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STANDING WAVES FOR A GAUGED NONLINEAR SCHRODINGER
EQUATION WITH A VORTEX POINT

YONGSHENG JIANG!, ALESSIO POMPONIO?, AND DAVID RUIZ3

ABSTRACT. This paper is motivated by a gauged Schrodinger equation in dimen-
sion 2. We are concerned with radial stationary states under the presence of a
vortex at the origin. Those states solve a nonlinear nonlocal PDE with a varia-
tional estructure. We will study the global behavior of that functional, extending
known results for the regular case.

1. INTRODUCTION

In this paper we are concerned with a planar gauged Nonlinear Schrodinger
Equation:

M iDod + (D1 Dy + DaD2) + 976 = 0.

Heret € R,z = (z1,22) € R?, ¢ : RxR? — Cisthescalar field, 4, : RxR* — R
are the components of the gauge potential and D,, = J,, + iA,, is the covariant
derivative (. =0, 1, 2).

The modified gauge field equation proposes the following equation for the
gauge potential, including the so-called Chern-Simons term (see [7,26]):

1
2) OuFM + §ne”aﬁpaﬁ =j¥, with F,, =3d,A, —0,A,.

In the above equation,  is a parameter that measures the strength of the Chern-
Simons term. As usual, €/*? is the Levi-Civita tensor, and super-indices are related
to the Minkowski metric with signature (1, —1, —1). Finally, j# is the conserved
matter current,

7° = 1¢l, j' = 2Im (¢D;¢) .
Atlow energies, the Maxwell term in (2) becomes negligible and can be dropped,
giving rise to:

1 »
3) §ne”O‘BFag = j".

See [9,10,14,15,16] for the discussion above. If we fix £ = 2, equations (1) and (3)
lead us to the problem:

iDo¢p + (D1D1 + DaD2)¢ + |6[P~1p =0,
@) OoAy — 01 Ag = Im(¢Q2¢),

OoAz — 02A¢ = —Im(¢D1¢),

Ay — 0, A1 = Lo
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2 JIANG, POMPONIO, AND RUIZ

As usual in Chern-Simons theory, problem (4) is invariant under gauge trans-
formation,

(5) ¢ — ¢eixa Au - Au - 8uX7

for any arbitrary C*° function .

This model was first proposed and studied in [14, 15, 16], and sometimes has
received the name of Chern-Simons-Schrodinger equation. The initial value prob-
lem, well-posedness, global existence and blow-up, scattering, etc. have been ad-
dressed in [2,11,13,20,21] for the case p = 3. See also [19] for a global existence
result in the defocusing case, and [5] for a uniqueness result to the infinite radial
hierarchy.

The existence of stationary states for (4) and general p > 1 has been studied
in [3] for the regular case (see also [6,12,22,23]). Very recently, in [4] the case
with a vortex point has been considered (with respect to that paper, our notation
interchanges the indices 1 and 2). Consider the ansatz:

6= u(r)e VD Ay = Ao(r),
x x
Ay = —r—gh(r), Ay = T—;h(r)
Here (r, 6) are the polar coordinates of R?, and N € N U {0} is the order of the

vortex at the origin (/N = 0 corresponds to the regular case).
In [4] it is found that u solves the equation:

~Au(e) +wut Wu + Ao(lz))ulz) = |u(z) P u(z), « € R,
where
©®) ha(r) =5 [ (o) s
and
= hafs) N

Ao(r)=§+/ u?(s)ds, €€R.

T

The value £ above appears as an integration constant. Without loss of generality,
we can assume ¢ = 0; otherwise it suffices to use the gauge invariance (5) with

X = &t. Then, our problem becomes:

@)

_Au(a:)+wu+(hu(|$|) - N)2u+ </|+Oo hu(s) =N

FE | . u”(s) ds) u(z) = |u(z) P~ u(z).

Observe that (7) is a nonlocal equation. In [4] it is shown that (7) is indeed the
Euler-Lagrange equation of the energy functional I, : H — R,

1

L) = ; /R (IVu(@)]? + wi(z)) do

+ %/R M(hu(r) —N)2dx

+1
. Tal? |u(z)|PT da.

