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Abstract

The increasing power demand of modern spacecraft requires solar arrays that are
both lightweight and highly compactable. Origami-inspired deployable structures
offer an effective solution, achieving large deployed areas within limited launch
volumes. However, their strongly nonlinear folding behaviour poses significant
challenges for numerical modelling: full finite element analyses are accurate but
computationally expensive, limiting their use in early-stage design.

This PhD research, conducted in collaboration with Astradyne Srl, an Italian start-
up developing textile-based photovoltaic technologies, addresses this gap by advanc-
ing reduced-order modelling techniques for origami-inspired systems.
Astradyne’s core technology merges high-performance textile with rigid-flexible
electronics, enabling ultralightweight deployable solar arrays, which motivates the
need for efficient and predictive simulation tools.

Building upon existing reduced-order methods, this work develops a new dynamic
bar and hinge framework that extends classical quasi-static formulations to time-
dependent behaviour. The framework is implemented in MATLAB, incorporating
inertia and damping and supporting multiple integration schemes (Forward Euler,
Newmark–β, and HHT–α). Validation against analytical cases and high-fidelity
finite element models demonstrates accurate predictions of deployment transients,
oscillations, and post-deployment dynamics.

The proposed method preserves the computational efficiency of bar and hinge mod-
els while expanding their applicability to dynamic analyses. It thus provides both
a methodological advancement in the mechanics of deployable structures and a
practical design tool for next-generation origami-based solar arrays and lightweight
space systems.
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Introduction

This dissertation opens with a prefatory chapter that situates the research within
its technological and industrial context. It explains the motivation that led to the
development of a low computational cost simulation framework for origami–inspired
deployable structures, a requirement that emerged directly from the work of Astra-
dyne on textile–based electronic laminates for foldable and lightweight solar arrays.
The prefatory section, titled “The Textile–Based Technology as Rationale for the
Research” , therefore provides the reader with a comprehensive understanding of the
link between industrial objectives and the scientific framework underpinning this
study.

Chapter 1 reviews the state of the art in modelling techniques for origami–inspired
deployable structures, with emphasis on applications in the aerospace domain. It
surveys the principal numerical modelling strategies, from continuum mechanics
and discrete shell formulations to reduced–order and multibody approaches, and
highlights the trade–off between computational cost and physical fidelity. Within
this context, the bar–and–hinge method is introduced as an effective reduced–order
approach capable of capturing large folding deformations with a limited number of
degrees of freedom. The chapter concludes by identifying the main limitations of
current implementations, particularly the lack of robust dynamic capabilities, thus
motivating the developments presented in the following chapters.

Chapter 2 presents the quasi–static formulation of the bar–and–hinge model. It
details the geometric decomposition of origami structures into bar and hinge el-
ements, the derivation of the total potential energy, and the corresponding equi-
librium equations. The formulation of the stiffness matrices and the incremen-
tal–iterative procedures for solving nonlinear problems are described in depth.
Special attention is devoted to the calibration of fold and facet stiffness param-
eters through analytical scaling relations and finite element benchmarks, ensuring
the mechanical consistency of the static solver that forms the foundation for sub-
sequent dynamic extensions.

Chapter 3 extends the bar–and–hinge framework to dynamic simulations. The
governing equations of motion are derived together with the associated kinetic
energy and mass matrices. Several time–integration schemes are implemented and
compared, Forward Euler, Newmark–β, and Hilber–Hughes–Taylor (HHT–α), with
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a focus on stability, numerical damping, and energy conservation. The chapter
also examines different damping models and algorithmic dissipation mechanisms,
leading to a robust, energy–consistent dynamic solver capable of reproducing the
transient deployment and oscillatory behaviour of origami structures.

Chapter 4 reports the experimental activities and the integration of the bar and
hinge framework. It begins with the design and fabrication of test specimens used
to characterise folding stiffness and validate the analytical models. The chapter
describes the measurement setup, data acquisition procedure, and the analytical
processing of the experimental results to obtain experimental folding stiffness val-
ues of simple origami structures. A numerical campaign carried out in Abaqus
complements the experiments, enabling a parametric study on the dependence of
the folding stiffness on the hinge geometry. The chapter concludes with the intro-
duction of the complete MATLAB based simulation environment that integrates
static and dynamic solvers with experimental calibration.

Chapter 5 presents the validation of the proposed dynamic bar–and–hinge frame-
work. It compares the performance of explicit and implicit time–integration schemes
using benchmark problems such as simple folds, Miura–ori unit cells, and multi–cell
assemblies. The numerical predictions are assessed against finite element results to
verify accuracy, convergence, and computational efficiency. The chapter also dis-
cusses the transient response and energy evolution of the models, demonstrating
the ability of the framework to capture deployment dynamics with high fidelity and
low computational cost.

Chapter 6 summarises the main conclusions and outlines potential future devel-
opments. It highlights the contributions of this research to both scientific under-
standing and industrial application, including improvements in dynamic folding
control, contact modelling, and the integration of the framework within broader
multi–physics simulation environments. The conclusions emphasise the relevance
of the developed methodology to Astradyne’s ongoing efforts to design ultralight,
textile–reinforced photovoltaic systems, where accurate prediction of folding dy-
namics is crucial for mission success.

The Appendix includes supplementary material supporting the calibration and
verification of the bar–and–hinge framework. It provides detailed results from
panel–level traction, shear, and bending benchmarks, together with additional
MATLAB implementation notes to facilitate reproducibility and future extension
of the solver for both academic and industrial use.

In summary, the dissertation follows a progression, from the industrial motiva-
tion for efficient deployable systems, through the theoretical formulation of the
bar–and–hinge method, to various experimental trials and experiments, and finally
dynamic implementation and numerical validation.
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Statement of Novelty
This dissertation makes the following original contributions to the field of origami-
inspired deployable structures:

• The formulation of a dynamic bar–and–hinge framework that extends tra-
ditional quasi-static origami models by consistently incorporating inertia,
damping, and implicit time integration. To the author’s knowledge, this
represents the first reduced-order bar–and–hinge implementation capable of
iteratively simulating deployment dynamics within a implicit framework.

• The implementation of the proposed dynamic formulation in a modular MAT-
LAB computational framework, enabling seamless transition from quasi-static
analysis to full dynamic simulation without changing modelling assumptions
or data structures.

• The use of the reduced-order framework to inform the design of a Mechani-
cal Ground Support Equipment (MGSE), demonstrating how bar–and–hinge
simulations can directly guide experimental hardware design.

• The development of a vision-based motion tracking tool intended to sup-
port future experimental validation of origami deployment dynamics, enabling
non-intrusive measurement of displacements, velocities, and damping proper-
ties.
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Chapter 1

State of the art in modelling
techniques for origami-inspired
deployable structures

The design and analysis of origami-inspired deployable structures require compu-
tational models that can accurately capture their complex folding kinematics, geo-
metric nonlinearity, and structural response under various loading conditions. This
chapter provides a comprehensive review of modelling techniques developed for
origami-inspired deployable structures, with particular emphasis on methods rele-
vant to aerospace applications. The review is organized into two main parts: Part
I focuses on numerical modelling approaches for structural analysis, while Part II
addresses origami structures specifically designed for space applications.

1.1 Numerical Modelling of Deployable Structures

1.1.1 Kinematics and Geometric Foundations of Origami

The kinematic analysis of origami structures provides the foundation for under-
standing their folding behavior and mechanical properties. This section reviews
the fundamental theorems, geometric design methods, and thickness accommoda-
tion strategies that enable the transformation of flat sheets into three-dimensional
deployable systems.

Rigid origami theory and flat-foldability Rigid origami assumes that panels
remain perfectly flat during folding, with all deformation concentrated along crease
lines. The kinematics of rigid origami are governed by geometric compatibility
theorems that determine whether a given crease pattern can fold flat.
Kawasaki’s theorem establishes that a vertex with 2n creases forming sector angles

11



State of the art in modelling techniques for origami-inspired deployable structures

α1, α2, . . . , α2n (as shown in Figure 1.1) is flat-foldable if and only if the alternating
sum of these angles equals zero:

α1 − α2 + α3 − · · · − α2n = 0.

Equivalently, the sum of alternate angles must equal π. For instance, in Figure 1.1,
defining α1 as the angle between sections A and B, and continuing the enumeration
couterclockwise, α1 + α3 + α5 = α2 + α4 + α6 = π. This geometric relation ensures
that the paper can lie flat without stretching or overlapping at the vertex.
Maekawa’s theorem [8] provides a complementary condition, stating that at any
interior vertex the difference between the number of mountain folds (M) and valley
folds (V ) must be ±2:

M − V = ±2.

Here, mountain folds are those that bend away from the observer (convex folds),
while valley folds bend toward the observer (concave folds). Together, these two
theorems define the necessary and sufficient conditions for local flat-foldability of
origami vertices [9, 10, 11].

Figure 1.1: Schematic of a flat-foldable vertex with six crease lines (A–F ) and cor-
responding sector angles α1–α6, used to verify Kawasaki’s theorem. In this example,
α1 + α3 + α5 = α2 + α4 + α6 = π, satisfying the condition for flat-foldability.

These theorems were independently discovered by Toshikazu Kawasaki, Jacques
Justin, and documented in early origami mathematics literature [9]. While these
conditions are necessary for flat-foldability, they are not always sufficient for rigid
origami, as additional constraints may arise from the global connectivity of the
crease pattern [12].

Spherical linkages and degree-of-freedom analysis The kinematic behavior
of a rigid origami vertex can be described using the framework of spherical linkages,
in which each crease is modeled as a revolute joint with its rotation axis passing
through the common vertex [13, 14]. At an n-crease vertex, two sets of geometric
quantities are defined:

12



1.1 – Numerical Modelling of Deployable Structures

• The sector angles α1, α2, . . . , αn are the planar angles between adjacent crease
lines when the pattern is fully unfolded. These angles describe the in-plane
geometry of the facets around the vertex.

• The fold angles θ1, θ2, . . . , θn are the dihedral angles between adjacent facets
along each crease line. They quantify the out-of-plane folding motion and
define the instantaneous configuration of the vertex during deployment.

For a degree-4 vertex (four creases meeting at a point), the fold and sector angles are
related by the spherical closure condition derived from spherical trigonometry [15,
16]:

cos(θi) =
cos(αi)− cos(θi−1) cos(θi+1)

sin(θi−1) sin(θi+1)

This equation expresses the geometric compatibility of the folding motion and con-
strains the admissible configurations of the vertex. For symmetric tessellations such
as the Miura–ori, additional angular relationships between creases and facets lead
to a reduction to a single degree of freedom, allowing the entire structure to be
parametrized by one fold angle [15, 17].
The extension to degree-n vertices and multi-vertex systems requires more sophis-
ticated graph-theoretic approaches. The mobility of an origami structure can be
estimated using variants of the Grübler-Kutzbach criterion adapted for spherical
mechanisms [18, 19]. However, these estimates may not account for special geo-
metric configurations that lead to additional constraints or freedoms [12].

Thick origami and offset panel techniques Real engineering structures have
finite panel thickness, which prevents direct implementation of zero-thickness crease
patterns. Several strategies have been developed to accommodate thickness while
preserving kinematic behavior. The offset panel technique (OPT) proposed by
Edmondson et al. [20, 21] maintains the rotational axes of creases in a reference
plane while offsetting panels above or below this plane according to their stacking
order. This method preserves both the range of motion and the kinematics of the
original zero-thickness pattern, enabling the design of deployable structures with
arbitrary panel thickness and material properties [21, 22].
Alternative approaches include tapered panel methods, where panel thickness varies
near crease lines to reduce interference [23], and membrane hinge techniques, where
compliant zones replace idealized creases [24, 13]. Chen et al. [13] developed
a comprehensive kinematic model for thick-panel origami (shown in Fig.1.2) by
replacing zero-thickness spherical linkages with spatial linkages that incorporate
offset joints, demonstrating agreement with physical prototypes. More recent work
addresses seamless surfaces for thick origami tubes [25, 26].
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Figure 1.2: (A) Partially folded four-crease rigid origami at a single vertex for a zero-
thickness sheet. Blue solid and red dashed lines indicate mountain and valley creases,
respectively. The sector angles αij define the in-plane geometry between adjacent creases,
while φi denote the dihedral (or fold) angles between connected panels. (B) Thick-panel
counterpart with the same sector angles αij but non-intersecting fold lines due to finite
thickness. Distances aij represent offsets between adjacent fold lines, and φBe

i denote the
corresponding dihedral angles in the thick-panel configuration. Adapted from [13].

Classical origami tessellations Several canonical folding patterns have emerged
as particularly relevant for deployable structures due to their advantageous mechan-
ical properties and ease of fabrication. The Miura–ori pattern (Fig. 1.3), originally
developed by Koryo Miura for space solar array applications [17], consists of iden-
tical parallelogram facets connected at a common vertex and repeated in a zigzag
tessellation. The in–plane sector angles α and β satisfy the flat–foldability condition
2(α + β) = 2π, ensuring geometric compatibility for rigid folding.
The configuration of the Miura–ori can be fully described by a single fold angle
θ, defined once again as the dihedral angle between adjacent facets along a crease
line. This parameter governs the entire deformation of the pattern, as all other
geometric quantities are uniquely determined by θ. Consequently, the Miura–ori
behaves as a one–degree–of–freedom mechanism, enabling simultaneous expansion
and contraction along two perpendicular directions through a single coordinated
folding motion. The pattern exhibits auxetic behavior (negative Poisson’s ratio),
making it particularly suited for lightweight deployable structures [27, 28].
The Yoshimura pattern (Fig.1.5 and Fig.1.4), originally observed in buckling pat-
terns of compressed cylindrical shells [29], consists of diamond-shaped facets ar-
ranged circumferentially. While not rigidly foldable, it provides high axial stiffness
in the deployed state and has been applied to deployable booms and structural
columns [30, 31, 32]. Recent studies explore generalized Yoshimura patterns with
tunable bistability and meta-stable configurations [32].
The Kresling pattern (Fig.1.4 forms a twisted cylindrical structure with inherent
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1.1 – Numerical Modelling of Deployable Structures

Figure 1.3: Fundamental unit of the Miura-ori tessellation, composed of four identical
parallelogram facets connected at a common vertex. The in-plane sector angles α and β
satisfy the flat-foldability condition 2(α + β) = 2π, ensuring geometric compatibility for
rigid folding. The Miura-ori pattern exhibits one-degree-of-freedom kinematics, allowing
simultaneous expansion and contraction along both axes under a single folding motion.
Image adapted from [17].

bistability, arising from two stable equilibrium configurations separated by an en-
ergy barrier [35, 36]. This bistability enables energy absorption, vibration isolation,
and morphing structures [36, 37, 38]. Extensions to conical Kresling patterns pro-
vide additional design freedom for curvature and deployment paths [39].
The waterbomb base (Fig.1.4), a degree-6 vertex pattern, exhibits complex three-
degree-of-freedom kinematics when thickness is neglected [40]. Symmetric water-
bomb tessellations can be designed to approximate one-degree-of-freedom deploy-
ment through careful control of geometric parameters [14, 41]. Applications include
soft robotics, deployable shelters, and programmable metamaterials [42].
The Ron Resch pattern, developed in the 1960s as an architectural tessellation
[43], consists of triangular facets with local twisting motions. Its non-developable
geometry and coupling between bending and twisting provide unique stiffness char-
acteristics [40, 44, 45]. Recent work explores single-DOF Resch patterns for reliable
shape transformation and curvature programming [44, 46].

1.1.2 Continuum Mechanics Approaches

Continuum-based finite element methods provide the highest fidelity representation
of origami structures by discretizing both panels and creases with shell or solid
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Figure 1.4: Comparison of three canonical origami tessellations forming cylindrical config-
urations: (A) the Yoshimura pattern, characterized by diamond-shaped facets that yield
high axial stiffness; (B) the Kresling pattern, composed of alternating mountain and valley
folds producing a twisted bistable cylinder; and (C) the Waterbomb pattern, a degree-
6 vertex structure with multi-DOF kinematics that can be tuned toward single-DOF
deployment. Each pattern’s crease assignment (mountain/valley) and resulting three-
dimensional morphology are shown. Image adapted from Lee, Elastic Energy Behaviours
of Curved-Crease Origami [33].

