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Configurational entropy of magnetic skyrmions as an ideal gas
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The study of thermodynamics of topological defects is an important challenge to understand their underlying
physics. Among them, magnetic skyrmions have a leading role for their physical properties and potential
applications in storage and neuromorphic computing. In this paper, the thermodynamic statistics of magnetic
skyrmions is derived. It is shown that the skyrmion free energy can be modeled via a parabolic function and the
diameters statistics obeys the Maxwell-Boltzmann distribution. This allows for making an analogy between the
behavior of the distribution of skyrmion diameters statistics and the diluted gas Maxwell-Boltzmann molecules
distribution of velocities at thermodynamic equilibrium. The calculation of the skyrmion configurational entropy,
due to thermally induced changes of size and shape of the skyrmion, is essential for the determination of thermal
fluctuations of the skyrmion energy around its average value. These results can be employed to advance the field
of skyrmionics.
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I. INTRODUCTION

Magnetic skyrmions have been gaining an important role
in studies of low-dimensional magnetic systems due to their
suitable physical properties and potential applications [1–4].
Skyrmions can be considered as quasiparticles with topo-
logically protected magnetization texture, characterized by
an integer skyrmion number [1,4]. Although skyrmions can
be stabilized by the interplay between exchange and dipo-
lar interactions (so-called “bubble skyrmion” [1]), much of
the interest is devoted to systems where the Dzyaloshinskii-
Moriya interaction (DMI) plays a role in this stabilization
[5,6]. The DMI is a chiral exchange interaction due to lack
or breaking of inversion symmetry in bulk crystalline lattices
(bulk DMI) [7–9] or at the interfaces in magnetic multilayers
[interfacial DMI (IDMI)] [10–13]. While other types of DMI
can exist (for instance, in D2d structures) [14,15], in this
work we focus on the IDMI. This because it promotes the
formation of small Néel skyrmions [1,2,4], which are stable at
room temperature as isolated skyrmions, and can be nucleated
[16–18], manipulated [12,19–21], as well as detected [22–24]
by electrical currents. Therefore, Néel skyrmions have be-
come promising for technological applications [25–33]. Fun-
damentally, because of thermal fluctuations, Néel skyrmions
are subject to (i) internal deformations [10,12,34,35] that
are responsible for the loss of the circular symmetry;
(ii) thermal drift [18,34,35], which leads to a random
skyrmion motion throughout the film plane; and (iii) thermal
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breathing modes [35–37] that can induce non-stationary ex-
pansion and shrinking of the skyrmion core, i.e., a time evolu-
tion of the skyrmion size. Hence, the effect of thermal fluctua-
tions should be considered for a proper design of skyrmion-
based devices and applications [32,35], especially at room
temperature.

In this work, we show that the thermal fluctuations promote
the existence of a number of skyrmions characterized by
the same energy, but having different shapes and diameters.
This aspect allows for the definition of a skyrmion configura-
tional entropy by using a statistical thermodynamic analogy
between the skyrmion diameters population and the nonin-
teracting molecules of an ideal gas [38,39]. This approach
is based on the analytical formulation previously developed
[35] considering a region of parameters where the two fol-
lowing hypotheses are verified: (i) the skyrmion energy can
be well approximated by a square function of the skyrmion
diameter near the minimum, and (ii) the skyrmion diameters
distribution is well described by a Maxwell-Boltzmann (MB)
function. The validity of those two hypotheses is checked
by taking advantage of full micromagnetic simulations for
different combinations of temperature and external field. Note
that, in principle, also a third hypothesis according to which
the skyrmion does not annihilate should be taken into account.
However, for the range of magnetic parameters used and the
range of temperatures investigated, we have found that the
skyrmion has a long enough lifetime (500 ns) in the mi-
cromagnetic simulations and, therefore, does not annihilate.
The skyrmion average diameter and its standard deviation,
as well as the skyrmion entropy, can be analytically derived.
In addition, the developed model can also be extended to the
description of further magnetic textures, such as bubbles and
vortices.
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FIG. 1. (a) Total micromagnetic energy as a function of time for one of the simulations (T = 300 K, and μ0Hext = 25 mT). The four green
circles indicate an example of time instants at which different skyrmions have the same energy. (b)–(e) Snapshots of the skyrmion at the time
instants indicated in (a). The arrows and background colors are linked to the z component of the magnetization. The colors of the arrows
indicate a positive (blue), negative (red), and zero (black) z component, while the color bar refers to the background colors, as shown in the
figure.

From a theoretical point of view, the knowledge of the
skyrmion configurational entropy allows us to construct the
proper thermodynamics for determining the fluctuations for
many important quantities, such as the free energy. We show
that a distribution of skyrmion diameters can be described in
a canonical ensemble that is equivalent to a microcanonical
ensemble because fluctuations of energy are much smaller
than the skyrmion average energy.

Until now, the skyrmion entropy has been estimated from
the experimental data, and it has been used to characterize the
type (first- or second order) of magnetization phase transition
around the transition temperature in bulk B20 compounds
[40,41], and as a corrective term to the Arrhenius law, to
explain the discrepancy between experimental and theoretical
calculations of the lifetime of a skyrmion lattice [42]. How-
ever, no direct dependence of the entropy on the physical
parameters, temperature, and geometrical characteristics of
the skyrmion has been expressed. This work will fill this gap,
giving a simple analytical model to be used as a support for
the experimental works at finite temperatures.

The paper is organized as follows. In Sec. II the numerical
model is briefly outlined. Section III presents the analytical
model describing the calculation of the skyrmion energy and
of the skyrmion diameters distribution, the average skyrmion
diameter, the standard deviation, the configurational entropy,
and the energy fluctuations. In Sec. IV conclusions are drawn.

