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Low-Complexity Prediction of Energy Statistic
Exceedance Probability for 7)-u Variates

Angelo Coluccia

Abstract—Characterization of the exceedance probability (EP)
of the energy statistic (ES) plays a fundamental role in several signal
processing applications, including radar (e.g., probability of false
alarm) and communications (e.g., outage probability). However,
manageable closed-form expressions are not available for general
non-Gaussian models such as the 7-p distribution. In this letter,
simple formulas for predicting the EP of the ES are provided,
based on second- and third-order cumulant series expansion of
the tightest Chernoff bound, coupled with low-complexity approx-
imations of Hoyt moments. Results show that the proposed method
significantly improves over earlier work based on different bounds,
and outperforms the asymptotic approximation via the central limit
theorem as well as the Generalized Pareto Distribution fitting of the
distribution tail.

Index Terms—Energy statistic, non-Gaussian models, false
alarm probability, outage probability, cumulant expansion.

I. INTRODUCTION

HE energy statistic (ES), obtained by squaring and sum-

ming up the moduli (envelope) of complex samples, fre-
quently arises in signal processing contexts. In communication
systems, the ES is found in carrier sense medium access and
spectrum sensing for cognitive radio [1], [2], [3], as well as
integrated sensing and communications (ISAC) [4]. In radar
detection, although many statistics have been derived under
specific signal and noise models [5], [6], [7], the ES remains
a popular choice owing to its simplicity, generality, and robust-
ness. It corresponds in fact to a square-law detector followed by
a linear integrator, so leading to non-coherent integration [6].
More generally, non-coherent (phase-less) signal processing
has witnessed renewed interest [8], [9] since magnitude-only
approaches processing the sole signal envelope are practically
convenient and robust against phase errors [10].

In the above contexts, statistical characterization of the ES is
essential for performance assessment, e.g., to predict the outage
probability (OP), probability of false alarm (PFA), probability
of detection, and alike — indeed, the probability that the ES
exceeds a certain threshold, hereafter referred to as exceedance
probability (EP) for the sake of generality, is of broad con-
cern. Characterization of the ES is also needed to invert the
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EP-threshold relationship, so as to determine the threshold that
guarantees a chosen PFA for signal detection [6], [11]. How-
ever, while the ES simply follows a y? distribution in case of
Gaussian samples (being the envelope Rayleigh-distributed), the
characterization is much more involved for commonly-adopted
non-Gaussian models, e.g., log-normal, Weibull, compound-
Gaussian [5], [12], Pareto [13], [14], Nakagami-m, k-, or n-p.
We focus here on the n-p distribution, which is among the
most general models, including as special cases well-established
distributions adopted in sensing and communications, such as
Rayleigh and Nakagami. Indeed, the 7-1 is a generalized distri-
bution suitable for non-line of sight (NLOS) conditions, as much
as the x-p is for LOS [15], [16]. In the n-p model, n defines
the imbalance or correlation between in-phase and quadrature
multipath cluster and ;. defines the number of multipath clusters,
and as such it is used to assess OP, PFA, and other relevant
performance metrics in wireless contexts, including e.g. 5G
mobile networks [17] and sensing and communications in the
mmWave band [18].

‘When considering the n-u model, closed-form expressions for
the EP of the ES involve numerical integration of advanced tran-
scendental functions [19], [20], possibly embedded in integral
or infinite series representations [21], [22], which hampers their
practical use in real-world systems. With the aim of overcoming
this difficulty, the preliminary work [23] studied the problem
of guaranteeing bounded performance on the EP for the ES
under the 7-1 model, seeking for suitable bounds that can be
(approximately) computed in terms of simple functions only.
However, the resulting performance predictions are very loose,
and can only serve as an upper limit for a very conservative
threshold setting with low complexity.

