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Abstract

The behavior of an elastic layer in contact with a wavy rigid substrate is analyzed depending on

layer thickness, substrate geometry, energy of adhesion, for given value of remote applied load or

penetration. Two different slab configurations are considered: (i) a free layer with uniform pressure

acting on the upper boundary, and (ii) a confined layer with uniform displacement assigned to the

upper boundary. These two different geometries have been considered as exemplar cases which are

of great relevance in a large number of applications of crucial importance as structural adhesives,

pressure sensitive adhesives, coatings and protective adhesives.

Our study shows that the layer thickness affects the contact behavior differently depending on

the constraints configuration. In particular, reducing the thickness of the layer makes the latter

more or less compliant depending on the considered configuration. Thus, the free layer becomes

more sticky and, as the layer thickness is reduced, a increasingly large amount of external work

needs to be provided to detach the layer from the substrate. On the contrary, the confined layer

significantly stiffens by decreasing the layer thickness. This leads to an increase of the pull-off force

for detachment accompanied by a decrease of the energy needed to bring the layer and substrate

apart.
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I. INTRODUCTION

Adhesion is of crucial importance in contact mechanics, in biology and in a countless

number of engineering and industrial applications, as climbing robots [1–3], adhesive gloves

and suits [4], structural adhesives [5, 6], adhesive interlayer in laminated glasses [7, 8],

thin coatings in orthopedic implants [9, 10], medical adhesive bands [11], pressure sensitive

adhesives [12–14], just to enumerate some of them.

However, adhesion can be deleterious and should be avoided in applications other than the

ones just mentioned, as, for example, in microelectromechanical systems (MEMS) [15, 16],

where sticking phenomena, attributed to adhesion forces, can cause gluing between a thin

micromachined membrane and an adjacent parallel surface [17–19].

In all such applications, the geometrical characteristics and the roughness of the substrate

play a major role in controlling the adhesive strength of the joint. In particular, in real

systems, roughness can be detrimental to the adhesive strength, because it hinders intimate

contact between mating surfaces. Roughness can, in fact, decrease both the pull-off force

and the work required to detach the surfaces [20, 21]. However, if the contacting bodies

are relatively soft the adhesion may increase in presence of roughness [22–27] and cause the

appearance of a very significant hysteresis loop during loading and unloading cycles [28].

Contact and adhesion of rough and textured surfaces is also exploited by natural systems

to control, e.g. locomotion, climbing abilities and so forth. To this end it suffices to recall

the superior abilities of geckos, lizards, flies, beetles, to move, run and climb all type surfaces

however tilted or rough like a cinder block [29–31]. Such natural systems and their adhesion

control strategies have indeed inspired researchers to provide opportunities for controlling

adhesion in engineered systems [32–38].

The adhesive contact of a semi-infinite body with arbitrary periodic profiles has been

studied in Ref [39]. Moreover, an experimental study of adhesion of soft viscoelastic materials

on surfaces with periodic roughness is performed in Ref [40], whereas in Ref. [41] the role

of adhesion is experimentally analyzed to understand the contact mechanics between model

micropatterned surfaces.

In the present paper, we focus on the adhesive contact between finite-sized elastic layers

and sinusoidal rigid substrates. In particular, adhesion is made change from zero (adhesive-

less case) to high values and two different boundary configurations are considered: a free
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layer with uniform pressure acting on the upper boundary (model A), and a confined layer

(model B). Our calculations show that the free layer has enhanced adhesive toughness and

hence is appropriate in all the applications where ‘sticky’ adhesion is required. The confined

layer, instead, is indicated when large pull-off forces need to be sustained. The simple one

length scale profile here considered can be also important to capture the basic features of

the mechanism of adhesion on real rough surfaces, which are characterized by roughness

on several length scales. In fact, the solution here provided may be used to analyze more

general rough substrates, by using a multiscale approach as, for example, suggested in Ref.

[42–44].