- p + 1 R2
The Hilbert space H is defined as:

u?(z)

8) H={uc H(R?): / FE dr < +oo},
R
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endowed by the norm

|ull3, = / \Vau(z)? + (1 + 1) u?(z) da.
R2 ||

Let us observe that the energy functional /,, presents a competition between the
nonlocal term and the local nonlinearity of power-type. The study of the behavior
of the functional under this competition is one of the main motivations of this
paper. For p > 3, it is known that I, is unbounded from below, so it exhibits a
mountain-pass geometry (see [3,12] for the case N = 0 and [4, Section 5] for N €
N). In a certain sense, in this case the local nonlinearity dominates the nonlocal
term. However the existence of a solution is not so direct, since for p € (3,5) the
(PS) property is not known to hold. This problem is bypassed by combining the
so-called monotonicity trick of Struwe ( [25]) with a Pohozaev identity.

A special case in the above equation is p = 3: in this case, solutions have been
explicitly found in [3, 4] as optimizers of a certain inequality. An alternative ap-
proach would be to pass to a self-dual equation, which leads to a Liouville equa-
tion in R?, singular if N > 0.

The situation is different if p € (1, 3); here the nonlocal term prevails over the
local nonlinearity, in a certain sense. In [22], the second and third authors studied
whether I, is bounded from below or not for p € (1,3) and N = 0. The situation
happened to be quite rich and unexpected, and very different from the usual non-
linear Schrodinger equation. Indeed, the boundedness of I, for N = 0 depends
on the phase w and the threshold value wy is explicit, namely:

p—1
3—p _ p1__ 2 m2(3+p))_2<3p>
9 = — 326-» 23—p | ———~ ,
©) =32 =

with

oo 2 p—1 =]
1 = h? ( 2—— :
(10) m [m <p+1cos ( 5 r)) dr

The purpose of this paper is to extend such result to the case N > 0, which
is more relevant from the point of view of the applications. This study has been
prompted by Remark 5.1 in [4].

Our main results are the following:

Theorem 1.1. For wy as given in (9), there holds:
(i) ifw € (0,wy), then 1, is unbounded from below;
(ii) if w = wo, then 1, is bounded from below, not coercive and inf 1,,, < 0;
(i) if w > wo, then I, is bounded from below and coercive.

Regarding the existence of solutions, we obtain the following results:

Theorem 1.2. There exist o > & > wq such that:

(i) ifw > @, then (7) has no solutions different from zero;
(i) if w € (wo, ), then (7) admits at least two positive solutions: one of them is a
global minimizer for 1, and the other is a mountain-pass solution;
(i) for almost every w € (0,wy) (7) admits a positive solution.

The proofs follow the same ideas as in [22], and is related to a natural limit
problem. Roughly speaking, this limit problem stems from the behavior of the
map p — I,(u(- — p)) as p — +oo, and this does not depend on N. However, in
our proofs the analysis made in Proposition 3.2 must be re-elaborated with respect
to that of [22], and the new terms need new estimates in the asymptotic expan-
sions that follow afterwards. Moreover, the non-existence result of Theorem 1.2 is
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immediate for N = 0 but its proof becomes delicate for N > 0. Finally, the case
N > 0 is more relevant from the point of view of the Physics model, since it in-
cludes a vortex at the origin. One of the main features of the Chern-Simons theory
is the appearance of vortices in the model, see [7,26,27]).

The rest of the paper is organized as follows. Section 2 is devoted to some
notations and preliminary results. In Section 3 we prove Theorems 1.1 and 1.2.

2. PRELIMINARIES

Let us first fix some notations. We denote by H,(R?) the Sobolev space of radi-
ally symmetric functions, and || - || its usual norm. We denote by ||u||» the usual
Lebesgue norm in R?. Moreover, we will write || - || g1 (r), || - || zr1 (a5 to indicate the
norms of the Sobolev spaces of dimension 1.

However our functional I,, is defined in the space H, defined in (8). Its norm
will be denoted by || - ||3. In [4, Proposition 3.1] it is shown that

H C {uc C(R?) :u(0) =0} N L>®(R?).

If nothing is specified, strong and weak convergence of sequences of functions
are assumed in the space H'(R?).

In our estimates, we will frequently denote by C' > 0, ¢ > 0 fixed constants,
that may change from line to line, but are always independent of the variable
under consideration. We also use the notations O(1),0(1),O(¢), o(¢) to describe
the asymptotic behaviors of quantities in a standard way. Finally the letters z, y
indicate two-dimensional variables and r, s denote one-dimensional variables.

