (4.8) we get
p—1 CANS/2,012 Lpz

(19) PR I-A) 2l = m+ L
and so A > 0. Now let

w(x) 42(5+25>u( x) with (w)l/(%)

= 72— y(T with 7= ( — .
A

We have that w solves

(—A) w4 ww — (Ko * [w]P)|w|P~2w = 0
and so w € N, E/,(w) =0 and ¢ = E,(w) € Runr,.
Viceversa, if w € N, such that E/,(w) = 0 and ¢ = E, (w), we consider

2(p—1)

a+2s p af2s—N(p—1)
u(z) :=120Dw(rr) withr=|—— .
[[]|2
We have that v € 3,, (4.7) holds for
FENG=D
a+2s—N(p—
A = wr? —w(p >
[wll2
and
%ajr”;‘w%m
a+2sp—N(p—1) w P a+2s—N(p— w )
410 m =T p—1 (C—U}2):(> (c——w )

By Pohozaev identity (6.1) and since w € M, and E,(w) = ¢ we get the system
N

X [ as o)l =0

1(=2)*"2w]3 + wlwl3 - /(’Ca # [w[?)|w]” =0

(N = 29)[[(=2)*?w]3 + wN||w]3 ~

1 w 1
Sy 72ulf + Sl - o [ (e x Pl =

from which
s N+4a—(N-2s)p
w3 = — c.
ws(p—1)

Thus (4.10) becomes

a+2sp—N(p—1) 2s(p—1)

(4 11) m— _«a + 25 — N(p — 1) pr at2s—N(p—1) S(p . 1) TN =Ty
| - 2 N+a—(N-2s)p ¢
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and, for
o  N+a—(N—2s)p
p =
ws(p—1)

C7
(4.11) implies
m+ L2 = c
2P =
Hence the conclusions easily follow. O

Finally we study the Morse index of the ground state. In the last part of this Section we assume
2 <p<1+(2s+a)/N to have that the functional E,, is C? and s > 1/2. If u is the minimum of Ej
on X, we have

(1.12) J1E8 20 = [ apypup = -3

with A > 0 (by (4.9)). Now consider
B{ ()l = [(-A)e(-ay"n 4 [ e
p / (Ko [ufP~2u) Jul?"2ug — (p— 1) / (Ko * uf?) [ulP~2€n.

To obtain information on the Morse index, we need to study ker EY (u).
Since the problem is invariant for the group of translations, the solutions of (P,,) will never be isolated:
in other words ker EY (u) # {0} and in particular

(4.14) span{Vu} C ker EY (u).

(4.13)

Indeed, for every a € RY, consider the action of the group of the translations in R induced on H*(R"),
that is

to:u € H*(RY) — u(- +a) € H*(RY)
which is linear and isometric. Since Ey o t, = Ey, we have E} (t,u)[v] = Ef(u)[t_qv], for every u,v €
H*(RYN). For every u € H*(R") it is also convenient to introduce the following map
s,:a €RY —— u(-+a) € HS(RY).

Of course, for a generic fixed u € H*(RY), the map s, does not need to be differentiable but (for
example) whenever u € H*(RY) is a solution of (P,) as in Proposition 3.5 it does, and the differential
in 0 given by

s, (0)[b] = Vu-be H*(RY),  forallbc RV,

u

Hence, in this case, by differentiating in 0 the map
a € RN — FEl(su(a)) € H*(RY),
we get EY(s,(0))[s,,(0)[b],] =0 for all b € RY and this gives (4.14).
It would be interesting to understand if the ground state is nondegenerate in the sense that
span{Vu} = ker EY (u).

We define the Morse index ipjorse() as the maximal dimension of subspaces of H*(R™) on which EY (u)
is negative definite. We have the following result which completes the proof of Theorem 1.1.

Proposition 4.7. Let u € ¥, be a ground state and T,%, = {w € H*(RY) : [uw = 0}. Then
(i) EY(u) is positive semidefinite on T,,3,,
(ii) infyer,s, EY(u)[w,w] = 0.
(iii) inorse(u) = 1.
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Proof. Let v any element of T, , and v : (—¢,¢) = X, a smooth curve such that 4(0) = w and 4'(0) = v.
Since u is the minimum of Ey on X, it is

d2
R >
()| 20
which explicitly reads as
(4.15) 0< Bj(wlovo] + By () = Ef(wlos o] = A [ w0,

Of course, 0 = L [|y(7)[> =2 [ 4(7)7/(7) implies

[+ [ =0

which, plugged into (4.15) gives (i). Property (ii) follows by Proposition 3.5 and the translation invari-
ance of ¥,: indeed 0,,u € T,X, and we know EY(u)[0y,u, 0z, u] = 0. Finally, to prove (iii), note that
by (4.13) and (4.12)

B u)[u, u] = / (~A)2u] + A% + (1 — 2p) / (Ko % lul?)ul?

