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ABSTRACT

Cylindrical capacitors are largely employed in avionic industry as contact submerged probes of level sensors for
in-flight oil-level monitoring for many reasons: their high robustness, their long MTBF (Mean Time Between
Failures), maintenance-free character, virtually infinite resolution readings and last, relatively low cost. How-
ever, the cylindrical capacitors suffer from low sensitivity mainly due to small oil permittivity. This is clearly a
disadvantage which collides with the ever-increasing demand for higher static and dynamic performances. To
improve that, the approach adopted here consists in tweaking the conventional design of this kind of sensors
guided by the study of their limitations in terms of static errors and poor responsiveness caused by phenomena of
capillarity, high viscosity, and vibrations. Indeed, sensitivity doubling is proved to be achieved without
compromising the indispensable former qualities. This is shown by the results of electrostatic, fluid mechanics,
and structural dynamics analyses presented with enough details. Numerical simulations have been carried out
and are here presented to confirm results. To summarize, with respect to the conventional capacitive level
sensors currently available on the market, the achievements of the proposed design are i) an improved sensitivity
that, for engine oils, is greater than 700 pF/m, ii) a lower cost even though extra-costs for surface perforation
must be accounted for, iii) cancellation of systematic error due to capillary phenomena and iv) improved dy-
namic response. Also, accurate experimental verifications are being carried out and will be shared in a future

paper.

1. Introduction

technical literature, as can be seen from the thorough comparison of
capacitive level sensors appeared in [1]. More recently other studies and

In avionic industry, the airborne sensor usually employed for oil-
level monitoring is a contact cylindrical capacitive sensor made from
an air dielectric capacitor with steel plates (referred to as conventional
design in the sequel). This because it meets the following requirements,
all of paramount importance for the avionic industry: i) no planned
maintenance needs, ii) long Mean Time Between Failures (MTBF), iii)
continuous measurement over the entire dynamic range, iv) low cost.

However, additional requirements are increasingly important in
terms of both static and dynamic features: v) low measurement uncer-
tainty, e.g., less than 1 mm over the entire dynamic range, and vi) good
dynamic response, with settling times less than 1 s at sudden liquid-level
changes of 5% full scale (FS).

These concerns do not seem to be addressed all together in the

Abbreviations: CLS, Capacitive level sensor.
* Corresponding author.

experimentations have been conducted on capacitive level sensors
([2-6]1), but not with reference to the aeronautical context. Specifically,
for the avionic industry the most recent works on liquid level mea-
surement pertain to optical sensors [7,8], volume calculation strategies
[9] and optic fiber [10,11], but none to capacitive sensors.

This manuscript is aimed at deeply studying a probe for capacitive
level sensing on helicopters, starting from the simulated model to vali-
date the final prototype in the near future. Therefore, the conventional
design is here revisited with the aim of confirming its longstanding
features while at the same time fulfilling the added requirements just
said. The approach taken is as follows. Uncertainty reduction is attained
with sensitivity increment through inter-plate gap shrinking, compatibly
with the availability of standard steel-tube sizes to keep the fabrication
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costs down. This choice also improves the dynamic response with
reduced overshoot and settling time so much as to attain the desired
performances, but only within limited dynamic ranges. Unfortunately,
the gap reduction also causes capillarity effects to appear, resulting in
systematic measurement errors. To limit the capillary rise and further
improve dynamic performances, a slit which develops lengthwise all
along the lateral surface of the plates is proposed. Since that makes the
sensor susceptible to vibrational stresses particularly relevant in heli-
copters, periodically interspersed interruptions of the slit are then
adopted which remedy the stiffness loss that would otherwise ensue.

In what follows the sensor is assumed to have a length of 670 mm and
the plates material is assumed to be stainless steel type AISI 316. The
engine oil considered is one meeting the standard MIL-PRF-23699G
HTS, but what follows applies equally well to other engine oils, like
those meeting the standard MIL-PRF-7808.

The scope of this paper is limited to the sensor probe design and
analysis and specifically does not encompass the reading electronics. So,
the sensitivity and the static and dynamic features here analyzed are to
be considered only as component terms of overall quantities for an in-
tegrated sensor that would include the said probe. An example of
reading electronics is provided in [12].

This work originated in [13] starting from the work in [14]. In sec-
tion II, the liquid-level measurement uncertainty related to capacitance
measurement uncertainty is made explicit for a sensor based on a cy-
lindrical capacitor. An accurate comparison is made between conven-
tional design sensors and narrowed-gap designs allowed by standard
sizes of steel tubes. The hydrostatic analysis urged by the hypothesis of
narrowing the inter-plate gap is carried out in section III, while in sec-
tion IV the hydrodynamic analysis is conducted to evaluate the impact of
such a narrowing on sensor responsiveness. From the results of these two
analyses a lateral slit on the plates is conceived, thus making necessary
an electrostatic analysis of a couple of possible slit configurations:
straight and helical. This analysis is done in section V, where a capaci-
tance formula of a cylindrical capacitor with open-coil helically wound
strip plates is deduced as well. The mathematical derivation details are
given in the appendix.

