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THE BREZIS-NIRENBERG TYPE PROBLEM FOR THE
p-LAPLACIAN (1 <p<2): MULTIPLE POSITIVE SOLUTIONS

SILVIA CINGOLANI AND GIUSEPPINA VANNELLA

ABSTRACT. In this paper we consider the quasilinear critical problem

—Apu = "t P " in Q
(Py) u>0 in Q
u=20 on 0N

where Q is a bounded domain in RY with smooth boundary, N > p?, 1 < p < 2 and
p<q<p*,p*=Np/(N—p), X > 0is a parameter. In spite of the lack of C? regularity
of the energy functional associated to problem (P)), we employ new Morse techniques
to derive a multiplicity result of solutions. We show that there exists A* > 0 such that,
for each A € (0, \*), either (Py) has P;(€) distinct solutions or there exists a sequence
of quasilinear problems approximating (Py), each of them having at least P;(£2) distinct
solutions. These results complete those obtained in [23] for the case p > 2.

1. INTRODUCTION

Since the pioneer work of Brezis and Nirenberg [8], there was a large amount of results
dealing with semilinear problems involving critical Sobolev exponent. We mention the
well known papers [11, 12, 5, 30, 7]. In the last twenty years, a lot of efforts have been
made to obtain similar results for the quasilinear critical problem

—Aju = "t +uP 7 in Q
(S) { u=>0 on 0f)

where (2 is a bounded domain in RY with smooth boundary, N > p? 1 < p < q < p*,
p* = Np/(N —p), A > 0 is a parameter.

By using the concentration compactness principle, the results of [8] were extended to
the quasilinear cases by Azorero and Peral [3, 4] and Guedda Veron [27], independently.
Precisely they proved that if N > p? p = ¢, then (S)) has a positive solution if A € (0, \;)
where A; is the first eigenvalue of —A,, with Dirichlet boundary condition and no positive
solution for A > A; or A < 0 and Q starshaped. The case ¢ € (p, p*) has been studied by
Azorero and Peral, who proved the existence of a positive solution for any A > 0.

Only a few years ago, Degiovanni and Lancelotti [24] extended the results in [11] by
proving the existence of a nontrivial solution for (S,) with p = ¢ when N > p? and
A > ); is not an eigenvalue, and when N?/(N + 1) > p? and A\ > \;.

Recently, in [10], Cao, Peng and Yan extended the results [12] to the quasilinear case
(S)) with p = ¢ proving that if 1 < p < N there exist infinitely many solutions to (.S)
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2 SILVIA CINGOLANI AND GIUSEPPINA VANNELLA

for A > 0 and N > p? + p. By using the Picone identity, it can be proved that every
nonzero solution of (S)) is sign-changing for A > ;.

Concerning the effect of the domain topology on the existence of positive solutions for
the quasilinear critical problem, the first multiplicity result is due to Alves and Ding [2].
They proved that if N > p? and 2 < p < ¢ < p*, then there exists \* > 0 such that for
each A € (0, \*) the problem

—Aju ="t +uP 7 in Q
(P)\) u >0 in Q
u=>0 on 0f)

has at least cat(£2) solutions, where cat(§2) denotes the Ljusternik- Schnirelmann category
of  in itself.

From [5, 7], it is well known that if 2 is topologically rich, one can derive better
information on the number of solutions by means of Morse theory and domain topology
instead of the Lusternick-Schrnirelmann category. However the extension of the results in
5, 7] to quasilinear problems remained for a long time an open field of investigation, since
it leads to the applicability of Morse techniques in a Banach (not Hilbert) variational
framework.

Some years ago, in [23]|, we obtained a first result, which correlates the topological
properties of the domain and the number of solutions of (Py), counted with their multi-
plicities.

Let us introduce the classical topological definition.

Definition 1.1. Let G be an abelian group. For any A C R", we denote P;(A) the
Poincaré polynomial of A, defined by

+o0o
= " dim H*(A,0)t*
k=0

where H*(A, ) stands for the k-th Alexander-Spanier relative cohomology group of the
pair (A, (), with coefficients in G.

In [23, Theorem 1.4] we proved the following topological result:

Theorem 1.2. Assume that N > p?, 1 <p < q < p*, p* = Np/(N —p). There exists
A* > 0 such that, for any X € (0,\*), (P\) has at least P1(Q2) solutions, possibly counted
with their multiplicities.

Clearly Theorem 1.2 does not guarantee an effective multiplicity result, since all the
solutions could collapse into the same critical point, having multiplicity P;(€2). Hence
the interpretation of the multiplicity of the solutions is a crucial and challenging issue in a
Banach space. If p # 2, a lot of conceptual difficulties arise in the passage from semilinear
elliptic equations to quasilinear elliptic ones. Firstly we notice that the solutions of (Py)
correspond to critical points of the energy functional I : VVO P(Q)) — R defined by setting

(1.1) IA(u):];/Q|Vu|pdx—g/( qu——/ )" dx

and every critical point of I is degenerate in the classical sense given in a Hilbert space,
namely the second derivative is never an isomorphism between the space W,?(Q) and
its dual one. Moreover in a Banach framework we also lose the Fredholm properties of
the second derivatives at the critical points.
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In [23], for p > 2, we furnished an interpretation of the multiplicity of a critical point
of I in terms of distinct critical points of functionals approximating I, and having
nondegenerate critical points in a weak sense, namely the second derivative in the critical
point has a trivial nullspace. For each nondegenerate critical point of the approximating
functional we can apply the estimates in [19, 20, 22] and compute the critical groups of
such approximating functional in the nondegenerate critical point by means of its Morse
index, so that its multiplicity is exactly one. We underline that for p > 2 we can take
advantage of the fact that the energy functional Iy is C? and the Morse index at each
critical point g, denoted by m(f, ug), is well defined.

