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On non-singular Hermitian varieties of PG(4, ¢°)

Angela Aguglia* Francesco Pavese!

Abstract

We provide a characterization of the non-singular Hermitian variety of PG(4,¢?) as a
hypersurface of degree ¢+ 1 over GF(¢?) with ¢” +¢® + ¢ + 1 rational points, which does not
contain linear subspaces of dimension greater than 1 and having exactly a line in common
with at least a plane of PG(4, ¢?).

Keywords: unital, hermitian variety, algebraic hypersurface.

1 Introduction

Let PG(r, q) be the Desarguesian projective space of dimension r over the finite field GF(q) of
order g and denote by X = (zg, 1, ..., x,) homogeneous coordinates for its points. A projective

hypersurface H of PG(r,q) is
H = {(xo,x1,...,2,) € PG(r,q) | F(xo,21,...,2,) =0},

where F is a homogeneous polynomial of GF(q)[Xo, X1, ..., X;]. The degree of F' is the degree of
the hypersurface H with equation F'(Xg, ..., X,) = 0. When r = 2, a projective hypersurface H
is called a projective plane curve, whereas when r = 3, H is called a projective surface. Suppose
that H is a hypersurface of PG(r, ¢) with equation F' = 0. In order to understand the geometry
of H, the zeros of F' over GF(¢q) and any extension of GF(q) are required. Thus, H is viewed
as a hypersurface over the algebraic closure of GF(q) and a point of PG(r,¢%) in H is called a
GF(q")-point. A GF(q)-point of H is also said a rational point of H. Throughout this paper, the
number of GF(q")-points of H will be denoted by N i(H).

A non-singular Hermitian variety (r,q?) of PG(r,¢?) is the set of absolute points of a
Hermitian polarity of PG(r, ¢?). On the other hand, from [4], a non-singular Hermitian variety
of PG(r,q?) is projectively equivalent to the hypersurface of PG(r,¢?) of degree ¢ + 1 having
equation

X4 xit =
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In [10, 11] it has been proved that if X is a hypersurface of degree ¢ + 1 in PG(r,¢?), r > 3
odd, such that it has (¢"*! + (=1)")(¢" — (—1)")/(¢* — 1) rational points and does not contain
r—1

linear subspaces of dimension greater than 5=, then X" is a non-singular Hermitian variety of

PG(r,q?). This result generalizes the characterization obtained in [6] for the Hermitian curve of
PG(2,¢%), ¢ # 2.
In this article we deal with the 4-dimensional projective case. Our main result is achieved by

combining geometric and combinatorial arguments with algebraic geometry.

Theorem 1.1. Let H be a hypersurface of PG(4,¢%), ¢ > 3, defined over GF(q?), without
GF(q?)-hyperplane components and not containing planes. If the degree of H is q¢ + 1 and the
number of its rational points is ¢" + ¢° + ¢*> + 1, then every plane of PG(4,q?) meets H in at
least ¢> + 1 rational points. If there is at least a plane m such that Np(rNH) = @+ 1, then H

is a non-singular Hermitian variety of PG (4, ¢?).

Our result improves the characterization provided in [1] where it is also required that the

hypersurface H has two intersection numbers with hyperplanes of PG(4, q).

2 Background

In this section we collect some useful information and results that will be crucial to obtain our
result.
Let H(r, %) be a non-singular Hermitian variety of PG(r, ¢). The number of rational points
of H(r,q?) equals
@+ (=D))(@ = (=1)N/(@* =)

Any line of PG(r, ¢?) meets H(r,¢?) in 1,¢q + 1 or ¢> + 1 points. The maximal dimension of a
projective subspace contained in H(r,¢?) is (r — 2)/2, if r is even, or (r — 1)/2, if 7 is odd. The
latter subspaces are called generators of H(r,q?). The generators of H(r, ¢) through a point P
of H(r,¢*) span a hyperplane of PG(r,¢?). The hyperplane containing these generators is the
tangent hyperplane of P with respect to the unitary polarity of PG(r, ¢?) defining H(r, ¢?) and
it meets H(r, ¢?) in a cone having as vertex the point P and as base a non-singular Hermitian
variety of PG(r — 2, ¢?). Every hyperplane of PG(r, ¢?), which is not tangent, meets #(r, ¢*) in
a non-singular Hermitian variety H(r — 1, ¢?), and is called a secant hyperplane of H(r,q?). It

follows that a tangent hyperplane contains
L+ (@ + (=D))(@ 2 = (=1)")/(¢* - 1)
rational points of H(r, ¢?), whereas a secant hyperplane contains
(@ + DD = EDH/ (-1

rational points of H(r, ¢?).

We will need the following results.



