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THE BREZIS-NIRENBERG TYPE PROBLEM FOR THE
p-LAPLACIAN (1 < p < 2): MULTIPLE POSITIVE SOLUTIONS

SILVIA CINGOLANI AND GIUSEPPINA VANNELLA

Abstract. In this paper we consider the quasilinear critical problem

(Pλ)

 −∆pu = λuq−1 + up
∗−1 in Ω

u > 0 in Ω
u = 0 on ∂Ω

where Ω is a bounded domain in RN with smooth boundary, N ≥ p2, 1 < p < 2 and
p ≤ q < p∗, p∗ = Np/(N−p), λ > 0 is a parameter. In spite of the lack of C2 regularity
of the energy functional associated to problem (Pλ), we employ new Morse techniques
to derive a multiplicity result of solutions. We show that there exists λ∗ > 0 such that,
for each λ ∈ (0, λ∗), either (Pλ) has P1(Ω) distinct solutions or there exists a sequence
of quasilinear problems approximating (Pλ), each of them having at least P1(Ω) distinct
solutions. These results complete those obtained in [23] for the case p ≥ 2.

1. Introduction

Since the pioneer work of Brezis and Nirenberg [8], there was a large amount of results
dealing with semilinear problems involving critical Sobolev exponent. We mention the
well known papers [11, 12, 5, 30, 7]. In the last twenty years, a lot of efforts have been
made to obtain similar results for the quasilinear critical problem

(Sλ)

{
−∆pu = λuq−1 + up

∗−1 in Ω
u = 0 on ∂Ω

where Ω is a bounded domain in RN with smooth boundary, N ≥ p2, 1 < p ≤ q < p∗,
p∗ = Np/(N − p), λ > 0 is a parameter.

By using the concentration compactness principle, the results of [8] were extended to
the quasilinear cases by Azorero and Peral [3, 4] and Guedda Veron [27], independently.
Precisely they proved that if N ≥ p2, p = q, then (Sλ) has a positive solution if λ ∈ (0, λ1)
where λ1 is the first eigenvalue of −∆p with Dirichlet boundary condition and no positive
solution for λ ≥ λ1 or λ ≤ 0 and Ω starshaped. The case q ∈ (p, p∗) has been studied by
Azorero and Peral, who proved the existence of a positive solution for any λ > 0.

Only a few years ago, Degiovanni and Lancelotti [24] extended the results in [11] by
proving the existence of a nontrivial solution for (Sλ) with p = q when N ≥ p2 and
λ > λ1 is not an eigenvalue, and when N2/(N + 1) > p2 and λ ≥ λ1.

Recently, in [10], Cao, Peng and Yan extended the results [12] to the quasilinear case
(Sλ) with p = q proving that if 1 < p < N there exist infinitely many solutions to (Sλ)
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for λ > 0 and N > p2 + p. By using the Picone identity, it can be proved that every
nonzero solution of (Sλ) is sign-changing for λ > λ1.

Concerning the effect of the domain topology on the existence of positive solutions for
the quasilinear critical problem, the first multiplicity result is due to Alves and Ding [2].
They proved that if N ≥ p2 and 2 ≤ p ≤ q < p∗, then there exists λ∗ > 0 such that for
each λ ∈ (0, λ∗) the problem

(Pλ)

 −∆pu = λuq−1 + up
∗−1 in Ω

u > 0 in Ω
u = 0 on ∂Ω

has at least cat(Ω) solutions, where cat(Ω) denotes the Ljusternik- Schnirelmann category
of Ω in itself.

From [5, 7], it is well known that if Ω is topologically rich, one can derive better
information on the number of solutions by means of Morse theory and domain topology
instead of the Lusternick-Schrnirelmann category. However the extension of the results in
[5, 7] to quasilinear problems remained for a long time an open field of investigation, since
it leads to the applicability of Morse techniques in a Banach (not Hilbert) variational
framework.

Some years ago, in [23], we obtained a first result, which correlates the topological
properties of the domain and the number of solutions of (Pλ), counted with their multi-
plicities.

Let us introduce the classical topological definition.

Definition 1.1. Let G be an abelian group. For any A ⊂ Rn, we denote Pt(A) the
Poincaré polynomial of A, defined by

Pt(A) =
+∞∑
k=0

dimHk(A, ∅) tk,

where Hk(A, ∅) stands for the k-th Alexander-Spanier relative cohomology group of the
pair (A, ∅), with coefficients in G.

In [23, Theorem 1.4] we proved the following topological result:

Theorem 1.2. Assume that N ≥ p2, 1 < p ≤ q < p∗, p∗ = Np/(N − p). There exists
λ∗ > 0 such that, for any λ ∈ (0, λ∗), (Pλ) has at least P1(Ω) solutions, possibly counted
with their multiplicities.

Clearly Theorem 1.2 does not guarantee an effective multiplicity result, since all the
solutions could collapse into the same critical point, having multiplicity P1(Ω). Hence
the interpretation of the multiplicity of the solutions is a crucial and challenging issue in a
Banach space. If p 6= 2, a lot of conceptual difficulties arise in the passage from semilinear
elliptic equations to quasilinear elliptic ones. Firstly we notice that the solutions of (Pλ)
correspond to critical points of the energy functional Iλ : W 1,p

0 (Ω)→ R defined by setting

(1.1) Iλ(u) =
1

p

∫
Ω

|∇u|p dx− λ

q

∫
Ω

(u+)q dx− 1

p∗

∫
Ω

(u+)p
∗
dx

and every critical point of Iλ is degenerate in the classical sense given in a Hilbert space,
namely the second derivative is never an isomorphism between the space W 1,p

0 (Ω) and
its dual one. Moreover in a Banach framework we also lose the Fredholm properties of
the second derivatives at the critical points.
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In [23], for p ≥ 2, we furnished an interpretation of the multiplicity of a critical point
of Iλ in terms of distinct critical points of functionals approximating Iλ, and having
nondegenerate critical points in a weak sense, namely the second derivative in the critical
point has a trivial nullspace. For each nondegenerate critical point of the approximating
functional we can apply the estimates in [19, 20, 22] and compute the critical groups of
such approximating functional in the nondegenerate critical point by means of its Morse
index, so that its multiplicity is exactly one. We underline that for p ≥ 2 we can take
advantage of the fact that the energy functional Iλ is C2 and the Morse index at each
critical point u0, denoted by m(f, u0), is well defined.

In the present paper we are interested to derive an interpretation of the multiplicity
of a solution of (Pλ) when 1 < p < 2, which remained an open and difficult problem
in literature. In this case we emphasize that the energy functional Iλ is never C2, since
u ∈ W 1,p

0 (Ω) 7→
∫

Ω
|∇u|p dx ∈ R is not C2. The lack of regularity of Iλ is even greater

when in addition q ≤ 2, as the functionG0 : R→ R defined byG0(s) = λ
q

(s+)q+ 1
p∗

(s+)p
∗

is not C2.
We will face this problem via suitable approximations of the functional Iλ, as in [23].