In the present paper we are interested to derive an interpretation of the multiplicity
of a solution of (P,) when 1 < p < 2, which remained an open and difficult problem
in literature. In this case we emphasize that the energy functional I is never C?, since
u e WyP(Q) — Jo IVulPdz € R is not C?. The lack of regularity of I, is even greater
when in addition ¢ < 2, as the function Gy : R — R defined by Go(s) = % (s)I4+5 (sT)7
is not C2.

We will face this problem via suitable approximations of the functional I, as in [23].
Unfortunately when 1 < p < 2, the approximating functionals continue to be C1, not C?,
so that the results in [19, 22] cannot be applied. The main idea of this work consists in
the introduction of some bilinear forms definited on a Hilbert space, which are inspired
by the formal second derivatives of the approximating functionals. In this way we are
able to compute the critical groups of the approximating functionals, by means of some
differential notions, which have the same roles of the Morse indices in a regular setting, so
that the multiplicity of a nondegenerate critical point is exactly one. This can be done,
exploiting some recent results contained in the paper [16]. Despite these difficulties, we
obtain the following multiplicity result of solutions for problem (P)) with 1 < p < 2, for
small value of parameter A, via the Morse relations and the domain topology. We extend
the multiplicity result in [23, Theorem 1.6] to 1 < p < 2, showing that the problem (Pj)
has, for A small, at least P;(2) distinct solutions or is near, in a suitable sense, to a
quasilinear elliptic critical problem having at least P;(2) distinct solutions.

In what follows, we say that 0} satisfies the interior sphere condition if for each
xo € 0f) there exists a ball Bg(zy) C €2 such that Br(z1) N 0Q = {z}.

Precisely, we prove the following main result.

Theorem 1.3. Assume that OX) satisfies the interior sphere condition and that N > p?,
1<p<2 p<q<p p"=Np/(N—p). There exists \* > 0 such that, for any
A € (0,X"), either (Py) has at least P1(S2) distinct solutions or, if not, for any sequence
(o), with o, > 0, ay, — 0, there exists a sequence (f,) with f, € CHQ), || fallcr — 0,
such that problem

—div((|Vu® + a,) "7 V)

(P4 = Autten (a, + uzmg“;_ﬁ%ﬁ“ +ulton (a, + u2+an)%ﬁ +fn inQ
u>0 n §2
u=20 on 0f)

has at least P1(S2) distinct solutions, for n large enough.

Theorem 1.3 is quantitative and variational in nature. We remark that if 2 is obtained
by an open contractible domain cutting k& holes we derive that the number of solutions
of (Py) is affected by k, whereas the category of €2 is 2.
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The previous result has been announced, without proof, in [35].

Remark 1.4. If we add the assumption ¢ > 2 to the previous ones, Theorem 1.3 still
holds replacing (P,) with the simpler

B —div((|Vul* + an)%Vu) =Ml 4w+ f, inQ
(P,) u>0 in
u=20 on 0f).

Throughout the paper we use the following notations:
(1) || - || denotes the usual norm both in Wy*(Q) and in W= (Q);

(2)

(3) || - |lo denotes the usual norm in L>(Q);

(4) |- |- denotes the usual norm in L"(Q);

(5) [|*llcacay denotes the usual norm in CYA, R), where AC X and X is a Banach space;
(6) (-,-) : WL (Q) x Wy () — R denotes the duality pairing;

(7) By(u) = {v € Wy'P(Q) : ||v — u|| < r}, where u € W, P(Q) and r > 0.

2. CRITICAL GROUPS ESTIMATES VIA APPROXIMATING FUNCTIONALS

In this section we introduce a class of functionals approximating the C! energy func-
tional I : W, *(2) — R defined by setting

1 p A q _l ut? dr
(2.1) ]A(u):—/Q|Vu| dx—g/ﬂ(uﬂ da p*/ﬂ< g

p

associated to problem (Py).
For any a > 0 and f € C'(Q) we define

Ja(u) = %/Q<(oz+|Vu|2)g>dx
A
q

(2_3) Ga(t> — 3(04 4 (t+)2+a)ﬁ + 1%(0‘ + (t+)2+a)2{)k7a
ga(t) = G, (1).
Note that ¥, € C?*(RY,R) and G, € C*(R,R) when a > 0, while v is just C! when
p € (1,2) and Gy is C* when ¢ < 2.

It is immediate that
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L(u) = /Q Uo(Va)da — /Q Golu)dz,  Ja(u) = /Q U, (Vu)de — /Q G (u)dz.

By basic computations we infer the following lemma.

