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Abstract

We consider the Rosenau-Korteweg-de Vries equation, which contains nonlinear
dispersive effects. We prove that as the diffusion parameter tends to zero, the
solutions of the dispersive equation converge to discontinuous weak solutions of
the Burgers equation. The proof relies on deriving suitable a priori estimates
together with an application of the LP compensated compactness method.
Nous étudions I’équation de Rosenau-Korteweg-de Vries, qui présente des effets
de dispersion non-linéaire. Nous montrons que si le parametre de diffusion tends
vers zéro les solutions de 1’équation dispersive convergent vers des solutions
faibles discontinues de I’équation de Burgers. La preuve repose sur la dérivation
d’opportunes estimations “a priori” et sur une application de la méthode de
compacité par compensation dans LP.
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1. Introduction

1.1. Motivations

Dynamics of shallow water waves that is observed along lake shores and
beaches has been a research area for the past few decades in oceanography
(see [I, 2]). Several models has been proposed: Boussinesq equation, Pere-
grine equation, regularized long wave (RLW) equation, Kawahara equation,
Benjamin-Bona-Mahoney equation, Bona-Chen equation etc. These models
were derived from first principles under various different hypothesis and ap-
proximations. They are all well studied and very well understood.

The first model developed to describe such phenomena was the Korteweg-de
Vries equation

Opu + Opu® + BO2, u = €02, u. (1)

As B, e — 0, becomes the Burgers equation

Such singular limit has been rigorously studied in [3} 4, [5], where the convergence
of the solution of to the unique entropy solution of is proven, under the

assumption

up € > (R)NLYR), B=o0(e%). (3)

[6, Appendixes A and B] show that it is possible to obtain the same convergence

result, under the following assumptions

up € L*(R), —o0 < [qug(z)dz <oo, B=o(c¥),
ug € L*(R), B=o(e?).

One generalization of (1)) is the Ostrovsky equation (see [7]):

0z (Opu + O0pu® — BOZ,,u) =yu, B,7€R, (5)
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that describes small-amplitude long waves in a rotating fluid of a finite depth
thanks to the additional term yu induced by the Coriolis force. As § — 0,

becomes the Ostrovsky-Hunter equation (see [8])
0z (Opu + 0,u?) = yu, t>0, zeR. (6)
Entropy weak solution for (@ are defined as follows:

Definition 1.1. We say that u € L*>((0,T7)xR), T > 0, is an entropy solution
of (@ if
1) w is a distributional solution of @;
ii) for every convex function n € C*(R) the entropy inequality
o) + dual) — /P <0, o) = [ SO € (@)
holds in the sense of distributions in (0,00) x R.

The wellposedness of the entropy solutions of @ was proved in [9] 10} [1T], 12].
Moreover, the convergence of the solutions of to the unique entropy solution
of (6) was proved in [13], under the assumption (3).

The dynamics of dispersive shallow water waves, on the other hand, is cap-
tured with slightly different models, like the Rosenau-Kawahara equation and

the Rosenau-KdV-RLW equation [14], [15], [16, [I7, 18]
Opu+adyu+kdpu" +b102,  utbedy utcoy .. u=0, a,k, by, by, c€R. (8)

In [I§], the authors analyzed and showed the existence of solitary waves,
shock waves, and singular solitons along with conservation laws.

In [1I9], we studied the two cases
n=2,a=0,k=1,b=1,by=—-1,c=1,
n=2,a=0k=1,0=0,by=-1,c=1,

in which (8) reads
O+ Opu® + 02 u— 03, u+ 00 . u= 0,

Opu 4 Opu? — 02w+ 0P u = 0,

txx trrrx
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respectively. Equation is known as Rosenau-RLW equation.

Arguing as in [20], we re-scaled the equations as follows

Oyu + 8$u2 + Baga:wu - Ba?wzu + BQ@?xwa}xu’ = Eaﬁ%mu’ (11)
Opu + Opu? — BOP u+ B2 e s =02, u,

where 3 is the diffusion parameter.
In [1I9], the authors proved that the solutions of and converge to

the unique entropy solution of , under the assumptions
up € L*(R)NLYR), B=0(). (12)

1.2. Main results of this paper

The KdV equation has also been used in very wide applications and
undergone research which can be used to describe wave propagation and spread
interaction (see [21], 22| 23] 24]). In the study of the dynamics of dense discrete
systems, the case of wave-wave and wave-wall interactions cannot be described

using . To overcome this shortcoming of , Rosenau proposed the following

equation (see [25] 26]):

Opu + Opu® + 02 u =0, (13)

trxxx

which may be obtained by in correspondence of the choicen =2, a =0, k =
1,60 =0,b=0,c=1.

The existence and the uniqueness of the solution for is proved in [27]
and the numerical methods are studied in [28] 291 30} 3], 32} B3].

On the other hand, for the further consideration of the nonlinear wave, the

viscous term 92, u needs to be included in (see [34]). In this way we get
Oyu + aﬂcu2 + aiacxu + atf)xacx;cu =0, (14)

which is known as the Rosenau-Korteweg-de Vries equation. It may also be
obtianed by , takingn =2,a=0,k=1,01=1,0,=0,c=1.
The solitary wave solutions of has been studied in [34]. In [I6], a

conservative linear finite difference scheme for the numerical solution for an
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initial-boundary value problem of Rosenau-KdV equation is developed. In [35]
[36], authors discussed the solitary solutions for with the solitary ansatz
method. The authors also gave two invariants for . In particular, in [36],
the authors studied the solitary wave and the singular soliton solutions. In [37],
the authors proposed an average linear finite difference scheme for the numerical
approximation of the initial-boundary value problem for .