Unfortunately when 1 < p < 2, the approximating functionals continue to be C1, not C2,
so that the results in [19, 22] cannot be applied. The main idea of this work consists in
the introduction of some bilinear forms definited on a Hilbert space, which are inspired
by the formal second derivatives of the approximating functionals. In this way we are
able to compute the critical groups of the approximating functionals, by means of some
differential notions, which have the same roles of the Morse indices in a regular setting, so
that the multiplicity of a nondegenerate critical point is exactly one. This can be done,
exploiting some recent results contained in the paper [16]. Despite these difficulties, we
obtain the following multiplicity result of solutions for problem (Pλ) with 1 < p < 2, for
small value of parameter λ, via the Morse relations and the domain topology. We extend
the multiplicity result in [23, Theorem 1.6] to 1 < p < 2, showing that the problem (Pλ)
has, for λ small, at least P1(Ω) distinct solutions or is near, in a suitable sense, to a
quasilinear elliptic critical problem having at least P1(Ω) distinct solutions.

In what follows, we say that ∂Ω satisfies the interior sphere condition if for each
x0 ∈ ∂Ω there exists a ball BR(x1) ⊂ Ω such that BR(x1) ∩ ∂Ω = {x0}.

Precisely, we prove the following main result.

Theorem 1.3. Assume that ∂Ω satisfies the interior sphere condition and that N ≥ p2,
1 < p < 2, p ≤ q < p∗, p∗ = Np/(N − p). There exists λ∗ > 0 such that, for any
λ ∈ (0, λ∗), either (Pλ) has at least P1(Ω) distinct solutions or, if not, for any sequence
(αn), with αn > 0, αn → 0, there exists a sequence (fn) with fn ∈ C1(Ω), ‖fn‖C1 → 0,
such that problem

(Pn)


−div

(
(|∇u|2 + αn)

p−2
2 ∇u

)
= λu1+αn(αn + u2+αn)

q−2−αn
2+αn + u1+αn(αn + u2+αn)

p∗−2−αn
2+αn + fn in Ω

u > 0 in Ω
u = 0 on ∂Ω

has at least P1(Ω) distinct solutions, for n large enough.

Theorem 1.3 is quantitative and variational in nature. We remark that if Ω is obtained
by an open contractible domain cutting k holes we derive that the number of solutions
of (Pλ) is affected by k, whereas the category of Ω is 2.
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The previous result has been announced, without proof, in [35].

Remark 1.4. If we add the assumption q > 2 to the previous ones, Theorem 1.3 still
holds replacing (Pn) with the simpler

(P̄n)

 −div
(
(|∇u|2 + αn)

p−2
2 ∇u

)
= λuq−1 + up

∗−1 + fn in Ω
u > 0 in Ω
u = 0 on ∂Ω.

Throughout the paper we use the following notations:

(1) ‖ · ‖ denotes the usual norm both in W 1,p
0 (Ω) and in W−1,p′(Ω);

(2) ‖ · ‖1,2 denotes the usual norm in W 1,2
0 (Ω);

(3) ‖ · ‖∞ denotes the usual norm in L∞(Ω);
(4) | · |r denotes the usual norm in Lr(Ω);
(5) ‖·‖C1(A) denotes the usual norm in C1(A,R), where A⊆X andX is a Banach space;

(6) 〈·, ·〉 : W−1,p′(Ω)×W 1,p
0 (Ω)→ R denotes the duality pairing;

(7) Br(u) = {v ∈ W 1, p
0 (Ω) : ‖v − u‖ < r}, where u ∈ W 1, p

0 (Ω) and r > 0.

2. Critical groups estimates via approximating functionals

In this section we introduce a class of functionals approximating the C1 energy func-
tional Iλ : W 1,p

0 (Ω)→ R defined by setting

(2.1) Iλ(u) =
1

p

∫
Ω

|∇u|p dx− λ

q

∫
Ω

(u+)q dx− 1

p∗

∫
Ω

(u+)p
∗
dx

associated to problem (Pλ).
For any α > 0 and f ∈ C1( Ω) we define

Jα(u) =
1

p

∫
Ω

((
α + |∇u|2

) p
2

)
dx

−λ
q

∫
Ω

(
α + (u+)2+α

) q
2+αdx− 1

p∗

∫
Ω

(
α + (u+)2+α

) p∗
2+αdx,(2.2)

Jα,f (u) = Jα(u)−
∫

Ω

fu dx.

For any α ≥ 0 let us introduce Ψα : RN → R, Gα : R→ R and gα : R→ R defined by

Ψα(ξ) = 1
p

(α + |ξ|2)
p
2

Gα(t) = λ
q

(
α + (t+)2+α

) q
2+α + 1

p∗

(
α + (t+)2+α

) p∗
2+α(2.3)

gα(t) = G′α(t).

Note that Ψα ∈ C2(RN ,R) and Gα ∈ C2(R,R) when α > 0, while ψ0 is just C1 when
p ∈ (1, 2) and G0 is C1 when q ≤ 2.

It is immediate that
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Iλ(u) =

∫
Ω

Ψ0(∇u)dx −
∫

Ω

G0(u)dx, Jα(u) =

∫
Ω

Ψα(∇u)dx −
∫

Ω

Gα(u)dx.

By basic computations we infer the following lemma.

Lemma 2.1. If p > 1, r ∈ [p, p∗] and α > 0, let us denote by Pα, P, Aα and A the
functionals defined by

Pα(u) =

∫
Ω

Ψα(∇u) dx P (u) =

∫
Ω

Ψ0(∇u) dx

Aα(u) =
1

r

∫
Ω

(
α +

(
u+
)2+α

) r
2+α

dx A(u) =
1

r

∫
Ω

(
u+
)r
dx.

Then Pα, P and A are in C1(W 1, p
0 (Ω),R), Aα is in C2(W 1, p

0 (Ω),R), and, for any
bounded B ⊂ W 1, p

0 (Ω), we have

lim
α→ 0
‖Pα − P‖C1(B) = 0, lim

α→ 0
‖Aα − A‖C1(B) = 0.

Through the previous Lemma, we obtain the following result.

Theorem 2.2. Let λ∗ > 0 be defined by Theorem 1.2. If λ ∈ (0, λ∗), p > 1, q ∈ [p, p∗),
f ∈ C1(Ω̄) and α > 0, then Jα and Jα,f are C1(W 1, p

0 (Ω)) functionals and, for any

bounded B ⊂ W 1, p
0 (Ω), we have

lim
α→ 0
‖Jα − Iλ‖C1(B) = 0,

lim
‖f‖∞→ 0

‖Jα,f − Jα‖C1(B) = 0.