In the present letter a completely novel cumulant-based for-
mulation is proposed, which exploits a different concentration
inequality and takes into account higher-order terms of the
cumulant expansion, so departing from the approaches provided
in [23]. Moreover, the problem formulation and derivations
extend to the more general case of non-identically distributed
samples. Numerical results show that the novel formulas, by
exploiting low-complexity approximations of the moments of
the Hoyt distribution, significantly improves over [23] and out-
performs the asymptotic approximation based on the central
limit theorem as well as an alternative approach based on
the Generalized Pareto Distribution fitting of the distribution
tail [24], [25].

Notation: P(-) and E(-) are the probability and expected value
operators, while VAR[X] is the variance of the random variable
X. T'(+) denotes the Gamma function and I, (-) the modified
Bessel function of the first kind and order v.
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II. PROBLEM FORMULATION

Let {z,,})__; be a set of N independent but non-identically
distributed nonnegative random variables, distributed according
to one out of I < N n-p models with different parameters. We
denote by x; ; the j-th random variable of the i-th group of
independent and identically distributed random variables, where
i=1,...,1,7=1,...,N;, and N, is the number of variables
distributed according to the model with parameters (7;, 1;).
Clearly, >/ N; = N.

The generative process of a squared 7-1 variable is classically
described as the superposition (summation) of M = 2y effects
each modeled as the sum of two squared elliptical Gaussian
variables, i.e., having different standard deviations ¢ and ¢,
with = 02 /¢2. As discussed in Section I, the n-u distribution
represents a very general model for the envelope (modulus) of
complex samples in sensing and communication systems (e.g.,
I/Q data or fading coefficients), as it generalizes widely-adopted
distributions such as the Hoyt (¢ = 0.5), Nakagami-m (n — 0
or n — 00), and Rayleigh (¢ = 0.5 and n = 1). Without loss
of generality, we consider the normalized 7-p distribution with
Format 1 [15] with PDF

4fﬂﬂ+2hﬂ 2;1, 72p,hw I
()15 v

with h = 2+":+’7, H="1 1_"7, 1> 0and 0 <7 < oco. Nor-
malization means that E[z?] = 1, which makes (1) dependent
on 4 and 7 only.

As well-known, the ES is obtained by squaring and summing
up the moduli {z, }_,,i.e.,

N
y=> =,

n=1

flzyn,p) = (2uHz?) (1)

I N;
=3 al, )

i=1 j=1

For the statistic y we study the relevant indicator EP, i.e., the
probability that the ES exceeds a threshold 7" > 0:

sz”_ : 3)

=1 j=1

Ply>T)=

The EP (3) can be computed via the statistical characterization of
the sum of independent but non-identically distributed squared
n-p variates [21], [22]. Unfortunately, the expression of the
resulting probability density function involves transcendental
functions [26], making its evaluation and numerical integration
to obtain the sought EP inherently challenging for operational
systems. Therefore, in the following we provide a novel ap-
proach, based on cumulant expansion within an exponential
concentration inequality, coupled with suitable approximations,
for low-complexity prediction of the EP.

III. EP PREDICTION VIA CUMULANT EXPANSION AND
APPROXIMATE HIGHER-ORDER MOMENTS

Our starting point is the Chernoff bound, which involves the
moment generating function M (t) of y, i.e.,

Py >a) <e “M(t), >0, 4)

For convenience of the subsequent derivation, we rewrite the
expression above in terms of the cumulant generating function

3095
K (t) (logarithm of M (t)), i.e.,
P(y >a) <070 >0 ®
and consider the power series expansion [27, (26.1.12)]
+o0 Vi
t
=D g (6)
=1 ’

with r, denoting the ¢-th cumulant of . This will enable deriva-
tion of polynomial approximations for the function appearing
at the exponent in (5), while keeping the computation simple
thanks to the additive property of cumulants. We will derive,
in particular, two expressions that consider the expansion in (6)
up to the second- and third-order approximation, respectively.
In both cases the expressions leading to the tightest (approxi-
mate) bound with respect to ¢ are obtained in closed-form, by
computing the optimal values of ¢, denoted as t* (ref. (14) and
(19)), that yield the minimum in the Chernoff inequality. This
computation is then made simple by exploiting the relationship
with the (approximate) moments of the Hoyt distribution, as
discussed later. We provide such results in the following two
Propositions.

