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A B S T R A C T

This study aims to investigate the effect of Coriolis acceleration on the coherent structures in the wake of the
NREL-5MW wind turbine, using the Dynamic Mode Decomposition (DMD). The Coriolis acceleration induces
an altitude-dependent lateral deviation of the incoming wind direction (veer), which can substantially affect
the performance of wind turbines. Large eddy precursor simulations are carried out to generate turbulent inlet
velocity profiles. The presence of a veer stretches the turbine wake and influences the dynamics of the coherent
structures. We decompose the flow structures to extract a limited subset of relevant flow features that optimally
approximate the original data sequence, using the Sparsity-Promoting (SP) version of the DMD algorithm to
rank the most relevant modes. It is found that wind veer induces coherent structures with a spanwise velocity
component of the same order of the streamwise one and oblique shape. Using proper orthogonal decomposition,
we analyze the contribution of the coherent structures to the mean kinetic entrainment. We found that due to
wind veer, shorter wavelength mode pairs contribute mostly to wake recovery. Finally, we derive a reduced
order model using approximately 70 modes pairs, which reproduces the flow structure with 5%–7% error.
1. Introduction

According to the 2023 IRENA report, global installed renewable
power capacity will need to triple from 3 382 GW by 2025 to 11 174 GW
by 2030, with wind contributing around 32% [1]. To achieve the above
target, it is essential to improve the efficiency of new turbines and wind
farms, due to the necessity of reducing the use of land and sea. When
it comes to modern wind turbine design, there is a noticeable trend
towards increasing rotor diameters and hub heights to attain enhanced
power output. In the case of onshore installations, a single turbine
should be capable of producing 5–6 MW in the near term, with an
average installed capacity of 2.6 MW in 2018, and a diameter of 160–
170 m, whereas, for offshore systems, a single turbine with diameter of
around 250 m and hub height of 150 m will produce 15 to 20 MW in
the next 10 to 20 years [2].

With current turbine hubs of the order of 100 m and the expectation
of even higher hubs in the future, it is crucial to understand how the
blades operate within the Atmospheric Boundary Layer (ABL) [3]. Due
to the presence of the ground, a velocity gradient is formed along the
vertical direction and as the size of the turbine increases, the effects
of this phenomenon have a greater influence on the blade loads [4].
Thus, for efficiently designing and optimizing the performance of a
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wind farm, it is necessary to accurately take into account the influence
of the ABL, since its characteristics have a significant impact on the
rotors, which in turn affects the dynamics of their wakes [5]. From
a practical perspective, the wind direction with respect to the rotor
and its turbulence intensity can affect the wake recovery rate and
how the wake develops, in terms of velocity loss and direction. The
higher the turbulence intensity level, the higher the wake recovery rate,
according to numerical [6] and experimental data [7,8]. It has been
demonstrated that turbulence significantly alters the wake structure
and its recovery [9]. In particular, the wake generated by the turbine
evolves more rapidly for high turbulence intensity and low integral
time scale of the impinging flow. Moreover, as discussed in De Cillis
et al. [10], the presence of turbulence in the flow investing the turbine
induces low-frequency oscillations in the wake that are consistent with
those of the upstream ABL and extend further in the far wake region.
All these literature results thus suggest the necessity of integrating
atmospheric turbulence into low-dimensional models of turbine wakes.

Another typical feature of the ABL, particularly relevant for large-
rotor turbines, is the formation of an Ekman spiral that occurs within
its surface layer due to the Coriolis acceleration induced by the Earth’s
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rotation. As a result, the wind direction changes with height. Conse-
uently, the spanwise component of the wind, known as wind veer,
ecomes height-dependent. This phenomenon can affect the output
f wind farms [11] and the recovery rate of the individual turbine

wake [12]. The Gaussian wake model has been enhanced to incorporate
ind veer considerations [13]. This revised model predicts the wake

tructure, characterized by skewness and shear, resulting from spanwise
wind veer. The study in Ref. [13] has been conducted using Large-
ddy Simulations (LES), with an isolated turbine rotor modeled by

the actuator disk approach. Further studies have been conducted to
define the effect of yaw and veer on blade dynamics. This was achieved
through the use of LES, which involved the modeling of the blades
with an actuator line model [14] and an actuator disk model [15].
As demonstrated in the aforementioned papers, the incorporation of a
more realistic approach, specifically the addition of geostrophic forcing,
has revealed that wind veer exerts a notable influence on the outcome
of simulations. The wake has an oblique spatial structure, an increased
turbulent intensity, and is characterized by a deflection inducing the
need for the turbines downstream to adapt to this deflected flow in
terms of yaw misalignment. Finally, a modification of the reduced-order
prediction models taking into account these effects is required.

Despite the dynamics of wind farms and isolated wind turbines in
the presence of wind veer have been considered in several studies, the
ffect of the veer on the frequencies and wavelengths of the coherent
low structures in the wake of the turbines is still to be determined.
otably, the study and modelization of such coherent structures de-
eloping in the wake of wind turbines is particularly interesting for
valuating the interaction between turbines, especially within a wind
arm, which is a key aspect of power generation. As discussed in
efs. [5,16], in wind farms wakes play a primary role, particularly
hen aiming at increasing the power density of a wind farm by reduc-

ng the distance between the turbines, which intensifies the interaction
of the downstream turbines with the wakes upstream [17]. Thus, for
asily evaluating the potential effect of the turbine’s wake impacting
n the downstream ones, it is crucial to study, characterize, and model
n a computationally cheap way the wake dynamics in realistic condi-
ions, such as in the presence of turbulent fluctuations, sheared inflow,
ind veer, etc. Among the possible methods for creating accurate

educed-order models of the wind turbine’s flow field, Proper Orthogo-
al Decomposition [18] and Dynamic Mode Decomposition [19] are the

most relevant. Both methods have already been used for reconstructing
the flow field [10,20–23] in the wake of wind turbines, although DMD
has the advantage of being based on modes having a given frequency
and amplitude instead of a multi-frequency amplitude function as
POD ones. Being characterized by a single time–frequency, the DMD
modes can be sorted by their spectral contribution and spatial growth
rate, which is particularly interesting for the design of a wind farm
layout, where determining the frequencies involved in the dynamic
load acting on downstream turbines is paramount. Moreover, variants
of the former decomposition [24] allowing a penalized minimization
f the error ensuring the selection of a limited subset of modes have
een developed, which are particularly adequate for the construction of
educed-order models of the flow field. However, DMD modes are non-
rthogonal, so they cannot be used for evaluating global flow variables
such as, for instance, the mean kinetic energy entrainment) through
inear superposition of the contribution of the different modes, such as
t is usually done with POD modes, which constitute an orthonormal
asis.

In this framework, the main contribution of the present study is
twofold. The first is to evaluate the effects of Coriolis acceleration in
 turbulent neutral ABL on the coherent structures in an NREL-5MW
eference wind turbine’s wake comparing them with those observed in
he absence of wind veer. The second is to construct a reduced-order

model of the wake of the considered turbine taking into account the
Coriolis effect, using a restricted set of Dynamic modes. These analyses

are conducted using Sparsity Promoting Dynamic Mode Decomposition

2 
(SP-DMD) [24] to identify the most relevant dynamically coherent
structures within the turbine wake. Rowley et al. [25] developed the
heory of DMD to compute the Koopman expansion of a sequence of
low-field snapshots. An updated version of this theory was created
y Schmid [19]. The DMD approach is based on the identification
f eigenvalues and associated eigenvectors associated with a linear

approximation of a non-linear dynamical system embedded within the
ata sequence. This methodology has recently been utilized for the con-
truction of reduced order model (ROM) formulations for wind turbine
low simulations, as detailed in Ref. [23]. The use of DMD enables

the analysis of time-resolved data, including a sequence of snapshots
obtained from either computational simulations or experimental in-
vestigations. This data is employed to identify the more dynamically
relevant coherent structures, known as DMD modes, which characterize
the flow dynamics. These modes have a single-time frequency and
a complex spatial distribution. This is of particular interest in the
context of wind farm layout design, as it enables the identification of
the most significant frequencies involved in the dynamic load acting
over downstream turbines. In the context of wind energy, it would be
beneficial to ascertain which of these mono-frequential modes retain
a greater energy contribution. Sun et al. [26] computed the dynam-
ics of an unsteady flow over a two-blade wind turbine through LES
and investigated the wake flow dynamics using the DMD method.

oncerning the interaction of turbines, only a few modes have been
found to bear significant importance. This allows for the possibility
of simplified models for optimization purposes [27]. However, it is
ecessary to use selection criteria for the realization of a dynamically
elevant subset of modes, otherwise one could end up with inaccurate
OMs. In the present work, the Sparsity Promoting (SP) algorithm [24]

is used to rank the most relevant DMD modes, extracted by a sequence
of flow-field snapshots of LES. The actuator line method is employed to
simulate the rotor, whereas the tower and nacelle are modeled through
the Immersed boundary method [10,28]. The NREL-5MW wind turbine
has been chosen as a realistic reference test case for a MW-scale wind
turbine since both the details of the turbine’s geometry and a complete
data set are extensively documented in literature [29]. Two different
scenarios of wind impinging the turbine have been chosen in this study:
 neutral ABL considering the presence of Coriolis acceleration and one
ithout any wind veer.