Let us start with the following proposition, proved in [3,4]:

Proposition 2.1. I, is a C* functional, and its critical points correspond to classical
solutions of (7).

The next result is contained in [4, Proposition 3.4], and deals with the behavior
of I, under weak limits.

Proposition 2.2. Recalling the definition of h,, (6), let us define:

u?(z) u?(z)

(11) K(u):%/Rz () s — 2N )

Then K and K' are weakly continuous in H. As a consequence, I, is weak lower semi-
continuous, and 1/, is weakly continuous in H.

Next lemma relates boundedness of sequences in H!(R?) and in H, and will be
very useful in Section 3.

Lemma 2.3. The map K defined in (11) is actually well defined in H' (R?) and K (uy,) is
bounded if |uy,|| is bounded. As a consequence, for any sequence w,, € H such that I,,(uy,)
is bounded from above, ||uy,|| is bounded if and only if |uy || is bounded.

Proof. By [3], we only need to consider the term:

. hu(:c)ufx(;) dr = 7r/0+oo uzﬁr) </OT su?(s) d$> dr

< w/;m (1) (/0 w2(s) ds> ar="7 </0+°° (1) dr>2

Observe now that:
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+o0 2 2
27r/ u?(r) dr :/ u(z) dz g/ u(z) dx—i—/ u?(z) dv
0 r2 7] B(0,1) || R2\B(0,1)

< C(lullz> + lulZs), p> 4,

by Holder inequality. The first assertion of the Lemma follows then from the
Sobolev embedding.
Suppose that u,, is bounded in H'!(R?); then

N[ ()
L) =0+ 5 [ 2 an

and by hypothesis u,, is bounded in H. The reverse is trivial.

O
The following is a Pohozaev-type identity for problem (7), see (2.11), (5.6) in [4]:

Proposition 2.4. For any u € H solution of (7), the following identity holds:
*(z) 2 p—1
Vu%x+/‘u ha(|z]) — N)? da — / uPldy = 0.
R B e e g AL

We now state an inequality which will prove to be fundamental in our analysis.
This inequality is proved in [4, Proposition 3.5], where also the maximizers are
found.

Proposition 2.5. Forany u € 'H,

(12) /}R2 lu(x)|* de < 4 (/R2 Vu(x)zd:v> v </}R2 u;(é) (ho(|z]) = N)? dx) 1/2.

As commented in the introduction, this paper is concerned with the bounded-
ness from below of I,. First of all, let us give a heuristic derivation of the limit
energy functional. Consider u(r) a fixed function, and define u,(r) = u(r — p). Let
us now estimate I,,(u,) as p — +o0; after the change of variables r — r + p, we
obtain:

Iw(up)_l oo 2 2
=3 WP ety pdr

1 [ u?(r) " 9 2 1 °
+ = + —2N ) dr — — PHL(p 4 .
3 /p . </ﬂ(s p)u-(s)ds ) r 1/, [P (r + p) dr

We estimate the above expression by simply replacing the expressions (r + p),
(s + p) with the constant p; observe that the estimate is independent of N:

(2m) " Ly (up)

T Y r 2 1 400
~p [2 /700 (Jul? + wu?) dr + 3 [m u?(r) </oo u?(s) ds> dr — Pl |u[PF! dr]
1 o0 1 o0 3 1 o0
=p [2 /_OO (Jul? + wu?) dr + 7 (/_OO u2d7“> i1 |u|PTt dr} .

Therefore, it is natural to consider the limit functional J,, : H}(R) — R,

1 [T /2 2 1 oo 2 ’ 1 e +1
1 o(u) == dr+— dr ) ——— Pt dp.
(13) J,(u) 2/ (|u| +wu) 7"—1—24 (/ U r) Pl | r

— 00 — 00
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Clearly, the Euler-Lagrange equation of (13) is the following limit problem:

1/ [t 2
(14) —u" + wu + 1 (/ u?(s) ds) u=|ulP"'u inR.

— 00

2
Let u be a positive solution of (14), and define k = w + % ( I o2 dr) . Then, it

is well known that u(r) = wi(r — £) for some £ € R, where

= 2 -1 =
wi(r) = k= Tw,(VEr), with wy(r) = <p+ - cosh? <])27“>) .