Lemma 2.1 ([13]). Let C be an absolutely irreducible non-singular algebraic curve of genus g
in PG(2,q). If there is on C a base-point-free linear system defined over the algebraic closure of

GF(q) of degree n and dimension 2 with Frobenius order sequence vy, ..., Vn, then
Ny(C) <27 (29 — 2) + (¢ + 2)n} (2.1)

Lemma 2.2 ([12]). Let d be an integer with 1 < d < ¢+ 1 and C be a curve of degree d in
PG(2,q) defined over GF(q), which may have GF(q)-linear components. Then the number of its
rational points is at most dqg+ 1 and Ny(C) = dq + 1 if and only if C is a pencil of d lines of
PG(2,q).

Lemma 2.3 ([8]). Let d be an integer with 2 < d < g+ 2, and C a curve of degree d in PG(2,q)
defined over GF(q) without GF(q)-linear components. Then N2(C) < (d —1)q+ 1, except for a

class of plane curves of degree 4 over GF(4) having 14 rational points.
For generalities on curves in projective planes the reader is also referred to [5].

Lemma 2.4 ([9]). Let S be a surface of degree d in PG(3,q) over GF(q) without GF(q)-plane
components. Then
Np2(S) < (d—1)¢* +dg +1

Lemma 2.5 ([10]). Let S be a surface in PG(3,q?) defined over GF(q?) without GF(¢?)-plane
components. If the degree of S is ¢+ 1 and the number of its rational points is (¢> + 1)(¢* + 1)

then S is a non-singular Hermitian surface over GF(¢?).

Lemma 2.6 ([6]). Suppose q # 2. Let C be a plane curve over GF(q?) of degree q + 1 without

GF(q?)-line components. If C has ¢> + 1 rational points, then C is a Hermitian curve.

Lemma 2.7 ([3]). A subset of points of PG(r,q*) having the same intersection numbers with
respect to hyperplanes and spaces of codimension 2 as non-singular Hermitian varieties, is a

non-singular Hermitian variety of PG(r, ¢?).
From [7, Theorem 2.25] we have the following result.

Lemma 2.8. If W is a set of ¢° + ¢*> + 1 points of PG(3,¢%), ¢ > 2, such that every line of
PG(3,¢?) meets W in 1,q+ 1 or ¢> + 1 points, then W is a cone with vertex a point and base a

unital.

Finally, we recall that a blocking set with respect to lines of PG(2,q) is a point set which

blocks the lines, i.e., intersects each line of PG(2, ¢) in at least one point.

3 A characterization of # (4, ¢?)

In this section we provide a proof of Theorem 1.1. Thus, we denote by H a hypersurface of
PG(4,4?), ¢ > 3, defined over GF(¢?), without GF(¢?)-hyperplane components and not contain-
ing planes.



Lemma 3.1. H is a blocking set with respect to lines of PG (4, ¢?).

Proof. Suppose on the contrary that there is a line 7 of PG(4, ¢?) which does not meet #. Let
a be a plane containing r. The algebraic plane curve C' = o N H of degree ¢ + 1 cannot have
GF(g?)-linear components and hence it has at most ¢® + 1 points because of Lemma 2.3. If C
had ¢®+ 1 rational points, then from Lemma 2.6, C' would be a Hermitian curve with an external
line, a contradiction. Thus ng(C) < ¢3. We are going to show that C' contains at most ¢° — 1
rational points. Assume that N2(C) = q>. We prove the following properties.
(P1) C is an absolutely irreducible non-singular curve of .

Let C have equation F(z,y,z) = 0, where F' is a homogeneous polynomial of degree g + 1
and let Fy,..., F, be the different irreducible factors of I over the algebraic closure of GF(¢?).
Let us denote by C; the component of C' of equation F; = 0 and degree d; > 1. We have
|Ci| < (d; — 1)g® + 1 and hence

¢* = Np(C) < Z 1Ci] < ¢ Z di —@Pn+n=q¢(qg+1)—¢*n+n.
i=l..n i=1..n

Therefore n = 1 that is, C is absolutely irreducible which means irreducible over the algebraic
closure of GF(¢?).

Let s’ be the number of singular rational points and let N be the number of non-singular
rational points of C. Now, if C' had a singular point P in « then by considering all lines of «
through P we would obtain N,2(C) < (¢* +1)(q — 1) + 1 which is not possible. Hence s’ = 0.

Let M denote the number of rational points on a non-singular model of C. From [4, p.58] it
follows that

Np(C)=N+s=N<M.

By the Hasse-Weil bound [4, Corollary 2.27(ii)] we get
¢’ = Np(C) <M < ¢+ 1+ 290,

where g is the genus of C. Hence g > q(q—1)/2, that is g = ¢(¢—1)/2 and thus C is non-singular
and (P1) is proved.