II. NUMERICAL MODEL

We start by performing micromagnetic simulations at fi-
nite temperature to generate the data to be analyzed. We
consider a circular nanodot of diameter 2Rd = 400 nm of
a ferromagnetic material (we consider cobalt here) with a
thickness t = 0.8 nm assumed to be coupled with a thin

layer of heavy metal giving a sufficiently large IDMI, i.e.,
platinum. We perform systematic micromagnetic simulations
to calculate the skyrmion sizes as a function of the out-of-
plane external field μ0Hext and temperature T, by integrating
the Landau-Lifshitz-Gilbert (LLG) equation for the reduced
magnetization m = M/Ms [43–49] (Ms is the saturation mag-
netization; see note 1 in the Supplemental Material [43]). At
T = 0 K, we used the following material parameters: Ms =
600 kA/m [12], exchange stiffness constant A = 20 pJ/m
[50], IDMI parameter D = 3.0 mJ/m2 [51,52], perpendicular
uniaxial anisotropy constant Ku = 0.60 MJ/m3 [12,53], and
Gilbert damping αG = 0.1 [54], while for T>0 and in the an-
alytical model, we used the parameters as calculated from the
scaling relations [35] A(m) = A(T = 0K)m(T )1.5, D(T ) =
D(T = 0K)m(T )1.5, and Ku(T ) = Ku(T = 0K)m(T )3.6.

For the micromagnetic simulations, the thermal effects are
included in the LLG equation as a stochastic term hth added
to the deterministic effective magnetic field in each compu-
tational cell hth = (χ / Ms)

√
2(αGkBT/μ0γ0�V Ms�t ), with

kB = 1.38 × 10−23 J/K the Boltzmann constant, μ0 the vac-
uum permeability, γ0 the gyromagnetic ratio, �V the volume
of the computational cell, �t the simulation time step, and
χ a three-dimensional (3D) white Gaussian noise with zero
mean and unit variance [48,49]. The thermal fields, in each
computational cell, are uncorrelated. The discretization cell
size used is 2.5 × 2.5 × 0.8 nm3 [43] (see note 1 in the
Supplemental Material for more details).

The effective diameter is calculated by assuming that the
area of the skyrmion core (here it is the region where the z
component of the magnetization is negative) is equivalent to a
circle [55].

Figure 1(a) shows the time dependence of the total mi-
cromagnetic energy E [m] = ∫

dV ε(m) of the ferromagnet
[ε(m) is the energy density] as calculated by micromagnetic
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simulations from the spatial distribution of the magnetization
m:

ε(m)=A(∇m)2 + D[mz(∇ · m) − (m · ∇ )mz] + Ku
(
1 − m2

z

)
− 0.5Ms μ0 m · Hm − Msμ0 m · Hext, (1)

where mz is the z component of the magnetization, Hm is the
magnetostatic field, and Hext is the external magnetic field.

It can be observed that there exist skyrmion configurations
with different shape and size [Figs. 1(b)–1(e)], but character-
ized by the same energy [5.6 × 10−17 J in Fig. 1(a)]. These
results suggest that a skyrmion configurational entropy can be
introduced and regarded as the number of different skyrmions
having the same energy.

III. ANALYTICAL MODEL

A. Skyrmion energy

The computation of the configurational entropy is based on
the determination of the skyrmion energy.

The skyrmion magnetization texture in cylindrical
coordinates can be written in the form m(x, y) =
sin θ (ρ)cosφ0ρ̂+ sin θ (ρ)sinφ0φ̂+ cos θ (ρ)ẑ, where θ (ρ)
is the radially dependent magnetization distribution angle
and φ0 is an azimuthal angle. Setting φ0 = 0, we get
the outwardly directed radial Néel skyrmion texture,
m(x, y) = sin θ (ρ)ρ̂+ cos θ (ρ)ẑ. In the present study, we
have considered an outwardly radial Néel skyrmion with a
negative core characterized by a skyrmion number Q = −1,
a cylindrical symmetry with respect to the out-of-plane
direction (z axis), and it is stabilized in a magnetic circular
dot. The results derived for Néel skyrmion can indeed be
generalized to other magnetic textures.

The skyrmion energy E is calculated as a volume integral
of the skyrmion energy density E (rsky) = ∫

ε(r, rsky)dV =∫ t/2
−t/2 dz

∫ 2π

0 dφ
∫ Rd

0 ε(r, rsky)ρ dρ. For the Néel skyrmion, we
use the following trial equilibrium magnetization distribu-
tion through the ansatz θ0(r) = 2 arctan[ rsky

r eξ (rsky−r)], with
rsky = Rsky/lexch the dimensionless skyrmion radius, lexch =√

2A/μ0M 2
s is the exchange length, with A the material ex-

change stiffness, t the dot thickness, and ρ = r/lexch [35,56].
This skyrmion ansatz has been previously shown to have an
excellent agreement with direct micromagnetic simulations
[35,57]. The skyrmion energy density ε = εexch + εIDMI +
εani + εext contains all the relevant contributions. In particu-
lar, εexch = A(∇m)2 is the exchange energy density, εIDMI =
|D|[mz(∇ · m) − (m · ∇ )mz] is the IDMI energy density and
D the DMI strength, εani = Ku(1 − m2

z ) + 1
2μ0M2

s m2
z is the

anisotropy energy density with Ku the uniaxial anisotropy con-
stant, and εext = −μ0MsHextmz is the Zeeman energy density,
with μ0Hext the amplitude of the external bias parallel to the
z axis. The magnetic parameters A, D, and Ku at nonzero
temperature are scaled from their zero-temperature values, by
using the scaling laws shown in Sec. II.