In section VI the proposed sensors are modified to increase their
robustness to vibrations commonly found on flying helicopters and their
effectiveness is checked with a structural analysis.

Conclusions are highlighted in section VII together with some open
points deserving further investigation.

2. Measurement uncertainty and sensitivity

As a guide to find out what design parameters can conveniently be
tuned to reduce the measurement uncertainty, the simplest mathemat-
ical model is examined which relates the measurand, i.e., the liquid
level, to the observed quantity, i.e., the sensor capacitance. A brief
explanation about the effects of temperature change of the liquid with
respect to the sensitivity is provided. All other influences like liquid
composition, contamination with water [15,17], as well as metallic
debris [16], are considered constant over time and space.

An air dielectric cylindrical capacitor (not necessarily circular) of
capacitance Cy and length L, when vertically immersed in a tank con-
taining liquid till a certain level h relative to the bottom end of the
capacitor may be viewed as the parallel of two cylindrical capacitors
with two different dielectrics: i) the first is liquid of relative permittivity
€r1ig With a length equal to the liquid level h, and ii) the second is air with
a length that is complementary of h to L: (L — h). Hence, the overall
capacitance is given by:

_G

et =

[he iy + (L—h)]. (€Y
Equation (1) is valid provided the liquid is allowed to let in the gap
between the plates and assuming that the relative permittivity of air is

Erair = 1.
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This is a linear and thus invertible relationship that permits to
evaluate liquid level through the measured capacitance. The sensitivity
coefficient 9h/9C permits the evaluation of the uncertainty of level
measurement from the uncertainty of the measured capacitance. How-
ever, for design purposes it is better to consider the inverse of this co-
efficient, that gives the capacitance sensitivity S to liquid level changes:

40l =G e 1). @

The sensitivity S permits to estimate the admittable uncertainty on
capacitance measurements to achieve a given uncertainty on the liquid
level measurements. From (2), the sensitivity can be increased only by
increasing the capacitance per unit length of the empty sensor Cy/L.
Focusing on the circular cylindrical capacitor used in conventional
designs:

Cy 2mey 2meg
0 _ 270 3
L Ing In 1 3

W
1=

where r, is the inner radius of the external plate, R; is the outer radius of
the internal plate and w = r, —R; is the gap width. From (3), it is clear
that the design parameter to focus on to improve the sensitivity is
exactly w/r.. In particular, this value must be reduced to increase the
sensitivity.

In what follows, the geometrical sizes of the plates are chosen among
those commonly available according to the European standard EN10220
[18], with the purpose to get higher values of the sensitivity than those
of typical conventional sensors. Other international standards can
equally well be used. As to the liquid, one with a relative permittivity of
2.15 is considered.

Two designs with narrowed gap are possible, as shown in Table 1,
where D,, t., D;, t; are the outer diameters and wall thicknesses of the
external and internal plates, respectively. The first has almost the same
overall size of commercial sensors for avionic applications and the sec-
ond is the next largest possible. In the following, for the sake of brevity,
only the second narrowed-gap design is taken into consideration.

For a similar reason, ¢ can be considered approximately constant and
not influenced by the temperature. In fact, the permittivity changes only
by 1.5% when temperature changes from 60 °C to 120 °C [19]. Hence, in
the working temperature range of about 100 °C it is possible to consider
an average permittivity value, or the dependence on temperature can
also be linearized for improved accuracy.

3. Capillary Rise

With such a marked gap-width reduction, capillary effects will
appear, and they will cause an additional systematic component in the
measurement error. A hydrostatic analysis is mandatory to evaluate the
presence and extent of these effects.

The physical problem is that of determining the stable equilibrium
state of the free surface of an incompressible liquid in a vertical annular
capillary channel (Fig. 1). To determine the capillary rise height, the
equilibrium condition to the vertical translation of the liquid column
above the bath must be written down.

To that end, only vertical components of the forces acting on such a
column need to be considered. In an inertial reference frame, those
forces are:

Table 1
Capacitance sensitivity S to liquid-level changes.

D,[mm] t.[mm] D;[mm] t;[mm] w[mm] S[pF/m] design type
25.4 1,0 19.0 1.0 2.2 307 conventional
21.3 1.2 17.2 1.2 0.85 678 narrowed gap
42.4 3.0 33.7 2.0 1.35 830 narrowed gap
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Fig. 1. Longitudinal section of two coaxial pipes immersed in a liquid of surface
tension ¢ and the annular meniscus having contact angles 9; and 9. with the
internal and external plates.

o the vertical component of the resultant body force acting in the bulk
of the liquid column. They are due to the terrestrial gravitational
field" and to any vertical acceleration of the tank on which the sensor
is installed,

e the vertical component of the resultant capillary force acting on the
two circular contact lines between the liquid free surface and the
channel walls.