We now recall the value of k:

k:w—ki (/+mw§(r)dr>2:w+ikpfl </+ww§(«/ér)dr>2.

— 00 — 00

A change of variables leads us to the identity:

1 5 5-p
(15) k:w+1mk1’*1,k>0,

with m is given in (10). Therefore, the existence of solutions for (14) reduces to
the existence of solutions of the algebraic equation (15). Moreover, we are also
interested in the energy of those solutions, and whether it is positive or negative.
Those questions have been treated in [22, Section 3], where the following results
were obtained:

Proposition 2.6. Assume p € (1,3) and take w as in (9). Then:

(1) forany w > 0, J,, is coercive and attain its infimum,

(2) There exists wy > wo such that for w € (0,w1), equation (15) has two solutions
ki(w) < ko(w) and wy, (r), wy, (r) are the only two positive solutions of (14)
(apart from translations);

(3) if w > wo, min J, = 0 and the unique minimizer is 0.

(4) if w = wo, min J,, = 0 and is attained at 0 and wy,.

(5) if w € (0,wp), minJ, < 0and the minimizer is wy,, which is unique (up to
change of sign and translation).

In this paper we are able to relate I, with the limit functional J,, in the following
way:
infl, > —o00 < infJ, =0.
That is the reason why the explicit value wy comes as a threshold for I,,.
We finish this section with a technical result from [22, Proposition 3.7], that will
be of use later.

Proposition 2.7. Assume w > wy, and u,, € H*(R) such that J,,(u,) — 0. There holds
(1) if w > wy, then u,, — 0in HY(R);

(2) if w = wy, then, up to a subsequence, either w, — 0 or u, (- — x,,) — Lwy, in
H(R), for some sequence x,, € R.

3. PROOF OF THEOREMS 1.1, 1.2

Our first lemma makes rigorous the heuristic derivation of the limit functional
made in Section 2. Since the functions in H must vanish at 0, we need to truncate
our sequence around the origin. For that purpose, take a Lipschitz continuous
function ¢, : R — R such that

16) i) = {

0, if|r| <1,
VS ehml<t
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Lemma 3.1. Let U € H'(R) be an even function which decays to zero exponentially at
infinity, and ¢o(r) as in (16). Let us denote U,(r) = ¢o(r)U(r — p). Then there exists
C > 0 such that:

L(U,) = 2npJ(U(r)) = C + 0,(L).

Proof. This estimate has been accomplished in [22, Lemma 4.1] for N = 0, so we
just need to estimate the extra terms:

N’A’/;Oo U’i(r)dr—N/OmU‘im (/OrsUz(s)ds) dr.

By using the properties of the cut-off function ¢y we have

U,
/0 dr = 0,(1)

r

and it is not difficult to see that

/O+Oo @ (/OrsU,?(S)dS) dr = /_:o U(r) (/_oo U?(s) ds) dr +0,(1) = C + 0,(1),

with C > 0. Hence the conclusion follows.
O

In the next proposition we make use of the fundamental inequality (12) to study
the behavior of unbounded sequences with energy bounded from above.

Proposition 3.2. Assume w > 0, and u,, € H such that ||u,|| is unbounded but I, (u,,)
is bounded from above. Then, there exists a subsequence (still denoted by w.,) such that:
+oo
i) foralle >0, / (|up > +uZ) dr < C;
el|un [
5 Hlun |2

ii) there exists 6 € (0,1) such that/ (Jup, > +uZ) dr > ¢>0;
6llunl?

iii) ||un||L2(R2) — +o00.
Proof. The proof is quite similar to [22, Proposition 4.2], but there are some differ-
ences at certain points due to the presence of the singular term. For convenience of
the reader, we reproduce it entirely here. By inequality (12) and Cauchy-Schwartz
inequality, we can estimate:

2

—+o00 +oo 2 r
I,(u) > g/ (Ju'|* + wu?) rdr + g/ w(r) (/ su?(s)ds — 2N> dr
0 0 0

r
+oo
w 1 1
17 2 “u? 4wt — —— P e dr
17) —|—7r/0 <4u+8u erl|u\ rdr
Define

w 1 1
‘R R t) = —t? 4+~ — — ¢t

Then, the set {¢ > 0 : f(¢) < 0} is of the form («,3), where «, 8 are positive
constants depending only on p, w. Moreover, we denote by —cy = min f < 0.
For each function u,,, we define:

Ap ={z € R? 1 uy(z) € (o, B)}, pn =supf|z|: 2 € A, }.