The first hypothesis of our analytical approach is that the
skyrmion energy near the minimum can be described via a
parabolic potential of the form Esky � a(Dsky − D0sky)2 + b.
In the parabolic potential, the coefficient a(J/m2) is propor-
tional to the parabola curvature, a = 1/2d2Esky/dDsky

2, Dsky

is the generic skyrmion diameter ranging from 0 to 2Rd ,

D0sky is the equilibrium diameter corresponding to the energy
minimum Emin

sky for every T, and b [J] is b = Emin
sky . The equilib-

rium skyrmion diameter depends on the temperature via the
scaled values of the magnetic parameters; therefore, both a
and b are temperature-dependent coefficients, a(T) and b(T).
Figure 2(a) shows, in fact, how the coefficient a changes with
temperature, for three values of the external field. The general
trend is a linear dependence of a on the temperature and a
decreases with increasing temperature, marking a broadening
of the potential well due to thermal effects. Moreover, at fixed
temperature, a increases with increasing the external-field
amplitude indicating its narrowing effect on the potential well.

Figures 2(b) and 2(c) show that the parabolic curve fits
well the analytical skyrmion energy when 0 � T � 200 K
at zero external field, while at T = 300 K [Fig. 2(d)] the
matching is less accurate. We ascribe this difference to the
change of the energetic stability of the skyrmion when it
is becoming the ground state (see Fig. 3 in Ref. [35]). In
particular, for the parameters used in this study, the skyrmion
is a metastable state when either 0 � T � 200 K for any
external field in the range 0–50 mT, or 250 � T � 300 K
only for μ0Hext > 5 mT, while it becomes stable outside these
intervals. As was explained in Ref. [35] with details, during
this transition from metastable to ground state the skyrmion
radius is very sensitive to small variations of external
parameters.

B. Skyrmion diameters distribution

The fact that the energy of the skyrmion is, as a first
approximation, well described as a quadratic function of the
skyrmion diameter leads us to suppose that the skyrmion
diameters distribution can be treated as the distribution of
particle velocities of an ideal gas, at least from a statistical
thermodynamics viewpoint.

Therefore, the second step of our analytical approach is to
check if the population of the skyrmion diameters follows a
MB distribution function:

dn

dDsky
= Csky0 D2

sky e−(a/kBT ) (D sky−D 0 sky )2
, (2)

where dn is the number of times one gets a skyrmion diameter
between Dsky and Dsky + dDsky, Csky 0 is the normalization
constant referred to the Gaussian distribution centered at the
equilibrium skyrmion diameter D0 sky [43]. In this respect,
note that, strictly speaking, the skyrmion structure is planar
and thus the skyrmion distribution should be regarded as
two dimensional while the ideal gas molecules MB velocity
distribution is 3D. However, in micromagnetic simulations the
thickness of the ferromagnetic material is taken into account.
This observation allowed for considering approximately, also
for the skyrmion diameters distribution, the 3D MB with the
main difference that Dsky is a scalar while the particle velocity
is a vector. Note also that, analogously to the ideal gas, the
skyrmion energy is comparable to the thermal energy in the
range of temperatures 50–300 K, thus ensuring a displacement
effect of the maximum of the distribution as a function of
temperature [38] (see note 2 in the Supplemental Material
[43]).
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FIG. 2. (a) Fitting parameter a as a function of T for μ0Hext = 0, 25, and 50 mT. Profile of the skyrmion energy close to the energy
minimum (black curve) together with the parabolic fit (red curve) for μ0Hext = 0 mT and (b) T = 100 K, (c) T = 200 K, and (d) T = 300 K.

Another analogy is that the number of noninteracting
molecules of an ideal gas varies continuously as a function
of velocity and possesses only translational kinetic energy,
as the skyrmion diameters population referred to a single
skyrmion, during thermal annealing, fluctuate independently
along the radial direction, leading to continuous and infinites-
imal changes of skyrmion size [see also Fig. 1(a)].

A further common property is represented by confinement.
Like gas molecules obeying MB statistics are confined in a
box, magnetic skyrmions of different diameters are formed in
a confined magnetic system.

In order to prove this hypothesis, we compare the distribu-
tion of skyrmion diameters as computed from micromagnetic
simulations and resulting from postprocessing to the analyt-
ical ones [Eq. (2)]. Figure 3 shows such a comparison at
T = 100, 200, and 300 K, respectively, for an applied field
μ0Hext = 25 mT. The agreement between the analytical and
the micromagnetic results is excellent. Similar good agree-
ments are also obtained for the other temperature/external-
field combinations in the region of metastability.

In order to confirm the very good agreement between the
analytical distribution and the micromagnetic histograms, we
compute the cumulative distribution function as the integral
of the distributions. Figure 4(a) shows the results for 100,
200, and 300 K when the applied external field is 25 mT,
corresponding to the distributions of Fig. 3. The inset displays
the root-mean-square deviation for the three cases, where the
error is always smaller than 7%. For this reason, we can
consider that the agreement is excellent.

Since we have shown that the skyrmion energy can be
considered as a quadratic function of the skyrmion diameter
and that the skyrmion diameters population obeys the MB dis-
tribution, we can make the full analogy between the behavior
of skyrmion diameters population and the velocity distribution
of noninteracting molecules in an ideal gas. Let us examine
this point in depth later in the text.

In Table I, we strengthen this analogy considering a
skyrmion diameter statistics and an ideal gas statistics of N
noninteracting molecules at statistical thermodynamic equi-
librium contained in a box that is described within a mi-
crocanonical ensemble where the total energy has a constant
value independent of the time.

Strictly speaking, as observed in micromagnetic simula-
tions, the total energy is not conserved in time so that the
skyrmion diameters population exhibits fluctuations of energy
and is in principle more properly described by a canonical
ensemble. However, due to the high number of degrees of
freedom represented by the skyrmion diameters population,
we can suppose that the energy fluctuations are small (see
Sec. III F for a quantitative estimation) regarding the ensemble
as a microcanonical ensemble and therefore recovering the
full analogy with the ideal gas statistics.

