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Abstract
Energy communities are socially driven initiatives that emphasize collective participation
in energy production, distribution, and consumption. Differently from smart grids, which
focus on the infrastructural and technological side, energy communities are concerned
with the market and economical incentive design, aiming at guaranteeing a socially,
environmentally, and economically sustainable energy grid. Thus, the study of energy
communities is tightly intertwined with the analysis of the behavior that arises when
several agents are faced with conflicting needs and resource scarcity. Non-cooperative game
theory has proved to be a solid tool for tackling the challenge of optimally controlling
energy communities: this dissertation aims to contribute to the topic by addressing
aspects such as transactive market design, plug-in electric vehicles (PEVs) integration,
and learning-based decision-making.

In particular, the first part explores the economical and operational design of energy
communities from the transactive perspective. Such a term refers to relational patterns
between two or more agents that are based on “transactions”, i.e., on the exchange of
one or more commodities or services. Such a setup can be effectively studied under
the lens of game theory since any transaction, in order to be successful, requires two or
more parties to agree on the quantities to be exchanged. Energy markets are perfectly
suitable to be considered as transactive environments, because of the ubiquitous need
that agents have to exchange energy. In particular, the analysis focuses on the modelling
of energy communities with independent and selfish agents, as well as the subsequent
design of decentralized and distributed schemes for the equilibrium seeking of the arising
non-cooperative game.

Among the diverse actors that characterize the modern energy community, PEVs
are the ones that, in the last decade, have caused a consistent push towards a more
decentralized and dynamic energy market system. This is due to their inherent
unpredictability with respect to their energy demand, which serves the purpose of
recharging their batteries. Such a unilateral energy exchange gives rise to the V1G-based
energy market. However, being equipped with storage devices, PEVs can be considered
as non-static ESSs, which can be used by the grid operators for tasks such as voltage and
frequency regulation, but also by prosumers and actors that can experience temporary
energy surpluses. Such a bilateral exchange is captured by the V2B and – in the most
general sense – V2X protocols. The second part of this dissertation frames PEVs as
non-cooperative agents, which participate in the energy market with the aim of recharging
their batteries in the most economically efficient way, or providing temporary storage
service for a fee.

The two aforementioned research directions frame the agents in the energy community
as rational entities, whose prerogatives are described by an optimization problem
constituted by a certain cost function to minimize and operational constraints to satisfy.
Such an approach is reasonable when modelling a perfectly rational entity, e.g., control
systems that solely follow its instructions. However, as many grid actors are backed by
the decisions and actions made by people, the perfect “rationality assumption” becomes
unrealistic: people are often driven by habits and belief systems that do not necessarily
yield the “optimal” decisions. The third part collects the result of a work-in-progress
which aims at defining a learning-based equilibrium – and its related seeking methods –
where the agents’ behavior is not modelled by an optimization problem, where its objective
expresses some cost (utility) to minimize (maximize), but through a neural network. The
idea is to capture behavioral patterns on the basis of existing data, representing the
agents’ response to the environment and the other players’ strategies.
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Preface
This thesis is submitted in partial fulfilment of the requirements for the degree of
Philosophiae Doctor in Electrical and Information Engineering at the Politecnico di Bari.
This work was supported by the Italian Ministry of Research through PON “Ricerca e
Innovazione” 2014-2020, REACT-EU Azione IV.5: “Dottorati su Tematiche Green”.

The research presented in this dissertation was conducted at the Decision and Control
Laboratory of Politecnico di Bari, under the supervision of Profs. Mariagrazia Dotoli and
Raffaele Carli, between January 2022 and December 2024.

The content of the present dissertation is original; when using excerpts from other
literature sources, references are duly inserted. The majority of the content of the Thesis
comprises the research work that has been published, is in press, or is under review, where
I feature among the primary – i.e., first or second – authors. Professors Mariagrazia
Dotoli and Raffaele Carli feature as authors in all the publications referenced in this
Preface, where they mostly contributed during the modelling, conceptualization, and
proofreading, providing constant supervision and feedback over all the research literature
here referenced.

In introducing the topic of this Thesis, a review [1] and a book chapter [9], both
submitted for publication, have been partially used in Chapter , which serves as the
introduction of this work, providing the context of each Chapter, as well as describing
the conceptual subdivision of each Part of this dissertation. In particular, reference [9]
has been written in collaboration with Dr. Paolo Scarabaggio (Politecnico di Bari, Bari,
Italy).

Chapters 2 and 5 are based on [10] and [2], respectively, which have been developed
together with Dr. Juan Piazuelo-Martinez, Prof. Carlos Ocampo-Martinez (both from
UPC Barcelona, Barcelona, Spain), and Prof. Nicanor Quijano (UniAndes, Bogotá,
Colombia). They contributed to conceptualization and modelling phases, and provided
decisive support on the technical aspects of population games and evolutionary dynamics,
while I worked on the conceptualization, energy community model and the implementation
of the numerical results. Chapters 3 and 4 heavily rely on [11], [3], and [12], [4], where I
contributed on the several aspects of the articles in their entirety.

Finally, Chapters 6 and 7, based on [13] and [14] have been developed in collaboration
with Dr. Paolo Scarabaggio (Politecnico di Bari, Bari, Italy), where he mainly contributed
to the modelling and numerical results, while I worked on the final development of the
conceptualization of the learning-based approach and the subsequent equilibrium seeking
solutions.

An effort has been made with the aim of keeping the general notation consistent
throughout the Chapters. In order to ease the reading, each Chapter is equipped with its
own Notation paragraph, in order to preserve the locality of specific symbols employed
for the purposes of the Chapter at hand. Shorter proofs have been left as part of the
Chapters, while the longer ones have been deferred to Appendix A for the interested
reader.

Albeit my research project had its focus on multi-agent systems applications for energy
communities, I was fortunate enough to be left free to pursue “side quests”, spanning
photovoltaics [5], [15] and agrivoltaics [6], transportation [16] and logistic systems [17],
[7], games [8], variational inequalities [18], scientometrics [19], and diverse applications of
game theoretical methods [20].

The full list of research works is reported hereafter.
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Chapter 1

Introduction

I
The transition from wood and animal power to coal during the Industrial Revolution

marked a historical shift in energy consumption, driven by the need for more efficient and
scalable energy sources as economies industrialized. This transition laid the groundwork
for modern energy systems, where coal became the dominant energy source, facilitating
advancements in energy generation and transportation technologies [1]. The discovery
of oil and natural gas further transformed the energy landscapes, particularly in the
twentieth century, as these resources became integral to transportation and household
energy needs [2]. The last milestone in the evolution of the energy infrastructure is
constituted by the shift from the traditional heat/coal-based centralized systems to a
distributed and multi-source grid.

This is the current step where research and engineering efforts focus on ensuring a
smooth transition. In fact, among the several concerns affecting international decisions
for the medium-long term, the energy transition is one of the most discussed matters.
The effort that has been made [3], as well as the ones in fieri [4], principally aim
at the efficiency of the power grid, its reliability and, most importantly, its overall
environmental sustainability. The latter, in particular, regards one of the objectives of
net-zero greenhouse emissions by 2050. However, the desire of developing a greener and
clean grid infrastructure is not the only force pushing towards change. The proliferation
of cheaper and alternative generation sources, such as eolic and photovoltaic, is enabling
their adoption by both energy companies and private citizens, attracted by the grid-
independence, and consequent economic advantages, that those technologies bring [5].
Fully implementing such a transition project comes with numerous difficulties, both
research-wise and from a practical engineering standpoint, as it involves the simultaneous
advancements of a diverse, and often unrelated, knowledge domain.

Differently from the traditional "few-retailers to multiple-users" architecture, where
the main focus was put on the mere electrical design aspect, the modern paradigm
comprise multiple and diverse energy actors. The natural question, then, arises: how
do we coordinate them to ensure an operational feasible working state? Such a research
proposition sparked the interest of the control community on the matter of energy systems
[6]. Until this point, the control issues that were tackled regarded the more “classic”
problems of, e.g., stability and frequency control [7, Part 3]. Now, instead, the non-
centralized design of the grid introduces new challenges and problems: demand-side
management [8], pricing mechanisms [9], and market design [10] are just few of the issues
that can be effectively tackled through control and automation techniques. The common
denominator for all of those is the need of distributing a limited resource, i.e., energy,
among agents whose prerogatives are non-symmetrical, and are characterized by a more
or less extended degree of independence. Game theory provides the tools for analyzing
such a scenario, where the competitiveness and selfishness of the actors constituting the
modern energy grid is not non-negligible [11]. In the following, we explore the aspects at
the intersection of such topics, providing the needed context of this dissertation.

1.1 Energy Communities: the New Energy Infrastructure Paradigm
One of the fundamental landmarks in the evolution of the energy infrastructure was the
advent of the smart grid, whose earliest mentions in the scientific literature date back to
the early 2010s [12]. A smart grid can be described as an electric power grid infrastructure
that integrates digital technology to enhance the efficiency, reliability, and sustainability
of electricity supply. While the traditional grid structure comprises a central power

1
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retailer that feeds the network in a top-down approach, smart grids are comprised by i)
non-coal based energy sources, such as, e.g., photovoltaic, eolic, hydroelectric sources; ii)
intermittent energy sources and demands; iii) grid agents that are able to both feed from
the main grid, but also independently produce energy, possibly re-injecting surplus back
in the main grid. Such a description is not exhaustive, but it covers the main aspects that
differentiate smart grid from the older paradigm. The first two points are strictly related,
as the majority of renewable resources, albeit cleaner, suffer from the impossibility of
providing a constant output. This issues can be effectively tackled by the use of storage
system, capable of stocking energy during off-peak periods and releasing them when
the demand surpasses the generation. The third point highlights a fundamental aspect
of smart grids, i.e., the independence of grid actors equipped with local and private
production means. These are referred to as prosumers – from the crasis of producers and
consumers – and constitute the element that characterize the inherent dynamism of smart
grids. Like prosumers, PEVs are a further agent that is characterized by independence
and intermittent demand, instead of generation. The proliferation of PEVs in the modern
urban environment enriches the smart grid landscape, as their ever-growing numbers
makes satisfying their demand a non-trivial task.

Such a grid structure has been studied for more than a decade, and many successful
deployments prove the goodness of such concept. From the earliest implementations, such
as the Italian Telegestore [13], to the Smart Grid Project promoted by the American
Recovery and Reinvestment Act [14], they constitute a trend that is in continuous grow, as
witnessed by their market value [15]. During the last few years, a new conceptualization
has start to be investigated by the research community, which is commonly known as
energy community [16]. While they both represent innovative approaches to modernizing
energy systems, they bear differences in scope, functionality, and objectives. A smart
grid encompass the electrical infrastructure need to realize a grid network that reflects
the aforementioned description. In contrast, energy communities are socially driven
initiatives that emphasize collective participation in energy production, distribution, and
consumption. These communities often operate as a local, decentralized energy hub where
members collaborate to generate and share energy, frequently – but not solely – from
renewable sources [17]. Energy communities prioritize local empowerment, economic
benefits, and sustainability by encouraging citizen engagement and promoting energy
autonomy [18]. While smart grids focus on optimizing large-scale energy infrastructure
through technological advancements, energy communities center on fostering a cooperative
model of energy governance at the community level. Despite these differences, smart
grids and energy communities indeed complement each other: the integration of smart
grid technologies into energy communities can enhance their functionality if appropriate
mechanism design pattern are developed with the aim of improving the collective welfare
[19]. In other terms, smart grids provide the technical foundation that empowers energy
communities to thrive, demonstrating the potential for these two concepts to coexist
and mutually reinforce sustainable energy transitions. With respect to the well-known
sustainability pillars, energy communities delve into the social one by focusing on the
aggregate impact that the single agents have on the entire system. This is not merely
measured in terms of economic performance, but also with respect to crucial metrics such
as carbon emission, traffic congestion, and development indicators such as benessere equo
e sostenibile1. On such premises, it becomes evident that the traditional tools used to
study smart grids are not always suitable to tackle problems whose social component
often overpass the technological one.

1“Fair and sustainable welfare” is an index developed by ISTAT (Italian National Institute of Statistics)
and CNEL (National Council of Economy and Labour) to assess societal progress beyond traditional
economic measures like GDP. It incorporates social and environmental dimensions, highlighting the
importance of well-being and sustainability in evaluating quality of life.
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1.2 Selfishness, Robustness, and Rationality in Non-cooperative
Environments

A set of problems that are tangent to multiple disciplines, such as economics, behavioral
science, mathematics, and computer science deals with finding a solution to a situation
where two or more involved party make decisions that affect the outcome of the others.
More often than not, this kind of interaction brings unwanted effect to the other parties,
resulting in situation of conflict. The collective of tools, methods, and technique that
study such problems constitute the broad field of game theory. From the seminal work of
Nash in 1952 [20], important progresses have been made with the common goal of finding
ways to resolve scenarios where the decision of the players involved are intertwined. Such
a resolution is concretely sought by looking for equilibria, i.e., states where the all the
players do not change their strategy any longer. Albeit several equilibrium concepts have
been developed, the most employed and studied one is the NE. Informally, its states than
an equilibrium solution is reached when all agents’ best response stop deviating anymore.
The best response is the best solution each player can come up with, given the current
strategy all other players are taking. The reason that makes the NE the most popular
equilibrium concept is the inherent fundamental assumption that players always behave
selfishly. This pessimistic view of their behavior guarantees a certain degree of robustness,
as it accounts for the worst case for the collective well-being. Considering agents driven by
their best response also implies the former to be perfectly rational, i.e., capable of always
making the optimal choice, give the current circumstances. When modelling human
behavior, such an assumption becomes restrictive. Several alternatives set-ups, where the
players’ rationality is considered as “bounded”, exists; notable examples are evolutionary
games [21].

From its definition, it can be seen how equilbria in game theory are congruent to the
ones that are studied in the theory of dynamical systems. However, differently from those
where – even for strongly non-linear system – computational tools effectively come in
aid, determining (at least one) game equilibrium is (generally) a hard problem: in one of
the most famous results in the field it was shown to be NP-hard [22]. Moreover, not all
games have a NE: a typical elementary example is tic-tac-toe. Apart from side cases such
as potential games [23], where results for calculating Nash equilibria are available, the
current way to tackle such a problem is through the variational inequality theory [24].
Only game classes can be equivalently reformulated via such a theory; in the majority of
cases the available tools are “best efforts” methods. Some of them will be discussed in
the following Chapters, which consists of iterative methods whose convergence point can
be proved to be an equilibrium. Nonetheless, their characterization is somehow suitable
for networked applications, such as energy communities, as they allow, in some case,
distributed resolution schemes that do not require the central coordinators or computation
nodes.

1.3 Non-cooperative Game Theory for the Energy Community
Design and Operations

The previous Section provided a condensed panoramic on non-cooperative game theory, in
order to lay out the motivation of its adoption in the context of energy communities. As
discussed in Section 1.2, energy communities capture the more social aspect of the smart
grid infrastructure. Concretely, this resolves in the study of market structures, price
dynamics, and incentive mechanisms. The non-cooperative game-theoretical framework is
particularly suited for such a task. It is important to mention, however, that cooperative
frameworks have been employed in the energy community realm [25]. Here, the goal is
to construct a stable coalition of players, whose collective payoff is distributed through
a suitable characteristic function, in such a way that no player has any incentive to
leave their current coalition and join another [26]. The non-cooperative perspective is a
particular case of the non-cooperative one, where all coalitions are comprised by a single
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player. One of the downsides of extending the discussion to non-sigleton coalitions is the
inherent combinatorial complexity of finding stable coalitions [27]. The most employed
metrics for evaluating the nature of a coalition, e.g., the Shapely value and the nucleolus
[28], heavily rely on evaluations over sets of coalitions, which are inherently combinatorial
structures.

Since energy communities are dramatically affected by scalability requirements, such
an approach is not ideal. Albeit the variational tools mentioned in Section 1.2 do not
always capture the entire set of equilibria a general game has, they present desirable
properties when applied to networked systems, as in the case of the grid infrastructure.
First, it is generally desirable to maximize the amount of computation that can be
performed locally, i.e., by the grid agents themselves. This mainly serves three purposes:
i) it offers grid agents a certain degree of privacy [29], ii) it allows for scalable applications
by not burdening central computation nodes [30], and iii) it makes the community resilient
against failures [31]. The first point refers to the need for agents to exchange information
in order to allow the feasible operational state of the grid. This occurs since many grid
elements are affected by the collective of all the decisions agents make. A typical example
is the use of shared storage systems, where it must be ensured that the overall amount of
injected energy does not exceed its capacity. Either through peer-to-peer communication,
or by relying on a central aggregator, agents are compelled to make part of their decisions
public. Large amounts of data on energy consumption and production can map the
behavioral pattern of energy actors, possibly allowing malicious entities to exploit such
information to damage the single agent, as well as the entire grid [32]. When the exchange
of information is unavoidable, several techniques based on obfuscation and encryption have
been researched: notable examples that have been integrated into the game-theoretical
realm are differential privacy [33] and blockchain-based frameworks [34]. The second
point presents a further deleterious aspect of the centralization of information, i.e., the
burden that the computational nodes are loaded with. Due to the ubiquitous spread of
internet-of-things-based devices, the number of actors populating the energy community
reaches non-negligible numbers. In such a scenario, accentrating computational tasks
becomes a hardly efficient solution. Federated learning [35] is one of the possible solutions
that researchers in the machine-learning community adopt to localize the training process
– being the most computationally intense one – locally, i.e., on the devices living on the
edge. Equilibrium-seeking algorithms, especially when designed following the variational
framework, allow for concentrating most of the load on the agents themselves, reserving
only a smaller fraction to central nodes, if the algorithm at hand requires it. Closely
related to the previous one, the third point stresses the low tolerance to faults that
centralized systems have. When critical workload is concentrated in a single point of
failure, it becomes hard for the system to recover after a malfunction, affecting either the
node itself or the communication channels. Some recovery schemes have been developed,
most of them relying on quick algorithms that can select a new central node, in case
the existing one becomes unresponsive [36]. Such solutions, however, do not tackle the
problem at its root.

These three aspects that have been discussed so far constitute a further motivation
for the adoption of game-theoretical tools in the context of energy communities. Apart
from the need to characterize selfish and – to some extent – rational agents, architectural
and infrastructural needs can not be neglected, as they represent the first landmark
for ensuring the transition from purely researched ideas to concrete implementations.
Non-cooperative game theory does not act as a unifying tool for tackling all of those
issues, mostly because the energy community, with its underlying grid structure, is a
large collection of diverse subsystems, whose numerous combinations give rise to the
specific applicative case at hand. This dissertation collocates itself among the research
works that aim to develop frameworks for the optimal design and operation of energy
communities. In this context, the optimality refers to being able to simultaneously tackle
the open challenges so far discussed through the lens of non-cooperative game theory, from
capturing the social aspects of selfish behavior, to the privacy, scalability, and resilience
that the modern energy infrastructure requires.
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1.4 Contributions and Positioning of the Thesis
The content of this dissertation revolves around the application of non-cooperative game-
theoretical concepts to the operational and design aspect of energy communities, with a
particular focus on the market structure and the consequent interaction between all the
grids agents, that are considered as selfish agents, each one equipped with their own local
constraints to be satisfied and costs to be minimized.

These premises are the common denominator of the research directions that constitute
the baseline of this Thesis.

• Part I : the first Part of the dissertation explores the energy market under the
so-called transactive perspective, i.e., on the iteration between selfish agents whose
prerogatives are accomplished through the buying and selling of common goods,
i.e., energy.

• Part II : in this Part, we discuss PEVs, which are the energy community agents
that, among the others, are characterized by a challenging degree of dynamism, as
they represent intermittent loads for the grid operator, but also possible energy
buffer – when inactive – for prosumers.

• Part III : the last Part of the dissertation represents a work-in-progress on the
characterization of the energy communities’ agents as selfish actors with possibly
limited rationality, where we try to capture their behavior through neural networks
– instead of optimization problems – and characterize the subsequent learning-based
equilibrium.

The results presented in this Thesis represent the collection of the research work
carried out by the authors and published in as journal articles and conference proceedings,
as detailed in the Preface. The three main Parts that comprise the Thesis, as described
in the following.

1.4.1 Energy Communities’ Actors as Transactive Agents
The term transactive references a relational pattern, between two or more agents, that is
based on “transactions”, i.e., on the exchange of one or more commodities or services. It
can be noticed immediately how such a setup can be effectively studied under the lens
of game theory, since any transaction, in order to be successful, requires two or more
parties to agree on the quantities to be exchanged. Energy markets are perfectly suitable
to be considered as transactive environments, due to the ubiquitous need agents have
for exchanging energy. Part I explores this research direction, by investigating energy
community models whose operational equilibrium point can be efficiently through suitable
seeking algorithms.

Several works [37] modeled energy transactions among community members and a
single retailer as a GNEPs, but only considered constraint-based couplings and bipartite
graph topologies, where centralized coordination is needed to reach a feasible transaction
scheduling. Building on this, Chapter 2 generalizes to cost functions coupled through
aggregate price-dependent demands, arbitrary graph structures for transactions, and
multiple selfish energy retailers. A distributed algorithm based on Gauss-Seidel ADMM is
developed for GNE computation, with a reformulated two-block iterative process allowing
parallel execution. Sufficient conditions on cost and pricing functions ensure strong
monotonicity of the pseudo-gradient mapping, guaranteeing algorithm convergence and
practical design guidance for energy community management.

Chapter 2 considers both the commodity quantity and their prices as quantities to
be determined. However, in the current energy market structure, prices are generally
fixed – e.g., by contracts, – or can be represented as functions of the exchanged energy.
Such a scenario is discussed in Chapter 3, which introduces a novel transactive control
framework to optimize energy management and sharing within a community comprising
prosumers with unique demands and renewable generation, alongside service-oriented
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energy storage providers that store surplus energy for a fee. The control problem focuses
on scheduling energy activities through an economy-driven mechanism, enhancing supply
efficiency for prosumers while creating sustainable business models for storage providers.
An energy retailer, supplying conventional power, enables prosumers to trade energy with
the main grid. Using a game-theoretical formulation, the chapter defines both coordinated
and uncoordinated control schemes, suited to different communication architectures,
and validates them through numerical/simulations in realistic scenarios. Compared to
centralized methods, these approaches demonstrate superior computational performance.

1.4.2 Non-cooperative Plug-in Electric Vehicles for V1G and V2B
Among the diverse actors that characterize the modern energy community, PEVs are the
ones that, in the last decade, have caused a consistent push towards a more decentralized
and dynamic energy market system. This is due to their inherent unpredictability with
respect to their energy demand, which serves the purpose of recharging their batteries.
Such a unilateral energy exchange gives rise to the V1G-based energy market. However,
being equipped with storage devices, PEVs can be considered as non-static ESSs, which
can be used by the grid operators for tasks such as voltage and frequency regulation,
but also by prosumers and actors that can experience temporary energy surpluses. Such
a bilateral exchange is captured by the V2B and – in the most general sense – V2X
protocols. This Part frames PEVs as non-cooperative agents, which participate in the
energy market with the aim of recharging their batteries in the most economically efficient
way, or providing temporary storage service for a fee.

Building on such a premise, and leveraging the extensive data collected by modern
PEVs, this last aspect is investigated in Chapter 4. Here, a novel and scalable stochastic
MPC method is proposed to enable prosumers to leverage long-parked PEVs as energy
buffers, while simultaneously accommodating the charging needs of active PEVs. The
control problem is modeled as a GNEP, solved using variational inequality theory and
a distributed framework based on the ADALM, with proven sufficient conditions for
convergence. The proposed MPC framework is validated through numerical simulations
in realistic scenarios [38], [39].

Regarding the more traditional V1G framework, an innovative approach is introduced
in Chapter 5, Differently from the classical setup, which equips each agent with an
optimization problem to solve, here a novel hybrid event-triggered control system [40],
based on population dynamics [21], is proposed. The aim is to dynamically allocate power
to a fleet of PEVs supplied by a single ER with limited power. The proposed model-free
real-time control strategy ensures compliance with operational constraints and achieves
a stable equilibrium where all connected PEVs are fully charged, even under unknown
and nonlinear battery dynamics. Using precedence functions to represent economic and
performance indicators, the method seeks a NE in power allocation, enabling PEVs to
adjust charging rates based on designed incentives. Additionally, the hybrid system
accounts for practical events such as arrivals, departures, and charging completion. The
effectiveness of the strategy is demonstrated through a numerical case study involving
random PEVs’ arrivals, departures, and power needs.

1.4.3 Towards Behavioral Equilibrium Seeking in Energy Communities
So far, the two aforementioned research directions frame the agents in the energy
community as rational entities, whose prerogatives are described by an optimization
problem constituted by a certain cost function to minimize and operational constraints
to satisfy. Such an approach is reasonable when modelling a perfectly rational entity,
e.g., a control system that solely follows its instructions. However, as many of the grid
actors are backed by the decisions and actions made by people, the perfect “rationality
assumption” becomes unrealistic: people are often driven by habits and belief systems
which not necessarily yield the “optimal” decisions. This Part collects the result of a
work-in-progress which aims at defining a learning-based equilibrium – and its related
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seeking methods – where the agents’ behavior is not modelled by an optimization problem,
where its objective expresses some cost (utility) to minimize (maximize), but through a
neural network. The idea is to capture behavioral patterns on the basis of existing data,
representing the agents’ response to the environment and the other players’ strategies.

In particular, Chapter 6 begins by addressing the growing complexity of agents’
behavior and the practical need for convex cost functions to represent them. We integrate
the effectiveness of game-theoretic frameworks in resolving conflicts over shared resources
with the ability of DNNs to approximate complex agents’ behavior. Departing from
traditional approaches, we do not define cost functions as direct representations of agents’
goals, but instead use DNNs to approximate their response actions. Under a technical
assumption on DNN weights, we establish the existence and, with additional assumptions,
the uniqueness of an equilibrium. To compute equilibria, we propose two fixed-point
iteration algorithms and prove their convergence. These findings are applied to a non-
cooperative community of smart energy users operating under a dynamic time-of-use
pricing scheme.

The discussion in Chapter 6 serves the purpose of laying down the foundational
aspects of the learning-based equilibrium-seeking concept. A more hands-on perspective
is provided in Chapter 7 where, building on [41], a recursive multi-step learning-based
dynamical modeling framework is employed for controlling dynamic systems. By imposing
constraints on the NN structure and weights, the resulting model remains convex and
continuous, enabling its use in defining convex MPC problems. Unlike [42] and [43],
which rely on multi-shot predictions, our approach offers two key advantages: the
convexity of the MPC optimization problem eliminates issues with local minima, and the
simpler recursive multi-step architecture reduces the computational complexity of model
identification. Tested on a real-world smart HVAC system in Ballen Marina, Samso,
Denmark, the method effectively maintains room temperature within comfort constraints
while minimizing energy consumption.
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Chapter 2

A Game-Theoretical Control
Framework for Transactive Energy
Trading in Energy Communities

II

Abstract

Under the umbrella of non-cooperative game theory, we formulate a transactive
energy framework to model and control energy communities comprised of heteroge-
neous agents including (yet not limited to) prosumers, energy storage systems, and
energy retailers. The underlying control task is defined as a GNEP, which must be
solved in a distributed fashion. To solve the GNEP, we formulate a Gauss-Seidel-
type alternating direction method of multipliers algorithm, which is guaranteed to
converge under strongly monotone pseudo-gradient mappings. As such, we provide
sufficient conditions on the private cost and energy pricing functions of the com-
munity members, so that the strong monotonicity of the overall pseudo-gradient
is ensured. Finally, the proposed framework and the effectiveness of the solution
method are illustrated through a numerical simulation.

Contents
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 Notation and Preliminaries . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.4 The Proposed Approach . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.1 Introduction
As the advent of distributed energy resource technologies has increased the independence
of grid actors from central power providers [1], the problem of efficiently controlling the
overall operational apparatus has not yet thoroughly been solved. Renewable energy
sources, such as photovoltaic, eolic, and hydropower, have opened up the path to dynamic
energy communities, whose members (nodes) are not merely passive loads, but active
agents capable of steering the dynamics of the energy market, e.g., prosumers and energy
storage systems (ESSs) [2]. Given that market dynamics often stimulate selfish behaviors,
the community members can be modelled as non-cooperative agents characterized by
private objectives and operational constraints, which are tightly coupled to the decisions
of the remaining actors. Therefore, non-cooperative game theory [3] is a powerful tool
to model, design, and analyze energy communities, and the concept of GNE [4] yields a
reasonable solution for the underlying multi-agent decision-making task. Furthermore,
the modern architecture of energy communities, whose members are often geographically
distant, calls for non-centralized algorithmic approaches, able to take over the limitations
of centralized frameworks, such as low scalability and privacy weaknesses.

The problem of distributed GNE computation in multi-agent systems has recently
received significant attention [5]–[8], and its role in energy communities has been studied
both from the classical and evolutionary game theoretical perspectives [9]–[11]. In fact, in
our previous work [12], we formulate the control task of the energy community as a GNEP,
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where the agents’ decisions correspond to energy transactions between prosumers, ESSs,
and a single ER. Nonetheless, the modelling in [12] only considers inter-agent couplings
through the constraints and not through the private cost functions of the community
members, and the allowed energy transactions are ruled by a particular bipartite graph
topology.

Motivated by these previous works, in this Chapter, we extend the framework in [12]
to a more general energy market setup, where the community members have private cost
functions coupled with each other through the monetary price at which each member
sells its energy. Besides, these energy prices are allowed to be dependent on aggregate
demands, thus coupling the decisions of multiple community members. Moreover, the
inter-agent energy transactions and communication are ruled by an arbitrarily connected
and undirected graph, and we take in the (multiple) ERs as active participants in the
energy community, characterizing them with their own objectives to pursue selfishly.
To solve the underlying GNEP in a distributed fashion, we leverage the results in [8]
to formulate a Gauss-Seidel-type alternating direction method of multipliers (ADMM)
distributed GNE computation algorithm. Note that, although Gauss-Seidel-type methods
tend to converge faster than Jacobi-type ones [7], [8], the former requires ordered sequential
computations which would not suitably scale for large energy communities. To overcome
such a drawback, we reformulate the underlying GNEP in an equivalent form, and we solve
it following a two-block iterative process, i.e., energy transactions computation and energy
prices update, where each block can be executed in parallel over the energy community
regardless of the total number of members. Finally, as the main technical contribution, we
provide sufficient conditions on the private cost and energy pricing functions to ensure the
strong monotonicity of the overall pseudo-gradient mapping, which is in turn a sufficient
condition to guarantee the convergence of the considered ADMM-type algorithm. As such,
the provided sufficient conditions are useful in the management of energy communities,
as the cost and pricing functions can be designed to ensure convergence to a GNE.

2.2 Notation and Preliminaries
Let R, R≥0, R>0 denote the sets of real, non-negative real, and positive real numbers,
respectively. Let Z≥a be the set of integers not less than a ∈ Z≥1, and let B := {0, 1} be
the set of binary numbers. Given a set S = {1, 2, . . . , N}, with N ∈ Z≥2, and a set of
matrices Z1,Z2, . . . ,ZN , with Zi ∈ Rni×m, let

col (Zi)i∈S =
[︁
Z⊤

1 ,Z⊤
2 , . . . ,Z⊤

N

]︁⊤ ∈ R
(︁∑︁

i∈S
ni

)︁
×m

.

Namely, col(·)i∈S denotes the column stack operation ordered by the set S, and the
natural ordering of the elements in S is preserved in the concatenation. Similarly, for a set
of square matrices Z1,Z2, . . . ,ZN , we let diag(Zi)i∈S denote the (block) diagonal stack
operation ordered by the set S. Moreover, given any subset Ŝ ⊆ S, the natural ordering
of S is preserved in Ŝ and ϕŜ : Ŝ → {1, 2, . . . , |Ŝ|} yields the relative natural ordering
of the elements of Ŝ. Namely, if S = {1, 2, 3, 4, 5} and Ŝ = {2, 4, 5}, then ϕŜ(2) = 1,
ϕŜ(4) = 2, and ϕŜ(5) = 3. Given a symmetric matrix S, we let λmax (S) denote the
maximum eigenvalue of S, and S ⪰ 0 denotes that S is positive semi-definite. Throughout
the Chapter, ∥ · ∥ and ∥ · ∥∞ denote the Euclidean and infinity norms, respectively, and | · |
yields the cardinality when applied to a set. Operators ∇ and D yield the gradient and
Jacobian matrix when applied to differentiable scalar-valued and vector-valued functions,
respectively (we view gradients as column vectors by default). Besides, a subindex
is included to ∇ and D when specifying partial differentiation. Given a scalar-valued
function f : D → R and some θ ∈ R>0, we say that f(·) is θ-strongly convex if it holds
that g(z) = f(z)− (θ/2)z⊤z is convex for every z ∈ D. Given a vector-valued function
h : D → Rm with domain D ⊆ Rm, we say that h(·) is L-Lipschitz continuous if there exists
some L ∈ R>0 such that ∥h(z)− h (z̃)∥ ≤ L ∥z− z̃∥, for all z, z̃ ∈ D; we say that h(·) is
monotone if (h(z)− h (z̃))⊤ (z− z̃) ≥ 0, for all z, z̃ ∈ D; and we say that h(·) is µ-strongly
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Figure 2.1: Schematic overview of the energy transac-
tion between agents i and j at time t. For the trans-
action to be attainable, the agreement constraints
x̂ijt = x̌jit and x̌ijt = x̂jit must hold.

monotone if there exists a µ ∈ R>0 such that (h(z)− h (z̃))⊤ (z− z̃) ≥ µ ∥z− z̃∥2, for all
z, z̃ ∈ D. If h(·) is continuously differentiable, then a sufficient and necessary condition
for µ-strong monotonicity is that D h(z)+D h(z)⊤−2µIm ⪰ 0, for all z ∈ D. Throughout
the Chapter, In is the n× n identity matrix, 1n (0n) is the column vector with n ones
(zeros), 0n×m is the n×m matrix of zeros, and ⊗ denotes the Kronecker product. Finally,
U [a, b] is the uniform random distribution over [a, b] ⊂ R.

2.3 Problem Statement
Consider an energy community with N ∈ Z≥2 agents indexed by the set A = {1, 2, . . . , N}.
The interaction and communication among agents is characterized by the connected1 and
undirected graph G = (A, E), where the agents correspond to the nodes, and E ⊂ A×A is
the set of edges (by convention we assume that there are no self-loops, i.e., (i, i) /∈ E , for all
i ∈ A). If (i, j) ∈ E , then, we say that agents i, j ∈ A are neighbors and thus can interact
and communicate with each other, and since G is undirected, (i, j) ∈ E ⇔ (j, i) ∈ E .
Hence, we denote Ai = {j ∈ A : (i, j) ∈ E} as the set of neighbors of agent i, and we let
Ni = |Ai| (Ni ≥ 1 due to the connectivity of G).