With these definitions, we can rewrite (17) in the form
(18)
+oo , 2

400 T 2
L) > 5 [ (P ey rare s [0 (s as-on ) aralal
0 0 0

r




8 JIANG, POMPONIO, AND RUIZ

In particular this implies that | A, | must diverge, and hence p,,. This already proves
(iii).
By Strauss Lemma [24], we have

[lunl
VPn

We now estimate the nonlocal term. For that, define

;= unll® = opn.

(19) @ < Up(pn) <

1
(20) B, = A, N B(0,7,), for v, € (0, p,) such that |B,| = §|An|.

Then [, u}(x)dx > o?|B,| diverges, indeed

/ u?(z) dv — 2N > c|A,|.
By

We now estimate:

+oo 2 r 2 00 4,2 " 2
/ Un(r) (/ st (s) ds—2N> dr 2/ () (/ sty (s) d8—2N> dr
0 r 0 r 0

n

1 4o 2 2
> —2/ un(r) </ w2 (z) dz — ZN) dr
am r B,

n

+oo 2
ZC\An|2/ U"T(T)dr

n

2
2 C‘An|2/ Un(it) dx

A \B, |[2
Anl?
}c' 2| / u? (z) da
Pn Ay \Bn
A,l3
(21) > cl 2| .
Pn
Hence, by (17), (19) and (21), we get
A3 AR A,
Lo(un) > cpu + 220 clan) = p, (c+ Ml cO") .
Pn Pr, Pn

Observe that t — ¢ + ct® — ¢yt is strictly positive near zero and goes to +oo, as
t — +o00. Then we can assume, passing to a subsequence, that |A,| ~ p,. In other
words, there exists m > 0 such that p,, |4, |~ — m asn — +oc.

Taking into account (18) and (19), we conclude that up to a subsequence, ||uy,||* ~
pn- Moreover, for any fixed € > 0, we have:

+oo “+o0
uir dr > apn/ ui dr.

€pn

Con > lunllts > [
EPn
+oo

cp. lup|*dr. This proves (i).

An analogous estimate works also for

We now show that for some 0 > 0, ||un || g1 (
(ii).
First, recall the definition of B,, and +, in (20). Then,

Pn Pn
/ u? (r)dr > pgl/ uZ (r)rdr > pgl/ u? (z)dx = p,, A, \Bnla? > ¢ > 0.
v An\Bn

Tn

pn.pn) 7 0, which implies assertion

n

To conclude it suffices to show that ,, ~ p,. Define

1
C, = B, N B(0,7,), for 7, € (0,7,) such that |C,,| = §|Bn\.
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We can repeat the estimate (21) with A,,, B,, replaced with B,,, C,, respectively,

to obtain that
+oo 2 T 2 B 3
/ Un(r) </ sui(s)ds—ZN) dr>c| Z' .
0 r 0 Tn

A3 A3 A
I, (uy) >cpn+c| T;| — ol An| = n <cpn+c|7§|—con|) .
o Tn Tn Tn

n

Hence,

And we are done since I, (u,,) is bounded from above.
]

Proof of Theorem 1.1. If w € (0,wy), then J,,(wg,) < 0 (see Proposition 2.6): apply-
ing Lemma 3.1 with U = wy, we conclude assertion (i).

We now prove (i) and (iii). We denote by Hj ,.(B(0, R)) the Sobolev space of

radial functions with zero boundary value and

u(x)

(0,R) |z[?

H(B(0,R)) = {u € H&T(B(O,R)) : / dr < +oo} ,

B
endowed by the norm || - ||.
Fixed n € N and given a sequence v; € H(B(0,n)) unbounded with respect to
the norm || - ||, (18) implies that I,,(v;) — +oo. By Lemma 2.3, we conclude that
I, |7 (B(0,n)) is coercive.
So, there exists u,, a minimizer for /|y (p(0,n))- By taking absolute value, we can
assume that u,, > 0. Moreover,

I,(uy) — inf I, asn — +oo.

In the following, u,, may be extended as functions in H by setting w,,(z) = 0
for z € R? \ B(0,n). If u, is bounded in H'(R?), Lemma 2.3 implies that u,, is
bounded in H and then I,,(u, ) is bounded. In such case we conclude that inf I, is
finite. In what follows we assume that u,, is an unbounded sequence in H'!(R?),
and we shall show that I, (u,,) is still bounded for w > wy.