2. Methodologies

In this section, the numerical method employed to discretize and
to solve the Navier–Stokes equations is described. Furthermore, the
ctuator line model for the turbine rotor is briefly recalled. Then
e discuss the techniques employed to analyze the three-dimensional
umerical data set generated by the numerical simulations. In partic-
lar, we firstly describe the Proper Orthogonal Decomposition (POD)
nd the Dynamic Mode Decomposition (DMD) methods, which allow
ne to extract from the flow the more energetically and dynamically
elevant coherent structures, respectively. Then, we discuss the sparsity
romoting DMD algorithm, which is employed to limit the number of
elevant DMD modes in order to construct an efficient and accurate
educed order model of the flow. Finally, we provide the procedure
o perform the analysis of the mean kinetic energy entrainment in the
ake of the turbine.

2.1. Large Eddy Simulations

In the present work the Large Eddy Simulation (LES) approach is
sed to compute the dynamics of the wake behind the NREL 5-MW

wind turbine in two different inflow conditions. The simulations are
carried out by solving the Navier–Stokes equations, as follows:
𝜕 𝑢𝑖 + 𝜕 𝑢𝑖𝑢𝑗 = − 𝜕 𝑝

+ 1 𝜕2𝑢𝑖 −
𝜕 𝜏𝑖𝑗 +𝑓𝑐𝜖𝑖2𝑗 (𝑢𝑗 − 𝑢𝑔 𝑗 ) +𝐹𝑃 𝐼 ,𝑖 +𝐹𝑖, (1)
𝜕 𝑡 𝜕 𝑥𝑗 𝜕 𝑥𝑖 𝑅𝑒 𝜕 𝑥𝑗𝜕 𝑥𝑗 𝜕 𝑥𝑗
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𝜕 𝑢𝑖
𝜕 𝑥𝑖

= 0, (2)

where 𝑢𝑖 is the filtered non-dimensional velocity, whose components
are indicated with 𝑖, 𝑗 ∈ {1, 2, 3} referring to the streamwise (𝑥), wall-
normal (𝑦) and spanwise (𝑧) non-dimensional directions, respectively;
𝜏𝑖𝑗 is the modeled sub-grid scale stress tensor; 𝑓𝑐 is the Coriolis fre-
quency; 𝑢𝑔 𝑗 is the imposed geostrophic velocity component; 𝐹𝑖 a forcing
term representing the aerodynamic forces per unit volume exerted by
the turbine blades on the fluid modeled by the actuator line method.
The pressure 𝑝 and the isotropic part of the sub-grid scale stress tensor
1
3 𝜏𝑖𝑖 are combined to represent the modified filtered pressure 𝑝∗. The
nisotropic part 𝜏𝑟𝑖𝑗 is modeled using the Smagorinsky model [30], to
apture the effects of small-scale structures on the filtered flow. The
magorinsky model has been widely used for similar wind turbine flows
for instance, see Martínez-Tossas et al. [31]). The effect of different

subgrid-scale models on the filtered flow have been compared by Ciri
et al. [32,33] on the Blind test 1 and 4 [34] and by Sarlak et al. [35],
indicating a weak dependence of the wake dynamics. Therefore, in the
present paper we have chosen to employ the Smagorinsky model be-
ause already validated in these previous studies. A constant 𝐶𝑠 = 0.09
s employed and this choice is justified by the fact that this value has

been highly used for simulations of flows similar to those considered
n this study (see [31–33]). The term 𝐹𝑃 𝐼 ,𝑖 is the Proportional–Integral

(PI) wind controller correction on the ABL, whose purpose is to move
he Ekman profile, to have a zero spanwise velocity component at
ub height. The geostrophic wind angle is adjusted by imposing the
ollowing source terms throughout the domain:
⎧

⎪

⎨

⎪

⎩

𝐹𝑃 𝐼 ,1 = +𝜔𝑃 𝐼𝑢3
𝐹𝑃 𝐼 ,2 = 0
𝐹𝑃 𝐼 ,3 = −𝜔𝑃 𝐼𝑢1

(3)

where 𝜔𝑃 𝐼 is the control action whose values will be discussed later.
he action of these forces results in a counter-clockwise rotation of the

flow field around the vertical axis of the angle:

𝜃 = t an−1(< 𝑢3 > ∕ < 𝑢1 >) (4)

where < 𝑢3 > and < 𝑢1 > represent the horizontally averaged
velocity components along the spanwise and streamwise directions,
respectively. The PI controller aims at reducing the difference between
the actual flow angle 𝜃 respecting a chosen desired value 𝜃𝑑 𝑒𝑠𝑖𝑟𝑒𝑑 , by
dapting the values of the streamwise and spanwise components of the
eostrophic velocity, 𝑢𝑔1 and 𝑢𝑔3. In consideration of the nature of the
ontroller, the control action can be succinctly described as follows:

𝜔𝑃 𝐼 (𝑡) = 𝐾𝑃 𝑒(𝑡) +𝐾𝐼 ∫ 𝑒(𝑡) 𝑑 𝑡 (5)

where 𝑒(𝑡) is the error, calculated as the difference between 𝜃𝑑 𝑒𝑠𝑖𝑟𝑒𝑑 and
at hub-height. Since the controller aims to avoid yaw misalignment,
e choose 𝜃𝑑 𝑒𝑠𝑖𝑟𝑒𝑑 = 0 and we compute the averaged velocities <

𝑢3 >, < 𝑢1 > at hub height. The geostrophic velocity magnitude
𝐺 = (𝑢2𝑔1 + 𝑢2𝑔3)

1∕2 is kept constant while the controller updates the
streamwise and spanwise components, 𝑢𝑔1 and 𝑢𝑔3. Upon reaching a
steady-state condition having a value of 𝜃 lower than a threshold value,
the controller switches off.

The Reynolds number 𝑅𝑒 = 𝑈∞𝐷
𝜈 is defined as a function of the

main flow variables referred to the reference wind turbine, such that
𝑈∞ is the free-stream velocity at the hub height, 𝐷 is the rotor diameter,
and 𝜈 the kinematic viscosity of the fluid. An in-house code developed
at UT Dallas, known as UTD-WF (see [36]) is used to conduct the
imulations discussed in this paper. The code has been extensively
alidated against numerical results provided in Ref. [37] regarding
he NREL 5MW reference turbine as well as experimental wind tunnel
ata [38]. A second-order accurate centered finite difference scheme on
 Cartesian grid is used to discretize the governing equations. Whereas,
he time integration is carried out employing a hybrid low-storage
hird-order accurate Runge–Kutta scheme [39].
3 
The aerodynamic forces, computed using the coefficient of lift, 𝐶𝐿,
and drag, 𝐶𝐷, of the rotor blades are imposed through the actuator line
method [40]. The rotor blades are approximated as rotating rigid lines
that are divided into discrete segments. For each element, the lift and
drag forces are estimated as:

𝐹𝐿 = 1
2
𝜌𝑢2𝑟𝑒𝑙𝐶𝐿(𝛼)𝑐 𝐹 , (6)

𝐹𝐷 = 1
2
𝜌𝑢2𝑟𝑒𝑙𝐶𝐷(𝛼)𝑐 𝐹 , (7)

where 𝜌 is the fluid density, 𝑐 is the chord, 𝑢𝑟𝑒𝑙 is the relative inflow
velocity, 𝛼 is the angle of attack, 𝐹 is the modified Prandtl correction
factor, which considers the aerodynamic effect of the tip and root
vortices. To distribute the aerodynamic forces across an area perpen-
dicular to each actuator line, 𝐹𝐷 and 𝐹𝐿 are multiplied for a Gaussian
distribution kernel.

The immersed boundary method is employed to describe the tower
and nacelle. This allows for reducing the computational cost of the LES
and avoiding the use of a body-fitted grid [10,22,41].