II. FORMULATION

Figg. 1a and 1b show the adhesive contact between a rigid wavy profile of amplitude

Λ and wavelength λ, and an elastic layer of thickness h. We assume that the small-slope

approximation holds true, i.e. Λ/λ ≪ 1. In the first case (free layer or model A), a uniform

pressure p∞ acts on the upper boundary of the layer. In the second case (confined layer

or model B), the layer is confined on the upper boundary by a flat rigid plate, and sticky

conditions are assumed to hold at the upper interface.

The reference frame and all quantities needed to completely define the problem are also

shown in the figures. In particular, the contact penetration ∆, defined as the distance

between the mean plane of the deformed lower profile of the layer and the crests of the sinu-

soidal indenter, and the mean displacement um are related through the total displacement

uT of the rigid substrate by the equation: uT = um+∆. Notice the contact mean separation,

defined as s = Λ−∆, vanishes when full contact conditions are established.

Although the confined layer model has been deeply investigated in Ref. [25], in the

present work, we recover most of the main results to carry out a comparison with the free

layer model and to extend that study to the adhesionless contact case.

The plain strain problem under consideration can be formulated in terms of the elastic

displacement field through the Navier equation of elasticity (Ref. [45]). However, different

boundary conditions must be considered on the upper edge of the layer depending on the

model under investigation. In particular, for the model A, at the upper boundary (y = h)
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(a)

(b)

FIG. 1: An elastic layer of thickness h in contact with a rigid slightly wavy profile.
Different boundary conditions are considered on the upper layer face: (a) free layer (model

A); (b) confined layer (model B).

we have

σyy (x) = p∞; x ∈ D (1)

σxy (x) = 0; x ∈ D (2)

where D = [−λ/2, λ/2]. For the model B, the above conditions modify in

uy (x) = 0; x ∈ D (3)

ux (x) = 0; x ∈ D (4)
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At the contact interface (y = 0), the boundary conditions in both cases can be written as

uy (x) = r (x) + uT − Λ; x ∈ Ω (5)

σyy (x) = 0; x ∈ D − Ω (6)

σxy (x) = 0; x ∈ D (7)

being Ω = [−a, a] the contact domain, r (x) = Λ cos (kx) the profile of the substrate, and

k = 2π/λ.

As shown in Ref. [25], the contact problem can be reduced to a Fredholm equation of the

first kind, because of linearity and translational invariance along x. Therefore, the elastic

displacement uy (x) of the layer can be related to the normal contact pressure p (x) through

the Green function G calculated at the contact interface. As a result, the original problem

reduces to the following Fredholm equation of the first kind

−
∫
Ω

G (x− s) p (s) ds = ∆+ Λ [cos (kx)− 1] ; x ∈ Ω (8)

and, once the contact pressure p (x) is calculated, the normal displacement in the region

where the two bodies are not in contact can be evaluated as

uy (x) = um −
∫
Ω

G (x− s) p (s) ds x ∈ D − Ω (9)

In Ref. [46] it has been shown that

G (x) =
2 (1− ν2)

πE

(
log

[
2

∣∣∣∣sin(kx

2

)∣∣∣∣]+ ∞∑
m=1

Am (kh)
cos (mkx)

m

)
(10)

with the only coefficients Am depend on the layer upper boundary conditions, and specifically

Am (kh) =
2mkh+ sinh (2mkh)

1 + 2 (mkh)2 − cosh (2mkh)
+ 1 (11)

for the free layer model (model A) and

Am (kh) =
2hkm− (3− 4ν) sinh (2hkm)

5 + 2 (hkm)2 − 4ν (3− 2ν) + (3− 4ν) cosh (2hkm)
+ 1 (12)
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for the confined layer model (model B). Moreover, the displacement um of the mean plane

is given by

um =
1 + ν

1− ν

1− 2ν

E
pmh (13)

where pm = λ−1
∫
Ω
p (x) dx is the mean contact pressure. Notice pm is just p∞ for the free

layer model, and um vanishes for incompressible materials (i.e. when Poisson’s ratio ν = 0.5).