The first one, that is just the liquid column weight if no vertical ac-
celeration is assumed, amounts to pgZ2z(r? —R?), counted positive
downward, where:

e Z is the capillary rise height, that is, the height of the liquid annular
column above the bath level,

e p is the liquid density,

e g is the gravitational acceleration, then pg is the liquid specific
weight,

e Z2r(r2 —R?) is the liquid column volume

The second one can be computed by integrating the vertical
component of surface tension ¢ of the liquid-air interface along the
contact line made with the internal and external plates. There are two
components of constant values ocosd; and ocos9,, respectively. 9; and 9,
are the contact angles of the liquid free surface with the internal and
external plates. The total force is then 276(R;cosd; +recosd,.), counted
positive upward.

Equating these component yields the generalized Jurin’s law for
annular channels, which gives the capillary rise height Z:

26(R;cosY; + r,cosd,)
pg(rt = R)

The stability and shape of capillary surface in annular channels has
been investigated in Seebold et al. [20], where the difference between 9;

and 9, is shown to vanish with values of R;/r, so large as those of the
def

present interest. So, putting 9; = 9.= 9, (4) simplifies to:

zZ= )

206c0sd
Z= .
pPEW

)

1 The effect of the electric field should also be considered; however, for the
voltages usually used in these circumstances, it is safely negligible. See also
section IV and Equation (7).
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From (5), the capillary rise for the narrowed-gap design is 1.6 times
greater than that occurring with the conventional design. Assuming g =
9.81 m/s?,6 = 30 mN/mand p = 0.9968 kg/lat 15 C of the chosen oil
Eastman™ Turbo Oil 2197, the maximum value of Z is 4.5 mm in case of
perfect wetting corresponding to a zero-contact angle.

4. Transient response

Unfortunately, narrowing the gap prompts for assessing alteration of
dynamic behaviour as well, just as it did for the static one. Indeed, the
aeronautical application domain mandates fast changes of liquid level to
be sensed as early as possible. Hence, a comparison between the tran-
sient times of the conventional and of the narrowed-gap designs if
mandatory. This can be done by performing a hydrodynamic analysis
and simulation. It will result that thanks to a particular nonlinear dy-
namics markedly influenced by the geometrical sizes, the gap width
reduction works in favor of both enhancing settling time in the response
to an abrupt level change and eliminating oscillations. This is respec-
tively true for level changes within the first 400 mm and 200 mm of the
sensor.

The physical problem is the hydrodynamics of communicating ves-
sels made up of the tank and the inter-plate channel of the sensor joined
through its bottom end. It is a special pair of communicating vessels with
the cross-section area of one vessel, the tank, enormously greater than
that of the other, the annular channel, hence the analysis conducted in
[21] is not useful here. Its mathematical solution can be obtained by
setting up the dynamic equilibrium among all the pressure components
acting on the liquid [22].

Two components are shared between the two vessels: Py, the at-
mospheric pressure and pgH the hydrostatic pressure of the liquid till the
bath level H, so neither of them appears in the equilibrium equation.
These with the other components are indicated in Fig. 2 together with
their positive directions:

e pgZ is the hydrostatic pressure due to the liquid column above the
bath level, where Z is the capillary rise height.

e P is the surface tension pressure.

e P, is the electrostatic pressure due to any potential difference V

applied across the plates.

APy, is the pressure drop due to local channel entrance losses.

APy is the pressure drop due to friction losses in the channel.

e AP, is the acceleration pressure drop.

From section III, P; is obtained as:

p. = 26C0819' ®)

w

P, is due to the fringing field and can be obtained by applying energy
balance [23] to give:

V2

P = e )™

@)
Considering the low voltage values V usually applied during the
measurement process, this contribution is safely negligible and will not
be considered any longer. Indeed, with the arrangement in [1] the
maximum voltage applied is 1.8 V, so P,, = 9 ¢ 107 N/m?, while hy-
drostatic pressure of the column above the bath is six orders of magni-
tude greater. For instance, from (5) at static equilibrium pgZ.qq =
44N/m?.
APy is given by a fraction K of the velocity head:
-2
Z
APy = Kp7 (8)
where K in case of the entrance to a pipe from a reservoir is usually taken
as 0.5 (see for instance [24], p. 300).
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Patm

pgH

Fig. 2. Longitudinal section of an annular pipe immersed in a tank giving rise
to a communicating vessel system with all pression contributions shown
together with their positive directions.