In the considered energy community, every agent i ∈ A is allowed to trade energy with
its neighbors over T ∈ Z≥1 ordered time slots t1 < t2 < · · · < tT , where tk represents a
generic time slot and k ∈ T = {1, 2, . . . , T}. As such, for all (i, j, t) ∈ A × Ai × T , let
x̂ijt ∈ R≥0 denote the energy that agent i buys from agent j at time t, let x̌ijt ∈ R≥0
denote the energy that agent i sells to agent j at time t, and let pijt ∈ R≥0 denote the
monetary price at which agent i sells its energy to agent j at time t. An illustrative
overview is provided in Fig. 2.1. Clearly, for an energy trade to be attainable, it is
necessary that x̂ijt = x̌jit and x̌ijt = x̂jit, i.e., agents must agree on their energy exchanges.
Let z be a placeholder notation for either x̂, x̌, or p, and define the vectorization given by

zij = col (zijt)t∈T ∈ RT

zi = col (zij)j∈Ai
∈ Rni

z = col (zi)i∈A ∈ Rn

z−i = col (zji)j∈Ai
∈ Rni ,

(2.1)

where ni = TNi and n =
∑︁

i∈A ni. That is, the vectors x̂ij , x̌ij , pij , x̂i, x̌i, pi, x̂, x̌,
p, x̂−i, x̌−i, and p−i, are all constructed following the ordering in (2.1). Namely, x̂i

(x̌i) yields the energy that agent i buys from (sells to) its neighbors, x̂−i (x̌−i) yields
the energy that the neighbors of agent i buy from (sell to) agent i, and p−i yields the
energy selling prices that the neighbors of agent i offer to agent i. Under the considered
framework, every agent i ∈ A is thus responsible for computing its own decision (x̂i, x̌i,pi)
subject to the constraints given by

(x̂i, x̌i) ∈ Xi (2.2a)
x̂i = x̌−i (2.2b)
x̌i = x̂−i (2.2c)
pi ∈ Rni

≥0. (2.2d)

1If the graph were disconnected, then each connected component could be treated as a separate
energy community.
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Here, Xi ⊆ R2ni

≥0 defines the local energy-related constraint set of agent i, and the
constraints in (2.2b)-(2.2c) impose an agreement between neighboring agents regarding
their energy trades. Therefore, the decision of agent i is feasible only if (x̂i, x̌i,pi) ∈
Ωi (x̂−i, x̌−i)× Rni

≥0, with

Ωi (x̂−i, x̌−i) =
{︃

(x̂i, x̌i) ∈ Xi : x̂i = x̌−i

x̌i = x̂−i

}︃
.

Consequently, the set of feasible collective decisions for the entire energy community is
given by Ω× Rn

≥0, where

Ω =
{︄

(x̂, x̌) ∈
∏︂
i∈A
Xi : x̂ = Bx̌

}︄
.

Here, B = col (Bi)i∈A ∈ Bn×n, and Bi ∈ Bni×n is the (unique) matrix that satisfies
z−i = Biz, for any placeholder z ∈ {x̂, x̌, p} and all i ∈ A. More precisely, Bi has the
block structure given by Bi =

[︁
Bi1 Bi2 · · · BiN

]︁
, where

Bij =
{︃

0ni×nj
, if j /∈ Ai

Wij ⊗ IT , if j ∈ Ai,

and Wij ∈ BNi×Nj is the matrix that has a 1 at the (row = ϕAi
(j), column = ϕAj

(i))
position and a 0 elsewhere, i.e., Wij = eϕAi

(j)e⊤
ϕAj

(i), where ek is k-th column of In.

Remark 2.3.1
We highlight that matrix B is both symmetric and orthogonal, i.e., B = B⊤ and

B⊤B = In (thus, B defines an involution: BB = In). To show the first claim, note
that Bij = B⊤

ji, for all i, j ∈ A. For the second claim, observe that, by construction
and symmetry, all rows and columns of B are linearly independent, and each row and
column of B has exactly one non-zero element, which is equal to 1. Therefore, all the
rows and columns of B are orthonormal vectors.

Based on the considered framework, every agent i ∈ A computes its own decision
(x̂i, x̌i,pi) to simultaneously solve the optimization problems (OPs) given by

min
x̂i,x̌i

fi (x̂i, x̌i,pi,p−i) s.t. (x̂i, x̌i) ∈ Ωi (x̂−i, x̌−i) (2.3a)

min
pi

ρi

2 ∥pi − gi (x̂−i)∥2 s.t. pi ∈ Rni . (2.3b)

Here, fi : R4ni

≥0 → R is the local cost function of agent i, ρi ∈ R>0 is a weighting parameter,
and gi : Rni

≥0 → Rni

≥0 is the (non-negative) local pricing function of agent i. Note that the
unique solution of the OP in (2.3b) is pi = gi (x̂−i) and the constraint pi ∈ Rni

≥0 is enforced
by the co-domain of gi(·) (we define such a computation as an OP for convenience).
Hence, solving the OP in (2.3a) yields the energy transactions that agent i should execute
to minimize its operational costs fi(·, ·, ·, ·), whilst solving the OP in (2.3b) yields the
energy-selling prices of agent i. Besides, notice that for a single agent i the OP in (2.3a)
is coupled to the OP in (2.3b) through pi, while for multiple agents the OPs in (2.3) are
coupled to each other through x̂−i, x̌−i, and p−i. As such, simultaneously solving the
OPs in (2.3) for every agent i ∈ A is equivalent to solving the GNEP stated in Definition
2.3.1.
Definition 2.3.1

The GNEP for the energy community is to compute a collective decision (x̂∗, x̌∗,p∗) ∈
Ω× Rn

≥0 such that

fi

(︁
x̂∗

i , x̌
∗
i ,p∗

i ,p∗
−i

)︁
≤ fi

(︁
x̂i, x̌i,p∗

i ,p∗
−i

)︁⃦⃦
p∗

i − gi

(︁
x̂∗

−i

)︁⃦⃦2 ≤
⃦⃦
pi − gi

(︁
x̂∗

−i

)︁⃦⃦2
,
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for all (x̂i, x̌i) ∈ Ωi

(︁
x̂∗

−i, x̌
∗
−i

)︁
, all pi ∈ Rni

≥0, and all i ∈ A. Such a collective decision
(x̂∗, x̌∗,p∗) is termed as a GNE for the energy community.

Namely, the GNEP is the task of computing a GNE, which is a collective (feasible)
decision (x̂∗, x̌∗,p∗) where no agent can further decrease its local costs by unilaterally
deviating from the GNE. In that sense, a GNE is a self-enforceable agreement among the
energy community.

Throughout the Chapter, we impose Standing Assumption 2.3.1.
Assumption 2.3.1

For all i ∈ A, the functions fi(·, ·, ·, ·) and gi(·) are continuously differentiable,
fi(·, ·,pi,p−i) is (jointly) convex for every fixed (pi,p−i), and ∇x̂i

fi (x̂i, x̌i, ·, ·) and
∇x̌i

fi (x̂i, x̌i, ·, ·) are L̂i-Lipschitz continuous and Ľi-Lipschitz continuous for every
fixed (x̂i, x̌i), respectively. Moreover, the pseudo-gradient

q (x̂, x̌,p) =

⎡⎣ col (∇x̂i
fi (x̂i, x̌i,pi,p−i))i∈A

col (∇x̌i
fi (x̂i, x̌i,pi,p−i))i∈A

col (ρi (pi − gi(x̂−i)))i∈A

⎤⎦ ∈ R3n

is µ-strongly monotone. Finally, Ω is a closed convex set with a non-empty relative
interior.

Furthermore, in Proposition 2.3.1 we provide sufficient conditions on the functions
fi(·, ·, ·, ·) and gi(·) to guarantee the µ-strong monotonicity of the pseudo-gradient q(·, ·, ·).
Proposition 2.3.1

Suppose that every agent i ∈ A has functions fi(·, ·, ·, ·) and gi(·) of the form

fi (x̂i, x̌i,pi,p−i) = ψi (x̂i, x̌i) + p⊤
−ix̂i − p⊤

i x̌i

gi (x̂−i) = Qix̂−i + ri,
(2.4)

where ψi : R2ni

≥0 → R is twice continuously differentiable and θi-strongly convex in all
its arguments, Qi ∈ Rni×ni

≥0 , and ri ∈ Rni

≥0. Moreover, denote

θ = min
i∈A

θi, λ = max
i∈A

λmax
(︁
Q⊤

i Qi

)︁
,

and let ρi = ρ ∈ R>0, for all i ∈ A. If there exists a µ ∈ (0, ρ) such that

θ − µ ≥
max

{︁
2, ρ2λ̄

}︁
ρ− µ

, (2.5)

then the pseudo-gradient q(·, ·, ·) is µ-strongly monotone.

The proof is reported in Appendix A.1 We remark that (2.4) encompasses commonly
employed objectives and pricing schemas, where the former collects the local operational
costs, while the latter includes aggregative pricing functions as illustrated in Section 2.5.

In this Chapter, we focus on the so-called variational GNE (vGNE), which is a
particular type of GNE that can be linked to the solution of an underlying variational
inequality [13].
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Definition 2.3.2
A collective decision (x̂∗, x̌∗,p∗) is a vGNE if (x̂∗, x̌∗,p∗) ∈ SOL

(︁
Ω× Rn

≥0,q(·, ·, ·)
)︁
,

where SOL
(︁
Ω× Rn

≥0,q(·, ·, ·)
)︁

denotes the set of solutions of the variational inequality
VI
(︁
Ω× Rn

≥0,q(·, ·, ·)
)︁

defined as: find (x̂∗, x̌∗,p∗) ∈ Ω× Rn
≥0 such that

⎡⎣x̂− x̂∗

x̌− x̌∗

p− p∗

⎤⎦⊤

q (x̂∗, x̌∗,p∗) ≥ 0, ∀ (x̂, x̌,p) ∈ Ω× Rn
≥0.

Under Standing Assumption 2.3.1, it follows that there exists a unique vGNE for the
considered energy community [13, Theorem 2.3.3]. Besides, from [4, Theorem 3.9] it holds
that every vGNE is also a GNE (yet the converse is not true in general). Consequently,
computing a vGNE is sufficient to solve the GNEP of Definition 2.3.1.

We now proceed to describe the three types of agents we consider in the energy
community: ERs, prosumers, and ESSs. Nonetheless, we highlight that other types
of agents might also fit the considered framework, e.g., PEVs, and energy hubs. The
number of agents of each type and the topology of the graph G are arbitrary as long
as the non-emptiness of the feasible set Ω × Rn

≥0 is guaranteed according to Standing
Assumption 2.3.1.

Energy Retailers
ERs constitute the traditional power providers in centralized distribution networks,
being mainly characterized by thermal-based production plants, and thus able to serve
medium-to-large districts. Their presence is still relevant in the modern energy community
since they can provide almost-steady power throughput, and hence compensate for the
intermittent generation by renewable-based sources. Therefore, ERs are active grid agents,
collected in the set R ⊂ G, so that each ER i ∈ R is characterized by an outward energy
availability ǎit ∈ R≥0, i.e., the maximum aggregate energy that can be sold to the agents
in Ai at time t ∈ T , and a maximum inward energy availability âit ∈ R≥0, i.e., the
maximum aggregate energy that can be absorbed from neighboring agents in Ai at time
t ∈ T . As such, each ER’s local constraints set is given by

Xi =

⎧⎪⎪⎨⎪⎪⎩(x̂i, x̌i) ∈ R2ni

≥0 :
I2 ⊗ 1⊤

Ni
⊗ IT

[︃
x̌i

x̂i

]︃
≤
[︃
ǎi

âi

]︃
x̂ijt ≤ x̂ijt, x̌ijt ≤ x̌ijt

∀j ∈ Ai, t ∈ T

⎫⎪⎪⎬⎪⎪⎭ , (2.6)

for all i ∈ R, with âi := col(âit)t∈T and ǎi := col(ǎit)t∈T . Namely, the constraints set
in (2.6) ensure that the aggregate energy inflow and outflow of a ER do not exceed its
respective availability.

Prosumers
The backbone of the modern energy community is composed of prosumers, which are
grid agents equipped with their own means of generation in addition to their local
energy demand. Often, those private sources are renewable, e.g., eolic, photovoltaic,
or hydroelectric, with a gross power production capable of fulfilling domestic energy
requirements for industrial appliances. Hence, let us indicate the prosumer set with
P ⊂ A, with each i ∈ P being characterized by the difference between its local energy
generation and demand δit ∈ [δi, δi] ⊂ R. Namely, for δit = 0, the i-th prosumer is
capable of exact self-sustenance, while for δit > 0 and δit < 0, the i-th prosumer has
an energy deficit and surplus, respectively. Therefore, δi and δi indicate the maximum
demand and generation that prosumer i can attain, respectively. For every prosumer, its
interactions with its neighbors aim at ensuring its overall energy balance. Therefore, the
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i-th prosumer’s local constraints set is defined as

Xi =

⎧⎨⎩(x̂i, x̌i) ∈ R2ni

≥0 :
1⊤

Ni
⊗ IT (x̌i − x̂i) = δi

x̂ijt ≤ x̂ijt, x̌ijt ≤ x̌ijt

∀j ∈ Ai, t ∈ T

⎫⎬⎭ ,

with δi := col(δit)t∈T , and x̂ijt, x̌ijt ∈ R>0, for all i ∈ P. Here, x̂ijt and x̌ijt represent
local energy-transmission limits for prosumer i.

Energy Storage Systems
To take advantage of peak-generation periods, it is convenient to equip the grid with
ESSs. The task of ESSs is to provide energy reserves during low-generation time windows,
e.g., at night when referring to photovoltaic systems. Thus, let us define S ⊂ A as the
set of ESSs, with each i ∈ S characterized by a first-order dynamics of the form2

si(t+1) = αisit +
∑︂

j∈Ai

(︃
η̂ix̂ijt −

1
η̌i

x̌ijt

)︃
, (2.7)

where sit ∈ R≥0 is the total stored energy in the i-th ESS at time t, and αi, η̂i, η̌i ∈ (0, 1)
are the leakage coefficient, the charging efficiency, and the discharging efficiency,
respectively. Equivalently, given an initial stored energy si0 ∈ R≥0, and defining
x̂ij0 = x̌ij0 = 0, it follows that

sit (x̂i, x̌i) = αt
isi0 +

t∑︂
τ=1

αt−τ
i

∑︂
j∈Ai

(︃
η̂ix̂ijτ −

1
η̌i

x̌ijτ

)︃
.

In fact, for all times t ∈ T , it is required that 0 ≤ sit (x̂i, x̌i) ≤ si, where si ∈ R>0 is the
maximum storage capacity of the i-th ESS. Therefore, the local constraints set of the i-th
ESS is

Xi =

⎧⎨⎩(x̂i, x̌i) ∈ R2ni

≥0 :
0 ≤ sit(x̂i, x̌i) ≤ si

x̂ijt ≤ x̂ijt, x̌ijt ≤ x̌ijt

∀j ∈ Ai, t ∈ T

⎫⎬⎭ ,

where x̂ijt and x̌ijt represent local energy-transmission limits for the i-th ESS.

2.4 The Proposed Approach
To state our proposed approach to solve the GNEP in Definition 2.3.1, we reformulate
the OPs in (2.3) in an equivalent yet more convenient form. For all (i, j, t) ∈ A×Ai ×T ,
let yijt ∈ R be an auxiliary variable to be computed by agent i, and define yij , yi, y,
and y−i according to (2.1). By introducing constraint x̌ijt = yijt, constraints (2.2b)-
(2.2c) can be equivalently stated as the four constraints: x̂i = y−i, x̌−i = y−i, x̌i = yi,
and x̂−i = yi. As such, the decision of each agent i ∈ A now regards the tuple
(x̂i, x̌i,yi,pi) ∈ Ω̃i (y−i)× Φi (x̌i)× Rni

≥0, with

Ω̃i (y−i) = {(x̂i, x̌i) ∈ Xi : x̂i = y−i}
Φi (x̌i) = {yi ∈ Rni : yi = x̌i} .

On the other hand, the feasible set regarding such augmented decisions for the entire
energy community is given by Ψ× Rn

≥0, where

Ψ =
{︄

(x̂, x̌,y) ∈
∏︂
i∈A
Xi × Rn : x̂ = By

x̌ = y

}︄
,

2Note that higher-order dynamics for sit might be used, as long as the resulting Xi is closed and
convex.
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and by Standing Assumption 2.3.1 it holds that Ψ is a closed convex set with non-empty
relative interior.

For every i ∈ A, the OPs in (2.3) can then be equivalently redefined as

min
x̂i,x̌i

fi (x̂i, x̌i,pi,p−i) s.t. (x̂i, x̌i) ∈ Ω̃i (y−i) (2.8a)

min
yi,pi

ρi

2 ∥pi − gi (x̂−i)∥2 s.t. (yi,pi) ∈ Φi (x̌i)× Rni . (2.8b)

Note that in contrast to the OP in (2.3a), for a given agent i, the OP in (2.8a) is decoupled
from the decisions x̂−i and x̌−i of other agents, i.e., the inter-agent coupling in (2.8a) is
only due to variables p−i and y−i. Therefore, simultaneously solving (2.8a) for all i and
under a fixed pair (y′,p′) is equivalent to solving the OP given by

min
x̂,x̌

∑︂
i∈A

fi

(︁
x̂i, x̌i,p′

i,p′
−i

)︁
s.t. (x̂, x̌) ∈

∏︂
i∈A

Ω̃i

(︁
y′

−i

)︁
, (2.9)

which is separable over A. Similarly, the inter-agent coupling in (2.8b) is only obtained
through variable x̂−i. Thus, simultaneously solving (2.8b) for all i and under a fixed pair(︁
x̂′, x̌′)︁ is equivalent to solving the OP given by

min
y,p

∑︂
i∈A

ρi

2
⃦⃦
pi − gi

(︁
x̂′

−i

)︁⃦⃦2 s.t. (y,p) ∈
∏︂
i∈A

Φi

(︁
x̌′

i

)︁
× Rni , (2.10)

which is separable over A as well. Based on these observations, we remark that Gauss-
Seidel ADMM-type GNEP solving methods [8] can be applied to the OPs in (2.8) following
a three-block iterative scheme rather than iterating over the total number of agents.
Consequently, in this Chapter, we adapt [8, Algorithm 4.1] to our framework. Note that
[8, Algorithm 4.1] enjoys the simple structure of the celebrated ADMM algorithm, and as
a Gauss-Seidel-type method it tends to converge faster than its Jacobi-type counterpart
[7].

For every agent i ∈ A, let ûi ∈ Rni and ǔi ∈ Rni be the Lagrange multipliers
associated to the coupling constraints x̂i = y−i and x̌i = yi, respectively. Besides, define
û, ǔ ∈ Rn using the ordering in (2.1). Let k ∈ Z≥0 denote the iteration index, and let x̂k,
x̌k, yk, pk, ûk, and ǔk, denote the values of the corresponding optimization variables at
iteration k. Applying [8, Algorithm 4.1] to (2.9)-(2.10) yields the (sequential) updates
given by

(︂
x̂k+1, x̌k+1

)︂
= argmin

(x̂,x̌)∈X

{︄∑︂
i∈A

fi

(︁
x̂i, x̌i,pk

i ,pk
−i

)︁
+

[︃
ûk

ǔk

]︃⊤ [︃
x̂
x̌

]︃
+ γ1

2

⃦⃦⃦⃦[︃
x̂− x̂k

x̌− x̌k

]︃⃦⃦⃦⃦2

+ β

2

⃦⃦⃦⃦[︃
x̂−Byk

x̌− yk

]︃⃦⃦⃦⃦2
}︄ (2.11a)

(︁
yk+1,pk+1)︁ = argmin

(y,p)∈R2n

{︄∑︂
i∈A

ρi

2

⃦⃦⃦
pi − gi

(︂
x̂k+1

−i

)︂⃦⃦⃦2
−

[︃
ûk

ǔk

]︃⊤ [︃
By
y

]︃
+ γ2

2

⃦⃦⃦⃦[︃
y− yk

p− pk

]︃⃦⃦⃦⃦2

+ β

2

⃦⃦⃦⃦[︃
x̂k+1 −By
x̌k+1 − y

]︃⃦⃦⃦⃦2}︄ (2.11b)

[︃
ûk+1

ǔk+1

]︃
=
[︃
ûk

ǔk

]︃
+ β

[︃
x̂k+1 −Byk+1

x̌k+1 − yk+1

]︃
, (2.11c)
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where X =
∏︁

i∈A Xi, and γ1, γ2, β ∈ R>0 are constant parameters of the algorithm. Now,
note that (2.11b) has the closed-form solution given by

yk+1 = 1
γ2 + 2β

(︂
βBx̂k+1 + βx̌k+1 + γ2yk + Bûk + ǔk

)︂
pk+1 = (P + γ2In)−1

(︃
col
(︂
ρigi

(︂
x̂k+1

−i

)︂)︂
i∈A

+ γ2pk

)︃
,

with P = diag (ρiIni
)i∈A ∈ Rn×n

≥0 . Thus, using the facts that Bz = col (z−i)i∈A, B = B⊤,
and B⊤B = In (c.f., Remark 2.3.1), the updates in (2.11) yield our proposed Algorithm
1, where we have defined vk

i :=
(︂

x̂k
i , x̌

k
i ,yk

i ,yk
−i,pk

i ,pk
−i, û

k
i , ǔ

k
i

)︂
and

hi

(︁
x̂i, x̌i,vk

i

)︁
= fi

(︁
x̂i, x̌i,pk

i ,pk
−i

)︁
+
[︃

ûk
i

ǔk
i

]︃⊤ [︃
x̂i

x̌i

]︃
+ γ1

2

⃦⃦⃦⃦[︃
x̂i − x̂k

i

x̌i − x̌k
i

]︃⃦⃦⃦⃦2

+ β

2

⃦⃦⃦⃦[︃
x̂i − yk

−i

x̌i − yk
i

]︃⃦⃦⃦⃦2

. (2.12)

Algorithm 1: ADMM Distributed GNE computation
1 Set parameters γ1, γ2, β ∈ R>0.
2 Initialize x̂0

i , x̌
0
i ,y0

i ,p0
i , û

0
i , ǔ

0
i ∈ Rni

≥0, ∀i ∈ A.
3 Every agent i ∈ A receives yk

−i, pk
−i, and computes:(︂

x̂k+1
i , x̌k+1

i

)︂
= argmin

(x̂i,x̌i)∈Xi

{︁
hi

(︁
x̂i, x̌i,vk

i

)︁}︁
4 Every agent i ∈ A receives x̂k+1

−i , x̌k+1
−i , ûk

−i, ǔk
−i, and computes:

yk+1
i =

βx̂k+1
−i + βx̌k+1

i + γ2yk
i + ûk

−i + ǔk
i

γ2 + 2β

pk+1
i =

ρigi

(︂
x̂k+1

−i

)︂
+ γ2pk

i

ρi + γ2

ûk+1
i = ûk

i + β
(︂

x̂k+1
i − ωi

)︂
ǔk+1

i = ǔk
i + β

(︂
x̌k+1

i − yk+1
i

)︂
,

with ωi = βx̂k+1
i

+βx̌k+1
−i

+γ2yk
−i+ûk

i +ǔk
−i

γ2+2β .
5 If the termination criterion is met, then stop. Otherwise, update k ← k + 1 and

go back to Step 3.

The effectiveness of Algorithm 1 is certified by Corollary 2.4.1, which provides sufficient
conditions to guarantee its asymptotic convergence to a GNE of the energy community.
Corollary 2.4.1

If γ1, γ2, β ∈ R>0 and

γ2 >
1
µ

(︄
4β2 +

∑︂
i∈A

(︂
L̂

2
i + Ľ

2
i

)︂)︄
,

then the iterations of Algorithm 1 converge strongly to the unique vGNE of the GNEP
of Definition 2.3.1. That is, as k → ∞, it holds that

(︂
x̂k, x̌k,pk

)︂
→ (x̂∗, x̌∗,p∗),
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where (x̂∗, x̌∗,p∗) is a GNE.

Proof. Note that under Standing Assumption 2.3.1, the augmented pseudo-gradient
q̃(x̂, x̌,y,p) =

[︁
q(x̂, x̌,p)⊤,0⊤

n

]︁⊤ is monotone in all the variables, and µ-strongly
monotone in (x̂, x̌,p). Thus, the result follows from [8, Theorem 4.6].

The input of Algorithm 1 regards the (arbitrary) initial values (x̂0, x̌0,y0,p0, û0, ǔ0),
and its output corresponds to the optimal values (x̂∗, x̌∗,y∗,p∗, û∗, ǔ∗), such that
(x̂∗, x̌∗,p∗) is a GNE for the energy community. Observe that the computational effort
of Algorithm 1 lies primarily in Step 3, which requires each agent to solve a local OP.
Nonetheless, due to Standing Assumption 2.3.1 such OPs are both smooth and strongly
convex, and thus can be readily solved locally by each agent using numerical tools as [14].
Finally, note that Algorithm 1 is indeed distributed, as each agent i ∈ A computes its
own variables using local information obtained by communicating with its neighbors, and
only two rounds of communication are required per each iteration of the algorithm.

2.5 Numerical Results
In this section, we illustrate the proposed framework through a numerical simulation over
a 24 hours period, i.e., T = 24. As such, consider an energy community comprised of 2
ERs, 9 prosumers, and 3 ESSs, i.e., N = 14. Without loss of generality, we set

fi (x̂i, x̌i,pi,p−i) = χi ∥x̂i + x̌i∥2 + p⊤
−ix̂i − p⊤

i x̌i

gi (x̂−i) = νi

Ni
1Ni ⊗ col

⎛⎝∑︂
j∈Ai

x̂jit

⎞⎠
t∈T

,

for all i ∈ A. Here, χi, νi ∈ R>0 are constant parameters. Note that fi(·, ·, ·, ·) regards
quadratic energy-transmission-related costs, weighted by χi, while the considered pricing
function gi(·) corresponds to a linear map on the averaged aggregate energy request
of the neighbors of agent i, weighted by νi. In fact, such a pricing function can be
rewritten as gi(x̂−i) = Qix̂−i, with Qi = (νi/Ni)

(︁
1Ni

1⊤
Ni

)︁
⊗ IT . Thus, Q⊤

i Qi = νiQi,
and λmax

(︁
Q⊤

i Qi

)︁
= ν2

i . Hence, the considered functions fit the setup of Proposition 2.3.1
with θ = 2 mini∈A χi and λ = maxi∈A ν

2
i . For simplicity, for our numerical experiments

we set ρi = 1, and we randomly sample χi ∼ U [1.5, 2] and νi ∼ U [0.5, 1], for all i ∈ A.
Therefore, (2.5) simplifies to θ ≥ µ + (2/(1− µ)). Since θ ≥ 3, it follows that (2.5) is
satisfied with µ = 0.26. Finally, note that for the considered functions it follows that
L̂i = Ľi = 1.

Regarding the graph G, we consider a random undirected topology plus a star graph
with an ER as the central node. An illustration of the network is reported in Fig. 2.2.

For the agents’ parameters, we sample x̂ijt, x̌ijt ∼ U [4, 6] kWh, âit, ǎit ∼ U [50, 80]
kWh, δit = Git − Dit where G ∼ N [T/2, σi] kWh represents the energy generation
(with σi ∼ U [0, 2]), and D ∼ U [0, 2] kWh represents the demand, si ∼ U [20, 30] kWh,
sij0 ∼ U [0, si/Ni] kWh, and αi, η̂i, η̌i ∼ U [0.95, 0.98], for all the corresponding i ∈ A,
j ∈ Ai, and t ∈ T . Nonetheless, we numerically check that Ω is non-empty so that
Standing Assumption 2.3.1 holds. Moreover, although the simulation data is synthetic,
Git follows the typical bell-shaped curve of photovoltaic generation so that the obtained
results follow plausible trends.

Finally, regarding the parameters of Algorithm 1, we let γ1 = β = 0.5, and we set
γ2 = 112. Thus, the sufficient condition of Corollary 2.4.1 is satisfied and the convergence
of Algorithm 1 to the unique GNE of the energy community is guaranteed. In fact, Fig.
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Figure 2.2: The energy trading network considered
for the numerical examples (edges enable both
communication and trading). The grid is composed
by 2 retailers (red), 8 prosumers (green), and 3 ESSs
(blue).
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Figure 2.4: Net aggregate energy flow for ERs (red,
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2.3 depicts the evolution of the performance metrics

m1[k] =

⃦⃦⃦
x̂k −Bx̌k

⃦⃦⃦
∞⃦⃦

x̂1 −Bx̌1⃦⃦
∞

, m2[k] =

⃦⃦⃦⃦
⃦⃦
⎡⎣ x̂k − x̂∗

x̌k − x̌∗

pk − p∗

⎤⎦⃦⃦⃦⃦⃦⃦
∞⃦⃦⃦⃦

⃦⃦
⎡⎣ x̂1 − x̂∗

x̌1 − x̌∗

p1 − p∗

⎤⎦⃦⃦⃦⃦⃦⃦
∞

,

where (x̂∗, x̌∗,p∗) is the unique GNE of the energy community. Namely, metric m1[k]
measures the satisfaction of the agreement constraints in (2.2b)-(2.2c), for all i ∈ A, while
m2[k] yields the infinity-norm distance to the GNE (both metrics are normalized over
the first iteration’s results). That is, if m1[k] = 0, then the computed energy transactions
at iteration k are attainable over the energy community and if m2[k] = 0, then the
computed solution at iteration k is a GNE for the energy community. As shown, in Fig.
2.3, the selected metrics indeed converge asymptotically to 0, verifying the effectiveness
of Algorithm 1.

Figure 2.4 reports the net aggregate energy flow of the ERs and ESSs. These aggregate
flows represent the total collective amount of energy sold (bought) to (from) the ERs,
and the amount of energy injected (drawn) to (from) the ESSs, respectively. The two
curves in Fig. 2.4 have the same shape due to the shared cyclicity of the renewable source,
which reaches its peak during the middle of the day.
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2.6 Conclusions
In this Chapter, we have formulated an energy transactive framework to model energy
communities comprised of (but not limited to) prosumers, energy storage systems, and
energy retailers. The underlying control task is formulated as a so-called GNEP, and a
distributed Gauss-Seidel-type alternating direction method of multipliers algorithm is
devised to solve it. Furthermore, sufficient conditions on the local cost and energy pricing
functions are provided, so that the convergence of the algorithm is guaranteed.

References
[1] Akorede, M. F., Hizam, H., and Pouresmaeil, E., “Distributed energy resources and

benefits to the environment,” Renewable and Sustainable Energy Reviews, vol. 14,
no. 2, pp. 724–734, 2010.

[2] Jarventausta, P., Repo, S., Rautiainen, A., and Partanen, J., “Smart grid power
system control in distributed generation environment,” Annual Reviews in Control,
vol. 34, no. 2, pp. 277–286, 2010.

[3] Osborne, M. J., An introduction to game theory. Oxford University Press New York,
2004, vol. 3.

[4] Facchinei, F. and Kanzow, C., “Generalized Nash equilibrium problems,” Annals of
Operations Research, vol. 175, no. 1, pp. 177–211, 2010.

[5] Yi, P. and Pavel, L., “Distributed generalized Nash equilibria computation of
monotone games via double-layer preconditioned proximal-point algorithms,” IEEE
Transactions on Control of Network Systems, vol. 6, no. 1, pp. 299–311, 2019. doi:
10.1109/TCNS.2018.2813928.

[6] Belgioioso, G., Yi, P., Grammatico, S., and Pavel, L., “Distributed generalized Nash
equilibrium seeking: An operator-theoretic perspective,” IEEE Control Systems
Magazine, vol. 42, no. 4, pp. 87–102, 2022.

[7] Borgens, E. and Kanzow, C., “A distributed regularized Jacobi-type ADMM-method
for generalized Nash equilibrium problems in Hilbert spaces,” Numerical Functional
Analysis and Optimization, vol. 39, no. 12, pp. 1316–1349, 2018.

[8] Borgens, E. and Kanzow, C., “ADMM-type methods for generalized Nash
equilibrium problems in Hilbert spaces,” SIAM Journal on Optimization, vol. 31,
no. 1, pp. 377–403, 2021. doi: 10.1137/19M1284336.

[9] Wang, Z., Liu, F., Ma, Z., et al., “Distributed generalized Nash equilibrium seeking
for energy sharing games in prosumers,” IEEE Transactions on Power Systems,
vol. 36, no. 5, pp. 3973–3986, 2021. doi: 10.1109/TPWRS.2021.3058675.

[10] Mignoni, N., Carli, R., and Dotoli, M., “Distributed noncooperative mpc for energy
scheduling of charging and trading electric vehicles in energy communities,” IEEE
Transactions on Control Systems Technology, 2023.

[11] Martinez-Piazuelo, J., Quijano, N., and Ocampo-Martinez, C., “Decentralized
charging coordination of electric vehicles under feeder capacity constraints,” IEEE
Transactions on Control of Network Systems, vol. 9, no. 4, pp. 1600–1610, 2021.

[12] Mignoni, N., Scarabaggio, P., Carli, R., and Dotoli, M., “Control frameworks for
transactive energy storage services in energy communities,” Control Engineering
Practice, vol. 130, p. 105 364, 2023.

[13] Facchinei, F. and Pang, J.-S., Finite-dimensional variational inequalities and
complementarity problems. Springer, 2003, vol. 1.

[14] Agrawal, A., Verschueren, R., Diamond, S., and Boyd, S., “A rewriting system
for convex optimization problems,” Journal of Control and Decision, vol. 5, no. 1,
pp. 42–60, 2018.

22

https://doi.org/10.1109/TCNS.2018.2813928
https://doi.org/10.1137/19M1284336
https://doi.org/10.1109/TPWRS.2021.3058675


Chapter 3

Control Frameworks for Transactive
Energy Storage Services in Energy
Communities

III
Abstract

Recently, the decreasing cost of storage technologies and the emergence of economy-
driven mechanisms for energy exchange are contributing to the spread of energy
communities. In this context, this Chapter aims to define innovative transactive
control frameworks for energy communities equipped with independent service-
oriented energy storage systems. The addressed control problem consists of optimally
scheduling the energy activities of a group of prosumers, characterized by their
demand and renewable generation, and a group of energy storage service providers,
able to store the prosumers’ energy surplus and, subsequently, release it upon
a fee payment. We propose two novel resolution algorithms based on a game
theoretical control formulation, a coordinated and an uncoordinated one, which can
be alternatively used depending on the underlying communication architecture of
the grid. The two proposed approaches are validated through numerical simulations
of realistic scenarios. Results show that the use of a particular framework does not
alter fairness, at least at the community level, i.e., no participant in the groups
of prosumers or providers can strongly benefit from changing its strategy while
compromising others’ welfare. Lastly, the approaches are compared with a centralized
control method showing better computational results.
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3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.1 Introduction
A powerful solution contributing to the green transformation of modern power systems is
represented by the so-called energy community [1]. The term denotes a community of
users (private, public, or mixed) located in a specific reference area, where all stakeholders
– such as end-users (e.g., citizens, companies, etc.), market players (e.g., utilities, service
providers), practitioners, planners and policy-makers – actively cooperate to develop
a ‘smart’ energy system. More specifically, these communities promote the optimal
exploitation of renewable sources and the widespread use of distributed storage while
enabling the application of measures oriented to cost-effectiveness, sustainability, and
reliability [1]–[3]. In the last years, community action on the use of renewable energy has
increased remarkably, pushed by several energy-efficiency initiatives as well as financial
incentives [4], [5].

Fostered by the decreasing cost of storage technologies and emerging mechanisms
of energy exchange and sharing, a viable solution to attain self-consumption of on-site
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production is represented by the use of energy storage systems (ESSs) that are valuable
resources of the community at the local level [6]. The use of ESSs allows users to create
energy arbitrage by discharging during price peaks and charging during off-peak periods
if a variable energy price is considered [7], [8]. In addition, ESSs contribute to the overall
resilience of the energy community when facing systematic failures or natural disasters [9].
Moreover, ESSs guarantee stability and power quality when uncertain renewable energy
sources, such as wind power and photovoltaic, highly influence the energy community
[10], [11]. Nevertheless, the full penetration of ESSs presents various challenges. Due to
economic and logistic reasons, the deployment of an individual ESS for each prosumer
is not always a viable option. Conversely, sharing ESSs among prosumers or relying on
energy storage services innovatively offered by providers is a widespread solution in energy
communities [12], [13].

Among the most popular methods, the transactive control techniques are especially
suitable to address the issues related to energy storage sharing sustainably and reliably [14].
Indeed, transactive energy management methods incorporate powerful economy-driven
control mechanisms for effectively coordinating and trading energy flows among the actors
of microgrids and energy communities [15]. Differently from peer-to-peer (P2P) energy
trading, which suffers from sustainability issues (if a prosumer sells energy to another one,
the former gains an economical bonus, but it is not guaranteed that the latter will be
able to provide energy to the former when needed: in such a case, the prosumer lacking
energy will be forced to resort to the retailer [16]), the deployment of energy storage
services continuously guarantee that the amount of stored energy is available for future
use, injecting back energy sourced from renewable means.