A. Method of solution

In order to solve the problem we will follow the procedure described below. For any

given value of the penetration ∆, the unknown contact pressure distribution p (x) can be

determined by inverting eq. (8). Once known p (x), the displacements field can be easily

calculated on the whole domain D by eqs. (9, 13). However, to solve eq. (8) we need to

know the contact area (i.e. the domain Ω) and, therefore, an additional equation is required.

To this end we will distinguish between the adhesive case and the adhesiveless one.

1. Adhesive contact

Under isothermal conditions and for fixed penetration ∆, the contact size a can be cal-

culated by requiring that the total free energy F is stationary [25](
∂F
∂a

)
∆

= 0 (14)

The energy F is the sum of the interfacial elastic energy E , due to the surface deformation

E (a) =
1

2

∫
D

p (x) [uy (x)− um] dx =
1

2

∫
Ω

p (x) [r (x)− Λ +∆] dx (15)

and the adhesion energy A

A (a) = −∆γ

∫
Ω

√
1 + [r′ (x)]2dx (16)

being ∆γ the work of adhesion, also referred as the Duprè energy of adhesion.

Therefore, the set of equations (8, 14) allows to calculate, for given penetration ∆, the

contact size a and the contact pressure distribution p (x).
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It is worth noticing that the current formulation involves only the net displacement of

the layer, measured with respect to the mean plane of the deformed interface. Results are

hence not affected by the mean displacement um and the approach remains consistent even

for h → ∞, when the mean quantities become infinite.

2. Adhesiveless contact

In the absence of adhesion, the condition Eq. (14) simply requires that the energy release

rate G = −1
2
∂E/∂a vanishes. In this, case recalling that G is related to the stress intensity

factor KI (a) = limr→a− p (r)
√

2π (a− r), through the relation [49]

G =
1− ν2

E
K2

I (17)

Eq. (14) simply requires that at equilibrium

KI (a) = lim
r→a−

p (r)
√
2π (a− r) = 0 (18)

In the case of adhesiveless contacts Eq. (18) is simpler to use than Eq. (14) as it avoids

the numerical instability related to the fact that ∂G/∂a = ∂2E/∂a2 = 0 in adhesiveless

contacts. Eqs. (8, 18) enable us to solve the contact problem for any given value of the

contact penetration ∆.

III. RESULTS AND DISCUSSION

The effects of the layer thickness and substrate geometry on contact properties are inves-

tigated and a comparison between model A and B is carried out. Results are given in terms

of the following dimensionless quantities h̃ = kh, ã = ka, Λ̃ = kΛ, ∆̃ = ∆/Λ, s̃ = s/Λ,

p̃ = 2 (1− ν2) p/ (EkΛ), γ̃ = (1− ν2) k∆γ/ (πE), F̃ = 2 (1− ν2)F/ (EΛ2) and are pre-

sented for an incompressible material, i.e. ν = 0.5. Moreover, according to Ref. [25], the

adhesive behavior is investigated in terms of the effective energy of adhesion per unit area

γeff = −F/λ, a quantity strictly related to the work required to detach the layer from the

substrate.
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A. Adhesive contact

Let us consider first the case of vanishing mean pressure pm = 0, as this condition is of

particular interest for coatings adhering on a substrate in absence of external loads. Since

equilibrium requires the interfacial free energy F being stationary, contact occurs when the

repulsive effects of the elastic energy due to the surface deformations balance the attractive

effects of the adhesion energy.

h
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FIG. 2: The dimensionless interfacial free energy F̃ as a function of the dimensionless
contact area ã for no-load conditions (pm = 0), Λ̃ = 2 and γ̃ = 0.05. Solid lines are relative
to the free layer model (model A), dashed lines to the confined layer model (model B).