Arguing as [20], we re-scale ([13)) as follows

O+ Opu® + B200, 1 pntlc p = €02, (15)

In [6], the authors proved that the solutions of converge to the unique
entropy solution of , choosing the initial datum in two different ways. The
first one is:

up € L*(R), B=o(c"). (16)

The second choice is given by (12).
In this paper, we analyze . Arguing as [20], we re-scale the equation as
follows

Opu + Opu + BO3 u+ B20P, onu = €02 1. (17)

T trxxx

We are interested in the no high frequency limit, we send €, 5 — 0 in .
In this way we pass from to . We prove that, as e, § — 0, the solutions
of to the unique entropy solution of . In other to do this, we can choose
the initial datum, 8, and ¢ in two different ways. Following [38, Theorem 7.1],
the first choice is given by (see Theorem . Since ||| ;4 is a conserved
quantity for , the second choice is given by (see Theorem [3.1). It is
interesting to observe that, while the summability on the initial datum in
is greater than the one in , the assumption on § in is weaker than the
one in .

From the mathematical point of view, the two assumptions require two dif-
ferent arguments for the L>°—estimate (see Lemmas [2.2] and [3.1). Indeed, the
proof of Lemma under the assumption , is more technical than the one
of Lemma Moreover, due to the presence of the third order term, Lemmas
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and are finer than [6l Lemmas 2.2 and 3.2]. Indeed, with respect to
[6, Lemma 2.2], in Lemma we need to prove the existence of two positive
constants, while, with respect to [6, Lemma 3.2], in Lemmawe need to prove
the existence of four positive constants.

The paper is organized in four sections. In Section [2] we prove the con-
vergence of the solutions of to the entropy ones of (2)) in LP, 1 < p < 2.
In Section |3} we prove the convergence of the solutions of to the entropy
ones of in LP, 1 < p < 4. In Section |4| we prove that the solutions of the

Benjamin-Bona-Mahony equation converge to discontinuous weak solutions of

@inLr,1<p<2

2. The Rosenau-KdV-equation. ug € L?(R).

In this section, we consider , and assume on the initial datum.
We study the dispersion-diffusion limit for . Therefore, we fix two small

numbers 0 < ¢, # < 1 and consider the following fifth-order problem

Opuc,p + Opu? 5+ BO2, uc p + B0, 00 ue p = €07,uc 3, t>0, z€R,

uE,ﬁ(va) = UE,B,O(SC)’ z €R,
(18)

where u. g0 is a C* approximation of ug such that

s D
Ue, g0 — up in L,

||us,6,0||2L2(R) + (5% +e?) ||a:vu€,ﬁ,0||2L2(R) <Co, &f(>0,
2 5 2
(8% + 8e) [|02,ue 50| 1o gy + B |0natic pol 2 m) < Cor €8>0,

(R),1<p<2ase =0,

(19)
and Cj is a constant independent on € and .
The main result of this section is the following theorem.
Theorem 2.1. Assume that (@ and (@ hold. FixT > 0, if
B=o(c"), (20)

then, there exist two sequences {en tneN, {Bn tneN, with ey, B, — 0, and a limit

function

u € L*®((0,T); L*(R)), (21)



such that

i) Ue, g, — u strongly in LY (R x R), for each 1 <p < 2,

loc
i1) w is the unique entropy solution of @)

Let us prove some a priori estimates on u. g, denoting with Cj the constants

no  which depend only on the initial data.
Lemma 2.1. For each t > 0,

st M oy +62[020ue8(t ]2 my

: 2 (22)
+2¢ fo |0z ue g (s, -)||L2(R) ds < Cy.
Proof. We begin by observing that
/ Ue g0, e pdz = 0. (23)
R

Therefore, arguing as [0, Lemma 2.1], we have (22)). ¢
Lemma 2.2. Fiz T > 0. Assume (@) There exists Cy > 0, independent on
us g, 8 such that
_1
‘LOO((O,T)XR) < Cop 1. (24)

l[ue,p
Moreowver,

1) the families {Béﬁzusﬁ}s,g, {ﬁ%é‘&cusﬁ}s,ﬁa {ﬂgs&fru&g}ag,
{8305 0tte g}, 5, are bounded in L((0,T); LA(R));

i1) the families {Bgaéﬁfwugﬁ}&g, {Bgaéﬁfmxug,ﬁ}g,g, {ﬁieatugﬁ}g,g,

120 {ﬂgséaf’mugﬁ}s,g, {ﬂéséagxusﬁ}ag are bounded in L?((0,T) x R).
Proof. Let 0 < ¢t < T. Let A, B be some positive constants which will be
specified later. Multiplying by fﬁéﬁgzusﬁ — ABed}, ue g + Bedyue g, we
have

(—5%a§mus,ﬁ — ABed3 uc 5 + Bsatusyg) Orue g
+2 (—b’%aixue,g — ABed} jue 5+ Bs@tue,g) Ue 30z Ue g
+8 (=B 02,ue p — AB2OY e + Bedyue ) 03 (25)
+82 (~B302,u 5 — ABe0} uc s + BEOL ) Dt
= e (—BY02,u. s — AB2OR,ue p + BeOyue,) 02,uc 5.