Our sequence u,, satisfies the hypotheses of Proposition 3.2, solet § > 0 be given
by that proposition.

The proof will be divided in several steps.

Step 1:

Sllunll® .
/ [un [P dr - 0.
)
5

lln 12

By Proposition 3.2, i), we have that:

(3llunll]

S llun I+ s ) 8llun s )
ﬁ (|un| Jrun) dr < / (|un| +un) dr < C.
3

k=1 llwnll?+k-1 Sllun 2

Taking the smaller summand in the left hand side we find z,,,

d c
§||un||2 <z, < 5||Un||2 — 1 such that HunHip(meH) < 7““ ER

n
Reasoning in an analogous way, we can choose y,,

c

5 lun? + 1 < g < 267 un|* such that [funlf3 (41 < TNIER
n
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Observe that if 67| u,||> > n, the choice of y,, can be arbitrary, but it is unneces-
sary. Take ¢,, : [0, +o00] — [0, 1] be a C*°-function such that

0, ifr <z,

Pn(r) =4 1, ifa, +1<r <yn, |d,(r)] <2
0, ifr>y,+1.

F(u) = /;m @ (/O su?(s)ds — 21\[)2 dr.

By the choice of z,, y, and Proposition 3.2, i), we have

F'lun)l6um] > 4 [ ! ([ sutteias—2n) ([ suiorontsras) a

+o0 2
> —8N (/ ui(r)dr) > —C.

Let

It follows that

Yn Yn
0 =TI (up)[pnun] = 27T/ (\un\z + wu )’I‘d’l’ — 27T/ [, |PT 1 dr 4+ O(1)

n n

5 Yn
> HUn”2 <2/ (|un|2+wu dr—f/ [, |P+1 dr) +0(1).

This, together with the fact that ||, || g1 (4,
conclude the proof of Step 1.

.yn) does not tend to zero, allows us to

Step 2: Exponential decay.

At this point we can apply the concentration-compactness principle (see [18,
Lemma 1.1]); there exists o > 0 such that

E+1
sup / u? dr > 20 > 0.
§€[Tn, yn] /€1

Let us define:
(22)
E+1
D,=2&>0 ;/ (Jul,? +u2)dr > o p # 0, and &, = max D,, € [z,,n+ 1).
3

—1
Let us observe that &, ~ ||u,||% indeed &, > z,, > c|ju,||*> and, moreover,

Entl Ent1l
funl > ¢ [ (ui P2y rar el - 1) [ (ul P u2) dr > g, - )
En—1 En—1
By definition, f<+1 |ul|> +u2)dr < o for all ¢ > &,. By embedding of H'(¢ —
1,(+1)in L, 0 < uy(¢) < Co for any ¢ > &,. From this we will get exponential
decay of u,. Indeed, u,, is a solution of

i) = 1 )+ ) = ),
with
oty = 2 PR =R s, hote) =5 [ (o) s
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If r > 6||u, ||, again by Proposition 3.2, i), we see that [ &u2(s)ds = o(1). Then,
by taking smaller o, if necessary, we can conclude that there exists C' > 0 such that

|un ()] < Cexp <\/§(r - fn)> , forallr > &,.

The local C' regularity theory for the Laplace operator (see [8, Section 3.4])
implies a similar estimate for v/, (r). In other words,

[un(r)] + |ul,(r)| < Cexp (—\/g(r - §n)> , forallr > &,.

Step 3: Splitting of I, (uy,).
Reasoning as in the beginning of Step 1, we can take z,:
C

En = Bllunll < 20 < &n = 2)un|l With [[unlF (., .11y < Tanll

Define v, : [0, +00] — [0, 1] be a smooth function such that
0, ifr < z,,
Un(r) = {

1 ifr> a1, O0)IS2
We claim that
(23)  Lu(un) = Lo(unthn) + Lo (un(1l —9n)) + cflun (1 — wn)HQL?(R?) + O([[uall)-

This estimate has been accomplished in [22] for N = 0. Therefore we just need
to estimate the two new terms; it is easy to get that

/” un(r) g /” un(rYalr) 4, / un (M= Unlr)® 4 o),

T r T

Moreover,

[ ([ s ar= [FEOSO ([ siioio) as)