In case of laminar flow, APr can be obtained by applying shell mo-
mentum balances ([25], p. 55 or [24], p. 269). For a vertical circular
annular channel, the following expression is obtained:

1-p ]
In(1/p)

Eqn. (9) generalizes to annuli the Hagen-Poiseuille’s law for cylin-
drical pipes by introducing the factor between square brackets. In (9)
u = vp is the dynamic viscosity, v is the kinematic viscosity which for the
chosen oil amounts to 5.28 mm?/s at 100" C and # = R;/r..

From the Newton’s second law, AP, results:

-1
M’jz)Z{l + -

e

APp = 9

AP, = pZ(H +Z). 10)
Finally, the dynamic equilibrium is written as:
P+ Po. — APy — APy — AP, —pgZ =0 11)

which results in this non-linear ordinary differential equation:

pZ(H(t)+Z) +KpZ' +KpZ(H(t) +Z) +pgZ = P, (12)
where K; and Ky are convenient constants readily derivable from (8)
and (9). Through its numerical solution the response to a step liquid-
level increase is next shown.
In Fig. 3, six responses to step-up and step-down changes of 5% FS of
the tank level for both the conventional and narrowed-gap sensors are
shown. Input function and initial condition are such that:

e H(t) = H(0") is constant for t > 0 with value given by the sum of the
initial tank level H(0~) and of the tank level jump.
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Fig. 3. Temporal evolution of the difference between channel and tank levels Z
when abrupt tank-level rise or fall of 5% FS occurs, with indication of settling
times t; (at 5%) for different initial tank levels. A couple of two dashed lines
around each steady state value represents the +/-5% band borders. The aster-
isks mark when the response waveforms settle in the said band.
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e Z(0") is given by the difference between the meniscus rise Z(0~) in
the channel before the application of the level jump minus the
impressed tank level jump.

. Z.(O’) =0.

The initial tank levels are chosen purposedly at 1 mm and 75 mm
where dynamic behaviour has remarkable features. In these conditions,
both designs have an oscillatory response even though less pronounced
for the narrowed-gap design which inter alia has shorter settling times.
At these initial levels the responses shown are relative to a step-up level
change, but the step-down case is analogous.

These characteristics extend up to 200 mm for the step-up response
and up to 255 mm for the step-down response. At these levels, the
narrowed-gap design ceases its oscillatory behaviour and keeps on
outperforming the conventional one in terms of settling times.

At 400 mm for the step-up response and at 437 mm for the step-down
response, settling times for the narrowed gap design start to be longer
than those of the conventional one which however persists in exhibiting
an oscillating response.

From the above results, it can be concluded that narrowing the gap is
a good method to substantially improve dynamic performances over the
conventional design. The overshoot disappears if the perturbation
happens when the liquid level is higher than 255 mm, while the settling
time is reduced if the perturbation happens when the liquid level is
within 400 mm. Settling time is less than 1 s for levels less than 200 mm
as opposed to 2 s of the conventional design.

5. Perforated plate sensors

As seen in section III, narrowing the gap between plates led to a
sensible deepening of capillary effect. From this standpoint, it is
appropriate to note that if at least one of the walls of the annular channel
is cut along its longitudinal length, no column above the bath level can
build up in that channel.

The same strategy is useful to dismantle the communicating-vessel
configuration between the tank and the annular channel, putting them
in direct contact at every height thus avoiding the level equalization
sluggishness analyzed in section IV. However, this decreases the sensi-
tivity of the sensor because, as will be shown in detail in the following,
the capacitance per unit length reduces. The extent of this reduction
depends on the kind of contour along which the cut is made and on its
width.

Currently, two configurations for the contour have been taken into
consideration: straight and helical. The corresponding sensitivities are
determined assuming both plates as perforated along the same kind of
contour in such a way that the cuts on the two plates face each other.
Specifically, for the helical contours, they can be thought of as formed by
intersecting a helicoid with two concentric cylinders representing the
plates.

To analytically determine the capacitance of the two configurations,
the electric field due to any voltage V applied across the plates is
assumed to be present only in those points of the gap belonging to every
radial axis that meets both plates. In these points the field is assumed to
be radial and dependent only on the radial position of the point. Else-
where, that is out of the gap and even in the gap between the contours of
the removed plate surface, the field is assumed to be null.

This is thus a one-dimensional problem which is easily solved
through the Gauss law choosing as the integration surface S(r) a cylinder
coaxial with the plates with length L and arbitrarily fixed radius r such
that r, <r < R;. Indeed, the bases of that cylinder account for no
contribution to the flux, being the field tangential to them. On the lateral
side the field is either null or orthogonal to it and constant with constant
value E.(r), the only unknown of the problem. E.(r) depends on the
contour c). Thereby, the flux is simply E.(r) times the area A.(r) of that
part of the lateral side of the integration surface where the field is not
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null but also depending on the contour c. Then:

E(r)= 2 as)

where Q. is the charge on the internal plate.
The capacitance per unit length is then obtained once the voltage V

across the plates, that is the line integral of the field fc(r) along a curve
with endpoints on the two plates, is known. Using a radial straight line as
the integration line the contour-dependent capacitance C. per unit
length is immediately obtained as:
C(‘ c

_Q f a4

T Te _dr
L VL Ri be(r)

where b.(r) = Ac(r)/L is the length of boundary of the cross section of
S(r) where the field is not null, that is the circumference of the cross
section of S(r) minus the length of boundary of the cross section of S(r)
where the field is null.