In this context, this Chapter aims to define innovative transactive control frameworks
to optimally manage and share energy within a community with multiple and independent
service-oriented energy storage systems. In particular, the considered energy community
comprises prosumers, characterized by their own demand and renewable generation,
and energy storage service providers, able to store the prosumers’ energy surplus and
subsequently release it upon a fee payment. The addressed control problem consists
of optimally scheduling the energy activities of prosumers and providers, relying on an
economy-driven mechanism, to make the prosumers’ energy supply more efficient while
creating a sustainable and profitable business model for storage providers. In order to
guarantee a solution to the problem, an energy retailer, characterized by conventional
power generation, allows prosumers to buy/sell energy from/to the main grid. The novel
proposed resolution algorithms are based on a game theoretical control formulation of
the transactive energy storage management problem. In particular, a coordinated and
an uncoordinated control scheme are defined, to be alternatively used depending on the
underlying communication architecture of the grid. The two proposed approaches are
validated through numerical simulations of realistic scenarios. Lastly, the approaches are
compared with a centralized control method showing better computational results.

3.1.1 Related Works
The traditional approach in utilizing energy resources relies on the individual distributed
framework, in which an individually-owned resource is installed for each user separately
[17]. Due to the logistic and cost inefficiency of such a framework, and the spread of energy
community initiatives, recent studies suggest the sharing strategy for the utilization of
key components such as ESSs to fully exploit their potentials [18]. However, no unifying
framework has been proposed in the face of several access schemes based on the paradigms
of physical/financial rights and resource capacity/energy sharing [19]. A comprehensive
review of the design and application of shared ESSs is provided in [20]. In such a paper,
authors provide an architectural classification of shared ESSs, categorized into private,
interconnected, common, and independent ESS solutions. Private and interconnected
ESSs, which contemplate the presence of one ESS per user, are a highly inefficient solution,
due to high infrastructural and maintenance costs as well as the necessity of a dedicated
physical space [20]. For these reasons, researchers are focusing on both the alternatives of
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common and independent ESSs. The former type of ESS consists of a ESS block that
can be simultaneously accessed by multiple users. Control strategies for this architecture
include formulations as resource allocation problem [21] and aggregator-based management
[22]. Conversely, in the independent ESS architecture, storage devices are independently
managed by profit-driven operators. Thus, the necessity of designing an adequate market
mechanism for handling the interactions between ESS operators and users is necessary.
For instance, authors in [23] propose a market framework considering the ESS operator
as a stand-alone agent that evaluates the optimal storage trading strategy. In [24], a
Stackelberg game-based energy trading strategy is developed for minimizing the energy
cost in a neighborhood area with an independent shared ESS.

Many of the common and independent ESS applications fall in the realm of the sharing
economy (SE) business model (also known as access economy), which has been growing
in popularity in the last decade. Companies such as Airbnb and Uber are just two of the
numerous examples of this economic paradigm. In [25] the opportunities arising from
adopting SE models in energy communities have been explored. In particular, the authors
consider a collection of firms that invest in ESS to arbitrage against variable energy prices
and share the surplus of their stored energy. Authors in [26] show that applications of
SE paradigms in ESS are an economically attractive solution for both ESS operators as
well as ESS investors. In [27] the potential of shared ESS for a neighborhood area is
demonstrated, in which residents are able to dynamically optimize the energy load of
the storage level to minimize their electricity costs. Regarding control schemes of SE
applications of ESS, authors in [28] explore different market design options based on
cooperative and non-cooperative game-theoretic models, showing that SE reduces the
cost volatility for most users while keeping the community operational costs unchanged.
Among the different SE-based implementations of shared ESS, two promising concepts
are the Virtual ESS (VESS) [29], [30] and the Cloud ESS (CESS) [31], [32]. The VESS
is inspired by the Virtual Power Plant (VPP) concept. VPPs work as aggregators of
coordinated distributed energy sources, to optimize the energy supply. Similarly, the
VESS concept is based on integrating different distributed ESSs, to create a virtual
single storage system, able to serve users in the network. In [33], an agent-based ESS
management system is proposed for allowing the integration of storage devices into a
VESS. Authors in [34] investigate the value of merchant-owned ESS in the day-ahead
electricity market, developing an offering strategy for operating and optimizing the virtual
storage plant constructed by merging the merchant-owned ESS units. In [35], a two-stage
optimization model for VESS sharing is studied, where, in the first phase, the investment
and pricing for the storage capacity are determined by the aggregator. In contrast, the
purchase of virtual capacity is performed by the users during the second phase. As for the
CESS, the originating idea is borrowed from cloud computing in computer science, where
distributed machines are coordinated to provide data storage and computational power
efficiently and readily. CESS adopts the same concept for ESS, differing from VESS in
terms of size, since CESS applications are meant to reach grid-scale energy markets. In
[31], the authors propose the concept of CESS which is constructed by centralizing ESS
resources. The same authors also demonstrate the benefits of CESS by investigating the
investment and operating decisions of both the CESS coordinator and the consumers [36].
Regarding the control mechanisms for CESS, peer-to-peer energy sharing and coordination
mechanisms are designed in [32] in order to make the penetration of renewable energy
sources more effective.

3.1.2 Contributions
From the above literature review, it follows that the majority of studies on multiple ESS
sharing focuses on the economy-driven control mechanisms that enable the interaction
between the users and ESS operators. Despite the rich state of the art on energy storage
services and management, very few research studies pay attention to crucial operational
aspects of the adopted transactive mechanism. In fact, to allow the large-scale deployment
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Figure 3.1: Energy community model: an
overview of distribution lines and transactive
layer. Dashed lines represent the economic
transactions allowed between the involved ac-
tors. For instance, in the figure, prosumer
1 negotiates with providers 1, 2, and S (i.e.,
A11 = 1, A12 = 1, A1S = 1); prosumer 2 ne-
gotiates with providers 2 and S (i.e., A22 = 1,
A1S = 1); prosumer P negotiates with providers
1 and S (i.e., AP 1 = 1, AP S = 1).

of VESSs or CESSs, challenges such as practical effectiveness, computational efficiency,
scalability, and privacy are obviously of primary importance.

Differently from the reviewed works, the contributions of this Chapter can be
summarized as follows.

• We define a transactive energy management model, characterized by limited
information sharing and a scalable communication architecture, which includes
two groups of participants, namely, the energy storage service providers and the
energy community prosumers (intended as customers of the energy storage service).
Thanks to its scalability, the proposed approach can be implemented more efficiently
than contributions [23], [24], where only a single ESS can be handled. Moreover,
differently from [32], where the ESS is considered ideal, in our work we employ a
realistic model, which accounts for energy losses.

• Differently from most approaches, such as [27], [31], that consider only a central
coordinator managing all the different aspects of the energy community, we also
propose a non-coordinated and fully distributed control architecture. However,
we do not employ cooperative frameworks, such as [32], that cannot fully capture
the real market interactions, or non-cooperative ones that are computationally
demanding [28]. In fact, we develop uncoordinated and coordinated distributed
control frameworks, which reach an overall economic performance close to the
optimal centralized global formulation, whose implementation is in turn impractical
for service-based solutions and is unfeasible from a computational point of view.

• Moreover, we avoid straightforward investments analysis act to guarantee economic
feasibility such as in [25], [26], but we fully analyze the proposed approach from
an operational point of view, ensuring the feasibility of the underlying business
model arising from the prosumer-provider interactions, by simulating the latter on
real-case scenarios.

• Lastly, we compare the results of the optimal centralized global formulation, like
in [35], with the ones of our frameworks. We show a considerable saving in
the computational effort by our approaches, with minimal loss on the economic
performance.

3.2 The Energy Community Model
Let us introduce some basic notation used throughout the rest of the paper. R and
R≥0 denote the set of real and positive real numbers, respectively. N denotes the set of
natural numbers. A⊤ denotes the transpose of matrix A. ∥a∥ is the 2-norm of vector
a. Moreover, for a set N := {1, ..., i, ..., N} ⊂ N we have that x := (xi)i∈N is equal to
x := (vec(x1)⊤, ...., vec(xn)⊤, ..., vec(xN )⊤)⊤ where vec(·) is the vectorization operator.

In this Section, we describe the proposed energy community model, shown in Fig. 3.1,
which includes several independent actors. In particular, we formally define the set of

26



The Energy Community Model

energy community actors (or agents) C := {1, ..., C} ⊂ B as the union of the group of
prosumers P := {1, ..., P} ⊂ N and the group of energy storage providers –briefly called
providers– S := {1, ..., S} ⊂ N. Note that C = S ∪ P while S ∩ P = ∅ (consequently,
C = P + S). Let us now define the topology related to the allowed economic transactions
between active agents. In particular, we define the matrix A as a symmetric P ×S binary
matrix such that for each prosumer i ∈ P and provider j ∈ S the element Aij = 1 if
the two agents have an agreement for exchanging energy or zero otherwise. Moreover,
we indicate the set of the provider neighbors associated to the prosumer i ∈ P as
Ni = {j ∈ S | Aij = 1} with cardinality Ni = |Ni|, and the set of the prosumer neighbors
associated to the provider j as Mj = {i ∈ P | Aij = 1} with cardinality Mj = |Mj |.

The control frameworks proposed in this Chapter are based on the well-known rolling
horizon paradigm, therefore let us define a control horizon composed of T time intervals,
with T := {1, ..., T} ∈ N [37].

The proposed energy community model relies on the following standing assumptions
that are typically employed in the related literature, e.g., [38], [39]

• Market structure: the energy transactions between members of the same group
cannot occur (e.g., a prosumer cannot exchange energy with another prosumer).

• Energy retailer (ER): the energy community interacts with an external passive actor,
required to guarantee the power balance in the community network. In particular,
the ER allows prosumers/sell energy from/to the main grid.

• Perfect competition: the profile of the energy storage pricing coefficient is equal for
all providers.

• Storage efficiencies: the ESSs parameters, such as the leakage coefficient and the
charging/discharging efficiencies, are constant for all providers.

• Nonstochasticity: the energy demand and the renewable energy production profiles
are known for the entire time horizon and deterministic.

Having defined the structure of the energy community and the standing assumptions,
we now describe in detail the model of the aforementioned independent actors.

3.2.1 Prosumers
These actors are characterized by variable load consumption and renewable energy
production. They sell the surplus energy to or buy the deficit energy from the ER
following time-variable pricing. As an alternative, they can store/withdraw energy
in/from the ESSs owned by the storage providers, upon a renting fee.

For prosumer i ∈ P, we indicate the energy demand and generation, at the generic
time slot t ∈ T , with Dit and Git, respectively. The energy bought from the retailer at the
time slot t ∈ T is p̂it, while the energy sold to it is denoted by p̌it. Moreover, the energy
delivered to the storage provider h ∈ Ni at the time slot t ∈ T is ďiht, while the retrieved
amount is d̂iht. The portion of the charge level fraction dedicated to prosumer i ∈ P by
provider h ∈ Ni is indicated with siht. We define vectors p↑

i = (p̂it)t∈T , p̌i = (p̌it)t∈T ,
d̂i = (d̂it)t∈T , ďi = (ďit)t∈T , si = (sit)t∈T collecting all the aforementioned variables for
the entire control horizon T , where d̂it = (d̂iht)h∈Ni , ďit = (ďiht)h∈Ni , sit = (siht)h∈Ni .
Accordingly, we define the control vector xP,i = (p↑

i , p̌i, d̂i, ďi, si) to collect all the decision
variables for prosumer i ∈ P.

Each prosumer i ∈ P aims at determining the optimal value of the control vector that
minimizes the energy cost incurred throughout the entire time horizon T , which can be
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formally defined as follows

JP,i(xP,i) =
∑︂
t∈T

[︄
Ctp̂it −Rtp̌it + Lt

∑︂
h∈Ni

siht⏞ ⏟⏟ ⏞
Energy exchange cost/revenue

and storage fee

+ 1
2ξi

(︄
p↑2

it + p↓2

it +
∑︂

h∈Ni

(︂
d↑2

iht + d↓2

iht

)︂)︄
⏞ ⏟⏟ ⏞

Energy transmission costs

]︄

(3.1)
where Ct ∈ R≥0 and Rt ∈ R≥0 are the retailer’s energy selling price and buying cost,
respectively. Moreover, Lt ∈ R≥0 is the storage fee coefficient, which is equal for all
providers, while ξi ∈ R≥0 represents the energy transmission cost coefficient for prosumer
i ∈ P. Note that the cost function (3.1) comprises two terms: the first contribution is
composed of linear terms representing the cost/revenue due to energy exchanged with
the retailer and the storage fee, while the second includes quadratic terms modelling
the transmission costs. Each i-th prosumer, i ∈ P, is forced to respect the following
constraints, for all t ∈ T :

Dit −Git =
∑︂

h∈Ni

(︁
d̂iht − ďiht

)︁
+ p̂it − p̌it, (3.2a)

siht = αsih,t−1 + η̂ďiht − η̌d̂iht, ∀h ∈ Ni (3.2b)
sih1 = sihT , ∀h ∈ Ni (3.2c)
d̂igt, ďigt = 0, ∀g /∈ Ni (3.2d)
0 ≤ ďiht, d̂iht ≤ dmax

i , ∀h ∈ Ni (3.2e)
0 ≤ p̌it, p̂it ≤ pmax

i , (3.2f)
siht ≥ 0, ∀h ∈ Ni (3.2g)

Constraints (3.2a) represent the energy balance equation over the whole control horizon.
Constraints (3.2b) include the dynamical state equation for the charge level related to
the ESS of each provider h ∈ Ni, where α, η̂, and η̌ denote the leakage coefficient, and
the charging and discharging efficiencies, respectively. Constraint (3.2c) ensures that
the storage fraction held by prosumer i ∈ P in the ESS of provider h ∈ Ni is equal, at
the end of time horizon, to the initial level. Constraints (3.2d) impose that the energy
flow between prosumer i and any disconnected provider g /∈ Ni is null. Equations (3.2e)
and (3.2f) are technological constraints imposing the energy flows towards the ESS of
each provider h ∈ Ni and towards the ER to be non-negative and limited by the upper
bounding values dmax

i and pmax
i , respectively. Lastly, (3.2g) ensures the non-negativity

of the i-th prosumer storage fraction. The resulting feasible set KP,i for each prosumer
i ∈ P is thus defined as:

KP,i =
{︂

xP,i ∈ R2T +3T Ni

≥0 | (3.2a)− (3.2g) hold
}︂
. (3.3)

3.2.2 Energy Storage Providers
These actors are characterized by an energy storage capacity that can be used to store
the prosumers’ exceeding energy generation in return for a rental fee. Energy storage is
a key feature in energy communities, contributing to different services such as load
shifting, frequency regulation, peak shaving, and energy arbitrage. Several energy
storage technologies – such as electrochemical (batteries and fuel cells), electromechanical
(flywheels and pump hydro), electrostatic (ultra-capacitors), and electromagnetic
(superconducting magnetic storage) types – are available. However, electrochemical
batteries have recently been recognized as the game-changing technology in energy
communities, due to their high applicability and low cost. Hence, in this work, we
assume that each provider owns an electrochemical battery, whose model is detailed in
the following.

For each provider j ∈ S, we indicate the energy stored by and released to prosumer
k ∈Mj at the generic time slot t ∈ T with q̂kjt and q̌kjt, respectively. The portion of the
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charge level reserved to prosumer k ∈Mj by provider j ∈ S at time slot t ∈ T is indicated
with bkjt. We define vectors q↑

j = (q↑
jt)t∈T , q↓

j = (q↓
jt)t∈T , bj = (bjt)t∈T collecting all

the aforementioned variables for the entire control horizon T , where q↑
jt = (q̂kjt)k∈Mj

,
q↓

jt = (q̌kjt)k∈Mj
and b↓

jt = (b↓
kjt)k∈Mj

. Accordingly, we define the control vector
xS,j = (q↑

j ,q
↓
j ,bj) including all the decision variables for the j-th provider.

Each provider j ∈ S aims at determining the optimal value of the control vector that
minimizes the energy storage service cost throughout the entire time horizon T , which
can be formally defined as:

JS,j(xS,j) =
∑︂
t∈T

∑︂
k∈Mj

[︃
1
2ζj(q̂kjt + q̌kjt)2⏞ ⏟⏟ ⏞

ESS degradation costs

− Ltbkjt⏞ ⏟⏟ ⏞
Revenues

]︃
(3.4)

where Lt ∈ R≥0 is the storage revenue coefficient that is the same for all providers and
ζj ∈ R≥0 is the ESS technological degradation coefficient, modelled as in Eq. (4) of [38].
The cost function (3.4) comprises two terms: the first contribution is a quadratic term
accounting for the degradation cost of the ESS (to be minimized), whilst the second
represents the revenue obtained from the provided storage service (to be maximized).
Each j-th provider, j ∈ S, is forced to respect the following constraints, for all t ∈ T :

bkjt = αbkj,t−1 + η̂q̂kjt − η̌q̌kjt, ∀k ∈Mj (3.5a)
bkj1 = bkjT , ∀k ∈Mj (3.5b)
q̂gjt, q̌gjt = 0, ∀g /∈Mj (3.5c)
0 ≤ q̂kjt, q̌kjt ≤ qmax

j , ∀k ∈Mj (3.5d)∑︂
k∈Mj

bkjt ≤ bmax
j , (3.5e)

bkjt ≥ 0, ∀k ∈Mj . (3.5f)

Similarly to the prosumer case, constraints (3.5a) include the dynamical state equation
for the portion of charge level reserved to each prosumer k ∈ Mj . Constraint (3.5b)
ensures that the storage fraction held by provider j ∈ S for prosumer k ∈ Mj at the
end of the time horizon is equal to the initial level. Constraints (3.5c) imposes that
the energy flow between any provider j ∈ S and any disconnected prosumer g /∈Mj is
null. Constraints (3.5d) impose that charging and discharging flows are non-negative and
limited by the upper bound qmax

j . Lastly, (3.5e) and (3.5f) impose that the cumulative
charge level, for all prosumers connected to provider j ∈ S, is upper bounded by the
maximum storage capacity bmax

j and that the charge level fraction reserved to each
prosumer k ∈ Mj is non-negative. The constraints set KS,j for each provider j ∈ S is
thus defined as:

KS,j =
{︂

xS,j ∈ R3T Mj

≥0 | (3.5a)− (3.5f) hold
}︂
. (3.6)

Note that, despite the similarity of the two equations, (3.2) and (3.5) do not express in
general the same dynamics. They represent the storage dynamics that prosumers and
providers are willing to follow, respectively, but not necessarily agree upon. However, to
work properly, we define a suitable mechanism which ensures that (3.2) and (3.5) converge
to a common dynamics, as it will be shown in the following.

3.3 The Transactive Energy Storage Management Problem
The transactive energy management problem involving prosumers and providers in the
considered energy community can be formulated in several ways. As a first approach, all
the agents in C (i.e., all prosumers in P and providers in S), constitute the grand coalition
pursuing a common goal, i.e., guarantee the global community welfare. From a game-
theoretical point of view, agents behave cooperatively, concurring to the minimization of
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a collective cost function, JC , defined as the sum of the individual cost functions:

JC(xC) =
∑︂
n∈C

JC,n(xC,n) (3.7)

where, for the sake of compactness, we define xC = (xC,n)n∈C as the concatenation of
all the decision variable vectors for all players. Note that xC,n = xP,n, ∀n ∈ P and
xC,n = xS,n, ∀n ∈ S, while JC,n = JP,n, ∀n ∈ P and JC,n = JS,n, ∀n ∈ S. As for the
constraints sets, we indicate KC,n = KP,n, ∀n ∈ P and KC,n = KS,n, ∀n ∈ S.

It is possible to prove that optimizing (3.7) provides a Pareto solution to all players
[40], [41]. Function JC is composed only of exogenous cost sources concerning the coalition
C. In other words, the storage fees paid by the prosumers over the time horizon correspond
to the total revenues earned by the providers for the storage service.

In addition to the local feasible sets KC,n, the coherence of the energy flow has to be
ensured under the following coupling constraints:

d̂ijt = q̌ijt, ∀i ∈ P,∀j ∈ S (3.8a)

ďijt = q̂ijt, ∀i ∈ P,∀j ∈ S. (3.8b)

Therefore, we can define the global constraints set as:

KC =
{︄

xC ∈
⋃︂
n∈C
KC,n

⃓⃓⃓⃓
⃓ (3.8a)− (3.8b) hold

}︄
. (3.9)

Summing up, from the global perspective, the optimization problem is compactly
written as:

x∗
C = arg min

xC∈KC

JC(xC). (3.10)

The above-formulated problem can be solved in a centralized fashion by a central
unit that operates on behalf of all actors while scheduling and assigning resources
accordingly. In particular, since (3.10) constitutes a quadratic programming problem,
because of the quadratic terms in (3.1) and (3.4), the resolution of the global approach is
straightforwardly achieved by using any convex optimization solver [42]. However, the
global approach presents several drawbacks. First, such a formulation aims at minimizing
the overall community cost, possibly penalizing some actors in the resulting control
strategy. Furthermore, in the centralized architecture, privacy issues are not considered.
In fact, the model is composed of heterogeneous agents for whom limiting the amount
of shared information is highly recommended, if not requested. This is particularly
relevant to providers, being independent companies for which data sharing could result in
economic and security-related vulnerabilities. Finally, centralized solutions are prone to
computational scalability concerns, when the number of agents becomes large, and low
fault resiliency issues.

To overcome these drawbacks, let us introduce a reformulation of the transactive
energy management problem, employing the non-cooperative game theory, assuming
that each player addresses its energy scheduling problem. In this way, each player
n ∈ C aims at minimizing its own objective function JC,n(xC,n) by modifying its
decision variable vector xC,n, given the choices of all the other players xC,−n, where
xC,−n = (xC,1, · · · ,xC,n−1 xC,n+1 · · · xC,C)⊤. Hence, we have that each player solves an
independent optimization problem:

x∗
C,n = arg min

xC,n∈KC(xC,−n)
JC,n(xC,n), ∀n ∈ C. (3.11)

This formulation can be considered as a GNEP, since the decisions of the players
are coupled through not only the cost functions but also a shared feasible set [43]. The
solution of the GNEP is the so-called GNE hereafter formally defined.
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Definition 3.3.1
A solution x∗

C ∈ KC is a GNE if

JC,n(x∗
C,n) ≤ JC,n(xC,n), ∀xC,n ∈ KC(xC,−n). (3.12)

holds for all n ∈ C.

In other words, at a GNE no player can benefit from independently changing its
strategy, given that all the remaining players don’t deviate from their own. In general,
the existence of a GNE is not guaranteed; neither the uniqueness nor the convergence to
an equilibrium is ensured.

In particular, the solution of a GNEP is a nontrivial problem, mainly due to the
variability of the feasible sets. Several approaches to solve this problem are based on
its reformulation through a variational inequality (VI). It can be proven that every
solution of the VI is a solution for its corresponding GNEP, but the vice versa is, in
general, not true [44]. The solutions of the GNEP that are also valid for the VI are
called “variational solutions” and are usually referred to as economically fair. These
points have a fair behaviour between all the possible GNEs due to the equivalence of the
Lagrangian multipliers (acting as penalizing coefficients) for all players’ stationarity and
primal feasibility conditions [42]. Moreover, variational solutions are preferred in several
applications, due to their uniqueness when further assumptions hold [45].

The following section is focused on describing effective methods aimed at reaching the
variational solution for the above-defined individual formulation (3.11).

3.4 The Proposed Control Frameworks
In this section, we focus on solving the individual formulation transactive energy
management problem, since it grasps the competitiveness of the real-world energy market
better than the global formulation. Several alternative algorithms have been proposed to
solve the VI formulation of a GNEP [46].

In particular, two approaches are presented, namely the coordinated and the
uncoordinated framework. In both cases, we leverage on a modified version of the
classical Augmented Lagrangian Method (ALM) [47], where the quadratic penalty term
of the Lagrangian L is substituted by a proximal regularizer, i.e.,

L(xC,n,π) = JC,n(xC,n) + π⊤c(xC,n) + ρ

2

⃦⃦⃦
xC,n − x(τ−1)

C,n

⃦⃦⃦2
(3.13)

with c(xC,n) and π being, respectively, the vectors of the coupling constraints and related
Lagrange multipliers vector. Note that in (3.13), and throughout the rest of the Chapter,
τ denotes the iteration step. The regularization coefficient ρ = κaC in (3.13) is based on
parameters κ, a ∈ R≥0, determined empirically. The update rule for π is based on the
well-known gradient formula:

π(τ) = π(τ−1) + χ
(︂

x(τ−1)
C,n − c

(︂
x(τ−1)

C,n

)︂)︂
(3.14)

where χ ∈ R≥0 is the convergence step-size. In the following, we characterize each term
of (3.13) for, respectively, the uncoordinated and coordinated frameworks.

3.4.1 Uncoordinated Framework
In the uncoordinated framework, agents in P and S can interact with each other directly.
The communication layer for this framework is shown in Fig. 3.2, where each prosumer
communicates with the retailer and is allowed to communicate with all the providers. As
regards the technological point of view, distributed ledger technologies have been proven
to reliably support distributed communication and control in smart grids, in terms of
cost-efficiency and privacy [48].
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Figure 3.2: Energy community model: an
overview of the communication layer in case
of the uncoordinated control framework: any
prosumer can exchange information with any
provider; each prosumer communicates with the
retailer.

Algorithm 2: Uncoordinated ALM
1 τ ← 0
2 forall i ∈ P, j ∈ S, t ∈ T do
3 λ

(τ)
ijt ← 0, µ

(τ)
ijt ← 0

4 d
(τ)
ijt ← 0, q

(τ)
ijt ← 0

5 while stopping criterion is not reached do
6 τ ← τ + 1
7 do in parallel
8 Agents in C solve (3.18);
9 Each prosumers i ∈ P communicates d(τ)

ijt and d
(τ)
ijt to providers in Ni;

10 Each provider j ∈ S communicates q(τ)
ijt and q

(τ)
ijt to prosumers in Mj ;

11 Agents in C update the Lagrange multipliers by (3.15).

We now reformulate the Lagrangian formulation in (3.13) to solve the individual
scheduling problem in (3.11) in the case of the uncoordinated architecture. To this
aim, we define the Lagrange multipliers vectors λ(τ)

iht and µ
(τ)
kjt respectively associated to

coupling constraints (3.8a)-(3.8b), whose update equations follow (3.14) for all t ∈ T , i.e.,

λ
(τ)
iht = λ

(τ−1)
iht + χ

(︂
d̂

(τ−1)
iht − q̌(τ−1)

iht

)︂
, ∀i ∈ P,∀h ∈ Ni, (3.15a)

µ
(τ)
kjt = µ

(τ−1)
kjt + χ

(︂
ď

(τ−1)
kjt − q̌(τ−1)

kjt

)︂
, ∀j ∈ S, ∀k ∈Mj . (3.15b)

Therefore, each prosumer and provider can calculate its penalty regularizers γ(τ)
P,i and

γ
(τ)
S,j , defined, for all i ∈ P and j∈ S, as:

γ
(τ)
P,i =

∑︂
t∈T

∑︂
h∈Ni

(︂
λ

(τ)
iht

(︂
d̂iht−q̌iht

)︂
+ µ

(τ)
iht

(︂
ďiht−q̂iht

)︂)︂
, (3.16a)

γ
(τ)
S,j =

∑︂
t∈T

∑︂
k∈Mj

(︂
λ

(τ)
kjt

(︂
d̂kjt−q̌kjt

)︂
+ µ

(τ)
kjt(ďkjt−q̂kjt)

)︂
. (3.16b)

To guarantee convergence, proximal regularization terms θ(τ)
P,i and θ

(τ)
S,j are added to

prosumers’ and the providers’ objective functions respectively, i.e.,

θ
(τ)
P,i = ρ

2

(︃⃦⃦⃦
ďi − ď

(τ−1)
i

⃦⃦⃦2
+
⃦⃦⃦
d̂i − d̂

(τ−1)
i

⃦⃦⃦2)︃
, ∀i ∈ P (3.17a)
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Figure 3.3: Energy community model: an
overview of the communication layer in the
case of coordinated control framework: the
coordinator allows any prosumer to exchange
information with providers and each prosumer
communicates with the retailer.

θ
(τ)
S,j = ρ

2

(︃⃦⃦⃦
q̌j − q̌(τ−1)

j

⃦⃦⃦2
+
⃦⃦⃦
q̂j − q̂(τ−1)

j

⃦⃦⃦2
)︃
, ∀j ∈ S. (3.17b)

For the sake of compactness, we define γ(τ)
C,n = γ

(τ)
P,n, ∀n ∈ P and γ(τ)

C,n = γ
(τ)
S,n, ∀n ∈ S,

while θ
(τ)
C,n = θ

(τ)
P,n, ∀n ∈ P and θ

(τ)
C,n = θ

(τ)
S,n, ∀n ∈ S. Therefore, we can write the

Lagrangian form of the optimization problem for the uncoordinated framework as:

x(τ+1)
C,n = arg min

xC,n∈KCn

(︂
JC,n(xC,n) + γ

(τ)
C,n + θ

(τ)
C,n

)︂
, ∀n ∈ C. (3.18)

The corresponding uncoordinated algorithm is summarized in Algorithm 2, and is
described in detail in the sequel. First, all agents initialize the penalty factors and flow
variables (lines 2-4). The non-cooperative solution is reached in an uncoordinated manner
through an iterative process until a termination criterion is not reached (lines 5-6). In
detail, at each iteration τ , each agent independently solves its own optimization problem
(line 9) and communicates the state of the energy flow variables to the corresponding
neighbours (line 10). Lastly, the Lagrange multipliers are updated (line 11).

3.4.2 Coordinated Framework
In the coordinated framework, agents in P and S do not directly interact, since a
coordinator is present to gather the energy flow variables determined by the prosumers and
providers, compute the Lagrange multipliers on behalf of all the agents, and sending back
to prosumers and providers the updated Lagrange multipliers vectors. The coordinator
is thus a non-profit actor that supports the selfish agents in the community in reaching
an optimal solution to the transactive energy management problem while ensuring that
the energy balance coupling constraints are satisfied. The communication layer for the
coordinated framework is shown in Fig. 3.3, where each prosumer communicates with
the retailer and all actors exchange information through the coordinator. This entity
monitors and controls the energy activities in the community relying on an appropriate
communication network (e.g., wireless radio connection, dial-up lines, Ethernet and IP
protocol). Wireless data communications are more convenient in comparison to wired
communications since several advantages are available: cost-effective installation, fast
placement, and remote applicability increase the attractiveness of these approaches.
Particularly, Internet of Things solutions, combined with edge computing, are increasingly
gaining attention [49].

We now reformulate the Lagrangian formulation in (3.13) to solve the individual
scheduling problem in (3.11) in the case of the coordinated architecture. In such a case,
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Algorithm 3: Coordinated ALM
1 τ ← 0
2 forall i ∈ P, j ∈ S, t ∈ T do
3 λ

(τ)
t ← 0, µ

(τ)
t ← 0

4 d
(τ)
ijt ← 0, q

(τ)
ijt ← 0

5 while stopping criterion is not reached do
6 τ ← τ + 1
7 do in parallel
8 Agents in C solve (3.23);
9 Prosumers in P communicate flow variables d(τ)

ijt and d
(τ)
ijt to the

coordinator;
10 Providers in S communicate flow variables q(τ)

ijt and q(τ)
ijt to the coordinator;

11 The coordinator aggregates the energy flow by (3.20), updates the Lagrange
multipliers by (3.21), and sends the updated back to all agents.

the Lagrange multipliers are equal for all agents, for each time slot t, since the coordinator
is in charge of ensuring the balance of the aggregate energy flow, following the following
coupling constraints:

D̂t = Q̌t, ∀t ∈ T (3.19a)
Ďt = Q̂t, ∀t ∈ T (3.19b)

where D̂t, Ďt, Q̂t and Q̌t are introduced to denote the flow variables aggregates:

D̂t =
∑︂
i∈P

∑︂
h∈Ni

D̂iht, Ďt =
∑︂
i∈P

∑︂
h∈Ni

Ďiht, (3.20a)

Q̂t =
∑︂
j∈S

∑︂
k∈Mj

Q̂kjt, Q̌t =
∑︂
j∈S

∑︂
k∈Mj

Q̌kjt. (3.20b)

In particular, the Lagrange multipliers λ(τ)
t and µ

(τ)
t associated to constraints (3.19)

are computed as follows:

λ
(τ)
t = λ

(τ−1)
t + χ(D̂t − Q̌t), ∀t ∈ T (3.21a)

µ
(τ)
t = µ

(τ−1)
t + χ(Ďt − Q̂t), ∀t ∈ T (3.21b)

so that the penalty regularizers of the coordinated framework, φ(τ)
P,i and φ

(τ)
S,j , can be

defined, for all i ∈ P, j ∈ S, as:

φ
(τ)
P,i = φ

(τ)
S,j =

∑︂
t∈T

(︂
λ

(τ)
t (d̂t − q̌t) + µ

(τ)
t (ďt − q̂t)

)︂
. (3.22)

Similarly to the previous case, we define φ(τ)
C,n = φ

(τ)
P,n, ∀n ∈ P and φ(τ)

C,n = φ
(τ)
S,n, ∀n ∈ S,

while θ(τ)
C,n = θ

(τ)
P,n, ∀n ∈ P and θ

(τ)
C,n = θ

(τ)
S,n, ∀n ∈ S. Therefore, the Lagrangian form of

the optimization problem for the coordinated framework is written as follows:

x(τ+1)
C,n = arg min

xC,n∈KCn

JC,n(xC,n) + φ
(τ)
C,n + θ

(τ)
C,n, ∀n ∈ C. (3.23)

The coordinated algorithm, summarized in Algorithm 3, is hereafter described in detail.
Similarly to the uncoordinated algorithm, we initialize the common Lagrange multipliers
vectors and the energy flow variables (lines 2-4). The non-cooperative solution is reached
in a coordinated fashion through an iterative process until a termination criterion is
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Table 3.1: Parameters setup.

Parameter Value
Time horizon T 24 (hours)

Group size P 10
S 8

Efficiencies

α 0.98
η↓ 1.03
η↑ 0.97
σ 0.03
ζj 0.005
ξj 0.0003
ξj ∼ N(ξi, σ

2)
ζj ∼ N(ζi, σ

2)
Economical
coefficients

ϵ 0.7
β 0.5

Decision variables
boundaries

pmax 6 (kWh)
dmax 6 (kWh)
qmax 6 (kWh)
bmax 10 (kWh)
binit 0 (kWh)
sinit 0 (kWh)

Convergence
parameters

γ 0.098*, 0.98†

a 1.04*,†

χ 0.01*, 0.7†

* Coordinated
† Uncoordinated

Figure 3.4: Prosumers’ energy generation (yellow) and
demand (cyan) curves. Lines correspond to the values
averaged over the involved agents, while the shaded
areas are the bounds of the standard deviation.

reached (lines 5-6). At each iteration τ , every agent computes its optimal energy schedule
(line 8) and communicates the updated strategy to the coordinator (lines 9-10). Then,
the coordinator calculates the flow variables aggregates d̂t, ďt, q̂t, and q̌t, updates the
Lagrange multipliers (line 11), and sends the updated Lagrange multipliers back both to
prosumers and providers (line 12).

3.5 Numerical Results
In this section, we assess the performance of the two proposed energy community control
frameworks through numerical experiments on realistic scenarios. For the sake of providing
a comparison with a reference method, the results obtained by the proposed uncoordinated
and the coordinated distributed control framework is compared with those achieved by
an optimal centralized framework.