Lemma 2.1. If p > 1, r € [p,p*] and o > 0, let us denote by P,, P, A, and A the
functionals defined by

Po(u) = /Q U, (V) do P(u) = /Q Uo(Va) dz

Ay(u) = 1/Q (Oz + (u+)2+a>21a dx A(u) = 1/Q (u)" da.

r r

Then P., P and A are in CY(W;P(Q),R), Ay is in C2(WyP(Q),R), and, for any
bounded B C W,P(Q), we have

O%li)nOHPa_P“CI(B) IO7 O%E)nOHAa_AHCI(B) :O

Through the previous Lemma, we obtain the following result.

Theorem 2.2. Let \* > 0 be defined by Theorem 1.2. If X € (0,\*), p > 1, q € [p,p*),
f e Cl Q) and a > 0, then Jo and Jo; are CH (W, P(Q)) functionals and, for any
bounded B C W,P(Q), we have

iiglo |Jo = In|lers) = 0,

lim 0 HJ&Jf — JaHCI(B) =0.

Il flloc—

We now aim to prove that, for any o € [0,1] and f € CY(Q), J, s satisfies a local
compactness condition. We begin to recall a classical definition in a reflexive Banach
space, taken from [9, 31] and a recent result, established in [17, Proposition 3.5].

Definition 2.3. Let X be a reflexive Banach space and D € X. A map H : D — X'
is said to be of class (S, ), if, for every sequence (ux) in D weakly convergent to u in X
with

lim sup(H (uy), ux — uy <0,

k—o0
we have ||uy —u|| — 0.

Proposition 2.4. Let f : X — R be a function of class C*. Assume that f’ is of
class ()1 on C C X, then

(a) if C is bounded, then f satisfies (P.S.) condition on C;
(b) if C is closed and convex, then f is sequentially lower semicontinuos on C with
respect to the weak topology;
(¢) if C is closed and convezr and if (uy) is a sequence in C' weakly convergent to u
with
limsup f(ui) < f(u),

k—o0

then ||ug — ul| — 0.
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Next result provides a uniform local compactness property of the approximating func-
tionals J, . It is based on [1, Theorem 3.4] (see also [15, Theorem 2.1]). For reader’s
convenience, we sketch the proof.

Theorem 2.5. For any p > 1, there exists R > 0 such that, for any a € [0,1], f €
CY(Q), u e W, P(Q), the functional Ji,.; is of class (Sy) on Br(u).

Proof. Once fixed a € [0, 1], let H,, : Wol’p(Q) — W% denote the map
Heo(u) = (Jo(u), )

so that H,(u) = —div (VU4 (Vu)) — ga(u), where ¥, and g, are defined by (2.3).
It is easy to see there exists C' > 0 such that

V()] < [ 9a(s)| < C+Cls|” ™
V() - €2 1/2[E]" = C = ga(s)s > =C = C]s

for any a € [0,1], £ € RN, s € R.
Moreover, by the monotonicity of the real function ¢t € R — ¢ (a + tz)p%g, we infer that

(VWa(§) = V() - (€ —n) >0

for any &, € RN with n # &.
This means that V¥, and —g, satisfy the assumptions required by Theorem 3.4 in [1],

so there exists R > 0 such that H, is of class (S, ) on Bg(u). Hence, for any f € C*(Q),
it is immediate that .J, ¢ is of class (S;) on Br(u). O

p*

Remark 2.6. Taking account of (a) in Proposition 2.4, the previous theorem assures

there exists R > 0 such that .J, s satisfies (P.S.) condition in Bg(u), for any « € [0, 1],
feC () and @ € WyP(Q).

Now let us consider a critical point ug of J,, r, with @ > 0 and f € C"(2). According
to [16, 17] and references therein, uy € C°(Q), for some § € (0, 1]. It is crucial to give
a notion of Morse index, which is not standard, as J, ¢ is not of class C?.

If pe (1,2), a>0 and u € WH*(Q), let us denote by B,(u) the bilinear form on
Wy 2(Q) defined by

Ba(u)(z1, 22) = / U (Vu)[Vzy, V| do — / g (u)z1 29 dz,
0 Q
so that

Ba(u)(21,22) = [ (a+|Vu2)"T (V21 |Vz) da

Hp—2) [ (a+ |VuP)= (Vu|Va ) (Vu| V) do

qg—4—2a

A [ (a+a®+ (g — 1) (")) (a+ (")) 7 (uh) 220 dx

*—4—2a

(a+a®+ (p" =1 (a+ (u+)2+°‘)% (ut)*21 20 dx.

S— S— S — 55—
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In addition, we introduce Q% : Wy *(Q2) — R defined by
Q4 (2) = Ba(u)(z,2).

The definition of B, (u) is inspired by the formal second derivative of J, ; in w.

Let us point out that, as p < 2, for any v € Wh>°(Q), B,(u) and Q% are well defined on
Wy 2(Q), but not on W, (). In particular, Qg is a smooth quadratic form on Wy *(Q)
and we define the Morse index of J, ¢ at ug (denoted by m(J,, r,up)) as the supremum
of the dimensions of the linear subspaces of W, 2(Q) where (5, is negative definite and
the large Morse index of J, ¢ at uy (denoted by m*(J, ¢, u9)) as the supremum of the
dimensions of the linear subspaces of I/VO1 () where Qy, 1s negative semidefinite. We
clearly have m(J,, f, uo) < m*(Jo r,up) < +00.