We now aim to prove that, for any α ∈ [0, 1] and f ∈ C1(Ω̄), Jα,f satisfies a local
compactness condition. We begin to recall a classical definition in a reflexive Banach
space, taken from [9, 31] and a recent result, established in [17, Proposition 3.5].

Definition 2.3. Let X be a reflexive Banach space and D ⊂ X. A map H : D → X ′

is said to be of class (S+), if, for every sequence (uk) in D weakly convergent to u in X
with

lim sup
k→∞

〈H(uk), uk − u〉 ≤ 0,

we have ‖uk − u‖ → 0.

Proposition 2.4. Let f : X → R be a function of class C1. Assume that f ′ is of
class (S)+ on C ⊂ X, then

(a) if C is bounded, then f satisfies (P.S.) condition on C;
(b) if C is closed and convex, then f is sequentially lower semicontinuos on C with

respect to the weak topology;
(c) if C is closed and convex and if (uk) is a sequence in C weakly convergent to u

with
lim sup
k→∞

f(uk) ≤ f(u) ,

then ‖uk − u‖ → 0.
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Next result provides a uniform local compactness property of the approximating func-
tionals Jα,f . It is based on [1, Theorem 3.4] (see also [15, Theorem 2.1]). For reader’s
convenience, we sketch the proof.

Theorem 2.5. For any p > 1, there exists R > 0 such that, for any α ∈ [0, 1], f ∈
C1(Ω̄), ū ∈ W 1, p

0 (Ω), the functional J ′α,f is of class (S+) on BR(ū).

Proof. Once fixed α ∈ [0, 1], let Hα : W 1, p
0 (Ω)→ W−1,p′ denote the map

Hα(u) = 〈J ′α(u), · 〉
so that Hα(u) = − div (∇Ψα(∇u))− gα(u), where Ψα and gα are defined by (2.3).
It is easy to see there exists C > 0 such that

|∇Ψα(ξ)| ≤ |ξ|p−1 |gα(s)| ≤ C + C|s|p∗−1

∇Ψα(ξ) · ξ ≥ 1/2|ξ|p − C − gα(s)s ≥ −C − C|s|p∗

for any α ∈ [0, 1], ξ ∈ RN , s ∈ R.
Moreover, by the monotonicity of the real function t ∈ R 7→ t (α + t2)

p−2
2 , we infer that(

∇Ψα(ξ)−∇Ψα(η)
)
·
(
ξ − η

)
> 0

for any ξ, η ∈ RN with η 6= ξ.
This means that ∇Ψα and −gα satisfy the assumptions required by Theorem 3.4 in [1],

so there exists R > 0 such that Hα is of class (S+) on BR(ū). Hence, for any f ∈ C1(Ω),

it is immediate that Jα,f is of class (S+) on BR(ū). �

Remark 2.6. Taking account of (a) in Proposition 2.4, the previous theorem assures

there exists R > 0 such that Jα,f satisfies (P.S.) condition in BR(ū), for any α ∈ [0, 1],

f ∈ C1(Ω) and ū ∈ W 1, p
0 (Ω).

Now let us consider a critical point u0 of Jα, f , with α ≥ 0 and f ∈ C1(Ω̄). According
to [16, 17] and references therein, u0 ∈ C1,δ(Ω̄), for some δ ∈ (0, 1]. It is crucial to give
a notion of Morse index, which is not standard, as Jα, f is not of class C2.

If p ∈ (1, 2), α > 0 and u ∈W 1,∞(Ω), let us denote by Bα(u) the bilinear form on
W 1, 2

0 (Ω) defined by

Bα(u)(z1, z2) =

∫
Ω

Ψ′′α(∇u)[∇z1,∇z2] dx−
∫

Ω

g′α(u)z1z2 dx,

so that

Bα(u)(z1, z2) =

∫
Ω

(α + |∇u|2)
p−2
2 (∇z1|∇z2) dx

+(p− 2)

∫
Ω

(α + |∇u|2)
p−4
2 (∇u|∇z1)(∇u|∇z2) dx

−λ
∫

Ω

(
α + α2 + (q − 1)(u+)2+α

) (
α + (u+)2+α

) q−4−2α
2+α (u+)αz1z2 dx

−
∫

Ω

(
α + α2 + (p∗ − 1)(u+)2+α

) (
α + (u+)2+α

) p∗−4−2α
2+α (u+)αz1z2 dx.
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In addition, we introduce Qα
u : W 1, 2

0 (Ω)→ R defined by

Qα
u(z) = Bα(u)(z, z) .

The definition of Bα(u) is inspired by the formal second derivative of Jα, f in u.
Let us point out that, as p < 2, for any u ∈W 1,∞(Ω), Bα(u) and Qα

u are well defined on
W 1,2

0 (Ω), but not on W 1, p
0 (Ω). In particular, Qα

u0
is a smooth quadratic form on W 1, 2

0 (Ω)
and we define the Morse index of Jα, f at u0 (denoted by m(Jα, f , u0)) as the supremum

of the dimensions of the linear subspaces of W 1,2
0 (Ω) where Qα

u0
is negative definite and

the large Morse index of Jα, f at u0 (denoted by m∗(Jα, f , u0)) as the supremum of the

dimensions of the linear subspaces of W 1,2
0 (Ω) where Qα

u0
is negative semidefinite. We

clearly have m(Jα, f , u0) ≤ m∗(Jα, f , u0) < +∞.

The introduction of a suitable notion of Morse index will be crucial to derive estimates
of some topological objects, like the critical groups. For reader’s convenience, we recall
some definitions (see [13, 14]).

Definition 2.7. Let G be an abelian group, X be a Banach space, f ∈ C1(X,R) and u
a critical point of f . The k-th critical group of f at u is defined by

Ck(f, u) = Hk(f c, f c \ {u})
where k ∈ N, c = f(u), f c = {v ∈ X : f(v) ≤ c} and Hk(f c, f c \ {u}) stands for the
k-th Alexander-Spanier cohomology group of the pair (f c, f c \ {u}) with coefficients in
G (see [32]).

Definition 2.8. We denote i(f, u)(t) the Morse polynomial of f in u, defined by

i(f, u)(t) =
+∞∑
k=0

dimCk(f, u) tk.

We call multiplicity of u the number i(f, u)(1) ∈ N ∪ {+∞}.

Next result gives a description of the critical groups of the functional Jα, f at u0 in
terms of the Morse index. The proof derives directly from [17, Theorem 2.3] (see also
[16, Theorem 1.3]).

Theorem 2.9. Let p ∈ (1, 2), q ∈ [p, p∗), λ > 0, f ∈ C1( Ω) and α > 0. If u0 is a
critical point of Jα, f and

m(Jα, f , u0) = m∗(Jα, f , u0),

then u0 is an isolated critical point of Jα, f and we have{
Cm(Jα, f , u0) ≈ G if m = m(Jα, f , u0) ,

Cm(Jα, f , u0) = {0} if m 6= m(Jα, f , u0) .