All simulations are performed in MATLAB, using the Optimization Toolbox library,
installed on a middle-end machine equipped with an Intel i5-7400, 3.00 GHz (4 cores)
CPU, and 8 GB of RAM. Source code and dataset are fully available at [50].
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Table 3.2: Total costs and revenues for the group of prosumers, the groups of providers, and the retailer
for each control framework.

Cost of bought
energy [€]

Revenues of
sold energy [€]

Cost of storage
service [€]

Cost of
inefficiency* [€]

Community
costs† [€]

Total
costs§ [€]

Centralized
Prosumers 21.41 5.00 19.15 7.35 42.93

7.70Providers - - -19.15 0.34 -18.81
Retailer 5.00 21.41 - - -16.42

Coordinated
Prosumers 23.62 7.05 3.81 8.91 29.30

8.93Providers - - -3.81 0.014 -3.80
Retailer 7.05 23.62 - - -16.57

Uncoordinated
Prosumers 23.83 7.31 1.70 9.51 27.77

9.51Providers - - -1.70 0.0035 -1.69
Retailer 7.31 23.83 - - -16.57

* Value related to the quadratic term in eq. (3.1) and eq. (3.4) for prosumers and providers, respectively.
† Value computed as: (Cost of bought energy) + (Cost of storage service) + (Cost of inefficiency) − (Revenues of sold energy).
§ Sum of the terms in the "Community cost" column.

In particular, we consider a residential energy community equipped with distributed
energy generation sources and service-based energy storage. The actors of the energy
community include 10 prosumers and 8 providers. The control horizon corresponds to
the entire day, equally subdivided into one-hour time slots.

Prosumers’ energy generation and demand data are known parameters of the control
frameworks, corresponding to the curves reported in Fig. 3.4. In particular, the reported
data refer to a yearly report of energy consumption and production of an urban
condominium [50]. The renewable source considered in the experiments is a set of
27 PV panels (PEIMAR SG300M), each generating 300 Wp and a three-phase inverter
(SolarEdge-SE8K), serving shared devices of the condominium, such as heat generator,
water pump, lighting, and elevator.

Energy buying and selling prices are defined over the time horizon and known by all
agents in both the prosumers and providers groups. In particular, the considered energy
cost is related to the Italian Enel “E-Light Bioraria” tariff [51]. This billing plan divides
the day into two zones:

• Orange: Monday to Friday, from 8.00 to 19.00. The buying energy cost Ct is €
0.0774.

• Blue: Monday to Friday, from 19.00 to 8.00 and the entire day during weekends.
The buying energy cost Ct is € 0.0574.

The relationship between the energy buying cost (i.e., Ct) and the energy selling price
(i.e., Rt) for prosumers is the following:

Rt = ϵCt, ϵ ∈ [0, 1] (3.24)

where ϵ is the increment due to exogenous factors (e.g., taxes). As for the storage service
pricing (i.e., Lt), for the sake of simplicity, a weighted average of the buying and selling
price is considered:

Lt = βCt + (1− β)Rt (3.25)

with β ∈ [0, 1] being an arbitrary weight. By tuning the value of β, a large number of
policies can be experimented with, independently from the energy buying and selling
price curves.

Finally, in Table 3.1 we report the tuning parameters of the proposed algorithms,
as well as the technological parameters of the ESSs. In particular, the technological
coefficients are sampled from normal distributions and the charge level of ESSs is set to
zero at the beginning of the day.

Since our work is focused on transactive control frameworks for energy communities,
for the sake of assessing the performance of the proposed methods comprehensively,
we adopt both economic (i.e., energy cost incurred by prosumers, revenue gained by
providers, and revenue gained by the retailer), energy (i.e., prosumers’ energy demand
and generation as well as energy bought from and sold to the retailer, energy-charged
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Figure 3.5: Energy transfer dynamics: the first, second, and third subplots column refers to the centralized,
coordinated, and uncoordinated framework, respectively. The first subplot row shows the profile of
prosumers demand Dit (cyan) and the profile of energy bought from the retailer p̂it (red). The second
subplot row represents the profile of prosumers generation Git (yellow) and the profile of energy sold to
the retailer p̌it (red). The third subplot row shows the profile of prosumers stored energy siht (green) and
the profile of providers charge level bkjt (blue). In all subplots Lines correspond to the values averaged
over the involved agents, while the corresponding shaded areas are the bounds of the standard deviation.
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Figure 3.6: Economic results for the centralized (a), coordinated (b), and uncoordinated (c) framework.
Total daily prosumers’ costs (green bars) and provider revenues (blue bars) are reported on a single-agent
basis. Retailer revenues (red bars) are indicated on a time-slot basis. The brown and orange stems denote
the values of the technological coefficients ξi and ζj over prosumers and providers, respectively.
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(a) Coordinated (b) Uncoordinated

Figure 3.7: Convergence of the coordinated (a) and the uncoordinated (b) algorithm. The blue line
indicates the average over the residual of (3.19) and (3.8) for the coordinated and the uncoordinated
case, respectively. The shaded area is the bound of the standard deviation.

Figure 3.8: Run time versus number of agents (up
to 100) for each framework. Curves represent
polynomial fitting.

and discharged by the ESSs as well the storage state), and control/computational (i.e.,
residual of the coupling constraints for convergence and run time for scalability purpose)
performance evaluation indicators.

Figure 3.5 reports the evolution of the energy flow variables over the control horizon.
It is apparent that prosumers buy most of the energy during the early hours of the day
when the autonomous generation is at the lowest level, and sell the surplus during the
middle hours of the day. It is worthwhile noting the effects of the storage service at the
latest hours: the amount of bought energy is lower than the demand since prosumers
start to retrieve the stored energy to compensate for the low autonomous production. As
for the sold energy, the main volume is located, as expected, during the middle hours of
the day. Furthermore, it can be noticed that the global amount of energy stored in the
case of coordinated and uncoordinated frameworks is lower than in the centralized one.
Moreover, its variance is narrower in the non-centralized frameworks, indicating that the
storage service demand is uniformly distributed among providers.

Figures 3.6a, 3.6b, and 3.6c graphically summarize the costs and revenues sustained by
each agent over the control horizon. Providers’ revenues are negatively correlated with ζ,
since such a coefficient indicates the tendency of ESSs to deteriorate. Some considerations
related to the energy flow dynamics directly follow from the above-reported findings: the
middle hours of the day are the less profitable ones for the retailer, which buys energy
from the prosumer, instead of selling it. The retailer achieves the highest profit in the
early morning when the solar generation is at the minimum level. During the latest hours
of the day, revenues are still positive, although prosumers start using the stored surplus
to satisfy the demand. An important aspect is that, for all the considered frameworks,
the distribution of the economic curves follows the same trend. This implies that solving
the optimization problem with a particular framework does not alter fairness, at least
at the community level, i.e., no participant in the groups of prosumers or providers can
strongly benefit from changing its strategy while compromising others’ welfare. Also,
it can be noticed that the distribution of the revenues for the providers becomes more
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homogeneous as we move from the centralized solution to the coordinated one, while the
largest uniformity is obtained in the uncoordinated case. This is a consequence of the
perfect competition hypothesis and the non-cooperative behaviour of agents. Table 3.2
reports the revenues and the costs for the groups of prosumers and providers, as well as
for the retailer. In particular, the “Total costs” column indicates the sum of the costs of
all participants, including both the groups of prosumers and providers and the retailer.
For the centralized case, it corresponds to the optimal value determined as a result of
(3.7), whilst in the uncoordinated and coordinated cases it is the sum of the optimal
values determined as results of (3.11). It can be noticed that the total cost value increases
moving from the centralized to the uncoordinated through the coordinated approach.
From the prosumers’ perspective, this means that the lowest total cost is achieved in
the uncoordinated framework, whereas the lowest profit is made by providers. Retailer
revenues are added for completeness’s sake in Table 3.2, being itself part of the economic
frame, even if we consider it as a passive agent.

Figures 3.7a and 3.7b report the residual value of the coupling constraints over
iterations respectively for the coordinated and the uncoordinated algorithm, thus showing
that convergence is ensured for both the proposed frameworks.

Finally, Fig. 3.8 reports the run time required by each framework. For the
uncoordinated framework, the communication graph (Fig. 3.2) has been considered
as complete, since it is the worst-case scenario from a computational perspective. For the
non-centralized frameworks, simulation time Tsimul is calculated as

Tsimul = max (TP , TS) ·Niter (3.26)

with Niter ≈ 150 being the number of iterations and TP and TS being the average
simulation time for prosumers and providers, respectively. From Fig. 3.8 it is evident that
Tsimul approaches a sublinear trend o(C) for the coordinated case and the uncoordinated
case, while the centralized case shows the polynomial trend O(C2). As a result, the
inevitable economic performance loss occurring in the coordinated and uncoordinated
frameworks comes with operational advantages from a computational point of view.

3.6 Conclusions
In the last decade, distributed energy generation and storage have significantly contributed
to the spread of energy communities. This increasing trend makes it necessary to develop
suitable control strategies, to efficiently exploit the generation and storage capabilities of
the energy community. For the sake of satisfying such a need, in this Chapter, we propose
two novel transactive control schemes for energy communities – namely, the coordinated
and the uncoordinated frameworks – with the following objectives:

• formulating a scalable energy management architecture for communities equipped
with multiple prosumers and independent ESS service providers;

• assessing the feasibility of the underlying client-service business model by simulating
the frameworks on real-case scenarios;

• improving the computational effort concerning the optimal centralized approach
while keeping the degree of information sharing at the minimum level and with
minimal loss in the economic performance.

An additional merit of the presented approaches lies in their generalizability to address
different service provisioning in energy communities, for instance, in the case of optimally
trading local energy exchanges at the peer-to-peer level and sharing common energy
resources among the involved actors.

Nonetheless, this study is not without limitations, that need to be addressed in
future developments. In particular, the energy generation and demand curves, as well as
energy pricing profiles, are assumed to be deterministic, whilst the control frameworks
are assumed to be not affected by modelling errors and non-idealities (e.g., latency, faults,
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etc.). Moreover, the individual objectives of involved actors could be enhanced to include
wider sustainability payoffs beyond economic benefits. Lastly, the energy distribution
network ignores the constraints flow constraints regarding active and reactive power.
Therefore, future works will focus on these points, by effectively dealing with the presence
of the uncertainty that affects the decision parameters, and integrating additional terms
in the objective functions and realistic grid in the proposed frameworks.
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Chapter 4

Distributed Non-cooperative MPC for
Energy Scheduling of Charging and
Trading Electric Vehicles in Energy
Communities

IV

Abstract

In this Chapter, we propose a novel control strategy for the optimal scheduling of
an energy community constituted by prosumers and equipped with unidirectional
vehicle-to-grid (V1G) and vehicle-to-building (V2B) capabilities. In particular, V2B
services are provided by long-term parked plug-in electric vehicles (PEVs), used as
temporary storage systems by prosumers, who in turn offer the V1G service to PEVs
provisionally plugged into charging stations. To tackle the stochastic nature of the
framework, we assume that PEVs communicate their parking and recharging time
distribution to prosumers, allowing them to improve the energy allocation process.
Acting as selfish agents, prosumers and PEVs interact in a rolling horizon control
framework with the aim of achieving an agreement on their operating strategies.
The resulting control problem is formulated as a GNEP, addressed through the
variational inequality theory, and solved in a distributed fashion leveraging on the
accelerated distributed augmented Lagrangian method, showing sufficient conditions
for guaranteeing convergence. The proposed model predictive control approach is
validated through numerical simulations under realistic scenarios.
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4.1 Introduction
In the book The high cost of free parking, Donald Shoup states that “the average car
spends about 95 percent of its life parked” [1]. Following the author’s analysis, the main
consequences of free parking – whose principal objective would be to alleviate traffic
congestion – are increased automobile dependency, rapid urban sprawl, and debasing of
urban design. Economic damages and environmental degradation follow naturally [2].
However, in an era of proliferation of PEVs and smart design of energy communities
(ECs), this deleterious phenomenon could be turned into an opportunity.

The penetration of renewable energy sources (RESs) [3] is transforming the structure
of the current energy sector, traditionally based on thermal means of production and
large-scale transmission systems [4]. The current panorama comprises users with semi-
autonomous generation capabilities and access to energy storage systems (ESSs), which
are shifting the network topology towards a decentralized infrastructure [5]. EVs can,
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as well, interact with the grid, by using it for unidirectional battery recharge and
bidirectional injection, respectively, through the one-way vehicle-to-grid (V1G) and
bidirectional vehicle-to-grid (V2G) technology, or for trading energy with buildings and
houses, respectively, through the vehicle-to-building (V2B) and the vehicle-to-home (V2H)
strategy. Furthermore, the technology which allows PEVs to transfer energy with any of
these actors is called vehicle-to-everything (V2X) [6]. In this scenario, the arising research
question is: how can ECs take advantage of PEVs’ inactivity periods? A possible solution
is the adoption of the sharing economy paradigm, which has been long proved to be
effective in the energy realm [7].

Based on these premises, and leveraging on the large amount of data that modern
PEVs collect, we propose a novel scalable stochastic model predictive control (MPC)
approach, which allows prosumers to exploit the presence of long-parked PEVs, acting
as energy buffers, while at the same time providing recharging capabilities to active
PEVs. The resulting control problem is formulated as a GNEP, addressed through
the variational inequality theory, and solved in a distributed fashion leveraging on the
ADALM, showing sufficient conditions for guaranteeing convergence. The proposed MPC
approach is validated through numerical simulations under realistic scenarios [8], [9].

The rest of the Chapter is organized as follows. Section 4.2 analyzes the recent
literature on the available control techniques for V1G/V2B-equipped grids. Section 4.3
presents the system architecture, while the proposed control strategy is formalized in
Section 4.4. The results obtained from numerical experiments on the case study are
illustrated, analyzed, and compared in Section 4.5. Lastly, conclusions and remarks for
future work are presented in Section 4.6.

4.2 Literature Review and Contributions

4.2.1 Related Works
V2G allows PEVs to bi-directionally exchange energy with the main electric grid. Since
its invention in 1995 and further developments [10], several implementations succeeded,
up to modern technologies such as V1G, V2B, V2H, and V2X. A thorough review of the
rich literature regarding PEVs energy management with integrated RESs is provided in
[11] and [12]: the focus is directed on the state-of-the-art standards, energy resources,
charging topologies and infrastructures, energy management systems classification, power
conditional units, and electric load management. It is evident that allowing PEVs to
participate in the energy market share brings several positive effects. For instance, authors
in [13] simulate the energy sharing process for a 50-households microgrid, equipped with
V1G, and bidirectional V2H and V2G chargers, showing that peer-to-peer (P2P) trading
strategies, such as V1G and V2H, can improve micro-grid self-supply and household
bills. Moreover, the effectiveness of the charging process for long-term parked PEVs is
studied in [14]. In order to implement this technology, several control approaches can be
employed: a taxonomy of the most popular frameworks discussed in the literature (e.g.,
game theory and MPC) is summarized in Table 4.1.

Numerous studies analyzed the problem under the lenses of game theory: a non-
cooperative two-phase game is proposed in [15] for coordinating a microgrid with residential
loads, RESs, ESSs, and PEVs. During the first phase, agents try to predict the day-
ahead energy demand, while in the second phase, they mitigate the deviation between
the instantaneous real-time consumption and the day-ahead predictions. Authors in
[16] propose a game-theoretic approach, using non-cooperative or cooperative games, to
stimulate PEVs to provide frequency regulation services for the grid. The non-cooperative
formulation is a Stackelberg game, while the cooperative one is a potential game. A
charge scheduling problem is studied in [17], where the uncertainty resides in the price
determination. The authors adopt a data-driven paradigm, where the demand-response
aggregator is included as a player in the arising game. Instead, in [18], where the
underlying approach is a Stackelberg model, stochasticity regards the behavior of PEVs
users. A Stackelberg equilibrium results from a coalitional setup in [19], where multiple
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Table 4.1: Taxonomy of control approaches for EV-integrated ECs

Authors and references Game theory MPC
Tushar et al. [15] ✓
Chen and Leung [16] ✓
Mendoza et al. [19] ✓
Fele et al. [17] ✓
Fijani et al. [18] ✓
Shi et al. [21] ✓
Iacobucci et al. [22] ✓
Hu et al. [23] ✓
Zhao et al. [26] ✓ ✓
Stephens et al. [25] ✓ ✓

retailers compete to satisfy the EG energy demand. Other game-theoretic approaches rely
on mean-field games: an example is provided by [20], which is used for dynamic demand
management of electrical appliances.

Another line of work on control strategies for PEVs-integrated smart grids focuses on
MPC. Authors in [21] propose an MPC-based solution for the PEVs’ recharge scheduling
problem, keeping households’ energy demand under consideration. In [22] an MPC
scheme is developed for optimizing fleet charging and minimizing V2G services cost
over a long timescale. The presence of PEVs in the network not only allows for storage
capacity, but also acts as a means for voltage regulation. A distributed MPC (DMPC)
strategy is proposed in [23], aiming at real-time voltage regulation by exploiting the
presence of aggregated reactive power provided by PEV chargers. Game-theoretical
strategies and MPC are usually considered separate techniques, since they stem from
different backgrounds. However, several attempts to merge the MPC capabilities with
game-theoretical optimization have been proposed. Authors in [24] propose the use of
DMPC for controlling a group of islanded microgrids, which behaves non-cooperatively.
The control loop ensures stability while needing a limited amount of communication
between microgrids. A more general game-theoretic MPC framework for demand side
management is discussed in [25].

4.2.2 Contribution
In this Chapter, we propose a novel stochastic distributed MPC-based control strategy
for ECs with RES and V1G/V2B capabilities, able to provide energy to PEVs in need of
recharge CEVs, while taking advantage of the presence of long-term parked PEVs. The
latter, referred to as trading PEVs (TEVs), can provide quasi-continuous buffer capacity,
allowing prosumers to store energy that will be discharged during peak load periods. So far,
the existing literature has not focused on the simultaneous availability of V1G and V2B,
under the assumption of EV’s stochastic parking and recharging time, which is essential
for a robust design of ancillary service-based ECs. Differently from [14], we consider
the possibility of bidirectional exchange with the prosumer households, in addition to
the charging process. We employ a non-cooperative game-theoretical formulation for
resolving the agreement problem among PEVs and prosumers, which consists of both
parties reaching a consensus over prices and exchanging energy amounts. Particularly,
differently from [27], where authors propose a robust control strategy under price and
energy uncertainty, we limit the uncertainty to the energy-related data. Moreover,
differently from [15], [18], [28], [29], we devise a leaderless, single-phase game, showing
that the optimization problem formulation guarantees convergence to a Nash Equilibrium
solution. The latter is formalized as a variational problem and computed using ADALM.
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(a) Power line architecture. (b) Communication layer.

(c) Characterization of the energy flow variables
among a generic prosumer-tEV-cEV triplet (note
that the same energy flow is labeled differently
with respect to the considered agent, except for
the ones related to the retailer).

Figure 4.1: Model of the EC of prosumers with CEVs and TEVs.

4.3 System Model
Notation: R, R≥0, N, N≥0, and B indicate the sets of real, positive real, integer, positive
integer, and binary (i.e., {0, 1}) numbers, respectively; given a set A, |A| denotes the
cardinality of A; Sn indicates the set of symmetric matrices of size n×n; for a, b ∈ N, a ≤ b,
[a, b]N := [a, b]∩N; given n,m ∈ N, In is the identity matrix of size n×n, while 0n,m and
1n,m are the null and all-ones matrices of sizes n×m, respectively; given x1, . . . , xN ∈ R,
(xi)i∈[1,N ]N indicates the column vector x = (x1, . . . , xN ); x⊤ indicates the transpose of
vector x; given x1, . . . ,xN ∈ Rn, the notations [x1; . . . ; xN ] and (xi)i∈[1,N ]N denote the
column vector x := (x⊤

1 , . . . ,x⊤
N )⊤ collecting all the column vectors x1, . . . ,xN ; diag (x, i)

is the null matrix having x as i-th diagonal, with diag (x) = diag (x, 0); given two matrices
A, B, A⊗B denotes their Kronecker product; given matrix A = [Aij ], we indicate the
number of non-zero elements of the i-th row as ωi(A) := |{j | Aij ≠ 0}|, and the maximum
degree of A as ω(A) := maxi ωi(A). Given the stochastic variable Ψ, E[Ψ] denotes the
expectation of Ψ. The generic energy flow variable x decorated as x̂ indicates inward flow
or charged energy, while x̌ indicates outward flow or discharged energy. Being t ∈ N≥0
the current time step, Ht = {t, . . . , t+H−1} denotes the H-step control horizon, starting
from t.
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4.3.1 Energy Community Architecture
The EC model comprises the following agents:
• Charging PEVs (CEVs) - These are non-resident PEVs that are temporarily plugged

into charging stations of the EC and connected to the grid with the only aim of recharging
their own batteries.
• Trading PEVs (TEVs) - These are PEVs that are parked long-term in the parking

spots of the EC and connected to the grid with the aim of renting their free battery
capacity to prosumers as temporary ESS.
• Prosumers - These are the community members equipped with autonomous

generation systems (e.g., photovoltaic, eolic sources), and characterized by local energy
demand. Their energy surplus can be either stored using the temporary ESS capacity of
TEVs, sold to CEVs for their recharging purpose, or sold to the retailer.
• Retailer - This is a passive agent, responsible for selling energy both to prosumers

and CEVs, as well as buying energy from prosumers, at any moment in time, with fixed
pricing curves. Its presence is needed in order to guarantee the energy balance in the EC.

We indicate the sets of prosumers, CEVs, and TEVs respectively by P (with |P| = P ),
Ct (with |Ct| = Ct), and St (with |St| = St), while the set of all PEVs is denoted as
Vt = Ct ∪ St (with |Vt| = Vt). We highlight that the sets of CEVs and TEVs depend on
time t and we remark that P ∩ Ct = P ∩ St = St ∩ Ct = ∅. Figure 4.1a represents the
grid topology of the EC. All agents are allowed to communicate and exchange energy in
accordance with the tripartite graph shown in Fig. 4.1b: the communication network is
assumed to be ideal since assessing the impacts of delay and latency is out of the scope
of this Chapter. Moreover, Fig. 4.1c illustrates the energy flows of a generic triplet of
agents, indicating the choice of variables described in the sequel.

4.3.2 Stochastic Characterization of Electric Vehicles Parking and
Recharging Durations

EVs have a stochastic behavior, since owners may move their vehicles from the parking
spots, in the case of TEVs, or from the recharging stations before the charging process
is finished, in the case of CEVs. Nevertheless, each PEV has local knowledge of its
parking and charging time patterns, in terms of probability distribution parameters, based
on the data acquisition features of on-board pervasive electronic devices [30]. These
parameters are anonymously shared with prosumers when an PEV arrives at the parking
spot or recharging station. Throughout the Chapter, we assume the agents’ fairness in
communicating information. However, to circumvent such an assumption, frameworks for
secure data exchange are available [31]. We indicate the arrival time of the v-th PEV
with t(a)

v , and its departure time with t(d)
v ∼ Dv(µv), being a random variable following a

known distribution Dv with parameters µv. When the PEV departs, we have that v /∈ Vt,
∀t ≥ t(d)

v . Let δvh ∈ B be an indicator variable signaling whether the v-th PEV is in the
parking/charging spot at h ∈ Ht, or not, i.e.,

δvh =
{︄

1, if h < t
(d)
v

0, otherwise
(4.1)

Clearly, δvh is a stochastic function of t(d)
v . We assume that if an PEV leaves the

parking/charging spot, it does not return.

4.3.3 Charging Electric Vehicles
Each k-th cEV has a physical battery capacity equal to Sk and arrives at the charging
station with an initial battery level Sk. For each time step h in the control horizon
Ht, each k-th cEV can buy the energy amount rkh (at time-varying price K̂h) from the
retailer, or the amount qikh (at time-varying price ψikh) from the i-th prosumer. These
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energy variables are bounded as follows:

∀h ∈ Ht, ∀i ∈ P :
{︃ 0 ≤ rkh ≤MRC , (4.2a)

0 ≤ qikh ≤MPC (4.2b)

with MRC and MPC being the maximum amount of exchangeable energy with the retailer
and each prosumer, respectively. Therefore, the battery charge level of the k-th cEV, skh,
is modeled over the control horizon Ht as follows:

∀h ∈ Ht :

⎧⎪⎪⎨⎪⎪⎩
skh = αsk,h−1 + η̂

(︄
rkh +

∑︂
i∈P

qikh

)︄
, (4.3a)

s
k,t

(a)
k

= Sk (4.3b)

where (4.3b) represents the battery level at arrival, while α ∈ (0, 1] and η̂ ∈ (0, 1] are the
leakage coefficient and the charging efficiency, respectively, both assumed constant and
equal for all PEVs. Furthermore, we assume that the CEVs’ batteries have an optimal
charging profile [32], sop

kh, given by the following exponential curve:

sop
kt = Sk + (sk,t−1 − Sk)e−γk(h−t+1) (4.4)

where γk ∈ R≥0 represents the nominal recharging rate. Hence, replacing (4.4) in (4.3a),
the optimal charge dynamics sop

kh turns into:

sop
kh = αsop

k,h−1 + η̂Iop
kh (4.5)

where Iop
kh is the optimal energy intake thus being equal to:

Iop
kh = min

(︃
1
η̂

(︂
sop

kh − αs
op
k,h−1

)︂
,MRC + PMPC

)︃
(4.6)

Note that Iop
kh is upper-bounded by the maximum exchangeable energy. Finally, recalling

constraints (4.2), the total optimal energy intake is:

rkh +
∑︂
i∈P

qikh = δkhIop
kh (4.7)

which drops to zero when the cEV is not plugged into the recharging station any longer.
The k-th cEV tries to obtain the needed energy intake in (4.7) by optimally determining
the profiles of energy flow to be bought from the retailer and the prosumers over the
control horizon Ht, denoted as rk = (rkh)h∈Ht and qk = (qik)i∈P , respectively. Note
that the vector qik = (qikh)h∈Ht

is the profile of energy intake from the i-th prosumer.
Hence, vectors rk and qk are thus collected in the decision variables’ vector xC

k ∈ RH(1+P )

defined as:
xC

k = col(rk,qk). (4.8)

We collect the feasible decision vectors, satisfying the inequalities independent from δkh,
in the set UC := {xC

k | (4.2) holds}, and re-write (4.7) as AC
kxC

k + bC
k = 0, where

AC
k =

[︁
IH 1P ⊗ IH

]︁
, bC

k = −δkIop
k (4.9)

and δk = (δkh)h∈Ht and Iop
k = (Iop

kh)h∈Ht . Lastly, the total cost sustained for the
recharging process by the k-th cEV, JC

(︁
xC

k

)︁
, is defined as:

JC
(︁
xC

k

)︁
=
∑︂

h∈Ht

δkh

(︄
K̂hrkh⏞ ⏟⏟ ⏞

Retailer’s
energy cost

+
∑︂
i∈P

ψikhqikh⏞ ⏟⏟ ⏞
Prosumers’
energy cost

)︄
(4.10)

comprising the costs for the energy bought by the CEVs both from the retailer and all
prosumers (corresponding to the first and second term in (4.10), respectively).
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4.3.4 Trading Electric Vehicles
Differently from CEVs, the generic j-th TEV is characterized by a free amount of storage
that can be used by prosumers. We indicate the battery level at the time of the j-th TEV
arrival as Zj and the maximum battery capacity as Zj . Hence, the following inequality
must be satisfied: ∑︂

i∈P
wijh ≤ Zj − Zj , h ∈ Ht (4.11)

where wijh is the amount of storage that the j-th PEV holds for the i-th prosumer,
modeled as follows:

∀h ∈ Ht,
∀i ∈ P :

⎧⎪⎪⎨⎪⎪⎩
wijh = δjh

(︂
αwij,h−1 + η̂b̂ijh − η̌b̌ijh

)︂
, (4.12a)

wijh ≥ 0, (4.12b)
w

ijt
(a)
j

= 0 (4.12c)

where (4.12a) is the storage update equation, while (4.12c) imposes that the fraction of
storage held for the i-th prosumer when the j-th TEVs arrives at the parking spot is
null. Coefficients α and η̂ are characterized as in (4.3a), while η̌ ∈ (0, 1] is the constant
discharging efficiency, equal for all TEVs. Quantities b̂ijh and b̌ijh are respectively the
charged and discharged energy, bounded as follows:

∀h ∈ Ht, ∀i ∈ P :

⎧⎪⎨⎪⎩
b̂ijh ≥ 0, (4.13a)
b̌ijh ≥ 0, (4.13b)
b̂ijh + b̌ijh ≤MPS (4.13c)

with MPS being the maximum amount of exchangeable energy for storage charging and
discharging, respectively. Constraint (4.13c) adopts the complementarity constraint
approximation proposed in [33], since introducing binary variables for modeling
the switching dynamics of storage charging and discharging will make the problem
computationally infeasible. The profile of the energy stored on behalf of the i-th prosumer
in the battery of the j-th tEV, over the control horizon, is indicated as wij = (wijh)h∈Ht .

The j-th TEV aims at optimally determining the profiles of energy charged from and
discharged towards prosumers, over the control horizon Ht, denoted as b̂ij = (b̂ijh)h∈Ht

and b̌ij = (b̌ijh)h∈Ht , respectively. Vectors b̂j = (b̂ij)i∈P , b̌j = (b̌ij)i∈P , and
wj = (wij)i∈P are thus collected in the decision variables’ vector xS

j ∈ R3P H , defined as:

xS
j = col

(︂
b̂j , b̌j ,wj

)︂
. (4.14)

We collect the feasible decision vectors, satisfying the equalities and inequalities
independent of δjh, in the set US := {xS

j | (4.12b), (4.12c), (4.13) hold}. The dynamic
for wijh in (4.12a) can be written as AS

j xS
j = 0, where

AS
j =

⎡⎣ IP ⊗ η̂ diag (δj)
−IP ⊗ η̌ diag (δj)

α diag (1P H−1, 1)− IP H

⎤⎦⊤

(4.15)

with δj = (δjh)h∈Ht
. We indicate the time-varying unitary costs that the i-th prosumer

pays to the j-th TEV for the storage charging and discharging services with φ̂ijh and φ̌ijh,
respectively. However, from the prosumers’ point of view, the drawback of the TEVs’
storage usage is that the latter may leave the parking spot with part of the energy put aside
for prosumers. Hence, we introduce the time-varying leaving fee θijh, representing the
“refund" the j-th TEV is willing to repay to the i-th prosumer for every unit of lost storage.
In addition, TEVs have to account for costs related to the battery’s physical degradation
(i.e., the cost of having the battery life shortened due to recharging/discharging cycles),
which are expressed through function Q(b̌ijh, b̂ijh). Details of battery degradation models
for control applications can be found in [34], [35]. However, we keep Q(b̌ijh, b̂ijh) generical,
provided that the following assumption is satisfied.
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Assumption 4.3.1

The degradation cost function Q(b̌ijh, b̂ijh) is a non-negative, monotonically increasing,
continuously differentiable convex function.

As an example, Q(b̌ijh, b̂ijh) can be modeled through a quadratic term depending on the
battery technological coefficient ζ, as in [36], i.e., Q(b̌ijh, b̂ijh) := ζ(b̌ijh + b̂ijh)2.

Summing up, the total cost sustained by the j-th tEV, JS
(︁
xS

j

)︁
, is defined as follows

JS
(︁
xS

j

)︁
=
∑︂

h∈Ht

∑︂
i∈P

(︄
δjh Q(b̌ijh, b̂ijh)⏞ ⏟⏟ ⏞

Degradation costs

−δjh

[︃
(φ̂ijhb̂ijh + φ̌ijhb̌ijh)⏞ ⏟⏟ ⏞

Storage revenues
from prosumers

]︃
+

(1− δjh)
[︃

(θijh − K̂h)wij,h−1⏞ ⏟⏟ ⏞
Leaving fee

]︃)︄
(4.16)

Note that in the case θijh < K̂h, the TEV would still save money by leaving the
parking spot with part of the energy stored by the i-th prosumer, since the leaving fee is
lower than the recharging cost the TEV would pay if supplied by the retailer.

4.3.5 Prosumers
At each time step h ∈ Ht, the i-th prosumer is characterized by a known autonomous
generation, Gih, and by an energy demand, Dih. On the one hand, in the case Dih > Gih,
the i-th prosumer can buy the energy amount âih supplied by the retailer (at time-varying
price K̂h) and/or retrieve the energy amount ďijh, discharged by the j-th tEV, (at
time-varying price φ̌ijh). On the other hand, in case Gih > Dih, the i-th prosumer can
sell the energy amount ǎih to the retailer (at time-varying price Ǩh), sell the energy
amount pikh to the k-th cEV (at time-varying price ψikh) as charging service, and/or
store the energy amount d̂ijh in the j-th TEV (at time-varying price φ̂ijh). At each time
step, the following energy balance equation must be satisfied for the i-th prosumer:

Gih −Dih + âih − ǎih +
∑︂
j∈St

δjh

(︂
d̂ijh − ďijh

)︂
−
∑︂
k∈Ct

δkhpikh = 0, h ∈ Ht. (4.17)

Moreover, all energy flows âih, ǎih, d̂ijh, ďijh, and pikh are bounded as follows:

∀h ∈ Ht :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 ≤ âih ≤MRP , (4.18a)
0 ≤ ǎih ≤MRP , (4.18b)
d̂ijh ≥ 0, ∀j ∈ St (4.18c)
ďijh ≥ 0, ∀j ∈ St (4.18d)
d̂ijh + ďijh ≤MPS , ∀j ∈ St (4.18e)
0 ≤ pikh ≤MPC ∀k ∈ Ct. (4.18f)

where MRP is the maximum amount of energy exchangeable with the retailer, while MPC
and MPS are defined as for (4.2) and (4.13), respectively. Constraint (4.18e) corresponds
to the same complementarity constraint relaxation in (4.13c). The amount of energy the
j-th TEV stores for the i-th prosumer is indicated with uijh, whilst its profile over the
control horizon is denoted as uij = (uijh)h∈Ht

. Hence, similarly to (4.12), we have:

∀h ∈ Ht,
∀j ∈ St

:

⎧⎪⎪⎨⎪⎪⎩
uijh = δjh

(︂
αuij,h−1 + η̂d̂ijh − η̌ďijh

)︂
(4.19a)

uijh ≥ 0 (4.19b)
u

ijt
(a)
j

= 0 (4.19c)
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where (4.19a), similarly to (4.12a), is the storage update equation, while (4.19c) imposes
that the fraction of storage held by the j-th TEVs, when it arrives at the parking spot, is
null.
Remark 4.3.1

Couples (wijh, uijh), (d̂ijh, b̂ijh), (ďijh, b̌ijh) and (p̌ikh, q̌ikh) represent the same
quantity from the prosumers and PEVs perspective. Using different variables will
allow us to formulate the equilibrium problem, as it will be shown in Section 4.4.