Looking at Table I, the skyrmion diameter Dsky replaces the
modulus of the velocity v of the gas molecule, while the fitting
parameter a, proportional to parabolic energy curvature, plays
the same role as the constant ½m depending on the mass
m of the molecule in the gas with the only difference that
a = a(T ) and m is a constant for a given gas. In this way,
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FIG. 3. Skyrmion diameters distribution for (a) T = 100 K, (b)
T = 200 K, and (c) T = 300 K when μ0H = 25 mT. The histograms
represent the results from micromagnetic simulations with thermal
fields, while the blue curve is the analytical MB distribution as
calculated from Eq. (2). In the analytical calculations, we used the
scaled values of the magnetic parameters A, D, and Ku for each
temperature [35] and obtained the following parameters: at T =
100 K, a = 9.67 × 10−5 J/m2 and D0 sky = 26.83 nm, at T = 200 K,
a = 7.33 × 10−5 J/m2 and D0 sky = 32.03 nm, and at T = 300 K,
a = 5.32 × 10−5 J/m2, and D0 sky = 39.64 nm.

the total skyrmion energy replaces the kinetic energy of a
particle of the ideal gas and the MB distribution reproducing
the statistical behavior of skyrmion diameters maps into the

FIG. 4. (a) Comparison between the analytical and micromag-
netic cumulative distribution function (CDF) when μ0Hext = 25 mT.
Inset: root-mean-square deviation (RMSD) as a function of temper-
ature when μ0Hext = 25 mT. (b) Standard deviation as a function of
temperature, for three values of the external field. The continuous
lines with symbols represent the analytical calculations by means of
Eq. (4), while the dashed lines with symbols indicate the results from
micromagnetic simulations with thermal stochastic fields.

well-known MB distribution of velocities of N noninteracting
molecules in a diluted gas [38].

C. Average skyrmion diameter

Thanks to the aforementioned analogy, we can
calculate the average skyrmion diameter 〈Dsky(T )〉 =
Csky0 2π

∫ ∞
0 dDskyD3

skye− (a/kBT )(D sky−D 0 sky )2
in the same

way as the average particle velocity in an ideal dilute gas
at a given temperature and external bias field where 2π

comes from the integration over the polar angles θ and φ

and Csky 0 = (2π
∫ ∞

0 dDskyD2
skye−(a/kBT ) (D sky−D 0 sky )2

)−1 is
obtained after a normalization to unity of the MB distribution
since we are considering one skyrmion exhibiting size
variations in full analogy with the normalization to the
number N of noninteracting particles in an ideal gas. The
integration yields

〈Dsky(T )〉 � D0 sky

(
3 kBT + 2a D 2

0 sky

kBT + 2a D 2
0 sky

)
, (3)

with D0 sky = D0 sky(T ) and a = a(T ).
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TABLE I. Analogy between an ideal gas of molecules and a magnetic skyrmion diameters population with Cg = 4πN (m/(2πkBT ))3/2.

Ideal gas Skyrmion diameters

v Dsky

½m a
dn
dv

= Cg v2exp(−1/2 m v2/kBT ) dn
dDsky

= Csky 0 D2
sky exp(−a (Dsky − D0 sky )2/kBT )

D. Standard deviation of the skyrmion diameters distribution

The skyrmion average diameter is crucial to compute:
(1) the standard deviation σ〈Dsky〉 of the diameter distribution
expressing the deviation from the average skyrmion diameter
〈Dsky〉 and (2) the skyrmion configurational entropy S.

First, we calculate σ〈Dsky〉 = (C av
skyπ

∫ ∞
0 dDsky(D sky −

〈Dsky〉)2 D2
sky e− (a/kBT ) (D sky− 〈Dsky〉)2

)1/2 as an integral over the
MB distribution centered at the average skyrmion diameter
with C av

sky = (2π
∫ ∞

0 dDskyD2
skye−(a/kBT ) (D sky− 〈Dsky〉)2

)−1 the
normalization constant obtained after a normalization to unity
of the MB distribution centered at the average diameter 〈Dsky〉
with 〈Dsky〉 = 〈Dsky(T )〉 for every external field, obtaining

σ〈Dsky〉(T ) =
√

kBT

2a

(
3kBT + 2 a 〈D sky〉2

kBT + 2 a 〈D sky〉2

)
, (4)

with a = a(T ).
In Fig. 4(b), we compare the standard deviation obtained

from micromagnetic simulations and Eq. (4), observing that
they match well in the region of energetic metastability.

E. Configurational entropy

We now outline the computation of the skyrmion con-
figurational entropy that represents one of the key results
of this study. We wish to remind that the source of this
entropy is mainly due to the skyrmion internal deformations
and thermal-breathing mode [35–37]. In this respect, very
recently it has been shown that it is possible to get evidence
for the configurational entropy in 2D skyrmionlike magnetic
structures, defined in the framework of information theory,
from the topological charge density [58].

To calculate the configurational entropy of a single
skyrmion, we employ the definition of the Boltzmann order
function H0 for a dilute ideal gas [39], which represents a
measure of order and is proportional to the MB distribution,
which is the solution of the Boltzmann equation at thermo-
dynamic equilibrium. Indeed, H0 is a quantity defined as
the opposite of the entropy S at equilibrium, namely H0 =
−S/kB [39], with H0 < 0. According to this definition, S
gives the direct connection between the statistics of a micro-
canonical ensemble and thermodynamics. In the continuous
case applied to our framework, where minor changes of the
skyrmion size occur along the radial direction but also along
the thickness, H0 can be written as a 3D functional integral
representing the statistical average 〈ln f0〉 over all spatial
directions:

H0 = 2π

∫ ∞

0
dDskyD2

sky f0 ln f0, (5)

with f0 = Csky e− (a/kBT ) (Dsky−〈D sky〉)2
the Gaussian distribu-

tion of the skyrmion diameters at thermodynamic equi-
librium centered at the average skyrmion diameter, which
has the meaning of a probability density in statistical
mechanics.