—2(1-p) [ (Ko [u)lul? <0.

The result then follows from (i) and the direct sum decomposition (see [2] for the general setting):
H*RYN) =T,%, & span{u}. O

5. MULTIPLICITY

We begin with some geometric properties of the functional E,, in (1.3). The assumption (1.2) will be
tacitly assumed in the whole section.

Proposition 5.1. The functional E,, satisfies the following geometric assumptions of the Symmetric
Mountain Pass Theorem:

(i) it is even, that is E,(u) = E,(—u),

(i) it has has a strict local minimum in 0 with E,(0) =0,

(iii) there exist a mested sequence {Vi} of finite dimensional subspaces of H*(RYN) and {R;} C R*
such that E,(u) <0 for every u € Vi, with ||u|| > Ry.

Proof. Property (i) is immediate. By (2.3) it holds
1
Ey(u) > gllul® = Cllull*

getting (ii). Finally, if {e;}i=1,. % is an orthogonal basis of a k—dimensional subspace Vj, of H*(RY),
then, writing u = Zle tiei, it is E,(u) = —oo for |Ju|| — oo, proving (iii). O
To ensure existence of critical points of E,,, a compactness condition is necessary. To this aim some
preliminaries are in order.
Firstly, let £ > 1, N; > 2,i=1,....,¢,or £ =1 and N > 3, and N = Zle N;. A point in RY is now
denoted with z = (x1,...,2¢), ¥; € RYi. Let O(N;) be the orthogonal group on R¥: and consider the
product group
G:=0(Ny) X -+ x O(Ny)

acting on RY by

g v = (q121, ., gexe), g=(g1,-,90) €G
and whose representation in H*(R") is given by the linear and isometric action

(5.1) (Tyu)(z) = u(g™" - ).

Set
X :={uec H*RY): Tyu = u for all g € G}.
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In particular for £ = 1 we have the radial functions, u(z) = u(|z|). In this we say that the functions in
X are “symmetric”. Then X is exactly the closed and infinite dimensional subspace of fixed points for
the action (5.1). The importance of this setting is twofold. Indeed the functional E,, is G—invariant,
i.e. for every g € G, E, o T, = E,, and the space X has compact embedding into L4(RY),q € (2,2%),
see [16].
Secondly, for every fixed u € H*(RY), consider the problem

a alN/220D (o
652 (~8)7/2p = y(a)ful? , where () == T2,

p € HP(RY),

(where T is the gamma function) whose weak formulation is the following one: we say that ¢ € H*/2(RN)
is a weak solution if for every ¢ € HY/?(RN)

(5.3) / (—A)* o~ A/ = (a) / Elul.

Recall that for every o € (0, N), (—A)*/?u is defined via the Fourier transform and H*/2(R") is defined
as the completion of C2°(RY) with respect to the associated Gagliardo seminorm (these notions coincide
with that given in the Introduction for @ € (0,2)). Observe now that, under the assumption on p, the
right hand side in (5.3) defines the map

L:ve Ho2(RY) o /v|u|p cR
which is linear and continuous; indeed
Lol < Cllulllny s a0l r0r2 < ClIP 0l e

By the Riesz Representation Theorem there exists a unique weak solution ¢ of (5.2), represented as a
convolution with the kernel ICo, /y(a), i.e. ¢ = K4 * |u|P and

1Ko [u”l| grasz = IILI| < Clull”.

As a consequence of the above setting we can prove the following result, which will help us to recover
compactness.

Lemma 5.2. Let {u,},u € X be such that u, — u in H*(RYN). Then
(i) Ko * [tn]? = Ko * [u|P in HY/?(RN);
(11) [(Ka * [un|P)|unl? = [(Ka * [ufP)ul?;
(ii1) [(Ka * [un|?)unlP~2unu — [ (Ko * [ulP)]ul?.
Proof. Define the linear and continuous maps L, L : H*/ 2(RN) — R such that
L,v= /v|un|p, Lv = /v|u|p ve HY?(RYN).

By the compact embedding we may assume
llun, —ully = 0, forall g € (2,2]).