Results are shown for different values of the layer thickness. The halfplane solution is also
plotted with dashed-dot line. Notice ã = π corresponds to full contact.

Fig. 2 shows the dimensionless interfacial free energy F̃ for both the systems under

investigation as a function of the contact area for γ̃ = 0.05 and Λ̃ = 2. Solid lines refer

to the free layer model (model A), dashed lines to the confined layer model (model B).

Results are shown for different values of the layer thickness. Notice the halfplane solution

(dashed-dot line) given in Ref. [47] is recovered when h → ∞, independently of the layer

configuration.

For the confined layer, partial contact is always stable because it corresponds to the

minimum of F . In particular, when h < Λ, this is the only possible state because complete

contact cannot be physically established (the curves are truncated for this reason). When

h > Λ, the system can experience a new state involving complete contact with the substrate,

and it will remain in such state even when the external load is removed. This behavior is a

consequence of the assumption of the infinitely small range ρ of van der Waals forces, and,
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therefore, holds true provided that the local normal pressure at the interface |p (x)| ≤ σth ≈

γ/ρ.

The free layer has a similar behavior when the thickness is sufficiently large (i.e. h̃ > 1.5

in the example results given in Fig. 2). In fact, in this case, two partial contact states

can occur, but only one corresponds to a stable equilibrium. Further, complete contact

is also stable. For thinner layers (h̃ < 1.5), only full contact with the rigid substrate

can be established. This is easily explained, if one considers that for h ≪ λ the be-

havior of the free layer can be modelled by a thin Euler-Bernoulli beam, for which the

increase in elastic energy due to pure bending upon the occurrence of full contact can

be estimated as E = π4 (1− ν2)
−1

EΛ2 (h/λ)3 /3. The adhesion energy is instead pro-

portional to the real contact length LFC that is larger than λ, because of roughness:

A = ∆γLFC = ∆γ [2λE (−4π2Λ2/λ2) /π], being E (·) the complete elliptic integral func-

tion. Thus, the condition for the occurrence of full contact is E < A, which gives

h̃ < h̃th =
[
96γ̃E

(
−Λ̃2

)
/Λ̃2
]1/3

(19)

For γ̃ = 0.05 and Λ̃ = 2, we obtain h̃th ≈ 1.47, which is very close to the value calculated in

Fig. 2.

Therefore, we can argue that the ‘adhesive’ effects become dominant under a threshold

value of the thickness hth, making the complete contact the only stable state of equilibrium.

Interestingly, when Λ vanishes, i.e. the sinusoidal profile is flattened down, hth tends to

infinity. Under these conditions, in fact, the substrate is flat and the full contact cannot be

avoided anymore.

The above statements find corroboration in Fig. 3, where, for the free layer model, the

dimensionless threshold thickness h̃th, below which the layer snaps into full contact with the

substrate, is plotted as a function of the dimensionless amplitude Λ̃.

As shown below, the work required to completely detach the layer from the substrate

depends on the energy of the current bonded state and on the energy at the moment of pull-

off. However, regardless of pull-off occurs under displacement or load controlled conditions,

to reduce the work of detachment is certainly useful increasing the energy level of the local

minimum of F . In order to achieve this purpose, Fig. 2 shows that we must act differently

depending on the layer boundary conditions. In fact, in the case of the model B, we must
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FIG. 3: The variation of the threshold value of the dimensionless thickness h̃th, below
which the layer snaps in full contact, with the dimensionless amplitude of the substrate Λ̃.
Results are relative to the model A and are obtained for no-load conditions (pm = 0) and

γ̃ = 0.05.

reduce the thickness, while the opposite operation is required for the model A.
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FIG. 4: The normalized effective energy of adhesion as a function of the dimensionless
layer thickness h̃, under no-load conditions (pm = 0). Results are shown both for the
model A (a) and the model B (b). Calculations are performed for Λ̃ = 2 and γ̃ = 0.05.