The skyrmion configurational entropy turns out to be
(S = −kBH0)

S = kB

[
ln

(
(kBT )3/2 + 2(kBT )1/2a 〈Dsky〉2

a3/2〈Dsky〉2t

)

+ 1

2

(
3kBT + 2a 〈Dsky〉2

kBT + 2a 〈Dsky〉2

)]
+ S0, (6)

with S0 = kB(ln 4 + 1
2 ln π ) a constant [see Appendix A for

the details of the calculations leading to Eq. (6)].
As expected, the configurational entropy has a geomet-

ric, thermal, and magnetic parameters dependence. S de-
pends on the size of the skyrmion via 〈Dsky〉, confirming
the link with the thermal-breathing mode [Figs. 1(b)–1(e)],
decreases with decreasing temperature, denoting the strict
connection with temperature effects until a minimum temper-
ature close to 1 K (see Sec. III F for more details), as well
as depending on the magnetic parameters via the coefficient
a. Note that Eq. (6) is a general result since it is independent
of the chosen skyrmion distribution texture. Indeed, different
skyrmion distribution texture would lead to energy profiles
again reproducible in the neighborhood of the minimum by
means of a parabolic dependence.

However, as T→0 K, we get, from Eq. (6), S→−� ap-
parently contradicting Nernst’s theorem or third principle of
thermodynamics according to which entropy of a crystalline
body equals zero at absolute zero temperature [see also the
discussion of Eq. (9)]. This result is not surprising and agrees
with the well-known one of the Sackur-Tetrode entropy equa-
tion for an ideal gas [38]. Indeed, in both cases the derivation
is classical, resulting from the application of the classical MB
statistics.

Figure 5(a) shows the skyrmion configurational entropy,
calculated according to Eq. (6), as a function of temperature
for three different external fields (0, 25, and 50 mT). The
entropy increases with increasing temperature and its increase
is more remarkable in the absence of an external bias field.
This behavior reflects the higher disorder due to the larger
deformations and thermal-breathing mode of the skyrmion at
room temperature [35]. This disorder is partially reduced by
the ordering effect of the external bias field.

Figure 5(b) illustrates the trend of the configurational en-
tropy as a function of the external field at fixed temperature
(T = 300 K). It is evident the entropy decreases due to the
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FIG. 5. Configurational entropy analytically calculated from
Eq. (6) as a function of (a) temperature for μ0Hext = 0, 25, and
50 mT, as indicated in the legend, and of (b) the external field at
T = 300 K.

external bias field that leads to a reduction of the disorder of
the system and this trend occurs also at other temperatures.

F. Behavior of 〈Dsky〉, σDsky, and S at low temperature

It is interesting to derive the low-temperature behavior of
the average skyrmion diameter. We assume, for the whole
range of temperatures studied (0–300 K) a(T ) = a0 + cT
[see Fig. 2(a)], with a0 = a(T = 0 K) and c < 0 a coefficient
expressed in J/(m2K), and, at low temperatures, D0 sky(T ) =
D0 sky(T = 0 K) + d T , with d a coefficient expressed in
m/K.

For T→0 K, we get, from a numerical calculation, that
〈Dsky(T → 0 K)〉 = D0 sky(T = 0 K). At low temperature, the
expansion of Eq. (3) to first order, via 〈Dsky(T → 0 K)〉 =
D0 sky(T = 0 K), yields

〈Dsky(T )〉T →0 K ≈ D 0
0 sky + kB

a0 D 0
0 sky

T (7)

with a0 = a (T = 0 K) and D0
0 sky = D0 sky(T = 0 K).

FIG. 6. Low-temperature behavior of (a) average skyrmion di-
ameter, as obtained by Eq. (3), (b) standard deviation of the skyrmion
diameters distribution, as obtained by Eq. (4), and (c) configurational
entropy, as obtained by Eq. (6).

Equation (7) expresses, in the regime of low temperatures,
a linear dependence of the average skyrmion diameter on
temperature, as it can be observed in Fig. 6(a) for different
combinations of low temperature and external bias field.
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At low temperatures (T→0 K), via a series expansion to
the first order of Eq. (4) and taking into account the above-
mentioned assumptions on a and D0 sky, the standard deviation
turns out to be

σ〈Dsky〉(T →0 K) ≈
√

kBT

2a0
. (8)

Hence, at low temperatures the standard deviation has
a square-root proportionality on temperature, as shown in
Fig. 6(b).

In the same way, from Eq. (6) the configurational entropy
expanded to the first order in T for T→0 K reads

S(T →0 K)

≈ kB

[
ln

(
1

t

(
kBT

a0

)1/2
)

+
(

kB

a0
(
D0

0 sky

)2 − c

2a0

)
T

]
+S1,

(9)

with D0
0 sky = 〈Dsky(T = 0 K)〉 and S1 = kB(3 ln 2 +

1/2 ln π + 1/2).
The first term of the second member has a logarithmic

dependence on T, hence giving the divergence of S for T =
0 K. On the other hand, the second term expresses the linear
dependence of S on T. This latter term receives contribution
from both the logarithmic and the fractional terms of the
second member of Eq. (6) when expanded to the first order
in T.

Figure 6(c) shows S vs T for 1 < T < 50 K. It is evident
that the deviation from the linear behavior due to the effect
of ln(T) at low temperature causes a sudden drop of S. For
0 < T < 1 K the model is not anymore valid (S→−� for
T→0 K) and the amplitude of this interval depends on the
magnetic and geometric parameters used in the calculations.
Equations (7)–(9) show a good agreement with Eqs. (3), (4),
and (6), respectively, up to 10 K (not shown).