The i-th prosumer aims at optimally determining the profiles of energy to be bought
from and sold to the retailer (âi = (âih)h∈Ht

and ǎi = (ǎih)h∈Ht
), of energy sold to

each cEV (pik = (pikh)h∈Ht
, ∀k ∈ Ct), and energy to be charged in and discharged from

each TEV (d̂ij = (d̂ijh)h∈Ht
and ďij = (ďijh)h∈Ht

, ∀j ∈ St), over the control horizon Ht.
Vectors âi, ǎi, pi = (pik)k∈Ct

, d̂i = (d̂ij)j∈St
, ďi = (ďij)j∈St

, and ui = (uij)j∈St
are

thus collected in the decision variables’ vector xP
i ∈ RH(2+Ct+3St) defined as:

xP
i = col

(︂
âi, ǎi,pi, d̂i, ďi,ui

)︂
. (4.20)

We collect the feasible decision vectors, satisfying the equalities and inequalities
independent from δkh and δjh, in the set UP := {xP

i | (4.18), (4.19b), (4.19c) hold}.
Equations (4.19a) and (4.17) can be expressed as AP

i xP
i + bP

i = 0, where

AP
i =

⎡⎢⎢⎢⎢⎣
IH 0St,StH

−IH 0St,StH

1St ⊗ diag (δj) ISt ⊗ η̂ diag (δj)
−1St ⊗ diag (δj) −ISt ⊗ η̌ diag (δj)
−1Ct

⊗ diag (δk) α diag (1StH−1,1)−IStH

⎤⎥⎥⎥⎥⎦
⊤

(4.21a)

bP
i =

[︃
di −Gi

0StH

]︃
(4.21b)

Finally, the total cost sustained by the i-th prosumer, JP
(︁
xP

i

)︁
, can be expressed as

follows:

JP
(︁
xP

i

)︁
=
∑︂

h∈Ht

(︄
K̂hâih − Ǩhǎih⏞ ⏟⏟ ⏞
Cost and revenues
from the retailer

−
∑︂
k∈C

δkh ψikhpikh⏞ ⏟⏟ ⏞
Revenues

from CEVs

+

∑︂
j∈St

[︃
δjh (φ̂ijhd̂ijh + φ̌ijhďijh)⏞ ⏟⏟ ⏞

Storage cost

−(1− δjh) θijhuij,h−1⏞ ⏟⏟ ⏞
Refund from
leaving TEVs

]︃)︄
(4.22)

consisting of the costs and revenues resulting from the energy trading with the retailer,
revenues from the energy sold to CEVs, and costs of TEVs’ storage usage.

4.4 The Proposed Control Strategy
The proposed control strategy relies on a non-cooperative stochastic MPC approach,
which allows all agents in the EC (i.e., prosumers, CEVs, and TEVs) to agree on an
energy exchange equilibrium. First, we formally describe the non-cooperative formulation
of the game and the employed resolution algorithm; then, we illustrate its integration
into the MPC scheme.

4.4.1 Non-cooperative Game Model
Consider a given t ∈ N≥0. For each time step h ∈ Ht, each agent n ∈ N := Ct∪St∪P acts
selfishly, determining the best strategy which ensures that its cost function is minimized
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and local constraints are satisfied. Following [37], we tackle the stochastic nature of
parameter δvh, which indicates the PEV presence in the charging slot at time h, by
considering the expectation related to the cost function and local constraints of each
agent. To this aim, we first define the local constraints sets Kn

Kn :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
xC

n ∈ UC : Eδ[AC
nxC

n + bC
n] = 0 if n ∈ Ct

xS
n ∈ US : Eδ[AS

nxS
n ] = 0 if n ∈ St

xP
n ∈ UP : Eδ[AP

n xP
n + bP

n ] = 0 if n ∈ P

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (4.23)

However, the energy amount that each agent eventually buys from or sells to one of
its neighbors must be equal to the quantity the latter decides to release or acquire. We
indicate the vectors collecting the residuals of the energy flows between prosumers and
CEVs, as well as prosumers and TEVs with cPC

ik and cPS
ij , respectively:

∀i ∈ P :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
cPC

ik :=
[︁
qik − pik

]︁
= 0H , ∀k ∈ Ct (4.24a)

cPS
ij :=

⎡⎣d̂ij − b̂ij

ďij − b̌ij

uij −wij

⎤⎦ = 03H , ∀j ∈ St (4.24b)

Constraints (4.24) constitute the so-called coupling constraints. They can be interpreted
as the result of the “agreement" on the energy amounts to be exchanged among agents,
which is also known as “market-clearing" process. Formally, this agreement means finding
the NE of the non-cooperative game G(N ,X ,J ), defined as follows:
• N is the set of agents, with |N | = N ;
• X =

∏︁
n∈N Xn(x−n) is the set of strategies, where Xn(x−n) is the strategy set of

the n-th agent:

Xn(x−n)=

⎧⎨⎩xn ∈ Kn :
(4.24a) hold, if n ∈ Ct

(4.24b) hold, if n ∈ St

(4.24) hold, if n ∈ P

⎫⎬⎭ (4.25)

with xn and x−n := (xm)m∈N \{n} being the strategy of the n-th agent and of all the
remaining agents in N \ {n}, respectively;
• J = {Jn(xn), n ∈ N} is the set of objective functions:

Jn(xn) =

⎧⎪⎨⎪⎩
Eδ[JC(xC

n)], if n ∈ Ct

Eδ[JS(xS
n)], if n ∈ St

Eδ[JP(xP
n )] if n ∈ P.

(4.26)

being the expected value, with respect to either δkh or δjh of the total costs defined
in Section 4.3. The optimal strategy x∗

n of the n-th agent results from the following
inter-dependent optimization problems:

x∗
n = argmin

xn∈Xn(x∗
−n

)
Jn(xn), ∀n ∈ N . (4.27)

Definition 4.4.1
A NE is a collective strategy (x∗

n)n∈N such that no agent can benefit from a unilateral
deviation if all the other agents act according to the NE, i.e.:

Jn(x∗
n) ≤ inf {Jn(xn) : xn ∈ X (x∗

−n)}, ∀n ∈ N . (4.28)

Note that, due to the presence of the coupling constraints in (4.24), the above-defined
problem is a GNEP [38] and a corresponding solution is denoted as a GNE. It is well-
known that a GNEP is a hard problem, for which there are no general solutions. However,
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there exists a class of GNEPs that can be treated as a variational inequality (VI) problem
[39]. Given a convex closed set K ⊆ Rn and a continuous function F : K → Rn, solving
the variational problem V I(K,F) means finding a vector x ∈ K such that:

F(x)⊤(x− y) ≥ 0, ∀y ∈ K. (4.29)

In particular, if F=(∇x1J1(x1); . . . ;∇xN
JN (xN )), then V I(F,X ) is the associated VI

problem to G(N ,X ,J ).
Proposition 4.4.1

Every solution of the V I(X ,F) formulation of G(N ,X ,J ) is also a solution of the
GNEP.

Proof. The proof consists in verifying that the following sufficient conditions provided in
[39] (by which every solution of the VI formulation of a GNEP problem is a GNE) hold
in the case of problem (4.27):

(1.1) Jn ∈ J is continuously differentiable, for all n ∈ N ;
(1.2) Jn(xn) is pseudo-convex in xn ∈ Kn, for all n ∈ N ;
(1.3) The set Xn(x−n) is closed and convex, for all n ∈ N .

Condition (1.1) is readily verified by definitions in (4.10), (4.16), and (4.22). In addition,
differentiability of (4.16) is verified from Assumption 4.3.1. Condition (1.2) is verified
for (4.10) and (4.22) since these are affine, while in the case of (4.16), for Q(b̌ijh, b̂ijh)
quadratic, it follows from the positive semi-definiteness of the Hessian matrix Hj ∈ S3P H

of JS(xS
j ), i.e.,

Hj =
[︃

Hnw
j 02P H,P H

0P H,2P H 0P H,P H

]︃
⪰ 0, ∀j ∈ St (4.30)

where Hnw
j ∈ S2P H is the north-west minor of matrix Hj , defined as:

Hnw
j := ζ12,2 ⊗ (IP ⊗ diag (δj)) ⪰ 0, ∀j ∈ St. (4.31)

Note that eq. (4.31) holds from Theorem 4.2.12 in [40]. As for condition (1.3), convexity
is guaranteed since (4.25) results from the intersection of affine sets (4.23) and (4.24);
closure and boundedness are both verified since all decision variables are non-negative and
bounded from above with non-strict inequalities; consequently, the set Xn(x−n) defined
in (4.25) is a convex polytope [41] for all n ∈ N .

4.4.2 Equilibrium Computation
A well-known class of algorithms for solving a distributed VI with coupling equality
constraints (as in (4.24)) is the augmented Lagrangian method (ALM). In particular,
following [42], we employ the so-called ADALM. The basic idea consists of iteratively
minimizing the Lagrangian of the cost function Jn(xn) for each agent n ∈ N , whose
general form is:

Ln (xn,λn) = Jn (xn) + λ⊤
n cn + ρ

2∥cn∥2 (4.32)

where cn represents the equality constraints in (4.24), λn is the associated vector of
Lagrange multipliers, and ρ ∈ R≥0 is the regularization strength. Recalling (4.8), (4.14)
and (4.20), cn is defined as:

cn :=

⎧⎪⎪⎨⎪⎪⎩
col(cPC

in )i∈P if n ∈ Ct

col(cPS
in )i∈P if n ∈ St[︂

row(cPS
nj )j∈St row(cPC

nk )k∈Ct

]︂⊤
if n ∈ P.

(4.33)
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Algorithm 4: ADALM
Input: ρt, χ, x(0)

n , λ(0)
n , ∀n ∈ N

1 τ ← 0
Output: x∗

n, ∀n ∈ N
2 while stopping criterion is not reached do
3 τ ← τ + 1
4 do in parallel
5 Each agent n ∈ N locally minimizes their Lagrangian, i.e.:

x̃(τ)
n = argmin

xn∈Kn

Ln

(︂
xn,λ

(τ−1)
n

)︂
(4.34)

6

x(τ)
n = x(τ−1)

n + χ
(︂

x̃(τ)
n − x(τ−1)

n

)︂
(4.35)

7 Each prosumer n ∈ P broadcasts d̂
(τ)
n , ď

(τ)
n , u(τ)

n to TEVs and p(τ)
n to

CEVs.
8 Each cEV n ∈ Ct broadcasts q(τ)

n to prosumers.
9 Each TEV n ∈ St broadcasts b̂

(τ)
n , b̌

(τ)
n , w(τ)

n to prosumers.
10 Each agent n ∈ N locally updates the Lagrangian multipliers, i.e.:

λ(τ)
n = λ(τ−1)

n + ρtχc(τ)
n , ∀n ∈ N (4.36)

The ADALM-based iterative process is summarized in Algorithm 4, where τ in the
variables’ superscript denotes the iteration count. Given an initial solution x(0)

n and
multipliers vector λ(0)

n , for all n ∈ N , at each iteration τ , each agent in the EC solves
its own local optimization problem, using the previous Lagrange multipliers’ vector, as
in (4.34). Each agent’s strategy is thus updated through the preconditioning step in
(31), with χ ∈ R≥0 being the constant step size. Subsequently, each agent broadcasts
the updated energy flow variables to its neighbors (line 7). Having received the updated
strategies of neighbors, each agent finally updates its own local vector of Lagrange
multipliers as in (4.36).
Remark 4.4.1

Due to the tripartite communication topology of the EC (see Fig. 4.1b), the update
step in (4.36) can be evaluated by agents locally, without the need for a coordinator.
In fact, the tripartite topology of the communication layer makes the EC suitable for
a distributed control approach, since convergence is reached by simple broadcasting
[43].

Remark 4.4.2
A natural of choice of the Lagrange multipliers are the storage and energy prices
φ̂ijh, φ̌ijh, ψikh and θijh, since they represent the shadow prices for the usage of
the flow variables in (4.24). Therefore, given φ̂ij = (φ̂ijh)h∈Ht , φ̌ij = (φ̌ijh)h∈Ht ,
ψik = (ψikh)h∈Ht

and θij = (θijh)h∈Ht
, we define λ(τ)

n as:
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Figure 4.2: Scheme of the non-cooperative MPC controlling the EC of prosumers with CEVs and TEVs.

λ(τ)
n :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

col
(︂
ψ

(τ)
in

)︂
i∈P

, if n ∈ Ct⎡⎢⎢⎢⎢⎣
col
(︂
φ̂

(τ)
in

)︂
i∈P

col
(︂
φ̌

(τ)
in

)︂
i∈P

col
(︂
θ

(τ)
in

)︂
i∈P

⎤⎥⎥⎥⎥⎦ , if n∈ St

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

col
(︂
φ̂

(τ)
nj

)︂
j∈St

col
(︂
φ̌

(τ)
nj

)︂
j∈St

col
(︂
θ

(τ)
nj

)︂
j∈St

col
(︂
ψ

(τ)
nk

)︂
k∈Ct

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, if n ∈ P.

(4.37)

The economic interpretation of (4.37) is straightforward: each agent iteratively updates
the price related to the exchanged energy, the amount of which must be agreed upon with
the neighboring agents’ amount. Equation (4.37) implies that part of the term λ⊤

n cn is
contained in Jn(xn), given (4.10), (4.16) and (4.22), from which we have

∇xn
L(xn,λn) = ∇xn

Jn(xn) + ρ∇xn
∥cn∥ (4.38)

The value of λ(0)
n depends on the service prices φ̂(0)

ij , φ̌(0)
ij , θ(0)

ij , ψ(0)
ik , which are used

when evaluating the initial solution. A possible choice for λ(0)
n is the following

ψ
(0)
ik = θ

(0)
ij = φ̂

(0)
ij = φ̌

(0)
ij = 0 (4.39)

which can be seen as an incentive for all agents to exploit the storage and recharging
services. Differently, one may consider ψ(0)

ik = Ǩ corresponding to the price such that it
is indifferent to prosumers whether to sell to CEVs or to the retailer. Similarly, setting
θ

(0)
ij = Ǩ corresponds to the opportunity cost of losing the energy stored using TEVs

capacity. Note that different choices of λ(0)
n affect the finally reached GNE; in fact, it can

be easily seen that Jn(xn) is non-strictly convex, for all n ∈ N , including n ∈ St, since
the Hessian of (4.16) is diagonally non-dominant. Therefore, the GNE in (4.28) is not
unique (see Proposition 4.9 in [38]).

The convergence properties of Algorithm 1 are formally addressed by the following
propositions.
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Proposition 4.4.2

For any χ ∈ (0, 1/2), the sequence x(τ)
n converges as O(1/ϵ) to an ϵ-optimal and

ϵ-feasible solution x∗
n for all n ∈ N and ϵ ∈ R≥0.

Proof. Coupling constraints in (4.24) can be written in the canonical form Ax = 0, where
x is the collective strategy vector, defined as

x := col(xn)n∈N =
[︁

col(xk)k∈Ct
, col(xj)j∈St

, col(xi)i∈P
]︁

(4.40)

and A is the coupling constraints matrix, defined as

A =
[︃
ICt
⊗AC IP ⊗APC

ISt
⊗AS IP ⊗APS

]︃
(4.41)

where matrices AC , AS , APC , and APS are defined as

AS = −I3P H (4.42a)
AC =

[︁
0P H,H IP H

]︁
(4.42b)

APC =
[︁
0Ct,2H −ICtH 0CtH,3H

]︁
(4.42c)

APS =
[︁
03StH,H(2+Ct) I3StH

]︁
(4.42d)

The proof follows [42], and consists in proving that the ADALM scheme is convergent for
χ ∈ (0, 1/ω(A)), under the following assumptions:

(2.1) Jn ∈ J is convex and Xn(x−n) is non-empty closed convex for all n ∈ N ;
(2.2) The duality gap associated with x∗

n is 0;
(2.3) All sub-problems in (4.34) are solvable at any iteration τ ∈ N≥0.

Rows of matrix A are either null or with 1 and −1 as unique non-null elements. Therefore,
ω(A) = 2. Condition (2.1) is verified following the same arguments of conditions (1.1)
and (1.3) in the proof of Proposition 4.4.1. Condition (2.2) is verified since (4.10), (4.16),
and (4.22) are convex and continuous. As specified in [42], condition (2.3) is satisfied if,
for all n ∈ N , Xn(x−n) is compact, which is proved for Proposition 4.4.1.

Apart from χ, a further term that requires to be determined is ρ. To the best of the
authors’ knowledge, choosing a λ(0)

n ̸= 0 does not allow us to optimally determine ρ, as it
will be shown in the following.
Proposition 4.4.3

Let λ(0)
n = 0, for all n ∈ N . The optimal choice of regularization strength at time

t ∈ N≥0, ρ∗, is evaluated as

ρ∗ = 1
|max(x)|

√︁
2HN(PCt + 3PSt)

(4.43)

The proof is reported in Appendix A.2. Given an upper bound on the agents’ sets
cardinalities and parameters over time, we can set ρ∗ independently of t. This is usually
practically feasible, given that charging stations and parking lots have a finite capacity,
the maximum transmissible power is a characterizing parameter of the grid, and battery
capacity can be bounded over the commercially available PEVs. Alternatively, the
regularization coefficient can be re-evaluated in a distributed fashion, when changes in
the number of agents occur, by means of linear consensus mechanisms, which usually
converge after a few iteration rounds.
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Algorithm 5: MPC
1 forall t = 1 . . . T do
2 Update PEVs’ sets Ct and St.
3 do in parallel
4 Each PEV v ∈ Vt broadcasts Dv(µv) to prosumer i ∈ P
5 Each agent n ∈ N initializes λ(0)

n as in (4.39)
6 Each agent n ∈ N calculates x(0)

n as

x(0)
n = argmin

xn∈Kn

Jn(xn). (4.44)

7 Each agent n ∈ N solves ADALM in accordance with Algorithm 1.

Figure 4.3: Trucated normal distribution fitting of the car parking durations on a logarithmic time scale
(Southbank Boulevard - Riverside Quay crossroad) in the On-street Car Parking Sensor Data - 2017
database

4.4.3 The MPC Algorithm
The MPC control approach is summarized in Algorithm 5, while Fig. 4.2 provides an
overview of the MPC control scheme. On the one hand, the plant is constituted by the
P+St+Ct agents trading energy in the EC, i.e., the TEVs, CEVs, and prosumers belonging
to St, Ct (whose cardinality may change at each time t), and P , respectively. On the other
hand, the core of the MPC is represented by the distributed mechanism (i.e., the ADALM
algorithm) solving the online optimization problem (4.27), which in turn minimizes the
cost functions (4.10), (4.16), and (4.22), incorporates the individual dynamics of agents
(4.23) and their coupled interactions (4.24), and aims at determining the control variables
(4.8), (4.14), and (4.20). Given the large number of definitions available in the literature
regarding non-centralized control systems, we refer to distributed MPC architectures
following the definition reported in [44]. In particular, as highlighted in Fig. 4.2, the
proposed scheme is composed of P + St + Ct controllers, each controlling an agent in the
EC and all exchanging information in accordance with the underlying communication
layer (Fig. 4.1b), with the aim of achieving an agreement on the operational strategies.
At each time t, the state of the PEVs’ set is updated (line 2) and prosumers acquire the
parking time distributions, Dv(µv) from the respective PEVs (line 4). Then, all agents
evaluate the initial solution x(0)

n as in (4.44), which corresponds to the optimal solution
each agent could reach if constraints in (4.24) were not in place (line 8). Finally, all
agents participate in the game-based energy market through ADALM, which at each time
t yields the control strategies over the whole control horizon (line 9). Results are applied
to all agents for a one-time step (i.e., h = t+ 1) in a closed-loop control fashion.

4.5 Numerical Results
Numerical simulations of the proposed control framework have been carried out in Python
3.9.0. The optimization problems have been compiled through the CVXPY [45] library
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Figure 4.4: Aggregate energy demand and renewable generation for prosumers.

and computed using the numerical solver ECOS [46]. All tests have been performed on a
single machine equipped with an Intel Core i5-7400 3.00 GHz (4 cores) CPU and 8 GB of
memory. Data and source code are fully available [47].

4.5.1 Parameters
We consider an EC with a time-invariant number of prosumers P = 5 and an initial
number of PEVs C0 = S0 = 5. The retailer’s energy selling price, K̂h, corresponds to
one of the billing plans offered by the Italian distribution system operator [48], which is
characterized by peak and off-peak periods, i.e., K̂h = 0.322 € from 08:00 to 19:00 and
K̂h = 0.267 € from 00:00 to 8:00 and from 19:00 to 23:00. Prosumers’ energy demand
and generation, in the considered EC, are summarized in Fig. 4.4, where lines represent
the aggregate over all prosumers. Data were sampled from the yearly consumption and
solar generation of an urban condominium. Each prosumer is characterized by its own
energy curves, uniformly drawn from the aforementioned dataset. Moreover, its buying
price corresponds to a fraction ξ ∈ (0, 1] of the latter, i.e., Ǩh = ξK̂h, as to exclude
the taxation increment. K̂h and Ǩh are both expressed in €/kWh. The conducted
experiments refer to a 2-day simulation, using a time step of 15 minutes, i.e. t ∈ [1, 192]N,
and a control horizon of 3 hours, i.e., H = 12. Data regarding PEVs’ battery and charging
information are compliant with the specifications detailed by the Electric Vehicle Database,
which collects 189 PEV models [9]. Particularly, the availability of technical information
regarding battery capacity and charging times allows to uniformly sample Sk, Sk, Zj , Zj ,
and γk. For the generic v-th EV, we assume, without loss of generality, that Dv(µv) is a
truncated normal (TN) distribution [49]. Specifically, let lv ∼ T N (µv, σv, 0,+∞) being
the parking/charging duration of the v-th EV, following a TN distribution with average
µv, standard deviation σv and bounded between 0 and +∞ . Clearly, lv = t

(d)
v − t(a)

v ,
therefore P(t(d)

v ≥ h) = P(lv ≥ h− t(a)
v ), from which we have

P(t(d)
v ≥ h) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1− Φ

(︂
h−t(a)

v −µv

σv

)︂
1− Φ

(︂
µv

σv

)︂ , if h > t

1, if h = t

(4.45)

where Φ(·) is the normal cumulative distribution. The formulation in (4.45) is supported
by the existing literature. For instance, by analyzing the parking time in [50] (office-type
car park data), [18] (resulting data of a National Household Travel survey), and [51] (data
from Electric Power Research Institute [52]), the best-fitting curve results to be a normal
curve. In particular, Fig. 4.3 provides the results of the curve fitting for parking data
in [8]. Regarding the charging and parking duration distributions, each PEV v ∈ Vt is
characterized by its own parameters µv and σv, which are uniformly sampled as follows

µk ∼ U(0, µC), σk ∼ U(1, σC), k ∈ Ct (4.46a)
µj ∼ U(0, µS), σj ∼ U(1, σS), j ∈ St (4.46b)
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Figure 4.5: Total number of TEVs and CEVs present in the EC over time steps.

where µC and µS are the maximum average charging and parking duration, respectively,
while σC and σS are the maximum standard deviations for charging and parking duration,
respectively. Note that the minimum value for σC and σS is 1, in order to prevent
numerical instabilities, although a zero value is virtually possible.

For simulations purposes, without loss of generality, the PEVs’ arrival is modeled as a
Poisson distribution, with βC and βS being the constant average number of newly arrived
TEVs and CEVs, respectively. Without loss of generality, we consider βC = 0.8 and
βS = 0.4 as constants, although one may experiment with time-dependent distribution in
order to more accurately simulate the systems with respect to the local PEVs parking
and charging patterns. We stress that both the arrival distribution and the charging and
parking time distributions are independent of the model formulation.

4.5.2 Simulation Results and Discussion
In the following, we discuss the results yielded by MPC approach for the proposed
framework, which is compared against the common EC setup, where no energy storage
is provided by TEVs. The dynamics of PEVs’ arrival and departure are summarized in
Figs. 4.5, which represents the total number of PEVs present in the EC over time. The
maximum number of PEVs simultaneously present in the EC reaches 39 on the second
day. We illustrate both the energy flow dynamics and the sustained costs and revenues.
We focus on the prosumers’ dynamic, since they are the only agents whose numerosity
remains constant throughout the simulations and they are related to both TEVs and
CEVs.

Figure 4.6a collects the energy flow variables. Thicker lines represent the aggregate
value of the indicated variable over all prosumers at time t, while dashed lines correspond
to the future projections over the receding control horizon Ht \ {t}. The intensity of the
shade of dashed lines is proportional to its distance with respect to t, i.e., the lighter, the
further away. The first plot illustrates the dynamics of the aggregate energy bought from
the retailer. It can be noticed that its amount is consistent throughout the day, even
during off-peak periods. This suggests that there is a strong arbitrage component in the
dynamics. Contrarily, the aggregate surplus sold to the retailer, summarized in the second
plot, is almost zero for the entirety of the simulations. In fact, the surplus is almost totally
stored, using the capacity provided by TEVs, or sold to CEVs for recharging. The third
plot represents the aggregate energy stored in the batteries of TEVs. At the beginning of
the simulation, the initial storage is null for all prosumers. After the initial buildup, the
trend seems to synchronize with the peak/off-peak period, so that the charging amount
corresponds to a combination of the prosumers’ autonomous generation surplus and
energy bought from the retailer as a result of arbitrage. Lastly, the fourth plot represents
the aggregate amount of energy prosumers sold to CEVs, which are the preferred buyers,
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(a) Aggregate energy flow dynamics of the EC with TEVs’ buffering
service.
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(b) Aggregate energy flow dynamics of the EC with no TEVs’
buffering service.
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Figure 4.6: MPC results in terms of prosumers’ aggregate energy profiles. Thicker lines represent the
actual aggregate energy flow at time t, while dotted lines indicate the future projections over Ht \ {t}.

with respect to the retailer. Figure 4.7b illustrates the energy flow dynamics of the
EC – including energy generation, demand, arrival time, and departing probabilities –
but without the availability of TEVs. Clearly, the graph plotting ǎit reports a more
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(a) Aggregate prosumers’ costs and revenues with
TEVs’ buffering service usage.
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(b) Aggregate prosumers’ costs and revenues with
no TEVs’ buffering service usage.
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Figure 4.7: Prosumers’ aggregate economic performance: each curve represents a cost/revenue component
at t, i.e., the difference between costs and revenues from energy exchanges.

intensive energy buying from the retailer, due to the absence of storage where energy
could be stored during off-peak periods. Arbitrage is still strong since energy output from
prosumers towards CEVs is still consistent.

Figure 4.7a reports the aggregate economic dynamics of the prosumers, where the first
graph represents the net difference between the costs and revenues coming from energy
bought from and sold to the retailer. Its trend is a direct consequence of the arbitrage
discussed for the related graphs in Fig. 4.6a. The second plot represents the aggregate
storage costs. It can be noticed that, for some t, the cost becomes negative, i.e., it becomes
revenue. This corresponds to the refund obtained from a TEV which left the parking lot
with part of the prosumer stored energy. Lastly, the third graph illustrates the revenues
resulting from selling energy to CEVs. Similarly to Fig. 4.6b, Fig. 4.7b reports the
aggregate costs and revenues sustained by prosumers when no buffering service is provided
by TEVs. Since the impact of storage costs is limited with respect to the revenues from
CEVs and retailers’ net costs, the overall economic dynamic looks equivalent to the one in
Fig. 4.7a. This suggests that the absence of TEVs in the community is not disruptive with
respect to the overall economic performance: their addition results in a win-win scenario
where prosumers gain a further energy trading option and TEVs become able to gain a,
albeit low, passive income. Given a prosumer i ∈ P, its self-supply (SSi) measures how
much of the generated energy is used for self-consumption, while its energy-independence
(EIi) measures how well it can independently satisfy its own demand. They are calculated
as follows:

∀i ∈ P :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
SSi = 1−

∑︁
t∈[1,T ] ǎit∑︁
t∈[1,T ] Git

EIi = 1−
∑︁

t∈[1,T ] âit∑︁
t∈[1,T ] Dit

(4.47)

Table 4.2 reports the aforementioned indices for the community of prosumers with and
without buffering service provided by TEVs: it can be noticed how integrating the latter
improves both the self-sufficiency and energy-independence of the EC.

Finally, Fig. 4.8 reports the residuals of the coupling constraints in (4.24). In particular,
the reported results regard the simulation time as having the highest number of PEVs
participating in the market. In order to avoid prolonged loops, the maximum number
of ADALM iterations has been capped at 30. However, despite the limited number of
iterations, ADALM yields a good performance with the final residual values standing
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Table 4.2: Comparison of prosumers performance in the proposed framework with and without TEVs

With TEVs energy buffer
i 1 2 3 4 5

EIi 17.50% 15.90% 17.60% 17.60% 4.60%
SSi 99.10% 100.0% 100.0% 99.60% 100.0%

Without TEVs energy buffer
i 1 2 3 4 5

EIi 11.90% 13.50% 17.00% 12.10% 2.20%
SSi 91.50% 95.60% 98.10% 91.90% 95.50%

Figure 4.8: Convergence of Algorithm 1 in terms of residuals of the coupling constraints in (4.24) for the
ADALM instance having the highest number of PEVs.

less than 1e-3. Moreover, the computational runtime on the aforementioned hardware
for solving the MPC online optimization at each iteration t ∈ N≥0 ranges from 1 to 2
seconds.

4.6 Conclusions
In this work, we have presented a non-cooperative distributed control framework, where
an energy community provides recharging services to PEVs, while exploiting the energy
storage capabilities of long-term parked non-resident PEVs. We have defined a rolling
horizon control strategy based on a quadratic optimization model, that is solved in
a distributed fashion leveraging on the accelerated distributed augmented Lagrangian
method. We have proved the convergence properties of such a method in the considered
setting. The effectiveness of the proposed control strategy has been shown through
numerical experiments based on real datasets.

Future work will focus on extending the architecture to different communication and
energy-sharing settings, as well as ensuring the correct operation of the control framework
in case of untrustworthy PEVs, which may communicate biased parking distribution
parameters in order to increase their own profit. Finally, extending the framework to
coalitional games will be explored, in order to assess the feasibility and utility of enforcing
the cooperative behavior of involved agents.
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Chapter 5

Real-Time Power Allocation for Plug-in
Electric Vehicles via Event-Triggered
Evolutionary Dynamics

V
Abstract

Motivated by evolutionary game theory and evolutionary dynamics models (EDMs),
in this paper, we devise an event-triggered EDM-based control strategy for real-
time power allocation in the charging coordination of a fleet of plug-in electric
vehicles (PEVs). Based on the hybrid Lyapunov stability theory, we deduce sufficient
conditions to guarantee the asymptotic stability of the closed-loop system comprised
of our proposed controller and the (unknown and nonlinear) dynamics of the PEVs’
batteries. Furthermore, the dynamical power allocation is guaranteed to satisfy
the operational constraints of the system at all times, which include the limited
power availability of the ER that feeds the fleet of PEVs. The event-triggered
configuration of the controller allows us to model triggering events such as PEVs’
arrivals, departures, and charging completion, while the EDM-based setup guarantees
that the allocation process achieves a Nash equilibrium among the PEVs, i.e., a
self-enforceable agreement where no PEV can benefit by unilaterally deviating from
it. The effectiveness of the proposed approach is illustrated through a numerical
case study considering multiple PEVs under random arrivals, departures, and power
requirements.
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5.1 Introduction
Approximately 20% of the world carbon emissions can be attributed to automobiles
powered by internal combustion engines [1]. Specifically, 75% of the total amount of
transportation emissions are generated by road vehicles. Although their impact is not as
severe as the energy production sector, which accounts for 73% [2] of the global greenhouse
gas emission, they constitute a non-negligible environmental concern, especially for densely
populated urban areas [3]. A non-disruptive solution is provided by plug-in electric vehicles
(PEVs), whose employment reduces the overall footprint left by the transport sector,
without compromising road mobility. The increasing number of PEVs populating roads
calls for effective procedures to guarantee efficient charging coordination. Being electric
devices, in fact, PEVs actively participate in the energy market, constituting non-fixed
loads that need to be handled accordingly by the distribution system operators. The task
of smoothly merging PEVs’ charging activities with the preexisting power grid’s operations
is, however, far from trivial [4]. Distributed and intermittent loads tend to disrupt the
nominal working scheduling of the grid, although their unpredictability can be mitigated
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when the degree of PEVs’ adoption stabilizes the periodicity of peak periods [5]. Efforts
have been made in this direction, with the aim of forecasting the PEVs’ charging windows
by, e.g., predicting PEVs’ departure [6], or users’ demographic [7], possibly through the
use of machine-learning-based methods [8]. Apart from the infrastructural perspective,
coordinating the recharging process of a fleet of PEVs should keep into consideration
the agents’ selfish behavior, arising from the need to share a limited resource, i.e., the
grid output [9]. Indeed, the energy market is well-modeled by frameworks that keep into
consideration antagonistic and/or coalitional behaviors of agents. Namely, given that the
electrical energy supply is a limited resource, together with the fact that the demand
signal is hardly constant, including non-cooperative and cooperative actions turns out
to be a convenient feature in the design of control approaches for smart grids [10], [11].
The core idea of game theory revolves around the concept of equilibrium, where the most
common is the one formulated by Nash [12], i.e., a state where no agent has incentives to
unilaterally deviate from their selected strategy.

Within the branches of game theory, a particularly relevant one for energy systems is
evolutionary game theory (EGT) [13], [14]. The EGT framework models large populations
of decision-making agents with bounded rationality levels, and the resulting evolutionary
dynamics models (EDMs) [15] have certain invariance and stability properties that render
them attractive for dynamical resource allocation applications [16], including the power
allocation for PEVs [17], [18].

5.1.1 Related Works
EGT has been recently used to model the interactions between competing companies and
policymakers in the realm of traditional energy production systems [19], [20], including
the design of incentives to reduce greenhouse gas generation [21], [22]. The penetration of
PEVs in the transportation sector is, in fact, often incentivized with the aim of reducing
the environmental impact of fuel-based vehicles. Regarding PEVs penetration, the authors
in [23] use EGT to model the partnerships among investors, hydrogen-powered vehicle
users, and solar power plants. A similar tripartite structure is analyzed in [24], where
authors focus on influential factors of PEV development resulting from the interplay of
enterprises, users, and governments. Proper integration of PEVs in the urban environment
also requires the deployment of necessary infrastructure, such as charging stations (CSs).
Authors in [25] analyze this aspect under the lens of EGT by balancing subsidy and tax
policies while considering the consumers’ mobility preferences.

While the aforementioned works apply evolutionary game theoretical frameworks to
tackle managerial and organizational problems, EGT has also been employed to address
issues at the operational level. Specifically, in the context of PEVs charging coordination,
EGT has been used in [26] for navigating PEVs to CSs, with the aim of better integrating
the power grid with the electric transport network. After arriving at a CS, the plugged
PEV constitutes a temporary load for the network grid. In fact, the problem of power
allocation for PEVs has been recently studied from various perspectives, even beyond
evolutionary game theoretical ones. A popular approach employs a receding-horizon
high-level optimization perspective, where the time horizon is split into multiple time
slots, and optimization-based methods are used to compute the power to be charged by
each PEV during each time slot. Some recent examples of such a perspective are [27]–[29],
where the authors formulate multi-stage optimization schemes to compute the power
profiles of the PEVs while satisfying the operational constraints of the system. One caveat
of such a framework, however, is that the computed power profile is applied in open loop
during each time slot, and it is only recomputed at the beginning of the next time slot.
Thus, the system cannot deal with real-time disturbances regarding random arrivals or
departures of PEVs as well as unmodeled dynamics on the PEVs’ batteries. To cope with
such an issue, the authors in [17] formulate some continuous-time EGT-based dynamics
for the real-time charging coordination of PEVs under feeder capacity constraints, which
allows the system to operate in real-time while still guaranteeing the satisfaction of the
operational constraints. Nonetheless, the closed-loop feedback interconnection between
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the PEVs and the CSs is not considered in the analysis. In contrast, the authors in
[30] devise a charging coordination algorithm based on mean-field games, which indeed
includes the battery dynamics of the PEVs, yet they are assumed to be linear and fully
modeled, without considering system-level operational constraints. In contrast to the
aforementioned previous works, the control method formulated in this Chapter i) can
respond in real-time to disturbances regarding arrivals and departures of PEVs; ii) satisfies
the operational constraints of the system at all times (including the coupled constraint on
the limited power availability of the retailer); and iii) is model-free as regards unmodeled
nonlinear dynamics for the PEVs’ batteries. Different from the receding-horizon methods
in [27]–[29], our proposed approach only computes the power allocation for the current
time instant. Nonetheless, the proposed framework offers a potential low-level control
strategy that could be integrated into the aforementioned multi-stage methods, exploiting
the advantages of both perspectives.