For the straight-slit case (putting ¢ = s for straight) its value is:

by(r) =2mr — c,r (15)

where c,, is the angular contour width, that is, the angle under which the

aperture of the facing contours is seen from the cylinder axis in any

plane perpendicular to the contour itself. For the helical-slit case,

putting ¢ = h for helix, it is:
Cyl

siny(r)

by(r) = 2mr — (16)

where y(r) is the lead angle of the helical contour, which is such that.
P

_ a7)
(2ar)’ + p?

siny(r) =

where p is the helical pitch.

Solving the integral in (14) and putting n, = c, /27, the specific
capacitance for the sensor with a straight slit is given by.
C,  (1—ny)2ne,

G A as)

L ln;—

It is less than that of the plain cylindrical capacitor (3) for any pos-
itive value of n,, and approaches it as n,, approaches zero. A significantly
more complicated expression is expected for the capacitance of the
sensor with helical slit. Putting.

u(r) = /1 + (2zr/p)* (19)

and u, = u(r.), u; = u(R;), the specific capacitance is now.

i
7
1-n2,

(see section VIII for details), which is less than that of the straight-slit
case, but approaches it as p approaches to infinity, when the helix be-
comes a straight line as derived in (39)-(40). On the other hand, Cy/L
approaches that of the plain cylindrical sensor as n,, approaches zero. In
Fig. 4 (18) and (20) are reported as functions of n,,, while in Fig. 5 a
family of (20) parametrized by n,, is shown as a function of p/L.

Choosing the following values for the contour parameters.

2me,

= (20)

=

14w
1+u,

1—mu;

T ‘

1—nu,

e n, = 1.74 ¢« 10~2turns, corresponding to a slit width on the internal
plate of 2zn,R; = 1.85mm

e p = 26.4mm, shown with highlighted dots in Fig. 4 and Fig. 5

e and as cylinder geometrical parameters those of the former
narrowed-gap sensor
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Fig. 4. Air specific capacitance of narrowed-gap CLS with continuous straight
and helical slits vs slit aperture width. Highlighted points are those corre-
sponding to the chosen aperture width.
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Fig. 5. Air specific capacitance of the helical narrowed-gap CLS for different
slit widths vs helix-pitch-to-length ratio. The highlighted point is that corre-
sponding to the chosen slit aperture width and helical pitch.

only a small reduction of the sensitivity results. This reduction is
clearly due to the perforation which does not erode the sensitivity
doubling gained by only narrowing the gap discussed in section II. This
can be seen from Table 2.

Such results are pessimistic for having neglected the fringing field. As
a further guarantee that the chosen geometries of the lateral perforations
do not have a great impact on the sensitivity, a numerical simulation has
been carried out with COMSOL Multiphysics® though which the
neglected fringing field is properly considered. The resulting capaci-
tances per unit length of all configurations are higher than those

Table 2

Air specific capacitance C./L and sensitivity S of sensor probes with continuous
contour removed from the plate surfaces (assuming &, = 2.15) and their
reduction relative to the probe with no slit and same geometrical parameters.
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calculated neglecting the fringing field, as shown in Table 3.
6. Structural robustness to vibrations
6.1. Source of vibrations on helicopters

In special operating conditions, e.g., characterized by significant
vibrational stresses, the behavior of the sensor might be undermined,
should the plates be set in relative motion or even get in touch with each
other. These conditions can introduce noise in the measurement due to
capacitance value fluctuation and short circuit which would result,
respectively.

This is only one of the problems affecting any kind of measurements
made with in-flight sensors and it was addressed in many ways such as
proposed in [26]. Another study was conducted in [27], even though
drones are considered there, but the same applies to aircrafts.

Helicopter flight is one such special operating condition which is
now examined to determine the highest possible value of the funda-
mental frequency of vibrational stresses that are transmitted to an on-
board sensor.

The problem of vibrations of helicopters are much more pronounced
than those on conventional aircrafts, where the turbo-propeller or the jet
engine operate in axial flow and set up no noticeable variable stresses on
structural elements and equipment during normal flight conditions. On
the other hand, helicopter blades operate in an asymmetric velocity flow
because they rotate in a plane that is almost transversal to the direction
of motion. For this reason, they are subjected to variable aerodynamic
loads in consequence of the periodically changing relative flow velocity
during each turn while the helicopter advances.