Remark 2.10. If the assumptions of the previous theorem are satisfied, then the mul-
tiplicity of u0 is 1, namely i(Jα, f , u0)(1) = 1.

In order to prove Theorem 1.3, we recall an abstract theorem, proved in [18] (see also
[6] and [13]).
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Theorem 2.11. Let A be a open subset of a Banach space X. Let f be a C1 functional
on A and u ∈ A be an isolated critical point of f . Assume that there exists an open
neighborhood U of u such that U ⊂ A, u is the only critical point of f in U and f
satisfies the Palais–Smale condition in U .
Then there exists µ̄ > 0 such that, for any g ∈ C1(A,R) such that

• ‖f − g‖C1(A) < µ̄,

• g satisfies the Palais–Smale condition in U ,
• g has a finite number {u1, u2, . . . , um} of critical points in U ,

we have
m∑
j=1

i(g, uj)(t) = i(f, u)(t) + (1 + t)z(t),

where z(t) is a formal series with coefficients in N ∪ {+∞}.

3. The finite dimensional reduction

From now on, we assume that p ∈ (1, 2). Let λ ∈ (0, λ∗), where λ∗ > 0 is defined by
Theorem 1.2. If (Pλ) has at least P1(Ω) distinct solutions, then the assert of Theorem 1.3
is proved, otherwise Iλ has a finite number of isolated critical points ū1, . . . ūk having
multiplicities m̄1, . . . m̄k where

1 ≤ k < P1(Ω) and
k∑
j=1

m̄j ≥ P1(Ω).

Let (αn) be a sequence such that αn → 0 and Jαn be defined by (2.2). If Jαn has at least
P1(Ω) distinct critical points, then we just choose fn = 0, otherwise Jαn has hn < P1(Ω)
isolated critical points u1, . . . uhn , having multiplicities m1, . . .mhn .

For simplicity, we will often omit the dependence from n of ui and their related objects.
Let R be defined by Theorem 2.5, R1 ∈ (0, R] be such that, the sets BR1(ūj) are pairwise
disjoint, and denote by

(3.1) A =
k⋃
j=1

BR1(ūj).

Theorems 2.2, 2.11 and Remark 2.6 assure that, if n is sufficiently large, then hn ≥ k,
any ui ∈ A and

(3.2)
hn∑
i=1

mi ≥
k∑
j=1

m̄j ≥ P1(Ω).

For any i ∈ {1, . . . hn}, the derivative of the smooth quadratic formQαn
ui

: W 1,2
0 (Ω)→ R

is a compact perturbation of the Riesz isomorphism, so it is standard that there exists
a direct sum decomposition

W 1,2
0 (Ω) = Vi ⊕ Ŵi
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such that

dimVi = m∗i = m∗(Jαn , ui) < +∞,

Ŵi =

{
w ∈ W 1,2

0 (Ω) :

∫
Ω

vw dx = 0 for any v ∈ Vi
}
,

Qαn
ui

(v + w) = Qαn
ui

(v) +Qαn
ui

(w) for any v ∈ Vi and w ∈ Ŵi ,

Qαn
ui

(v) ≤ 0 for any v ∈ Vi ,

Qαn
ui

(w) > 0 for any w ∈ Ŵi \ {0} .

Moreover, either Vi = {0} or Vi = span
{
e1, . . . , em∗i

}
and, for any j = 1, . . .m∗i , there is

λj ≤ 0 such that ej ∈ W 1,2
0 (Ω) \ {0} is a solution of

Bαn(ui)(z, ej) = λj

∫
Ω

zej dx

for any z ∈ W 1,2
0 (Ω). Hence ej weakly solves the equation

− div [Ψ′′αn(∇ui)∇ej]− g′αn(ui)ej = λjej in W−1,p′(Ω) ,

where Ψαn and gαn are defined according to (2.3).
Therefore we have∫

Ω

Ψ′′αn(∇ui)[∇ej]2 dx−
∫

Ω

g′αn(ui)e
2
j dx = λj

∫
Ω

e2
j dx ≤ 0 .

On the other hand
(3.3)

Ψ′′αn(∇u(x))[ξ]2 ≥ (p− 1)(
αn + ‖∇u‖ 2

∞
) 2−p

2

|ξ|2 for a.e. x ∈ Ω and ∀ ξ∈ RN, if ‖∇u‖∞ < +∞,

whence
(p− 1)(

αn + ‖∇ui‖ 2
∞
) 2−p

2

∫
Ω

|∇ej|2 dx−
∫

Ω

g′αn(ui)e
2
j dx ≤ 0 .

Since g′αn(ui) ∈ L∞(Ω), it is standard (see e.g. [28]) that ej ∈ L∞(Ω), whence

Vi ⊆ W 1,2
0 (Ω) ∩ L∞(Ω) ⊆ W 1,p

0 (Ω), as p < 2.

Now we introduce

W̃i =

{
w ∈ L1(Ω) :

∫
Ω

vw dx = 0 for any v ∈ Vi
}
,

then any W̃i is a closed linear subspace of L1(Ω) and

L1(Ω) = Vi ⊕ W̃i .

Set Wi = W̃i ∩W 1,p
0 (Ω) which is a closed linear subspace of W 1,p

0 (Ω), we infer

W 1,p
0 (Ω) = Vi ⊕Wi.

Therefore for any i = 1, . . . hn, there are Vi and Wi subspaces of W 1,p
0 (Ω) such that

• W 1, p
0 (Ω) = Vi ⊕Wi ;

• Vi ⊂ L∞(Ω) ∩W 1,2
0 (Ω) ⊂ W 1,p

0 (Ω) with dim(Vi) = m∗(Jαn , ui);
•
∫

Ω
vw = 0 for any v ∈ Vi, w ∈ Wi.
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According to [27, 25, 29, 33, 34], ui ∈ C1,βi(Ω) for some βi ∈ (0, 1] (see also Theorems
3.1 and 3.2 in [23]), then we infer that ej ∈ C1(Ω) (see Theorem 8.8 and Theorem 8.10
in [26]), so that Vi ⊂ C1(Ω).

Setting

(3.4) V n = V1 + V2 + · · ·+ Vhn and W n =
hn⋂
i=1

Wi,

we still have:

• W 1, p
0 (Ω) = V n ⊕W n ;

• V n ⊂ C1(Ω) is finite dimensional and W n ⊂ Wi for any i = 1, . . . hn;
•
∫

Ω
vw = 0 for any v ∈ V n, w ∈ W n.

We recall the following regularity results (see Theorems 3.1 and 3.2 in [17]).