Figure 1.5: Rigid-foldable cylindrical polyhedra derived from the Yoshimura pattern,
illustrating the transformation from a smooth cylindrical surface (left) to progressively
folded configurations (right). The structure maintains geometric compatibility through a
triangulated tessellation that enables controlled axial contraction while preserving overall
cylindrical symmetry. Image adapted from Miura and Tachi, Synthesis of Rigid-Foldable
Cylindrical Polyhedra [34].
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1.1 – Numerical Modelling of Deployable Structures

elements. These approaches capture material nonlinearity, crease compliance, and
local stress concentrations, but at significant computational cost.

Shell theory fundamentals Classical shell theories (Fig.1.6) provide the kine-
matic and constitutive framework for thin-walled structures. The Kirchhoff-Love
theory assumes that normals to the mid-surface remain straight and perpendicular
during deformation, neglecting transverse shear deformation [47, 48]. This theory
is appropriate for thin shells with thickness-to-radius ratios less than 1/20, and
leads to fourth-order partial differential equations requiring C1 continuity in finite
element implementations [49].

Figure 1.6: Geometric representation of a curved shell element. The middle surface is
defined by the curvilinear coordinates (α1, α2), with the transverse coordinate z mea-
sured along the shell thickness h. The displacement field is described by the tangential
components u and v on the middle surface and the transverse deflection w.

Reissner-Mindlin Plate and Shell Theory The Reissner-Mindlin theory, also
known as the first-order shear deformation theory (FSDT), extends the classical
Kirchhoff-Love formulation by relaxing the assumption that normals to the mid-
surface remain perpendicular to it after deformation. In this model, transverse nor-
mals are allowed to rotate independently of the mid-surface, introducing additional
degrees of freedom that enable the representation of transverse shear deformation
[50, 51].
This extension is particularly important for the analysis of moderately thick plates
and shells, where the neglect of shear effects, as in Kirchhoff-Love theory, would lead
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to significant underestimation of deflections and stresses. The Reissner-Mindlin
formulation requires only C0 continuity of the displacement and rotation fields,
making it well suited for finite element implementation [52].
However, a well-known numerical issue arises when this theory is applied to thin
structures: as the thickness approaches zero, the transverse shear strains should
vanish, but standard finite element discretizations tend to over-constrain this be-
havior, resulting in an artificially stiff response. This phenomenon, known as shear
locking, can severely degrade the accuracy of simulations in the thin-plate limit. To
mitigate this effect, several strategies have been developed, including reduced or se-
lective integration, mixed interpolation of tensorial components (MITC) elements,
and assumed strain or hybrid formulations [53].
Overall, the Reissner-Mindlin theory provides a robust compromise between the
computational simplicity of classical plate theory and the higher accuracy of full
three-dimensional elasticity, offering an efficient and reliable framework for model-
ing moderately thick plates and shells in structural and aerospace applications.
Higher-order theories, including those with polynomial or trigonometric expansion
through the thickness, provide improved accuracy for thick laminates and capture
zigzag effects in composite structures [54, 55].

Geometric nonlinearity formulations Origami structures undergo large dis-
placements and rotations during folding, necessitating geometrically nonlinear for-
mulations. The Total Lagrangian (TL) formulation refers all kinematic and static
variables to the initial undeformed configuration, using the second Piola-Kirchhoff
stress tensor and Green-Lagrange strain tensor [56, 57]. The variational statement
and tangent stiffness matrix are derived by linearizing the equilibrium equations
about the current deformed state.
The Updated Lagrangian (UL) formulation updates the reference configuration at
each load step to coincide with the current deformed state [56]. While conceptually
similar to TL, UL formulations may offer computational advantages when strains
remain moderate despite large rotations [58].
For shell elements, geometric nonlinearity introduces coupling between membrane
and bending actions, as well as geometric stiffness contributions that affect buckling
and post-buckling behavior [59, 60].

Finite element methods for folded structures Standard shell elements (e.g.,
SHELL181, SHELL281 in ANSYS; S4R, S8R in Abaqus) can be applied to origami
structures by meshing panels and introducing localized compliance or constraints
at crease lines [61, 62]. However, care must be taken to avoid shear and membrane
locking, particularly in thin panels under folding deformations.
The MITC (Mixed Interpolation of Tensorial Components) family of shell elements
addresses locking by interpolating strain components at specific points within the
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element, ensuring optimal convergence across thickness ratios [60, 63]. MITC3+
and MITC4 elements have been successfully applied to geometric nonlinear analysis
of origami-like folded plates [60, 64].
Isogeometric Analysis (IGA) leverages NURBS or B-spline basis functions from
computer-aided design (CAD) to represent both geometry and solution fields [65,
66]. IGA naturally satisfies C1 continuity requirements for Kirchhoff-Love shells and
reduces geometric approximation errors [67, 68]. Recent implementations support
trimmed multi-patch geometries and integration with commercial finite element
codes [69, 70].

Crease modeling in continuum FEM Representing fold lines in continuum
models requires special treatment to localize bending deformation. Common strate-
gies include: (i) reduced stiffness zones, where elements along creases have dimin-
ished material properties [24]; (ii) rotational spring connectors linking adjacent pan-
els, calibrated to match crease bending stiffness [62, 71]; (iii) cohesive zone models
to simulate progressive crease folding and potential damage [72]; (iv) multi-point
constraints (MPC) enforcing kinematic compatibility across fold lines [15].
Contact algorithms are essential to prevent self-intersection during large-amplitude
folding. Penalty-based, Lagrange multiplier, and augmented Lagrangian contact
formulations have been employed, with smoothing techniques to avoid numerical
instabilities near fold closure [73, 74].

Advanced finite element techniques The Absolute Nodal Coordinate Formu-
lation (ANCF), originally developed for flexible multibody dynamics, uses global
position vectors and their gradients as nodal coordinates [75, 76, 77]. ANCF ele-
ments exhibit a constant mass matrix and are particularly effective for structures
undergoing large rotations and moderate strains. Applications to origami include
beam elements for thin creases and plate elements for compliant panels [78].
Meshfree methods, such as smoothed particle hydrodynamics (SPH) and element-
free Galerkin (EFG), eliminate the need for a structured mesh and can handle
extreme deformations and topology changes [79]. While less common in origami
analysis, they offer potential for modeling tearing, cutting, or highly irregular crease
patterns.

Carrera Unified Formulation (CUF) The Carrera Unified Formulation pro-
vides a hierarchical framework for developing refined structural theories through
systematic polynomial expansion of displacement fields across the thickness direc-
tion [80, 81]. CUF enables Equivalent Single Layer (ESL) models, where the entire
laminate is treated as a single equivalent layer, and Layer-Wise (LW) models, where
each ply is represented independently with C0 continuity at interfaces [82, 83].
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CUF-based models systematically converge to three-dimensional elasticity solutions
as the expansion order increases, providing a rational path for trading accuracy
against computational cost [84, 85]. Applications to origami would involve treat-
ing textile-reinforced laminates as layered composites, capturing through-thickness
stress distributions and interlaminar effects that are critical for durability and fail-
ure prediction [86].
The unified nature of CUF facilitates best theory diagrams (BTDs), where the
minimum expansion order required for a given accuracy is determined a priori
based on geometry and loading [81]. This capability is particularly valuable in
early-stage design of deployable structures, where multiple configurations must be
rapidly evaluated.

1.1.3 Discrete and Reduced-Order Models

Reduced-order models strike a balance between the simplified kinematics of rigid
origami and the computational expense of full finite element analysis. By repre-
senting panels with discrete elements and creases with rotational springs, these
approaches enable efficient simulation of large origami assemblies while capturing
essential elastic behaviors.

Discrete differential geometry for thin shells Discrete differential geometry
(DDG) provides a framework for representing smooth surfaces and their defor-
mations using discrete meshes, preserving key geometric properties such as mean
curvature and Gaussian curvature [87, 88]. In DDG-based shell models, bending
energy is concentrated at edges (hinges) connecting triangular facets, with the dis-
crete mean curvature normal serving as the natural geometric quantity [87, 89].
The bending energy per unit length along an edge e connecting two triangles with
normals n1 and n2 is proportional to the squared hinge angle deviation from a rest
state:

Ee
bend =

1

2
kbendℓe(θ − θ0)2

where ℓe is the edge length, θ = arccos(n1 · n2) is the dihedral angle, and kbend is a
bending stiffness coefficient related to material properties and thickness [87, 89].
DDG methods have been successfully applied to simulate paper-like materials,
cloth, and origami structures [87, 90, 91]. Their efficiency arises from the sparse, ge-
ometrically interpretable formulation of bending and stretching energies, yet repro-
ducing continuum-like behavior demands careful calibration. In particular, bending
stiffness coefficients must scale consistently with mesh size to ensure convergence
under refinement [87], while the ratio between in-plane and bending stiffness must
reflect the material thickness and modulus to preserve near-isometric folding [91].
The element topology and crease alignment strongly affect the accuracy of cur-
vature and strain representation, since irregular triangulations or misaligned fold
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edges can introduce artificial anisotropy or stiffening. Furthermore, coupling be-
tween stretching and bending energies must be treated consistently to avoid shear
locking in large-deformation simulations [90]. Proper scaling, mesh alignment, and
rest-angle calibration are therefore essential to achieve physically faithful and nu-
merically stable DDG-based origami simulations.

Bar and hinge models: Historical development The bar and hinge model
idealizes origami panels as frameworks of axial bars connected by rotational hinges,
thereby discretizing the continuous shell into a minimal set of degrees of free-
dom. Early applications of truss-like models to folded structures were introduced
by Schenk and Guest [15], who represented the in-plane stretching and out-of-
plane bending of paper sheets using bar and hinge elements. Filipov et al. [62]
systematically developed scalable bar and hinge models capable of reproducing
isotropic elastic behavior through careful selection of bar layouts and stiffness cal-
ibration. Their approach introduced the N4B5, N4B6, and N5B8 discretization
schemes (Fig.1.7), where N denotes the number of nodes and B the number of
bars per quadrilateral panel. The N5B8 configuration, featuring a central node
connected to all corners by diagonal bars, achieves isotropic in-plane stiffness and
enables independent calibration of stretching, shearing, and bending behaviors [62].
Liu and Paulino [93] extended the formulation to large deformations by deriving

Figure 1.7: Bar–and–hinge discretization scheme for origami structural analysis, image
adopted from [92]. Bars represent the in–plane stretching stiffness of the facets, while ro-
tational springs capture hinge compliance. Red springs correspond to folding hinges along
crease lines, and blue springs to bending hinges within facets, representing out–of–plane
bending. Free joints connect the elements, allowing relative rotation between panels while
maintaining geometric compatibility.

consistent tangent stiffness matrices based on energy principles. Their total La-
grangian formulation accounts for geometric nonlinearity through Green-Lagrange
strains in bars and exact expressions for hinge angle gradients, ensuring quadratic
convergence in Newton-Raphson iterations [93].

Calibration of bar and hinge stiffness The key challenge in bar and hinge
modeling is the calibration of element stiffness to reproduce the continuum behavior
of thin panels. For a panel of thickness t, Young’s modulus E, and Poisson’s ratio
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ν, the effective bar areas in the N5B8 scheme are derived by matching strain energy
under uniaxial tension, pure shear, and bending deformations [62]:

Ax-bar =
t(H2 +W 2)

2H(1 + ν2)
, Ay-bar =

t(W 2 +H2)

2W (1 + ν2)
, Adiag =

tHW

2(1 + ν2)
√
H2 +W 2

where H and W are the panel height and width. Rotational hinge stiffness for
panel bending is calibrated to match the bending rigidity D = Et3/(12(1− ν2)) of
a thin plate [62, 71].
For prescribed fold lines, the hinge stiffness can be calibrated from physical crease
bending tests or set to represent idealized joints [73, 71]. Compliant crease models,
where a finite-width zone exhibits reduced stiffness, have been incorporated to study
the influence of crease geometry on global folding behavior [73].

Software implementations: MERLIN and MERLIN2 The bar and hinge
method has been implemented in publicly available MATLAB frameworks. MER-
LIN (Mechanics of Elastic Ridges and Lattices using an Integrated Numerical ap-
proach) provides quasi-static equilibrium solvers with arc-length continuation for
tracing nonlinear load-displacement paths and detecting snap-through instabilities
[92, 62]. The code supports user-defined crease patterns, material properties, and
boundary conditions, enabling rapid prototyping of origami designs.
MERLIN2, an enhanced version, improves computational efficiency through vec-
torized assembly routines, adaptive mesh refinement, and integration with opti-
mization libraries [92]. However, both MERLIN and MERLIN2 are restricted to
quasi-static analysis, lacking inertia and damping terms necessary for dynamic de-
ployment simulation [92]. This limitation motivates the development of dynamic
bar and hinge frameworks, as pursued in the present dissertation.

Extensions to curved-crease origami While most origami patterns feature
straight creases, curved-crease origami introduces additional geometric complex-
ity and enables novel three-dimensional forms [94, 95]. Woodruff and Filipov [71]
extended the bar and hinge method to curved creases by discretizing the crease
curve into piecewise-linear segments, each represented by a rotational spring. Tan-
gent angle compatibility along the crease ensures smooth folding kinematics, while
bending and twisting stiffness can be independently tuned to match experimen-
tal observations [71, 95]. Applications of curved-crease models include deployable
shells, morphing wings, and architectural surfaces [95, 96].

Truss analogy and lattice models An alternative reduced-order approach
treats origami as a spatial pin-jointed framework or tensegrity structure, where
bars carry only axial forces and nodes are connected by frictionless hinges [97, 15].
This idealization simplifies the kinematic and static analysis, enabling closed-form
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solutions for certain patterns, but neglects bending resistance and may not accu-
rately represent the stiffness of real panels [97].
Homogenization techniques, borrowed from lattice mechanics and metamaterial
theory, can be applied to periodic origami tessellations to derive effective contin-
uum properties such as in-plane modulus, Poisson’s ratio, and bending stiffness
[15, 98, 40]. These effective properties guide the design of origami metamaterials
with programmable mechanical characteristics [98, 40].

Energy-based and variational methods Variational formulations based on
the principle of minimum potential energy provide a rigorous foundation for de-
riving equilibrium equations and element stiffness. The total potential energy of
an origami assembly is decomposed into contributions from bar stretching, hinge
bending, and external loads [93]:

Π =

nbars∑
i=1

Ubar
i +

nhinges∑
j=1

Uhinge
j − FT

extu

where u is the global displacement vector. Equilibrium is obtained by setting
δΠ = 0, yielding the residual force vector R(u) = ∂Π/∂u = 0.
Dynamic relaxation, a pseudo-dynamic iterative method, can be employed to find
equilibrium configurations without forming the tangent stiffness matrix [99]. How-
ever, explicit time-integration schemes may exhibit slow convergence for stiff sys-
tems. [100]
Particle-spring models, commonly used in computational cloth simulation and com-
puter graphics, represent sheets as networks of mass points connected by springs
[101, 102]. Software such as Kangaroo (Grasshopper plug-in) implements particle-
spring dynamics with goal-seeking algorithms to achieve target geometries. While
intuitive and visually appealing, these models are typically calibrated in an ad hoc
manner, with spring stiffness and damping parameters tuned heuristically rather
than derived systematically from measurable material properties. As a result, their
predictive capability is limited, and convergence to physically accurate equilibrium
configurations is not guaranteed.

1.1.4 Multibody Dynamics and Analytical Models

Multibody dynamics (MBD) treats origami structures as assemblies of rigid or
flexible bodies connected by kinematic joints, enabling efficient simulation of de-
ployment with inertial effects, contact, and actuation forces.

Rigid multibody formulations In rigid MBD, each panel is modeled as a rigid
body with six degrees of freedom (three translations, three rotations), and creases
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are represented as revolute joints [103, 104]. The equations of motion are derived
using Lagrange’s equations, Kane’s method, or the Newton-Euler formulation:

M(q)q̈+C(q, q̇) = Qext +Qconstr

where q is the vector of generalized coordinates, M is the mass matrix, C contains
Coriolis and centrifugal terms, Qext are external forces, and Qconstr are constraint
forces enforcing kinematic joints. Joint constraints introduce algebraic equations,
forming a system of differential-algebraic equations (DAEs). Stabilization tech-
niques, such as the Baumgarte method or projection-based methods, are employed
to prevent constraint drift during time integration [105, 106].