We observe that

s ( 6 LUep — ABeDR uc 5 + Bebyue 5) Oyue pdx
= 2 e (1) By + oA Ot Py (20
+Be ”atus,ﬁ( s ')”LQ(R)

s Since

2 g (—Béagmuswg — ABed} uc 5+ Be@tu‘gﬁ) Ug g0z Ue pdx
= 287 [ ue pOpue 502, ue pdr — 2APe [g ue pOuue 503, ue pda
+2Be [ te g0 uc, gOrue pdi,
B fR ( 52 am:ue B~ Aﬂe@tmus s+ BeOrue B) 8£z'tu€»de
= AB% [g 02, ue g0t o pue pda + Bfe [g Opuc g0, uc pda,

62 f (—ﬂ%@%ru&ﬁ Aﬂ&atrgcus g+ Bedyu, 5) atxrzruf de <27)
2 | a:xacuaﬂ HL2(R +Ape || tmmue’ﬁ ||L2(R)
+BﬁQ€ || twquwB HL2 (R)’

e J (870200 — Aﬁe@tmua,g + Bedyu. ) 02, pda
1 2 2
= _Bzz-: H32 Ue g(t, - ||L2(R) — Ags % Hagzua,ﬁ(t

e (8 )y

")H2L2(R)

an integration on R of gives

e ABe 2
jt (W |0x e, 5(t, )HL2(R) + B Hazwu573(t")HL2 R))

& i 102 pue 5t HL2(R) + BeA |07, ue p(t ||L2(R)
+Be || Oyuc p(t, )”Lz JF ABe || v e, B ( ||L2 (R)
+B3% || 0%, ue 5t HL2 R) +f82€|| oe gt ||L2(R
=233 Jr ua,/g@musﬁamugﬁdx +24A8¢ [5 ua,gawug758tmug7ﬂdx
—2Be fR Ue, 302 Ue g0 Ue gdx — ApB%e fR 8£xu5”33t4mxu€ﬁdx
—Bpe fR Bmus’gafmus’gdx.

(28)



Using , 0 < 8 < 1, and the Young inequality,

26% fp lue 50utte 0%, ue pldx = BY [ b ucp(t, )| do

1 1
< 2 Jru? p(Onue p)Pdr + 755 |07, ue p(t

2us,ﬁ3wus,ﬂ ‘
2

Mramy

< Coe e 11220y iy 190t (1 ) 2 gy + 25 102,050,y
2ABe f It 50ute 5l 0t gl = € [y |PAtesctes| )f B0R, e 5| de

< 2A = fR eﬁ (Ozue ﬂ)QdJ?_F B'B = || e, 5 (t

< % [[we, 5

Ol
Bﬁ e

|L2((o )xr) 102z 5(t, )||L2(R) + 1072 ue. 5 (¢ HL?(R)’

2Be [g |uc s0suc g||Osuc pldx = Be [ |2uc 30yuc gl |Opue g| da

< 2Be [ u? 5(0uuc p) da + B2 ||Opuc 5(t, )||L2(R)

< 28 e o mram it + 2 10vt )
AB%e [g |02, ue 507 0o =Ae [ ’ﬁzazzu&ﬂ‘ ’ﬁfammua,ﬁ‘ dx

< 5 (|0 et IILz(m A5 0 ate )y
1
< A (028, ) oy + Aﬂg [CTRPILS] e

Bpe fR Oy e 53tmua7ﬁdx = ¢ Jg 10zue gl |Bﬂatmu5”3| dz

< 5 10zue p(t, )||L2 ®) T 32/3 = [|0Fsaue ||L2(R)

Therefore, gives

;t<ﬂ“’386usa<> 2ot 0 o

$ 08 e (0, )2 +5€AH et HLz
)
BE ”atue 5( )||L2(R + AB =

3/32 B) [|0zaue,s(t ||L2<R)+"“ = A) 02,0t 2 gy

H ta:m:vua’ﬁ

< CO‘SHus 5||L2((0T xR) ”a Ue ﬁ( ')HL2(R 2 ”a Ue ﬁ( )”LZ R)

+24E ||Usﬂ |L2((0 T)xR) 10z ue,p(t, )||L2(R)

+235 [[ue, B”Lz ((0,T)xR) 10z ue p(t, )HL2(R
(30)



1 1
Choosing A = 5 =3 from , we have

2 2
4 (2ﬁ2+€ 10st 5t M zamy + %5 10200e(t )2 )

\m

+TQE |02 aue (t ||L2(R) + & |07, ue,5(t ||L2(R)
JF% [0rue (2, - ”LQ || trrzus st HL2 (R)
JrﬂT 070 ue.5(t HL2 ® T '826 |02, ue,5(t ||L2(R

< Coe [|ue, BHLz((o T)xR) [0z Us,ﬁ( )”Lz (R) +5 5 [0z UE,B( )HL2(R
(31)

, 7 and an integration on (0,t) give

whi g, cte o6 oy + 25 028 ) 12y
+[3 |02z te, 5 (¢ HLQ(R) +5 fo |07, ue 5 (s HL2 R) ds
+5 Jo [19ues(s, )||L2(R ds + 545 Jo H waatie,B(S Hm ds
+B - fo |07z tte (5, HL2(R) ds + B2E fo |02 e p (s
< Co + Coe H“&B”Lz((o,T)xR) fo [0z te, 5 (s, ')“L?(R) ds
5 Jy [19ate,5(5, ) Z2my ds
<Co (1 + Hua,ﬂuiz((o,nxm) :

Hpm)d

(32)
We prove . Due to , , and the Holder inequality,

ugﬁ(t,x = ZII e g0y tie pdx < 2[5 |uc gOruc gldx
Hus s(t, )||L2(R) [0z ue,5(t )HL2(R) (33)

IN

| /\

1+ ||UE,,6HL2((07T)><R);
that is
fue 51 < &0 (14 e ) (31)
e.BIlLe=((0,T)xR) = ﬂ% e.BIlL2((0,T)xR) )

Arguing as [6l Lemma 2.2], we have (24).