These aerodynamic forces and moments acting on the blades are
transmitted through the hub hinges to the rotor hub (Fig. 6a) and then to
the fuselage and to all the equipment it hosts.

Vibration frequency can be determined the following simple
reasoning [28]: during any steady state operating condition, with the
helicopter holding on a given attitude, the rotor uniformly turns at

constant angular speed o, and the airflow velocity V is constant. At a
given instant of time the blades are subjected to a certain aerodynamic
stress depending on their angular positions, and consequently they
transmit a certain system of forces and moments to the rotor hub
(Fig. 6b).

This system is going to change with time because angular positions of
blades change and with them also the airflow pattern will change. Once
the blades reposition themselves in the next arrangement geometrically
equivalent to that just considered, that is, after an angle equal to 27/n,
where n is the number of blades, the airflow must take on the same
pattern it had. It follows that the frequency of the vibrations transmitted
to the fuselage through the rotor hub is equal to the rotor speed in turns
per second times the number of blades, even though the stresses on each
single blade are periodic in time with a period equal to the rotor speed.
That means that harmonic components of the stresses of each blade
cancel each other out if their frequency is not an integer multiple of the
number of blades times the rotor speed, as is proved in [28]. Control
strategies to counterbalance such fatigue stresses on the blades are an
area of active research [29].

Typical values of rotor speeds are of at most 500 rpm for small

Table 3

Comparison between air specific capacitances C./L calculated without taking
into consideration the fringing field with formulae (3), (18) and (20) and those
simulated with COMSOL Multiphysics®, for all three probe configurations.

slit contour C./L [pF/m] C./L [pF/m]

slit contour C./L [pF/m] S [pF/m] drop [%] (fringing field is neglected) (fringing field is considered)
no slit 722 830 - no slit 722 725
straight 709 815 1.8 straight 709 723
helix 668 768 7.53 helix 668 718
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a) b)

Fig. 6. a) Components of total forces and moments of blade set acting on the
helicopter through the rotor hub. B) 7-blade propeller turning at uniform

angular speed o in a constant velocity V airflow field.

helicopters with 2 blades to approximately 225 rpm for big helicopters
which can have as many as 7 blades. It is evident that higher values of
vibration frequencies are those occurring in helicopters with many
blades and then the typical highest value is about 26 Hz.

6.2. Flexural modes of the conventional-design sensor

In the following, only flexural vibrations are considered because
longitudinal and torsional ones do not alter the relative position of the
plates. Each plate can be seen as a beam that is clamped at an end where
it is fixed to the tank roof and free at the other. Applying the dynamic
equilibrium with these boundary conditions using the Euler-Bernoulli
beam model, the natural frequencies of the flexural modes of vibration
are given by [30]:

1 EJ

_ - =7 2
= 202 \[ pa ") 20

I

wheren = 1,2, 3, --- is the mode index, L is the length of the plate, E the
Young’s modulus of plate material, p its density, A is the cross-section
area of the plate, and the y,’s are the solutions of the following tran-
scendental equation in the unknown y:

cos(yL)cosh(yL) = — 1 (22)

which comes from the boundary value problem. The first three
modes are provided in the following table.

Fig. 7 shows the corresponding modes of vibration obtained through
finite element method (FEM) which, as an aside, confirmed natural
frequency values from the Euler-Bernoulli model.

Among the plates, the internal one has the lowest natural frequency
(69 Hz) which is greater than the 26 Hz of the fundamental harmonic
component of the vibrations, thereby guaranteeing the structural
robustness of the conventional-design sensor.

Fig. 7. First three flexural modes of vibration of a cylinder tube.
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6.3. Flexural modes of the narrowed-gap sensors with straight and helical
slits

The continuous end-to-end lengthwise perforation of the plates
causes a drastic reduction of their natural resonant frequencies, so much
that the fundamental frequency of the vibrational stresses exceeds the
frequency of the first mode of vibration of the plate. Hence, to mitigate
this drop, the perforation is made along a contour with solutions of
continuity. Moreover, that contour stops at 33.5 mm from the end
borders of the cylinder, so the surface regions in proximity of both ends
are left intact.

For the straight contour case, just one solution of continuity is
adopted and it is placed at the middle of the plate and extends for 67 mm
(Fig. 8).

From the structural viewpoint, the problem is no more cylindrically
symmetrical. Orienting the plate in an orthogonal coordinate system
such that its longitudinal axis coincides with the Z axis and the perfo-
ration lies in the XZ plane, different orthogonal modes of vibration in the
XZ and YZ planes result, as depicted in Fig. 9 with the help of a FEM-
based computation. Correspondingly, the frequencies of the mode
with same order number are slightly different as shown in the Table 4.

The limiting natural frequency of 67 Hz, relevant to the first mode in
the YZ plane of the internal plate, is almost the same as that of the
conventional-design sensor, namely 69 Hz. Then it can be concluded
that the sensor with the proposed discontinuous straight-slit plates is as
robust to vibrations as the conventional design one.