Flexible multibody dynamics When panel flexibility becomes significant, flex-
ible MBD methods are required. The floating frame of reference (FFR) approach
decomposes the motion of each body into a rigid-body motion of a local frame plus
elastic deformation relative to that frame [103, 107]. The elastic deformation is
typically represented using component mode synthesis or assumed modes, reducing
the number of elastic degrees of freedom. The Absolute Nodal Coordinate Formu-
lation (ANCF), previously discussed in the context of finite elements (Sec.1.1.2),
is also widely used in flexible MBD for beams, plates, and cables undergoing large
deformations [75, 76, 77]. ANCF’s constant mass matrix and geometric exactness
make it particularly suitable for deployment simulations involving large rotations
and moderate strains.
Applications to origami deployment include studies of tape spring hinges, Miura-ori
arrays, and gossamer structures [108, 109].

Contact and collision modeling Self-contact between panels is a critical phe-
nomenon in origami deployment, particularly when creases fold beyond 180◦ or
panels approach each other during compaction. Contact models in MBD typically
employ penalty-based methods, where a repulsive force proportional to the pene-
tration depth is applied [110, 111]:

Fcontact = kδn + cδ̇

where δ is the penetration depth, k and n are stiffness parameters (Hertzian con-
tact typically uses n = 3/2), and c is a damping coefficient to dissipate energy and
stabilize integration [110]. Friction models, including Coulomb friction with regu-
larization (LuGre, Stribeck models), are incorporated to capture tangential contact
forces during sliding or sticking [112]. Efficient contact detection algorithms, such
as bounding volume hierarchies and sweep-and-prune, reduce computational over-
head when many panels are present [74, 73].
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Commercial multibody software and applications Commercial MBD pack-
ages such as MSC Adams, RecurDyn, and Simpack provide comprehensive envi-
ronments for modeling, simulating, and animating multibody systems. These tools
have been applied to deployable space structures, including solar arrays [108], solar
sails [113], antennas, and boom systems [109]. Integration with MATLAB/Simulink
enables co-simulation of mechanical deployment with control systems, thermal
loads, and spacecraft attitude dynamics [113]. However, rigid MBD cannot cap-
ture local stresses or panel bending, requiring coupling with finite element models
(flexible MBD) for detailed stress analysis [103].

Analytical models for canonical tessellations For certain origami patterns
with high symmetry and low degrees of freedom, analytical or semi-analytical mod-
els provide closed-form expressions for deployment dynamics. The Miura-ori sheet,
with a single kinematic DOF parametrized by fold angle θ, can be modeled as a
lumped-parameter oscillator [28]:

Ieff(θ)θ̈ + cθ̇ + k(θ − ρ0) =Mext(t)

where Ieff is the effective inertia, c is damping, k is the fold stiffness, ρ0 is the rest
angle, and Mext is the external moment. Extensions include coupling to panel rock-
ing modes and geometric nonlinearity in the restoring moment [28]. The Kresling
pattern’s bistability is described by an energy landscape with two potential wells
separated by a barrier [36, 27]:

U(θ) =
1

2
k1(θ − θ1)2(θ − θ2)2

from which snap-through thresholds and dynamic overshoot can be predicted.
These models inform the design of energy harvesters, vibration isolators, and mor-
phing structures [37, 36]. Waterbomb and flasher folds admit reduced kinematic
coordinates that capture radial deployment [40]. Analytical conditions for geomet-
ric locking and actuation force requirements have been derived, guiding actuator
sizing and mechanism design.
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Next chapter introduces the quasi-static
bar and hinge numerical framework.
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Chapter 2

Quasi-static bar-and-hinge
formulation

2.1 Overview and objectives

Origami-inspired structural systems are composed of thin panels connected along
fold lines, whose geometric arrangement imparts unique mechanical characteristics
such as foldability, reconfigurability and high stiffness-to-weight ratios. Modelling
such systems requires a mechanical representation able to capture the fundamental
deformation mechanisms while remaining computationally efficient for parametric
and design analyses. The bar-and-hinge model provides an effective discrete formu-
lation to simulate the quasi-static behaviour of origami and other folded structures.
In this approach, the elastic sheet is idealised as a network of linear bars, which
restrain in-plane deformations (stretching and shear), and rotational hinges, which
represent out-of-plane bending of panels and rotation along prescribed fold lines.
The model reproduces the essential kinematic and elastic features of origami with-
out resorting to full finite element discretisation. The quasi-static formulation pre-
sented in this chapter constitutes the first step of the overall mechanical framework
of this work. It is derived under the assumptions of:

• geometrically nonlinear, but quasi-static deformation (no inertial effects);

• conservative internal forces (derivable from a potential energy function);

• small strain but potentially large displacement and rotation of elements.

The formulation introduced here provides the foundation for the dynamic extension
introduced in Chapter 3, while allowing efficient simulation of equilibrium configu-
rations, stiffness characteristics and load–displacement paths for folded structures.
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2.2 Fundamentals of the bar-and-hinge concept
Origami structures are commonly discretised by connecting flat panels with fold
lines, which can be interpreted as elastic hinges. Each panel resists stretching,
shearing and bending, whereas the fold lines accommodate concentrated rotations.
The bar-and-hinge abstraction replaces the continuous sheet by a set of discrete
elements:

• Bar elements — linear axial members connecting nodes, capturing in-plane
stretching and shearing of the panels;

• Rotational hinges — torsional springs located along folds or panel diago-
nals, accounting for bending of the sheet.

The model presented in this chapter originates from the seminal works of Schenk
and Guest (2011) [149] and was further refined by Filipov et al. (2017) [62] and Liu
& Paulino (2017) [93]. In particular, Filipov et al. formulated scalable bar–hinge
configurations (N4B5,N4B6,N5B8) capable of representing isotropic in-plane be-
haviour, while Liu & Paulino established a fully nonlinear energy-based formulation
suitable for large rotations.

2.2.1 Physical decomposition of the model

The elastic behaviour of an origami sheet is decomposed into three fundamental
mechanisms:

1. In-plane stretching and shear of panels, represented by bar elements of axial
stiffness KS;

2. Out-of-plane bending of panels, modelled through rotational hinges of stiffness
KB;

3. Folding along prescribed creases, described by additional rotational hinges of
stiffness KF .

Accordingly, the global stiffness matrix of the system can be expressed as the ad-
ditive contribution of these mechanisms:

K = CTDSC+ JT
BDBJB + JT

FDFJF = KS +KB +KF , (2.1)

where C denotes the compatibility matrix for bars, JB and JF are the Jacobian
matrices relating angular displacements to nodal coordinates for panel bending
and folds, respectively, and DS,DB,DF are diagonal matrices containing the cor-
responding element stiffness coefficients. Equation (2.1) (adapted from Filipov et
al., 2017) defines the structural stiffness of the origami assembly in terms of its
constituent bar and hinge components.
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2.2.2 Evolution of bar-and-hinge models

Several discretisation schemes have been proposed for panel representation:

• The N4B5 model, consisting of four corner nodes and five bars (four edges
plus one diagonal), provides a first-order approximation of in-plane stiffness
but lacks isotropy.

• The N4B6 model adds a second diagonal bar, forming a statically indeter-
minate frame able to reproduce Poisson effects and material scaling (E, ν, t).

• The N5B8 model introduces an additional central node, connecting all diag-
onals and yielding an isotropic response under in-plane loads while allowing
bending representation.

The N5B8 configuration is adopted in this work as it ensures scalability, isotropy,
and numerical robustness for large-deformation simulations.

2.2.3 Scope of the quasi-static formulation

The quasi-static model derived in this chapter neglects inertia and damping, focus-
ing instead on the nonlinear equilibrium of the structure:

R(u) = Tbar(u) +Tspr(u)− Fext = 0, (2.2)

where u is the global displacement vector, Tbar and Tspr are the internal force
vectors associated with bar and hinge elements, and Fext is the external nodal
force vector. The tangent stiffness matrix K = ∂R/∂u is obtained by consistent
linearisation, serving as the foundation for incremental Newton–Raphson solution
schemes described later.
The next section introduces the geometric framework and mathematical derivation
of the potential energy functional that governs this equilibrium.

2.3 Geometric framework and potential energy for-
mulation

2.3.1 Geometric representation and degrees of freedom

The bar–and–hinge model represents an origami or folded sheet as a network of n
nodes, each defined by its spatial coordinates in the undeformed reference configura-
tion X = [X1, Y1, Z1, . . . , Xn, Yn, Zn]

T . During deformation, the nodal positions
move to x = [x1, y1, z1, . . . , xn, yn, zn]

T , and the corresponding displacement vec-
tor is
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u = x−X. (2.3)

Each node possesses three translational degrees of freedom (DOFs), such that the
total system DOFs equal 3n. Bar elements connect pairs of nodes and are charac-
terised by axial deformation along their local direction, whereas rotational spring
elements connect sets of four nodes and represent bending or folding between two
triangular facets. The global configuration is governed by the nodal displacement
vector u, from which all internal strains and rotations are derived.

2.3.2 Principle of stationary potential energy

Following the total Lagrangian formulation, the system is assumed to be conserva-
tive, and its equilibrium configuration is obtained from the principle of stationary
potential energy. The total potential energy Π is defined as the sum of internal
strain energies stored in the bars and hinges minus the potential of external loads:

Π(u) = Ubar(u) + Uspr(u)− Vext(u), (2.4)

where:

• Ubar is the strain energy stored in all bar (axial) elements;

• Uspr is the strain energy stored in the rotational hinges (folds and bending
lines);

• Vext is the potential of the external forces applied to the structure.

Equilibrium corresponds to a stationary value of Π, i.e.

δΠ = 0, (2.5)

which yields the nonlinear residual equilibrium equation:

R(u) = Tbar(u) +Tspr(u)− Fext = 0. (2.6)

Here:

• R(u) is the residual force vector;

• Tbar and Tspr are the internal force vectors of bars and rotational springs,
respectively;

• Fext is the external nodal force vector.

38



2.3 – Geometric framework and potential energy formulation

2.3.3 Linearisation and tangent stiffness matrix

For incremental-iterative quasi-static analysis, the residual vector (2.6) is linearised
with respect to the displacement field, yielding the incremental form:

DR(u) δu = K(u) δu, (2.7)

where D(·) denotes the directional derivative, δu is an incremental displacement
vector, and K is the tangent stiffness matrix of the complete system. The tangent
stiffness matrix is decomposed into contributions from bar and spring components:

K(u) = Kbar(u) +Kspr(u). (2.8)

2.3.4 Energy-based formulation of bars and hinges

The total strain energy of the system can be expressed as:

Uint =

nb∑
e=1

U
(e)
bar +

ns∑
r=1

U (r)
spr , (2.9)

where nb and ns are the number of bar and spring elements, respectively. The
variation of Uint with respect to u provides the internal force vector:

δUint = TT
bar δu+TT

spr δu. (2.10)

Combining Eqs. (2.4)–(2.10), the total variation of potential energy becomes:

δΠ = (Tbar +Tspr − Fext)
T δu, (2.11)

from which Eq. (2.6) directly follows.

2.3.5 Matrix representation of stiffness components

By analogy with matrix structural analysis, the global stiffness matrix, symmetric
by construction, can be written as

K =

C

JB

JF

T DS 0 0

0 DB 0

0 0 DF

C

JB

JF

 , (2.12)

where:

• C is the compatibility matrix relating bar extensions to nodal displacements;

• JB and JF are Jacobian matrices of panel bending and fold rotations with
respect to nodal DOFs;
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• DS, DB, and DF are diagonal matrices containing the stiffness coefficients
for bars, bending hinges, and fold hinges, respectively.

Equation (2.12) generalises Eq. (2.8) by expressing the total stiffness as the super-
position of in-plane, bending, and folding contributions:

K = KS +KB +KF . (2.13)

2.3.6 Interpretation and scope

The formulation above represents a generalised quasi-static equilibrium model capa-
ble of describing nonlinear configurations of folded sheets. Each term in Eq. (2.13)
corresponds to an independent physical mechanism and can be scaled according
to the material properties of the panels and folds. The equations remain valid for
both developable (flat-foldable) and non-developable origami patterns, and are ap-
plicable to both single- and multi-panel systems. In the following sections, explicit
element formulations for the bar and rotational spring components are derived to
complete the quasi-static bar–and–hinge model.

2.4 Bar element formulation

2.4.1 Kinematics and strain measure (total Lagrangian)

Consider a two–node bar element e = (a, b) with end points Xa,Xb ∈ R3 in the
reference configuration and xa,xb ∈ R3 in the current configuration. Define

R = Xb −Xa, L = ∥R∥, r = xb − xa, ℓ = ∥r∥, R̂ =
R

L
. (2.14)

Let the element nodal displacement vector be

u(e) =

[
ua

ub

]
=

[
xa −Xa

xb −Xb

]
∈ R6. (2.15)

In a total Lagrangian setting, the one–dimensional Green–Lagrange axial strain of
the bar reads

EX =
1

2

(
ℓ

L

)2

− 1

2
= B1 u

(e) +
1

2
(u(e))T B2 u

(e), (2.16)

with the constant operators

B1 =
1

L

[
−R̂T R̂T

]
, B2 =

1

L2

[
I3 −I3
−I3 I3

]
. (2.17)

Equations (2.16)–(2.17) are exact for arbitrarily large finite displacements and ro-
tations of the bar ends.

40



2.4 – Bar element formulation

2.4.2 Element stored energy and constitutive response

Let A(e) be the (constant) cross–sectional area of element e. Denote by W (EX)
the one–dimensional hyperelastic strain–energy density and by SX = ∂W/∂EX and
C = ∂SX/∂EX the associated second Piola–Kirchhoff stress and tangent modulus,
respectively. The element stored energy is

U
(e)
bar =

∫ L

0

W (EX)A
(e) dX = A(e) LW (EX). (2.18)

Specialisation (linear elastic bar). When a linear elastic law is appropriate
for the in–plane response,

W (EX) =
1
2
E E2

X , SX = E EX , C = E, (2.19)

with E the effective Young’s modulus associated with the laminate’s in–plane be-
haviour.

2.4.3 Consistent internal force vector

The virtual work of the element axial force follows from (2.18) and (2.16):

δU
(e)
bar = A(e) LSX δEX =

(
T

(e)
bar

)T
δu(e), (2.20)

which yields the exact (finite–deformation) element internal force vector

T
(e)
bar = A(e) LSX

(
BT

1 +B2 u
(e)
)
. (2.21)

2.4.4 Consistent tangent stiffness

Linearising (2.21) with respect to u(e) and using dSX = C dEX gives the exact
tangent

K
(e)
bar = A(e) LC

(
BT

1 +B2 u
(e)
)(

BT
1 +B2 u

(e)
)T

+ A(e) LSX B2. (2.22)

It is often convenient to recognise the standard split

K
(e)
bar = A(e) LCBT

1B1︸ ︷︷ ︸
K

(e)
E

+ A(e) LC
[
(B2u

(e))B1 +BT
1(B2u

(e))T
]︸ ︷︷ ︸

K
(e)
1

+ A(e) LC (B2u
(e))(B2u

(e))T︸ ︷︷ ︸
K

(e)
2

+ A(e) LSX B2︸ ︷︷ ︸
K

(e)
G

,
(2.23)
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Quasi-static bar-and-hinge formulation

where K
(e)
E is the (linear) elastic stiffness, K(e)

G the geometric stiffness, and (K
(e)
1 +

K
(e)
2 ) the initial–displacement contribution. Expression (2.22) is symmetric and

ensures quadratic convergence of Newton iterations when assembled consistently.

2.4.5 Local–to–global operators and assembly

Equations (2.21)–(2.22) are written in the global Cartesian basis via R and r and
thus require no element–level rotation. For matrix assembly, it is convenient to
introduce the Boolean extractor Pe ∈ R6×3n that gathers the element DOFs from
the global vector (u(e) = Pe u). The global contributions read

Tbar += PT
e T

(e)
bar, Kbar += PT

e K
(e)
bar Pe, (2.24)

preserving symmetry and sparsity. When one prefers to express B1 in global coor-
dinates using only reference nodal positions, the form

B̃1 =
1

L

[
−
(
Xb−Xa

)T
/L

(
Xb−Xa

)T
/L

]
(2.25)

is directly obtained from (2.17).