Fig. 4 shows the normalized effective energy of adhesion γeff/γ = −F/ (γλ) as a function

of the dimensionless layer thickness, for no-load conditions and Λ̃ = 2. For the confined

layer, (model B), Fig. 4b shows a significant decrease of γeff/γ taking place as h is reduced

from values less or equal to λ. The reason for such a behavior is provided in Ref. [25], where

it is shown that the elastic energy, stored at interface and required to obtain full contact,

is E ∝ (1− ν2)
−1

EΛ2λ/h. As a result, E significantly increases with decreasing h and, in
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turn, the energy of adhesion decreases because higher values of E lead to a reduction of the

effective contact area.

For the free layer case (model A), Fig. 4a shows that when the thickness of the layer is

sufficiently high, a stable equilibrium state is established in partial contact conditions (solid

line). However, if an external load able to force the system in full contact is added, complete

contact would be maintained even removing the load (that is restoring the condition pm = 0).

As the thickness h of the layer is reduced, the elastic strain energy stored at the interface

also decreases (being in this case E ∝ h3), thus leading to an increase of the effective energy

of adhesion and contact area. When h reaches the threshold value hth, stable equilibrium is

possible only under complete contact conditions, and a jump from partial to full contact is

observed. We note, that, as the adhesive interactions are modelled as infinite short range

forces, this jump is formally irreversible. This means that, starting from this condition, and

increasing the thickness even above the threshold value, full contact is maintained and the

reduced effective energy of adhesion γeff/γ changes following the dashed line. Of course in

a real system the presence of interfacial defects, or even the short length-scale structures of

the rough surface, will modify the system behavior and detachment by cracks propagation

could occur.

Moreover, for very thin layers, the normalized effective adhesion energy is larger than

one. This is easily explained by observing that the elastic energy vanishes as h3 for h → 0,

and by considering that the adhesion energy is proportional to real length of the contact.

Fig. 5 shows the dimensionless contact area (Fig. 5a) and mean separation (Fig. 5b)

at the equilibrium as functions of the dimensionless layer thickness h̃, for different values

of the dimensionless amplitude Λ̃. The results are relative to the free layer model. As

expected, moving from partial contact conditions, when the thickness decreases below a

threshold value, the elastic layer jumps into full contact with the substrate (see arrows in

Fig. 5). It is worth noticing that the contact area (Fig. 5a) reduces as the rigid sinusoidal

profile becomes more wavy (i.e. Λ̃ increases), whereas the contact mean separation (Fig. 5b)

increases. These results are expected because the elastic energy increases with Λ2, leading

to a reduction in the effective energy of adhesion.

Now let us consider the case pm ̸= 0 and study the behavior of the two analyzed systems

(models A and B) when the controlled parameter is the penetration ∆.

Fig. 6 shows the dimensionless mean pressure as a function of the ∆̃. Results are given
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FIG. 5: The dimensionless equilibrium contact size ã (a) and dimensionless mean

separation s̃ (b) as functions of the dimensionless layer thickness h̃, for the model A.
Results are shown for different values of Λ̃. Calculations are performed under no-load
conditions (pm = 0) and γ̃ = 0.05. Notice ã = π and s̃ = 0 correspond to full contact.
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FIG. 6: The mean contact pressure at equilibrium p̃m as a function of the dimensionless
conact penetration ∆̃ for different values of the dimensionless layer thickness h̃, Λ̃ = 2 and
γ̃ = 0.05. Results are shown both for the model A (a) and the model B (b). The inset of
6a shows the pull-off occurence under displacement controlled (point D) or load controlled
(point C) conditions. Notice the layer is pushed against the substrate for positive pressures

and is pulled away when the pressure becomes negative. The same sign convention is
adopted for the displacement.

for Λ̃ = 2, γ̃ = 0.05 and different values of h̃. As already observed, the diagrams confirm

that the contact stiffness dpm/d∆ increases or decreases with h depending on the considered

layer configuration (model A or model B).