G. Energy fluctuations

The skyrmion configurational entropy is crucial to deter-
mine the skyrmion fluctuations of energy around the average
energy 〈E〉. In principle, the skyrmion diameters distribution
is supposed to be in contact with a heat reservoir forming
a canonical ensemble, and the average energy is determined
by the temperature of the heat reservoir itself. However,
due to the high number of degrees of freedom represented
by the skyrmion diameters population, we can suppose that
the fluctuations of energy are small, treating the canonical
ensemble in the same way as a microcanonical ensemble.
This hypothesis is confirmed by the calculation of the energy
fluctuations that are small if compared to the average energy
as shown above.

The evaluation of the mean-square fluctuation of the
skyrmion energy is based on the calculation of the partition
function in the discrete limit of a microcanonical ensemble
yielding 〈δE2〉 � kBT 3(2 ∂S

∂T + T ∂2S
∂T 2 − ∂2〈E〉

∂T 2 ), with 〈δE 2〉 =
〈E 2〉 − 〈E〉2 and 〈E〉 ≈ a〈Dsky

2〉 the average energy (see
Appendix B for details about its calculation). The average
energy takes into account the contribution strictly depending
on skyrmion diameter but not the one resulting from b =

FIG. 7. (a) Mean-square fluctuation of the energy of the average
skyrmion energy as a function of temperature for μ0Hext = 0, 25, and
50 mT. (b) As in (a) but for the fractional mean-square fluctuation of
the energy.

b(T ) that determines only a shift of the energy minimum
of about 10−17 J weakly dependent on temperature. The key
result is that skyrmion mean-square fluctuation of the energy
is apportioned between an entropic and an average energy
dependence. We have found that there is a dependence of the
form 〈δE2〉 ∝ (kBT )2 (see Appendix B for the details) and
the constant of proportionality is not simply 3/2 like for the
3D MB ideal-gas distribution but depends on magnetic and
geometric parameters.

In Fig. 7(a), we display the mean-square fluctuation of the
energy of the skyrmion diameters distribution as a function of
temperature determined via a calculation of the entropy and
the average energy derivatives with respect to T. 〈δE2〉 shows
a quadratic increase with increasing temperature with a much
lower curvature for μ0Hext = 25 and 50 mT. In particular, for
μ0Hext = 0 mT, 〈δE2〉 receives contributions from both the
entropy and the average energy resulting in about 10−41 J2,
while, for nonvanishing external bias field, the average energy
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contribution is negligible due to the almost linear behavior of
〈E〉 vs T so that 〈δE2〉 ≈ 10−42J2.

The quadratic increase of 〈δE2〉 vs T is analogous to
that of the mean-square fluctuation of the energy of gas
particles. However, note that the external bias field reduces
〈δE2〉 on average of one order of magnitude. The calculated
mean-square fluctuation of the energy is about one order of
magnitude smaller than the one calculated according to the
well-known statistical relation 〈δE2〉 = kBT 2 ∂〈E〉

∂ T . This slight
discrepancy is not surprising because those fluctuations are
calculated using the partition function in the continuous limit
of a canonical ensemble [39].

To establish whether the skyrmion fluctuations of energy
are relevant, we compare their order of magnitude with that
of the average energy calculating the fractional mean-square
fluctuation of the energy: 〈δE2〉/〈E〉2 ∝ (kBT )2/〈E〉2. For the
system studied and the range of temperatures considered, on
average for μ0Hext = 0 mT 〈δE2〉 ≈ 10−41J2 [see Fig. 7(b)].
As 〈E〉2 ≈ 10−39J2 we get 〈δE2〉

〈E〉2 � 10−2, resulting in fluctu-
ation of the energy that is about 10% of the average energy.
Looking at Fig. 7(b), the fractional mean-square fluctuation
of the energy does depend on T and this dependence is
accentuated at higher temperatures. This is not surprising
because, unlike ideal gas, there is not only an explicit depen-
dence on T of the average energy but also via a = a(T ) and
〈Dsky〉 = 〈Dsky(T )〉 in turn depending on the scaled magnetic
parameters. In the presence of an external bias field, the
average energy increases with increasing Hext contributing to
the reduction of the fractional mean-square fluctuation of the
energy ( 〈δE2〉

〈E〉2 � 10−3) that still has a dependence on T even
though much less accentuated with respect to the case for
μ0Hext = 0 mT. This corresponds to fluctuation of the energy
that is about 3% of the average energy. In principle, the energy
fluctuations albeit small could be detected via calorimetric
measurements enabling the determination of the skyrmion
entropy. The quantitative estimate of energy fluctuations con-
firms the initial assumption of studying skyrmion diameters
population in a microcanonical ensemble that is strengthened
when an external bias field is applied to the system.

IV. CONCLUSIONS

In summary, we have shown that it is possible to describe
the statistical behavior of the skyrmion diameter in the pres-
ence of thermal fluctuations by using a statistical thermody-
namic analogy with the noninteracting molecules of an ideal
diluted gas. This analogy is valid in the region of energetic
metastability for the skyrmion where the following hypothe-
ses are verified: (i) the skyrmion energy close to the minimum
exhibits a parabolic profile and (ii) the skyrmion diameters
population follows a MB statistical distribution. We confirmed
those hypotheses with the results of micromagnetic simula-
tions. Therefore, we have developed an analytical model able
to describe the statistical behavior of skyrmion diameter of the
magnetic (average value, standard deviation, and distribution)
as well as to calculate its configurational entropy linked to
the thermal-breathing mode and internal deformations. In the
low-temperature limit, the average skyrmion diameter has a
linear dependence on T, while the configurational entropy

shows a logarithmic behavior and a dip at very low temper-
atures leading to a deviation from the linear behavior. From
the calculation of the partition function of a microcanonical
ensemble, we have expressed the energy fluctuations both as
a function of the entropy and of the average energy of the
magnetic skyrmion. Those results can be used to study phase
transitions involving magnetic skyrmions and their relaxation
properties.
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APPENDIX A: CALCULATION OF THE
CONFIGURATIONAL ENTROPY