2.4.6 Prestretch, eigenstrain and thermal effects

If a known reference (initial) axial strain E0
X is present due to prestretch, manu-

facturing, or thermal mismatch, the stored energy can be written in terms of the
elastic strain EX−E0

X . For the linear case (2.19),

U
(e)
bar = 1

2
A(e) LE (EX−E0

X)
2, (2.26)

which adds a constant initial axial force A(e) LE E0
X

(
BT

1 +B2 u
(e)
)

to (2.21) while
leaving the tangent (2.22) unchanged. Thermal effects enter through E0

X = α∆T
with an effective in–plane thermal expansion α.

2.4.7 Panel–level calibration and scalable bar areas for the
N5B8 frame

At the panel scale, bars are arranged in an indeterminate frame to reproduce the
in–plane membrane response (stretching and shear) of a homogeneous sheet while
keeping a very low number of DOFs. For a rectangular facet of width W and height
H, thickness t, and Poisson ratio ν, the N5B8 template assigns areas to horizontal
(X), vertical (Y ), and short–diagonal (D) bars as

AX =
t (H2 − νW 2)

2H (1− ν2)
, AY =

t (W 2 − νH2)

2W (1− ν2)
, AD =

t ν (H2+W 2)3/2

2HW (1− ν2)
,

(2.27)
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2.5 – Rotational hinge for folds and facet bending

so that the assembled frame exhibits near–isotropic tensile response and realistic
shear behaviour (exact shear matching for ν = 1/3) with a scale–independent
definition of bar stiffness K(e)

S = E A(e)/L(e) at small strains. For skewed panels,
W and H are taken as the average opposing–edge distances, which has been shown
to retain good agreement with shell FE benchmarks for both tension and shear.
These calibrated areas allow the bar network to represent the in–plane membrane
stiffness of the sheet while rotational hinges (Section 2.5) capture out–of–plane
bending and prescribed folds. The expressions above complete the bar component
of the quasi–static bar–and–hinge model. In the next section, we introduce the
rotational hinge (dihedral) operator and its consistent linearisation, which governs
both panel bending and folding along crease lines.

2.5 Rotational hinge for folds and facet bending

Each crease or intra-panel bending diagonal is modeled with a four-node rotational
spring acting (Fig.2.1) on the ordered node quadruple (i, j, k, ℓ), whose axis is the
edge (j, k) and whose adjacent triangular facets are (i, j, k) and (k, j, ℓ). With
current nodal positions {xp}p∈{i,j,k,ℓ} define edge vectors and unnormalized facet
normals

rpq = xp − xq, e = rkj, ê =
e

∥e∥
, m = rij × rkj, n = rkj × rkℓ. (2.28)

2.5.1 Dihedral angle and branch control

The robust, sign-augmented arccos definition has been introduced in [150, 151]:

θ = η arccos

(
m · n
∥m∥ ∥n∥

)
mod 2π,

η =

{
sgn(m · rkℓ), m · rkℓ /= 0,

1, m · rkℓ = 0.

(2.29)

By convention, θ > 0 denotes a mountain assignment when the ordered set (i, j, k, ℓ)
is right-handed. The rest angle θ0 encodes mountain/valley via its sign.
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Figure 2.1: Geometry of a rotational spring element and consistent definition of the di-
hedral (fold) angle. (a) The rotational spring is defined by four nodes (i, j, k, ℓ) forming
two triangular facets (i, j, k) and (k, j, ℓ) that meet along the shared edge (j, k). The
edge vectors rij , rkj , and rkℓ determine the two facet normals m and n, whose relative
orientation defines the dihedral angle θ. (b)–(d) Illustrations of the continuous and con-
sistent assignment of θ as it varies from 0 to 2π, ensuring robust branch control for both
mountain and valley configurations. Image adapted from Liu and Paulino, “Nonlinear
mechanics of non-rigid origami: An efficient computational approach,” Proc. R. Soc. A,
2017 [93].

2.5.2 First derivatives (gradient) of the dihedral

To avoid trigonometric singularities, closed-form, singularity-free gradients are used
[93]:

∂θ

∂xi

=
∥rkj∥
∥m∥2

m,
∂θ

∂xℓ

= − ∥rkj∥
∥n∥2

n, (2.30)

∂θ

∂xj

=

(
rij ·rkj
∥rkj∥2

− 1

)
∂θ

∂xi

− rkℓ ·rkj
∥rkj∥2

∂θ

∂xℓ

, (2.31)

∂θ

∂xk

=

(
rkℓ ·rkj
∥rkj∥2

− 1

)
∂θ

∂xℓ

− rij ·rkj
∥rkj∥2

∂θ

∂xi

. (2.32)
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2.5 – Rotational hinge for folds and facet bending

Stacking the four 3-vectors gives the 12 × 1 gradient gθ = ∂θ/∂x in node order
(i, j, k, ℓ).

2.5.3 Hinge energy, internal force, and tangent

Let ψ(θ) be the hinge stored energy (fold or facet-bending). Define moment and
tangent rotational stiffness

M(θ) =
dψ

dθ
, kθ(θ) =

dM

dθ
. (2.33)

Then the element internal force and tangent are

T(r)
spr =M(θ)gθ, K(r)

spr = kθ(θ)gθg
⊤
θ +M(θ)Hθ, (2.34)

where the exact Hessian Hθ = ∂2θ/∂x2 ∈ R12×12 ensures quadratic Newton conver-
gence near flat or nearly inverted states. For linear torsion, ψ(θ) = 1

2
kθ(θ − θ0)2 so

that M(θ) = kθ(θ − θ0) and kθ is constant.

2.5.4 Second derivatives (Hessian) of the dihedral

We now list all independent 3 × 3 blocks of the Hessian from Appendix A of [93].
Denote

A =
rij · rkj
∥rkj∥2

, B =
rkℓ · rkj
∥rkj∥2

, a ⊙ b := a⊗ b+ b⊗ a,

and the useful derivatives

∂A

∂xj

=
(2A− 1) rkj − rij

∥rkj∥2
,

∂B

∂xj

=
2B rkj − rkℓ
∥rkj∥2

, (2.35)

∂A

∂xk

=
−2A rkj + rij
∥rkj∥2

,
∂B

∂xk

=
(1− 2B) rkj + rkℓ

∥rkj∥2
. (2.36)
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With these, the ten unique 3× 3 blocks of Hθ (node order i, j, k, ℓ) are:

∂2θ

∂xi ∂xi

= − ∥rkj∥
∥m∥4

(
m ⊙ (rkj ×m)

)
, (2.37)

∂2θ

∂xℓ ∂xℓ

=
∥rkj∥
∥n∥4

(
n ⊙ (rkj × n)

)
, (2.38)

∂2θ

∂xi ∂xk

=
m⊗ rkj
∥m∥2 ∥rkj∥

+
∥rkj∥
∥m∥4

(
m ⊙ (rij ×m)

)
, (2.39)

∂2θ

∂xℓ ∂xj

=
n⊗ rkj
∥n∥2 ∥rkj∥

− ∥rkj∥
∥n∥4

(
n ⊙ (rkℓ × n)

)
, (2.40)

∂2θ

∂xi ∂xj

= − m⊗ rkj
∥m∥2 ∥rkj∥

+
∥rkj∥
∥m∥4

(
m ⊙ ((rkj − rij)×m)

)
, (2.41)

∂2θ

∂xℓ ∂xk

= − n⊗ rkj
∥n∥2 ∥rkj∥

− ∥rkj∥
∥n∥4

(
n ⊙ ((rkj − rkℓ)× n)

)
, (2.42)

∂2θ

∂xj ∂xj

=
∂θ

∂xi

⊗ ∂A

∂xj

+ (A− 1)
∂2θ

∂xi ∂xj

−
(
∂θ

∂xℓ

⊗ ∂B

∂xj

+B
∂2θ

∂xℓ ∂xj

)
, (2.43)

∂2θ

∂xj ∂xk

=
∂θ

∂xi

⊗ ∂A

∂xk

+ (A− 1)
∂2θ

∂xi ∂xk

−
(
∂θ

∂xℓ

⊗ ∂B

∂xk

+B
∂2θ

∂xℓ ∂xk

)
, (2.44)

∂2θ

∂xk ∂xk

=
∂θ

∂xℓ

⊗ ∂B

∂xk

+ (B − 1)
∂2θ

∂xℓ ∂xk

−
(
∂θ

∂xi

⊗ ∂A

∂xk

+ A
∂2θ

∂xi ∂xk

)
, (2.45)

∂2θ

∂xℓ ∂xi

= 03×3. (2.46)

All remaining six blocks follow by symmetry/transposes, e.g. ∂2θ/(∂xk ∂xi) =[
∂2θ/(∂xi ∂xk)

]⊤, etc. Equations (2.37)–(2.46) are free of trigonometric singulari-
ties and were verified by finite differences over [0,2π) in [93].

2.5.5 Placement within the bar-and-hinge model

For facet bending we place rotational hinges along panel diagonals following the
N5B8 model and its linearization, with the bending Jacobian JB obtained by as-
sembling ∂θ/∂pj contributions from each dihedral angle, and the panel-bending
stiffnesses stored in the diagonal matrix DB [62]. Fold-line hinges use the same
kinematics with their own constitutive law.

2.5.6 Constitutive relationships for rotational springs

Rotational springs (both fold-line and facet-bending hinges) are governed by a
stored energy ψ(θ), the resisting momentM(θ) = dψ/dθ, and the tangent rotational
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2.5 – Rotational hinge for folds and facet bending

stiffness kθ(θ) = dM/dθ (see §2.5). A classical linear law per unit hinge length is

M(θ) = L(r) k
(
θ − θ0

)
, (2.47)

with constant tangent kθ = L(r)k and neutral (stress-free) angle θ0 [93]. While
widely used, the linear model has two limitations: it affords only one tuning pa-
rameter, and it does not prevent interpenetration of adjacent panels near θ → 0 or
θ → 2π without additional kinematic constraints [93]. The moment relationship of
rotational springs is addressed more in depth in later sections of this dissertation,
starting from section 4.1.3.

Enriched piecewise constitutive law with contact avoidance. To enhance
tunability and embed local contact avoidance into the constitutive law, [93] intro-
duces a piecewise moment–angle relationship that is nearly linear in the main oper-
ating range while exhibiting asymptotic stiffness growth as the dihedral approaches
the limiting angles (Fig.2.2). Let k0 denote the nominal (linear) rotational stiffness
per unit length, and let 0 < θ1 ≤ θ2 < 2π be two tunable angles that determine the
onset of rapid stiffening. The resisting moment per hinge is

M(θ) =



L(r)k0 (θ1 − θ0) +
(2k0 θ1

π

)
tan

(π (θ − θ1)
2 θ1

)
, 0 < θ < θ1,

L(r)k0 (θ − θ0), θ1 ≤ θ ≤ θ2,

L(r)k0 (θ2 − θ0) +
(2k0 (2π − θ2)

π

)
tan

(π (θ − θ2)
4π − 2θ2

)
, θ2 < θ < 2π,

(2.48)
and the corresponding tangent rotational stiffness is continuous and given by

kθ(θ) =
dM

dθ
=


L(r)k0 sec2

(π (θ − θ1)
2 θ1

)
, 0 < θ < θ1,

L(r)k0, θ1 ≤ θ ≤ θ2,

L(r)k0 sec2
(π (θ − θ2)
4π − 2θ2

)
, θ2 < θ < 2π,

(2.49)

as reported in equations (2.44)–(2.45) of [93]. This enriched law maintains a
constant stiffness L(r)k0 in the central interval [θ1, θ2] and increases sharply and
smoothly near the boundaries. In particular,

as θ → 0 ⇒ kθ(θ)→∞, as θ → 2π ⇒ kθ(θ)→∞, (2.50)

providing an asymptotic barrier that prevents local panel penetration without in-
troducing explicit contact constraints [93]. The same constitutive form can be used
for fold hinges and facet-bending hinges, with different choices of k0 to reflect crease
versus panel-bending stiffness.
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q0 q2q1 0 2pq0 q2q1
Figure 2.2: Enriched nonlinear constitutive law for rotational springs incorporating local
contact avoidance, as proposed by Liu and Paulino [93]. (a) Moment–angle relationship
M(θ) per unit hinge length, defined piecewise to provide nearly linear response in the
operating range [θ1, θ2] and asymptotic stiffening near the limiting angles. (b) Corre-
sponding tangent rotational stiffness kθ(θ), continuous across all branches and exhibiting
rapid growth as θ → 0 and θ → 2π, which prevents local panel interpenetration without
explicit contact constraints. The parameters k0, θ1, and θ2 tune the stiffness profile, while
the rest angle θ0 defines the stress-free configuration (M = 0). Image adapted from Liu
and Paulino, “Nonlinear mechanics of non-rigid origami: An efficient computational ap-
proach,” Proc. R. Soc. A, 2017.

Choice of θ1, θ2. The parameters θ1 and θ2 are related to the panel thickness
and to the desired numerical robustness. Thicker panels call for earlier stiffening
(i.e. θ1 and θ2 closer to the flat state θ = π). At the same time, θ1 should not be
set too close to 0 nor θ2 too close to 2π, because an excessively sharp barrier can
cause a nonlinear solver to step over the stiffness spike and allow penetration [93].
Practical values used in the verification examples include (θ1, θ2) = (π/2, 7π/6);
see §4 of [93].

Remarks on energy. The energy ψ(θ) associated with (2.48) is obtained by
integrating M(θ) piecewise with respect to θ. For the linear middle interval this
yields a quadratic contribution 1

2
L(r)k0(θ − θ0)2; the barrier intervals integrate to

smooth functions involving log cos(·), ensuring continuity of ψ, M , and kθ across
θ = θ1 and θ = θ2. Because the analysis and implementation require M and kθ
(and their continuity), explicit closed forms of ψ are not necessary for the quasi-
static formulation. Equations (2.48)–(2.50) complete the constitutive description
of rotational springs used in §2.5. The formulation is compatible with the global
assembly of the bar–and–hinge model (§2.4, §2.5) and provides a consistent way to
regularize near-contact configurations by means of the hinge law itself [93].
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2.6 Solution strategy for quasi-static analysis
The nonlinear equilibrium equation of the bar–and–hinge system,

R(u, λ) = Tbar(u) +Tspr(u)− λF0 = 0, (2.51)

is solved incrementally by means of a modified Newton–Raphson scheme combined
with the Modified Generalized Displacement Control Method (MGDCM) [152, 153].
In Eq. (2.51), λ is a scalar load (or displacement) parameter and F0 is a normalized
reference load vector.

2.6.1 Incremental–iterative Newton–Raphson scheme

At iteration i of the n-th load step, the residual vector and tangent stiffness are

R(i)
n = Tbar(u

(i)
n ) +Tspr(u

(i)
n )− λ(i)n F0, K(i)

n = Kbar(u
(i)
n ) +Kspr(u

(i)
n ). (2.52)

A standard Newton–Raphson correction would update the state as[
K

(i)
n −F0

cT 0

] [
∆u

∆λ

]
= −

[
R

(i)
n

g
(i)
n

]
, (2.53)

where the additional equation g(i)n = 0 enforces the displacement-control constraint
through the control vector c (defined below). The increments ∆u and ∆λ are then
applied to update

u(i+1)
n = u(i)

n +∆u, λ(i+1)
n = λ(i)n +∆λ. (2.54)

2.6.2 Modified Generalized Displacement Control Method
(MGDCM)

Because bar–and–hinge structures may undergo large geometric nonlinearity and
even fold inversion, load-controlled schemes often fail to trace equilibrium paths
beyond limit points. The MGDCM overcomes this by expressing the constraint in
terms of a weighted combination of nodal displacements, allowing automatic load re-
versal and stable path-following through limit points. The displacement constraint
function is defined as

g(u, λ) = cT(u− un−1)−∆ū = 0, (2.55)

where ∆ū is the prescribed control increment (usually a scalar displacement mag-
nitude), and c is a control vector normalized as

c =
u
(0)
n − un−1

∥u(0)
n − un−1∥

, (2.56)
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representing the tangent direction of the displacement path at the beginning of step
n.
Equation (2.53) can then be rewritten explicitly as the MGDCM iteration system:

[
K

(i)
n −F0

cT 0

][
∆u

∆λ

]
= −

[
R

(i)
n

cT(u
(i)
n − un−1)−∆ū

]
. (2.57)

The system (2.57) is symmetric and of order (3n+ 1); it is solved at each iteration
by direct or iterative methods depending on the problem size. After convergence,
the control vector c is updated for the next step based on the last two converged
configurations, providing an adaptive load–displacement direction.