2.2. Dynamic Mode Decomposition

Dynamical Mode Decomposition [19,25] is a mathematical tech-
nique used to analyze datasets providing the evolution of a dynamical
system. In the field of fluid dynamics, the approach assumes that the
ystem’s evolution can be approximated by a linear transformation
etween successive snapshots coming from simulations or experiments
f a given flow. This allows for the identification of dynamically
elevant flow structures, referred to as dynamic modes, by analyzing

the inherent patterns in the simulated data. In this study, snapshots
of the flow field are acquired from numerical simulations for data
collection. Each snapshot, represented as 𝑞𝑖 ∈ R𝑁 , is collected at a
uniform sampling rate. The size of the snapshots (N) is determined by
multiplying the number of observables (O), which in this case are the
three components of the velocity, by the number of measurement points
(S), which is the number of grid points selected for the DMD analysis
(see Section 2.3). The relationship between two consecutive snapshots,
assuming a linear time-invariant mapping 𝐴 and M snapshots, can be
expressed as follows:

𝑞𝑖+1 = 𝐴𝑞𝑖, 𝑖 = {0,… , 𝑀 − 1}. (8)

Thus, defining the snapshot matrix

𝑄𝑖 = [𝑞𝑖 𝑞𝑖+1 ... 𝑞𝑀−1+𝑖], (9)

and combining (8) and (9), one has:

𝑄𝑖 = 𝐴𝑄𝑖−1. (10)

To ensure that the computational procedure is both robust and afford-
able, a low-dimensional representation of 𝐴 is required. To achieve this,

e project the snapshot matrix 𝑄0 onto a low-rank orthogonal basis
sing a singular value decomposition (SVD) technique 𝑄0 = 𝑈 𝛴 𝑉 𝑇 ,
nown as Proper Orthogonal Decomposition (POD), where 𝑈 contains
he POD modes 𝑢𝑖 in its columns, while 𝛴 is a diagonal matrix filled
y non-zero singular values in its diagonal, which describe the energy
ontained in each POD mode. The optimal rank-𝑟 approximation of 𝑄0,
btained after selecting a POD subspace of dimension 𝑟, is defined as:

𝑄̃0 = 𝑈̃ 𝛴̃𝑉 𝑇 , (11)

where 𝑈̃ and 𝑉 denote the first 𝑟 leading columns of 𝑈 and 𝑉 and 𝛴̃
contains the leading 𝑟×𝑟 sub-block of 𝛴 (i.e., the most energetic singular
values, 𝑠𝑘, of the POD). On this reduced basis, a POD-projected similar
matrix 𝐴̃ is constructed, corresponding to the solution of the following
optimization problem,

min
𝐴

‖𝑄1 − 𝑈̃ 𝐴̃𝛴̃𝑉 𝑇
‖

2
𝐹 , (12)

where 𝐴̃ is defined by the similarity transformation
𝐴 = 𝑈̃ 𝐴̃𝑈̃𝑇 , (13)
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and thus can be obtained as:

𝐴̃ = 𝑈̃𝑇 𝑄̃1𝑉 𝛴̃−1. (14)

To extract the dynamic modes, the eigendecomposition of the similar
atrix is firstly computed as:

𝐴̃ = [𝑦1 … 𝑦𝑟]
⏟⏞⏞⏞⏟⏞⏞⏞⏟

𝑌

⎡

⎢

⎢

⎢

⎢

⎣

𝜇1 0 ⋯ 0
0 𝜇2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝜇𝑟

⎤

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐷𝜇

⎡

⎢

⎢

⎢

⎢

⎣

𝑧∗1
𝑧∗2
⋮
𝑧∗𝑟

⎤

⎥

⎥

⎥

⎥

⎦

⏟⏟⏟
𝑍∗

(15)

where 𝑦𝑘 and 𝑧∗𝑘 are the left and right eigenvectors of 𝐴̃, respectively,
normalized as 𝑦∗𝑘𝑦𝑘 = 1 and 𝑧∗𝑘𝑦𝑗 = 𝛿𝑘𝑗 , while the 𝜇𝑘 represent the 𝑟
eigenvalues of the similar matrix. The DMD modes are then computed
as:

𝜙𝑘 = 𝑈̃ 𝑦𝑘, (16)

and their associated complex frequency can be recovered by the asso-
ciated values of 𝜇𝑘, as will be detailed in Section 4.1.2.

To allow a reconstruction of the flow field, each DMD mode should
also be associated with a given amplitude. For recovering the associated
amplitude, we first notice that the flow field in the POD subspace for
the 𝑖th snapshot can be reconstructed as follows:

𝑥𝑖 = 𝐴̃𝑖𝑥0 = 𝑊 𝐷𝑖
𝜇𝑍

𝑇 𝑥0 =
𝑟
∑

𝑘=1
𝑦𝑘𝜇

𝑖
𝑘𝑧

∗
𝑘𝑥0 =

𝑟
∑

𝑘=1
𝑦𝑘𝜇

𝑖
𝑘𝛼𝑘, (17)

which can be reported in the non-projected space as:

𝑞𝑖 ≈ 𝑈̃ 𝑥𝑖 =
𝑟
∑

𝑘=1
𝑢̃𝑘𝑦𝑘𝜇

𝑖
𝑘𝛼𝑘 =

𝑟
∑

𝑘=1
𝜙𝑘𝜇

𝑖
𝑘𝛼𝑘 (18)

where 𝛼𝑘 is the amplitude of the 𝑘th DMD mode. Therefore, 𝑄0 can be
efined in matrix form:
[

𝑞0 … 𝑞𝑀−1
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑄0

≈
[

𝜙1 … 𝜙𝑟
]

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝛷

×

⎡

⎢

⎢

⎢

⎢

⎣

𝛼1 0 ⋯ 0
0 𝛼2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝛼𝑟

⎤

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐷𝛼

⎡

⎢

⎢

⎢

⎢

⎣

1 𝜇1 … 𝜇𝑀−1
1

1 𝜇2 … 𝜇𝑀−1
2

⋮ ⋮ ⋱ ⋮
1 𝜇𝑟 … 𝜇𝑀−1

𝑟

⎤

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑉𝑎𝑛𝑑

(19)

where 𝑉𝑎𝑛𝑑 is the Vandermonde matrix, which contains the 𝑟 eigenval-
ues of 𝐴̃ for each sample. The amplitudes 𝛼𝑘 are determined through
minimization of the approximation, defined by the following Frobenius
norm:

min
𝛼𝑖

𝐽 (𝛼𝑖) = ‖𝑄0 −𝛷 𝐷𝛼𝑖𝑉𝑎𝑛𝑑‖
2
𝐹 (20)

or by more elaborate minimizations as discussed in the following.

2.3. Sparsity promoting Dynamic Mode Decomposition

ROMs usually aim at reconstructing with sufficient accuracy the
flow field evolution with a rather small number of modes. However,
the minimization problem in Eq. (20) neglects the number of modes
selected for the reconstruction. Whereas, a concise representation of the
system’s behavior can be achieved using a different error minimization
strategy, penalizing the number of modes used for the reconstruction.
n this study, the sparsity of the extracted dynamic modes is ensured
y using the SP-DMD proposed by Jovanović et al. [24]. Through

a constrained error minimization penalizing the non-zero amplitudes
associated to the DMD modes, a limited number of modes (along with
their optimized amplitude values) are selected for the reconstruction
of the dataset. This goal is achieved through the use of a modified
objective function:

min 𝐽 (𝛼) + 𝛾
𝑟
∑

|𝛼𝑖|, (21)

𝛼

𝑖=1

4 
where 𝛾 is a positive regularization parameter chosen by the user.
Sparser solutions are obtained for larger values of 𝛾. The convex opti-

ization problem in Eq. (21) is solved using the Alternating Direction
Method of Multipliers.

2.4. Mean kinetic energy equation

In order to study the turbulent energy fluxes in the wake of the
ind turbine, we employ the transport equation for the turbulent mean

kinetic energy. In fact, an increase in the intensity of the turbulence
acting on the turbine is associated with an increase in the wake
ecovery rate [42–44]. This is justified by the diffusion generated by

the turbulence fluctuations, which improves the transport of the mean
kinetic energy within the wake.

The effect of the coherent structures within the wake on its recovery
is evaluated by considering the contribution of each POD mode to wake
recovery. In the present analysis, POD modes are used instead of DMD
ones for two main reasons. Firstly, POD modes represent the most ener-
getic structures within the flow, and are thus well suited for evaluating
the energy exchange among the modes, the mean flow, and/or the
turbulent fluctuations. Then, POD modes constitute an orthonormal
basis, allowing an evaluation of the Reynolds stress tensor using a
summation of the orthonormal modes with the related time-dependent
amplitude coefficients, whereas DMD modes are not orthonormal, and
would not allow such a procedure. We thus focus on the mean kinetic
energy (M.K.E.) transport equation:

0 = −𝑢𝑗 𝜕
𝜕 𝑥𝑗

( 1
2
𝑢𝑖𝑢𝑖

)

− 𝜕
𝜕 𝑥𝑖

(

𝑢𝑖𝑝
)

+ 𝑢𝑖𝐹 𝑖 +
1
𝑅𝑒

∇2
( 1
2
𝑢𝑖𝑢𝑖

)

− 1
𝑅𝑒

𝜕𝑢𝑖
𝜕 𝑥𝑗

𝜕𝑢𝑖
𝜕 𝑥𝑗

+

𝜕
𝜕 𝑥𝑗

(𝑢𝑖𝑢′𝑖𝑢
′
𝑗 ) −

𝜕
𝜕 𝑥𝑗

(𝑢𝑖𝜏𝑟𝑖𝑗 )