Theorem 3.1. For every u0 ∈ W 1,p
0 (Ω), there exists r > 0 such that, for any u ∈ W 1,p

0 (Ω)
and f ∈ L∞(Ω) satisfying

∫
Ω

[∇Ψαn(∇u) · ∇v − gαn(u)v] dx =

∫
Ω

fv dx ∀v ∈ W 1,p
0 (Ω)

‖∇u−∇u0‖p ≤ r ,

we have u ∈ L∞(Ω) and

‖u‖∞ ≤ C (‖f‖∞) .

Theorem 3.2. Assume that ∂Ω is of class C1,δ for some δ ∈ (0, 1]. Then there exists
β ∈ (0, 1] such that any solution u of{

u ∈ W 1,p
0 (Ω) ,

− div [∇Ψαn(∇u)] = w0 − div w1 in W−1,p′(Ω) ,

with w0 ∈ L∞(Ω) and w1 ∈ C0,δ(Ω;RN), belongs also to C1,β(Ω) and we have

‖u‖C1,β ≤ C (‖w0‖∞, ‖w1‖C0,δ) .

Lemma 3.3. There are R̃ > 0, M > 0 and β ∈ (0, 1] such that for any i ∈ {1, . . . hn}
and v ∈ V n ∩BR̃(0), the derivative of the functional Fn,i,v : W n → R defined by

Fn,i,v(w) = Jαn(ui + v + w)

is of class (S)+ in W n ∩BR̃(0) and if w ∈ W n ∩BR̃(0) is a critical point of Fn,i,v, then
v + w ∈ C1,β(Ω), with ‖v + w‖C1,β ≤M .

Moreover the sets B2R̃(ui) are disjointed and
⋃hn
i=1B2R̃(ui) ⊂ A, where A is introduced

by (3.1).

Proof. Let R > 0 be introduced by Theorem 2.5 and R2 ∈ (0, R/2] be such that⋃hn
i=1B2R2(ui) ⊂ A and

i1 6= i2 ⇒ B2R2(ui1) ∩B2R2(ui2) = ∅.
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As 2R2 ≤ R, Theorem 2.5 assures that J ′αn is of class (S)+ in any B2R2(ui). Hence,

for any i ∈ {1, . . . hn} and for any v ∈ V ∩BR2(0), the derivative of the functional

w ∈ W 7→ Jαn(ui + v + w) ∈ R

is of class (S)+ in W ∩BR2(0).
Let n̄ = dimV n and (ēj)1≤j≤n̄ be an orthonormal basis of V n according to the L2

norm. There is K > 0 such that

(3.5) ‖
n̄∑
j=1

〈
J ′αn(u), ēj

〉
ēj‖∞ ≤ K ∀u ∈

hn⋃
i=1

B2R2(ui).

If i ∈ {1, . . . hn}, v ∈ V n ∩BR2(0) and w ∈ W n ∩BR2(0) is a critical point of Fn,i,v, then

for any u ∈ W 1, p
0 (Ω) 〈

J ′αn(ui + v + w), u
〉

=

∫
Ω

fi(v, w) u dx

where fi(v, w) =
∑n̄

j=1

〈
J ′αn(ui + v + w), ēj

〉
ēj ∈ L∞(Ω) and by (3.5) ‖fi(v, w)‖∞ ≤ K.

Hence, by Theorem 3.1, there is R̃ ∈ (0, R2] such that if v̄ ∈ V n ∩ BR̃(0) and w̄ ∈
W n∩BR̃(0) is a critical point of Fn,i,v̄, then ui+v̄+w̄ ∈ L∞(Ω) and ‖ui+v̄+w̄‖∞ ≤ C(K).
So, applying Theorem 3.2 with w1 = 0, the proof is completed. �

Lemma 3.4. For any M > 0, there exist r, δ > 0 such that

Bαn(u)(w,w) ≥ δ

∫
Ω

|∇w|2 dx

for every u ∈
⋃hn
i=1Br(ui) ∩W 1,∞(Ω) such that ‖u‖∞ + ‖∇u‖∞ ≤ M and every w ∈

W n ∩W 1, 2
0 (Ω).

Proof. By contradiction, let i ∈ {1, . . . hn}, M > 0, (vk) in W 1, p
0 (Ω) ∩ W 1,∞(Ω) and

(wk) ⊂ W n ∩W 1, 2
0 (Ω) be such that vk → ui, ‖vk‖∞ + ‖∇vk‖∞ ≤M and

(3.6) Bαn(vk)(wk, wk) <
1

k

∫
Ω

|∇wk|2 dx .

Without loss of generality, we may assume that |∇wk|2 = 1. Then, up to a subse-
quence, (wk) is weakly convergent to some w in W 1,2

0 (Ω) ∩W n. Since ‖vk‖∞ ≤ M and
(wk) strongly converges to w in L2(Ω), by Lebesgue’s dominated convergence theorem,
we infer ∫

Ω

g′αn(ui)w
2 dx = lim

k→∞

∫
Ω

g′αn(vk)w
2
k dx.

Combining with Fatou’s Lemma and (3.6), we get

0 ≤ Bαn(ui)(w,w) ≤ lim inf
k→∞

Bαn(vk)(wk, wk) ≤ lim sup
k→∞

Bαn(vk)(wk, wk) ≤ 0

whence, in particular, w = 0.
As ‖∇vk‖∞ ≤M , taking account of (3.3), there is c = c(αn, p,M) > 0 such that

c |∇wk(x)|2 ≤ Ψ′′αn(∇vk(x))[∇wk(x)]2 a.e. in Ω.
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Since |∇wk|2 = 1, a contradiction follows as

c ≤ lim
k→∞

∫
Ω

Ψ′′αn(∇vk)[∇wk]2 dx = lim
k→∞

(
Bαn(vk)(wk, wk) +

∫
Ω

g′αn(vk)w
2
k dx

)
= 0.

�

We recall a result relating the minimality in the C1-topology and that in the W 1,p
0 -

topology. For the proof, involving Theorem 3.2, see Theorem 3.6 in [17] and references
therein.

Theorem 3.5. Assume that ∂Ω of class C1,β and that u0 ∈ W 1,p
0 (Ω)∩C1,β(Ω) for some

β ∈ (0, 1]. Suppose also that W 1,p
0 (Ω) = V ⊕W , where V is a finite dimensional subspace

of W 1,p
0 (Ω), W is closed in W 1,p

0 (Ω) and the projection PV : W 1,p
0 (Ω)→ V, associated with

the direct sum decomposition, is continuous from the topology of L1(Ω) to that of V .
If u0 is a strict local minimum for the functional Jαn along u0 + (W ∩ C1(Ω)) for the

C1(Ω)-topology, then u0 is a strict local minimum of Jαn along u0 +W for the W 1,p
0 (Ω)-

topology.