Then, denoting with (2(’;/2)’ the conjugate exponent of 27, ,,

< il gas2en = 0,

|Lnv — Lo| < /Ivll\unlp = lul’l < lvllaz  Mlunl” = ulPll 2z, )

which proves the convergence of L,, to L in the operator norm, yielding (i).
We now observe that
* * ’ 2N
Ko * lun|P] <€ € L?s2 (RN)v lun|P < p e L) (RN)v |un|p71 <ne L(NJFOL)&A} (RN)'
Hence by Young Inequality we have

a2 4 u(2;/2)/ e LY(RY),

(Ko # [un|”)|unl” < o5 p
: " ! 2o¢/2 <2a/2),
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as well as
_ 1 o= (N+a)(p—1) _2vp N+«  2n5p
K., AP, [P ] < 2572 e -1 ~+a e LY(RM).
R o T + el ¥ € LRY)
The Dominated Convergence Theorem allows to obtain (ii) and (iii). O

Theorem 5.3. The functional E,, satisfies the Palais-Smale condition in X.
Proof. Let {u,} C X be a Palais-Smale sequence, that is,
|Eu(un)| < M, E(u,)—0 in H*RN).

Then we deduce in a standard way the boundedness of {u,} in H*(RY). Hence, there exists u € X
such that, up to subsequences, u,, — u in H*(RY). By Lemma 5.2 we have the convergences

0 ELun)lu) = () = [ (o ¢ P)anl? e — P = [ (Ko )
B (un)[un] = Junl* — /(’Ca * |un|?)|unl? — 0,

Jta s tunlual? — [ (o < ul)fup,
from which we deduce that ||u,| — ||u||. This gives the desired conclusion. O
It follows

Theorem 5.4. The functional E,, possesses infinitely many critical points {u,} C X such that E,(u,) —
00, and ||uy|| — oco. In paticular, problem (P,,) has infinitely many solutions in X.

Proof. All the hypotheses (geometry and compactness) of the Symmetric Mountain Pass Theorem on
the space X are satisfied, so that the existence of infinitely many critical points {u,} C X with
E,(u,) — oo is guaranteed. Then, since [(Kq * |un|)|un[P < Cllu,||??, it has to be ||u,|| — oo. By the
Palais Principle of Symmetric Criticality, the constrained critical points {u,} C X for E,, are indeed
“true” critical points and hence solutions of (P,). O

Observe that Proposition 5.1 holds also in the limit cases p = 1+ «/N and p = (N + «)/(N — 2s). Due
to the nonexistence result (see Section 6), we see that the Palais-Smale condition cannot be satisfied for
these values.
To obtain nonradial solutions we need a slight modification in the above setting, as introduced in [3].
Let N =4 or N > 6 and choose an integer m # (N — 1)/2 such that 2 < m < N/2. Let us define

G :=0(m) x O(m) x O(N — 2m)
whose induced action on H*(RY) is as usual
(5.4) (Tyu)(x) = u(gy '@1, 95 ‘w2, 95 '23), 9= (91,92,93) € G,

where, now x = (1,2, 23) € R™ @ R™ @ RY 2™ We know that X, associated to the action (5.4), has
compact embedding into L4(R"Y), q € (2,2%). Consider the involution in RV

T-x = (T2,21,23)
and the action
(Tu)(z) = u(z), (Tu)(z)=—u(r"" z)
induced by H = {1z, 7} on H*(RY). Define also the group
K :=Gxy HC O(N)
via the group homomorphism ¢ : H — Aut(G) given by
Yem)g=g, ¢(r)g=g7", g€G.

Moreover, if
m: K — {+1,-1} such that n(g,cy) =1, 7w(g,7)=—-1
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denotes the canonical epimorphism, we define the action of K on H*(RY) by
(Tyu)(x) == n(k)u(k™" -z), k€ K.

Of course, this action is linear and isometric and in particular if, k = (g, ¢zr) then (Tru)(x) = u(g
if, k = (1g,7) then (Tpu)(x) = —u(r~1 - x). Set

Y:={uec H*(RY): Tpu=ufor all k € K}

and note that the unique radial function in Y is u = 0. Since E,, is K —invariant and Y C X is closed
and infinite dimensional, we can argue as before obtaining the following multiplicity result.

-1 '.’E),

Theorem 5.5. Assume N =4 or N > 6. The functional E, possesses infinitely many critical points
{un} C Y such that E,(u,) — 00 and ||u,|| = oco. In particular, problem (P,) has infinitely many
solutions in Y.

Hence the proof of Theorem 1.2 is completed.

6. NONEXISTENCE

As known, in order to formally deduce a Pohozaev identity, one can compute
d
SIu@)| =0,
ST

where 7, (9) := u(dz) and u is a solution to problem (P, ). We find
(6.1) (N - 2s) / (—A) /22 +wN/ uf? = “;N/(zca i uf?) uf?