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑇 𝑢𝑟𝑏𝑢𝑙 𝑒𝑛𝑡 𝑀 .𝐾 .𝐸 . 𝑓 𝑙 𝑢𝑥

+𝑢′𝑖𝑢
′
𝑗
𝜕𝑢𝑖
𝜕 𝑥𝑗

+ 𝜏𝑟𝑖𝑗
𝜕𝑢𝑖
𝜕 𝑥𝑗

(22)

where ◦ indicates the time average, whereas prime denotes the fluctua-
tions. Within the wake, as opposed to subgrid-scale stresses, which are
negligible, turbulent M.K.E. flux is the most important term for wake
recovery according to [20,38,45]. The following equation can be used
o evaluate the total M.K.E. flux per unit area due to the turbulent
luctuations entering a generic closed surface S:

F𝑇 = 1
𝑆 ∫𝑉

− 𝜕
𝜕 𝑥𝑗

(

𝑢𝑖𝑢′𝑖𝑢
′
𝑗

)

𝑑 𝑉 , (23)

where 𝑉 is the volume enclosed by the surface 𝑆. Given the orthogo-
nality of the POD modes, the Reynolds stress tensor can be rewritten
as:

𝑢′𝑖𝑢
′
𝑗 =

𝑁
∑

𝑘=1

(

𝑎𝑘𝜙𝑘
𝑖
)

𝑁
∑

𝑙=1

(

𝑎𝑙𝜙𝑙
𝑗

)

=
𝑁
∑

𝑘=1

𝑁
∑

𝑙=1
𝑎𝑘𝑎𝑙𝜙

𝑘
𝑖 𝜙

𝑙
𝑗 =

𝑁
∑

𝑘=1
𝜆𝑘𝜙

𝑘
𝑖 𝜙

𝑘
𝑗 , (24)

to calculate the effect of each POD mode on the turbulent M.K.E. flux
as follows:

F𝑘
𝑇 = 1

𝑆 ∫𝑉
− 𝜕
𝜕 𝑥𝑗

(

𝑢𝑖𝜆𝑘𝜙
𝑘
𝑖 𝜙

𝑘
𝑗

)

𝑑 𝑉 . (25)

This equation can be rewritten as a surface integral as:

F𝑘
𝑇 = 1

𝑆 ∫𝑆
−𝑢𝑖𝜆𝑘𝜙𝑘

𝑖 𝜙
𝑘
𝑗 𝑑 𝑆𝑗 . (26)

A cylindrical domain of radius 𝑅𝑐 and length 𝐿𝑐 , centered in the
rotor axis, is used to evaluate the turbulent M.K.E. flux through its
lateral surface. The infinitesimal surface element 𝑑 𝑆 is normal to the
streamwise direction and is represented by the following vector:

𝑑 𝑆 = (0, 𝑑 𝑐2, 𝑑 𝑐3) 𝑑 𝑥, (27)

where 𝑑 𝑐2 and 𝑑 𝑐3 are the vertical and transverse components, respec-
tively, of the vector 𝑑 𝑐 normal to the infinitesimal arc of the cylinder
circumference 𝐶. The total turbulent M.K.E. flux per unit area over the
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lateral surface of the cylinder can be calculated for each POD mode, as
follows:

F𝑘
𝑇 = ∫𝐿𝑐

𝑓𝑘
𝑇 (𝑥) 𝑑 𝑥, (28)

𝑓𝑘
𝑇 (𝑥) = − 1

2𝜋 𝑅𝑐𝐿𝑐 ∫𝐶
𝑢𝑖(𝑥)𝜆𝑘𝜙𝑘

𝑖 (𝑥)𝜙
𝑘
𝑗 (𝑥) 𝑑 𝑐𝑗 . (29)

The local fluxes 𝑓𝑘
𝑇 (𝑥) are calculated for a circumference of radius

𝑐 = 0.5, whereas the total flux F𝑘
𝑇 is calculated for different radii

n the range 𝑅𝑐 ∈ [0.35 0.62]. To circumvent a direct computation
f the integrals over the cylindrical surfaces, the surface integral of
he aforementioned Eq. (29) is transformed into a volume integral.

This volume integral is subsequently evaluated numerically, using the
midpoint rule on subintervals of length that are compatible with the
grid size.

3. Simulation setup

3.1. Precursor simulations

This study aims at comparing the coherent structures in the wake
f an NREL-5MW [29], generated in two different turbulent inlet con-

ditions taking into account or not the Coriolis effect. For this purpose,
two precursor simulations have been carried out. The first considers a
eutral ABL flow driven by a pressure gradient in the absence of the

Coriolis force (𝑓𝑐 = 0, 𝐹𝑃 𝐼 = 0), which will be denoted in the following
s the ‘‘pressure gradient’’ case. This case precludes consideration of
he effects of the Earth’s rotation and is therefore a simplification of the

ABL. In practical terms, the equation for the conservation of momentum
incorporates a term that refers to the pressure gradient. This term is
calculated in such a way that the flow rate through the domain is kept
constant.

The second precursor simulation, considering the effect of the Cori-
lis force, is driven by a geostrophic wind at the top of the domain,
nd will be characterized by a variation of the streamwise and spanwise
omponents of the velocity in the wall-normal direction, as would occur
n the Ekman spiral [46]. A Coriolis frequency 𝑓𝑐 ≈ 1.2 × 10−4[𝑠−1]
s assumed, which is a value typical of North Sea regions. Setting the
eostrophic velocity components so that a certain desired flow direction
an be defined is difficult due to the wind’s dependence on altitude. For
his reason, to avoid a yaw misalignment between the mean velocity
rofile at hub height and the wind direction, the PI controller proposed
n Ref. [47] is adopted, which has been presented in Section 2.1. After
he tuning of the PI controller, a proportional gain 𝐾𝑃 = 1 and an
ntegral gain 𝐾𝐼 = 0.1 are chosen. The controller is stopped when
𝑒(𝑡) = 𝜃 − 𝜃𝑑 𝑒𝑠𝑖𝑟𝑒𝑑 < 0.1◦.

The computational domain of both the precursor simulations has
dimensions 6 × 11 × 3 diameter units in the streamwise (𝑥), vertical
(𝑦), and spanwise (𝑧) directions, respectively. Notice that to allow
the Ekman layer to be fully developed up to the top boundary, the
omain is chosen to be very large in the vertical direction compared
o the previous LES of the same turbine [22]. A Cartesian grid with

1024 × 512 × 512 points is chosen to discretize the box. Periodicity
is applied in both the streamwise and spanwise directions, whereas no-
slip and free-slip conditions are applied at the bottom and upper wall of
he domain, respectively. The main features of the turbine are reported

in Table 1; the corresponding Reynolds number is approximate of order
108.

3.2. Turbine flow simulations

The two ABL velocity profiles obtained by the precursor simulations
re employed as inflow boundary conditions for the simulation of the
low impinging on the 5MW wind turbine. The computational box

has dimensions 12 × 11 × 3 diameter units. It is discretized using a
staggered 2048 × 512 × 512 points grid, with uniform spacing in the
5 
Table 1
Main features of NREL 5-MW wind turbine.

NREL 5-MW

Blades number 3
Rotor diameter - 𝐷 [m] 126
Hub height [m] 90
Design Tip-Speed Ratio - 𝑇 𝑆 𝑅 [–] 7
Rated wind speed - 𝑈𝑟𝑒𝑓 [m/s] 11.4
Rated rotor speed Ω [RPM] 12.1

streamwise and spanwise directions, and stretching in the wall-normal
irection, with a constant refined spacing in the rotor region. This
rid has already been used in Ref. [10] and the results of the code
alidation study [37] indicate that the cell size employed in this study

yielded satisfactory outcomes when compared to the experimental
results. These simulations share the same boundary conditions as the
precursor ones, except for the streamwise direction. The inlet condition
for the two cases is the time-varying turbulent velocity obtained from
the precursor simulations. A uniform convection velocity 𝑐 = 0.9 𝑈𝑟𝑒𝑓 is
used as for the radiative outlet condition [48]. The immersed boundary
method is used to represent the tower and nacelle, while the actuator
ine model is employed to simulate the turbine blades [40]. The rotor is
ositioned 4 diameters away from the inflow boundary and is centered
n the spanwise direction. To allow the development of the wake, it

is considered sufficient to have the outlet boundary at a distance of 8
diameters from the wind turbine. The wind turbine operates at its rated
conditions.