2.6.3 Iterative algorithm for MGDCM

For clarity, the MGDCM quasi-static analysis can be summarized by the following
algorithm.

Algorithm 1 MGDCM quasi-static solution for bar–and–hinge systems
1: Input: initial configuration u0 = 0, λ0 = 0, prescribed increment ∆ū, maxi-

mum number of iterations Nit,max, tolerance ε.
2: n← 1
3: while n ≤ Nsteps do
4: Predict u

(0)
n ← un−1, λ

(0)
n ← λn−1

5: Compute c from Eq. (2.56)
6: for i← 0,1,2, . . . do ▷ until convergence or i = Nit,max

7: Assemble R
(i)
n and K

(i)
n using Eq. (2.52)

8: Form and solve the augmented system (2.57) for (∆u,∆λ)
9: Update the state using Eq. (2.54)

10: if ∥R(i)
n ∥/∥F0∥ < ε then

11: break ▷ converged
12: end if
13: end for
14: Store converged (un, λn) and update c for the next load step
15: n← n+ 1
16: end while
17: Output: equilibrium configurations {(un, λn)}
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2.6.4 Convergence and continuation behaviour

The MGDCM permits automatic transition through limit points (snap-through or
snap-back) by allowing the load factor λ to reverse sign according to the displace-
ment path. The step size ∆ū may be adapted dynamically, typically reduced when
the Newton iterations exceed a predefined number Nit,max, or increased after rapid
convergence. Convergence is generally quadratic near equilibrium, provided that
the consistent tangent stiffness matrices Kbar and Kspr (Eqs. (2.22) and (2.34)) are
used.

2.6.5 Implementation remarks

The numerical implementation closely follows the MERLIN MATLAB environment
reported by [93], where bars and rotational springs are implemented as element
functions returning internal forces and consistent tangents. The MGDCM solution
strategy is compatible with any constitutive law introduced in Section 2.5.6 and
provides robust path-following for strongly nonlinear folding processes. In partic-
ular, the asymptotic hinge stiffness (Eq. (2.49)) ensures smooth convergence near
self-contact configurations without explicit contact constraints.

2.6.6 Summary of governing relations

The complete quasi–static bar–and–hinge formulation can be summarized as:

Kinematics: u = x−X, (2.58)

Energy: Π = Ubar + Uspr − Vext, (2.59)

Equilibrium: R(u) =
∂Π

∂u
= 0, (2.60)

Tangent stiffness: K(u) =
∂2Π

∂u2
= Kbar +Kspr, (2.61)

Constitutive relations: SX =
∂W

∂EX

, C =
∂2W

∂E2
X

, M(θ) =
dψ

dθ
, kθ(θ) =

d2ψ

dθ2
.

(2.62)

These relations, together with the MGDCM procedure described in Section 2.6,
completely define the nonlinear static solution process for bar–and–hinge assem-
blies.
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2.7 Creation of the bar and hinge simulation soft-
ware framework

2.7.1 Preliminary one–dimensional formulation and exten-
sion to 3D

The development of the numerical framework began with the formulation of a
two–dimensional bar element based on the principle of virtual work. This prelimi-
nary step served as a reference for verifying the correctness of all the core finite el-
ement operations, evaluation of the internal virtual work, derivation of the element
internal force vector, and consistent tangent stiffness matrix, within a simplified
kinematic setting.
Starting from this planar case allowed full analytical control over the nonlinear
terms and facilitated debugging of the implementation. Once the 2D procedure was
validated, the same mathematical structure was generalised to the three–dimensional
case by extending the displacement field, strain measure, and transformation oper-
ators to vectorial form. The following section reports the 2D formulation used to
construct and verify the code, followed by its 3D extension.

Bar element in 2D: virtual work, internal force, and tangent stiffness

For a single 2D bar element in the local coordinate system (x1, x2) with undeformed
length Le and cross–sectional area Ae, the internal virtual work is

δW e
int =

∫
V e
0

Se : δEe dV =

∫ Le

0

Ae Se δEe dx, (2.63)

where Se is the (axial) second Piola–Kirchhoff stress, Ee is the axial Green–Lagrange
strain, and (for a 1D bar in a Saint–Venant–Kirchhoff material)

Se = C Ee, C ≡ E Ae. (2.64)

Let the element nodal displacement vector in the local CS be

ue =
[
u1i u2i u1j u2j

]T
.

Using linear shape functions (Galerkin discretization), the displacement gradient
along the local axis is

du

dx
= Be ue, Be =

1

Le

[
−1 0 1 0
0 −1 0 1

]
. (2.65)

The axial Green–Lagrange strain for a 2D bar undergoing large displacements is

Ee =
du1
dx

+
1

2

[(
du1
dx

)2

+

(
du2
dx

)2
]
= B1 ue +

1

2
uT
e B2 ue, (2.66)
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2.7 – Creation of the bar and hinge simulation software framework

with

B1 =
1

Le

[
−1 0 1 0

]
, B2 =

1

L2
e


1 0 −1 0
0 1 0 −1
−1 0 1 0
0 −1 0 1

 . (2.67)

The first variation (total derivative) of Ee is obtained by δEe =
d
dα
Ee(ue + α δue)

∣∣
α=0

,
which yields

δEe = B1 δue + δuT
e B2 ue =

(
BT

1 +B2 ue

)T
δue. (2.68)

Substituting (2.68) in (2.63) and using (2.64) gives, for a constant–strain one–point
element,

δW e
int =

[
SeAe Le

] (
BT

1 +B2 ue

)T
δue. (2.69)

Hence the element internal force vector in the local CS is

f e
int = SeAe Le

(
BT

1 +B2 ue

)
with Se = E Ee = E

(
B1 ue +

1
2
uT
e B2ue

)
.

(2.70)

Linearizing (2.70) gives the consistent element tangent Ke =
∂f e

int

∂ue

. Let

g(ue) = BT
1 +B2 ue (4× 1).

Using
∂Se

∂ue

= E
∂Ee

∂ue

= E
(
B1 +B2 ue

)T and the product rule,

Ke = E Ae Le g(ue)g(ue)
T + SeAe Le B2. (2.71)

The first term is the material (or constitutive) part, the second is the geometric
stiffness associated with the current axial force SeAe.
Let the element make an angle θe with the global X1-axis. The (block–diagonal)
rotation mapping global nodal displacements u to local ones is

ue = Te u, Te =

[
R(θe) 0

0 R(θe)

]
, R(θe) =

[
cos θe sin θe
− sin θe cos θe

]
. (2.72)

Equivalently, using the nodal reference coordinates Xi = (X1i, X2i)
T , Xj = (X1j, X2j)

T ,
the direction cosines can be written as

cos θe =
X1j −X1i

Le

, sin θe =
X2j −X2i

Le

, Le =
∥∥Xj −Xi

∥∥.
For convenience in assembly, define

B̃1 = B1 Te, g̃(u) = B̃T
1 +B2 ue = (B1 Te)

T +B2 (Te u). (2.73)
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𝑋𝑋1
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Figure 2.3: Schematic representation of a deforming 2D bar element. The infinitesimal
slice of the element is shown in its reference (black) and deformed (red) configurations.
The quantities u1, u2 and their variations du1, du2 represent the displacement field used
to derive the Green–Lagrange strain Ee and its first variation δEe in the nonlinear for-
mulation of the internal virtual work.

Then the element contributions written directly in global DOFs are

f e
int(u) = SeAe Le g̃(u) (2.74)

Ke(u) = E Ae Le g̃(u) g̃(u)
T + SeAe Le B2. (2.75)

With your corrected operators

Be =
1

Le

[
−1 0 1 0
0 −1 0 1

]
, B1 =

1

Le

[
−1 0 1 0

]
, B2 =

1

L2
e


1 0 −1 0
0 1 0 −1
−1 0 1 0
0 −1 0 1

 ,
the strain and its variation used in the implementation are precisely

Ee = B1 ue +
1
2
uT
e B2ue, δEe =

(
BT

1 +B2ue

)T
δue,

leading to (2.70)–(2.75).

Generalisation to the 3D case

In three dimensions, each bar element connects two nodes i and j with undeformed
coordinates Xi and Xj, and current coordinates xi = Xi + ui, xj = Xj + uj. The
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local direction vector and its unit form are defined as

le = xj − xi, ne =
le
∥le∥

, Le = ∥le∥.

The Green–Lagrange axial strain for the 3D bar reads

Ee =
1

2
(ne ·ne − 1) =

1

2L2
0

[(xj − xi)·(xj − xi)− (Xj −Xi)·(Xj −Xi)] , (2.76)

which, linearised with respect to the nodal displacements, gives

δEe =
1

Le

nT
e δ(uj − ui) = Be δue, Be =

1

Le

[
−nT

e nT
e

]
. (2.77)

The element internal virtual work is then

δW e
int =

∫ Le

0

Ae Se δEe dx ≃ Ae Le Se Be δue, (2.78)

from which the element internal force vector follows as

f e
int = Ae Le Se B

T
e = Ae LeE Ee B

T
e , (2.79)

where E is the Young’s modulus.
Linearising (2.79) with respect to ue gives the consistent tangent matrix:

Ke = AeE Le B
T
e Be + Ae Se Le Ge, (2.80)

where the first term is the material stiffness, and the second term is the geometric
stiffness, with

Ge =
1

Le

[
I− nen

T
e −(I− nen

T
e )

−(I− nen
T
e ) I− nen

T
e

]
. (2.81)

This formulation maintains the same structure as the 2D derivation and allows
direct extension to general three–dimensional truss or bar networks. It represents
the foundation upon which the dynamic bar–and–hinge solver was constructed and
later extended to complex origami topologies.

2.7.2 Implementation of the 3D static framework in Matlab

The three–dimensional static version of the framework, complete with the assem-
bly of the internal forces derived from the expressions introduced in Section 2.5
and solved using the algorithms presented in Section 2.6, was implemented as a
stand–alone finite element code developed in Matlab. The framework performs a
total Lagrangian nonlinear analysis based on Green–Lagrange strains and second
Piola–Kirchhoff stresses for the bar elements, combined with rotational spring mod-
els for bending and folding hinges. It allows the simulation of generic bar–and–hinge
assemblies in three dimensions, with automatic computation of the tangent stiff-
ness matrix and full Newton–Raphson, Arc–Length, and MGDCM solvers for static
equilibrium.
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Framework structure. The developed code is organised into five main blocks:

1. Pre–processing. The script defines material constants (E, ν, t), geometry,
and connectivity matrices for nodes, elements, and panels. The code auto-
matically constructs the panel centres, bending hinges, and folding hinges,
and computes cross–sectional areas based on geometric proportions.

2. Assembly operators. Element connectivity and hinge panels are expanded
into assembly matrices that map local element quantities to the global finite
element vectors and matrices. Hinge lengths and reference dihedral angles
are computed directly from the undeformed geometry.

3. Constitutive definitions. Each bar element follows a Green–Lagrange
strain formulation, with internal forces and tangent stiffness matrices eval-
uated as Eq. 2.79 and Eq. 2.80. Rotational springs for bending and folding
hinges are introduced through moment–rotation laws defined by three stiff-
ness regions (as defined in Section 2.5.6), whose tangent stiffness and internal
moments are computed at each iteration.

4. Global assembly and boundary conditions. The global tangent stiffness
matrix Kt and internal force vector Fi are obtained by assembling the contri-
butions of all bars and rotational springs. Displacement boundary conditions
and external forces are applied through index vectors.

5. Nonlinear solution. The equilibrium equations are solved incrementally
using one of three available strategies: Newton–Raphson, Arc–Length, or
MGDCM. Each iteration updates the global displacements and load factor λ
until the residual force norm satisfies a specified tolerance. The framework
also tracks internal energies of bars, bending and folding springs, and the
external work for convergence and verification.

The implementation is designed for modularity, allowing straightforward substi-
tution of constitutive laws or solution strategies. The framework serves as the
foundation for the later dynamic extension described in Section 3.7.4.

2.7.3 Transition to dynamic formulation and deployment anal-
ysis

The quasi–static framework developed in this chapter provides the theoretical basis
for reduced–order modeling of foldable structures through coupled bar and rota-
tional hinge elements. Its formulation of stiffness matrices, equilibrium relations,

56



2.7 – Creation of the bar and hinge simulation software framework

and energy consistency enables efficient simulation of large deformations while pre-
serving the essential mechanical behavior of origami assemblies. Numerical demon-
strations of this quasi-static framework are present on different case studies in
Chapter 5.
The next chapter extends this formulation to include inertial and damping effects,
introducing a dynamic bar–and–hinge framework capable of capturing transient
deployment, oscillations, and post-deployment response. This transition marks the
progression from static characterization to a full dynamic analysis environment,
forming the foundation for the creation of the reduced order dynamical framework
presented in this dissertation.
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Chapter 3

Dynamic formulation of the
bar–and–hinge model

3.1 Introduction
The quasi–static bar–and–hinge formulation described in Chapter 2 provides an
efficient reduced–order framework for analysing large–displacement folding and
deployment of origami–inspired structures. However, many structural responses
of interest, such as deployment, transient oscillations, or impacts, require a dy-
namic extension capable of capturing inertial and damping effects in addition to
the geometric nonlinearities. The dynamic version of the bar–and–hinge method
presented here builds upon the quasi–static energy framework and extends it to
time–dependent motion through Hamilton’s principle.
In this formulation, each node of the bar–and–hinge network is endowed with trans-
lational degrees of freedom and a lumped mass that represents the combined con-
tribution of the adjacent facets. Bars are treated as rigid mass–carrying links
that resist axial deformation, while rotational hinges introduce localized bending
or folding compliance. The resulting system of equations of motion couples inertia,
damping, and nonlinear internal forces arising from both bars and hinges.

3.1.1 Scope and assumptions

The following assumptions define the dynamic framework:

• Bars are axially deformable but otherwise rigid in rotation and shear.

• Hinges are torsional springs capable of large rotations; their moment–angle
laws are defined by the same constitutive models introduced in Section 2.5.6.

• Material damping is represented by proportional (Rayleigh) damping, while
numerical dissipation is introduced by the integration algorithm.
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Dynamic formulation of the bar–and–hinge model

• The system is conservative in the absence of external forcing and damping,
such that total mechanical energy is preserved under exact integration.

The purpose of this chapter is to derive the governing equations of motion from first
principles, define the mass and damping matrices, and describe the time–integration
algorithm used for transient simulation. Formulations that remain identical to
those in the quasi–static analysis (such as the element strain energy and stiffness
definitions) are only briefly recalled, whereas new expressions, kinetic energy, mass
matrix, damping and time integration, are presented in full detail.

3.2 Governing equations of motion

The equations of motion of the bar–and–hinge system follow directly from Hamil-
ton’s principle, which requires the action integral

S =

∫ t1

t0

(T − Uint +Wext) dt (3.1)

to be stationary with respect to admissible variations of the nodal displacements
δu(t) that vanish at the temporal boundaries t0 and t1.
The variation of the action reads

δS =

∫ t1

t0

(δT − δUint + δWext) dt = 0. (3.2)

The kinetic energy of the discrete system is

T = 1
2
u̇TMu̇, (3.3)

where M is the global mass matrix and u̇ is the vector of nodal velocities. The
internal potential energy Uint and the external potential Wext have the same form
as in Eq. (2.4) of the quasi–static formulation.
Taking the first variation of Eq. (3.3) yields

δT = u̇TM δu̇ = − δuTMü+
d

dt

(
u̇TM δu

)
, (3.4)

where the second equality follows from integration by parts in time, and the bound-
ary term vanishes due to δu(t0) = δu(t1) = 0.
Substituting Eqs. (3.4) and (2.10) into Eq. (3.2) gives∫ t1

t0

δuT
(
−Mü− R(u) + Fext(t)

)
dt = 0. (3.5)
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Since δu is arbitrary within (t0, t1), the governing equations of motion follow as

Mü+R(u) = Fext(t). (3.6)

To account for damping effects, a viscous term proportional to velocity is added,
leading to the final form:

Mü+Cu̇+R(u) = Fext(t), (3.7)

where C is the global damping matrix. Equation (3.7) represents the complete
nonlinear dynamic equilibrium for the bar–and–hinge model. The residual vector
R(u) retains the same definition as in Eq. (2.6), i.e.