5.1.2 Contributions
Motivated by the EGT framework and the invariance and stability properties of EDMs,
in this Chapter we devise a novel hybrid (event-triggered) control system [31], based
on population dynamics [13], for the dynamic power allocation in a fleet of PEVs fed
by a single ER with limited power availability. As the main technical contribution, we
show that, under realistic assumptions, the proposed controller satisfies the system’s
operational constraints at all times, and the closed-loop interconnection between the
controller and the (unknown and nonlinear) dynamics of the PEVs’ batteries reaches
a stable equilibrium point where all connected PEVs are fully charged. As such, the
proposed method comprises a model-free real-time control strategy for the dynamic power
allocation in the charging coordination of PEVs. Moreover, the power allocation is based
on so-called precedence functions, which allow for expressing economic and performance
indicators of the PEVs, e.g., state of charge, battery degradation and power-related
costs, and the devised strategy seeks to achieve a NE for the power allocation among
the PEVs, i.e., a power allocation where no PEV can benefit by unilaterally deviating
from it. In fact, the proposed methodology allows PEVs to maintain non-transactive
relationships, i.e., they communicate with each other in order to increase (reduce) their
power demands, with the aim of speeding up (slowing down) their charging processes,
on the basis of the designed incentives. This fact allows the ER to allocate power by
exploiting local PEV information, avoiding the infrastructural cost and the resulting high
complexity of a full-fledged vehicle-to-vehicle setup. Furthermore, the presented hybrid
system configuration allows us to model triggering events, e.g., PEVs’ arrivals, departures,
and charging completion, which increases the practical expressiveness of the proposed
method. As such, the effectiveness of the designed controller is illustrated through a
numerical case study considering a fleet of PEVs under random arrivals, departures, and
power requirements.

The remainder of this Chapter, is organized as follows. Section 5.2 provides some
preliminaries on hybrid systems and EDMs. Section 5.3 describes the considered setup
and formally defines the problem to be faced. Section 5.4 presents our proposed solution.
Section 5.5 depicts a numerical case study that illustrates the effectiveness of the proposed
method. Finally, Section 5.6 concludes the Chapter. The technical results are proven in
the Appendix.

5.1.3 Literature Review
EGT has found several applications in the context of energy systems at large, as it emerges
from the review work in [14]. The subset of works preserving the conceptual baseline of
EGT is the one where the latter is used to model the interactions between stakeholders
and policymakers in the realm of traditional energy production systems. This extends to
capturing the often discordant relationships between competing energy companies [19],
and coal enterprises with regulatory authorities, either at the governmental [32] or private
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[20] level. Perhaps the most studied cause of idiosyncratic behavior among energy market
participants regards the limitations imposed by carbon emission policies, aimed at toning
down the effect of climate change [33]. Examples of works addressing this issue have
been considering incentive mechanisms for containing greenhouse gas generation [21], and
enterprise and supervision organizations relationships [22]. The penetration of PEV in the
transportation sector is, in fact, often incentivized to reduce the environmental impact
of fuel-based vehicles. However, this introduces the need to balance the prerogatives
of several grid actors. EGT provides a possible conceptual road: in [23] authors use
them to model partnerships among investors, hydrogen-powered vehicle users, and solar
power plants. A similar tripartite structure is analyzed in [24], where authors focus on
influential factors of PEV development resulting from the interplay of enterprises, users,
and governments. Proper integration of PEVs in the urban environment also requires the
deployment of necessary infrastructure, such as charging stations (CSs). Authors in [25]
analyze this aspect under the lens of EGT by balancing subsidy and tax policies while
considering the consumers’ mobility preferences.

The aforementioned works use evolutionary game frameworks to tackle managerial
and organizational problems, although they have also been employed to address issues on
the operational level. Specifically, in the context of PEVs charging coordination, EGT
has been used in [26] for navigating PEVs to CSs, with the aim of better integrating
the power grid with the electric transport network. After arriving at a CS, the plugged
PEV constitutes a temporary load for the network grid. Coordinating the simultaneous
charging of a fleet of PEVs can be performed by employing EGT as proposed in [17],
where continuous-time primal-dual gradient dynamics achieve real-time control of the
charging of multiple PEVs under feeder capacity constraints. Differently from [17], we
extend the system model in order to consider the PEVs’ (unknown) battery dynamics, as
well as operational conditions, e.g., the arrival and departure of a vehicle.

5.1.4 Chapter Contributions
In this Chapter, we study an EGT-based approach for the real-time CSs’ power scheduling
of a PEVs charging lot, which is served by an ER with fixed power availability. Differently
from [17], we extend the system model in order to consider the PEVs’ (unknown) battery
dynamics, as well as operational conditions, e.g., the arrival and departure of a vehicle. As
such, we employ the framework of hybrid dynamical systems [31] to devise event-triggered
EGT-based dynamics for the charging coordination of a fleet of PEVs. In fact, the flow
dynamic of the proposed hybrid system expresses the strategic revision protocol that
PEVs use to update their charging power, while the jump dynamic allows for capturing
event-based triggers, which increases the practical expressiveness of the proposed method.
Moreover, the proposed coordination mechanism is based on so-called precedence functions,
which allow for expressing arbitrary economic and performance indicators of the PEVs,
e.g., battery degradation and aggregate power costs. In fact, the proposed methodology
lets PEVs maintain non-transactive relationships, i.e., they communicate with each other
in order to lower (increase) their power absorption, with the aim of speeding up (slowing
down) others’ charging process, on the basis of the designed incentives. This allows the ER
to allocate power by exploiting local PEV information, avoiding the infrastructural cost
and resulting complexity of a full-fledged vehicle-to-vehicle setup. Finally, the proposed
approach is well-suited for distributed coalitional architectures, due to the locality of the
required computations and limited data sharing.

5.2 Preliminaries
Notation: R, R≥0, and R>0 are the sets of real, non-negative real, and positive real
numbers, respectively. B := {0, 1} and when used in logical expressions, B overloads
boolean values. We use a standard font for scalars, a bold font for vectors and matrices, and
a calligraphic font for sets. All vectors are taken as columns by default and the operator
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col(·) creates a column vector of its arguments. Given a vector z ∈ Rm, we let zi denote
its i-th element, and supp (z) = {i ∈ {1, 2, . . . ,m} : zi > 0} denote its support. Also, let
avg{z} := 1⊤z/m be the average for the elements of z and let std{z} := ∥z− avg{z}∥ be
their standard deviation. We let t ∈ R≥0 indicate the continuous-time index and, given
a time-varying variable zi(t), we drop the time index when time is irrelevant, i.e., zi.
Given any z ∈ R, we let [z]+ := max{0, z}. Given a logical proposition P , 1(·) ↦→ B is an
indicator function such that 1(P ) = 1 if P is true and 1(P ) = 0 otherwise.

5.2.1 Hybrid dynamical systems
A hybrid dynamical system (HDS) [31] is comprised both of continuous-time and discrete-
time dynamics that rule the temporal evolution of its state. Namely, let x(t) ∈ X ⊆ Rn,
u(t) ∈ U ⊆ Rm, and y(t) ∈ Y ⊆ Ro, denote the state, input, and output vectors of
the system at time t ≥ 0, respectively. Here, X , U , and Y denote the state, input, and
output spaces of the system, respectively. For the purposes of this paper, an HDS is
characterized by a flow set F ⊆ X × U , a (single-valued) flow map F : X × U → Rn, a
jump set J ⊂ F , and a (set-valued) jump map J : X ×U ⇒ X . The temporal evolution of
a hybrid system is as follows. If the state and input pair are in the flow set at time t, i.e.,
(x(t),u(t)) ∈ F , then the system is allowed to flow (evolve) following the continuous-time
dynamics given by ẋ(t) = F (x(t),u(t)). On the other hand, if the state and input pair
are within the jump set at time t, i.e., (x(t),u(t)) ∈ J , then an instantaneous jump
(update) of the state is produced at time t. Such an instantaneous update is denoted by
x+(t) ∈ J (x(t),u(t)). Thus, HDSs might exhibit discontinuous trajectories of the state.
A particularly important application of HDSs is in the context of event-triggered control
[34], where the state/control variables of the system are updated only at the occurrence
of a given event. As such, the formalism of HDSs is useful to consider logical constraints
to rule the evolution of the state.
Definition 5.2.1 (Well-posed HDS)

In this paper, a HDS is said to be well-posed if it satisfies the following conditions:

i) F and J ⊂ F are compact subsets of X × U .
ii) The single-valued map F(·, ·) is Lipschitz continuous.
iii) The set-valued map J(·, ·) is outer semicontinuous and locally bounded relative

to J .
iv) The flow set F is positively invariant under the dynamics of the HDS, i.e., the

input space U and the flow and jump maps F(·, ·) and J(·, ·) guarantee that
(x(t),u(t)) ∈ F , for all t ≥ 0.

v) The total number of jumps that occur over any finite window of time is finite,
i.e., the HDS is free from Zeno behavior.

Based on [35, Proposition 2.3.4], if the HDS is well-posed, then given a constant
input u(t) = u∗, there exists a (complete) solution x(t), for all t ≥ 0 and for every
initial condition (x(0),u∗) ∈ F . Furthermore, following the Hybrid Lyapunov Theorem
[35, Theorem 3.19], if there exists a non-negative continuously differentiable function
V : F → R≥0 such that

∇xV (x,u∗)⊤ F (x,u∗) < 0, ∀x ∈ F \ E
max

z∈J(x,u∗)
V (z,u∗)− V (x,u∗) < 0, ∀x ∈ J ,

where E ⊂ F is a nonempty and compact set of equilibrium points satisfying that

J ∩ E = ∅
V (x∗,u∗) = 0 ⇔ (x∗,u∗) ∈ E
F (x∗,u∗) = 0 ⇔ (x∗,u∗) ∈ E ,
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then it holds that E is asymptotically stable under the HDS.

5.2.2 Population games and evolutionary dynamics
Population games [13] provide an evolutionary game theoretical framework to model the
decision-making process of large populations of strategic agents. In this paper, we are
interested in the properties of the evolutionary dynamics models (EDMs) that describe
the aggregate expected strategic behavior of the agents. Following [13, Section 4.2], such
a strategic behavior is modeled by the (mean) dynamics given by

ẋi(t) =
∑︂
j∈S

xj(t)ϱji(t)− xi(t)ϱij(t), ∀i ∈ S

xi(0) ∈ R≥0, ∀i ∈ S,
(5.1)

where S = {1, 2, . . . , n} is the set of strategies available to the agents; xi(t) ∈ R≥0
represents the portion of agents choosing strategy i ∈ S at time t ≥ 0; ϱij(t) ∈ R≥0
corresponds to the so-called revision protocol which characterizes the conditional switch
rate of agents switching from strategy i to strategy j ∈ S at time t. Different EDMs may
arise depending on the form of ϱij(t). In this paper, we focus on the revision protocol of
the form

ϱij(t) := [x̄j − xj(t)]+ [πj(t)− πi(t)]+ , ∀i, j ∈ S, (5.2)

where x̄j ∈ R>0 is a constant parameter representing the carrying capacity of strategy j,
and πi(t) represents the fitness or payoff of strategy i at time t.

Based on [36] and [37], it follows that the EDM given by (5.1)-(5.2) satisfies the
following subsequent properties. First, by [36, Prop. 1],∑︂

i∈S
xi(t) =

∑︂
i∈S

xi(0), ∀t ≥ 0

0 ≤ xi(0) ≤ x̄i ⇒ 0 ≤ xi(t) ≤ x̄i, ∀t ≥ 0, ∀i ∈ S.

That is, the set
{︁

x ∈
∏︁

i∈S [0, x̄i] : 1⊤
n x = 1⊤

n x(0)
}︁

is positively invariant over time under
the dynamics in (5.1)-(5.2). Here, x = col ((xi)i∈S) ∈ Rn. Second, by [37, Theorem 1],

ẋ(t) = 0n ⇔ [xi(t) > 0⇒ πi(t) ≥ πj(t),∀i, j ∈ S] , ∀t ≥ 0.

More precisely, every equilibrium point of the EDM given by (5.1)-(5.2) satisfies that the
used strategies (i.e., those with xi > 0) are only the ones yielding the maximum fitness
value. As such, the set of equilibria of the EDM coincides with the set of Nash equilibria
of the underlying population game. Namely, a Nash equilibrium is a population state x∗

where no agent can increase their perceived fitness by unilaterally changing their strategy.
Finally, by [36, Theorem 2], if the fitness signals satisfy certain monotonicity conditions,
then the set of Nash equilibria of the population game is asymptotically stable under the
EDM given by (5.1)-(5.2).

5.3 Model Description
Consider a set of CSs for PEVs, all powered by a single energy retailer. The set of CSs is
indexed by C = {1, 2, . . . , N}, where N ∈ Z≥1 is the total number of CSs, and the retailer
is represented by the index ℓ. For each CS i ∈ C, let pi(t) ∈ R≥0 be the power (in kW)
provided by the retailer to the i-th CS at time t ∈ R>0. In contrast, let pℓ(t) ∈ R≥0 be
the remaining available power of the retailer at time t. As such, it is required that:

pℓ(t) +
∑︂
i∈C

pi(t) = A, ∀t ≥ 0, (5.3)

where A ∈ R>0 represents the limited power capacity of the retailer. The power balance
constraint in (5.3) ensures that the power drained by the CSs at time t does not surpass
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the capacity of the retailer, i.e., that
∑︁

i∈C pi(t) ≤ A for all t. Throughout, we let
p(t) = col (pi(t))i∈C∪{ℓ} ∈ RN+1

≥0 , and so the constraint in (5.3) is equivalent to the
requirement that p(t) ∈ ∆ := {z ∈ RN+1

≥0 : 1⊤
N+1z = A}, for all t.

We now proceed to describe in detail the models for the PEVs and the CSs (along
with the retailer), respectively.

5.3.1 The PEV’s model
Let Cc(t) ⊆ C denote the subset of CSs that have a PEV connected to them at time t.
Without the risk of confusion, we use Cc(t) to identify the set of PEVs that are connected
to the system at time t. As such, for each PEV i ∈ Cc(t) we let bi(t) ∈ R≥0, Bi ∈ R>0,
and Ci ∈ R>0 be the battery charge (in kWh), the battery capacity (in kWh), and the
maximum charging power intake (in kW) of the PEV connected to the i-th CS at time t,
respectively. Thus, it is required that

0 ≤ bi(t) ≤ Bi, ∀i ∈ Cc(t), ∀t ≥ 0 (5.4a)
0 ≤ pi(t) ≤ Ci, ∀i ∈ Cc(t), ∀t ≥ 0. (5.4b)

Throughout, each connected PEV i ∈ Cc(t) is modeled as a continuous-time dynamical
system, with state bi(t) and input pi(t), whose dynamics are given by

ḃi(t) = fi (bi(t), pi(t)) , bi(0) ∈ [0, Bi), ∀i ∈ Cc(t), (5.5)

where fi : [0, Bi]× [0, Ci]→ R is unknown yet it is locally Lipschitz continuous. Moreover,
it is assumed that the battery of a PEV does not discharge while connected to a CS, it
does not have any charging dead zones, and it will only charge under a non-zero input
power. Such conditions are formally stated in Assumption 5.3.1.
Assumption 5.3.1

The function fi(·, ·) satisfies fi(bi, pi) ≥ 0, for all (bi, pi) ∈ [0, Bi] × [0, Ci], and
fi(bi, pi) = 0 if and only if pi = 0, for all i ∈ Cc(t).

On the other hand, each PEV i ∈ Cc(t) has an associated precedence (fitness) function
gi : [0, Bi]× RN+1

≥0 → R of the form

gi(bi,p) = α
Bi − bi

Bi
− (1− α)hi(p),

where α ∈ (0, 1) is a constant weight, and hi : RN+1
≥0 → R is continuously differentiable

and satisfies Assumption 5.3.2.
Assumption 5.3.2

For all i ∈ Cc(t), hi(·) satisfies

∂hi(p)
∂pℓ

= 0 (5.6a)

pi = 0⇒ hi(p) ≤ 0 (5.6b)
(hi(p)− hi(p̃)) (pi − p̃i) ≥ µ, ∀p, p̃ ∈ ∆, (5.6c)

for some µ ∈ R>0.

Namely, the precedence function of each PEV i ∈ Cc(t) regards the state of charge of its
battery, i.e., a lower battery charge yields higher precedence, as well as power-related
costs captured by the function hi(·) (e.g., costs regarding the deviation from a desired
charging power, costs associated to the price of energy, or battery degradation costs,
among others). In fact, note that the costs captured by hi(·) might even be coupled
to the charging power of other PEVs in the system, thus allowing the consideration
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of aggregated-demand-dependent energy prices [30]. The technical condition in (5.6a)
implies that the function hi(·) is independent of the retailer’s remaining power pℓ, and
(5.6b) implies that the power-related costs for the i-th PEV must be non-positive if
no power is injected into the battery of the i-th PEV. In contrast, (5.6c) is a µ-strong
monotonicity condition often considered in the context of non-cooperative game theory
[38], and it implies that the power-related cost of the i-th PEV is an increasing function
of its individual charging power, with such an increment lower-bounded by µ. Thus, the
precedence of the i-th PEV is a decreasing function of its own charging power.
Remark 5.3.1

Given that hi(·) is continuously differentiable, for all i ∈ Cc(t), condition (5.6c) in
Assumption 5.3.2 implies that χ⊤ D h(p)χ ≥ µχ⊤χ, for all p ∈ ∆ and all χ ∈ T ∆,
where D h(p) is the Jacobian matrix of h(·) = col (hi(·))i∈Cc(t) evaluated at p, and
T ∆ is the tangent space of ∆.

Throughout, it is assumed that the battery dynamics and the precedence functions
satisfy Assumption 5.3.3.
Assumption 5.3.3

For all i ∈ Cc(t), there exist a continuously differentiable function Si : [0, Bi] ×
[0, Ci] → R≥0 and a non-negative function ζi : [0, Bi] × ∆ × R → R≥0 such that
Si(bi, pi) = 0⇔ fi(bi, pi) = 0, and

∂Si(bi, pi)
∂bi

fi(bi, pi) + ∂Si(bi, pi)
∂pi

u ≤ α

Bi
fi(bi, pi)u

+ (1− α)µu2

− ζi(bi, pi, u),

(5.7)

for all (bi, pi, u) ∈ [0, Bi]× [0, Ci]× R. Here, µ ∈ R>0 satisfies (5.6c), for all i ∈ Cc(t).

Assumption 5.3.3 is an energy dissipation property related to the notion of δ-dissipative
continuous-time dynamical systems [39]. For the sake of illustration, in Lemma 5.3.1
we provide sufficient conditions on the functions fi(·, ·) and hi(·) that guarantee the
satisfaction of Assumptions 5.3.1 and 5.3.3.
Lemma 5.3.1

For all i ∈ Cc(t), let fi(bi, pi) = ηi(bi, pi)pi, where ηi : [0, Bi] × [0, Ci] → R is
continuously differentiable, and let (5.6c) hold. Moreover, suppose that, for all
(bi, pi) ∈ [0, Bi]× [0, Ci], the next conditions hold for every i ∈ Cc(t):

κ1 ≤ ηi(bi, pi) (5.8a)
∂ηi(bi, pi)

∂bi
≤ −κ2 (5.8b)⃓⃓⃓⃓

∂ηi(bi, pi)
∂pi

⃓⃓⃓⃓
≤ κ3 (5.8c)

αp4
iκ

2
3 ≤ 8(1− α)µBip

3
iκ1κ2, (5.8d)

for some κ1, κ2 ∈ R>0 and κ3 ∈ R≥0. Then, Assumptions 5.3.1 and 5.3.3 are satisfied.

The proof is reported in Appendix A.3.
Remark 5.3.2

Observe that if the codomain of the function ηi(·, ·) in Lemma 5.3.1 is restricted to
(0, 1], then such a function can be interpreted as the charging efficiency of the i-th
PEV. Consequently, the conditions (5.8) can be checked in practice by inspecting
the charging-efficiency curves that characterize the PEVs. Moreover, (5.8d) provides
a technical criterion to design the power-related costs hi(·) and the weight α that
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characterize the precedence functions.

5.3.2 The CS’s and retailer’s models
To each CS i ∈ C, we associate a binary variable si(t) ∈ B, which represents the state
of the i-th CS at time t. Namely, si(t) takes the value 1 if there is a non-fully charged
PEV connected to the i-th CS at time t, or takes the value 0 otherwise (i.e., si(t) = 0 if
there is not a PEV connected to the i-th CS or if the connected PEV is fully charged).
As such, we let s(t) = col

(︁
(si(t))i∈C

)︁
∈ BN summarize the state of all CSs, and we define

the set of active stations at time t as Ca(t) = supp (s(t)). Clearly, Ca(t) ⊆ Cc(t) ⊆ C for
every time t, and it is required that

pi(t) = 0, ∀i ∈ C \ Ca(t), ∀t ≥ 0. (5.9)

Namely, the constraint in (5.9) implies that inactive CSs must not drain power from the
retailer.

We highlight that the state vector s(t) is only partially controllable. More precisely,
while we might induce a switch from si(t) = 1 to si(t) = 0 by fully charging the PEV
connected to the CS i ∈ Ca(t), we cannot control the arrivals or departures of PEVs. That
is, a PEV might randomly arrive at a vacant CS or depart from an occupied CS, resulting
in an uncontrollable switch in the corresponding state variable. In Section 5.4, we formally
define the switching logic and dynamics for the state variable si(t), for all i ∈ C. However,
throughout this Chapter, we assume that such state variables are properly initialized at
t = 0 as stated in Assumption 5.3.4.
Assumption 5.3.4

For all i ∈ C, the state variable si(t) is properly initialized at time t = 0 in the
sense that: si(0) = 1 if there is a non-fully charged PEV connected to the i-th CS at
t = 0, and si(0) = 0 if at t = 0 there is not a PEV connected to the i-th CS or if the
connected PEV is fully charged.

In contrast to the PEVs, the retailer and CSs are modeled as (hybrid) dynamical
systems. Namely, based on the considered framework, the retailer is modeled as an
unforced system with state pℓ(t), whilst each CS i ∈ C is modeled as a system with state
(pi(t), si(t)) and input (bi(t), b̄i(t), c̄i(t)), where bi(t) = 0 for all vacant CSs by default,
and b̄i(t), c̄i(t) ∈ R≥0 are (uncontrollable) exogenous signals defined as

b̄i(t) =
{︄
Bi, if a PEV is connected to CS i ∈ C
0, otherwise

(5.10a)

c̄i(t) =
{︄
Ci, if a PEV is connected to CS i ∈ C
0, otherwise.

(5.10b)

Also, we let b(t) = col
(︁
(bi(t))i∈C

)︁
, b̄(t) = col

(︁ (︁
b̄i(t)

)︁
i∈C

)︁
, and c̄(t) = col

(︁
(c̄i(t))i∈C

)︁
.

As such, observe that the input b̄i(t) can be used to unambiguously identify whether
there is a PEV connected to the CS i ∈ C or not (recall that Bi > 0 by definition).
That is, Cc(t) = supp

(︁
b̄(t)

)︁
. Furthermore, with a slight abuse of notation, we let

ḃ̄i(t) ∈ {−∞, 0,+∞} denote the instantaneous change of b̄i(t) at time t. Therefore, the
event of a PEV arriving to the vacant CS i ∈ C at time t is identified by the unitary
impulse-like signal δa,i(t) = 1

(︁
ḃ̄i(t) > 0

)︁
∈ B, while the event of a PEV departing

from the occupied CS i ∈ C at time t is identified by the unitary impulse-like signal
δd,i(t) = 1

(︁
ḃ̄i(t) < 0

)︁
∈ B.

Similar to the PEVs’, each CS i ∈ C is characterized by a maximum output power
Oi ∈ R>0 (in kW), such that

pi(t) ≤ Oi, ∀i ∈ C, ∀t ≥ 0. (5.11)
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Therefore, by (5.10b) and (5.11), the maximum output power that a CS can provide
at time t is p̄i(t) = min{c̄i(t), Oi}, for all i ∈ C. Consequently, the (time-varying) set
of admissible power profiles that satisfy the charging constraints (5.3), (5.9), (5.4), and
(5.11), for all i ∈ C, is given by

P(t) =
{︃

p ∈ ∆ : pi ≤ p̄i(t), ∀i ∈ C
pi = 0, ∀i ∈ C \ Ca(t)

}︃
.

Here, we recall that Ca(t) denotes the set of CSs with a non-fully charged PEV connected
to them. Thus, if p(t) ∈ P(t) and the PEV connected to the CS j ∈ C is fully charged,
then j /∈ Ca(t) and pj(t) = 0 by the definition of P(t). Hence, p(t) ∈ P(t) satisfies (5.4a)
by means of Assumption 5.3.1.

Based on the considered framework, we now formally introduce the notion of a NE
for the power allocation, and define the problem to be solved by the CSs and the retailer.
Definition 5.3.1 (Nash equilibrium)

Given a vector of battery charges b(t), the corresponding set of Nash equilibria for
the power allocation at time t ≥ 0 is defined as

NE (b(t), t) =

⎧⎨⎩p : p ∈ arg max
p̃∈P(t)

∑︂
i∈Ca(t)

p̃igi (bi(t),p)

⎫⎬⎭ .

Thus, p(t) is an NE at time t if and only if p(t) ∈ NE (b(t), t).

Definition 5.3.2 (Problem statement)
Under Assumptions 5.3.1-5.3.4 and for every time t ≥ 0, each node i ∈ N = C ∪ {ℓ}

should compute its corresponding pi(t) such that the following statements hold:

i) The power allocation is admissible, i.e., p(t) ∈ P(t).
ii) All connected PEVs get fully charged asymptotically over time, i.e.,

limt→∞ bi(t) = Bi, ∀i ∈ Cc(t).
iii) The power allocation is updated towards NE (b(t), t).

Remark 5.3.3
From Definition 5.3.1, it follows that an NE is a power allocation where no PEV can
increase its precedence function by unilaterally deviating from the NE. As a result,
we can think of an NE as a self-enforceable agreement among the PEVs. Therefore,
seeking an NE as the desired power allocation is a suitable solution concept when
multiple (non-cooperative) PEVs share the limited power capacity A.

To solve the problem in Definition 5.3.2, we should design appropriate dynamics for
the CSs and the retailer. In particular, note that such dynamics must not only guarantee
the asymptotic stability of the fully charged state of the connected PEVs (under the
unknown and nonlinear dynamics of the PEVs’ batteries) but also ensure the forward-time
invariance of the set P(t) while steering the power allocation towards a NE. We now
proceed to formulate our proposed dynamics to solve the considered power allocation
problem.

5.4 The Proposed CS’s and Retailer’s Dynamics
The dynamics for the CSs and the retailer must be designed to correctly update p(t) and
s(t) for all times t ≥ 0. The power profile should satisfy p(t) ∈ P(t), for all t, whilst the
state variables should remain meaningful as intended, i.e., si(t) := 1

(︁
bi(t) ∈

(︁
0, b̄i(t)

)︁)︁
,
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Figure 5.1: Schematic view of the proposed control system and its main components. PEVs, characterized
by the battery dynamics, constitute the system input. The charging lot comprises the CS and controller
subsystem, where the former interfaces with the PEV, while the latter provides the power allocation
strategy, closing the system loop.

for all i ∈ C. Therefore, we propose an event-triggered scheme to update p(t) and s(t)
over time. Throughout the Chapter, we consider the triggering signals given by

Ti(t) =
{︃
δa,i(t), ∀i ∈ C \ Cc(t)
max{δd,i(t), θi(t)}, ∀i ∈ Cc(t),

with θi(t) := si(t)1 (bi(t) = Bi). In particular, Ti(t) = 1 occurs under three possible
events: i) if a PEV arrives to the (previously vacant) CS i ∈ C at time t (i.e., δa,i(t) = 1);
ii) if the connected PEV departs from the (previously occupied) CS i ∈ C at time t (i.e.,
δd,i(t) = 1); or iii) if the PEV connected to the i-th CS reaches a full charge at time t
(i.e., θi(t) = 1).

Based on the proposed triggering signals, if an event occurs at the CS i ∈ C at time t,
i.e., Ti(t) = 1, then p(t) and s(t) are (instantaneously) updated according to

p+
i (t) = 0 (5.12a)
p+

j (t) = pj(t) + qi
j(t), ∀j ∈ N \ {i} (5.12b)

s+
i (t) = 1− si(t) (5.12c)
s+

k (t) = sk(t), ∀k ∈ C \ {i}, (5.12d)

where qi
j(t) is the j-th element of the vector qi(t) given by

qi(t) = arg max
q∈Qi(t)

∑︂
z∈Cc(t)

qzgz (bz(t),p(t))− ν (q̄ − qz)2 (5.13)

with ν ∈ R>0, q̄ =
∑︁

a∈Cc(t) qa/ |Cc(t)|, and

Qi(t) :=

⎧⎪⎪⎨⎪⎪⎩q ∈ RN+1
≥0 :

pj(t) + qj ≤ p̄j(t), ∀j ∈ C
(1− sj(t))qj = 0, ∀j ∈ C∑︁

k∈N qk = pi(t)
qi = 0

⎫⎪⎪⎬⎪⎪⎭ .

Here, we follow the convention that all the updates in (5.12) are applied simultaneously
at the same time, meaning that the right-hand side of (5.12) and the optimization
problem in (5.13) consider the values of p(t) and s(t) before the event-triggered updates.
Moreover, in the case that an event occurs simultaneously for more than one CS,
i.e.,

∑︁
i∈C Ti(t) > 1 (which is unlikely to happen in practice), then (5.12) is executed

sequentially for every triggered CS. Note that the dynamics in (5.12a)-(5.12b) provide
an instantaneous reallocation for the power pi(t) of the CS i ∈ C where an event occurs.
Namely, the term qi

j(t) represents the power reallocated from i to j ∈ N at the triggering
time t. Furthermore, we remark that (5.13) is a quadratic programming problem, whose
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unique solution corresponds to the (regularized) best-response reallocations of the power
pi(t) based on the precedence functions. The parameter ν is an arbitrarily small (yet
positive) regularization weight to ensure the uniqueness of solutions. On the other hand,
the dynamics in (5.12c)-(5.12d) maintain si(t) meaningful as intended, for all i ∈ C,
granted that Assumption 5.3.4 holds.

In contrast, for all times in between events, i.e., all t such that
∑︁

i∈C Ti(t) = 0, the
state variables are updated continuously over time as follows

ṗi(t) =
∑︂
j∈N

pj(t)ρji(t)− pi(t)ρij(t), ∀i ∈ N (5.14a)

ṡi(t) = 0, ∀i ∈ C, (5.14b)

where, for all i, j ∈ N ,

ρij(t) = si(t)sj(t)
[︁
p̂j(t)

]︁
+ [gj(t)− gi(t)]+

p̂j(t) = p̄j(t)− pj(t),

and for consistency we define sℓ(t) := 1, p̄ℓ(t) := A, gk(t) := gk

(︁
bk(t),p(t)

)︁
, and gz(t) := 0,

for all k ∈ Cc(t) and all z ∈ {ℓ} ∪
(︁
C \ Cc(t)

)︁
. The dynamics in (5.14a) are inspired by the

EDM introduced in Section 5.2.2, and they provide a power exchange scheme between the
CSs and retailer based on the precedence functions of the connected PEVs. In particular,
the term pj(t)ρji(t) represents the power that node j yields to node i at time t. As such,
a node j ∈ N with sj(t)pj(t) > 0 will yield power to a CS i ∈ C granted that pi(t) < p̄i(t),
gi(t) > gj(t), and si(t) = 1. That is, CSs with lower precedence reduce their power
consumption so that CSs with higher precedence can increase it. Finally, the dynamics in
(5.14b) simply maintain the state variables constant in between events.

Overall, the dynamics in (5.12)-(5.14) comprise an HDS as stated in Definition 5.4.1.
Definition 5.4.1 (Proposed Hybrid Dynamical System)

The proposed dynamics in (5.12)-(5.14) characterize an HDS with state, input, and
output vectors given by

x(t) = col (p(t), s(t)) ∈ X ⊆ RN+1 × BN

u(t) = col
(︁
b(t), b̄(t), c̄(t)

)︁
∈ U ⊆ RN × RN × RN

y(t) = p(t).

Here, X and U denote the state and input spaces, respectively. In addition, the hybrid
system is characterized by the flow set (F), flow map (F), jump set (J ), and jump
map (J) given by

F =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩(x,u) ∈ X × U :

p ∈ ∆
s ∈ BN

b ∈
∏︁

i∈C [0, Bi]
b̄ ∈

∏︁
i∈C{0, Bi}

c̄ ∈
∏︁

i∈C{0, Ci}

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (5.15a)

F(x,u) =

⎡⎣col
(︃(︂∑︁

j∈N pjρji − piρij

)︂
i∈N

)︃
0N

⎤⎦ (5.15b)

J = ∪i∈CJi (5.15c)
J(x,u) ∈ {Ji(x,u) : (x,u) ∈ Ji, i ∈ C} , (5.15d)

where, for all i ∈ C,

Ji = {(x,u) ∈ F : Ti = 1}

Ji(x,u) =

⎡⎣ col
(︁
p1 + qi

1, . . . , pi−1 + qi
i−1, 0,

pi+1 + qi
i+1, . . . , pN+1 + qi

N+1
)︁

col (s1, . . . , si−1, 1− si, si+1, . . . , sN )

⎤⎦ .
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Namely, while (x(t),u(t)) ∈ F the state evolves in continuous time by ẋ(t) =
F (x(t),u(t)). On the other hand, if an event occurs at the CS i ∈ C at time t,
i.e., Ti(t) = 1, then the state is updated instantaneously by x+(t) = Ji (x(t),u(t)).

The HDS of Definition 5.4.1 is to be interconnected in closed loop with the battery
dynamics in (5.5) of the connected PEVs. For the sake of illustration, the schematic of
the closed-loop system is depicted in Fig. 5.1. We now state our main technical result on
such a system.
Theorem 5.4.1

Consider the HDS in Definition 5.4.1 in closed loop with the battery dynamics in
(5.5). Let Assumptions 5.3.1-5.3.4 be satisfied, and suppose that p(0) ∈ P(0). Then,
the following properties hold:

i) The power profile satisfies that p(t) ∈ P(t), for all t ≥ 0.
ii) The state where p∗

ℓ = A, b∗
i = Bi, p∗

i = 0, and s∗
j = 0, for all i ∈ Cc(t) and all

j ∈ C, is asymptotically stable under the considered closed-loop system.
iii) For every time t ≥ 0 where the HDS flows, the power profile p(t) is updated

towards the set NE (b(t), t).

The proof is reported in Appendix A.4.
According to Theorem 5.4.1, the proposed dynamics indeed solve the problem in

Definition 5.3.2. In particular, Claim iii) together with the best response reallocation
(5.13) imply that the proposed dynamics are always seeking a NE for the power allocation
among the PEVs.
Remark 5.4.1

As shown in Fig. 5.1, we highlight that the proposed dynamics in (5.12a)-(5.12b) and
(5.14a) require for all the nodes in N to communicate between them. In practice,
when the number of CSs is large, such a communication requirement can be leveraged
by partitioning the system into multiple non-overlapping (disjoint) coalitions, each to
be characterized by a complete communication graph and to operate under a fraction
of the overall available power A. Moreover, Theorem 5.4.1 can be easily extended to
cover such a setup by relying on the multi-population game model of [13]. In this
Chapter, we do not focus on the partitioning problem, yet some relevant partitioning
methods have been reported in [40], [41], and the fractions of the available power A
for each partition could be potentially computed with the aid of high-level methods
as the ones in [27]–[29].