4. Results

4.1. Precursor simulations

4.1.1. Time-averaged velocity fields
Mean velocity profiles are obtained from the precursor simulations

by performing time (𝑡) and spatial averaging along the horizontal
(𝑥 − 𝑧) directions when statistically stationary conditions are reached.
The averaged velocity (which is a function of the vertical direction
only) is denoted as 𝑢, 𝑣,𝑤, where 𝑢, 𝑣, 𝑤 are the instantaneous velocity
components in the streamwise, vertical, and spanwise directions, re-
spectively. Fig. 1 shows the mean velocity profiles of the axial and veer
velocities and the wind direction 𝜃 = t an−1(𝑤∕𝑢), expressed in degrees.
The validation of the geostrophic forcing was previously established by
comparing it with the results obtained from Ref. [49] (see Appendix A).

he blue lines refer to the Coriolis case, whereas the orange ones are
elative to the pressure gradient case. The black dash-dotted line is the
og-law wind profile. Note that, due to the action of the PI controller
f the wind direction, there is no yaw misalignment at the hub height.
n the pressure gradient case, it can be seen that there is virtually
o lateral wind component (see the orange lines in Fig. 1). The inner

region of the two cases’ curves in the left panel is well represented by
he log-law profile. Fig. 2 illustrates in a 3D view the mean velocity

profile obtained by the precursor simulation with geostrophic force.
he black dashed line is the Ekman spiral, the red dash-dotted line,
nd the green dash-dotted lines refer to the spanwise and streamwise
elocity components, respectively, and the black solid line is the ABL
rofile. A turbulence intensity of 7% is obtained at the hub height for
oth precursors.

4.1.2. POD and DMD modes
The POD and DMD analysis has been performed on the two datasets

f the precursor simulations, one for Coriolis’ case and one for the
ressure gradient case. The snapshots of the velocity field have been
xtracted every 𝛥𝑡 = 0.025 in a reduced domain of dimensions [0 −
] × [0 − 1.55] × [0.8 − 2.2] in the 𝑥, 𝑦, 𝑧 directions, respectively. The

datasets are both composed of 2370 snapshots each, from which the
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Fig. 1. Streamwise (left) and spanwise (center) components of the time- and
horizontally-averaged velocity, and wind direction 𝜃 (right). The orange lines refer to
the pressure gradient case, whereas the blue lines are relative to the Coriolis case. The
black dash-dotted line is the log-law wind profile. The horizontal solid line indicates
the hub height, whereas the dashed lines indicate the blade’s tip. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 2. Time- and horizontally-averaged dimensionless Coriolis ABL velocity profiles
(black solid line). The green dash-dotted line is the 𝑢-component, the red dash-
dotted line is the 𝑤-component and the black dashed line is the Ekman spiral. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

time-averaged velocity field has been subtracted. Fig. 3 illustrates the
singular value distribution of the leading POD 400 modes. A notable
reduction in energy is observed within the leading 20 modes, followed
by a more gradual decrease.

Following the convergence analysis provided in the Ref. [10], a
POD subspace of rank 𝑟 = 400 is chosen for carrying out the DMD
analysis. The complex frequency of the DMD modes, 𝜔, is obtained
using the eigenvalues 𝜇 of the linear operator 𝐴̃, computed as in
Eq. (15). Therefore 𝜔 is computed as follows:

𝜔 = − 𝑙 𝑜𝑔(𝜇)
𝑖𝛥𝑡

, (30)

where 𝛥𝑡 is the time interval between two successive snapshots and 𝑖 is
the imaginary unit. Notice that 𝜔 = R(𝜔) + 𝑖I(𝜔) is a complex number,
so its real part is the angular frequency of the DMD mode, whereas
the imaginary part is the growth rate. Fig. 4(a) shows the distribution
of the angular frequency of the DMD modes for the two cases, along
with the associated amplitudes for the DMD case without the sparsity
promoting penalization (green dots) and with the SP algorithm (black
6 
Fig. 3. Singular values of the first 400 POD modes for the pressure gradient (orange)
and the Coriolis (blue) precursor cases. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

lines) for a given value of the sparsity parameter. Without the sparsity
penalization, we can observe that the distribution of the frequency for
the two considered cases is rather similar, although one can observe
that in the geostrophic forcing case, the peak amplitudes are recovered
for larger values of R(𝜔) and for a broader range of frequencies.

The SP-DMD analysis has been carried out for the two considered
precursor cases, and for different values of the sparsity coefficient.
Since the dataset is significantly dissimilar, the algorithm selects a
different number of modes between the two cases considered. This
difference is most striking when a few modes are selected, namely for
a large value of the sparsity parameter, i.e., 𝛾 = 10000. For the pressure
gradient-inflow case, only 6 DMD complex conjugate pairs of modes
are selected, whereas in the Coriolis case, 12 mode pairs are selected
(for visualization issues, in Fig. 4(a) and in the following ones we show
only the modes with positive real parts). Considering the frequencies of
the selected DMD modes, one can see in Fig. 4(a) that in the pressure
gradient case, the highest frequency mode does not exceed R(𝜔) = 1.4,
whereas in the presence of the Coriolis force (Fig. 4(b)) this value
is exceeded, indicating that a larger range of frequencies is needed
for describing the dynamics. In both cases, the selected modes are
characterized by rather low frequencies, as also observed in Ref. [10]
in the presence of inflow turbulence.

Concerning the spatial structure of the selected DMD modes, Figs. 5
and 6 shows the isosurfaces of the streamwise velocity component for
the 3 leading modes in the pressure gradient case, and for 4 of them
in the Coriolis case. The orange surfaces refer to negative velocity
fluctuations, whereas the blue surfaces refer to positive ones (note
that the magnitudes of the velocities of each DMD mode have no
physical meaning per se, as they should be multiplied by the amplitudes
to reconstruct the data sequence). For both precursors, the lowest-
frequency modes with R(𝜔) < 0.1 are characterized by high- and
low-speed large-scale streamwise-elongated streaks of spanwise size ≈ 1
(see Figs. 5(b) and 6(b)), which are known to form one of the two main
elements of self-sustaining vortices that characterize the large scale
motion in turbulent shear flows [50]. For the pressure gradient precur-
sor, streamwise structures with large wavelength (𝜆𝑥 ≈ 5) characterize
the DMD modes with frequency R(𝜔) ∈ [0.40 − 0.67] (see Fig. 5(a),
as an example). The last two selected modes with R(𝜔) > 1.20 (see
Fig. 5(c)) have structures with slightly smaller wavelengths (𝜆𝑥 ≈ 3)
and are constituted by positive/negative fluctuations alternating in the
streamwise and spanwise directions. Notice also that all the selected
modes cover the entire sub-domain, similar to the observations of De
Cillis et al. [10] for a precursor simulation in the absence of wind veer.

When the geostrophic force is taken into account, the modes with
frequency R(𝜔) ∈ 0.67 − 1.00 (see Fig. 6(a)) are associated with
[ ]
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Fig. 4. Absolute value of DMD amplitudes 𝛼𝑖 versus the angular frequency R(𝜔) for pressure gradient (a) and Coriolis (b) precursor cases. Green circles represent the DMD modes,
whereas black triangles (𝛾 = 10000) are the SP-DMD modes.
Fig. 5. Streamwise velocity fluctuation iso-surfaces for three modes selected by SP-DMD with 𝛾 = 10000 for the pressure gradient precursor simulation. The iso-surfaces colored in
blue indicate a positive fluctuation 𝑢 = 0.0008, whereas, the orange ones represent a negative fluctuation 𝑢 = −0.0008. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
coherent structures alternated in the streamwise and spanwise direc-
tions with wavelengths of the order of ≈ 5. In contrast to the case
without wind veer, the structures are not oblique. For frequencies
R(𝜔) ∈ [1.62 − 1.85] (see Fig. 6(c)), streamwise-modulated velocity
fluctuations are observed that are extremely similar to the previous
case. In comparison to the previous case, frequency modes R(𝜔) > 2.0
are also selected (see Fig. 6(d)). This corresponds to structures with
wavelengths 𝜆𝑥 ≈ 2 that cover the entire domain. It is evident that for
both precursors the length scales of these flow structures (𝜆𝑥 ≈ 5 and
𝜆𝑧 ≈ 1 − 2) exhibit a consistent correlation with the observed large-scale
motions in turbulent channels and boundary layers [50,51].