R(u) = Tbar(u) +Tspr(u)− Fext.

3.2.1 Interpretation

Equation (3.7) generalises the quasi–static formulation to dynamic problems by
introducing inertia and damping forces. The term Mü represents the nodal inertial
forces, Cu̇ the viscous damping forces, and R(u) the nonlinear internal elastic
forces originating from bars and rotational hinges. This formulation remains fully
compatible with the previously defined element libraries and stiffness matrices,
ensuring that the transition from quasi–static to dynamic simulation requires only
the additional definition of M and C.
The subsequent section derives the consistent mass matrix formulation for the
bar–and–hinge network, including both lumped and distributed representations,
and introduces the damping model used for dynamic analysis.

3.3 Kinetic energy and mass matrix formulation
The introduction of inertia in the bar–and–hinge framework requires the consistent
definition of the system’s kinetic energy and the corresponding discrete mass matrix.
The kinetic energy is expressed in terms of the translational degrees of freedom of
the nodal network, while the bars are assumed to remain axially deformable but
rotationally rigid.

3.3.1 Kinetic energy of the discrete system

The total kinetic energy of the origami structure is obtained as the sum of the
translational kinetic energies associated with all n nodes of the bar–and–hinge net-
work:

T =
1

2

n∑
a=1

ma u̇
T
a u̇a =

1
2
u̇TMu̇, (3.8)
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where ma is the equivalent lumped mass assigned to node a, u̇a is its velocity
vector, and M is the global mass matrix of order 3n. The matrix M is symmetric
and positive–definite, ensuring that the system’s kinetic energy remains strictly
non–negative during motion.

3.3.2 Elemental mass contribution and lumped formulation

Each panel of the origami structure is modeled as a homogeneous, isotropic sheet
of thickness t, area Ap, and material density ρ. The total mass of the panel is
therefore

mp = ρ tAp. (3.9)

Following the N5B8 discretization scheme [62], each quadrilateral panel is repre-
sented by five nodes: four at the corners and one at the centre. Because corner and
centre nodes have different topological connectivities (each outer node is shared by
three bars, whereas the central node connects to four), the nodal mass distribution
must account for this uneven participation to preserve both mass conservation and
dynamic consistency.
A topology–aware lumped mass model is therefore adopted. The total panel mass mp

is first divided uniformly among the five nodes (mp/5 per node), and then weighted
by the number of bars incident to each node:

mout =
mp

5
· 1
3
=
mp

15
, mcent =

mp

5
· 1
4
=
mp

20
. (3.10)

This approach ensures that outer nodes, which connect to a larger number of
neighboring panels, naturally carry a higher effective mass contribution (mout =
1.33mcent).

3.3.3 Local and global mass assembly

Each bar element e connecting two nodes i and j (either outer or central) receives
a local diagonal mass matrix in its local coordinate system:

M
(e)
local =

[
mα I3 03

03 mβ I3

]
, (α, β) ∈ {o, c}, (3.11)

where I3 is the 3 × 3 identity matrix and mα, mβ denote the corresponding nodal
masses assigned from Eq. (3.10).
The global mass matrix is then assembled by summing all elemental contributions:

M = diag[m1, m1, m1, m2, m2, m2, . . . ,mn, mn, mn], (3.12)

resulting in a fully diagonal (lumped) matrix that preserves total system mass while
maintaining numerical sparsity and stability for large-scale transient simulations.
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3.3 – Kinetic energy and mass matrix formulation

This topology–aware lumped model provides an optimal compromise between ac-
curacy and efficiency: it retains the correct total mass and relative nodal weighting
dictated by structural connectivity, yet avoids the computational cost and coupling
introduced by a fully consistent mass matrix.

3.3.4 Energy consistency and momentum conservation

Both the consistent and lumped mass definitions satisfy the fundamental energy
equivalence:

∂T

∂u̇
= Mu̇,

∂2T

∂u̇2
= M, (3.13)

which ensures that the inertial forces Mü are exactly conjugate to the nodal accel-
erations ü. The momentum of the discrete system is defined as

p = Mu̇, (3.14)

and satisfies global conservation in the absence of external and damping forces:

dp

dt
= Fext −Cu̇−R(u). (3.15)

3.3.5 Assembly of the global mass matrix

The global mass matrix is assembled by summing the contributions of all panels or
bars that share a common node. Denoting by Pp the Boolean extractor matrix that
maps the panel degrees of freedom to the global vector u, the assembled matrix
reads

M =

Np∑
p=1

PT
pMpPp. (3.16)

When the lumped definition is used, this summation simply accumulates scalar
contributions to the diagonal terms corresponding to each node.

3.3.6 Coupling with the stiffness formulation

The dynamic bar–and–hinge formulation remains fully compatible with the stiffness
operators derived in Chapter 2. The inertial term Mü is computed at each time
step and added to the residual equilibrium equation

Rdyn(u, u̇, ü, t) = Mü+Cu̇+R(u)− Fext(t) = 0. (3.17)

This expression provides the governing residual for transient analyses, with M is
computed once at initialization and reused throughout the time–integration process.
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3.4 Time integration scheme

The governing dynamic equilibrium equation of the bar–and–hinge system is ex-
pressed as

Mü+Cu̇+R(u) = Fext(t), (3.18)

where M and C are the global mass and damping matrices, R(u) is the nonlinear
internal force vector, and Fext(t) is the time–dependent external force vector. The
numerical solution of Eq. (3.18) requires the adoption of a time–integration algo-
rithm that advances the kinematic variables u, u̇, and ü in discrete time steps ∆t,
ensuring both numerical stability and controlled dissipation.
The dynamic formulation we present supports three families of integration schemes:

1. an explicit Forward Euler scheme for small systems or short transient re-
sponses,

2. the implicit Newmark–β method for unconditionally stable integration,

3. the Hilber–Hughes–Taylor α (HHT–α) algorithm for improved numerical damp-
ing of high–frequency oscillations.

All schemes operate within the same residual–based iterative structure and employ
the consistent tangent stiffness K(u) = Kbar +Kspr derived in Chapter 2.

3.4.1 Explicit Forward Euler integration

The simplest time–integration approach updates nodal states using explicit finite
differences:

u̇n+1 = u̇n +∆t ün, (3.19)

un+1 = un +∆t u̇n. (3.20)

The acceleration ün is obtained directly from Eq. (3.18):

ün = M−1(Fext,n −Cu̇n −R(un)) . (3.21)

Although computationally inexpensive, the explicit Euler scheme is only condi-
tionally stable, with a maximum stable time increment approximately satisfying
∆t < 2/ωmax, where ωmax is the largest natural frequency of the system. For
origami structures with high stiffness contrasts, this condition can be restrictive,
motivating the use of implicit integration.
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3.4.2 Implicit Newmark–β method

The implicit Newmark–β method provides unconditional stability and second–order
accuracy for linear systems, making it the preferred baseline for dynamic folding
simulations. The kinematic update relations are

un+1 = un +∆t u̇n +
1
2
∆t2 [(1− 2β)ün + 2β ün+1] , (3.22)

u̇n+1 = u̇n +∆t [(1− γ)ün + γ ün+1] , (3.23)

where β and γ are integration parameters controlling stability and numerical damp-
ing. Typical choices are β = 1/4 and γ = 1/2, corresponding to the aver-
age–acceleration scheme.
Substituting Eqs. (3.22)–(3.23) into Eq. (3.18) gives the residual equilibrium at
time tn+1:

Rn+1 = Mün+1 +Cu̇n+1 +R(un+1)− Fext,n+1 = 0. (3.24)

The corresponding effective stiffness matrix for the Newton iteration is

Keff =
1

β∆t2
M+

γ

β∆t
C+K(u

(i)
n+1), (3.25)

where K(u
(i)
n+1) is the tangent stiffness evaluated at the current iteration i.

3.4.3 Hilber–Hughes–Taylor (HHT–α) method

The HHT–α algorithm generalizes Newmark–β by introducing a controlled algo-
rithmic dissipation of high–frequency components while preserving second–order
accuracy for the low–frequency response [154]. The modified dynamic equilibrium
is evaluated at an intermediate point tn+1−α = tn+1 − α∆t:

Mün+1−α +Cu̇n+1−α +R(un+1−α) = Fext,n+1−α, (3.26)

with
R(un+1−α) = (1− α)R(un+1) + αR(un),

Fext, n+1−α = (1− α)Fext, n+1 + αFext, n.
(3.27)

The algorithm reduces to the classical Newmark–β scheme for α = 0. Typical
parameters ensuring unconditional stability and optimal dissipation are α = −0.1,
β = (1− α)2/4, and γ = 1/2− α.
The corresponding effective stiffness matrix solved at each iteration is

Keff = (1− α)
[

1

β∆t2
M+

γ

β∆t
C

]
+ (1− α)K(u

(i)
n+1). (3.28)

At convergence, the algorithm guarantees controlled numerical damping of spurious
oscillations without distorting the physically meaningful response.
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3.4.4 Algorithmic implementation

For clarity, the complete dynamic time–integration loop implemented in the dy-
namic framework is presented below with both algorithms.

Algorithm 2 Explicit dynamic time–integration (Forward Euler)
1: Input: initial state u0, u̇0; mass M, damping C, internal force R(·), external

load Fext,n; time step ∆t; number of steps Nsteps.
2: n← 0
3: while n < Nsteps do
4: Assemble internal forces at tn: Rn ← R(un).
5: Compute acceleration at tn: ün = M−1

(
Fext,n −Cu̇n −Rn

)
.

6: Update velocity (Forward Euler): u̇n+1 = u̇n +∆t ün.
7: Update displacement (Forward Euler): un+1 = un +∆t u̇n.
8: Post–update acceleration at tn+1 (for storage/output):

Rn+1 ← R(un+1), ün+1 = M−1
(
Fext,n+1 −Cu̇n+1 −Rn+1

)
.

9: n← n+ 1
10: end while
11: Output: time histories {un, u̇n, ün}Nsteps

n=0 .

Algorithm 3 Implicit dynamic time–integration (HHT–α/Newmark–β)
1: Input: initial state u0, u̇0, ü0; mass M, damping C, internal force R(·), exter-

nal load Fext,n; parameters (α, β, γ); tolerance ε; maximum iterations Nit,max;
number of steps Nsteps.

2: n← 0
3: while n < Nsteps do
4: Predictor: u(0)

n+1 = un+∆t u̇n+
1
2
∆t2(1−2β)ün, u̇

(0)
n+1 = u̇n+∆t(1−γ)ün.

5: i← 0
6: repeat ▷ until convergence or i = Nit,max

7: Compute residual R(i)
n+1−α and tangent K

(i)
eff .

8: Solve: K
(i)
eff∆u = −R(i)

n+1−α.
9: Update: u

(i+1)
n+1 = u

(i)
n+1 +∆u.

10: Check: if ∥R(i)
n+1−α∥/∥Fext,n+1∥ < ε then break.

11: i← i+ 1
12: until false
13: Accept step: update ün+1 and u̇n+1 (Newmark relations).
14: n← n+ 1
15: end while
16: Output: time histories {un, u̇n, ün}.
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3.4.5 Stability and algorithmic dissipation

The HHT–α method provides unconditional stability for −1/3 ≤ α ≤ 0 and intro-
duces algorithmic damping proportional to α. The spectral radius of the amplifi-
cation matrix, ρ∞, controlling high–frequency decay, is related to α by

ρ∞ =
1− 2α

1 + 2α
. (3.29)

Typical values α = −0.1 to −0.15 correspond to ρ∞ ≈ 0.8, which ensures rapid
attenuation of non–physical oscillations without distorting the low–frequency dy-
namics of folding.

3.4.6 Remarks on numerical implementation

The implicit integration algorithms are implemented in the dynamic framework
using the same element–level modularity as the quasi–static solver. Each time
step requires the assembly of M, C, and K(u), the computation of residual forces
Rn+1−α, and the solution of a single linearized system. The global convergence
tolerance ε is typically set to 10−6, and adaptive time–stepping can be employed
for strongly nonlinear events. This unified structure enables seamless transition
between quasi–static continuation and fully dynamic transient analyses.

3.5 Damping model and energy dissipation
In addition to inertia and elastic restoring forces, the dynamic formulation requires
the inclusion of energy–dissipating mechanisms to ensure numerical stability and to
approximate material and structural damping effects. We introduce a linear viscous
damping model, expressed in matrix form as

Cu̇, (3.30)

where C is the global damping matrix and u̇ the nodal velocity vector. The damp-
ing term represents internal energy loss and provides critical damping control of
spurious oscillations, especially during large folding–unfolding motions.

3.5.1 Rayleigh damping model

We model the global damping matrix using a Rayleigh (proportional) combination
of the mass and stiffness matrices,

C = αM M+ βK K, (3.31)

where αM and βK are non–negative scalar coefficients defining the contribution of
mass– and stiffness–proportional damping, respectively. The Rayleigh model offers
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computational simplicity and ensures that the damping matrix remains symmetric
and positive semi–definite.
The damping ratio ζi associated with the i–th vibration mode is given by

ζi =
1
2

(
αM

ωi

+ βK ωi

)
, (3.32)

where ωi is the natural frequency of the corresponding mode, obtained from the
eigenvalue problem

Kϕi = ω2
i Mϕi. (3.33)

By selecting two target frequencies ω1 and ω2 and their corresponding desired damp-
ing ratios ζ1 and ζ2, the coefficients αM and βK are obtained by solving[

1/(2ω1) ω1/2

1/(2ω2) ω2/2

][
αM

βK

]
=

[
ζ1

ζ2

]
. (3.34)

Typical damping levels used in our simulations range from ζi = 0.02 to 0.05, cor-
responding to lightly damped thin–film structures. The resulting αM and βK coef-
ficients are then directly substituted into Eq. (3.31) to construct C once at initial-
ization.

3.5.2 Modal damping representation

When specific damping ratios are required for a limited number of vibration modes,
a modal damping model can be employed. The global damping matrix is expressed
as

C = ΦCξ Φ
T, (3.35)

where Φ = [ϕ1,ϕ2, . . . ] is the matrix of mass–orthonormal mode shapes satisfy-
ing ΦTMΦ = I, and Cξ = 2diag(ζiωi) is a diagonal matrix containing the modal
damping constants. This formulation provides a more accurate representation of
structural damping for selected modes but requires the solution of the eigenvalue
problem Eq. (3.33), which increases computational cost. For most dynamic origami
simulations, proportional damping according to Eq. (3.31) offers an adequate bal-
ance between accuracy and efficiency.

3.5.3 Energy dissipation and stability

The instantaneous mechanical energy of the discrete system is defined as

E(t) = T + Uint −Wext =
1
2
u̇TMu̇+ Uint(u)− FT

extu. (3.36)

Taking its time derivative and substituting the equations of motion Eq. (3.7), we
obtain

dE
dt

= − u̇TCu̇, (3.37)
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which demonstrates that the damping term always removes energy from the system
and that E(t) decreases monotonically when no external work is applied. Equa-
tion (3.37) guarantees unconditional stability in the absence of external excitation
provided that C is positive semi–definite.

3.5.4 Interpretation

The damping model defined above reproduces the global dissipative behaviour of
flexible, foldable structures without introducing artificial stiffness. In dynamic fold-
ing and deployment simulations, it prevents non–physical high–frequency oscilla-
tions of the nodes and ensures that the total mechanical energy remains bounded.
The damping parameters (αM , βK) are calibrated to achieve realistic transient re-
sponses that replicate the viscoelastic characteristics of lightweight composite lam-
inates and textile–reinforced substrates typically used in origami–based systems.

3.6 Energy conservation and stability analysis

A central requirement for the dynamic bar–and–hinge formulation is that the
time–integration algorithm maintains stable behaviour while providing controlled
algorithmic dissipation. We therefore analyse the evolution of the discrete total en-
ergy under HHT–α integration and establish its unconditional stability for a proper
choice of parameters (α, β, γ).