5.5 Numerical Results
In this Section, we provide a numerical illustration of our proposed power allocation
method in a case study scenario. We consider a PEVs charging lot with |C| = 40 CSs,
serviced by a retailer with availability A = 300 kW. Without loss of generality, for all
i ∈ Cc(t) we let fi(bi, pi) = ηi(bi)pi, with ηi(bi) = γi tanh (σiBi − ϵibi) + η̄i − γi, where
η̄i ∈ (0, 1], γi ∈ [0, 0.5η̄i), and σi, ϵi ∈ R>0, are parameters of the i-th PEV. As such,
fi(·, ·) satisfies Assumptions 5.3.1 and 5.3.3 (see Remark 5.3.2). On the other hand,
for all i ∈ Cc(t) we let hi(p) = pi

(︂
µi + λ

∑︁
j∈C pj

)︂
, where µi, λ ∈ R>0 represent the

battery degradation and energy price coefficients, respectively. Clearly, gi(·, ·) satisfies
Assumption 5.3.2, for all i ∈ Cc(t). Throughout, we randomly draw η̄i ∼ U[0.8, 0.9],
γi ∼ U[0.05, 0.15], σi ∼ U[0.1, 0.9], and ϵi ∼ U[0.1, 0.2], µi ∼ U[1, 5], and λi ∼ U[1, 10], for
all i ∈ Cc(t). The maximum CS output power has been sampled as Oi ∼ U{7, 22, 44, 100}
[kW], whose sampling values correspond to slow, medium, fast, and ultrafast charging
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speeds, respectively. Data related to PEVs’ technical specification, i.e., battery capacity
Bi and maximum input power Ci have been retrieved from [42].

For the sake of comparison, we also simulate the system under the so-called uniform
power allocation given by

pi(t) =

⎧⎪⎨⎪⎩
min

{︂
A

|Ca(t)| , p̄i(t)
}︂
, if i ∈ Ca(t)

A−
∑︁

j∈C pj(t), if i = ℓ

0, otherwise.
(5.16)

Namely, the uniform power allocation equally distributes the retailer’s available power to
all active CSs, taking into account their maximum power intake p̄i(t). Note that, both
our proposed approach and the uniform power allocation share the same parameters and
initial conditions. The state vector s(t) and the set Ca(t) are updated according to our
proposed event-triggered method. The initial state-of-charge of each PEV i ∈ Cc(t) is
randomly sampled as bi(0) ∼ U[0, 0.5Bi], while the initial power allocation p(0) is set as

pi(0) =
{︄

min
{︂

A
|Ca(0)| , p̄i(0)

}︂
, ∀i ∈ Ca(0)

0, ∀i ∈ C \ Ca(0)

pℓ(0) = A−
∑︂
j∈C

pj(0).

To differentiate between the two approaches of power allocation, the variables associated
with the uniform power allocation are marked with the symbol †.

Figure 5.2a depicts the selected performance metric ϕ(t) :=
⃦⃦
b̄(t)− b(t)

⃦⃦2
/
⃦⃦
b̄(0)− b(0)

⃦⃦2,
under both power allocation methods. The considered metric characterizes the speed
of the aggregate charging process. Notice that the proposed approach reaches a higher
charging speed throughout the process than the uniform power allocation, both in terms
of average values and dispersion. This behavior is a consequence of the setup of the
proposed system, where its participants modulate their power absorption based on their
precedence functions. In contrast, the uniform power allocation does not consider the
state of charge of the PEVs or the economic costs that PEVs might sustain. On the other
hand, Fig. 5.2b reports the dispersion of the collective precedence cost, expressed as the
standard deviation (SD) of g(t). We remark that the proposed method keeps a lower
precedence SD with respect to the uniform power allocation, except for the transient
state, where the trajectories overlap due to the identical initial points. Such a fact implies
that the costs each PEV is incurring are not much greater than the others. Finally,
Fig. 5.2c shows that the proposed method indeed satisfies the constraint on the limited
power capacity of the retailer at all times. The results shown correspond to one of the
100 executed simulation runs. The aggregate results are collected in Fig.5.2d and 5.2e.

5.6 Conclusions
In this Chapter, we have formulated an event-triggered control strategy, based on
population evolutionary dynamics models, for the real-time power allocation in the
charging process of a fleet of PEVs that are fed by a single ER with limited power capacity.
We have formally proven the feasibility (in terms of constraint satisfaction) and asymptotic
stability of the method under mild assumptions. Moreover, we have shown that the
proposed controller seeks a Nash equilibrium (characterized by the so-called precedence
functions of the PEVs) as the solution concept for the allocation of the limited power
capacity of the system. The effectiveness of the proposed approach has been illustrated
through a numerical case study, highlighting the advantages of the proposed method.

Future work will focus on extending the results to include leaking battery dynamics,
as well as generalizing the hybrid dynamics framework to describe other smart grid actors.
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(a) Transient behavior of the aggregate state-of-charge of
the fleet of PEVs.

(b) Transient behavior of the precedence standard
deviation.

(c) Transient behavior of the retailer’s power availability
and constraint (5.3).

(d) Total ϕ(t) and ϕ†(t) (e) Total std(g(t)) and std(g†(t))

Figure 5.2: Simulation results from a sample run: blue lines refer to the proposed dynamics in (5.15),
while the ones in orange refer to the uniform power allocation in (5.16); solid lines represent average
values, while the shaded areas are the bounds of the standard deviation.
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Chapter 6

Equilibrium Seeking in Learning-Based
Non-cooperative Nash Games

VI

Abstract

Traditionally, based on convexity, multi-agent decision-making models can hardly
handle scenarios where agents’ cost functions defy this assumption, which is
specifically required to ensure the existence of several equilibrium concepts. More
recently, the advent of machine learning (ML), with its inherent non-convexity, has
changed the conventional approach of pursuing convexity at all costs. This paper
explores and integrates the robustness of game theoretic frameworks in managing
conflicts among agents with the capacity of ML approaches, such as deep neural
networks (DNNs), to capture complex agent behaviors. Specifically, we employ feed-
forward DNNs to characterize agents’ best response actions rather than modeling
their goals with convex functions. We introduce a technical assumption on the
weight of the DNN to establish the existence and uniqueness of Nash equilibria
and present two distributed algorithms based on fixed-point iterations for their
computation. Finally, we demonstrate the practical application of our framework to
a non-cooperative community of smart energy users under a dynamic time-of-use
energy pricing scheme.
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6.1 Introduction
Convexity (or concavity) is the cornerstone of equilibrium theory. From the first works
by Von Neumann to the fundamental contributions by Nash [1], mathematical elegance
and theoretical tractability have steered multi-agent decision-making models in the safe
harbor of convexity. Indeed, modern game theory began with Von Neumann’s result [2]
establishing equilibrium existence in two-player zero-sum games, under the assumption
that each player’s payoff is concave with respect to their strategy – equivalently, that
their cost is convex with respect to their strategy.

Under this assumption, computing equilibria is, in fact, equivalent to convex
programming, making the powerful tools of convex optimization readily applicable [3].
Actually, thanks to convexity, the convergence of several classes of multi-agent dynamics
(centralized, decentralized, and distributed) to equilibrium can be guaranteed [4]–[8].
While (quasi) convexity is crucial in facilitating the existence of various equilibria, this
assumption proves to be overly restrictive. Likewise, non-cooperative games involving non-
convex cost functions have garnered some attention in recent works [9], [10]. Among the
works, let us mention the equilibrium notions of weak NE [11], local NE [12], generalized
equilibrium [13], and critical NE [14]. However, progress in these areas has been restrained,
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not due to a lack of interest in non-convex settings, but rather because proving the existence
and convergence to equilibria is challenging, thus diminishing their value.

The search for convexity at all costs has recently gone against the advent of machine
learning (ML) with its inherent and pervasive non-convexity [15]. Indeed, ML’s attitude
of embracing non-convexity has led to groundbreaking advances in significant challenges,
such as speech and image recognition, text generation, and many more [16], [17].

In recent years, ML has been rapidly expanding its scope to the domain of game
theory, emphasizing the importance of studying non-convex games. Many outstanding
challenges in this field, such as training deep neural networks (DNN) that are robust to
adversarial attacks, training Generative Adversarial Networks (GANs) [18], and Multi-
Agent Reinforcement Learning [19] have been defined as multi-player games with utility
functions that are non-convex in agents’ strategies. Among these, DNNs have proven to
be successful in many prediction tasks, particularly in predicting decisions [20]. Thus,
they are the perfect candidates for approximating the behavior of agents in a strategic
interaction framework such as a game. Nevertheless, despite their poor representation
capability, agents are still identified and controlled in most papers based on simple linear
models.

The increasing complexity of agents’ behavior and the practical necessity of representing
them with convex cost functions are the starting points of our work. We aim at harmonizing
the effectiveness of game theoretic frameworks in managing conflicting scenarios, where
resources are shared among a group of agents, with the capacity of ML, specifically DNNs,
to approximate the complex behaviors of agents. Unlike the state-of-the-art, we do not
model the agents’ behaviors as it is traditionally done, with cost functions representing
their ultimate goals. Instead, we approximate these behaviors using a DNN to characterize
their response actions. By introducing a technical assumption on the weight of the DNN,
we demonstrate the existence of an equilibrium and its uniqueness, under additional
assumptions. To compute these equilibria, we define two algorithms based on fixed-point
iterations and demonstrate their convergence. Finally, we apply our theoretical results to
a non-cooperative community of smart energy users under a dynamic time-of-use energy
pricing scheme.

The rest of the Chapter is organized as follows. In Section 6.2 we recall some
preliminaries. In Section 6.3 we introduce the novel game theoretic framework with the
integration of ML. Section 6.4 discusses the existence and uniqueness of equilibria, while
Section 6.5 shows two distributed algorithms for reaching such equilibria. In Section 6.6
we show the illustrative application of our framework. Section 6.7 concludes the work.

6.2 Preliminaries
Notation: Rn denotes the set of real n-dimensional vectors while N denotes the set of
natural numbers. A⊤ denotes the transpose of matrix A. The norm induced by matrix
A ⪰ 0 is denoted with ∥x∥A, for any x ∈ Rn. The square norm is simply ∥x∥. The
identity matrix and all-ones vector are denoted as I and 1, respectively. Positive (negative)
semidefinite matrices are denoted with A ⪰ 0 (A ⪯ 0). For a generic set X , its cardinality
is defined by |X |. Moreover, x := col(x1, ....,xn) is equal to x := (x⊤

1 , ....,x⊤
n )⊤. A

set-value mapping M : A ⇒ B is such that A ↦→ 2B, for some sets A,B, where 2B is
the power set of B. We define the mapping projX : Rn → X as the projection into the
generic closed non-empty set X ⊆ Rn, i.e., projX (y) = argminx∈X ∥x− y∥. A possibly
(nonlinear) mapping F : Rn → Rn is said to be Lipschitz continuous with a constant
ℓ ∈ R>0 if ∥F (x)− F (y)∥ ≤ ℓ ∥x− y∥ , ∀x,y ∈ Rn. Given two mappings F : X → Y
and : Y → Z, their composition H : X → Z such that H(·) = F (G(·)) is denoted as
H(·) = F ◦G(·).

6.2.1 Preliminaries on Game Theory
Let us consider the standard mathematical setting of non-cooperative games [21]. Thus,
let us consider a set of N agents N , indexed by i ∈ N := {1, ..., N} ⊆ N each with decision
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variables xi ∈ Rni , for some ni ∈ N. Moreover, let n :=
∑︁

i∈N ni. We define vector
x−i := col(x1, . . . ,xi−1,xi+1, . . . ,xN ) ∈ Rn−i , where n−i := n − ni, which collects the
strategies of all agents but i, as well as vector x := col(x1, . . . ,xi, . . . ,xN ) ∈ Rn, collecting
the strategy of all agents. Each agent i ∈ N tries to minimize a (possibly non-convex) cost
function fi (xi,x−i) : Rn × Rn−ni → R by choosing a strategy in a (possibly non-convex)
feasible set xi ∈ Ωi ⊆ Rn. Moreover, let x ∈ Ω =

∏︁
i∈N Ωi. One can thus define the

so-called NEP as the following N interdependent optimization problem:

∀i ∈ N : minimize
xi∈Ωi

fi(xi,x−i). (6.1)

A solution for (6.1) is a NE, formally defined as follows.
Definition 6.2.1 (Nash equilibrium)

A NE is a collective strategy x• ∈ X such that:

∀i ∈ N : fi(x•
i ,x•

−i)≤ inf
{︁
fi(xi,x•

−i) |xi ∈ Ωi

}︁
. (6.2)

In other words, a NE is a collective strategy profile that satisfies the property that no
single agent in the game can improve its objective function by unilaterally changing its
strategy to another feasible one.

A standard requirement, often introduced in related works, is that cost functions are
convex, or at least quasi-convex, with respect to their own strategy. Therefore, we lay
out the following Assumption.
Assumption 6.2.1

For each i ∈ N and for every x−i, the function fi (·,x−i) is convex and continuously
differentiable.

Assumption 6.2.2
The set Ω is convex and compact.

For instance, Assumptions 6.2.1 and 6.2.2 are necessary for setting up many fixed-point
formulations used to demonstrate the existence and convergence of Nash equilibria [22].
Notably, equilibrium existence may break without (quasi-)convexity, even for very simple
games [23].

6.2.2 Preliminaries on Neural Networks
We consider a feed-forward DNN, thus a network where information moves in only one
direction with no cycles or loops [24]. Each layer l ∈ L := {1, ..., L} ⊆ N is a processing
ensemble comprising a set of neurons Pl. The output of each layer xl ∈ R|Pl| can be
computed as:

xl = Φl (Wlxl−1 + bl) , ∀l ∈ L (6.3)

where Wl ∈ R|Pl|×|Pl−1| is the weight matrix, bl ∈ R|Pl| the bias vector and
Φl : R|Pl| → R|Pl| the activation function of the layer. The weights and biases are
the parameters that define the function approximator, and their values are identified
through a data-driven optimization process known as training [25]. During training,
weights and biases are modified to minimize a loss function, typically representing the
discrepancy between the predicted outputs and the actual targets in a given dataset.

By setting x0 ∈ R|P0| as the input and xL ∈ R|PL| as the output of the DNN, we
can define the overall input-output relationship of the network Φ : R|P0| → R|PL| in the
following form:

xL = Φ (x0) (6.4)

where Φ(·) = ΦL ◦ ΦL−1 ◦ · · · ◦ Φ1(·).
Let us restrict our attention to a specific class of layers and activation functions.
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Assumption 6.2.3
Assume that the following properties hold:

i) Given yl, zl ∈ R|Pl|, there exists a γl ∈ R≥0 such that:

∥ (Wlyl−1 + bl)− (Wlzl−1 + bl) ∥ ≤ γl∥yl−1 − zl−1∥, ∀l ∈ L. (6.5)

ii) Given yl, zl ∈ R|Pl|:

∥Φl (yl−1)− Φl (zl−1) ∥ ≤ ∥yl−1 − zl−1∥, ∀l ∈ L. (6.6)

It follows from Assumption i) that

∥ (Wlyl−1 + bl)− (Wlzl−1 + bl) ∥ = ∥Wl(yl−1 − zl−1)∥
= ∥yl−1 − zl−1∥Hl

≤ γl∥yl−1 − zl−1∥

where Hl := W⊤
l Wl ⪰ 0. By rearranging the terms in the last inequality, we obtain

γl∥yl−1 − zl−1∥ − ∥yl−1 − zl−1∥Hl
= ∥yl−1 − zl−1∥γlI−Hl

≥ 0

which holds iff γlI−Hl ⪰ 0. Albeit no requirements are needed for the biases, the last
inequality forces the training process into a semidefinite optimization problem, with the
non-convex constraint W⊤

l Wl ⪯ γlI. A naive idea to overcome such issue is to evaluate
H̃l = Hl −Hl1− γlI ⪯ 0, where the latter holds from Gershgorin circle theorem, and
then recovering W̃⊤

l W̃l = H̃l through Cholesky decomposition. An in-depth discussion
on the properties of Lipschitz neural network is provided in [26].

Additionally, it is trivial to show that the most commonly used activation
functions, such as sigmoid, hyperbolic tangent, and rectified linear unit (ReLU), satisfy
Assumption ii). In contrast, the Gaussian activation function does not satisfy it.
Lemma 6.2.1

A feed-forward DNN (6.4) respecting Assumption 6.2.3 is a Lipschitz continuous map
with constant γ =

∏︁
l∈L γl.

Proof 6.2.1
A feed-forward DNN is essentially a stack of layers, where each layer transforms the
previous layer’s output and feeds its output to the next ones. By the composition
property of Lipschitz functions the map Φ(·) = ΦL ◦ ΦL−1 ◦ · · · ◦ Φ1 is Lipschitz
continuous with a constant γ =

∏︁
l∈L γl, being γl the Lipschitz constant of the layer

l ∈ L. ■

6.3 Learning-Based Games
Games are typically formulated, as in (6.1), by approximating agents’ preferences using
cost functions which ultimately drive the agent’s behavior. Thus, the applicability of
such multi-agent models is limited by (i) the possibility of finding suitable functions that
realistically model agents’ preferences and (ii) constraining their formulation to be convex,
as per Assumption 6.2.1. As a result, these limitations do not allow for modeling scenarios
where agents’ behaviors are extremely complex.

Despite the challenging task of defining a function that realistically approximates
agents’ preferences, several applications allow for measuring agents’ behavior in the
sense of evaluating their response to a given environment whose state depends on given
parameters and other agents’ decisions.
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Figure 6.1: Scheme of the proposed learning-based non-cooperative game framework.

Let E := S × Ω abstract an environment whose state is (uniquely) determined by a
certain scenario s ∈ S ⊂ Rm, for some m ∈ N, and the collective actions taken by the
agents x ∈ Ω. From the perspective of agent i ∈ N , however, only set Ei := Si × Ω−i is
accessible, where Si ⊂ Rqi , with qi ≤ m (possibly strictly), acting as the co-domain of
some gi : S → Si, represents the information agent i ∈ N acquires regarding scenario
s ∈ S. Moreover, let Ω−i := Ω1 ∩ · · · ∩ Ωi−1 ∩ Ωi+1 ∩ · · · ∩ ΩN constitute the set of
all strategies but the one of player i ∈ N . Formally, we can introduce an observer
Oi : E → Ei which maps (s,x) ↦→ col(gi(s), hi(x−i)) for some hi : Ω−i → Rpi , with
pi ≤ n− ni (possibly strictly). The latter represents the information quota that agent i
receives regarding other agents strategies. A scheme of this framework is shown in Fig.
6.1. Therefore, each agent has a possibly limited view of the environment, albeit a full
knowledge of some function of the other’s decisions. In full-information games, one has
h(x−i) = x−i. Similarly, popular equilibrium-seeking algorithms follow such a setup, e.g.,
in the class of aggregative games, we have hi(x−i) =

∑︁
j∈N \{i} xj .

Such a formulation allows us to define the training set and target vector against which
each agent i ∈ N can develop its response strategy. Specifically, we assume that each
agent i ∈ N can access a training set Ti ⊂ Ei × Ωi, so that a tuple (Oi(s,x),xi) ∈ Ti is
such that each the environmental input Oi(s,x) determines a response action xi ∈ Ωi.
A note of caution should be used in defining the nature of the response xi: due to the
lack of an index capable of introducing a preference relation on Ωi, the action taken
by each agent, as a response to environmental stimuli does not necessarily classify as
“optimal”. Therefore, such a setup bears weaker assumptions on the nature of xi, with
respect to the most commonly used best-response formulations, where each agent reacts
to others’ actions by iteratively solving (6.1). This allows for modeling agents with limited
rationality and subject to environmental conditioning. Equipped with a dataset Ti, we
can define a feed-forward DNN as in (6.4), and train it to approximate the behavior of
agent i ∈ N as:

∀i ∈ N : x̃i = Φi

(︃[︃
gi(s)
hi(x−i)

]︃)︃
= Φi(Oi(s,x)) (6.7)

where x̃i is the response of agent i ∈ N yielded by the feed-forward DNN when the
actions of other agents are x−i ∈ Rn−ni under scenario s ∈ S. Note that, as the strategy
returned by (6.7) may yield infeasible as is provided by a feed-forward DNN, i.e., x̃i /∈ Ωi.
Thus, let us project into the feasible set Ωi the DNN output as:

∀i ∈ N : xi = projΩi
{Φi(Oi(s,x))} . (6.8)
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Remark 6.3.1
Once trained, (6.8) becomes an alternative approach to evaluating xi =
argminxi∈Ωi

fi(xi,x−i), as in (6.1), when deriving suitable convex objectives is
inconvenient.

6.4 Existence and Uniqueness of Equilibria
Having redefined agents’ behavior, the standard setting for Nash equilibria does not hold
here. Thus, let us search for different equilibrium conditions and introduce a notion of
Learning-Based Equilibrium (LBE), defined as follows.
Definition 6.4.1 (Learning-Based Equilibrium)

A LBE is a strategy profile x∗ ∈ Ω such that, for any s ∈ S:

∀i ∈ N : x∗
i = projΩi

{Φi(Oi(s,x∗))} . (6.9)

Intuitively, a LBE comprises strategies satisfying no specific optimality condition,
as agents essentially make their moves in response to their opponents’ strategies based
on the results of a data-based approach, which can lead to suboptimal solutions when
compared with the results yielded by an ideal fi(·, ·).

Next, we argue that an LBE equilibrium exists under the following assumptions.
Assumption 6.4.1

For each i ∈ N the feed-forward DNN Φi(·), approximating the agent response, is
Lipschitz continuous with constant γi, while hi : Ω−i → Rpi is 1-Lipschitz continuous.

Note that requiring the feed-forward DNN Φi(·) to be Lipschitz continuous with
constant γi is equivalent to requiring that it is composed of a set of layers Li, such that
for each layer li ∈ Li, Assumption 6.2.3 holds with a constant γl,i. This requirement
ensures that γi :=

∏︁
l∈Li

γl,i, as specified in Lemma 6.2.1.

Proposition 6.4.1 (Existence)
Every game satisfying Assumptions 6.2.2 and 6.4.1, has at least one LBE.

The proof is reported in Appendix A.5
Proposition 6.4.2 (Uniqueness)

Every game satisfying Assumptions 6.2.2 and 6.4.1 with
(︁∑︁

i∈N γ2
i

)︁1/2
< 1 has only

one LBE.

Proof 6.4.1

If
(︁∑︁

i∈N γ2
i

)︁1/2
< 1, the mapping (A.5) is a contraction that has a unique fixed point

[27], which is a LBE due to Proposition 6.4.1. ■

6.5 Convergence to an Equilibria
In this Section, let us present two distributed LBE-seeking approaches. Intuitively, the
mapping M(·) characterizes what would happen if all agents were to synchronously
compute and update their strategies based on other agents’ decisions. We are thus
interested in characterizing the asymptotic properties of the response evolution when this
step is repeated indefinitely, as described in Algorithm 6, given an initial state x0

i ∈ Ωi

for all agents.
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Algorithm 6: Picard-Banach Distributed Scheme
1 Set x0

i ∈ Ωi,∀i ∈ N
2 forall k = 0, . . . ,∞ do
3 forall i ∈ N do
4 xk+1

i ←projΩi
(Φi(Oi(s,xk)).

Algorithm 7: Krasnoselskij Distributed Scheme
1 Set x0

i ∈ Ωi,∀i ∈ N
2 forall k = 0, . . . ,∞ do
3 forall i ∈ N do
4 xk+1

i ←(1− α)xk
i + α projΩi

(Φi(Oi(s,xk)).

Proposition 6.5.1

Suppose that Assumptions 6.2.2 and 7.3.1 hold with
(︁∑︁

i∈N γ2
i

)︁1/2
< 1. Then, for an

initial state x0
i ∈ Ωi for all agents i ∈ N the sequence (xk)∞

k=0 converges to the unique
fixed point of (A.5). Thus, by Propositions 6.4.1 and 6.4.2 the sequence (xk

i )∞
k=0

converges to the unique LBE (6.9).

Proof 6.5.1

Since
(︁∑︁

i∈N γ2
i

)︁1/2
< 1, the mapping M(·) is a contraction and thus converges, for

any initial condition x(0) ∈ Rn, to its unique fixed point [28], [29], which is a LBE due
to Proposition 6.4.1. ■

The conditions under which Algorithm 1 converges may be too restrictive in some
cases, such as the contractiveness of the mapping M(·). Indeed, relaxing this latter
assumption and requiring the mapping M(·) to be nonexpansive only is insufficient for
the Picard–Banach iteration to converge to a fixed point. Thus, let us assume here that
agents compute their response with a convex combination between the current other
agents’ strategies and the response used at the previous iteration, that is, the well-known
Krasnoselskij iteration, described in Algorithm 7.
Proposition 6.5.2

Suppose that Assumptions 6.2.2 and 7.3.1 hold with
(︁∑︁

i∈N γ2
i

)︁1/2 = 1. Then for an
initial state x0

i ∈ Ωi for all agents i ∈ N the sequence (xk)∞
k=0 converges to a fixed

point of (A.5). Thus, by Proposition 6.4.1 the sequence (xk
i )∞

k=0 converges for to a
LBE (6.9).

Proof 6.5.2

Since
(︁∑︁

i∈N γ2
i

)︁1/2 = 1, the mapping M(·) is a nonexpansive mapping thus converges,
for any initial condition x(0) ∈ Rn, to a unique fixed point [28], [29], which is a LBE
due to Proposition 6.4.1. ■

6.6 Illustrative Example
As an illustrative example, let us consider an energy community model comprising smart
energy users. Each agent i ∈ N behaves selfishly, choosing its energy consumption
strategy xi from a convex and compact feasible set Ωi, i.e., xi ∈ Ωi.

For ease of presentation, let us assume that the energy cost in the community follows a
dynamic pricing scheme, where the cost incurred by agent i ∈ N depends on the strategies
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of other agents x−i [30]. This setting allows us to present our results in an aggregative
fashion. Nevertheless, note that the results presented in this section hold for generally
coupled games respecting Assumption 6.4.1. This allows us to present our results in an
aggregative fashion. However, it’s important to note that the results presented in this
section are applicable to generally coupled games that adhere to Assumption 6.4.1.

Specifically, we assume that the energy cost for each consumer is an aggregation of
other agents’ strategies and thus can be computed as:

hi(x−i) :=
∑︂

j∈N \{i}

Pijxj (6.10)

where Pi,j indicates the strength of the influence of agent j ∈ N on agent i ∈ N , with 0
denoting no influence. Specifically, we assume P := 1

N−1 (1N 1⊤
N − IN ), which is doubly

stochastic satisfying condition ∥P∥ ≤ 1. Note that since ∥P∥ ≤ 1 Assumption 6.4.1 hold
for hi(i) [31].

To train the DNNs approximating agents’ behavior, we utilize data from the Low
Carbon London project [32]. This dataset comprises energy consumption readings for
5,567 households in London, collected between November 2011 and February 2014 at
half-hourly intervals. The households were selected to represent a balanced sample of the
Greater London population.

The dataset includes energy consumption in kWh per half hour, unique household
identifiers, dates, and times for approximately 1,100 customers subjected to dynamic
energy prices. Tariff prices were provided a day in advance through Smart Meter IHDs or
text messages to mobile phones. Both the date/time information and the price signal
schedule are available in the dataset. Some analysis of this dataset is available here [33].

For the training process, we select 100 customers from the dataset. We train a different
DNN for each customer using timestamp information and the corresponding energy price
as input features. The target value for each DNN is the respective customer’s energy
consumption. Thus, each DNN aims to approximate a customer’s behavior in deciding
how much energy to use in a specific time slot based on the energy price.

The DNNs are trained using the DEEPLip library, which is specifically designed to
train Lipschitz layers [34]. In particular, we employ DNNs composed of 5 linear layers
with 64 neurons each and fullsort activation functions.

In Fig. 6.2, we show the convergence of strategies to an LBE using Algorithm 6,
while in Fig. 6.3, the results of Algorithm 7 with a parameter α = 0.3. Please note that
the equilibrium reached by both algorithms is the same, as all the DNNs are Lipschitz
continuous with γi < 1, ensuring the uniqueness of the LB. From the comparison of the
two algorithms, it emerges that the average number of iterations required by Algorithm 6
is lower.

6.7 Conclusion
This Chapter challenges the conventional reliance on convexity in game theory, recognizing
the limitations it imposes when agents’ utility functions cannot be adequately represented
preserving this assumption. Unlike conventional approaches that model agents’ behaviors
with convex cost functions, we propose using deep neural networks (DNNs) to compute the
agents’ response actions. Introducing a technical assumption on parameters of the DNN,
we establish the existence and uniqueness of equilibria. Two distributed algorithms based
on fixed-point iterations are presented for their computation, showing the practicality of
our approach.

As a future work, it would be interesting to extend the proposed framework to games
with coupling constraints.
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Figure 6.2: Strategy convergence of agents using Algorithm 1.
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Figure 6.3: Strategy convergence of agents using Algorithm 2.
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Chapter 7

Model Predictive Control with
Recursive Multi-step Input Convex
Lipschitz Neural Networks: an
Application to Smart Buildings VII

Abstract

Model Predictive Control (MPC) is an optimal control technique that employs a
dynamic model of the controlled process and an optimization algorithm to determine
the control strategy. Nevertheless, the cost and effort required to create and maintain
dynamical models are often high, and solving the resulting optimal control problem
can be computationally complex. In recent years, data-driven modeling has become
an attractive alternative to approximate the behavior of dynamical systems, with
the aim of alleviating these issues. However, using such models for model-based
control can be challenging due to their typically nonlinear and nonconvex nature.
To address these issues, we propose a recursive multi-step learning-based dynamical
modeling framework to capture the temporal behavior of dynamic systems. We
take advantage of Input Convex Lipschitz Neural Networks, which are explicitly
designed to be convex and continuous with respect to their inputs. We further
show that these mathematical proprieties hold in a multi-step dynamical modeling
framework. The proposed approach is evaluated in a real-life MPC experiment
conducted in a smart building in the Samso Marina, Denmark. We show that the
proposed approach keeps the internal temperature within comfort constraints while
minimizing heating/cooling energy consumption.
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7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
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7.1 Introduction
Model Predictive Control (MPC) is an advanced control technique that uses a dynamical
model of the controlled process to make real-time predictions and an optimization
algorithm to determine an optimal control strategy [1]. This approach is widely used in
various industrial applications, including chemical reactors, wastewater treatment plants,
hydroelectric power plants, autonomous driving systems, unmanned vehicles, and aerial
vehicles [2]–[6].

The development of effective control strategies for complex dynamical systems has
traditionally relied on using conventional dynamical models to make real-time predictions.
Still, the cost and complexity of creating and maintaining such an apparatus have led to a
growing interest in alternative solutions, such as data-driven and learning-based modeling
approaches [7], [8]. Specifically, neural networks (NNs) are powerful machine learning
models that can learn complex nonlinear relationships between inputs and outputs from
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data. They are well-suited for modeling dynamical systems, as they can capture temporal
dependencies and approximate the nonlinear dynamics of a system [9], [10]. However, a
significant downside is that a NN generally does not lead to convex input-output mappings,
making the application of MPC schemes challenging [11]. Indeed, one major drawback of
this approach is that the optimization problem in MPC may be multi-modal, nonconvex,
and discontinuous, which can result in finding only local minima rather than the global
solution [12]. Using such models to approximate systems’ dynamics can also lead to
longer calculation times, which can be problematic in fast embedded systems [13].

Although not all real-world models are convex, many relevant ones can be approximated
by a convex counterpart. Therefore, constructing convex learning-based models from
available data is essential, especially when such a property can be advantageous. Recent
research has proposed various methods to construct convex learning-based models using
NNs to address this issue. One such method is the NN-based cost parametrization
proposed in [14]. This approach enables learning-based MPC with generic cost functions
that preserve convexity and nominal stability. Furthermore, in [15], the authors show
that a one-layer feed-forward NN with exponential activation functions in the inner layer
and logarithmic activation in the output neuron is a universal approximator of convex
functions. Building Input Convex NNs (ICNNs), where the model output is convex
with respect to a subset of the model inputs [16], presents restrictions on the structure
and weights of feed-forward NNs. Such networks exhibit high prediction accuracy in
many domains, such as multi-label prediction, image completion, and reinforcement
learning problems. In [17], the authors extend these formulations to a recurrent network
structure for one-shot multi-step ahead predictions. This means a sequence of outputs is
predicted with a sequence of inputs in a single prediction step. The authors apply the
approach to an MPC scheme for MuJoCo locomotion tasks [18] and to control the Heating,
Ventilation, and Air Conditioning (HVAC) system of a simulated building. Lastly, the
study in [19] demonstrates that adapting ICNNs for use in building MPC, with additional
constraints to achieve a convex input-output relationship for multi-step predictions, can
effectively minimize heating/cooling energy consumption while maintaining comfortable
room temperatures in real-life experiments.

The literature review emphasizes NNs’ potential for constructing convex and continuous
learning-based models, which can be highly beneficial in MPC applications. To this aim,
we employ a recursive multi-step learning-based dynamical modeling framework for
controlling dynamic systems based on the work in [20]. We demonstrate that the resulting
learning-based model remains convex and continuous when additional constraints are
imposed on the NN structure and weights and can, therefore, be used to define convex
and continuous MPC problems.

Unlike the approaches in [17] and [19], which employ multi-shot multi-step predictions,
the presented solution has two significant advantages. Firstly, the MPC optimization
problem is convex using input convex networks, eliminating issues with multiple suboptimal
local minima. Secondly, due to the recursive multi-step architecture, the model
identification phase is more straightforward, allowing for less time-consuming and faster
identification of the network parameters, as recurrent model training is much more
computationally demanding and time-consuming than obtaining the simple one-step-
ahead predictor.

To evaluate the accuracy of the proposed networks, we compare their performance with
a real-world case study in a warehouse located in the Ballen Marina, Samso, Denmark and
equipped with a smart HVAC system. Our experiments demonstrate that the proposed
approach can keep room temperatures within comfort constraints while minimizing
heating/cooling energy consumption.

The rest of the paper is organized as follows. In Section 7.2 we introduce the MPC
architecture and show the beneficial aspect of convexity. Section 7.3 reviews previous NN
structures for MPC applications and their limitations in keeping convexity, leading to the
introduction of the proposed multi-step learning-based dynamical modeling framework. In
Section 7.4 we introduce the experimental case study and discuss the results. Conclusions
are drawn in Section 7.5, highlighting possible future research directions.
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7.2 Problem Statement
We are interested in controlling a generic discrete-time dynamic system of the form:

x(h+ 1) = f(x(h),u(h),d(h)), (7.1)

through an MPC approach, where h ∈ N denotes a generic time step, x(h) ∈ Rn

denotes the state vector, u(h) ∈ Rm denotes the input vector, and d(h) ∈ Rq is a vector
representing disturbances, for some n,m, q ∈ N. The (possibly nonconvex) dynamics of
the system are defined by the mappings f : Rn × Rm × Rq → Rn.

We define Hk := {k, ..., h, ..., k +H − 1} as H-steps prediction horizon for the MPC
scheme, starting at time step k, with a fixed and constant step-size. We further assume
that the control horizon equals the prediction horizon1.

Given the system in (7.1), the objective of MPC is to solve a constrained optimal
control problem over the control horizon Hk, to select a sequence of control inputs
uk = col(u(h|k))h∈Hk

∈ RmH that minimizes (maximize) a given cost (payoff) function.
At the same time, the dynamics of the system xk = col(x(h|k))h∈Hk

∈ RnH , using the
current state x(k|k) as the initial state for the horizon Hk.

In the so-called economic formulation of MPC [23], the control problem at the generic
time step k can be formally written as follows:

minimize
uk

∑︂
h∈Hk

C(x(h|k),u(h|k))+M(x(k +H|k)) (7.2a)

subject to x(h|k) = f(x(h|k),u(h|k),d(h|k)), ∀h ∈ Hk (7.2b)
xk ∈ X , uk ∈ U , (7.2c)

where C : Rn × Rm → R and M : Rn → R are the so-called stage and terminal costs
while sets X ⊂ Rn and U ⊂ Rm collect all feasible states and feasible control inputs,
respectively.

At every time instant k, the state of the system x(k|k) is measured, and (7.2) is
solved, i.e., an optimal input sequence u∗

k is obtained. The controller then applies the first
element u∗(k + 1|k) to the system, and the process is repeated. It should be noted that,
in the general form of an MPC problem, the cost functions C(·) and M(·), the feasible
sets X and U , and the function representing the dynamics of the system f(·) can also be
dependent on the time step k.