4.2. Wind turbine’s wake

4.2.1. Time-averaged velocity fields of turbine wakes
The spatial development of the wake structure of a wind turbine

can be evaluated using an analysis of the time-averaged velocity field.
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When the incoming wind has no veer, the wake is nearly symmet-
ric to the vertical axis. However, under geostrophic forcing, due to
the effect of a significant cross-flow component [52], the rotor wake
is highly skewed when advected downstream. Moreover, as already
known, the presence of the tower leads to a strong deformation within
the wake, especially in the case of geostrophic forcing. Figs. 7(a)
and 7(b) show the Q-criterion iso-surfaces, colored by the values of
the streamwise velocity in the pressure gradient-inflow case and the
Coriolis case, respectively. It can be seen that in the absence of wind
veer (Fig. 7(a)) proceeding along the domain, the wake remains aligned
in the streamwise direction and is almost symmetrical to the vertical
axis. Whereas, in the presence of geostrophic forcing, the wake is
extremely deformed, assuming an almost elliptical shape downstream.
Furthermore, again due to the cross-flow component, the tower wake
undergoes a deflection in the positive lateral direction as it proceeds
outwards.
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Fig. 6. Streamwise velocity fluctuation iso-surfaces for four modes selected by SP-DMD with 𝛾 = 10000 for the Coriolis precursor simulation. The iso-surfaces colored in blue
indicate a positive fluctuation 𝑢 = 0.0008, whereas, the orange ones represent a negative fluctuation 𝑢 = −0.0008. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
Fig. 7. Q-criterion iso-surfaces, colored by the streamwise velocity values, for the pressure-gradient (a) and Coriolis case (b). The box sketches the dimensions of the subdomain
in which the modal decompositions are performed.
The same conclusions can also be reached by observing the velocity
loss within the wake, defined as 𝛥𝑢 = 𝑢𝑖𝑛 − 𝑢, where 𝑢𝑖𝑛 is the time-
averaged streamwise inflow velocity, in the absence (Fig. 8(a)) and
in the presence (Fig. 8(b)) of wind veer. While in the former case,
the wake maintains its circular shape as one proceeds downstream, in
the case with the wind veer, moving away from the rotor, the wake
tends towards an elliptical shape. The results, compared to those of
Abkar [13], show an excellent similarity, although, given the presence
of the tower, the deformation is greater as the wake advances.

4.2.2. POD and DMD modes
Two datasets, both containing 2370 snapshots, one for the Coriolis

inflow case and the second for the pressure gradient one, have been
8 
used for the POD and SP-DMD analyses of the wind turbine’s wake.
Snapshots of the velocity field have been extracted at regular intervals
𝛥𝑡 = 0.0125, corresponding to 10◦ rotation of the blades in a reduced
domain of dimensions [3.8 − 11.9] × [0 − 1.55] × [0.8 − 2.2] in the 𝑥, 𝑦, and
𝑧 directions, shown by the box in Fig. 7. The time-averaged velocity
field has been subtracted from each snapshot.

Fig. 9 shows the singular value distribution for the first 600 POD
modes. There is a sharp decrease in energy in the first ≈ 10 modes,
followed by a slower decrease. Following the convergence analysis
provided in the Ref. [10] since a plateau is reached in correspondence
of the ≈ 600th mode, a basis with 𝑟 = 600 POD modes has been
considered for performing the DMD analysis.
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Fig. 8. Time-averaged streamwise velocity-loss field obtained by LES, in the 𝑦 − 𝑧 plane at 𝑥 = 5, 7, 9, 11 diameter units downstream of the wind turbine for (a) the pressure
gradient-inflow case and (b) the Coriolis-inflow case.
Fig. 9. Singular values of the first 600 POD modes for the pressure gradient (orange)
and the Coriolis (blue) wind turbine cases. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

Figs. 10(a) and 10(b) show the absolute values of DMD amplitudes
𝛼𝑖 versus the angular frequency R(𝜔) for the pressure gradient case
and the Coriolis case, respectively. For both figures, green circles are
associated with the DMD modes, whereas the results of the sparsity-
promoting algorithm are given by the red circles for 𝛾 = 33500,
black circles for 𝛾 = 21300 and blue triangles for 𝛾 = 10000. An
increase of the sparsity coefficient 𝛾 corresponds to sparser solutions.
This means that a smaller subset of modes is selected by the algorithm,
corresponding to the more dynamically relevant coherent structures,
along with their optimized values of 𝛼. Notice that in both cases,
the algorithm selects only low-frequency modes for the larger value
of 𝛾, whereas it picks one or two high-frequency modes for lower
values of the sparsity parameter. In the pressure gradient case, only
for the lowest values of 𝛾 = 10000 a high-frequency mode is selected
by SP-DMD. In particular, the algorithm selects the mode associated
with R(𝜔) = 42, which is related to tip vortices and corresponds to
three times the angular frequency of the turbine. It is thus observed
that for the same sparsity coefficient, coherent structures related to
higher frequencies are more relevant to the turbine dynamics when
the Coriolis force is considered. In contrast, for the case without wind
veer, low-frequency structures are more representative. From now on,
the discussion of the results will be based on the case with sparsity
coefficient 𝛾 = 33500. It should be noted that, for the same value
of 𝛾, the sparsity-promoting algorithm selects 5 mode pairs for the
pressure gradient case and 7 for the Coriolis case. This indicates that,
in the latter case, there is a greater number of non-negligible modes,
especially in the high-frequency range, because the dynamics of the
flow is more complex. A similar disparity in mode numbers has been
observed in the precursor simulation results. This might have been
expected looking at the frequency distribution of the DMD modes in
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the absence of penalization of the number of modes (green circles in
Fig. 10(b) for the Coriolis case), showing high amplitudes for a much
larger range of frequencies with respect to the pressure gradient case
shown in Fig. 10(a). Table 2 gives a small summary of the frequencies
of the first 10 modes as the sparsity coefficient varies for the two cases
analyzed.

The spatial structure of the selected modes will be now discussed. In
the case of the pressure gradient, all the modes selected by the SP-DMD
algorithm have low frequencies in the range R(𝜔) ∈ [0.45 − 5.57], which
are associated with coherent structures of different scales covering
the entire domain. Modes with frequency R(𝜔) ∈ [0.45 − 0.67] are
associated to structures with large length scale 𝜆𝑥 ≈ 7.5 (see Fig. 11(a)).
Whereas for R(𝜔) = 1.45 and in the range R(𝜔) ∈ [3.20 − 5.50] moderate
length scale structures (𝜆𝑥 ≈ 3.7 and 𝜆𝑥 ≈ 1.6, respectively) are seen in
Figs. 11(c) and 11(d). Fig. 11(b) shows that for frequencies R(𝜔) ≈ 5.50,
structures characterized by wavelengths smaller than ≈ 1 are observed.
In general, the presence of the turbine does not result in the formation
of a discernible geometric pattern linked to the presence of the blades
and/or tower/nacelle in the selected modes. Concerning the Strouhal
numbers 𝑆 𝑡 of these modes, it is of interest to ascertain whether
they correspond to the wake meandering values obtained in recent
studies [53,54]. For modes with R(𝜔) < 1, as also demonstrated by De
Cillis et al. [10] in their study about the same reference turbine, but in
the absence of the Coriolis force, a Strouhal number of 𝑆 𝑡 ≤ 0.2 is found.
This is in line with the typical frequency ranges of wakes observed in
the literature. This confirms the conjecture made in several literature
studies, that wake meandering is more likely to be the consequence
of an external factor, associated with the turbulent nature of the ABL,
rather than an effect linked to the turbine itself.

Considering now the case with Coriolis inflow for frequencies
R(𝜔) < 1, the resulting structures exhibit a streamwise length mostly
equal to that of the sub-domain 𝜆𝑥 ≈ 7.4, as shown in Fig. 12(b).
Coherent structures of medium wavelengths (𝜆𝑥 ≈ 3.4) are observed for
the modes in the range R(𝜔) ∈ [1.50 − 1.90], whereas structures with a
length scale of order 1.5 − 2 are correlated with R(𝜔) ∈ [2.87 − 4.62]
(see Figs. 12(a) and 12(c), respectively). Fig. 12(d) shows the DMD
mode with R(𝜔) ≈ 42, which corresponds to an angular frequency
of three times the rated value of the turbine. Notice that, with a
lower sparsity coefficient the algorithm would select the mode with
a frequency of ≈ 84, which is six times the turbine rotation frequency.
This high-frequency mode is associated with the tip vortices. Regarding
the Strouhal number, the value reported for the pressure gradient case
is recovered also when the Coriolis effect is present. It can be observed
that in the pressure gradient case, the high-frequency modes related
to tip vortices are more easily discarded by the SP algorithm as the
sparsity parameter is increased. In contrast, the addition of a wind veer
preserves such high-frequency wave structures to a greater extent. It
may thus seem that the presence of wind veer delays the breakdown of
such structures, maybe providing a negative effect on wake recovery,
as it will be investigated in Section 4.2.4. It is noteworthy that, as
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Fig. 10. Absolute value of DMD amplitudes 𝛼𝑖 versus the angular frequency R(𝜔) for the pressure gradient (a) and the Coriolis (b) turbine’s wake cases. Green circles represent
the DMD modes, whereas blue triangle (𝛾 = 10000), black circles (𝛾 = 21300), and red circles (𝛾 = 33500) are the SP-DMD modes. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
Table 2
Frequencies of the first 10 modes selected by the SP-DMD algorithm for different sparsity coefficients, for both wind turbine’s
flow cases considered.