The introduction of a suitable notion of Morse index will be crucial to derive estimates
of some topological objects, like the critical groups. For reader’s convenience, we recall
some definitions (see [13, 14]).

Definition 2.7. Let G be an abelian group, X be a Banach space, f € C*(X,R) and u
a critical point of f. The k-th critical group of f at u is defined by

Ci(fou) = HE(f¢, £\ {u})

where k € N, ¢ = f(u), f¢={v € X: f(v) < c} and H*(f, f¢\ {u}) stands for the
k-th Alexander-Spanier cohomology group of the pair (f¢, f¢\ {u}) with coefficients in
G (see [32]).

Definition 2.8. We denote i(f,u)(t) the Morse polynomial of f in u, defined by

i(fu)(t) = dim Cy(f,u)t*.

We call multiplicity of u the number i(f, u)(1) € NU {+o00}.

Next result gives a description of the critical groups of the functional J, ¢ at ug in
terms of the Morse index. The proof derives directly from [17, Theorem 2.3] (see also
[16, Theorem 1.3]).

Theorem 2.9. Let p € (1,2), ¢ € [p,p*), A >0, f € CY(Q) and a > 0. If ug is a
critical point of Jo, 5 and
m(‘]wﬁ UO) = m*(‘]tva uO)»
then g is an isolated critical point of J, y and we have
Con(Jo f,u0) =G if m=m(Jy s, uo),
Cn(Jo, 5,u0) = {0} if m # m(Jy f, uo) .

Remark 2.10. If the assumptions of the previous theorem are satisfied, then the mul-
tiplicity of ug is 1, namely i(J,, £, uo)(1) = 1.

In order to prove Theorem 1.3, we recall an abstract theorem, proved in [18] (see also
6] and [13]).
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Theorem 2.11. Let A be a open subset of a Banach space X. Let f be a C' functional
on A and u € A be an isolated critical point of f. Assume that there exists an open
neighborhood U of u such that U C A, w is the only critical point of f in U and f
satisfies the Palais—Smale condition in U.

Then there exists ji > 0 such that, for any g € C*(A,R) such that

o [f —gllera < n _
e g satisfies the Palais—Smale condition in U,
e g has a finite number {uy, us, ..., un} of critical points in U,

we have

> ilguy)(t) = i(f,u)(t) + (1 +1)2(t),

J=1

where z(t) is a formal series with coefficients in N U {+o0}.

3. THE FINITE DIMENSIONAL REDUCTION

From now on, we assume that p € (1,2). Let A € (0, \*), where \* > 0 is defined by
Theorem 1.2. If (P,) has at least P;(2) distinct solutions, then the assert of Theorem 1.3
is proved, otherwise I, has a finite number of isolated critical points uy, ... u; having
multiplicities my, . ..My where

k
1<k<Pi(Q) and > m;>Pi(Q).
j=1
Let (a;,) be a sequence such that «,, — 0 and J,,, be defined by (2.2). If J,, has at least

P1(£2) distinct critical points, then we just choose f,, = 0, otherwise J,,, has h, < P1()
isolated critical points uq, ...up,, having multiplicities my, ...my

n*

For simplicity, we will often omit the dependence from n of u; and their related objects.
Let R be defined by Theorem 2.5, R; € (0, R] be such that, the sets Bpg, (4;) are pairwise
disjoint, and denote by

k

(31) A= B ()

=1

Theorems 2.2, 2.11 and Remark 2.6 assure that, if n is sufficiently large, then h, > k,
any u; € A and

hnp, k
(3.2) > mi =Y my = PiQ).
i=1 j=1

For any i € {1,...h,}, the derivative of the smooth quadratic form Q5" : W% (Q) = R
is a compact perturbation of the Riesz isomorphism, so it is standard that there exists
a direct sum decomposition

W, 2(Q) =V, oW,
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such that
dimV; = m] = m*(Ja,, w) < +00,

—~

VVZ-:{UJGWOLQ(Q)I /vwda::O foranvaVi},
Q

(v +w) = Qyr(v) + Qur(w) for any v € V; and w € W,
Qur(v) <0 for any v € V;,
Qur(w) >0 for any w € W, \ {0} .

Moreover, either V; = {0} or V; = span {el, o ,em;} and, for any j = 1,...m}, there is
)\; < 0 such that e; € Wy*(Q) \ {0} is a solution of
B, (wi)(z,ej) = A / ze; dx
Q
for any z € W, (). Hence ¢; weakly solves the equation
— div [V, (Vu;)Ve;] — g, (ui)e; = Aje; in W=(Q),

where ¥, and g,, are defined according to (2.3).
Therefore we have

/ \If’;n(VuZ-)[Vej]Z dx — / gfxn(uz')ef dx = \j / e? dr <0.
Q Q Q
On the other hand

(3.3)
—1
! (Vu(z))[E)* > (p=1) €7 forae. 2 € Qand VEERY  if [|[Vullw < 400,
(an + IVl 2)
whence

—1
(p—1) — /|Vej]2dx—/g’an(ui)ej2-dx§().
(e + [ Vus]| 2) = 0 “

Since g;, (u;) € L*™(2), it is standard (see e.g. [28]) that e; € L>(£2), whence
Vi C Wy 2(Q) N L®(Q) € WyP(Q), as p < 2.