3.6.1 Discrete mechanical energy

The instantaneous mechanical energy of the system is defined as

E(t) = T (t) + Uint(t)−Wext(t) =
1
2
u̇TMu̇+ Uint(u)− FT

extu. (3.38)

During exact integration, E remains constant for a conservative system. In a dis-
crete time–stepping algorithm, the variation of E between two successive steps
defines the numerical energy error.
Using the HHT–α equilibrium Eq. (3.39), the discrete energy increment between
tn and tn+1 can be written as

∆E = En+1 − En = − (1 + α)∆t u̇T
n+1−α Cu̇n+1−α − α∆t u̇T

n+1−α Ku̇n+1−α, (3.39)

where u̇n+1−α = (1 − α)u̇n+1 + α u̇n. The first term represents physical damping,
while the second term accounts for algorithmic dissipation introduced by α < 0.
For α = 0, the method reduces to the classical Newmark–β scheme, which conserves
energy exactly in the absence of damping.
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3.6.2 Unconditional stability

The HHT–α method is unconditionally stable for linear systems when the param-
eters satisfy

α ∈ [−1/3, 0], β ≥ 1
4
(1 + α)2, γ = 1

2
+ α. (3.40)

These relations ensure that the amplification matrix of the integration scheme has
a spectral radius less than or equal to unity for any time step ∆t, making the
algorithm suitable for large–scale nonlinear dynamic problems with severe stiffness
contrasts, such as origami folding and snap–through events.

3.6.3 Algorithmic dissipation control

The parameter α determines the level of numerical damping applied to high–frequency
components of the response. Its effect is quantified by the spectral radius at infinity
ρ∞, related to α by

α =
1− ρ∞
1 + ρ∞

. (3.41)

For ρ∞ = 1, no algorithmic dissipation is introduced and the scheme is energy–conserving.
Typical choices ρ∞ = 0.8–0.9 yield mild damping of spurious oscillations without
affecting the low–frequency response of the structure.
The combination of Eqs. (3.39)–(3.41) demonstrates that the total mechanical en-
ergy decreases monotonically for α < 0, ensuring robust stability even for highly
nonlinear transient events.

3.6.4 Discussion

In dynamic folding simulations, energy consistency and monotonic dissipation are
fundamental to avoid artificial oscillations and divergence near contact–like con-
figurations. The present formulation achieves this by combining a consistent mass
representation, a Rayleigh damping matrix, and the HHT–α integration algorithm.
The result is a numerically stable and physically consistent scheme capable of cap-
turing both quasi–static and transient nonlinear behaviours of origami structures.

3.7 Numerical behaviour, convergence, and transi-
tion to applications

3.7.1 Iterative convergence characteristics

The nonlinear coupling between bar elongations and hinge rotations requires it-
erative correction within each time step. Convergence is monitored through the
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relative residual norm
∥R(i)

n+1−α∥
∥Fext, n+1∥

< εdyn,

with εdyn typically between 10−4 and 10−6. The convergence rate is quadratic near
equilibrium owing to the consistent tangent matrix Keff defined in Eq. (3.28). For
strongly nonlinear events, such as multiple fold activations or snap–through transi-
tions, adaptive control of the time step ∆t ensures robust and efficient performance.

3.7.2 Influence of model and integration parameters

The stability and accuracy of the dynamic simulation depend on both physical and
numerical parameters:

• Mass scaling. The lumped mass distribution controls the natural frequencies
of the model and should reflect realistic areal densities of the substrate.

• Damping. Parameters αM and βK are tuned to reproduce observed decay
rates without suppressing global dynamics.

• Time step. The integration time step ∆t must satisfy ∆t < 0.2Tmin, where
Tmin is the smallest characteristic vibration period of the system, ensuring
sufficient temporal resolution.

• Integration parameters. For typical values α = −0.1, β = 0.25(1 + α)2,
and γ = 0.5 + α, the algorithm achieves stable, accurate results with mild
high–frequency damping.

Sensitivity analyses performed during development confirmed that the dynamic
response converges with mesh refinement and that the integration parameters affect
only the transient damping of high–frequency components, without altering the
overall folding kinematics.

3.7.3 Computational performance

The computational cost of the dynamic bar–and–hinge formulation scales linearly
with the number of degrees of freedom due to the sparse and banded structure of
the global matrices M, C, and K. This efficiency allows time–accurate simulation
of large deployable systems with complex folding topologies.

3.7.4 Dynamic bar–and–hinge framework implementation in
Matlab

The MATLAB framework for the dynamic bar-and-hinge method implements the
equations of motion derived in Section 3.2. The equations are integrated in time
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through the schemes described in Section 3.4. The implementation builds directly
upon the 3D static framework, augmenting it with inertial effects and mass matrix
contributions formulated in Section 3.3. The resulting code constitutes a general
nonlinear dynamic solver for bar–and–hinge assemblies, written entirely in Mat-
lab.

Overview. The framework performs nonlinear dynamic simulations of 3D bar-
and-hinge structures under arbitrary time–dependent loads. All material and geo-
metric parameters (E, ν, t, ρ), together with nodal coordinates, element connectiv-
ity, and panel definitions, are read or generated during the pre–processing stage. At
this level, the user also specifies the excitation function F (t), the total simulation
time, and the integration time step ∆t, along with the preferred time–integration
scheme. Three solvers are implemented and can be selected at runtime: Forward
Euler, Newmark–β, and HHT–α.

Kinematic and constitutive formulation. The bar elements retain the to-
tal–Lagrangian Green–Lagrange strain formulation derived in the static framework.
Internal forces and consistent tangent stiffness matrices are computed according to
the same expressions used in Section 2.5, ensuring exact compatibility between
static and dynamic analyses. Rotational spring elements model the bending and
folding stiffness of the hinges through the nonlinear moment–rotation laws already
defined, and their contributions are assembled together with those of the bar ele-
ments into the global internal force vector Fint and tangent matrix Kt.

Mass matrix and inertial terms. The transition from the static to the dynamic
framework is achieved by introducing a global mass matrix M, consistently derived
from the kinetic energy expression presented in Section 3.3. Element masses are
distributed to the corresponding nodal degrees of freedom through assembly oper-
ators analogous to those used for stiffness. Inertial forces are then computed as
Fin = Mü, and automatically included in the residual of the global equilibrium
equations.

Time integration and solution procedure. Time discretisation of the equa-
tions of motion follows the general scheme described in Section 3.4. At each time
step tn+1, the global residual and effective tangent matrix are assembled according
to the chosen algorithm:

• Forward Euler – a first–order explicit scheme for preliminary validation and
small–scale problems;

• Newmark–β – an unconditionally stable implicit integrator based on con-
stant–average acceleration (β = 0.25, γ = 0.5);
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• HHT–α – a dissipative variant of Newmark’s method, improving high–frequency
numerical damping and stability.

For each step, the nonlinear equilibrium Rn+1 = Mün+1+Fint(un+1)−Fext(tn+1) =
0 is solved iteratively by a Newton–Raphson procedure until convergence in the
residual norm. After convergence, the displacement, velocity, and acceleration vec-
tors are updated and stored for post–processing.

Outputs and validation. The framework records the complete time history of
nodal displacements, velocities, and accelerations, as well as the evolution of inter-
nal, kinetic, and external energies. These results are subsequently used to validate
both the static and dynamic solvers. A detailed verification of the framework, in-
cluding benchmark case studies and comparison against high–fidelity finite element
simulations, is reported in Chapter 5.

3.7.5 Transition to dynamic applications

The dynamic framework derived in this chapter provides the foundation for the
simulation of transient folding and deployment phenomena in origami–inspired sys-
tems. In the following chapter, the formulation is applied to representative geome-
tries to analyse their dynamic response, including deployment speed, hinge moment
evolution, and energy transfer between panels. These numerical studies demon-
strate the capability of the developed model to predict the full time–dependent
mechanics of foldable structures with high fidelity, bridging the gap between re-
duced–order analytical models and experimentally validated prototypes.
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Chapter 4

Experimental activities and
implementation of the
bar–and–hinge framework

This chapter presents two main objectives: to introduce the experimental activities
carried out throughout the research, and to describe the numerical bar–and–hinge
frameworks developed for the analysis of origami-inspired structures. The experi-
mental work was aimed at providing a physical basis for the definition and validation
of the numerical model, while the static and dynamic frameworks, implemented in
Matlab, were conceived to reproduce and predict the observed mechanical be-
haviour.
The first part of the chapter presents the overall workflow adopted for experimental
validation, with particular attention to the identification of the torsional stiffness of
folding hinges. Determining an equivalent hinge stiffness from the intrinsic mate-
rial properties represents a well-known challenge in bar–and–hinge modelling [62],
and a dedicated experimental campaign (currently ongoing) has been therefore de-
signed out to directly measure this parameter. This activity aims to provide both
insight into the physical behaviour of the folds and the quantitative data required
to calibrate the numerical framework.
The second part of the chapter describes the design and construction of a dedicated
Mechanical Ground Support Equipment (MGSE) for the deployment of origami
structures. The MGSE was developed to provide controlled boundary conditions
and actuation for both quasi-static and dynamic tests. Its design process, which
was guided by the numerical results obtained from the bar–and–hinge simulations
carried out in Merlin2, is presented in detail and represents a validation of the
quasi-static bar and hinge results.
The third part introduces the computer–vision–based tracking algorithm developed
to measure the kinematics of the origami prototypes during experimental testing.
This system allows the automatic detection and tracking of key features on the
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panels, providing time-resolved displacement data that can be directly compared
with the results of the dynamic simulations.
Finally, the last section of the chapter summarises the implementation of the
bar–and–hinge framework in Matlab, in both its static and dynamic formula-
tions. The underlying mathematical models are presented in Chapter 2 and 3,
while this section focuses on the experimental workflow, and description of the
computational implementation of the framework. The numerical results obtained
with these formulations are validated in Chapter 5 through comparison with finite
element simulations and the experimental data obtained following the procedure
detailed in this chapter.

4.1

76



4.1 – Design and fabrication of origami prototypes

77



Experimental activities and implementation of the bar–and–hinge framework

•

78



4.1 – Design and fabrication of origami prototypes

79



Experimental activities and implementation of the bar–and–hinge framework

80



4.1 – Design and fabrication of origami prototypes

81



Experimental activities and implementation of the bar–and–hinge framework

82



4.1 – Design and fabrication of origami prototypes

83



Experimental activities and implementation of the bar–and–hinge framework

84



4.1 – Design and fabrication of origami prototypes

85



Experimental activities and implementation of the bar–and–hinge framework

86



4.1 – Design and fabrication of origami prototypes

87



Experimental activities and implementation of the bar–and–hinge framework

88



4.1 – Design and fabrication of origami prototypes

89



Experimental activities and implementation of the bar–and–hinge framework

90



4.1 – Design and fabrication of origami prototypes

91



Experimental activities and implementation of the bar–and–hinge framework

92



4.2 – Quasi–static bar–and–hinge analysis and MGSE derivation for a flasher origami

93



Experimental activities and implementation of the bar–and–hinge framework

94



4.2 – Quasi–static bar–and–hinge analysis and MGSE derivation for a flasher origami

95



Experimental activities and implementation of the bar–and–hinge framework

96



4.2 – Quasi–static bar–and–hinge analysis and MGSE derivation for a flasher origami

97



Experimental activities and implementation of the bar–and–hinge framework

98



4.2 – Quasi–static bar–and–hinge analysis and MGSE derivation for a flasher origami

99



Experimental activities and implementation of the bar–and–hinge framework

100



4.2 – Quasi–static bar–and–hinge analysis and MGSE derivation for a flasher origami

101



Experimental activities and implementation of the bar–and–hinge framework

102



4.3 – Computer vision tracking algorithm for dynamic characterisation

4.3 Computer vision tracking algorithm for dynamic
characterisation

To enable quantitative analysis of the dynamic behaviour of origami structures,
a dedicated computer–vision algorithm was developed in Matlab. The objective
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of this tool is to extract time–resolved displacement and rotation data of selected
points directly from video recordings of dynamic experiments. This approach en-
ables fully non–intrusive motion tracking, eliminating the need for physical sensors
or markers integrated into the prototype.
The algorithm operates in four main stages: (i) video import and region definition,
(ii) interest–point detection, (iii) feature tracking, and (iv) data post–processing.
The workflow begins with the acquisition of a video sequence, processed frame by
frame using dedicated Matlab system objects. In the first frame, the user defines
a region of interest (ROI) around the feature to be tracked, either manually or by
specifying coordinates. Within this ROI, distinctive image features—typically cor-
ners or regions with strong intensity gradients—are detected using the Minimum
Eigenvalue method [159], which provides robust point tracking even under moder-
ate changes in illumination or orientation.
Once the initial features are detected, a point–tracking object is initialised with
their coordinates. The tracker employs an optical–flow–based method to compute
the displacement of each feature between consecutive frames, enforcing bidirectional
consistency through a maximum bidirectional error criterion. For each frame, the
updated positions of all valid features are recorded, displayed in real time, and
stored for subsequent analysis.
In the post–processing stage, the algorithm reconstructs the trajectories of all
tracked points and computes their displacements with respect to a reference origin
defined in the image plane. From these trajectories, instantaneous direction vectors
between the reference and each feature point are calculated, enabling the derivation
of the rotation angle θ(t) as a function of time. Missing or invalid detections are
automatically interpolated or flagged to prevent artefacts. By averaging the an-
gular evolution of multiple tracked points, the algorithm provides a representative
estimate of the overall rotational response of the structure, together with additional
parameters such as oscillation amplitude and damping ratio.
The algorithm outputs time–series plots of angular displacement and centroid mo-
tion, allowing direct visualisation of the dynamic behaviour throughout the ex-
periment. The decay of oscillation peaks is fitted using logarithmic decrement
techniques to estimate the equivalent damping coefficient of the structure. This
enables first–order dynamic characterisation directly from video data, without the
need for external instrumentation.
Although currently applied to proof–of–concept videos of simplified prototypes, the
framework establishes a foundation for future dynamic validation of origami–inspired
mechanisms. The objective of this tool is to extract detailed displacements, veloc-
ities and accelerations of specific tracking points under realistic operating condi-
tions. This methodology thus represents a crucial complement to the reduced–order
bar–and–hinge simulations, effectively bridging numerical predictions with experi-
mentally observed dynamic behaviour.
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4.3.1 Experimental validation on a simple fold

As validation of the computer–vision algorithm, a dynamic experiment conducted
on a simple fold specimen is presented here to demonstrate its capability in re-
constructing angular motion and estimating damping parameters. The test setup
consisted of a single fold origami element suspended horizontally and held in the
folded position by a thin thread. Upon cutting the thread, the structure was re-
leased and allowed to oscillate freely under gravity and its own elastic restoring
moment, producing a characteristic damped rotational motion (Fig. 4.19). The
test was recorded using a high–definition camera positioned perpendicularly to the
motion plane, ensuring that all relevant displacements occurred within the image
frame.
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Figure 4.19: Dynamic measurement of damping coefficient on a simple origami fold: On
the left - Setup for the dynamic validation of the computer–vision algorithm on a simple
fold specimen. The green markers indicate the features automatically detected and tracked
during the experiment. On the right - Angular displacement θ(t) showing the damped
oscillatory motion.

After importing the video into Matlab, the algorithm automatically detected a
dense cluster of feature points near the fold tip (shown on the left in green in
Fig. 4.19). The trajectory of each point was tracked frame–by–frame using the
optical–flow–based point tracker, from which the direction vector v(t) connecting
the origin (fixed base) to each tracked point was reconstructed. The instantaneous
rotation angle θ(t) was computed as the angle between v(t) and the horizontal
reference vector x = [−1, 0]. The result is a time–resolved evolution of θ(t) for all
tracked features, as shown on the right in Fig. 4.19, where the collective oscillation
and its gradual decay are clearly visible.
From the time history of θ(t), the algorithm computed the centroid of all angular
trajectories to obtain a representative global response of the system. Successive os-
cillation peaks were extracted from this averaged signal to evaluate the logarithmic
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decrement, defined as

δ = ln

(
θi
θi+1

)
,

which quantifies the exponential rate of decay of the oscillation amplitude. In this
specific experiment, the computed value of δ = 0.0628 corresponds to a damping
ratio ζ obtained from the classical relationship

δ =
2πζ√
1− ζ2

,

yielding ζ ≈ 0.01. This result is consistent with the expected low damping of
lightweight foldable laminates, confirming that the vision–based tracking algorithm
can reliably capture the oscillatory motion and extract meaningful dynamic param-
eters directly from video data.
Although this test was conducted on a simplified specimen, it demonstrates the
algorithm’s effectiveness in retrieving angular displacement, oscillation frequency,
and damping behaviour without any physical sensors. This approach will be ex-
tended in future experiments to the full origami prototypes tested on the MGSE,
enabling complete dynamic characterisation through purely optical measurements.