Pressure gradient Coriolis

𝛾 = 10000 𝛾 = 21300 𝛾 = 33500 𝛾 = 10000 𝛾 = 21300 𝛾 = 33500
1st mode 2.6944 1.1271 0.6703 1.7443 0.9013 1.8870
2nd mode 1.4539 1.7749 5.3333 1.8870 1.0643 0.9013
3rd mode 1.1271 0.6703 5.5488 1.5741 1.8870 2.6218
4th mode 0.4676 5.7808 1.7749 1.3671 2.6218 2.4076
5th mode 0.6703 5.3332 3.2131 0.9013 2.4073 2.8588
6th mode 1.7749 5.5488 – 0.68845 3.0971 4.6195
7th mode 5.7808 2.0448 – 5.3586 3.6489 42.0000
8th mode 0.8426 0.8426 – 6.4352 3.3264 –
9th mode 4.4801 2.2016 – 4.4959 2.8588 –
10th mode 2.4539 3.2131 – 2.6218 2.1559 –
Fig. 11. Streamwise velocity fluctuation iso-surfaces for three modes selected by SP-DMD with 𝛾 = 33500 of pressure gradient-inflow turbine’s wake simulation. The iso-surfaces
colored in blue indicate a positive fluctuation 𝑢 = 0.001, whereas, the orange ones represent a negative fluctuation 𝑢 = −0.001. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
10 
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Fig. 12. Streamwise velocity fluctuation iso-surfaces for three modes selected by SP-DMD with 𝛾 = 33500 of Coriolis-inflow turbine’s wake simulation. The iso-surfaces colored in
blue indicate a positive fluctuation 𝑢 = 0.001, whereas, the orange ones represent a negative fluctuation 𝑢 = −0.001. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
one moves away from the rotor region, the structures extend towards
the left region of the computational domain. Furthermore, the same
structures in the far-wake region demonstrate that the wake of the
tower is not centered in the 𝑧-direction (see Fig. 12(c)). Fig. 13 provides
further evidence that streamwise fluctuation structures are strongly
influenced by the presence of the wind veer. The figure displays three
slices in 𝑥 − 𝑧 planes at varying elevations for both inflow scenarios,
using the 4th pair mode for the pressure gradient and the 1st pair mode
for the Coriolis case, respectively. In Fig. 13(b) one can see that the
Coriolis case exhibits a deflection of the structures towards the right
below the hub height, whereas this trend is not apparent in the case
without wind veer (see Fig. 13(a)). The same can be observed in the
bottom figures (Figs. 13(e) and 13(f)), with the deflection occurring in
the opposite direction. Whereas, at hub height (Figs. 13(c) and 13(d)),
as expected due to the absence of wind veer, there is no deflection in
either case.

The principal distinguishing feature between these two scenarios is
the presence of a spanwise velocity component within the inflow. It
would therefore be pertinent to undertake a study of the isosurfaces
of the transverse velocity component within the wake. In the first
case under consideration, it can be observed that coherent structures
related to lateral velocity are rather weak at frequencies R(𝜔) < 1.45
as shown in Fig. 14(a). Indeed, for high-frequency modes, it is possible
to identify relevant flows, although these are mainly confined to the
wake region away from the tower (see Fig. 14(b)). In the presence of
the Coriolis force, on the contrary, transverse flow is prevalent. It can
be observed in Fig. 15(a) that the structures exhibit an oblique shape,
reminiscent of the deformation that is dictated by the Coriolis effect,
as shown in Figs. 15(a) and 15(b). An intriguing observation is that,
in contrast to the streamwise velocity component, the low-frequency
spanwise structures exhibit minimal influence from the tower, nacelle,
and rotor (see Fig. 15(a)). Whereas, for frequencies R(𝜔) > 3.10, the
presence of the tower and nacelle exerts a non-negligible influence on
the flow, as evidenced by the iso-contours of the spanwise velocity
component in Fig. 15(b).
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It can be generally stated that the spanwise component of the veloc-
ity plays a significant role in the formation of coherent structures in the
wake of a wind turbine, due to the effect of the Coriolis acceleration.
This suggests that the veer exerts a pronounced effect on the wake.
A comparison of the velocity components of the relevant DMD modes
indicates that, in such a case, the streamwise and spanwise components
are of comparable amplitude and extension. Consequently, in the case
of a velocity profile exhibiting a notable cross-flow velocity component,
it becomes evident that the exchange of momentum in the spanwise
direction cannot be overlooked. Concerning the wavelengths associated
with the DMD modes, it can be observed that both components exhibit
values that are highly similar in both case studies. This similarity
is more evident in the Coriolis case, as the structures related to the
spanwise component are more developed, especially at low frequencies.
This is another indication of how coherent structures in both directions
have a significant effect on the evolution of the wake within the
considered sub-domain.

4.2.3. Mean kinetic energy entrainment
Applying the procedure described in Section 2.4, based on the

decomposition of the turbulent mean kinetic energy flux, we now
analyze the contribution of the most energetic coherent structures to
the wake recovery. As previously discussed, the main POD modes are
used for this analysis, due to their orthogonality and to their energetic
content. Fig. 16(a) shows the turbulent M.K.E. local flux results for
the pressure gradient-inflow case. The local flux at 𝑅𝑐 = 0.5 indicates
that the 5 low frequency most energetic POD modes provide a positive
M.K.E. local flux. For all these modes, the local flux has a peak in the
near wake and decreases towards the far wake. Each mode peaks at a
different streamwise location, between 7 and 10 diameters. Fig. 16(b)
shows the total flux for different values of 𝑅𝑐 . Again, the contribution of
the five most energetic POD mode pairs is plotted. All modes contribute
positively to the M.K.E. entrainment, in particular the first two. Turning
instead to the results for the case with Coriolis-inflow, also in this
case the first five pairs of modes provide a positive contribution to the
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Fig. 13. Streamwise velocity fluctuation in 𝑥 − 𝑧 planes at three different heights of the 4th mode pair of the pressure gradient case (left) and of the 1st mode pair of Coriolis
turbine’s wake case (right).
Fig. 14. Spanwise velocity fluctuation iso-surfaces for three modes selected by SP-DMD with 𝛾 = 33500 for the pressure gradient-inflow turbine’s wake simulation. The iso-surfaces
colored in blue indicate a positive fluctuation 𝑤 = 0.001, whereas, the orange ones represent a negative fluctuation 𝑤 = −0.001. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
Fig. 15. Spanwise velocity fluctuation iso-surfaces for three modes selected by SP-DMD with 𝛾 = 33500 for the Coriolis-inflow simulation. The iso-surfaces colored in blue indicate
a positive fluctuation 𝑤 = 0.001, whereas, the orange ones represent a negative fluctuation 𝑤 = −0.001. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
M.K.E. flux both locally and in total. Fig. 17(a) shows, compared with
the previous case, a greater concentration of local flux peaks around
𝑥 ≈ 6 − 7. About the total flux (Fig. 17(b)), it can be observed that the
M.K.E. entrainment peaks at 𝑅 ≈ 0.5 and decreases for 𝑅 > 0.5 more
rapidly than in the pressure gradient case. This means that the wind
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veer promotes the entrainment in the inside part of the wake, but this
effect rapidly decays in the radial direction. As also shown in Fig. 7,
the wake is more flattened compared to the pressure gradient case, so
M.K.E. entrainment is more localized in space. Moreover, also in this
case, the leading mode exerts a stronger influence on this quantity with
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Fig. 16. M.K.E. entrainment for Pressure gradient-inflow case: (a) local (at 𝑅𝑐 = 0.5) and (b) total fluxes.
Fig. 17. M.K.E. entrainment for Coriolis-inflow case: (a) local (at 𝑅𝑐 = 0.5) and (b) and total fluxes.
respect to the following modes. In the case of the pressure gradient,
in comparison to the Coriolis one, the second mode exerts a more
pronounced influence on the total flux. It is also of particular interest to
note that the first two modes are similar for the two cases, but they are
switched in terms of energy relevance, as one can see comparing Fig. 18
with Fig. 19, in which the first two mode pairs are shown for these two
flow cases. One can observe that the mode with the longer wavelength
is the most energetic for the pressure gradient case (Fig. 18(a)), whereas
the mode with the medium wavelength is the more relevant one in the
presence of the Coriolis effect (Fig. 19(a)).

4.2.4. Wakefield reconstruction
One of the most pertinent reasons for conducting a DMD analysis

is the potential to derive reduced-order models allowing to reproduce
accurately the evolution of a dynamic system at times larger than
those used for the derivation of the model itself, thereby significantly
reducing the overall computational cost. However, it is essential to
recognize that an optimal value must be identified for the number of
DMD modes selected and the resulting approximation error, which is
calculated as follows:

𝑒𝑟𝑟𝑜𝑟[%] = 1
𝑁
∑ ‖𝑞𝑗𝐶 𝐹 𝐷 − 𝑥𝑗𝑅𝑂 𝑀 𝐹 ‖ × 100, (31)
𝑁 𝑗=1 ‖𝑞𝑗𝐶 𝐹 𝐷‖
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where 𝑞𝑗𝐶 𝐹 𝐷 is the 𝑗th snapshot obtained from the simulation and
𝑥𝑗𝑅𝑂 𝑀 𝐹 is the reconstructed flow field at the same time instant, obtained
using Eq. (17).