10



It follows from ) and . ) that

A 0l W+ 2 Ot
G [0 ue 5t ||L2(R + 5 o 02 uep(s.) H2L2 (r) 95
—i-*fo [[Ore 5 (s, )HLZ(R ds + 52 fRH s Ue,3 (8 HL?(R ds
+ﬁ - fo H nate, (8 ||L2(R ds + 626 fo Haazcwu&ﬁ ) HL2(R) ds
< CoB3,
(35)
135 that is,
24882 0,0, (1) gy + 5 (02 (8 2oy
+ (|02 pue (0 ||L2R) + e o 19811255, )12 gy
+626 ||8tu5,3( )”L2 R) d5+528 ” vz e,6 (5 ||L2(R ds
+B2€ fo Hatmusﬁ HL2(R) ds + %fo || usﬁ ||L2(R) ds < Cp.
(36)
Hence,
5% 1utte 5t oy < o
Bte |9ue st oy < Con
Biel|0Z,ue 5t )| o my € Co
B |02, ue 5(t, ) ||L2(R) < Co,
B3 fy 197, uep (s, )|[7amy ds < Co, (37)
Bhe JE Noruiesa(s, sy ds < Con
BQEIRHafszs,B 5, )HLz(R) s < Co,
/325fo ||atmue,ﬁ )||L2(R) s < Cy,

Be fo |02, e (¢ HL?(R) ds < Co,
for every 0 < ¢ < T. ¢ To prove Theorem [2.1] the following technical lemma is

needed [39].

Lemma 2.3. Let Q be a bounded open subset of R2. Suppose that the sequence
w  {Ly}nen of distributions is bounded in W~1°°(Q). Suppose also that

En = El,n + £2,n7 (38)

where {L1 ptnen lies in a compact subset of Hfocl (Q) and {L2n}nen lies in a

bounded subset of Mioe(Q). Then {L,}nen lies in a compact subset of H;, ().

11
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Moreover, we consider the following definition.

Definition 2.1. A pair of functions (1, q) is called an entropy—entropy fluz pair
if
n:R — R is a C? function and q : R — R is defined by

a(u) =2 /O " e (©)de. (39)

An entropy-entropy fluz pair (n, q) is called convex/compactly supported if, in

addition, 1 is convex/compactly supported.

Following [4], we prove Theorem Proof.[Proof of Theorem [2.1}]] Let us
consider a compactly supported entropy—entropy flux pair (n,¢). Multiplying

by n'(ue 5), we have

Oin(ue,p) + 02q(ue p)
= En/(utfﬁ)azxu&ﬁ - Ba:xsxxuaﬂ - BZUI(UEﬂ)a?xchut'ﬁ (40)
=leptloeptIzeptisecptIsestlsep,

where
Licp = 0u(en (ue,p)0puc p),

Licp = —en(ucp)(uucp)?

Iscp = —0u(Bn (uep) 07, uc ), (41)
Iicp = B (ucp)Optic g2, uc g,

Isc.p = —396(,3277’(%,5)821%”%,5),

Isc.p =B (e p)Ontic gO)ypptic.p-

Fix T > 0. Arguing as in [I3| Lemma 3.2], we have that I; . g — 0 in
H=1((0,T) x R), and {I> c g} p>0 is bounded in L'((0,T) x R). Arguing
as in [6, Theorem B.1], I3 . 3 — 0 in H7'((0,7) x R), and Iy . s — 0 in
L'((0,T) x R), while Arguing as in [6, Lemma 2.4], I5 . 5 — 0 in H=1((0,T) x
R), and {Ig,, s }e g0 is bounded in L'((0,T) x R).

Therefore, ) follows from Lemmas and the LP compensated com-
pactness of [5].

Arguing as in [19, Theorem 2.1}, we have ii). ©

12
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3. The Rosenau-KdV equation: uo € L#(R) N L*(R).

In this section, we study the convergence of (17, and assume (12)) on the
initial datum. More precisely, we consider (18]), where u. g o is a C'°° approxi-

mation of ug such that

)
Ue, g,0 — Up in Ly,

4 2 1 2
||u€7670||L4(R) + ||u87ﬂ,0||L2(R) + (52 +52) Ha’vua,,@,OHH(R) < Co,

(R),1<p<2ase, -0,

42)
2 2 2 2 E 2.2 3 2 (
(52 + 5) 02, v ol 2y + (5% + 522 [0t sl gy < O
2
/84 ||6;Lzz'pu€,ﬁ,0”L2(R) S OO’
for every €, > 0 and Cj is a constant independent on ¢ and £.
The main result of this section is the following theorem.
Theorem 3.1. Assume that (@ and @ hold. FixT > 0, if
B=0 (4, (43)

there exist two sequences {€n}neN, {Bn}nen, with €,,8, — 0, and a limit
function

u e L=((0,7); L*(R) N LY(R)), (44)
such that

i) Ue, g, — u strongly in LT ((0,T) x R), for each 1 < p < 4,

loc

1) u is the unique entropy solution of @)

Let us prove some a priori estimates on u. g, denoting with Cj the constants

which depend only on the initial data.