For the helical contour case, multiple interruptions (69 in total, 7.5
mm long each) of the contour are needed to limit the drop of the natural
frequencies. They are regularly distributed in such a way that no priv-
ileged radial direction arises, as illustrated in Fig. 10.

No heterogeneity results among radial planes contrary to the previ-
ous case, thereby modes of vibration and their frequencies with same
order number are the same in both XZ and YZ planes. Obtained through
FEM computation they are shown in Table 5 and Fig. 11.

Again, the critical plate is the internal one whose first mode of
flexural vibration has a frequency of 37 Hz, less than that of the previous
cases but still greater than the upper end of the off-limit frequency range
of 26 Hz. This assures the structural robustness of this design also in
presence of in-flight helicopter vibrations (see Table 6.).

7. Conclusions

In this paper, building upon the conventional design of typical
capacitive level sensors (CLS) employing a cylindrical capacitor, three
suitable design variations were set out. The aim of this work was to
tackle the known CLS inconveniences, i.e., poor static and dynamic
characteristics, and at the same time confirm its highly appreciated
benefits of robustness, reliability, continuous reading, unneeded
maintenance.

A first design variation of the CLS, consisting in narrowing the gap

Fig. 8. Cylinder plate with a lengthwise straight slit interrupted halfway.
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Fig. 9. First 3 flexural modes of vibration in YZ plane and first 4 in XZ plane of
a cylinder tube with 2 lengthwise slits in the XZ plane.

Table 4
Frequencies of the first three flexural modes of vibration of the cylindrical plates.
These values coincide with those obtained through FEM simulation.

Internal plate [Hz] External plate [Hz]

fi 69 86
fo 430 540
£ 1200 1500

Fig. 10. Cylinder plate with a discontinuous lengthwise helical slit.

Table 5
Flexural vibration natural frequencies of a cylinder plate with two lengthwise
straight slits in XZ plane.

Internal plate [Hz] External plate [Hz]

fivz 67 83
fixz 70 87
fovz 296 361
foxz 423 516
faxz 682 741
faxz 747 823
favz 944 1170
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Fig. 11. First 4 flexural modes of vibration of a cylinder tube with discontin-
uous helical slit.

Table 6
Frequencies of the first 4 flexural modes of vibration of the cylindrical plates
with discontinuous helical slit.

Internal plate [Hz] External plate [Hz]

fi 37 44

£ 228 264
fs 596 680
fa 1050 1190

between the plates, is conceived recognizing that it improves sensor
sensitivity with the help of an electrostatic analysis (section II). Unfor-
tunately, with such a choice also capillary effect comes in, as was found
through hydrostatic analysis in section III. However, at the same time,
the dynamic response to liquid level changes improves. In fact, over-
shoot disappears and, even though only within the first 200 mm, settling
time reduces to at most 1 s for step level changes of 5% FS, as is shown
through the hydrodynamic analysis proposed in section IV.

A second design variation to eliminate capillarity and enhance
responsiveness is thus envisaged which consists in perforating the lateral
surface of the plates along a lengthwise contour. However, that entails
two concerns: i) sensitivity reduction whose effect is nonetheless neg-
ligeable as is proved in section V still through an electrostatic analysis,
and ii) lowering of critical vibrational frequencies. The latter is made
harmless even on helicopters where vibrational stresses are significant,
by adopting a third design variation consisting in introducing continuity
solutions to the removed contour. This is demonstrated in section VI
through a structural dynamics analysis.

As regards the two kinds of slits on the lateral surface of the plates,
the helical one should have the merit of improving the response to liquid
level changes with respect to the straight configuration. Indeed, the
helical slits, which act as gates made to let the liquid in and out of the
annular channel during level changes, are completely distributed
around the border of the cross section at every height. This allows a
more rapid flooding or depletion process than with the straight slit case.
In the straight slit case, the channel flooding or depletion experiences a
viscous delay that is more marked the farther from the slit, reaching a
maximum at the channel zone diametrically opposed to the slit.

In Table 7 a qualitative comparison between the proposed CLS
design, the conventional CLS design and the optical one described in [7]
is proposed.

As can be seen, the proposed CLS is superior to the optical one in
many aspects; the most important ones are the improved linearity and
sensitivity, the simplicity of the reading electronic with associated high
reliability and low cost. One negative aspect of the proposed CLS with
respect to the others is the manufacturing cost, with special reference to
the helically slitted one. This cost is high when considering the single
prototype but can be reduced with large scale production.

With respect to the conventional CLSs, the achievements of the
proposed discontinuous-slit and narrowed-gap design sum up to give i)
an improved sensitivity that, for engine oils, increases to more than
700pF/m, ii) a lower cost even though surface perforation workmanship
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Table 7
Qualitative comparison between the proposed CLS design, the conventional CLS
design and the optical one proposed in [7].