With reference to the model A, at small value of h/λ, the layer behaves as an Euler-
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Bernoulli beam, whose stiffness reduces proportionally to h3. However, for large ratios Λ/h

we actually expect the system behaves quite differently. Indeed, under these conditions,

the large deformations activate the membrane stress stiffening effects, which are neglected

in our formulation. Conversely, in the model B, the layer becomes stiffer as the thickness

is reduced because of the presence of the upper rigid constraint which hampers the elastic

deformation of the layer. Also in presence of external loads, for the model A, we can define

a threshold thickness hth, below which partial contact cannot occur. About the model B,

complete contact can occur only when the layer thickness is larger than the amplitude Λ of

the rigid substrate. In this case, when the mean pressure reaches the maximum peak shown

in Fig. 6b, the equilibrium becomes unstable and the layer jumps into full contact.

Moreover, under load controlled conditions, when substrate and layer are approached at

zero mean pressure (pm = 0), the system jumps into contact and the layer is pulled up

to a given displacement (point A in the inset of Fig. 6a). From this point, by applying

a squeezing load (positive pressures) the system moves on the right increasing the contact

penetration. On the contrary, by applying a tensile load (negative pressures), the system

experiences a reduction of the contact penetration. When the penetration vanishes (point

B of the inset) the mean plane of the deformed profile becomes tangent to the crests of

the sinusoidal substrate. From this point, a further reduction of the mean pressure leads

to negative contact penetrations. In this case, the mean plane of the deformed profile

lies above the crests of the substrate, but the local displacements (induced by adhesive

interactions) still allow the elastic layer to be partially in contact with the substrate. When

the pressure corresponding to the point C is reached, the system can no longer sustain a

further reduction of the mean pressure, so pull-off occurs. The remaining part of the curve

(branch C-E) corresponds to unstable states of equilibrium.

Similar considerations can be drawn when displacement controlled conditions are taken

into account. In this case, the stable equilibrium branch extends up to the point D, where

pull-off occurs, whereas the branch D-E is the unstable one.

The variation of the dimensionless contact area with the dimensionless mean contact

pressure is shown in Fig. 7 for different values of the layer thickness, for Λ̃ = 2 and γ̃ = 0.05.

For the model A case, under force controlled conditions, unstable equilibrium is obtained on

those branches of the curves where an increase of pressure leads to a decrease of the contact

area, while stable equilibrium occurs on those branches where the contact area increases
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FIG. 7: The dimensionless contact size ã at the equilibrium as a function of the
dimensionless mean contact pressure p̃m for different values of the dimensionless layer
thickness h̃, Λ̃ = 2 and γ̃ = 0.05. Results are shown both for the model A (a) and the

model B (b).

with load. Now let us consider the curves for h̃ > 1.5, in this case, as already mentioned,

the system lays in partial contact with pm = 0. In fact, as soon as the substrate touches the

layer, a finite contact area is immediately established due to the action of the adhesive forces,

that is to say that the layer jumps into partial contact with the substrate. This process is

irreversible, and leads to energy dissipation. The contact area increases with the applied

mean pressure until a maximum value of pm is reached which depends, among the other

quantities, on the thickness of the layer. Beyond this point, the equilibrium curve (under

load controlled conditions) becomes unstable and the systems jumps into full contact with

the substrate. Now let us concentrate on the case h̃ < 1.5. This time, the entire equilibrium

curve is characterized by negative value of the mean pressure pm. Thus, as already explained,

the layer substrate snaps into full contact with the substrate even at zero applied load.

Moving to the model B case, we observe a similar trend except that when h < Λ full

contact conditions are geometrically forbidden.

Fig. 8a shows the absolute value of the pull-off pressure as a function of h̃. A different

behavior of the two models is again observed: for the model A, |p̃off | decreases with decreasing

the slab thickness, while the opposite behavior occurs for the model B (the latter trend agrees

with Ref. [25]).