Lemma 3.1. FizT > 0. Assume holds. There exists Cy > 0, independent
on e, B such that holds. In particular, we have

/B ||a$u5n8(t7 )HEQ(R) +,83 ||3gmu5ﬁ(t, )Hi2(R)
+222 5 020505, ) |2y ds < Co,

(45)

for every 0 <t <T. Moreover,

Wl

Ha@’u&ﬁ”LO"((QT}XR) < CoB5. (46)

13



Remark 3.1. Observe that the proof of Lemma s simpler than the one of
Lemma . Indeed, we only need to prove .

1w Proof.[Proof of Lemma ] Let 0 < ¢t < T. Multiplying by —ﬁ%agwueﬁ,

we have

1 1
—B207,ue gOuc g —2B2uc gOruc 507, U

+B%8%zu€ﬁagxxu5ﬁ - ﬂg afzmmrusﬁagzu&ﬁ (47)
= —B7e(0%,u.p)%
We note that
5 [ e puepds =0, (48)
R

Therefore, arguing as [0, Lemma 3.1], we have , and . o Following
[40, Lemma 2.2], or [41l Lemma 4.2], we prove the following result.

s Lemma 3.2. Fiz T > 0. Assume holds. Then:
i) the family {uc g}e. g is bounded in L>=((0,T); L*(R));

i1) the families {0yuc g}e, 5, {ﬂéaﬁiiue,g}gﬁ, {BO2, uc p}e 5,
{Bed2, ,uc gte.ps {ﬁ@;‘xmu&g}gﬁar& bounded in L>=((0,T); L3(R));

i) the families {B%€%07,uc }e, 5, {€200uc p}e, g, {BEE2 0}, 0ue g} 5,
190 {ﬁ’?%at?’m“e,ﬂ}s,ﬁv {Eéus,ﬁaﬂius,ﬁ}aﬁ{ggaa%xus,ﬁ}syﬂa {55%85;))”“6,5}67&
are bounded in L*((0,T) x R);

Proof. Let 0 <t < T. Let A, B, C, E be some positive constants which will
be specified later. Multiplying by

ug,ﬁ - AgzaizUE,B - Bﬂgatgszufﬁ + Cgatu&,@ + Eﬁza;la:a:wué‘;ﬁ’ (49)
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we have

195 Since

Jr

—2E5% [

B Jr

— A2 u. g — Bﬁs@fmu&,@) Ohue 3
+ (Cedpue g + EB?04,40te,3) Oruc g
+2 (ug’ 5 — A7, ue 5 — Bﬁe@fggzug,g) Ue, 30z Ue 8
+2 (Cedyue g + EB%02 e p) Ue p0pUe g
+5 ( Ue,g — A0 ue 5 — Bﬁfatmua,ﬂ) 0 e 5
+B (Cedrue,s + BB°04pp,e ) Opytic, s
+5° (
+8° (Cedyuiep + EB0y0,0e,6) Opnantic. s
= e (uly — A2 e — BAOY e ) 02, 5

(50)

- A€ 6a:mu5 B8~ Bﬁgatwwu&ﬁ’) 8twmmwu8”6

+e (Cgatuf,ﬁ + E/BQ zzzxuﬁﬁ) agzus,ﬁ

(ug 5 — Ae?02 5 — Bﬁe@fmua 5) Buue pda

T e st )| em) + 25 2 100ue 58, ) 72 )
+Bpe ||07 HL2(R

(Cfatus g+ Eﬁg xmwwuf’ﬁ) 8tu€7ﬁd$

O e (0. ) [Fqry + 25 102 e,( ) oy
(usﬂ — Ae?02 u. g — Bﬁe@f’mua,/g) Ue, 30z Ue gdx

—2A¢e? Jr Ue g0 02 ue gdx — 2BBe Jr Ue, pOp e O U g,

ugg

(Cedyue g + EB?0%pptic 8) Ue pOytc pdx
2C [ te 30 uc pOyuc pdr — 2E3% [ (8puc 5)?03 e pd

72E6 fRuEB g
(Optie,8)? 02, e pd — 2EB% [ uc g07, e 302, e pda

uavﬁazszEﬁdx’

S5EB? [ (02, uc 3)*0puc pdr = —"Eﬂ Jr (Ozuc 3)?03, L ue pda,
(C’E@tue,g + Eﬂ28mmu€ﬁ) Ue, 3Oz U gdx
2Ce [g e, 30r e pOyuc pdr — 5E6 Jr(Opue )20, ue gd,

(ugﬂ - AEQa:%zuE,ﬁ Bﬁgatm;ue 5) 3mmu5”gdx
—30 fR ug ,6’8 Ue 58 sUe pdr — Bf%e fR 03 ue g0, ue gd,

(Cgatuﬁ B + EBQ :r:mvzuf?ﬁ) aa::x:wuff B8 = CBE fR ta:a:uE 58 Ue ,de
(51)