The optimization problem (7.2) is generally a nonconvex programming problem.
However, in many practical scenarios, it is often approximated or assumed to be convex
for computational tractability [24]. A common way to formulate convex MPC schemes
is assuming the system dynamics f(·) to be convex and using linear or quadratic cost
functions C(·) and M(·) and convex feasible sets X and U , usually defined by affine
functions. This formulation leads to a problem that may be rewritten in the following
form:

minimize
uk

∑︂
h∈Hk

C (x(h|k),u(h|k)) +M(x(k +H|k)) (7.3a)

subject to x(h|k) = f(x(h|k),u(h|k),d(h|k)), ∀h ∈ Hk (7.3b)
xmin ≤ x(h|k) ≤ xmax, ∀h ∈ Hk (7.3c)
umin ≤ u(h|k) ≤ umax, ∀h ∈ Hk (7.3d)

where umin,umax ∈ U are lower and upper input constraints, respectively, while
xmin,xmax ∈ X are lower and upper state constraints, respectively.

1In MPC, the prediction horizon defines how far into the future the system looks ahead from its
current state, while the control horizon, typically shorter, is the time period over which the control
strategy is computed. Selecting a longer prediction horizon results in weaker control inputs, leading to a
long-term transition of the system toward the desired condition. On the other hand, a shorter prediction
horizon leads to more aggressive control inputs. Hence, the lengths of these two horizons are crucial in
ensuring the stability and effectiveness of the overall MPC scheme (See [21] and [22]).
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7.3 Input Convex Lipschitz NNs for Multi-step MPC
Many real-world systems are nonlinear and nonconvex, making it challenging to solve the
optimization problem (7.2) using off-the-shelf techniques. In such cases, it is common
to identify a simple linear or linearized model that can be used for control despite its
lower representation capability. Learning-based models, such as NNs, can bridge the gap
between model accuracy and control tractability. Indeed, in NN-based modeling, the
system dynamics is approximated by a network that takes the system state, control signal,
and disturbances as input and predicts the future states.

More in detail, a NN able to describe the dynamics of a discrete-time system at time
step k, and therefore predict the state of the system in the next time instant x̂(k + 1),
can be represented by the following general relation:

x̂(k + 1) = f̂(x(k),u(k),d(k)) (7.4)

where x̂(k + 1) is the predicted state of the system in the subsequent time step and f̂(·)
is the NN.

The NN f̂(·) may still be nonconvex. One way to address this issue is to employ a NN
such that the scalar output of the network is convex with respect to all input features.
Thus, let us consider a feed-forward NN, a network where information moves in only one
direction with no cycles or loops [25]. Let L be the set of NNs’ layers, and let Pl ∈ N be
the number of neurons associated to layer l ∈ L. The output of each layer xl ∈ RPl can
be computed as:

xl = Φl (Wlxl−1 + bl) , ∀l ∈ L (7.5)

where Wl ∈ RPl×Pl−1 is the weight matrix, bl ∈ RPl the bias vector and Φl : RPl → RPl

the activation function of the layer. Weights and biases are the parameters that define the
function approximator, and their values are identified through a data-driven optimization
process known as training [26]. During training, weights and biases are modified to
minimize a loss function, typically representing the discrepancy between the predicted
outputs and targets in a given dataset.

By setting x0 ∈ RP0 as the input and xL ∈ RPL as the output of the NN, we can
define the overall input-output relationship of the network Φ : RP0 → RPL in the following
form:

xL = Φ (x0) (7.6)

where Φ(·) = ΦL ◦ ΦL−1 ◦ · · · ◦ Φ1(·).
Let us focus on a specific class of layers and activation functions.

Assumption 7.3.1
Assume that the following properties in Assumption 6.2.3 hold for each layer of the

network l ∈ L. Moreover, we add the follwing ones:

i) Given xl, zl ∈ RPl :

∥Φl (xl−1)− Φl (zl−1) ∥ ≤ ∥xl−1 − zl−1∥. (7.7)

ii) Given xl, zl ∈ RPl and ∀ λ ∈ (0, 1):

Φl (λxl−1 + (1− λ)zl−1) ≤ λΦl(xl−1) + (1− λ)Φl(zl−1). (7.8)

Note that Assumption ii) holds with equality, being the feed-forward step at l ∈ L affine
with respect to the output at the previous later l − 1. Assumption ii) asserts, in other
words, that the activation function employed in each layer must be a non-expansive
mapping.

A feed-forward NN respecting Assumption 6.2.3 is said to be an Input Convex Lipschitz
NN (ICLNN).
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Figure 7.1: Multi-step input convex Lipschitz neural network.

Lemma 7.3.1
A feed-forward NN (7.6) respecting Assumption 7.3.1 is convex and Lipschitz
continuous map with constant γ =

∏︁
l∈L γl.

Proof 7.3.1
By the composition property of convex and Lipschitz functions the map Φ(·) =
ΦL ◦ΦL−1 ◦ · · · ◦Φ1(·) is convex and Lipschitz continuous with a constant γ =

∏︁
l∈L γl,

being γl the Lipschitz constant of the layer l ∈ L. ■

Informally speaking, the output of a NN is a convex and Lipschitz continuous function
with respect to the input if (i) all Wl are non-negative matrices with their spectrum
bounded by 1 and (ii) all Φl(·) are constrained to be convex, non-decreasing, and Lipschitz
continuous functions. These constraints can be enforced by performing weight clipping
during the training of the network and using activation functions that are both convex
and non-decreasing, such as the Rectified Linear Unit (ReLU), LeakyReLU, Exponential
Linear Unit (ELU) LogSumExp, and Softplus.
Remark 7.3.1

We remark that the term convex refers to the convexity of the network map. Indeed,
training a convex NN is still a (possibly) nonconvex problem.

Convexity in NNs provides a useful tool for approximating the model dynamics, leading
to faster and more reliable MPC control, while Lipschitz continuity implies their resilience
against input perturbations.

When a ICLNN is used to predict the state of a system in the subsequent time step
convexity is guaranteed, however, for subsequent steps are not guaranteed to be so. For
example, the generic state at time step k + 1 can be written as:

x̂(k + 1) = f̂(f̂(x(k − 1),u(k − 1),d(k − 1)),u(k),d(k))

that is thus not guaranteed to be convex both with respect to u(k) and u(k − 1).
To address this issue, we propose a feed-forward recursive multi-step NN architecture.

This type of NN utilizes a recursive architecture to predict multiple future time steps of a
time series. Specifically, the output of a feed-forward NN at each time step is used as input
for the next time step prediction. Moreover, predictions also rely on some manipulated
variable values that were calculated and applied to the process at previous sampling
instants.
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More precisely, the prediction of the output variable x(k) is a one-step-ahead prediction
that recursively depends on the previous predictions of x(k − 1), x(k − 2), and so on.
The idea behind this approach is illustrated in Figure 7.1 and can be expressed formally
as follows:

x̂(h) = F̂ (x(h),u(h),d(h)) (7.9)

where F̂ is the multi-step recursive NN.
The question at hand is whether the convexity of the network is preserved not only

for the input at time k, but also for the input at the previous time instant. The results
are presented as follows:
Proposition 7.3.1

Each element of the vector output x̂(h) of the function F̂ is convex and Lipschitz
continuous in u(h) provided that each NN used for the single step prediction is convex
and Lipschitz continuous.

The proof follows from the vector composition of convex Lipschitz functions [24]. As
a result, the predictions of the controlled variables are convex functions of all arguments
of the model. This approach allows us to identify the network parameters in a less
time-consuming and straightforward manner, as recurrent model training is much more
computationally demanding and time-consuming than obtaining the simple one-step-
ahead predictor. Nevertheless, the resulting models are susceptible to noise and improper
selection of the model order of dynamics; prediction errors are propagated. These factors
may lead to inaccurate predictions and low control quality of MPC.

7.4 Numerical Results
In this section, we explore the effectiveness of the proposed approach against a traditional
first-order dynamical model and a standard NN. Specifically, the case study aims to
investigate the application of the proposed recursive multi-step ICLNN for temperature
control in a warehouse in the Ballen Marina, Samso, Denmark. The building is not
continuously occupied; however, sailors and locals often use it as a common meeting place.
The internal temperature of the warehouse is not kept constant throughout the year.
Instead, it is lowered at night and raised in the morning to save energy. The temperature
is kept relatively low, and individuals manually adjust the set point using a hand terminal
when necessary. However, a schedule ensures that it automatically falls back to the
previously set temperature. The temperature is allowed to drop to 10 degrees Celsius
to prevent mold. The warehouse is heated/cooled by a heat pump powered mainly by
electricity from a photovoltaic (PV) panel on the roof and an ESS. Two thermometers
inside the warehouse provide temperature and humidity every fifteen minutes, while the
data related to the hourly energy consumption of the heat pump are available from the
device. The data related to the external weather conditions have been retrieved from [27].
The average monthly outdoor temperature was in the range 3.5 - 16.9 degrees Celsius (38
- 62 degrees Fahrenheit) in 2023.

Data have been preprocessed, empty data has been removed, and the time series of
the different sources has been aligned. The resulting dataset consists of various features
for each time step h, such as:

• Internal temperature Ti(h)
• External temperature Te(h)
• Internal humidity Ui(h)
• External humidity Ue(h)
• Energy used for heating/cooling e(h)
• Wind speed S(h).
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Numerical Results

(a) First-order dynamical model
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(b) Traditional NN
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(c) Convex Lipshitz NN
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(d) Results of the MPC approach
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Figure 7.2: Results of the different models and the MPC contoller.

Thus, the feature tuple is defined as Xa(h) = (Te(h), Te(h), Ui(h), Ue(h), S(h), e(h)).
To ensure the model’s effectiveness, we augment the feature matrix by appending its
negation, resulting in X(h) = (Xa(h),−Xa(h)), a technique commonly used to preserve
representation capabilities, specifically in our case, as we impose non-negative weights.
The internal temperature at the subsequent time slot Ti(h+ 1) has been selected as the
target value.

The dataset is randomly divided into training and test sets with a ratio of 20%− 80%.
Training is carried out using the ADAM algorithm for 100 epochs [28]. We compare
a traditional NN and the proposed ICLNN consisting of three hidden layers with 120
neurons each. While the first two layers of the traditional NN employ ReLU activation
functions, the third layer uses a sigmoid function. Conversely, the convex NN exclusively
uses ReLU activation functions to preserve convexity.

For result comparison, we fit the data with a first-order dynamical linear model,
where the state represents the internal temperature, and the input corresponds to the
heating/cooling energy while considering external temperature disturbances.

The results of the training are depicted in Fig 7.2. Notably, NNs exhibit superiority
over the standard model. While the ICLNN yields slightly worse results than the standard
one, the overall performance remains satisfactory.

Subsequently, employing the Lipschitz convex NN, we apply the MPC approach
considering environmental disturbances and dynamic energy prices. We set the control
horizon length to H = 24, defining the energy cost as c(h). The total cost for the horizon
is denoted as ck = col(c(h))h∈Hk

. The resulting problem is defined as:

minimize
uk

∑︂
h∈Hk

c(h|k)u(h|k) (7.10a)

subject to T (h+ 1|k) = f̂(T (h|k),u(h|k)), ∀h ∈ Hk (7.10b)
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Tmin ≤ T (h|k) ≤ Tmax, ∀h ∈ Hk (7.10c)
umin ≤ u(h|k) ≤ umax, ∀h ∈ Hk (7.10d)

where Tmin = 5, Tmax = 15, umin = 0 and umax = 1. The results of the proposed MPC
approach are shown in Fig. 4.2 where the internal temperature of the building in one
simulation day is plotted with respect to the heating. The results show that the proposed
approach is able to keep the temperature within the given bounds while minimizing the
total cost of the energy.

7.5 Conclusion
In this work, we proposed a novel approach for controlling dynamical systems with MPC
using a convex learning-based modeling framework based on Input Convex Lipschitz Neural
Networks. The proposed approach offers advantages in terms of reduced computational
complexity and straightforward model identification. The experimental results conducted
in a smart building demonstrate the effectiveness of the proposed approach in achieving
optimal control while maintaining comfort constraints and minimizing energy consumption.

Ongoing research will focus on more general formulations of the proposed framework
including uncertainty.
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Chapter 8

Conclusions

VIII

The modern energy community is comprised by deeply interconnected agents and devices,
each characterized by its own prerogatives and needs. In such an environment, considering
each actor as an independent and selfish entity guarantees robust design choices for the
overall grid. However, under such premises, finding the working point of such systems
is not an easy task. Scalability, reliability, and latency, which are the requirements for
ensuring quality-of-service of the contemporary energy infrastructure. In such a context,
non-cooperative game theoretical methods have proven to be effective in the modelling
and analysis of grids.

This Thesis tried to contribute to the field by exploring three main research directions.
Specifically, the first research direction, discussed in Part I, provided a perspective on
the energy community as a transactive environment, where the focus is put on devising
appropriate strategies to seek Nash Equilibria for the exchange of energy. In particular:

• Chapter 2 provided a transactive framework where community members have
private cost functions coupled through their aggregate demands. To solve the
arising Generalized Nash Equilibrium Problem (GNEP) in a distributed fashion,
alternating direction method of multipliers (ADMM) algorithm was formulated
using Gauss-Seidel-type iterate, reformulating the GNEP into two parallel blocks:
energy transactions computation and prices update to overcome scalability issues.
Sufficient conditions on cost and pricing functions were provided to ensure strong
monotonicity of the pseudo-gradient mapping, guaranteeing convergence of the
ADMM algorithm;

• Chapter 3 proposed innovative transactive control frameworks to optimize energy
sharing and management in a community with multiple prosumers (energy
producers/consumers) and independent storage providers. The goal was to create
an efficient and profitable business model for the storage providers while ensuring a
sustainable energy supply for the prosumers. Two game-theoretical algorithms were
proposed, one coordinated and one uncoordinated, which were validated through
numerical simulations and compared favorably with a centralized control method.

The second research direction, whose results have been collected in Part II, explores
the integration of plug-in electric vehicles (PEVs) in the modern energy community as
selfish agents characterized, on the one hand, by the need to periodically recharge their
batteries, and on the other hand, by the possibility of being used as temporary energy
storage systems. Specifically:

• Chapter 4 proposed an innovative Model Predictive Control (MPC) approach that
leverages the vast amounts of data collected by modern PEVs. This approach
enables prosumers to utilize long-parked EVs as energy buffers, while also providing
recharging capabilities for active PEVs. The resulting control problem was
formulated as a generalized Nash equilibrium, addressed using variational inequality
theory and the accelerated distributed augmented Lagrangian method, ensuring
sufficient conditions for convergence;

• Chapter 5 devised a novel hybrid control system for dynamic power allocation in a
fleet of PEVs fed by a single energy retailer with limited power availability. The
controller, based on population dynamics and event-triggered principles, ensures
that the PEVs’ batteries reach a stable equilibrium where all connected vehicles
are fully charged while satisfying operational constraints. Precedence functions are
used to express economic and performance indicators of the PEVs, aiming for a NE
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in power allocation among them. This enables local information exchange without
requiring vehicle-to-vehicle infrastructure.

In order to better model the grid’s actors that are not (generally) driven by rational
stances, e.g., people, Part III introduces a learning-based equilibrium concept that relies
on modelling the agents through machine learning tools, e.g., neural networks, in order to
capture their behavior in a more expressive form than the one provided by the traditional
optimization-based methods.

• The goal of Chapter 6 was to combine game theory with machine learning techniques
to approximate complex agent behaviors. Unlike traditional approaches, this method
does not model agents’ ultimate goals as cost functions, but instead uses a NN to
characterize their response actions. By introducing certain assumptions on the used
neural network weights, an equilibrium was proved to be reachable and unique. Two
algorithms based on fixed-point iterations are defined to compute these equilibria,
with convergence proven. The theoretical results are applied to an energy community
under dynamic time-of-use pricing.

• A recursive multi-step learning-based dynamical modeling framework is employed in
Chapter 7 for controlling dynamic systems. When certain constraints are imposed
on the NN structure, it can be used to define convex MPC problems. Differently
from existing literature, it uses input-convex networks, which eliminate issues with
multiple suboptimal local minima, and a recursive multi-step architecture that
simplifies model identification and reduces computational demands. The proposed
method is evaluated through a case study at a warehouse in Denmark equipped
with a smart HVAC system, demonstrating its ability to maintain comfortable room
temperatures while minimizing energy consumption.

The results collected in this Thesis scratch the surface of the many challenges that
incorporating non-cooperative game-theoretical approaches in the energy community
brings. All the seeking algorithms employed so far suffer from the common issue of
reaching a feasible solution – other than an equilibrium – asymptotically, so that operative
tolerances need to be defined a priori to sure the correct functioning of the grid. Part II
dealt with the stochasticity of arrival and departure time of PEVs, under the assumption
of known distributions with good confidence. Alternative more robust approaches will be
explored in future works, e.g., employing tools from distributionally robust optimization.
Being Part III a work-in-progress itself, future effort will focus on extending the learning-
based approach to the GNE seeking case.
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Appendix A

Proofs

IX
A.1 Proposition 2.3.1
Under the considered setup

q (x̂, x̌,p) =

⎡⎣ ∇̃x̂ψ + Bp
∇̃x̌ψ − p
ρp− ρQBx̂

⎤⎦ ,
where we have used p−i = Bip, x̂−i = Bix̂, and we have defined Q = diag (Qi)i∈A ∈
Rn×n

≥0 and

∇̃x̂ψ := col (∇x̂i
ψi (x̂i, x̌i))i∈A

∇̃x̌ψ := col (∇x̌iψi (x̂i, x̌i))i∈A .

Since every ψi(·, ·) is twice continuously differentiable, it follows that q(·, ·, ·) is µ-strongly
monotone if it holds that

D q (x̂, x̌,p) + D q (x̂, x̌,p)⊤ − 2µI3n ⪰ 0, (A.1)

for all x̂, x̌,p ∈ Rn
≥0. Here,

D q (x̂, x̌,p) =

⎡⎣ Dx̂ ∇̃x̂ψ Dx̌ ∇̃x̂ψ B
Dx̂ ∇̃x̌ψ Dx̌ ∇̃x̌ψ −In

−ρQB 0n×n ρIn

⎤⎦ ∈ R3n×3n.

Denote the top left 2n× 2n block of D q (x̂, x̌,p) as J (x̂, x̌). It follows that J (x̂, x̌) is the
Hessian matrix of the function φ(x̂, x̌) =

∑︁
i∈A ψi (x̂i, x̌i). Therefore, J (x̂, x̌) = J (x̂, x̌)⊤

and ζ⊤J (x̂, x̌) ζ ≥ θζ⊤ζ, for all x̂, x̌ ∈ Rn
≥0, and all ζ ∈ R2n. Moreover, let

M1 (x̂, x̌) =

⎡⎣ J (x̂, x̌)− µI2n

[︃
B
−In

]︃
[︁

B⊤ −In

]︁
(ρ− µ)In

⎤⎦
M2 (x̂, x̌) =

⎡⎣ J (x̂, x̌)− µI2n

[︃
−ρB⊤Q⊤

0n×n

]︃
[︁
−ρQB 0n×n

]︁
(ρ− µ)In

⎤⎦ .
As such, the condition in (A.1) can be equivalently rewritten as M1 (x̂, x̌)+M2 (x̂, x̌) ⪰ 0.
Hence, if M1 (x̂, x̌) and M2 (x̂, x̌) are both shown to be positive semi-definite matrices,
for all x̂, x̌ ∈ Rn

≥0, then we can conclude that q(·, ·, ·) is µ-strongly monotone.
Consider first M1 (x̂, x̌). By the Schur complement, we have that M1 (x̂, x̌) ⪰ 0 if

and only if ρ > µ and

J (x̂, x̌)− µI2n ⪰
1

ρ− µ

[︃
BB⊤ −B
−B⊤ In

]︃
.

Note that J (x̂, x̌)− µI2n ⪰ (θ − µ) I2n, and

1
ρ− µ

[︃
BB⊤ −B
−B⊤ In

]︃
⪯ 2
ρ− µ

I2n.
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Proposition 4.4.3

Here, the second claim follows from Remark 2.3.1 and the Gershgorin Circle Theorem
[1, Fact 4.10.16]. Therefore, if ρ > µ and θ − µ ≥ 2/(ρ− µ), then M1 (x̂, x̌) is positive
semi-definite, for all x̂, x̌ ∈ Rn

≥0.
Similarly, consider M2 (x̂, x̌). By the Schur complement, we have that M2 (x̂, x̌) ⪰ 0

if and only if ρ > µ and

J (x̂, x̌)− µI2n ⪰
ρ2

ρ− µ

[︃
B⊤Q⊤QB 0n×n

0n×n 0n×n

]︃
.

By Remark 2.3.1, it follows that B⊤Q⊤QB is similar to Q⊤Q and so they have the same
eigenvalues. Consequently,

ρ2

ρ− µ

[︃
B⊤Q⊤QB 0n×n

0n×n 0n×n

]︃
⪯ ρ2

ρ− µ
λI2n.

Thus, if ρ > µ and θ − µ ≥ ρ2λ̄/(ρ− µ), then M2 (x̂, x̌) is positive semi-definite, for all
x̂, x̌ ∈ Rn

≥0.
Hence, if ρ > µ and θ − µ ≥ max

{︁
2, ρ2λ̄

}︁
/ (ρ− µ), then the conditions for the

positive semi-definiteness of M1(·, ·) and M2(·, ·) are satisfied, and the proof is completed.
■

A.2 Proposition 4.4.3
First, let us recall that the coupling constraints in (4.24) can be written as Ax =∑︁

n∈N Anxn = 0, with A =
[︁
A1 · · · AN

]︁
, corresponding to (4.41) and partitioned in

vertical blocks. Theorem 1 in [2] yields the following bound:∑︂
n∈N

ρ∥An(x(0)
n − x∗

n)∥2 ≤ ρNσ2
max(A)ϕ2(X ) + 1

ρ
(A.2)

where σmax(A) is the largest single value of A and ϕ(X ) is the diameter of X , evaluated
as

ϕ(X ) = argmax
x1,x1∈X

∥x1 − x2∥ (A.3)

Note that the previous is a non-convex problem. Inequality (A.2) can be further bounded
from above as follows

ρNσ2
max(A)ϕ2(X ) + 1

ρ
≤ ρN∥A∥2

Fϕ(box(X )) + 1
ρ

(A.4)

where ∥A∥F is the Frobenius norm of matrix A, while box(X ) is any finite-volume
hypercube containing X . The previous inequality holds since σmax(A) ≤ ∥A∥F , from
Definition 5.6.0.2 in [3], and ϕ(X ) ≤ ϕ(box(X )). The last inequality holds since
X ⊆ box(X ). From (4.41), ∥A∥F =

√︁
2H(PCt + 3PSt), corresponing to the number of

nonzero elements of A. Moreover, since x is non-negative, one of the hypercube’s vertices
corresponds to the origin, thus we have that ϕ(box(X )) = |max(x)|. The right-hand side
of (A.4) is convex with respect to ρ, so that its minimizer ρ∗ is trivially calculated. After
substituting ∥A∥F and ϕ(box(X )), (4.43) is obtained.

A.3 Lemma 5.3.1
Assumption 5.3.1 readily holds with the considered fi(·, ·) and by (5.8a). On the other
hand, to show that Assumption 5.3.3 holds it suffices to take Si(bi, pi) = αηi(bi, pi)p2

i /(2Bi)
and

ζi(bi, pi, u) = (1− α)µu2 − αp2
i

2Bi

∂ηi(bi, pi)
∂pi

u

− αp3
i ηi(bi, pi)

2Bi

∂ηi(bi, pi)
∂bi

.
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Theorem 5.4.1

By (5.8a) it follows that Si(bi, pi) = 0 ⇔ fi(bi, pi) = 0. Also, since ζi(·, ·, ·) is a convex
quadratic polynomial with respect to u, a sufficient condition to ensure its non-negativity
is (︃

αp2
i

2Bi

∂ηi(bi, pi)
∂pi

)︃2

≤ −4(1− α)µαp
3
i ηi(bi, pi)

2Bi

∂ηi(bi, pi)
∂bi

.

Clearly, such a condition holds by (5.8) and thus we conclude that ζi(bi, pi, u) ≥ 0, for all
(bi, pi, u) ∈ [0, Bi]× [0, Ci]× R. On the other hand, it follows that

∂Si(bi, pi)
∂bi

= αp2
i

2Bi

∂ηi(bi, pi)
∂bi

∂Si(bi, pi)
∂pi

= αp2
i

2Bi

∂ηi(bi, pi)
∂pi

+ α

Bi
ηi(bi, pi)pi.

Therefore, using the fact that fi(bi, pi) = ηi(bi, pi)pi, we conclude that (5.7) holds (in
this case with equality). ■

A.4 Theorem 5.4.1
Let us consider Claim i) first. From the jump dynamics in (5.12a)-(5.12b), for all times
t where the HDS jumps it holds that if p(t) ∈ P(t), then p+(t) ∈ P(t). On the other
hand, for all times in between jumps, it holds that the signals si(t) and p̂i(t) are constant,
for all i ∈ C. Thus, for all times in between jumps the flow dynamics in (5.14a) become
precisely the so-called Smith-Replicator dynamics in [4]. Therefore, by [4, Proposition 1],
it follows that p(t) ∈ P(t) for all times where the HDS flows. As such, Claim i) holds.

Without loss of generality, to prove Claims ii) and iii) we restrict the analyses to the
times in between arrivals or departures of PEVs, which are uncontrollable and uncertain
events. Hence, through the rest of this proof, we assume that Cc(t) = C, for all times
t ≥ 0. As such, the signals b̄i(t), c̄i(t), and p̄i(t), are constant for all i ∈ C. Consequently,
the closed-loop system does not have any time-varying inputs. Furthermore, it can be
shown that the considered closed-loop system comprises a well-posed HDS according
to Definition 5.2.1, implying that a complete solution exists for all times t ≥ 0 and all
admissible initial conditions (see Section 5.2.1).

To prove Claim ii) we apply the Hybrid Lyapunov Theorem [5, Theorem 3.19] as
adapted in Section 5.2.1. As such, consider the Lyapunov function candidate given by

V (b,p, s) = W (b,p, s) +
∑︂
i∈C

(︃
Si(bi, pi) + 1

2(Bi − bi)2
)︃

+ βW̄
∑︂
i∈C

si,

where Si(·, ·) is a storage function satisfying Assumption 5.3.3, for all i ∈ C, β ∈ R
is a constant satisfying β > 1, and W (b,p, s) = (1/2)

∑︁
i∈N

∑︁
j∈N pisisj p̂j [gj − gi]2+,

with gℓ = 0 and gi := gi(bi,p), for all i ∈ C. Besides, W̄ = max(x,u)∈F W (b,p, s) is an
upper-bound of W (·, ·, ·) over the flow set F (note that such an upper-bound always exists
because W (·, ·, ·) is continuous and F is compact). Moreover, from Claim i) it follows
that p(t) ∈ P(t), which implies that W (b(t),p(t), s(t)) ≥ 0, for all times t ≥ 0. Hence,
V (b(t),p(t), s(t)) ≥ 0, for all times t ≥ 0, and V (b,p, s) = 0 if and only if Si(bi, Bi) = 0,
bi = Bi, and si = 0, for all i ∈ C. By Assumption 5.3.3, Si(bi, Bi) = 0⇔ fi(bi, pi) = 0,
and by Assumption 5.3.1, fi(bi, pi) = 0⇔ pi = 0, for all i ∈ C. Therefore, we conclude
that V (b∗,p∗, s∗) = 0 if and only if p∗

ℓ = A, b∗
i = Bi, p∗

i = 0, and s∗
i = 0, for all i ∈ C.

That is, V (·, ·, ·) is a valid Lyapunov function candidate to analyze the stability properties
of the considered point (b∗,p∗, s∗), which by [6, Theorem 1] is also the unique equilibrium
point of the considered dynamics.

We now proceed to analyze the time derivative of V (·, ·, ·) along the flow trajectories
of the system. To simplify the notation, let V := V (b,p, s), W := W (b,p, s) and
ξij := pisisj p̂j [gj − gi]+, for all i, j ∈ N . Then, for all z ∈ N ,
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∂W

∂pz
= 1

2
∑︂
j∈N

szsj p̂j [gj − gz]2+ −
1
2
∑︂
i∈N

pisisz [gz − gi]2+

+
∑︂
i∈N

∑︂
j∈N

ξij

(︃
∂gj

∂pz
− ∂gi

∂pz

)︃
= 1

2
∑︂
k∈N

szsk

(︂
p̂k [gk − gz]2+ − pk [gz − gk]2+

)︂
+
∑︂
j∈N

∑︂
i∈N

(ξij − ξji)
∂gj

∂pz
.

By the fact that p(t) ∈ P(t), for all times t ≥ 0 [see Claim i)], it holds that p̂j =
[︁
p̂j

]︁
+,

for all j ∈ N . Hence, from (5.14a) it follows that
∑︁

i∈N (ξij − ξji) = ṗj . In consequence,

∇pV
⊤ṗ =

∑︂
z∈N

ṗz

∂W

∂pz
+
∑︂
z∈C

ṗz

∂Sz(bz, pz)
∂pz

= 1
2
∑︂

z,k∈N

ṗzszsk

(︂
p̂k [gk − gz]2+ − pk [gz − gk]2+

)︂
+
∑︂
z∈N

∑︂
j∈N

ṗz ṗj

∂gj

∂pz
+
∑︂
z∈C

ṗz

∂Sz(bz, pz)
∂pz

.

From the fact that gℓ = 0 and Assumption 5.3.2, it holds that∑︂
z∈N

∑︂
j∈N

ṗz ṗj

∂gj

∂pz
= −

∑︂
z∈C

∑︂
j∈C

ṗz ṗj(1− α)∂hj(p)
∂pz

≤ −(1− α)µ
∑︂
z∈C

ṗ2
z [c.f. Remark 5.3.1].

Therefore,

∇pV
⊤ṗ ≤ 1

2
∑︂

z,k∈N

ṗzszsk

(︂
p̂k [gk − gz]2+ − pk [gz − gk]2+

)︂
− (1− α)µ

∑︂
z∈C

ṗ2
z +

∑︂
z∈C

ṗz

∂Sz(bz, pz)
∂pz

.

Here, by replacing ṗz =
∑︁

i∈N (ξiz − ξzi) and following the procedure in [4, Proof of
Theorem 2] with the fact that ξizszsk = ξizsisk, for all z, k, i ∈ N , it can be shown that

1
2
∑︂

z,k∈N

ṗzszsk

(︂
p̂k [gk − gz]2+ − pk [gz − gk]2+

)︂
≤ 0.

Thus, ∇pV
⊤ṗ ≤

∑︁
z∈C

(︁
ṗz∂Sz(bz, pz)/∂pz − (1− α)µṗ2

z

)︁
. On the other hand,

∇bV
⊤ḃ =

∑︂
z∈C

∑︂
j∈N

ḃz ṗj

∂gj

∂bz
+
∑︂
z∈C

ḃz
∂Sz(bz, pz)

∂bz

−
∑︂
z∈C

(Bz − bz)ḃz

= −
∑︂
z∈C

ḃz ṗz

α

Bz
+
∑︂
z∈C

ḃz
∂Sz(bz, pz)

∂bz

−
∑︂
z∈C

(Bz − bz)ḃz,
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and it trivially holds that ∇sV
⊤ṡ = 0 [due to (5.14b)]. Thus,

V̇ = ∇bV
⊤ḃ +∇pV

⊤ṗ +∇sV
⊤ṡ

≤
∑︂
z∈C

∂Sz(bz, pz)
∂bz

ḃz +
∑︂
z∈C

∂Sz(bz, pz)
∂pz

ṗz −
∑︂
z∈C

α

Bz
ḃz ṗz

−
∑︂
z∈C

(1− α)µṗ2
z −

∑︂
z∈C

(Bz − bz)ḃz

≤ −
∑︂
z∈C

(︁
ζz(bz, pz) + (Bz − bz)ḃz

)︁
[by Assump. 5.3.3]

≤ 0,

where the last inequality follows from Assumptions 5.3.1 and 5.3.3 and the fact that
bz ≤ Bz during the flows of the HDS, for all z ∈ C. Besides, V̇ = 0 if and only if bz = Bz

and pz = 0, for all z ∈ C. Therefore, V (·, ·, ·) strictly decreases along the flow trajectories
of the system.

We now proceed to analyze the discrete-time change of V (·, ·, ·) under the jump
updates of the system. We remark that the restriction for Cc(t) to be constant over time
together with Assumption 5.3.1 imply that the state variable si can only jump from
si = 1 to si = 0, for any CS i ∈ C, i.e., jumps from si = 0 to si = 1 are not possible under
the considered setup. As such, suppose that a jump from sz = 1 to sz = 0 occurs at an
arbitrary CS z ∈ C. Then,

V
(︁
b,p+, s+)︁− V (b,p, s)
= W

(︁
b,p+, s+)︁−W (b,p, s)− Sz(bz, pz)− βW̄

< 0 [by construction of β and W̄ ].

Here, we have used Assumptions 5.3.1 and 5.3.3 to assert that Sz(bz, p
+
z ) = 0 [since

p+
z = 0 by (5.12a)]. Given that the jump occurs at an arbitrary CS, we conclude that
V (·, ·, ·) strictly decreases over the jumps of the system.

Marshalling all the conclusions above, it follows by [5, Theorem 3.19] that Claim ii)
holds.

Finally, to prove Claim iii) we further restrict the analysis to the times t ≥ 0 where the
HDS flows. For such times the state vector s is constant, and so without loss of generality,
we let si = 1, for all i ∈ C. Consequently, the sets Ca(t) = C and P := P(t) are constant
over the flow times, and the dynamics in (5.14a) become equal to the so-called Smith-
Replicator dynamics in [4]. Now, let W (b) =

{︁
p : p ∈ argmaxp̃∈P

∑︁
i∈C p̃igi (bi,p)

}︁
.

To prove Claim iii) we remark that the set W(b̃) is asymptotically stable under the
dynamics in (5.14a), where b̃ is an arbitrary (fixed) value for b(t) (such a claim follows
immediately from [4, Theorem 2]). Since b̃ is arbitrary, Claim iii) holds by induction for
every time t. ■

A.5 Proposition 6.4.1
Consider the mapping M : RNn → RNn defined as follows:

M : x ↦→ projΩ

⎛⎜⎝ Φ1(O1(s,x))
...

ΦN (ON (s,x))

⎞⎟⎠ , (A.5)

as the observer is a nonexpansive, the feed-forward DNNs Φi(·) are γi-Lipschitz continuous
due to Assumption 7.3.1, and, since the projection to a convex and compact set Ω is
continuous, the map M(·) is γm-Lipschitz continuous [7].

Given the continuity of M(·) and the convexity and compactness of Ω, it follows from
Brouwer’s fixed point theorem that M(·) has a fixed point x∗ = M(x∗). We will argue
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that (6.9) holds for the fixed point x∗. Indeed, denoting by:

z∗ =

⎛⎜⎝ Φ1(O1(s,x∗))
...

ΦN (ON (s,x∗))

⎞⎟⎠ (A.6)

and since x∗ = projΩ(z∗) and, due to a well-known propriety of projection, we have that:

(z∗ − x∗)⊤(x∗ − y) ≥ 0, ∀y ∈ Ω (A.7)

for an arbitrary xi ∈ Ωi, setting y = (xi,x∗
−i) into the above inequality we get that:

(Φi(Oi(s,x∗))− x∗
i )⊤(x∗

i − xi) ≥ 0 (A.8)

thus we have:
(Φi(Oi(s,x∗))− x∗

i )⊤(x∗
i − xi) ≥ 0, ∀xi ∈ Ωi (A.9)

which is equivalent to (6.9). ■
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