Proposmon 1 (Second-order  Approximation): Let
a1 s }_| beasetof N independent 7)-y1 random variables,
where NNV; is the number of variables distributed according to
model (1) with parameters (n;, 1), Zi[:l N; = N. Then, the
EP (3) can be upper-bounded as

P(y > T) < ™ (7

where, to second order, it holds

N -T)?
2(T) ~ — % ®)
1
=Y Nia;— N ©)
i=1

and «; is the fourth moment of the n-p distribution having

parameters (7;, j;). Moreover, «; ~ %, where
UM, -2
e UM; -2
s 33 Y (2 ()
— 0 o — _ UM;—1
v1=0v2=0 v, -1=0
X Mp—yy My —vy * varN (]O)

p is any positive integer, vy, ...,vp,—1 are M; —1 dummy
indices, M; = 2p;, m; = 02/c? and, fork = 1,...,p,!

o (B[ ot §<¢ﬁ+n2<ﬁ~§X¢m—n2
kar(2>[20n+1J (mt1)2F
921y 2(ﬁ+1) + B (i —1)?
(V + D7

(11)

Proof: By truncating (6) to the second order, i.e., K(t) =~
K1t + /@2%, from the bound in (5) we can write (7) where

t2

— D)t + ko 5

2(T) =~ (k1 (12)

ITo ease the notation, we have dropped the dependency of m;, on i.
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with k1 = Ely] = ¥, Z;V:I Elz};] = >i1 Ni = N and

I N
Ky = VAR[y] = > > VAR[z ]
i=1 j=1

N,

i

I
(Elz};] — (B[27,))*) = > Niew =N (13)

i=1

23

i=1 j=1

and «; the fourth moment of the 7-p with parameters (7;, ;).
We now seek for the value of the parameter ¢t > 0 leading to
the tightest (approximate) upper bound. As evident from (12), for
the case of second-order approximation of K (¢) the minimum
with respect to ¢ simply corresponds to the minimum of the
parabola (k; — T)t + @%, ie.,
1

= (T ).
@( K1)

(14)

Plugging (14) back into (12), simple manipulations yield (8).
Exact computation of «; involves transcendental functions,
but it can be well-approximated by the polynomial expres-
sion ¢(p;n;, ui) in (10) [28]. This in turn can be recast as a
combination of the moments my, of the Hoyt (Nakagami-q)
distribution [29] up to order p. Exact computation of my, still in-
volves transcendental functions; however, it can be significantly
reduced by exploiting the approximation in [30] and rewriting
the result more compactly, obtaining (11). U
Corollary 1: In the case of identically distributed variables,
i.e., I = N (hence N; = 1), all dependencies on subscript ¢ in
Proposition 1 drop and (9) simplifies as k2 = N(a — 1).
Remark 1: Using (10), a; in (8) can be easily com-
puted via simple algebraic expressions, given the values of
the parameters at hand. For instance, for © =1, we have
o & Z31:0 (v41)m4*v1m”1

N —— y =
(2%, =0 (vl)m2—v1 My )2

[m(o3+<7) 3n2+6n; > +14n0;+6 /7 +3 .
20 1) FWTESHE and analogous expressions
for mo, mg, my.

Remark 2: As by-product of Proposition 1, we obtained a
simple (approximate) closed-form expression for the normal-
ization factor \/E[22] ~ \/q(2;7, 1), which can be exploited
to normalize raw 7)-p samples as per (1).