15



ﬁz fR ( Ue g — A528wwu5 B~ Bﬁgata:wu‘E 5) 8t:mmmu€ 3d$

= =307 Jp v 50utic pO4pnatic pdu + Aﬂ; - i [10200ue 5 (t ||L2(R)
+Bp3e || e te, (T ||L2(R) ;
B Jx  (Cedpucp + E528mmu€ 5) Oranalic,pde
= Cp% H e U5 (E ||L2(R) + E§4 di || raaaUe,8 (T ||L2(R) J (52)
5fR (u6 5~ Aszﬁmusﬁ - Bﬂe@fmu&@ amusjgdx
= =3 lluep(t, )Datie (8, ) [ 72my — A 0210058 | 20my
_Bgs i |02 2ue (¢ HL2(R
€ fR (Ca@tug 5+ EBQ(?mmuE’ﬁ) 02 u. pdx
S 0yt ey — BT |0t st ) [
an integration on R of (50)) gives
& (3 st ) sy + L5 100t (8 )y )
4 (252 |05, e ot Hm B2 0 e (1) 22 )
BB 02 e () [ gy + BBE [0, 58 [ my
+C¢ (| Opue p(t, )||L2(R) + Bf%e H s Ve (1 HL2 (R)
+Cp% H o Ue,B(t HLz(R + 3¢ [Jue, (¢, )3 ue,p(t, )HL2(R
+Ae |07, ue 5 (t ||L2(R) + Ef% [|02,,ue 5(t ||L2(R)
= 2A¢? fR Ue, 302 Ue g(?mus gdx + 2B e fR Ue Ba Ue gatmusygdx
+2C¢ [ te pOpuc pOyuc pd + 5Eﬁ Jr (Ozuc )03, uc pdx
+38 [g u2 0 302, ue pdx + Bﬁzs Jr O tie g0 pue pda:
—Cfe [g 0pptic,30zuc pda + 357 [ usﬁﬁﬁxue,gammug,gdm. 5
53

16



Due to the Young inequality,

24¢? fR [te, pOattc 5|03, ue pldz = [
< 5 llue,p(t, ) Opue p(t, )HL2(R) +24%° H wlep(t ||L2(R
2Bfe fR Ue g0y e g0 e gdx = € [§ e gOyuc g |2BB S oUe g | do
€ et IOt 2oy + LB |0t 8P
2Ce fR |tte, 30z Ue 8| OrUe gda = sz |ue, g0zue gl |2C 0 ue g| da

e2u. gOyu. 5‘ ‘2A5%8§1u5 5‘ dz

< § e ot )t My + 202 Wue 6

3528 fR, | ta::rué? /3|| wwajuﬁ,ﬁld‘r - ﬁ?e fR |2Bat:rzu5 M dl‘
<AB 3% |07 e p(t ||L2(R) + & |0 (8 HLQ(R) ’

Cﬂsz| trxx CEfR|6 tmmuE 5||8 Ue 5‘d$
s“ﬂmmw My + S 100te,8(t )72 m) - -

Therefore, from , we have
& (3 st ) sy + LE2Z 100te (8 )y )

+4 (Aﬂ2 2 |03 tte (¢ ||L2(R EB4 05 aatie (t ||L2 R))
BB 102 e (0 ) ) + BB ([0 e (82

+(1 2®Cﬂ&%ﬂ mmm+3m4mmww Mrem

+(§ = 8B2) B2 ||0%,utte (1, |2y + 5 et )utic (1, M;m

+ (A= 242) (|02, ue 5 (1) [ 20y + (B — §) B2 0200ttt ) 2
<“ﬂha%m|m%MM+w&mﬂm%wa%mm
<362 [q uZ 5|0ntic pl|0fppue pldz + S || Opue (t, )||L2

(55)

200  From , we get
B < D¢, (56)

where D is a positive constant that will be specified later. It follows from ,

17



, and the Young inequality that

5EB fR (0xtte,5)|03, e pldx = BB fR (Ortue,p)? 528111”6,5“15”
BB 0 i+ B[
< 25E6 (| O ue ﬁ”Loc((OT xR) [0z ue,p(t, )HLz(R
+Eﬁ [0 (1)
< G 10ty + ZEE [t iy
< CoD [0stte 5 (1 ) Py + 252 02tte (8 ) -

35 fR us7ﬂ|azus,ﬁ|| mus,md:c <3p ||UE,B||Loo((o,T)XR) fR |arus,6||azzus,ﬁ|dx
< 3CoDe? [ |0zt g|02,ue plde = 3 [ €30, ugg‘ ‘CODE%é)%IuE’g‘ dz
< % ||0pue 5t )HL2(R + O D2 |07 ue,p(t HL2(R

35° fe 2 410t 0t pld = fi % VBBt 0}y e 5| do
S QBsz e.8(0s Ue,p)d + Bﬁ .

< 235 HueﬁnLoo ((0,T)xR) ||U5,B( )8 ue,ﬂ( )HLZ(R)

H ta::rqunB HLz(R)

Bﬁ = || Otzatie s (t HL2(R)
3
< CDDE l[ue,p(t, -)Opuic 6 (2, )||L2 ®) T BB H o tie, 8 (t HL2(R
(57)
Then, using
3o (3 lhues )y + LEP= 0t >||L2<R))
2 2
i (25 110%e () oy + 5 102eratiess (8.2 )
2
+M5 [CRTEID] +Bﬁ€|| e ()| ey
+ 1-— )CE ||8tua ,6( )||L2(R) + Bﬁ < H ta;a:mu&‘ﬁ HL2(R
% 832) 528 H tmwuﬁﬁ HL2(R + (E - 1) IWL’UE’B HL2(R

(
+
+ (A =247 = C§D?) & |07 e (¢ HL2(R)
+ (3 = BP) e llue (¢, )duue st >||L2(R><cos|\a U (t, )72 -

(58)
We search A, B, C, E such that

C 3 CoD

{1-2C > 0,5—832 >0,E—1>0,A—242-C2D? > 0.5~ % >0, (59)
205 that is

1 C 3B
{C<7,BQ<—,E>1,2A2—A+C§D2<OD<— (60)

2 16 2C

18



We choose

1
C=-, E=2.
47

It follows from the second inequality of , and that

1
B < -.
8
Hence, we can choose
1
B=—-.
9

Substituting in the fifth inequality of , we have

<L
6Co’