The variation of the absolute value of the dimensionless critical penetration
∣∣∣∆̃off

∣∣∣, with
the dimensionless layer thickness h̃ is shown in Fig. 8b, under displacement controlled
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conditions. In such case, with reference to the model A, the critical displacement
∣∣∣∆̃off

∣∣∣ for
detachment increases with decreasing the slab thickness, while the opposite is observed for

the model B case.
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FIG. 8: The dimensionless absolute value of the pull-off contact pressure |p̃off| (a) and the

dimensionless absolute value of the pull-off displacement
∣∣∣∆̃off

∣∣∣ (b) as functions of the
dimensionless layer thickness. Results given in Fig. 8a are obtained under load controlled

conditions, whereas results given in Fig. 8b are obtained in dispacement control.
Calculations are perfomed for Λ̃ = 2 and γ̃ = 0.05.

The differences observed during the pulling process provide useful suggestions on which

type of model (A or B) should be employed depending on the specific application. In this

respect, the model B, showing a larger pull-off force, is more suited for structural adhesives,

or in general for applications requiring the adhesion to resist to strong impulsive forces.

Viceversa, in the model A, the layer is able to face larger deformations, thus showing higher

adhesive toughness. To compare the two models from the point of view of their toughness

properties it is enough to calculate the work needed to separate the two contacting bodies.

In dimensionless terms this work is

W̃det = 2π

∫ ∆̃1

∆̃0

p̃md∆̃ (20)

where ∆̃1 is the dimensionless contact penetration at which pull-off occurs and ∆̃0 an arbi-

trary initial value of the penetration. In particular, we can consider as initial condition the

value of ∆̃ at which the system is in equilibrium in absence of applied external load. Notice

the value of ∆̃1 depends on whether force control or displacement control is utilized.
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FIG. 9: The dimensionless energy dissipated during the pulling process as a function of the
layer thickness. Calculations are performed under force controlled (solid lines) and

displacement controlled (dashed lines) conditions. The displacement corresponding to the
equilibrium state with positive contact area and no applied external load has been used as

initial condition. Results are given for Λ̃ = 2 and γ̃ = 0.05.

Fig. 9 shows the dependence of W̃det on the dimensionless layer thickness. Calculations

are performed under force (solid lines) and displacement (dashed lines) controlled conditions.

As expected, differences in behavior are found only for thin layers. In fact, for the model A,

the work required for detachment strongly increases when the thickness is reduced, whereas,

for model B, W̃det decreases as thickness is decreased and asymptotically vanishes as h → 0.

This qualitative behavior is not affected by which condition (force control or displacement

control) is enforced.

Notice the detachment work given in eq. (20) is valid for debonding from partial contact.

Once the full contact is established, detachment may occur only if the pull-off pressure

exceeds the theoretical adhesive van der Waals strength, which can be estimated as γ/ρ,

where ρ is of the order of 1− 10 nm. However, under the JKR assumption, ρ → 0, so there

is no possibility to re-establish partial contact conditions, starting from complete contact.

We notice that also considering real values of ρ, the resulting van der Waals stress would be

so high (at least for the case of soft material) that a different debonding mechanism would

occur before. This second mechanism (see, for example, Ref. [50]) involves the nucleation of

small defects (or interfacial cracks) of nano- or micro-meter size which we do not investigate

in our study.
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B. Adhesiveless contact

In absence of adhesion, the contact between layer and substrate requires the mean pres-

sure must be strictly positive.
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FIG. 10: The dimensionless contact size ã (a) and mean pressure p̃m (b) at the equilibrium
as functions of the dimensionless contact penetration ∆̃, for different values of the

dimensionless layer thickness h̃. Solid lines refers to the model A, dashed lines to the
model B. The halfplane solution [51] is plotted with dashed-dot line.