We shall rigorously justify this identity. We follow the localization argument developed in [7] by defining
the space X*(RY ') as the completion of C§° (R} ™) for the norm

L(l—s)

1/2
-1 1-2s 2 1-2s
. = |w Vuw|“d d) , we 1= 2
[l e v+ ( : /Rfﬂy Vw|*ddy s ()

For a given u € H*(RY), the solution w € X*(RY ™) of the minimization problem
min {/ y' 2|\ Vwlrdedy : w(zx,0) = u(x) on ]RN}
RY !

is the solution to the boundary value problem

—div(y*~2*Vw) =0 on Rf“
w(z,0) = u(x) on RY,

and it is usully called the s-harmonic extension of w, and

[l xo @1y = 1(=2)""2ulls.
As known, the fractional Laplacian can be defined as the Dirichlet-to-Neumann map
1 ow
—A)* =—— lim y'"%— e H*(RM).
(ZA)u(@) = ——= Hm y == (@y), v (R™)
Therefore, our nonlocal equation (P,) can be restated into a local form as
—div(y'=2*Vw) =0 on RY !
D3w(x,0) = —wu + (Ko * |u|P)|uP"2u  on RV,
where we have set 1
S e [ 1-2s
dsw(x,0) = p— yli)%l+ y P oyw(x,y).

Without loss of generality, we shall set w, = 1. Of course, if w is a weak solution to this problem, then
u(z) = w(z,0) is a weak solution to (P,,).

We have the following result.
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Theorem 6.1. Let u € C2(RY) N HS(RV) N L%(RN) be a weak solution to (P,). Then (6.1) holds.

Taking into account Remark 3.7, it is not restrictive to assume u € C?(RY).

Proof. Since u € C?(RN) we have w € C?(RY). Set D = {z = (z,y) € RN x [0, +00) : |2| < 1} and
consider a cut-off function ¢ € CH(RY x [0, 4+00)) such that ¢ =1 on D, and ¢r(x,y) := ¢(z/R,y/R).
A direct computation yields
div(y' "2 Vw)[pr(z - Vw)] = div[(y' "> Vw)pr(z - Vw)] — y* " 2*Vw - V[pr(z - V)]
= div[(y""*Vw)er(z - Vw)] — 4 72*(Ver - Vw)(z - Vw)

—2s 1 s
g el Vol - Sy en(z - V(VeP)

: —2s 14 s
=div | (y'"**Vw)pr(z - Vw) — §y1 % oz Vw|?

—y' (Vg - Vw)(z - V) + g y' " op|Vul?

1 s
+ 51/1 (2 Vor)|Vw|?

and, integrating on Rf 1 we get

./RN+1 div[(y' ~?*Vw)pr(z - Vw)] = lim div[(y' ~2*Vw)er(z - Vw)]

N e—0+ RN x [e,400]

= lim (y' 72 Vw) - vor(z - Vw)
=0T JoRN x [e,400])

= — lim (y' > 0yw)pr(z - Vw)
e=0" JoRN x [e,400[)

- /(*wu + (Ko # [ulP)[ul""*u)or (2, 0)(z - Vu)
where v(z) = (0,---,0,—1). Now following [21, Proof of Proposition 3.1] we get
N
w/uapR(m,O)(aB -Vu) — —%Hu“% as R — 400

and

/(iCa * [ul?)|ulP?u)pr(z, 0)(z - Vu) — —N; “ /(lCa * |u|?)|u|? as R — +o0.

Moreover by the Dominated Convergence Theorem we have

/N ) div(y' " ¢rz|Vw|?) = liI(I)l div(y' " **orz|Vw|?)
]RJF+ =0+ RN X [e,+00]

= — lim+ 52_2‘9/ or|Vw|* =0,
e—0 A(RN x[e,400[)

/N+1 y1—2S(V<PR -Vw)(z - Vw) — 0 as R — 400,
R
/RNH Y7 (2 Vor)|Vul® — 0 as R = +oo,
¥

/ y' "2 op|Vu|? — / ylf?S\Vw\Q as R — +oo
Rf+1 Rf+1

which concludes the proof. O
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By combining the Pohozaev Identity (6.1) with

Jieay 2 o [ = [ o< jup)iup
(N_2S_a+N /|(—A)S/2u\2 (N_a+N /‘

Now, since w > 0, if both the coefficients are positive, that is p > o+ N/(N — 2s), the unique solution
is the trivial one. Analogously, if they are are negative, that is p < 1+ a/N, nontrivial solutions cannot
exist. Thus we conclude the proof Theorem 6.1.

Finally the first statement of Theorem 1.4 follows by Pohozaev identity (6.1), while the second assertion
follows by [20, Proposition A.1 and (3) of Remark A.2].

we get
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