Lemma 3.6. If u, v ∈ W 1,∞(Ω), then

(3.7) Jαn(v) = Jαn(u) + 〈J ′αn(u), v − u〉+

∫ 1

0

(1− t)Bαn(u+ t(v − u))(v − u, v − u)dt

(3.8) 〈J ′αn(v)− J ′αn(u), z〉 =

∫ 1

0

Bαn(u+ t(v − u))(v − u, z)dt ∀z ∈ W 1, 2
0 (Ω).

Proof. Let Ψαn and Gαn be defined according to (2.3), by Lemma 2.1

(3.9) z ∈ W 1, p
0 (Ω) 7→

∫
Ω

Gαn(z(x)) dx belongs to C2(W 1, p
0 (Ω),R).

As Ψαn ∈ C2(RN ,R), for any ξ, η ∈ RN

Ψαn(η) = Ψαn(ξ) + (∇Ψαn(ξ)|(η − ξ)) +

∫ 1

0

(1− t)Ψ′′αn(ξ + t(η − ξ))[η − ξ]2dt

so, a.e.in Ω

Ψαn(∇v(x)) = Ψαn(∇u(x)) + (∇Ψαn(∇u(x))|(∇v(x)−∇u(x)))

+

∫ 1

0

(1− t)Ψ′′αn(∇u(x) + t(∇v(x)−∇u(x)))[∇v(x)−∇u(x)]2dt.

As (x, t) 7→ (1−t)Ψ′′αn(∇u(x)+t(∇v(x)−∇u(x)))[∇v(x)−∇u(x)]2 belongs to L1 ([0, 1]× Ω),
Fubini’s Theorem gives that∫

Ω

Ψαn(∇v(x))dx =

∫
Ω

Ψαn(∇u(x))dx+

∫
Ω

(∇Ψαn(∇u(x))|(∇v(x)−∇u(x))) dx

+

1∫
0

(∫
Ω

Ψ′′αn(∇u(x) + t(∇v(x)−∇u(x)))[∇v(x)−∇u(x)]2dx

)
dt

so, by (3.9), we infer (3.7).
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Moreover there is C = C(αn) > 0 such that

|Ψ′′αn(η)[ξ1, ξ2]| ≤ C|ξ1||ξ2| ∀ η, ξ1, ξ2 ∈ RN.

Hence, for any u, v ∈ W 1,∞(Ω) and z ∈ W 1, 2
0 (Ω),

(1− t)Ψ′′αn(∇u(x)+ t(∇v(x)−∇u(x)))[∇v(x)−∇u(x),∇z(x)] belongs to L1 ([0, 1]× Ω),
so (3.8) follows by Fubini’s Theorem together with (3.9). �

Theorem 3.7. For any i ∈ {1, . . . hn}, ui is a local strict minimum point of Jαn along
ui +W n, according to the topology of W 1, p

0 (Ω).

Proof. Let us fix i ∈ {1, . . . hn} and Mi > ‖ui‖C1 . According to Lemma 3.4, there are
ri, δi > 0 such that

(3.10) Bαn(u)(w,w) ≥ δi

∫
Ω

|∇w|2dx ∀u ∈ Bri(ui) ∩ C1(Ω), ‖u‖C1 ≤Mi.

Let us choose ki > 0 so that

‖ui‖C1 + ki < Mi and {u ∈ C1(Ω) : ‖u‖C1 ≤ ki} ⊂ Bri(0) .

If w ∈ W n ∩ C1(Ω) and ‖w‖C1 ≤ ki, by (3.10) and (3.7) we infer

Jαn(ui + w) = Jαn(ui) +

∫ 1

0

(1− t)Bαn(ui + tw)(w,w) dt ≥ Jαn(ui) +
δi
2

∫
Ω

|∇w|2dx

so ui is a local strict minimum point of Jαn along ui +W n, according to the topology of
C1(Ω). Finally we apply Theorem 3.5.

�

Theorem 3.8. There exist M, r > 0, β ∈ (0, 1] and % ∈ (0, r] such that for any i ∈
{1, . . . hn} and v ∈ V n ∩ B%(0) there exists one and only one ψi(v) ∈ W n ∩ Br(0) such
that

Jαn(ui + v + ψi(v)) ≤ Jαn(ui + v + w) ∀w ∈ W n ∩Br(0),

moreover v + ψi(v) ∈ C1,β(Ω), ‖v + ψi(v)‖C1,β(Ω) ≤ M and ψi(v) is the only element of

W n ∩Br(0) such that

〈J ′αn(ui + v + ψi(v)), w〉 = 0 ∀w ∈ W n.

Furthermore, denoting by

(3.11) Ui = ui + (V n ∩B%(0)) + (W n ∩Br(0)),

we have Ui ∩ Uj = ∅ if i 6= j and
⋃hn
i=1 Ui ⊂ A, where A is the open bounded set defined

by (3.1).
Finally, there exists δ > 0 such that

(3.12) Bαn(ui + u)(w,w) ≥ δ

∫
Ω

|∇w|2dx

for every (ui+u) ∈
⋃hn
i=1 U i∩C1(Ω) such that ‖u‖C1 ≤M and every w ∈ W n∩W 1, 2

0 (Ω).

Proof. Let M, R̃ and β be as in Lemma 3.3. By Lemma 3.4 there are r ∈ (0, R̃) and
δ > 0 such that

Bαn(ui + u)(w,w) ≥ δ

∫
Ω

|∇w|2dx
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for every u ∈ B2r(0)∩C1(Ω) such that ‖u‖C1 ≤M , every w ∈ W n ∩W 1, 2
0 (Ω) and every

i ∈ {1, . . . hn}. By Theorem 3.7 we can also assume that Jαn(ui) < Jαn(ui +w) for every

w ∈ Br(0) ∩W n with w 6= 0 and every i ∈ {1, . . . hn}. In particular, we get (3.11) and
(3.12), for any arbitrary % ∈ (0, r].

We claim that there exists a suitable % ∈ (0, r] such that

(3.13) Jαn(ui + v) < Jαn(ui + v + w)

for every i ∈ {1, . . . hn}, v ∈ V n ∩B%(0) and w ∈ W n such that ‖∇w‖p= r.

By contradiction, let i ∈ {1, . . . hn}, (vk) ⊂ V n and (wk) ⊂ W n such that vk → 0,
‖∇wk‖p = r and Jαn(ui + vk) ≥ Jαn(ui + vk +wk). Up to a subsequence, (wk) is weakly

convergent to some w̄ ∈ W n ∩Br(0). Then (ui + vk +wk) is weakly convergent to ui + w̄
with

lim sup
k

Jαn(ui + vk + wk) ≤ lim
k
Jαn(ui + vk) = Jαn(ui) ≤ Jαn(ui + w̄) .

Combining Proposition 2.4 with Lemma 3.3, we deduce that (ui + vk + wk) is strongly
convergent to ui+w̄, whence Jαn(ui+w̄) = Jαn(ui) with ‖∇w̄‖p = r, and a contradiction
follows.