Now we introduce

Wi:{weLl(Q): /vadxzo foranvaVi} ,
then any W is a closed linear subspace of L'(2) and
LNQ) =V, & W,
Set W; = W; N W,*(€2) which is a closed linear subspace of W,”(Q), we infer
W&’p(Q) =Vie W,
Therefore for any ¢+ = 1, ... h,,, there are V; and W, subspaces of WO1 P(Q2) such that
o WyP(Q2) =Vi® W,

o V; C L®(Q) NW, () € WyP(Q) with dim(V;) = m*(J,,, w);
° vawzo for any v € V;, w € W;.
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According to [27, 25, 29, 33, 34], u; € CY%(Q) for some B; € (0,1] (see also Theorems
3.1 and 3.2 in [23]), then we infer that e; € C*(Q) (see Theorem 8.8 and Theorem 8.10
in [26]), so that V; ¢ C*(Q).

Setting

hn
(3.4) Vi=Vi+ Vot -+ Vi, and W' =W,
=1

we still have:
o« WyP(Q) =V e W
o V" C CY(Q) is finite dimensional and W™ C W; for any i = 1,... hy;
o [quw=0 foranyve V" weW"

We recall the following regularity results (see Theorems 3.1 and 3.2 in [17]).

Theorem 3.1. For everyuy € Wy (), there exists r > 0 such that, for anyu € Wy ()
and f € L>() satisfying

/ VU, (Vu) - Vv — g,, (u)v] de = / fvdx Yo € WP ()
Q Q

IVu — Vugll, <7,
we have u € L>(§2) and
[ulloe < C (1 Flle0) -

Theorem 3.2. Assume that 952 is of class C*° for some § € (0,1]. Then there exists
B € (0,1] such that any solution u of

u e W,*(Q),
— div [V, (Vu)] = wy — div w; in W=(Q),
with wy € L®(Q) and w; € C¥(Q;RY), belongs also to C1#(Q) and we have

lullere < C (lwolloo, lwrllcos) -

Lemma 3.3. There are R >0, M >0 and § € (0,1] such that for any i € {1,...h,}

and v € V" N By(0), the derivative of the functional F,;, : W™ — R defined by
Friv(w) = Ja, (u; +v+w)

is of class (S)+ in W™ N Bi(0) and if w € W™ N Bx(0) is a critical point of F,, ., then
v+w e CH(Q), with ||v+ w| s < M.

Moreover the sets Byp(u;) are disjointed and \JI™, Byp(u;) C A, where A is introduced
by (3.1).

Proof. Let R > 0 be introduced by Theorem 2.5 and Rs € (0,R/2] be such that
UL, Bag,(u;) C A and

il ?A ig = B2R2 (ull) N B2R2 (uZQ) = @
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As 2Ry < R, Theorem 2.5 assures that J/, is of class (S) in any Bsg,(u;). Hence,
for any ¢ € {1,...h,} and for any v € V N Bg,(0), the derivative of the functional

weW w—  Jy, (u+v+w)eR

is of class (5)+ in W N Bg,(0).
Let i = dim V" and (&;)1<j<u be an orthonormal basis of V" according to the L?
norm. There is K > 0 such that

n hn
(3.5) 1D (a8 Eillse < K Vu € | Ban, (us).
j=1 i=1
Ifie{l,...h,}, v € V"N Bg,(0) and w € W" N Bg,(0) is a critical point of F},;,, then
for any u € VVO1 P(QY)
(JL, (u +v+w), /fsz ) udx
where fi(v,w) =37 P (L (u+v+w),é)e; € L(Q) and by (3.5) || fi(v, w) e < K.

Hence, by Theorem 3.1, there is R € (0,Ry] such that if 5 € V* N Bz(0) and @ €
W"™NBp(0) is a critical point of F, ; 5, then w;+v+w € L>®(Q) and ||u;+0+w0||» < C(K).
So, applying Theorem 3.2 with w; = 0, the proof is completed. 0J

Lemma 3.4. For any M > 0, there exist r,6 > 0 such that
B, (u)(w,w) > 5/ \Vw|* do
Q

for every u € U B, (w;) N Wh(Q) such that |ulle + ||Vl < M and every w €
W N W, 2(Q).

Proof. By contradiction, let i € {1,...h,}, M > 0, (v) in Wy 'P(Q) N WH(Q) and
(w) € W™ N W,y *(Q) be such that vy — ug, ||Ukllse + || VUr]leo < M and

(3.6) B, (vg) (wg, wg) /|Vwk| dx .

Without loss of generality, we may assume that |Vwy|s = 1. Then, up to a subse-
quence, (wy) is weakly convergent to some w in W, *(Q) N W". Since ||vg/|oe < M and
(wy) strongly converges to w in L?(f2), by Lebesgue’s dominated convergence theorem,
we infer

/ G, (us)w? dr = lim g;n(vk)w,f dz.
Q

k—o00 Q

Combining with Fatou’s Lemma and (3.6), we get

0 < By, (u;)(w,w) < lilzn inf B, (vg)(wg, wy) < limsup B, (vg)(wg, wg) < 0
—oo k—o0
whence, in particular, w = 0.
As ||Vug|lo < M, taking account of (3.3), there is ¢ = ¢(a,, p, M) > 0 such that

c|Vwg(2)]* < W0 (Vog(z))[Vuw(z)]*  a.e. in Q.
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Since |Vwyg|z = 1, a contradiction follows as

¢ < lim [ U (Vo) [Vwy)? de = lim (B, (vg) (wy, wi,) + / g (vp)wi dz) = 0.
0

k—oo Q k—o00

O

We recall a result relating the minimality in the C'-topology and that in the VVO1 P
topology. For the proof, involving Theorem 3.2, see Theorem 3.6 in [17] and references
therein.