+ [0 OR (- )05 ds ) ar
w [0 (a0 - i) i

r

()
vz [0 ([ )0 - v as ) dr

r

(1)

+ /0 W3 (r)(1 = v (r))? ( /0 o ds) .

r

(IT1)

+2/" un (1) (L = ¥ (r))?
0

r

([ w60 —vatspas) ar
(av)

o W) (1= G () n(r) ([ saoras) ar

r

W)
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We now observe that (I) ... (V) are bounded, as follows:

m< [0 (] a2 s) is) ar < L2lE o),

r Zn

n

(IT) < 2/2n ua(r) (/H su? (s) ds) dr = O(1),

r

n

and the other terms can be estimated similarly. Therefore, we conclude the proof
of (23).

Step 4: The following estimate holds:
(24) Ly (unton) = 210 Jo (unthn) + O(||unl)).

In [22] this estimate was made for N = 0. So we just need to check the new
nonlocal terms

" (untn)?(r) , g —0
/0 ————2dr < (1),

[ OO ([ o) ar< [750 ([ o
< (/n 2 (r) dr>2 - 0(1).

[\
=
»
Zz
L
»
N——
&
3

Step 5: Conclusion for w > wy.

By (23) and (24), we have
(25) Lo (un) = 2m&nJo(unthn) + Lo (un (1 = n)) + cllun (1 = ¥n)l[72(gey + O(lunl))-

Recall that ||unz/}nH§{1(R) > o > 0. By Proposition 2.7, we have that J,, (u,,) —
¢ > 0, up to a subsequence. Since &, ~ |u,||? it turns out from (25) that I,,(u,) >
I,(un(1 — 1y,)), which is a contradiction with the definition of w,,. Therefore, u,
needs to be a bounded sequence and, in particular, inf I, > —oo.

Let us now show that I, is coercive. Indeed, take u,, € H an unbounded se-
quence, and assume that I, (u,,) is bounded from above. By Lemma 2.3, |ju,|| is
unbounded, so that Proposition 3.2, (iii), shows us that I;(u,) — —oo for any
wp < w < w, a contradiction.

Step 6: Conclusion for w = wy.
As above, (25) gives a contradiction unless J, (u, ) — 0. Proposition 2.7 now
implies that ¢, u,, (- —t,) — ws, up to a subsequence, for some ¢,, € (0, +c0). Since

&n € D, (recall its definition in (22)), we have that |t,, — £, | is bounded. With this
extra information, we have a better estimate of the decay of the solutions: indeed,

(26) [t (r)] + |ul,(r)| < Cexp (—\/gr — §n> ,  forallr > &, — 2||u,|

This allows us to do the cut-off procedure in a much more accurate way. Indeed,
take Z, = &, — |lun||- Then, (26) implies that
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w
@) ol e 2 < o=y 5 )
Define v, : [0, +00] — [0, 1] accordingly:

~ 0, ifr <z, ~
o ={ 0 ST, Wolse

The advantage is that, in the estimate of I, (u,), now the errors are exponen-
tially small. Indeed, by repeating the estimates of Step 3 with the new information
(27), we obtain:

Iw(un) > Iw(un&n) + Iw(un(l - Tﬁn)) + C”un(l - an)H%Q(]R?) + O(l),
Then,

Iy (un) > Iw(unﬁ;n) + L, (un(l - J)n)) + cflun(l - J’n)H%?(R?) +0(1)
Z Liwy20) (un(l - "Z)n)) + O(1).

But, by Step 5, we already know that [, is bounded from below, and hence
inf I,,, > —o0.
Finally, by applying Lemma 3.1 to U = wy, we readily get that I,,, is not coer-
cive.
O

Proof of Theorem 1.2. We shall prove each assessment separately.

Proof of (ii). First, we observe that since inf I,,, < 0, there exists & > wy such

that inf 7, < 0if and only if w € (wy, ). Since, by Theorem 1.1 and Proposition
2.2, 1, is coercive and weakly lower semicontinuous, we infer that the infimum is
attained at a negative value. This gives the first solution u.
Clearly, 0 is a local minimum for I,,, and I, (u1) < 0. Then, the functional satis-
fies the geometrical assumptions of the Mountain Pass Theorem, see [1]. Since I,
is coercive, (PS) sequences are bounded. By the compact embedding of H}(R?)
into LP*1(R?) and Proposition 2.2, standard arguments show that I, satisfies the
Palais-Smale condition and so we find a second solution which is at a positive
energy level.