Again from Proposition 2.4 and Lemma 3.3 we know that {w 7→ Jαn(ui + v + w)} is

weakly lower semicontinuous on W n ∩ Br(0) for any v ∈ V n ∩ B%(0). Therefore there

exists a minimum point w ∈ W n ∩Br(0) and by (3.13) w ∈ Br. So, in particular

(3.14) 〈J ′αn(ui + v + w), w〉 = 0 for any w ∈ W n .

Let us assume w1, w2 ∈ Br(0) be such that 〈J ′αn(ui+v+w1), w〉 = 〈J ′αn(ui+v+w2), w〉 = 0

for any w ∈ W n. Then, from Lemma 3.3, we infer that v + w1, v + w2 ∈ C1,β(Ω) with
‖v + w1‖C1,β , ‖v + w2‖C1,β ≤M . Hence, by (3.12) and (3.8), we get

δ

∫
Ω

|∇(w2 − w1)|2dx ≤
∫ 1

0

Bαn (ui + v + w1 + t (w2 − w1)) (w2 − w1, w2 − w1) dt

= 〈J ′αn(ui + v + w2)− J ′αn(ui + v + w1), w2 − w1〉 = 0,

so there is only one ψi(v) = w satisfying (3.14), moreover v + ψi(v) ∈ C1,β(Ω) and
‖v + ψi(v)‖C1,β(Ω) ≤M . �

Now we introduce the functionals ϕi : v ∈ V n ∩B%(0)→ R defined by

ϕi(v) = Jαn(ui + v + ψi(v)).

Since we aim to apply the Sard’s Lemma to the reduction map ϕi, it becomes crucial to
investigate the C2 regularity of ϕi. In the case p ≥ 2, this fact is sharp, as the energy
functional is C2 (see [21, Section 2]). Unfortunately, when 1 < p < 2, the functionals
Iλ and Jα, f are only C1. Despite this fact, we derive the C2 regularity result of the
reduction map ϕi.

Lemma 3.9. For any i = 1, · · ·hn, ψi is continuous from V n ∩ B%(0) in W n ∩ C1(Ω)

and of class C1 into W 1, 2
0 (Ω). In addition,

(3.15) Bαn(ui + z + ψi(z))(h+ 〈ψ′i(z), h〉, w) = 0

for any z ∈ V n ∩B%(0), h ∈ V n and w ∈ W n ∩W 1, 2
0 (Ω).
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Moreover, for any i = 1, · · ·hn, the function ϕi is of class C2 and, for any z ∈
V n ∩B%(0) and h, v ∈ V n

(3.16) 〈ϕ′i(z), h〉 = 〈J ′αn(ui + z + ψi(z)), h〉

(3.17) 〈ϕ′′i (z)h, v〉 = Bαn

(
ui + z + ψi(z)

)
(h+ ψ′i(z)h, v).

Proof. Using the notations introduced in the previous Theorem, for any i = 1, . . . hn, the
map v 7→ v + ψi(v) is defined from V n ∩B%(0) into

K =
{
u ∈ C1,β(Ω) : ‖u‖C1,β(Ω) ≤M

}
which is a compact subset of C1(Ω). As Jαn is continuous, we infer that any ψi is

continuous from V n ∩B%(0) in W n ∩ C1(Ω).

In the remainder of this proof we will refer to any i ∈ {1, . . . hn}, z, z+h ∈ V n∩B%(0)

and z1, z2 ∈ W 1, 2
0 (Ω).

Let us denote by uiz = ui + z + ψi(z) and ωh = h+ ψi(z + h)− ψi(z).
There exists C > 0 such that, for any τ ∈ [0, 1],

(3.18)
∣∣Bαn(uiz + τωh)(z1, z2)

∣∣ ≤ C ‖z1‖1,2 ‖z2‖1,2 .

As the map z 7→ ψi(z) is continuos from V n ∩ B%(0) into C1(Ω), for any τ ∈ [0, 1] we
have

(3.19) lim
‖h‖→0

|(Bαn(uiz + τωh)−Bαn(uiz)) (z1, z2)|
‖z1‖1,2 · ‖z2‖1,2

= 0.

From (3.18) and (3.12) we infer that the bilinear form

(z1, z2) ∈ W 1, 2
0 (Ω)×W 1, 2

0 (Ω) 7→ Bαn(uiz)(z1, z2)

is continuous and positive definite on W n ∩W 1, 2
0 (Ω).

Therefore, for any h ∈ V n, the functional

w 7→ Bαn(uiz)(w/2 + h,w)

admits one and only one minimum point Lzh ∈ W n ∩W 1, 2
0 (Ω), which satisfies

(3.20) Bαn(uiz)(Lzh+ h,w) = 0 ∀w ∈ W n ∩W 1, 2
0 (Ω).

Moreover the map Lzh : V n → W 1, 2
0 (Ω) is linear and continuous, as V n is finite

dimensional.
For every w ∈ W n ∩W 1, 2

0 (Ω), (3.8) gives

0 = 〈J ′αn(ui + z + h+ ψi(z + h))− J ′αn(uiz), w〉 =

∫ 1

0

Bαn

(
uiz + tωh

)
(ωh, w) dt,

while (3.20) gives

Bαn(uiz)(Lzh+ h,w),
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so that∫ 1

0

Bαn

(
uiz + tωh

)
(ψi(z + h)− ψi(z)− Lzh, ψi(z + h)− ψi(z)− Lzh) dt

=

∫ 1

0

Bαn

(
uiz + tωh

)
(ωh, ψi(z + h)− ψi(z)− Lzh) dt

+

∫ 1

0

(
Bαn(uiz)−Bαn

(
uiz + tωh

))
(Lzh+ h, ψi(z + h)− ψi(z)− Lzh) dt.

Hence from (3.12) and (3.19) we infer

lim
‖h‖→0

‖ψi(z + h)− ψi(z)− Lzh‖1,2

‖h‖
= 0.

Therefore ψi is C1 from V n ∩B% into W 1, 2
0 (Ω) and ψi(z) = Lz.

From (3.8) we infer that, for a suitable s ∈ (0, 1),

ϕi(z + h)− ϕi(z)− 〈J ′αn(uiz), h〉
= Jαn(ui + z + h+ ψi(z + h))− Jαn(uiz)− 〈J ′αn(uiz), h〉

= 〈J ′αn(uiz + sωh), ωh〉 − 〈J ′αn(uiz), h〉
= 〈J ′αn(uiz + sωh)− J ′αn(uiz), h〉+ 〈J ′αn(uiz + sωh)− J ′αn(uiz), ψi(z + h)− ψi(z)〉

=

∫ 1

0

Bαn

(
uiz + tsωh

)
(sωh, h) dt+

∫ 1

0

Bαn

(
uiz + tsωh

)
(sωh, ψi(z + h)− ψi(z)) dt.