Theorem 3.5. Assume that 9 of class C° and that ug € Wy (Q) N CY8(Q) for some
B € (0,1]. Suppose also that WyP(Q) =V @®W, where V is a finite dimensional subspace
of Wy P(Q), W is closed in Wy () and the projection Py : Wy'*(Q) — V, associated with
the direct sum decomposition, is continuous from the topology of L*(Q) to that of V.

If ug is a strict local minimum for the functional J,, along ug + (W N CY(Q)) for the
CY(Q)-topology, then uq is a strict local minimum of J,, along ug+ W for the Wy (€)-
topology.

Lemma 3.6. If u,v € Wh>(Q), then

(3.7) Ja,(v) = Ja, (u) + (J;, (u),v —u) + /0 (1 —=1)B,, (u+t(v—u))(v—u,v—u)dt

(3.8)  (J, (v) =T, (u),z) = /01 Ba, (u+t(v — u))(v — u, 2)dt Vz e Wy (Q).
Proof. Let ¥, and G,, be defined according to (2.3), by Lemma 2.1

(3.9) ze WyP(Q) — /QGan(z(x)) dr  belongs to C*(Wy*(Q),R).

As U, € C*(RM,R), for any &, n € RY

W () = U (6) + (V0 ()]0 — ) + / (1= W (6 + tln— )y — &Pt

Vo, (Vo(2)) = Vo, (Vu(z)) + (Vq, (Vu(@))|(Vo(z) — Vu(z)))

+/0 (1=t)¥ (Vu(z) +t(Vo(z) — Vu(x)))[Vu(z) — Vu(x)]dt.

As (z,t) = (1= (Vu(x)+t(Vo(z)—Vu(z)))[Vo(z)—Vu(x)]? belongs to L' ([0, 1] x ),
Fubini’s Theorem gives that

/Q U, (Vo(x))dr = /Q U, (Vu(z))de + / (V. (Va(2)|(Vo(z) — Vu(z))) de

Q
1

+/ (/Q U (Vu(z) +t(Vo(z) — Vu(x)))[Vu(z) — Vu(a:)]%lx) dt
so, by (3.9), we infer (3.7).
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Moreover there is C' = C(a,) > 0 such that

W ()&, &) < Clé|&] Vn, &, & € RN

Hence, for any u,v € W'(Q) and z € W, *(Q),
(1—=t)¥2 (Vu(z)+t(Vu(z) — Vu(z)))[Vo(z) — Vu(z), Vz(z)] belongs to L' ([0,1] x ©),
so (3.8) follows by Fubini’s Theorem together with (3.9). O

Theorem 3.7. For any i € {1,...h,}, u; is a local strict minimum point of J,, along
u; + W™, according to the topology of Wol’p(Q).

Proof. Let us fix i € {1,...h,} and M; > ||u;||c:. According to Lemma 3.4, there are
r;, 0; > 0 such that
(3.10)  Ba.(u)(w,w) > &/ Vwldr Y€ By (u) N CYQ), uller < M.

0

Let us choose k; > 0 so that
||Ui||Cl + k; < M; and {U S Cl(ﬁ) : ||U||Cl < /{31} C BTZ(O) .
If we W"NCYQ) and ||w||cr < k;, by (3.10) and (3.7) we infer

1 .
Jo, (u; +w) = Jo, (u;) + / (1 = t)Ba, (u; + tw)(w,w) dt > Jq, (u;) + %/ |Vw’2dx
0 Q

80 u; 1s a local strict minimum point of J,,, along u; + W", according to the topology of
C'(Q). Finally we apply Theorem 3.5.
OJ

Theorem 3.8. There exist M,r > 0, § € (0,1] and o € (0,7] such that for any i €

{1,...hy} and v € V™ N B,(0) there exists one and only one ;(v) € W™ N B,.(0) such
that

o, (Ui + 0+ ;i (v)) < Jo, (u; + v+ w) Yw e W" N B,(0),
moreover v + ;(v) € CY(Q), |lv + Vi()|lcrs@ < M and ¢;(v) is the only element of
W™ N B,(0) such that
(J), (u; +v+(v),w) =0  YweW"

Furthermore, denoting by

(3.11) U; =u; + (V"N B,(0)) + (W™ N B,(0)),
we have U; NU; =0 if i # j and UZLE C A, where A is the open bounded set defined
by (3.1).

Finally, there exists 6 > 0 such that

(3.12) B, (u; + u)(w,w) > 6/ |Vw|*dx
Q

for every (u;+u) € U?;l U,NCY(Q) such that ||ul|c1 < M and every w € W*NW, ().