Table 3 provides the error between the reconstruction and the actual
dataset for the two flow cases under consideration, as a function of
the number of modes selected by the SP algorithm. It can be observed
that for an identical number of SP-DMD modes, the reconstruction for
the scenario involving wind veer exhibits a slightly larger degree of
accuracy in comparison to the pressure gradient case. Obviously, in
both flow cases, the error increases as the number of selected modes
decreases. However, the deviation of the reconstruction from the flow
field remains rather small even for a very small set of DMD modes,
namely for only 12 complex conjugate mode pairs. Depending on the
required accuracy and the necessity of reducing the order of the model
for computational purposes, one can choose an optimum number of
modes for composing the desired reduced-order model. Fig. 20 shows
the slices of the velocity field in the 𝑥–𝑦 plane of the snapshot of the
original dataset (first row) and of the reconstruction with different
numbers of SP-DMD modes (from the second to the fourth row, for a
decreasing number of modes), for both flow cases considered. In all
cases, the spatial structure of the reconstructed wakefield practically
coincides with that of the LES snapshot when 600 dynamic modes
(i.e., 300 complex conjugate pairs) are retained. As the number of
selected modes decreases, the small-scale vortex structure of the wake
begins to be more poorly reconstructed. When only 12 mode pairs
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Fig. 18. Streamwise velocity fluctuation iso-surfaces for the first 2 POD modes of the pressure gradient-inflow turbine’s wake simulation. The iso-surfaces colored in green indicate
a positive fluctuation 𝑢 = 0.001, whereas, the red ones represent a negative fluctuation 𝑢 = −0.001. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
Fig. 19. Streamwise velocity fluctuation iso-surfaces for the first 2 POD modes of Coriolis-inflow turbine’s wake simulation. The iso-surfaces colored in green indicate a positive
fluctuation 𝑢 = 0.001, whereas, the red ones represent a negative fluctuation 𝑢 = −0.001. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
Table 3
Comparative analysis of the error of the DMD flow field reconstructions with respect
to the original snapshot for the pressure gradient and Coriolis flow cases, as a function
of the number of DMD mode pairs selected by the sparsity promoting algorithm.

Pressure gradient Coriolis

300 mode pairs 6.75% 4.79%
75 mode pairs 7.14% 5.25%
12 mode pairs 12.5% 8.87%

are retained, the small-scale flow structures appear to be completely
smoothed out, despite the reconstructed flow structure maintaining
remnants of the large-scale structures of the original snapshots. Overall,
it is possible to conclude that a reconstruction based on 75 DMD mode
pairs is appropriate to reproduce with a sufficient (5–7%) accuracy of
the flow structure up to the small scales.

5. Conclusions

The main contribution of the present paper is the analysis of
the impact of wind veer due to Coriolis acceleration in the atmo-
spheric boundary layer (ABL) on coherent structures in the wake
of the NREL 5 MW reference wind turbine. Large-Eddy Simulations
(LES) of the flow through the wind turbine is carried out by solving
the filtered Navier–Stokes equations for incompressible flows. Using
the Dynamic Mode Decomposition (DMD) method, the most relevant
mono-frequency modes are extracted from the wake, allowing us to de-
compose the turbulent wake in a set of coherent structures. Moreover,
using a constrained minimization of the reconstruction error with a
sparsity parameter (SP), a limited number of DMD modes are retained,
reducing the number of relevant flow features that optimally approxi-
mates the original data sequence. The SP-DMD method is employed to
compare the results with those obtained when wind veer is neglected,
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and to reconstruct the flow field, providing an efficient reduced-order
model of the turbine’s wake taking into account the wind veer.

In particular, a comparison of the velocity components of the DMD
modes in the absence and in the presence of the Coriolis effect reveals
that the presence of wind veer results in a greater relevance of the span-
wise velocity component in the coherent structures and the increase of
oblique flow features. The dynamically most significant DMD modes
have a spanwise component of the velocity similar in amplitude and
extent to the streamwise component. On the contrary, in the pressure
gradient case, these transverse flow structures are not very significant
and sometimes do not even form, especially for modes characterized by
low frequencies. In the former case, these structures have an oblique
trend in the far wake, following the distortion caused by the Coriolis
effect.

For both flow cases, low-frequency flow structures, primarily deter-
mined by the turbulent inflow boundary layer’s properties, dominate
the wake. In contrast, coherent structures endogenously produced by
the turbine, such as hub and tip vortices, are less important dynam-
ically. However, the coherent structures of most modes recovered in
the pressure gradient case show a stronger footprint of the presence of
the tower.

For evaluating the effect of the coherent structures on the wake
recovery, a Proper Orthogonal Decomposition (POD) is carried out in
order to identify the effect of each POD mode on the mean kinetic
energy entrainment. For this analysis, the POD method has been em-
ployed because it extracts the modes that contain the most energy and
since it provides an orthonormal basis for the mean kinetic energy
decomposition. The analysis of the main POD modes shows that the
first two modes are similar in the two considered flow cases but are
switched in terms of kinetic energy relevance. For the pressure gradient
case, the higher-wavelength mode is the most important in terms of
kinetic energy entrainment, but also the following modes (in terms
of energy content) provide a rather large contribution to the wake
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Fig. 20. Pressure gradient (left) and Coriolis (right) wakefield reconstruction results: original snapshot (a,b), wakefield reconstructed by SP-DMD with different number of modes
(c–h).
recovery. Whereas, for the Coriolis case, the most important mode for
wake recovery has a lower wavelength, and contributes to the wake
recovery with an energy entrainment which is twice as large as that of
the slightly less energetic modes. Moreover, in this last case, the peak
of energy entrainment is localized mostly in the near wake, and at a
lower radius than in the pressure gradient case, inducing a flatter wake
downstream, as currently observed in the presence of wind veer.

As previously mentioned, another main contribution of the present
work is the construction of an accurate reduced-order model of the
wake of wind turbines based on the DMD modes. Such a model incorpo-
rates the characteristics of the turbulence entering the boundary layer
and the potential influence of Coriolis acceleration. For a substantial
number of modes selected by the SP-DMD algorithm, large-scale and
small-scale vortex structures are both reconstructed with a high degree
of accuracy, with an error on the L2-norm of the velocity field of
only ≈ 5%. The latter structures are more susceptible to the choice
of the number of modes. Indeed, as the number of modes decreases,
the quality of reconstruction of these small-scale structures deteriorates.
The discrepancy between the reconstruction and the original dataset in-
creases as the number of modes in the reduced-order model decreases,
reaching for only 12 mode pairs an error of ≈ 10%. Overall, it is possible
to conclude that a reconstruction based on ≈ 70 DMD mode pairs is
appropriate to reproduce with sufficient accuracy (corresponding to an
error of 5–7%) the flow structure up to the small scales.

Through this in-depth study of the wake of a wind turbine under
two different inflow conditions, namely in the presence and absence
of a wind veer, it can be concluded that to achieve a realistic flow
reconstruction, in light of the aforementioned considerations, it is
advisable to incorporate the Coriolis force into a reduced-order model,
given that the spanwise component of the velocity exerts a significant
influence on the coherent structures generated by both the turbine
blades and the ABL.

Although in the present study we have considered an NREL 5MW
wind turbine, the effects of wind veer may be even stronger on larger-
rotor turbines, for instance, the 15MW or 22MW NREL reference wind
turbines, whose diameters are more than twice that of the considered
turbine. Our results show that, also for the considered turbine, the wind
veer due to the Coriolis force has a remarkable influence on the shape of
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the wake and on the dynamics of its coherent structures. Future work
will be dedicated to the analysis of larger wind turbines, such as the
NREL 15 MW wind turbine, and to interaction of multiple wind turbines
in the presence of wind veer.
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Appendix A. Validation for Coriolis

To most accurately represent an ABL with an attached wind veer,
the terms within Eq. (1) were deemed most appropriate for representing
the Coriolis effect and for handling the Ekman spiral via a PI controller.
This code modification was validated by comparison with the results
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Fig. A.1. Validation of the Coriolis forcing through comparison with Ref. [49]. The
curve obtained from the present code is the dash-dotted black line, whereas the red
one is the A3 curve of Fig. 3 of the above-mentioned paper.

presented in [49] and is illustrated in Fig. A.1. A comparison of the
results showed that there is no appreciable difference between the
results of the reference paper and those obtained from the in-house
code.

Appendix B. Supplementary data

Within the supplementary material, two videos are included, one for
each case under investigation (without and with the Coriolis effect),
showing the evolution of the wake by the Q-criterion colored by the
streamwise velocity. For each video, we provide first a visualization of
the wake flow as produced by LES and three reconstructed flow fields
constructed using a decreasing number of modes.

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ecmx.2024.100830.

Data availability

Data will be made available on request.
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