As the differentiability of ψi assures that ‖ψi(z+h)−ψi(z)‖1,2 ≤ c‖h‖, by (3.18) we get

lim
‖h‖→0

∣∣ϕi(z + h)− ϕi(z)− 〈J ′αn(uiz), h〉
∣∣

‖h‖
= 0

which proves (3.16).

Again by (3.8), for any v ∈ V n

〈ϕ′i(z + h), v〉 − 〈ϕ′i(z), v〉 −Bαn(uiz)(h+ 〈ψ′i(z), h〉, v)

= 〈J ′αn(ui + z + h+ ψi(z + h))− J ′αn(uiz), v〉 −Bαn(uiz)(h+ 〈ψ′i(z), h〉, v)

=

∫ 1

0

Bαn

(
uiz + tωh

)
(ωh, v) dt−Bαn(uiz)(h+ 〈ψ′i(z), h〉, v)

=

∫ 1

0

(
Bαn

(
uiz + tωh

)
−Bαn(uiz)

)
(ωh, v) dt+Bαn(uiz)(ψi(z+h)−ψi(z)−〈ψ′i(z), h〉, v).

Finally, from (3.18), (3.19) and the differentiability of ψi, it follows that

lim
‖h‖→0

|〈ϕ′i(z + h), v〉 − 〈ϕ′i(z), v〉 −Bαn(uiz)(h+ 〈ψ′i(z), h〉, v)|
‖h‖

= 0

which proves (3.17). �
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4. Proof of Theorem 1.3

Let us denote by V = V n and W = W n, the spaces introduced in (3.4) and let
{ē1, . . . ēn̄} be an L2-orthonormal basis of V , where n̄ = dimV . For any v′ ∈ V ′ we
introduce the functional Lv′ : W 1, p

0 (Ω)→ R defined by

Lv′(u) =

∫
Ω

( n̄∑
j=1

〈v′, ēj〉ēj
)
u dx.

For any i = 1, . . . , hn, let µi be defined by Theorem 2.11 relatively to Jαn , ui, A and Ui,
where A is introduced in (3.1) and Ui in (3.11). Setting µ = min{µ1, . . . µhn}, let ε > 0
be such that, if ‖v′‖V ′ ≤ ε, then ‖Lv′‖C1(A) < µ/hn.

Denoting by ε1 = min{ε, 1/n}, by Sard’s Lemma there exists v′1 ∈ V ′ such that if
‖v′1‖V ′ < ε1 and ϕ′1(v) = v′1, then ϕ′′1(v) is an isomorphism. Moreover there is β1 > 0
such that if v′ ∈ V ′, ‖v′‖V ′ ≤ β1 and ϕ′1(v) = v′1 + v′, then ϕ′′1(v) is an isomorphism.
Analogously, for i = 2, . . . hn, there exist βi > 0, εi = min{εi−1, βi−1/(hn − i + 1)} and
v′i ∈ V ′ such that ‖v′i‖V ′ < εi and if v′ ∈ V ′, ‖v′‖V ′ ≤ βi and ϕ′i(v) = v′1 + . . . v′i + v′, then
ϕ′′i (v) is an isomorphism.

So we choose

fn =
hn∑
i=1

n̄∑
j=1

〈v′i, ēj〉ēj.

Let Jn : W 1, p
0 (Ω)→ R be defined by

Jn(u) = Jαn, fn(u) = Jαn(u)−
∫

Ω

fnu

and Kn = {u ∈
⋃hn
i=1 Ui : J ′n(u) = 0}.

Claim If there are ũ ∈ Kn and z̄ ∈ W 1, 2
0 (Ω) such that B(ũ)( · , z̄) = 0 in W 1, 2

0 (Ω),
then z̄ = 0.

As fn ∈ V , for any w ∈ W we have 〈J ′αn(ũ), w〉 = 〈J ′n(ũ), w〉+
∫

Ω
fnw = 0,

so there are i ∈ {1, . . . hn} and ṽ ∈ V ∩B%(0) such that ũ = ui + ṽ + ψi(ṽ).
Recalling (3.16), for any v ∈ V

〈ϕ′i(ṽ), v〉 = 〈J ′αn(ũ), v〉 = 〈J ′n(ũ), v〉+

∫
Ω

fnv =
hn∑
i=1

〈v′i, v〉

so that ϕ′i(ṽ) = v′1 + . . . v′i + (v′i+1 + . . . v′hn). As, by construction, ‖v′i+1 + . . . v′hn‖ < βi,
we get that

(4.1) ϕ′′i (ṽ) is an isomorphism.

Let z̄ = v̄ + w̄, where v̄ ∈ V and w̄ ∈ W . By (3.15) we infer

Bαn(ũ)
(
v + 〈ψ′i(ṽ), v〉, w̄

)
= 0 ∀v ∈ V.

Combining with (3.17), for any v ∈ V we get

〈ϕ′′i (ṽ)v, v̄〉 = Bαn(ũ)
(
v + 〈ψ′i(ṽ), v〉, v̄

)
= Bαn(ũ)

(
v + ψ′i(ṽ)v, z̄

)
= 0

thus (4.1) gives that v̄ = 0, hence z̄ = w̄ ∈ W .

Moreover, from (3.12),
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δ

∫
Ω

|∇w̄|2 ≤ Bαn(ũ)(w̄, w̄) = 0

thus w̄ = 0 and the claim is proved.
This assures that, if u ∈ Kn, then m∗(Jn, u) = m(Jn, u), so multiplicity of any u ∈ Kn

is 1 (see Remark 2.10).
By Theorem 2.11 and (3.2), Jn has at least P1(Ω) distinct critical points.
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Basel-Berlin, 1993.

[14] K.C. Chang, Morse theory in nonlinear analysis, in Nonlinear Functional Analysis and Applications
to Differential Equations, A. Ambrosetti, K.C. Chang, I. Ekeland Eds., World Scientific Singapore,
1998.

[15] S. Cingolani, M. Degiovanni, Nontrivial solutions for p-Laplace equations with right hand side
having p-linear growth at infinity, Comm. Partial Differential Equations 30 (2005), 1191–1203.

[16] S. Cingolani, M. Degiovanni, G. Vannella, On the critical polynomial of functionals related to p-area
(1 < p < +∞) and p-Laplace (1 < p ≤ 2) type operators, Atti Accad. Naz. Lincei Rend. Lincei
Mat. Appl. 26 (2015), 49–56.

[17] S. Cingolani, M. Degiovanni, G. Vannella, Amann-Zehnder type results for p-Laplace problems,
Annali di Matematica Pura ed Applicata, 197 (2018), 605–640.

[18] S. Cingolani, M. Lazzo, G. Vannella, Multiplicity results for a quasilinear elliptic system via Morse
theory, Commun. Contemp. Math. 7 (2005), 227–249.

[19] S. Cingolani, G. Vannella, Critical groups computations on a class of Sobolev Banach spaces via
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