Proposition 2 (Third-order Approximation): Let
{{zi;} ;V:"l }_| beasetof N independent 7)-y random variables
as in Proposition 1. Then, the EP (3) can be upper-bounded as
in (7) and, to third order, it holds

_ my +4m1m3+3m§
2(mo+m?)2

with mq =~

2(T) ~ _76_/;:2 (k3 +4Tk3 — 4N k3 — KoY) (15)
3
where v = /K2 + 2k3(T — N), k2 is given in (9) and
N
ks = Ni(B; —3a;) + 2N (16)
n=1

with «; and f3; the fourth and sixth moments of the n-u with pa-
rameters (1);, 14;), respectively. Moreover, «; = Ui pi)

. (q(2m,1))?
Bi ~ % with q(p; n;, i1;) given in (10) (and (11)).

Proof: We can proceed as in the proof of Proposition 1, but
truncating the series expansion (6) to the third order, which leads

and
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Fig. 1. Performance assessment for the prediction accuracy of EP.

to the approximation
2 3

t t
2(T) = (k1 = T)t + K2y + K3g-
The first two cumulants are the same as in Proposition 1. The
third cumulant, that is k3, is obtained as the sum of the cumulants
of the variables 1712 ;» thanks to the additive property of cumulants
for independent random variables. Such cumulants are equal in

groups of size IV;, thus we can write

a7

N
R3 = ZNi ,‘%3,1‘ (]8)

n=1
where /3 ; denotes the third cumulant of the variables {xf j ;V: 1>

that is, belonging to the ith group. By recalling that the third cu-
mulant k3 coincides with the third central moment, then partic-
ularizing [27, (26.1.14)] (which links central and raw moments)
for the third order, we obtain i3 ; = E[z} ;] — 3E[] ;]E[27 ;] +
2(E[z ]])3 Since k1 equals the mean (see also proof of Propo-
sition 1) we finally obtain

K3, = Bi — 30 + 2
which substituted back in (18) yields (16).
Also in this case, we seek for ¢ > 0 leading to the tightest

bound; to this aim, we equate to zero the first derivative of (17)
with respect to ¢, obtaining the only admissible solution

—Ko + \/KZ% —2k3(k1 —T)
R3

) T Ty . .

since the other solution —~2=Y*2=2%2(,1=T) s 1 tes the condi-

tiont > 0 required by the Chernoff bound in (5). After plugging
back (19) into (17), manipulations yield (15). [

Corollary 2: In the case of identically distributed variables,
i.e., I = N (hence N; = 1), all dependencies on subscript 7 in
Proposition 2 drop and (16) simplifies as k3 = N(8 — 3a + 2).

Remark 3: The third-order approximation of K (¢) introduces
higher-order moments of the 7n-u in z(7'), so improving the
approximation of (5). Although it is possible to extend the
methodology beyond the third-order approximation, numerical
evidence (provided in Section IV) shows that the latter already
yields satisfactory predictions while using only simple closed-
form expressions.

=

19)

IV. NUMERICAL ANALYSES AND RESULTS

We conduct a numerical analysis to evaluate the accuracy of
EP prediction. To ease both exposition and interpretation of the
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results, and to enable a meaningful comparison with [23] and
with the Generalized Pareto Distribution (GPD) tail-fitting ap-
proach in [24], [25] — both limited to the identically distributed
case — we consider [ = N. We also consider as additional
competitor the Gaussian approximation from the central limit
theorem (CLT): in fact, by Corollary 1, the ES y is asymptotically
normal with mean N and variance N (o — 1).

Before discussing the numerical results, we perform a com-
parative analysis of the complexity of the different methods.
As to [23], four expressions are provided therein. The first one
does not exploit any other information on the samples, and is

given by go(T') = %, with « the fourth moment
of the n-u. The other three variants leverage coarse estimate
of the censored distribution support to tighten the bounds,
and are denoted by ¢1(T"), g2(T') and g3(T") (expressions are
slightly more involved, not reported here for conciseness, ref.
(10), (11), (12) in [23]). All such expressions demand light
computational load, as they involve only algebraic expressions,
as also highlighted in Remark 1. In this respect, the proposed
approach shares the same level of complexity of [23]. The GPD
method, conversely, use Taylor expansion and Extreme Value
Theory to model the tail with parameters fitted to the CDF of
the maxima of a sufficiently long sequence of samples. This is
accurate only in the large-sample regime, though [24] provides
a method to establish the minimum required samples. Selection
of the threshold defining the tail employs mean residual life
and parameter stability methods, thus introduces the need for an
additional one-dimensional optimization.