20 The fourth inequality admits solution when

D < 2\/>.
8Cy
It follows from (64 and (65 that
1 22 1
D = —.
< min { 6Co’ 8Co } 6Co

Therefore, from and , there exist 0 < A; < As such that
0< A <A< A,

Substituting , , and in , from 7 we get

A
% (% ||U57ﬂ( )||L4(R) —+ (4 Jrl)E ||a Ue ﬁ( )||L2 R))

+dt ( Fzatiep(t ||L2(R + B H raaaUe,8 (1 ||L2(R)>
+ O 18 ESBQ i |02ue HL2 ®) T ﬁa 107, ue st HL2

+5 0ue g (2, )||L2(R) + 6185 H oae,p(t ||L2(R

72286 |07 tte p(t ||L2(R) + ,32 03 tte, (2 HL2(R)

+K2e? ||02 ue 52, ||L2(R) + Koe [Jue,p(t, ) Opue 5(t, )||L2(R)

< Coe ||0zue g(t, )||L2 (R)>

for some K7, Ko > 0.

19

(61)

(64)

(65)

(68)



215 An integration on (0,t), , and ( give

4Mw(mwm+wm6W%M)M®
At 5 (0 ) oy + B |0atess (1) [
+B€+;832 |02 ue5(t HL2 ®) T o fo |07, e (s, HL2(R) ds
+& Jo 19eucp(s 7')||L2(R) ds + 55 [y [|0hasue,p(s HLz(R) ds
+7g§; 0 ||atm“€ﬁ HL2(R) ds + B - fo |02 aue (s HL2(R) ds

+Kye3 fo H LU gt ||L2 ds + Koe fo l|ue, (s )azus,ﬁ( ,~)||L2(R) ds
< Cy+ Ooé‘fo |8xu5,5( 7')||L2(R) ds < Cy.

(69)
Hence,
.5t g ey < Co
€[|0xue gt )l p2m) < Co,
Be |03, pue 5 (t, HL2 < Co,
B2 || razatle,s(t HL2(R) < Co,
Bre |07, ue 5t HL2(R) < Co,
B |02, ue 5(t, ||L2(R) < Cy,
Bafo H o Ue,p(s ||L2(R ds < Co, (70)
aﬁm%m»mwws@,
B [3 |0k aatic (s, ||2L2(R) ds < Co,
B fo H v le,5(8 HLz ds < Co,
B2 fo (|02 e 5(s, - ”L2(R) ds < Cy,
£ fy |92 5t )| 72 gy d < Co,

sfo Hus,ﬁ S, ')azueﬁ( )||L2 ds < Cy,
for every 0 < t < T. ¢ We are ready for the proof of Theoremm Proof. [Proof
of Theorem m Let us consider a compactly supported entropy—entropy flux

pair (1, ¢). Multiplying (18)) by 7 (ue g), we have

Oin(ue ) + 0:q(uc p)
= En/(u&ﬁ)a%muﬁﬁ - Bagmzuﬁﬁ - ﬁ2 (uE 5)615:61&093” B (71)
=heptloeptIseptlscptlsecstlses,

20 where 1175”3, 12,57[3, 137875, I4,6,67 15,575, IG,E,B are defined in .
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225

230

235

As in [6, Theorem 3.1], we obtain that I; . 5 — 0 in H-((0,7) x R),
{I5 < g}ep>0 is bounded in L'((0,T) x R), I4,..5 — 0 in H71((0,T) x R),
Is.c.3 — 0in L'((0,T) x R), while as in [I9, Theorem 2.1] I35 . 3 — 0 in
H=Y((0,T) x R), and, I; . s — 01in L'((0,T) x R)

Arguing as in [I9, Theorem 2.1}, we have ii). ©

4. The Benjamin-Bona-Mahony equation
In this section, we consider the Benjamin-Bona-Mahony equation
Opu + udpu — BO; u = 0. (72)
We augment with the initial condition
u(0,x) = up(x), (73)

on which we assume (16)). We study the dispersion-diffusion limit for .
Therefore, we fix two small parameters €, 8 and consider the following third

order problem
Orue g + Ue gOptic g — BOF Luc g = €02 ue g, t>0, r R,
ue 3(0,2) = ue g o(x), r € R,

where u. g0 is a C°° approximation of ug such that

ue, g0~ ug in L) (R),1<p<2ase, -0,
HUE,B,0| 312(R) + (6 + 6%> Haasue,B,OHig(R) <Cy ¢&pB>0, (75)

(8% + B2?) 2.0 acqy < Cor €8>0,

and (Y is a constant independent on € and fS.

The main result of this section is the following theorem.

Theorem 4.1. Assume that @ and @/ hold. If @) holds, then, there exist

two sequences {en tneN, {Bn}tneN, with ey, B — 0, and a limit function
u e L®(R*; L*(R)), (76)
such that

21



240

245

i) Ue, g, — u strongly in LT (RT x R), for each 1 <p < 2,

loc

1) wu is the unique entropy solution of (@

Let us prove some a priori estimates on u. g, denoting with Cy the constants
which depend only on the initial data.

Arguing as [5], we have the following result

Lemma 4.1. For each t > 0,

t
2 2 2
lue,5(t, ')||L2(R)+ﬂ 10zue,p(t, ')HL2(R)+2E/O [|0zue (s, ')HL2(R) ds < Co. (77)

Moreover,

e, g (t; )l oo (ry < CoB~% (78)
Lemma 4.2. Assume . For each t > 0,

B |0xue 5 (t, )||L2(R) + M HaQ Ue,B Hiz (R)
Lﬁgfo |02, ue, HL?(R ds + ﬁ2s fo |07t (s HL2 ds

+B%e Hatzufﬁ HL2(R) < Co.