Fig. 10 shows the dimensionless contact area (Fig. 10a) and mean pressure (Fig. 10b)

as functions of the dimensionless contact penetration. As expected, the thickness of the

layer significantly affects the contact behavior and strong differences are found depending

on the upper boundary conditions of the layer. Moreover, in both cases, the Westergaard’s

solution [51] is recovered for layers of infinite thickness. As already observed, for the model

B, the contact stiffness increases as the layer becomes thinner. This effect can be explained

observing that, for relatively thin layers, the local deformation within the contact area can

be estimated as ε ≈ ∆/h. As a result, at fixed displacement, the elastic energy stored

at interface and the contact stiffness increase as the layer get thinner. The corresponding

increase of the contact area (for thinner layers) is instead due to the interaction between the

rigid confinement on the upper boundary and the material incompressibility (ν = 0.5).

Viceversa, in the model A, the layer becomes more compliant and the contact area de-

creases by reducing the thickness. Such apparently counterintuitive behavior is explained

observing that the overall stiffness of the layer is composed of two contributions (see Fig.

11): the first one is related to the layer bending stiffness Kflex ≈ Eh3/λ3, the latter is instead
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FIG. 11: The springs system equivalent to the model A in terms of overall stiffness.

related to the local stiffness of the layer near the contact Kcont, which can be estimated as

2Ea/h. In fact, for not too large values of h, the interfacial elastic energy per unit length

stored in the region close to the contact is E ≈ (1/2)Eε2A, where ε ≈ ∆/h and A ≈ 2ah

are, respectively, the local deformation and the size of the deformed region near the con-

tact. Then, E ≈ E∆2 (a/h) and the local stiffness per unit transversal width of the layer is

Kcont = ∂2E/∂∆2 ≈ 2Ea/h.

Therefore, for fixed penetration ∆ (i.e. for fixed displacement of the point M in Fig.

11), the relative influence of the two contributions will depend on the layer thickness. In

particular, when the layer is sufficiently thick, Kflex >> Kcont and the displacement of the

point N is u (N) ≈ ∆. In this case, the deformation is mainly located at the contact interface

and we expect large contact areas. On the contrary, when the layer is thin, Kflex << Kcont

and u (N) ≈ 0. As a result, the deformation is mainly governed by the bending stiffness of

the layer and the contact area takes smaller values.

IV. CONCLUSIONS

In this paper, the adhesive and adhesiveless contact of an elastic slab on a slightly wavy

rigid substrate is investigated. Two different constraint configurations are compared: a layer

uniformly loaded on the upper free boundary (model A) and a layer rigidly confined on the

upper boundary (model B).

In absence of adhesion, the model A shows a decreasing stiffness with reducing the layer

thickness, whereas an opposite behavior is exhibited by the model B. In the limit of very

thick layers, the classical Westergaard’s solution of an elastic halfplane indented by a rigid

sinusoidal profile is recovered in both cases.
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In presence of adhesion, for the model A, partial contact can occur only if the layer

thickness is larger than a threshold value hth, which depends on the substrate amplitude.

For the model B, instead, complete contact can occur only when the thickness is larger than

the amplitude Λ of the rigid sinusoid. In the latter case, the layer jumps into full contact

when the mean pressure reaches the peak value above which equilibrium in partial contact

becomes unstable.

Moreover, the two models show different behaviors during the pulling process. As the

thickness is reduced, the free layer exhibits a decreasing pull-off force and an increasing

work of detachment, i.e. its adhesive toughness is enhanced by small thickness values. The

confined layer, on the contrary, shows the opposite behavior: thinner layers entail larger

adherence forces.

These results suggest the confined layer is more appropriate to characterize the behavior

of structural adhesives or in general when the adhesive must resist to strong impulsive forces.

The free layer, showing higher adhesive toughness, is suitable in all the applications where the

strength of the adhesive joint depends on the amount of energy dissipated during the pulling

process (soft adhesives, coatings and protective adhesives, pressure sensitive adhesives).
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