We recall Eq. (5) of the main text expressing the 3D
Boltzmann-order function at thermodynamic equilibrium:

H0 = 2π

∫ ∞

0
dDskyD2

sky f0 ln f0, (A1)

with 2π resulting from the integration over the polar and
azimuthal angles. The computation of the integral via f0 =
C av

sky e− (a/kBT ) (Dsky−〈D sky〉)2
and the substitution C av

sky → C av
sky〈V 〉

to make the argument of the logarithmic function dimension-
less yields

H0 = C av
sky

(π

a

)3/2
(kBT )1/2[(kBT + 2a 〈Dsky〉2) ln

(
C av

sky〈V 〉)
− 1

2 (3 kBT + 2a 〈Dsky〉2)
]
. (A2)

Here, 〈V 〉 is the average skyrmion volume that
can be approximately expressed in terms of the
skyrmion diameter as 〈V 〉 � 1/4 π〈Dsky〉2t taking
into account that 〈D2

sky
〉 ≈ 〈Dsky〉2 (note however that

〈Rsky〉 �= 1/2〈Dsky〉). We get the constant Cav
sky via the

normalization condition of the MB distribution to unity,
C av

sky = 1
2π

[
∫ ∞

0 dDskyD2
sky e−(a/kBT )(Dsky−〈D sky〉)2

]−1, resulting

in Cav
sky = ( a

π
)3/2 1

(kBT )1/2 ( 1
kBT +2a 〈Dsky〉2 ). Substituting Cav

sky and

〈V 〉 into H0, we get

H0 � ln

[
(a)3/2〈Dsky〉2t

(kBT )3/2 + 2(kBT )1/2a 〈Dsky〉2

]

− 1

2

(
3 kBT + 2a〈Dsky〉2

kBT + 2a 〈Dsky〉2

)
− ln 4 − 1

2
ln π, (A3)

with H0 < 0.

174440-9



R. ZIVIERI et al. PHYSICAL REVIEW B 99, 174440 (2019)

Skyrmion entropy at the thermodynamic equilibrium is
calculated as S = −kBH0 after substituting C and 〈V 〉:

S � kB

[
ln

(
(kBT )3/2 + 2(kBT )1/2a 〈Dsky〉2

a3/2〈Dsky〉2t

)

+ 1

2

(
3kBT + 2a 〈Dsky〉2

kBT + 2a 〈Dsky〉2

)]
+ S0, (A4)

with a = a(T ), 〈Dsky〉 = 〈Dsky(T )〉, and S0 =
kB(ln 4 + 1

2 ln π ). Equation (A4) is Eq. (6) of the main
text.

APPENDIX B: CALCULATION OF THE MAGNETIZATION
DISTRIBUTION AND OF THE ENERGY FLUCTUATIONS

The skyrmion entropy is crucial to determine: (1) the
magnetization distribution as a function of temperature at

fixed external bias field and (2) the skyrmion fluctuations of
energy around the average energy <E>.

The calculation of the magnetization distribution is based
on the hyperbolic law expressing the average skyrmion diam-
eter as a function of B = μ0Hext at fixed T as observed by
Romming et al. for T = 4.2 K [59] and confirmed by our
model at higher temperatures:

〈Dsky(B)〉 = B0

B + B0

〈
D0

sky

〉
, (B1)

with B expressed here as J (B → μ0HextMsV ), B0 a parameter
expressed in J dependent on T, B0 = B0(T ) that can be
obtained from a fit to experimental data (measured skyrmion
diameters) for B = 0 J [59] and 〈D0

sky〉 = 〈Dsky(B = 0 J)〉
with 〈D0

sky〉 = 〈D0
sky(T )〉.

First, we calculate the entropy dependence on the bias
external field at fixed temperature. Substituting Eq. (B1)
into Eq. (6) we get the skyrmion entropy dependence on B at
fixed T:

S(B) � kB

⎡
⎣

⎛
⎝ln

⎡
⎣(

(kBT )3/2 + 2 (kBT )1/2a
( B0

B+B0

〈
D0

sky

〉)2 )
(a)3/2

( B0
B+B0

〈
D0

sky

〉 )2
t

⎤
⎦

⎞
⎠ + 1

2

⎛
⎝3kBT + 2a

( B0
B+B0

〈
D0

sky

〉)2

kBT + 2a
( B0

B+B0

〈
D0

sky

〉)2

⎞
⎠

⎤
⎦ + S0. (B2)

We immediately find, using Maxwell’s relation ( ∂S
∂B )T = ( ∂m

∂T )B with m the normalized magnetization after multiplying by Ms:

(
∂M

∂T

)
B

= 2Ms

⎡
⎣k2

BT

⎛
⎝ (B + B0)

(
kBT (B + B0)2 + 4a

〈
D0

sky

〉2
B2

0

)
(
kBT (B + B0)2 + 2a

〈
D0

sky

〉2
B2

0

)2

⎞
⎠

⎤
⎦, (B3)

with a = a(T ) and Ms = Ms (T = 0 K). For B = 0 J
(μ0Hext = 0 mT), the magnetization distribution as a function
of temperature at different T is

(
∂M

∂T

)
B=0 J

= 2
Ms

B0

⎡
⎣k2

BT

⎛
⎝ kBT + 4a

〈
D0

sky

〉2
(
kBT + 2a

〈
D0

sky

〉2)2

⎞
⎠

⎤
⎦. (B4)

The magnetization distribution in the ferromagnetic state
depends on B0 and on the relevant parameters characteriz-
ing skyrmion energy, a and 〈D0

sky〉 all functions of T. From
Eq. (B4) the trend of B0 (in J) could be fit as a function of T
that makes ∂M

∂T = cost as predicted by the atomistic model [35]
according to which the saturation magnetization decreases lin-
early with increasing T for the range of temperatures studied.