Proof. Let M, R and § be as in Lemma 3.3. By Lemma 3.4 there are r € (0, R) and
0 > 0 such that

B, (u; + u)(w,w) > 5/ |Vw|*dx
Q
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for every u € By, (0) N C(Q) such that |lul|cr < M, every w € W™ N W, *(Q) and every
i€ {l,...h,}. By Theorem 3.7 we can also assume that J,, (u;) < Ja, (u; +w) for every
w € B.(0) N W™ with w # 0 and every i € {1,...h,}. In particular, we get (3.11) and
(3.12), for any arbitrary o € (0,r].

We claim that there exists a suitable p € (0, 7] such that
(3.13) o, (Ui +0) < Jy, (Ui + v + w)

for every i € {1,...h,}, v € V"N B,(0) and w € W™ such that |Vw||,=r.

By contradiction, let i € {1,...h,}, (vx) C V" and (w,) C W" such that v, — 0,
|\Vwy|, = r and J,, (u; + vi) > Jo, (u; + vp +wg). Up to a subsequence, (wy) is weakly
convergent to some w € W" HT(O). Then (u; 4+ vy + wy,) is weakly convergent to w; + w
with

lim sup Ja, (u; + vp + wi) < lim Jo,, (u; + k) = Ja, (W) < o, (ui +10).
k
Combining Proposition 2.4 with Lemma 3.3, we deduce that (u; + vy + wy) is strongly
convergent to u; +w, whence J,, (u; +w) = Jq, (w;) with [|[Vw||, = r, and a contradiction
follows.
Again from Proposition 2.4 and Lemma 3.3 we know that {w — J,, (u; + v+ w)} is

weakly lower semicontinuous on W™ N B,.(0) for any v € V" N B,(0). Therefore there
exists a minimum point w € W™ N B,(0) and by (3.13) w € B,. So, in particular

(3.14) (J, (u; +v+w),w)y =0  for any w e W".
Let us assume w1, wy € B,(0) be such that (J), (u;+v+w:),w) = (J), (u;+v+ws), w) =0

for any w € W™. Then, from Lemma 3.3, we infer that v + wy, v + wy € CY#(Q) with
lv 4+ wil|crs, ||v+ wallcrs < M. Hence, by (3.12) and (3.8), we get

1
5/ |V(w2 - w1)|2dl' < / BOtn (Uz +v+w +t (wg — wl)) (wg — W1, Wy — w1> dt
0
Q

= (J,, (u; + v +ws) — J,, (u; + v+ wr), wy —wy) =0,

so there is only one v;(v) = w satisfying (3.14), moreover v + ¥;(v) € CY¥(Q) and
v+ di(W)llcre@ < M. O

Now we introduce the functionals ¢; : v € V" N B,(0) — R defined by

0i(v) = Ja, (u; + v + i (v)).
Since we aim to apply the Sard’s Lemma to the reduction map ¢;, it becomes crucial to
investigate the C? regularity of ;. In the case p > 2, this fact is sharp, as the energy
functional is C? (see [21, Section 2]). Unfortunately, when 1 < p < 2, the functionals
I, and J,; are only C'. Despite this fact, we derive the C? regularity result of the
reduction map ;.

Lemma 3.9. For any i = 1,---h,, ¥; is continuous from V" N B,(0) in W™ N C*(Q)
and of class C* into Wy (). In addition,

(3.15) B, (ui + 2 + ¢i(2)) (h + (¥i(2), h),w) = 0
for any z € VP N B,(0), h € V™ and w € W™ N W,*(9).
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Moreover, for any i = 1,---h,, the function p; is of class C* and, for any z €
V"N B,(0) and h,v € V™
(3.16) (0i(2), h) = (J4, (ui + 2 + i(2)), 1)
(3.17) (¢} (2)h,v) = Ba, (i + 2 + ¥i(2)) (h + Yi(2)h, v).
Proof. Using the notations introduced in the previous Theorem, for any i = 1,... h,,, the

map v — v+ 1;(v) is defined from V" N B,(0) into
K= {u e CY@) : fulorsg < M}

which is a compact subset of C*(Q). As J,, is continuous, we infer that any ; is
continuous from V" N B,(0) in W™ N CH(Q).

In the remainder of this proof we will refer to any i € {1,...h,}, z,z+h € V"N B,(0)
and 21, 2, € Wy % (Q).

Let us denote by u’ = u; + 2z + ¢;(2) and wy, = h + ¥;(z + h) — ¥ (2).

There exists C' > 0 such that, for any 7 € [0, 1],

(3.18) | Ba, (Ul + 7wy ) (21, 22)| < Clzall12 2212 -

As the map z ~ v;(2) is continuos from V" N B,(0) into C'(Q), for any 7 € [0,1] we
have

(3.19) lim |(Ba, (u} + Twh) — Ba, (u})) (21, 22)| _ 0
1]l =0 [21ll12 - [l22l12

From (3.18) and (3.12) we infer that the bilinear form
(21, 22) € Wy ?(Q) x Wy *(Q) = B, (ul)(21, 20)

is continuous and positive definite on W™ N Wy *(Q).
Therefore, for any A € V", the functional
w — By, (ul)(w/2 + h,w)

admits one and only one minimum point L.h € W N W, *(Q), which satisfies

(3.20) B,, () (L.h4+h,w) =0  Ywe WrN W, ().