(P2) The tangent line of C at a generic point P € C intersects C in P with multiplicity q.
From (P1) we know that C is absolutely irreducible, non singular and of genus g = ¢(¢ — 1)/2.
We apply Lemma 2.1 by considering as a linear system the one defined on C by all lines of a.
In this case N2(C) =¢,29-2=¢"—-q—2,7r=2and n=q+ 1. Thus

2¢° <u(q® —q—2)+ (> +2)(g+ 1),

which gives 11 > ¢ — 2/(¢?> — ¢ — 2) and hence v; > ¢. On the other hand v; = 1 or v; = ey,
where €3 = i(¢,C; P) is the order of contact of the tangent line ¢ at a generic point P of C.
So v; = ey. Furthermore ea = 2 or ey is a power of the characteristic p, see [13]. It also holds
€3 < degC = q+ 1. Thus 4 = e2 = ¢ and property (P2) follows.

Now we recall that e2 < e2(Y), with e2(Y) = i(¢,C;Y), where ¢ is the tangent line to C at
Y and Y € anC. Since e2(Y) < deg C, we have either i(¢,C;Y) =qor i({,C;Y) =q+ 1.



Suppose first that there is a rational point Y of C' with tangent line ¢ for which i(¢,C;Y) = q.
This implies that £ intersects C' in exactly one other point Y7 of a. On the other hand, all lines
intersect C' in at most ¢ + 1 distinct rational points as deg C' = ¢+ 1. Thus, considering all lines
through Y7 and taking into account that the tangent line to C' at Y7 has at most two rational
points in common with C, we get ¢° = Np(C) < (¢ —1)q + 3, that is ¢ < 3, which is excluded.

Finally, assume that i(¢,C;Y) = g+ 1, where / is the tangent line of C' at Y € C'Na. Suppose
that no line through Y meets C' in ¢ distinct rational points. Denote by s the number of lines
through Y intersecting C' in ¢ 4+ 1 distinct rational points and by ¢ the remaining lines through
Y and different from ¢. Hence s +t = ¢* and

¢° =Np(C) <sq+t(g—2)+1=¢"—2t+1,

which gives t = 0. Therefore ¢> = Np(C) = ¢*(q) + 1, a contradiction. This means that at
least one line through Y, say /1, intersects C' in ¢ distinct rational points Y,Y5,...,Y; and at
one of these points the intersection multiplicity has to be 2. Suppose i(¢1,C,Y3) = 2. Thus ¢,
is the tangent line of C' at Y3. On the other hand i(¢1,C,Y2) > ¢ and hence we obtain ¢ < 2, a
contradiction.

Thus every plane through r meets # in at most ¢>—1 rational points and hence, by considering
all planes through r, we get the following bound for the number of rational points of H: N2 (H) =
¢+ +¢+1<(¢*+¢*+1)(¢® — 1), which is impossible. Therefore there are no external
lines to H and so H is a blocking set w.r.t. lines of PG(4, ¢?). O

Lemma 3.2. Let 7 be a plane of PG(4,¢%), ¢ > 2, meeting H in exactly ¢*> + 1 rational
points. Each hyperplane of PG (4,q?) containing T intersects H in a cone over a non-degenerate

Hermitian curve.

Proof. By Lemma 3.1, 7N?H is a blocking set with respect to lines of 7. Since Ny (m1NH) = ¢>+1,
from [2], it follows that 7 meets H in a line, say ¢. Bounding the number of rational points of

‘H by using all planes through ¢ and taking into account Lemma 2.2 yield
NeH)=q¢" +¢+ @ +1< @+ )P+ +1=¢" +¢ + ¢ + 1.

This means that there is exactly one plane through ¢ intersecting H in ¢ + 1 rational points,
namely 7, and all the remaining planes through ¢ meet H in ¢> + ¢ + 1 rational points. By
Lemma 2.2, if « is a plane through ¢ such that Npe(aNH) = ¢+ ¢®>+ 1 then aNH consists of
q + 1 GF(¢?)-lines of a pencil.

Let S be a solid containing the plane 7 and set SNH = W. In this case, counting the number
of rational points of W by using all planes in S through ¢, we get

NgW)=¢"+¢*+1.

We also see that there is a set £ of ¢3 + 1 lines divided into ¢ planar pencils, where each of
these pencils consists of the line £ and other ¢ lines that are concurrent at a point of £. Moreover,

every point of W not on £ lies on exactly one line of £ and no other line of S is contained in W.



Indeed, assume on the contrary that a further line r is contained in W, then r has to be disjoint
from ¢ and therefore r N € W\ {¢}, a contradiction.