Proposed CLS Conventional CLS Optical fiber
(helical slits) (simple holes)
Cost Medium Low Very high
Readout cost/reliability =~ Low/High Low/High Very high/Very
low
Manufacturing process Complex Simple Simple (sensing
winding)
Sensitivity Very High High Not quantified
Linearity High Low Very low
Settling time Low High Very low
Temperature drift 1.5% FSR 1.5% FSR High
EMI Resistant if Resistant if High
shielded shielded
Errors and hysteresis Modeled None Uncertain

due to retention

must be accounted for, iii) cancellation of systematic errors due to
capillary phenomena and iv) dynamic response no longer characterized
by a sluggish and swinging behavior.

The comparison with the optical sensor proposed in [7] also shows
an improvement in the linearity and in the uncertainty due to the fluid
held on the sensing part. It should also be noted that the lubricating oil is
rather viscous and adheres to the surface of the fiber, which may result
in large errors and hysteresis due to retention.

Moreover, when considering the probe and the reading electronics,
the capacitive sensor setup proved to be more cost-effective than other
technologies. The probe has the highest cost indeed: the price of
manufacturing the only helicoidal electrodes in a single prototype was
about 1,500 USD, whilst the reading electronics is in the order of only 50
USD for a single prototype. Of course, these costs will be scaled down
with mass-production. On the other hand, costs for optical sensors are
way higher, in the order of the tens of thousands USD, about one order
difference. This is mainly due to the cost of the light emitter and
detector.

Extensive experimental verification of the theoretical results here
obtained are being carried out considering additional sources of un-
certainty: oil contamination, presence of metallic debris, temperature
changes, parasitic capacitances, etc. First prototypes show the expected

Appendix
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sensitivity, high linearity, and dynamical response in accordance with
the simulations. From these verifications we also found that border ef-
fects due to the added slits are not observable. All the results of these
investigations are going to be shared in a forthcoming paper.

Lastly, it would be convenient to integrate a level sensor with a
quality sensor in a single sensing element: as an example, a cost-effective
concentration sensor for liquid mixtures based on a dielectric resonator
[31] or reflectometry [32,33] can be used as quality sensor. This work is
also currently underway.
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Analytical derivation of (20) is here detailed. Moreover, a more compact form of (18) and (20) are given.

From (16) and (17), and putting

_ 2nr

X\r
(r) »
(14) becomes

CC 27[80

= fX« dx
S x(1eme/ 142 )

where x, = x(r.) and x; = x(R;).
Then the integral at the denominator of (24), by variable substitution

x = sinh&
becomes
sinh™'x,

coshédé
sinhé(1 — ny,coshé)

sinh l.x,

and then, with trivial manipulation

(23)

(24)

(25)

(26)
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sinh lx,,,
1 / [(1 = nycoshé) — 1]dE
N, sinhé(1 — ny,coshé)

sinh™ ' x;

which splits into

1/ df N 1/ df sinh™x,
n, J sinh€  n, ) sinhE(1 —ny,coshé) |

The first integral evaluates to

{ln'l — coshé

sinh™! Xe 1 —u
sinh¢

- 1+u

sinh—!
sinh™ " x; i

where the last step comes from applying the substitutions (25), (23), and (19).

The second integral, after a variable substitution,
u = coshé

that is the same as (19), transforms into

whose integrand breaks up, by partial fraction decomposition

1 A B C

(> —1)(1 —nwu)iu—l u+1 1—nuu

which gives

1=A(u+1)(1 —ny,u)+B(u—1)(1 —n,u)+ C(u* — 1)
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27)

(28)

(29)

(30)

(31)

(32)

(33)

that can be easily solved for A, B, and C when computed in three different values of u, as here shown for u = 1, —1, and 0, respectively

1 =2A(1—-n,)
1=-2B(1+n,)
1=A-B-C
providing
AL
2(1 —n,)
B 1
2(1+n,)
2
n
C=—»
1 7ni,

Then (31) can be easily integrated thus giving

1
Ty

Ue
1—u 1
|
L+ u™ 1= ) |
,

which put together with (29) back in (28) gives

1 1 te
[1— u™w|1 + |
In :
2
[T — nyul »

that, noting that /|1 — u||1 + u| = x, can be rewritten as

e

1
w 1 -
[T — nyu|' = ;

which is exactly the denominator of (20).

i

The limit of C/L considered as function of p by virtue of (19) is clearly

C/,(p) _ 2ﬂ'EO

poeo L =
In | 4 /| limi=tel2)
R; p_mol—ul(p)

(34

(35)

(36)

(37)

(38)

(39

where the limit in the right-hand side after a convenient change of variable p—1/p and applying de 1'Hospital twice equals

10
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R;

which put back in (39) gives (18).
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