We now present numerical results in terms of EP prediction
accuracy. The first analysis considers a fixed threshold (7' = 9)
and N = 2,4. The true EP value for each case is obtained by
Monte Carlo simulation. All N samples are generated according
to (1) with 4 = 1 and n = 0.8. We set 0 = 0.4 and ¢ is then de-
termined by inverting the relationship 7 = 0 /2. Fig. 1 shows
the EP predicted by the different formulas compared to the true
EP (dashed horizontal line). The first set of bars corresponding
to N = 2 showcases that Proposition 2 offers the most accurate
prediction, with a value close to the true EP. On the other hand,
both Proposition 1 and CLT considerably underestimate the true
EP. The behavior of the CLT can be linked to the fact that
summing only N = 2 (squared) n-p variables is not sufficient
for the CLT to converge, whereas failure in providing an accurate
prediction through Proposition 1 compared to Proposition 2
confirms the key role of higher-order moments. As for [23], all

GPD — CLT — go(T) [23] 91(T) [23] —g5(T) [23] — g5(T) [23]]
4 , N=8
10
S0
1073
T 15 20 o1 20

Complementary CDF (CCDF) of the true EP in comparison with the proposed formulas, the competitors in [23], the CLT and the GPD.

four expressions overestimate the true EP, with predicted values
consistently exceeding 10~2 and thus resulting in a prediction
error of about three orders of magnitude. The results for N = 4
confirm the accuracy of Proposition 2, giving a prediction of
approximately 2.7 x 10~3 compared to the true EP of 3 x 1073,
For N = 4, both Proposition 1 and CLT narrow their gaps with
the true EP, albeit still underestimating it. Again, all the formulas
in [23] provide inflated predictions, with errors spanning about
two orders of magnitude. Proposition 2 also outperforms the
GPD method, though the latter is better than [23] and, for
N = 2, also than Proposition 1 and CLT, while for N = 4 the
performance are comparable.

A second analysis extends the range of values for 7', to obtain
a wider span of EP. The complementary CDF (CCDF) of the
true EP is computed via Monte Carlo simulation and compared
to those of the proposed expressions and competitors. A higher
number of samples N = 8 is also considered. Fig. 2 shows
that expressions in [23] systematically overestimate, by a large
extent, the required threshold to guarantee a chosen EP (go(T)
yielding the worst prediction, with its curve out of the span). In
other words, using any of the expressions ¢;(T) (i =0, ...,3)
to set the threshold will lead to an actual EP orders of magnitude
smaller than the desired one. On the other hand, the CLT system-
atically underestimates the true EP, even for N = 8. Conversely,
the CCDFs corresponding to Propositions 1 and 2 yield much
more accurate predictions with respect to all competitors, the
only exception being the GPD for N = 2, which is better than
Proposition 1. Generally, the second-order approximation is
more accurate in the upper values of EP whereas the third-order
approximation is better for lower EP. The CCDF of the true
EP lies within the two curves, confirming their satisfactory
predictive performance.

V. CONCLUSION

We derived novel, low-complexity formulas for predicting the
EP of the ES under the n-u distribution, based on second- and
third-order cumulant series expansion of the Chernoff bound,
coupled with low-complexity approximations of Hoyt moments.
Results showed significant improvement over earlier work based
on different bounds, and outperformed the CLT approximation
as well as the GPD tail fitting. Possible future work may include
the generalization to correlated samples and the investigation of
robustness to data quantization.
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