We now outline the calculation of point (2) above, the
skyrmion fluctuations of energy around the average value
〈E〉. Let us start from the statistical thermodynamic relation
linking the average energy with the partition function Z, 〈E〉 =
− ∂ ln Z

∂β
,with β = 1/kBT . This implies that 〈E〉2 = ( ∂ ln Z

∂β
)2.

Owing to our first assumption on the parabolic fit,
the average skyrmion energy can be approximately writ-
ten as 〈E〉 ≈ a〈D2

sky〉, where 〈D2
sky〉 = 〈D2

sky(T )〉 is the
average of the square of the skyrmion diameter over
the MB distribution of skyrmion diameters 〈D2

sky(T )〉 =
Csky0 2π

∫ ∞
0 dDskyD3

skye− (a/kBT )(D sky−D 0 sky )2
, with Csky 0 =

(2π
∫ ∞

0 dDskyD2
skye−(a/kBT ) (D sky−D 0 sky )2

)−1. The calculation of

the integral yields

〈E〉 � 5kBT + 2a (D0 sky)2

2
, (B5)

with an explicit dependence on T but also an implicit de-
pendence on T via a = a(T ) and D0 sky = D0 sky(T ). In the
calculation of 〈E〉 we have taken into account the contri-
bution of the skyrmion energy strictly depending on the
skyrmion diameter since b = b(T ) accounts only for the trans-
lation of the energy minimum. Note that the average energy
in Eq. (B4) reduces to 〈E〉 � 5kBT

2 setting D0 sky = 0 nm. The
well-known result 〈E〉 � 3

2 kBT for the average energy per
particle of an ideal gas would be recovered considering 〈E〉 �
a〈(Dsky − D0 sky)2〉. However, the skyrmion average energy
written in this form would be proportional to the average
square deviation of the skyrmion diameter from the equilib-
rium diameter and numerically is one order of magnitude
smaller than the one expressed in Eq. (B5).

To get an explicit expression of the fluctuations of energy,
we write the partition function of the system that can be re-
garded as a controlling function able to determine the average
energy of the system itself. In the continuum limit, we write
the partition function of a canonical ensemble as an integral
over Boltzmann factors e−βE (x), Z = CN

∫
e−βE (x)dx with CN

a normalization constant. We now express the average of the
square of the energy as a function of the partition function. We
write the average of the square of the energy in the continuous

174440-10



CONFIGURATIONAL ENTROPY OF MAGNETIC … PHYSICAL REVIEW B 99, 174440 (2019)

limit in a general form as

〈E2〉 = C

Z

∫
[E (x)] 2e−β E (x)dx, (B6)

where C is a normalization constant and E(x) is the energy
depending on the generic continuous variable x that in our
case corresponds to the skyrmion diameter. We cast Eq. (B6)
in the form 〈E2〉 = C

Z

∫
∂2

∂β2 (e−β E (x) ) dx = 1
Z

∂2Z
∂β2 = ∂2 ln Z

∂β2 +
[ 1

Z ( ∂Z
∂β

)]2 = ∂2 ln Z
∂β2 + ( ∂ ln Z

∂β
)2. Hence, we get 〈E2〉 − 〈E〉2 =

∂2 ln Z
∂β2 + ( ∂ ln Z

∂β
)2 − ( ∂ ln Z

∂β
)2 = ∂2 ln Z

∂β2 . The square fluctuation of
the energy expressed as a function of T takes the form

〈δE2〉 = k2
B T 4 ∂2 ln Z

∂T 2
, (B7)

being 〈δE2〉 = 〈E2〉 − 〈E〉2.
The partition function of the statistical ensemble of

skyrmion diameters under study that we have regarded as a
microcanonical ensemble can be approximately expressed as
Z � W e− (〈E〉/kBT ), where W is the statistical multiplicity of
the energy level having value 〈E〉 because of two approxima-
tions. The first approximation consists of treating a continuous
variable as a discrete variable writing the partition function
as a sum of states, each one characterized by a given energy.
The second approximation consists of assuming, within the
microcanonical ensemble, that all energies in the sum of states
are equal to the average energy of the ensemble considering
small energy fluctuations. Thanks to the above approxima-
tions, we are able to express the mean-square fluctuations of

energy of Eq. (B7) via a combined dependence on the entropy
and on the average energy of the magnetic skyrmion. Indeed,
writing the partition function Z of a microcanonical ensemble
allows for determining, via the microcanonical expression
S = kB ln W , the simple relation linking the partition function
of a microcanonical ensemble, the entropy, and the average
energy [60]:

ln Z � S

kB
− 〈E〉

kBT
, (B8)

starting from which 〈δE2〉 can be easily calculated. Taking
into account Eqs. (B7) and (B8) yields

〈δE2〉 � kBT 3

(
2

∂S

∂T
+ T

∂2S

∂T 2
− ∂2〈E〉

∂T 2

)
. (B9)

We note that mean-square fluctuations of energy around
the mean energy of the skyrmion diameters population is
apportioned between an entropy contribution and an average
energy contribution. Equation (B9) is slightly different from
the well-known expression of mean-square fluctuation of the
energy in a canonical ensemble that depends only on the
average energy.

〈δE2〉 has been determined via the numerical calculation of
the derivatives with respect to T of entropy and of the average
energy of the magnetic skyrmion appearing in Eq. (B9) and
turns out to be proportional to the square of the temperature,
〈δE2〉 ∝ (kBT )2 (as occurs for fluctuations of energy in an
ideal gas) with a constant of proportionality that reduces with
increasing the amplitude of the applied bias field.
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