(79)
Proof. Let t > 0. Multiplying by —2ﬁ%8§zu5’5 — Bed} ,ue 5, we have

(725%8'12"7",“5,5 - ﬂgaﬁrmusﬁ) atu‘fﬁ
+ (—25%3590“5,6 — B0}, ue, B) Ue, 30z Ue g

1 (80)
5 (28202 uep — B}, ue ) Oric
— e (~28102%,u. s — BedRsue ) Ouc .
Since
Ja (72/3%6&% 5 — B0 e 5 ) Oyt
— B 10t s ) ey + B 9Bt (8, ) gy
B [n (—265amu5 — BedR ) O, de s
:5%%HB et HL2(R)+B2E|| oatie,p (1 HL2 (R)’
e Jr (—26%8§xu8,5 - Bs&tmug 5) 02, uc pdx
= —20%¢ |02, 51, ) | oy — %5 i 020 (1) |y

22



integrating on R, we get

3
(8% 10ut sy + 2222 0800 ey
+2/8%8 H82 U, 3 HLz(R) + 525 H tmmug’ﬁ HL2(R) (82)
+Pe [| 0y ue,5(t ||L2(R)

=283z Jr u&g@zusﬁamus,gdx — Be | Ue, 3Oy ue O ue pd.
Due to (43, (78), and the Young inequality,

2“54?800“5,5

2/6% fR |“6,Bawus,ﬂ”aa2m“e,ﬁ de = B% fR
< 2L [y (Ore p)de + 235 |02, e (0 Rl
< Coe fig 02 (Oute )2 + 252 (02, ue 5 8.) 20

< e e 8 gy D0t My + 25 22,0

< (;06 |0z ue p(t, )”Lz(R) + ﬂzs ||82xu57ﬂ

£202 ue,g‘ dz

(t, ')Hi?(R)

) HL?(R)
(83)
0 Thanks to , and the Young inequality,

Be fR [ue,gOptic |03, ue gldx = EfR |ue, 30z e g |ﬁ§fmu575| dx

=2 fR aﬁ 8 zUe 5)2d$ + BE H tzzuiﬁ ||L2(R)
< § st N ey 195t 50 M2y + 22 (1Bt s ()
252 ||a Ue B( )HL2(R + BE H trruaﬁ ||L2(R
(84)
It follows from , , and that
E 2
- ( ||(9 'Uzgﬁ( )”LQ(R) + 2ﬁ2+ﬁ€ Hagzua,ﬂ(ta)uiz )
+@ H a5 (t HL2 H heatie, 6 (t HL2 (85)
+/6€H o e, (t HL2 S ||6 e p(t, )HL2(R
Hence,
2, 03 2
dt (ﬁ ”a ué,ﬂ( )HLQ(R + M H82 u€7ﬂ(t7.)|‘iZ(R)>
O 02,01y + 55 [OBrstesst oy B9
+ﬁ%5 H e (1 HL2 < Coe [|0zue p(t, )HLZ(R
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255

260

An integration on (0,t) and give

3
B 10ste 5t Wiy + 257 028 ) 12 sy
+255 Jy 193 5ue s, ')H2L2(R) + 25° Jy [|0Frue.s (s, ')HiZ(R) ds

3 2
+ﬂ25 Hat2zu€,ﬂ(ta ')HL?(R) < CO + 005 fot Haacus,ﬁ(S, ')Hi2(R) ds < Co,
(87)

that is . o Proof.[Proof of Theorem [4.1}] Let us consider a compactly

supported entropy—entropy flux pair (n,q). Multiplying by 7' (ue,g), we

have

0t77(ue,6) + 896‘1(“6,/3) = Eﬁl(usvﬁ)agxue,ﬂ + Bn/(ue,ﬂ)agmue,ﬂ

(88)
= Neptloeptseptlses,
where
Iie,p = 0u(en'(ue,p)0stic,p),
Lep = *EU//(Us,ﬁ)(arus,ﬁ)zv (89)
I3c.s = 0u(B0 (ue,p)O0Fuec ),
Licg = =B (ue,p)Otic g7, uz g

Fix T > 0. Arguing as in [I3| Lemma 3.2], we have that I; . g — 0 in
H=Y((0,T) x R), and {Is,c g}e p>0 is bounded in L'((0,7) x R).
We claim that

Ii.s—0 inH'(0,T)xR), T>0,ase— 0. (90)
By (@) and (),

Hﬁn’(ua,g)afxue,g HiQ((O,T) xR)

< ﬁz ||77/||L°°(R) Hagxue,ﬁuiz((oj)xp{)

/ B3¢ 2 2 (91)
= 17"l g (r) = uatmuE’BHL%(O,T)XR)
383 2
= H’7'||Loo(R) 4ﬁ2525 HatQIuEﬁHLZ((O,T)XR) < Co ||”/||L°°(R) €0
Let us show that
Iie.s —0 inL'((0,T) x R), T > 0. (92)

24



Thanks to , 7 , and the Holder inequality,

Hﬂ??" Ue,5) Ol 507, e, 5||L1((0 T)xR)

<pB ”77 ”LOO(R) fofR |8 ua,ﬁatxus,mdtdx

ﬁ4ﬁ4€ (93)

= H’7 HLOC(R) ”8 Ue, HHL? ((0,T)xR) Hatzue,ﬂHLZ((o T)xR)

< Co "l ey % L

Arguing as in [4, 5], we have ii). ©
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