We claim that a line 7 of S meets W in 1, ¢+ 1 or ¢? + 1 rational points. Indeed, if [¢N7| # 0
and £ # r, then the plane « containing ¢ and r either coincides with 7 and hence r N W consists
of one rational point or o # 7 and r meets each of the ¢ + 1 lines of a. Hence Np(rNnW) €
{1,q+1,¢*> + 1}. If r is disjoint from ¢, then let P be a point of £ such that no line of £\ {¢}
meets P and let o be the plane containing the point P and the line . Since Nz2(cNW) = ¢*+1,
from Lemma 2.6, we have that ¢ N W is a Hermitian curve and hence N2 (rNW) € {1,¢q+ 1}.

By Lemma 2.8, it turns out that W is a cone projecting a non-degenerate Hermitian curve. [

Lemma 3.3. If there exists a plane © of PG(4,¢%) such that Np(rNH) = q®> + 1, then each
hyperplane of PG(4,¢?) meets H either in a non-singular Hermitian surface or in a cone over

a non-singular Hermitian curve.

Proof. Let S be a hyperplane of PG(4, ¢%) through the plane 7. By Lemma 3.2, SNH = W is
a Hermitian cone, i.e., a cone having as vertex a point and as base a non-degenerate Hermitian
curve. In particular each plane in S meets H in either ¢ + 1 or ¢® + 1 or ¢® + ¢* + 1 rational
points. We consider all hyperplanes passing through a given plane a in S. If « is a plane of S
meeting H in ¢ + 1 rational points, then, by Lemma 3.2, each hyperplane through o meets H
in a Hermitian cone.

Now assume that o intersects H in ¢> + ¢® + 1 rational points which form a pencil of ¢ + 1
lines, say F. Let S’ # S be a hyperplane through « and let ¢/ denote a line of F. From the proof
of Lemma 3.2, we have that the line ¢ is contained in exactly one plane, say 7/, meeting H in
¢*> + 1 rational points, whereas all other planes through ¢ intersect H in ¢> + ¢ + 1 rational

points. Note that 7’ is a plane contained in S and hence
Ne(S'NH) =@+ D)+ +1=¢+¢ +¢ + 1.

Furthermore, S’ N is a surface of degree ¢ + 1 of S’ without GF(g?)-plane components and
hence by Lemma 2.5, S’ NH turns out to be a non-degenerate Hermitian surface of S’.

Finally assume « to be a plane intersecting # in ¢>+1 rational points. As before, let S’ denote
a hyperplane containing a. Since S’ NH is a surface of S’ of degree ¢ + 1 without GF(¢?)-plane
components, by Lemma 2.4, it has at most ¢° 4+ ¢> + ¢> + 1 rational points. Let us consider a
second plane v in S meeting H in ¢ + 1 rational points and thus satisfying yNH # vNS’. Note
that a hyperplane passing through v meets H in a Hermitian cone. Therefore, if there is at least
one hyperplane containing  which intersects S’ N W in ¢? + 1 rational points, then S’ N#H has
to be a Hermitian cone.

Suppose, by contradiction, that each hyperplane through v meets S’ in a plane which has
either ¢ + 1 or ¢> + ¢® + 1 rational points in common with 7. We denote by = the number of
hyperplanes through v meeting # in ¢>+ 1 rational points and by y the number of the remaining
hyperplanes through 7. We have  +y = ¢ + 1 and

Ne(S'NH) =2¢* +y(@® + ) +1< ¢+ + ¢ +1,



yielding y < 1. Hence, y = 0 or y = 1. Assume y = 0. In this case z = ¢* + 1 and Np(S'NH) =
¢®+¢>+1. In particular, H turns out to have three possible intersection numbers with respect to
hyperplanes of PG (4, ¢?). If we denote by x; the number of hyperplanes meeting H in i rational
points with i € {¢° +¢®* +1,¢° + ¢ + 1,¢° + ¢ + ¢ + 1}, double counting arguments give the

following equations for the integers z;.
Yiri=*+ "+t +1
>t = Np(H)(¢° +q* + ¢ + 1) (3.1)
>oic1 it = Dz = Npp(H) (N2 (H) = 1)(¢* + ¢* + 1),

Solving (3.1) we obtain x5 s, = 0. Thus we have that necessarily y = 1, Np2(S' NH) =
¢® + ¢ + ¢®> + 1 and the result follows from Lemma 2.5. O

Proof of Theorem 1.1 From Lemma 3.1, the hypersurface H meets every plane in at least
¢®> + 1 rational points. Assume that there is at least a plane meeting # in precisely ¢ + 1
rational points. Then, from Lemma 3.3, H has the same intersection numbers with respect to
hyperplanes and planes as a non-singular Hermitian variety of PG (4, ¢?), hence by Lemma 2.7,

H is a H(4,q?) and our theorem follows.
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