Proof of (iii). Let now consider w € (0,wp). Performing the rescaling u — u, =

V@ u(/i ), we get

2
1 1 2 =1

L, (u,) =w 7/ (|Vu|2+u2)dx+f/ L(f) / su?(s)ds — 2N | dx
2 Jre 8 Jrz |z 0

p—3
w 2

7p+1 R2

|u|PTL d:z:] .

Define A = w”z" and 7, : H(R?) — Ras

A

Ii(u) = ®(u) — D1 e Pt da,
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with

b =l + 5 [ T hulel) - 32

1. 9 N? u?(x)
== K — —=d
2”“” + K(u) + 9 /RZ EE &,

where K is as defined in (11). Then 7 satisfies the geometrical assumptions of the
Mountain Pass Theorem. The main problem here is that we do not know whether
a (PS) sequence could be unbounded.

By Lemma 2.3, the functional ® : H — R is coercive. Then we can use [17,
Theorem 1.1] to obtain a bounded Palais-Smale sequence u,, € H for almost every
A. Passing to a subsequence, we can assume that u,, — wu; Proposition 2.2 and
standard arguments imply that u is a critical point of 7). Making the change of
variables back we obtain a solution of (7) for almost every w € (0, wy).

Finally, in order to find positive solutions of (7), we simply observe that the above
arguments apply to the functional I} : H — R

2
1 1 2 =]
It (u) = 3 /R2 (IVul® + wu®) dz + 3 /]Rz u|x(9§) </o su®(s)ds — 2N> dx

1
p+1

u )P d.

Due to the maximum principle, the critical points of I are positive solutions of
(7).

Proof of (i). This part happens to be quite delicate, compared to the case N = 0
studied in [22]. Let u be a solution of (7). If we multiply (7) by v and integrate, we
get

u?(x 2
0—/ (\Vu\2+wu )d:r—i—?)/ x(|2)(hu(|x)—N) dx

(28) z|) = N)dx — /R2 |u|PTd.

From (28) and the Pohozaev identity (Proposition 2.4), we obtain that, for any
>0,

U2 x 2
0:(z+1)/ |Vu|2dx+w/RQu2dx+(l+3)/Rz|x(|2)(hu(|z|)N) dx

p—1
+ —|—i+1 Py,
(29) 2N/ |$‘2 «(|z]) = N)dx ( 1l )/}Rz |ulPT dz

By using (12) in (29),

2 2 u?(z) A2
o>/R2 (1Vul +wu )dx+3/Rz 2 (ullal) = N da
(30)

p—1 1 l/ 4
de — | ——1+1 p+1lg4 _ dx.
z|) — N)dzx (p 7 ) . |u T + 3 /. |u|*dx
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We can estimate

3/R2 i (hu(lz]) +2N/ |2 W(|2]) = N) dz
) / (o)

2
(31) / - |x(|f) dz,
w <

<
N
—~

8
~—

(hu(lz]) = N)(3hu(|z[) — N)dx

where {N/3 < N} = {ro < |z| < r} with hy(ro) = N/3 and hy(r1) = N
(here we have used that h,, is increasing in r). For any r > 0, by the definition of
h., we have
1/2
dmhy,(r) = / u?(z)dx < Or </ u4(x)dw> .
B, B,
Then

()
(32 | re e <c [

T

< C/B u?(z)da /B,, ut(z)de < Chu(r)/B ut () dz.

T T

u?(z ut(y)dy | dx
@ ([

r

We now apply (32) to estimate

2 2 u2
/ w2 g < c/ 22 () =D g < c/ 2 (1) ) gy
{N/3<h, <N} || {N/3<h <N} |z| By, |z
(33) < Chy(m) / W(2)de < O [ ulde.
B R2

T1

We apply (31) and (33) in (30):

l -1
02/ |Vu|2dx+w/ u2d:c700/ u4dx+f/ u4<pl+1)/ |u|PTda.
R2 R2 R2 2 R2 p+1 R2

Therefore it suffices to take [ so that —cy + é = 1, and then to take w so that the
function

-1
s—owsl+st— (B4 |s|P 1
p+1

is non-negative for any s. Therefore u must be identically equal to zero.
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