Moreover the map L.h : V" — VVO1 2(Q) is linear and continuous, as V" is finite
dimensional.
For every w € W N W, *(Q), (3.8) gives

1
0=(J, (ui+2z+h+¢(z+h)) — J (ul),w) = / B, (ul + twy) (wp, w) dt,
0

while (3.20) gives
B, (ul)(L.h + h,w),
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so that
1
/ B,, (Ulz + twh)(%’(fz +h) — i(2) — Loh, (2 4+ h) — i(2) — L:h) dt
0
1
_ / Bu, (t. + tun) (wh (= + h) — () — Lah) dt
0

+ / (Ban(ui> — Ba, (u + twh)) (L:h+ hythi(z + h) = 4i(2) — Loh) dt.

Hence from (3.12) and (3.19) we infer

. 192+ 1) = 03(2) = Lobile

= 0.
IRl —0 1A

Therefore ; is C* from V™ N B, into Wy () and 1;(z) = L..
From (3.8) we infer that, for a suitable s € (0,1),

iz +h) — ilz) = (g, (u2), )

= Jo, (Ui + 2+ b+ (2 + b)) = Jo, (ul) — (JL (ul), h)
= (o, (Ul + swn), wn) — (g, (u2), )
= (Ja, (Ul + swn) — T, (u2), h) + (g, (ul + swn) — T, (W2), iz + h) = 4(2))
1 1
= / B, (u’z + tswh) (swp, h) dt +/ B, (ulz + tswh) (swn, Yi(z + h) —;(2)) dt.
0 0
As the differentiability of ¢); assures that ||1;(z + h) —¥;(2)|1.2 < c||h||, by (3.18) we get

. |i(z + h) — @i(2) = (J, (ul), h)]
1m
[ A

which proves (3.16).

=0

Again by (3.8), for any v € V"

(@i(z + h),v) = (#i(2),0) = Ba, (u)(h + (¥i(2), h), v)
= (Ja, (Wi + 2+ h+i(z + h)) = J, (), v) = Ba, () (h + (¥i(2), h),v)

- / Ba, (1 + tewn) (wn0) dt — Bay (u)(h + (!(2), h), v)

1
= / (Ba,, (Ul + twy) — B, (ul)) (wn, v) dt+Ba, (ul) (Wi (z+h) =i (z) = (¥i(2), h), v).
0
Finally, from (3.18), (3.19) and the differentiability of v, it follows that

i (Pi(z +R),0) = (9i(2), 0) = Ba, () (h + ($i(2), ), v)|
Al =0 |7l

which proves (3.17). O

=0
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4. PROOF OF THEOREM 1.3

Let us denote by V' = V™ and W = W™, the spaces introduced in (3.4) and let
{€1,...€s} be an L*-orthonormal basis of V, where i = dimV. For any v' € V' we
introduce the functional L, : Wy *(Q) — R defined by

Ly(u) = /Q<zn:<v’,ej)ej> udz.

j=1
For any i =1,..., hy, let u; be defined by Theorem 2.11 relatively to J,,, u;, A and U;,
where A is introduced in (3.1) and U; in (3.11). Setting p = min{py, ... pn, }, let € >0
be such that, if |[v[|y+ < e, then ||Ly||c1ay < p/hy.

Denoting by €; = min{e, 1/n}, by Sard’s Lemma there exists vj € V' such that if
|villv: < €1 and ¢/ (v) = v}, then ¢/(v) is an isomorphism. Moreover there is 5, > 0
such that if o' € V', ||V/||ly: < 81 and ¢} (v) = v} + v/, then ¢/ (v) is an isomorphism.
Analogously, for i = 2,... h,, there exist ; > 0, &; = min{e;_1, fi_1/(h, — i+ 1)} and
vj € V' such that [|v}||y» < &; and if o' € V', ||o']|lv < B; and ¢}(v) = v] +... v+, then
©?(v) is an isomorphism.

So we choose .

fn = Z Z<Uz{7 €j)€j-
i=1 j=1

Let J, : W;?(€2) — R be defined by
Tn() = T 1 (1) = Ju, () — /Q fou
and K, = {u e U, U; = J.(u)=0}.

Claim If there are @ € K,, and z € W, *(Q) such that B(a)(-,2) = 0 in W, *(Q),
then z = 0.

As f, € V, for any w € W we have (J, (@), w) = (J; (@), w) + [, faw =0,
so there are i € {1,...h,} and © € V N B,(0) such that @ = u; + 0 + ¢;(0).
Recalling (3.16), for any v € V

(P(0).0) = (o, (@0} = nt@) o + [ foo = Do (wl0

so that ¢j(0) = v] +...vj + (vj, + ... v}, ). As, by construction, |[vj,, +...v} || < S,
we get that

(4.1) @ (D) is an isomorphism.
Let Z = v + w, where v € V and w € W. By (3.15) we infer
B, (@) (v + (¥}(0),v),w) =0  YveV.
Combining with (3.17), for any v € V we get
(G(E)0,5) = Bay (@) (0 + (81(5),),8) = Bo, (@) (v + ()0, 5) = 0
thus (4.1) gives that v = 0, hence z =w € W.
Moreover, from (3.12),
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5/9 V@[ < B, (i)(, ) = 0

thus w = 0 and the claim is proved.

This assures that, if u € K,,, then m*(J,,, u) = m(J,,w), so multiplicity of any v € K,
is 1 (see Remark 2.10).

By Theorem 2.11 and (3.2), J,, has at least P;(2) distinct critical points.
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