4.3.2 Discussion and future implementations

The computer–vision tracking algorithm described in this section was developed as
a preparatory tool to complement the experimental infrastructure introduced ear-
lier in this chapter. It has already been used for other dynamic measurements in an
industrial environment within Astradyne, but has not yet been applied directly to
complex origami deployment experiments for validation against the bar–and–hinge
results. Although no dynamic measurements have yet been performed for this spe-
cific purpose, the algorithm represents a key component of the broader validation
framework designed for future testing campaigns.
At the current stage, the experimental activities related to this research have pri-
marily focused on the characterisation of folding stiffness, which remains the dom-
inant uncertainty in the bar–and–hinge formulation. Consequently, the dynamic
testing phase, requiring synchronised video acquisition and actuation through the
MGSE (Sec. 4.2.4), has been postponed until the completion and consolidation of
the ongoing stiffness calibration campaign.
During deployment, the system will operate with a fixed camera positioned perpen-
dicularly above the MGSE plane, providing a full–field view of the origami structure
during actuation. Frame timestamps will be synchronised with actuator control sig-
nals through a shared trigger line managed by the microcontroller unit, ensuring
temporal alignment between image acquisition and mechanical input. By combin-
ing optical data with actuation logs, the algorithm will enable the reconstruction
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of time–resolved displacement, velocity, and acceleration fields for selected nodes
of the structure.
Such experimental campaigns are planned as part of the future developments of
this research, in which the computer–vision system will be employed in conjunction
with the MGSE to provide quantitative validation of the dynamic bar–and–hinge
framework.
In summary, the present work establishes the methodological foundation and soft-
ware architecture necessary for subsequent experimental verification. While not yet
applied to full–scale measurements, the algorithm constitutes an essential step to-
ward a complete experimental–numerical pipeline for the dynamic characterisation
of origami–inspired structures.
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Chapter 5

Validation of the dynamic
bar–and–hinge framework

The final chapter of this dissertation presents the numerical validation of the dy-
namic bar–and–hinge framework developed during the three-years study. After
deriving the governing equations of motion, formulating the mass and damping
matrices, and implementing the time-integration algorithms in Chapter 3, and af-
ter introducing the numerical framework at the end of Chapter 4, this chapter closes
the methodological loop by demonstrating that the proposed formulation can reli-
ably reproduce the nonlinear dynamics of canonical origami structures under both
quasi-static and transient loading.

The chapter therefore serves two complementary purposes. First, it evaluates the
performance of different time-integration schemes, explicit and implicit, within the
dynamic bar–and–hinge solver, analysing their respective accuracy, stability, and
computational cost. Second, it benchmarks the complete simulation framework
against high-fidelity finite-element models, thereby providing a rigorous quantita-
tive validation of the formulation introduced in the earlier chapters.

The validation workflow begins with a discussion of the trade-offs between explicit
and implicit integration strategies, where Forward Euler, Newmark-β , and HHT-α
are compared in terms of convergence behaviour, numerical damping, and overall
runtime. Subsequently, a systematic sequence of verification cases is presented,
ranging from the simplest single-fold mechanism to the full multi-cell Miura-ori
pattern. Each case is examined under static and dynamic conditions, allowing the
solver to be assessed across increasing levels of geometric complexity and mechan-
ical coupling. For all benchmarks, the same constitutive parameters are retained,
ensuring that the comparisons isolate the numerical performance of the framework
itself.

The verification procedure is carried out through direct cross-comparison with de-
tailed Ansys Mechanical simulations, which serve as the reference baseline.
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Displacement histories, load–displacement curves, and phase responses are moni-
tored at selected nodes, and the percentage deviations are reported to quantify the
model’s predictive accuracy. Across all cases, the bar–and–hinge framework demon-
strates excellent agreement with the reference data while achieving speed-ups of up
to two orders of magnitude relative to shell-element analysis.

The results presented in this chapter consolidate the key achievement of the work:
the development of a dynamic, energy-consistent, and computationally efficient
bar–and–hinge framework that faithfully captures the nonlinear behaviour of de-
ployable origami systems. The concluding section discusses the implications of
these results and outlines further improvements, such as experimental calibration
of hinge stiffness and damping, as well as the integration of the solver into design
optimisation and control workflows. Together, these validation studies confirm that
the dynamic bar–and–hinge approach constitutes a reliable and scalable foundation
for the future simulation of lightweight, foldable structures in both academic and
industrial applications.

5.1 Explicit vs. Implicit Time Integration
In dynamic simulations of origami-inspired structures, the choice between explicit
and implicit time-integration schemes hinges on a balance of stability, efficiency and
robustness. Explicit algorithms such as Forward Euler advance the solution with a
low per-step cost because they bypass the solution of global equilibrium equations;
however, their stability is conditional on the time step being smaller than the
critical limit dictated by the highest natural frequency, forcing very fine step sizes
for stiff systems. Implicit schemes, represented here by Newmark-β and HHT-α
solve a (generally nonlinear) equilibrium problem at every increment, incurring a
higher computational expense per step, yet they are unconditionally stable in the
linear regime and, with appropriate parameter choices, remain robust for large-
deformation nonlinearities typical of deployable origami. Consequently, implicit
methods can employ time steps an order of magnitude larger than their explicit
counterparts, often yielding shorter overall runtimes for stiff or highly nonlinear
problems while providing superior energy behaviour and numerical damping control
[160, 161].

In the present work that advantage is realised through an iterative Newton–Raphson
solver executed at every implicit step. Although each increment now entails the
assembly of a consistent tangent matrix and a certain number (typically 2 to 3)
equilibrium iterations, the quadratic convergence of Newton–Raphson means that
the extra cost is quickly amortised when the step size can be increased by a factor
of ten or more. Our full-Miura dynamic benchmark (Section 5.2.6) illustrates the
trade-off clearly: Newmark-β and HHT-α require only 1000 steps at ∆t = 0.01s and
finish in ≈ 100s, whereas Forward Euler must take several more steps to achieve
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comparable accuracy. Thus the iterative implicit formulation delivers the same or
better total runtime while retaining unconditional stability, controllable numerical
damping and a rigorous treatment of the nonlinear residual.

5.2 Validation results

The bar–hinge formulation was implemented from scratch in a stand-alone MAT-
LAB code equipped with independent static and dynamic solvers. Verification
relies on a single, but rigorous, methodology: for every benchmark a companion
high-fidelity model is built in Ansys Mechanical, using the same material data,
boundary conditions and time-integration parameters; specific FEM-model details
are reported in the corresponding case-study subsections. Nodal displacements
obtained with the MATLAB framework are compared directly against the FEM
results; a benchmark is deemed validated when the monitored quantities (load vs
displacements curves) show good agreement with respect to the FEM simulation.

The individual case studies were selected to reproduce canonical tests previously
published in the literature, thereby allowing indirect comparison with those works
while maintaining a single verification pipeline based on FEM cross-checks. Specif-
ically:

• The three single-panel static tests reported by Filipov et al. [62], traction,
shear and bending, are recreated and documented in Appendix 6.1.

• The dynamic benchmarks follow the configuration of previous literature, like
[162], but are validated exclusively against our own FEM models to keep the
error assessment self-consistent.

The three case studies considered are:

1. Simple origami fold – static & dynamic;

2. Miura-ori unit cell – static & dynamic;

3. Full miura-ori – static & dynamic;

All benchmarks use the same material properties present in Table 5.1.

Hinge stiffness is linear in the range between θ1 and θ2, outside of the range it
is defined in a nonlinear form, as in [93], bars carry only axial load; out-of-plane
bending and folding resistance is concentrated in the respective rotational springs,
defined as in [62]. These values remain unchanged for all validation cases.
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Table 5.1: Constitutive and geometric parameters adopted throughout the static and
dynamic validations (unless explicitly stated otherwise).

Symbol Value

Young’s modulus E 106 Pa
Poisson’s ratio ν 0.25
Thickness (flat facets) t 0.01 m
Density∗ ρ 1 kg m−3

Bar length lbar 1 m
Bar area Abar same as [62]
Hinge (fold) width bh 1 m
Hinge rotational stiffness† kθ 0.0639 N m rad−1

∗Parameter varied ±5% in dynamic simulations for results fitting.
†Same arbitrary folding stiffness value used in [162].

5.2.1 Simple fold — static verification

The simple–fold configuration serves as the first benchmark for verifying the accu-
racy of the dynamic bar–and–hinge framework in its quasi-static limit.

The model consists of two identical square panels, 1 × 1 m2 each, joined along a
single crease that forms a 60◦ dihedral angle in the undeformed state (Fig. ??).
Each panel follows the N5B8 scheme, and the crease is represented by one torsional
spring hinge, for a total of 16 bars and 9 hinges (one fold hinge and eight panel-
bending hinges).

Nodes 1 and 3, outer corners of the left and right panels, are fully clamped (ux =
uy = uz = 0). Nodes 5 and 6, crease-side corners, are restricted in the x−y plane

(uz = 0), thereby mimicking a pinned edge while allowing out-of-plane folding.

Static point loads of 0.5 N are applied in the +x direction at Nodes 5 and 6, placing
the fold in tension (Fig. 5.1). All material constants coincide with Table 5.1.

A Newton–Raphson algorithm with a residual tolerance of 10−6 N is employed.
The total load is ramped in 1000 equal increments, and quadratic convergence is
achieved within three to six iterations per step. For all three benchmarks a common
high-fidelity reference solution was generated with a shell formulation. Each facet
is meshed with SHELL281 elements of nominal side length 0.10 m, resulting in a
10× 10 grid per 1× 1 m2 panel. The fold lines are represented by either a revolute
joint or an MPC184 multi-point constraint, whose rotational stiffness matches the
hinge parameter in the bar–and–hinge model. This mesh resolution is used in
Case Studies 1–3 (simple fold, Miura-cell and full Miura pattern), whereas the finer
comparisons reported in Appendix 6.1 adopt a 0.05 m element size (20×20 elements
per panel).
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simple fold. (Right) Displacement–load response at Node 5: bar–and–hinge (blue) versus
FEM (red).

Figure 5.1 compares the bar–and–hinge solution (blue) with the reference finite-
element data (red) for the displacements of Node 5 along the loaded x direction.
The peak error value along the entire displacement-load curve is 8.76%, which is
reasonable for the given nonlinear behaviour.

It can be noticed how, for small displacements, the bar and hinge performs virtually
identically to the FEM reference model. in the nonlinear range, there is a slight
increase in the error, which quickly returns to smaller values as the force increases,
there may be several reasons for this, the authors deem the different mathematical
model for the folding hinge in FEM and bar-and-hinge framework, the primary
responsible for this type of behaviour.

5.2.2 Simple fold — dynamic verification

The simple–fold geometry of Section 5.2.1 is now excited dynamically with three
Gaussian impulses of increasing peak force (0.0025 N, 0.01 N and 0.025 N). Each
impulse has a centre frequency of 1 Hz and is applied in the +x-direction at Nodes 5
and 6. Four solution curves are reported for every load case: (i) FEM reference, (ii)
Forward Euler with the “baseline” time step ∆t, (iii) Forward Euler with a smaller
∆t to illustrate the cost of enforcing stability, and (iv–v) the implicit Newmark-β
and HHT-α schemes.

• 0.0025 N and 0.01 N cases. Baseline ∆t = 0.02 s for all integrators; the
second Forward-Euler run uses ∆t = 0.008 s.

• 0.025 N case. Baseline ∆t = 0.008 s; the refined Forward-Euler run drops
to ∆t = 0.006 s.
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Figure 5.2: Horizontal displacement of Node 5 under Gaussian impulses of (a) 0.0025 N,
(b) 0.01 N and (c) 0.025 N. Black: FEM; blue & magenta: Forward Euler with “large”
and “small” ∆t; red: Newmark-β; green: HHT-α.
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Implicit parameters remain β = 0.25, γ = 0.5 for Newmark-β and α = −0.3
(β = 0.4225, γ = 0.8) for HHT-α.

Integrator Wall-clock time [s]
0.0025 N 0.01 N 0.025 N

Forward Euler (∆t1) 2.34 2.43 6.14
Forward Euler (∆t2) 5.51 5.49 7.63
Newmark-β 2.29 2.83 9.51
HHT-α 5.41 6.35 17.03

Figure 5.2 confirms that all schemes capture the fundamental oscillation; differences
arise in amplitude decay and phase error:

• Forward Euler with the larger ∆t progressively drifts in amplitude and
phase, especially for the 0.01 N and 0.0025 N impulses. Reducing ∆t restores
accuracy but increases runtime by ∼ 30%.

• Newmark-β tracks very well the FEM peak amplitudes for all impulses with
no visible drift, maintaining the best accuracy–cost ratio overall.

• HHT–α introduces controlled high-frequency damping; the displacement en-
velopes sit slightly below those of Newmark, as predicted by the chosen spec-
tral radius, while the fundamental period is reproduced with practically no
phase error.

Aside from the ±5% density sweep listed in Table 5.1, no case-specific parameter
fitting was performed; all stiffness values remain those obtained from the static
calibration. The modest amplitude decay visible in every scheme stems from al-
gorithmic energy dissipation : Forward Euler bleeds energy when its time step ap-
proaches the conditional-stability limit, Newmark-β is strictly energy-conserving
only for linear systems, and HHT-α intentionally removes high-frequency energy
through the chosen α. In practice, employing a smaller ∆t for Forward Euler would
greatly reduce the observed decay but at the cost of additional computational time.
Further calibration, or time-step refinement, could narrow the residual amplitude
gap with the FEM reference, yet the present comparison already shows that the
implicit schemes, despite the added Newton–Raphson iterations, match or surpass
Forward Euler in robustness and, for the higher load cases, even in overall runtime.

5.2.3 Miura-ori unit cell — static verification

The second reference targets the canonical Miura-ori unit cell [15], whose cou-
pled folding mechanism is more demanding than the simple fold because in-plane
stretching, out-of-plane bending and crease rotation interact simultaneously.
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The unit cell comprises two rhomboidal facets joined by four mountain and valley
folds, resulting in the node layout of Fig. 5.3. Each facet is modelled with the N5B8
discretisation, yielding 16 bars and 8 rotational hinges. The undeformed dihedral
angle between the two facets is again 60◦; the facet edge length is L = 1.0 m.
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Figure 5.3: Bar–hinge discretisation, node numbering and boundary conditions for the
Miura-ori unit cell.

The supports are chosen so that the single-degree-of-freedom Miura folding mech-
anism can develop without rigid-body motions:

• Node 3: fully clamped (ux = uy = uz = 0);

• Node 1: fixed in x only;

• Node 7: fixed in x and z;

• Nodes 6 and 9: fixed in z.

A horizontal load of Px = 1.0 N is applied at Nodes 5, 6 and 9 along the +x axis,
promoting the characteristic Miura unfolding.

Material data are identical to Table 5.1. The Newton–Raphson solver uses a residual
tolerance of 10−6 N and 1000 load steps, achieving quadratic convergence within
4–7 iterations per step.

Figure 5.4 juxtaposes the bar–and–hinge prediction (round markers) with the non-
linear finite-element reference (squared markers) for the horizontal displacements
of Nodes 5, 6 and 9 (respectively, red, blue and green). Agreement is excellent up
to ux ≈ 0.7 m; beyond that, a slight stiffness underestimate appears, most notice-
ably at Node 6, where the bar–and–hinge curve lags the FEM response near the
maximum load.
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Figure 5.4: Force–displacement response of Nodes 5, 6 and 9: bar–and–hinge model (blue)
vs. FEM reference (red).

The percentage displacement error is evaluated as

Error(%) =
uBH − uFEM, interp

max
∣∣uFEM, interp

∣∣ × 100,

where uBH is the bar–and–hinge displacement at the final load step and uFEM, interp

is the corresponding finite-element displacement interpolated at the same load level.
Using this metric, the errors are 1.98% for Node 5, 4.69% for Node 6 and 11.75%
for Node 9. Therefore, the bar–and–hinge model reproduces the Miura kinematics
with satisfactory accuracy.

Across the full loading path the bar–hinge predictions follow the FEM curves closely,
yet the absolute error at Node 9 is slightly higher than at Nodes 5 and 6. Be-
cause Node 9 lies nearer the interior of the Miura crease pattern, its motion is
influenced by a more complex combination of panel bending, in-plane shear and
crease rotation. The present bar–and–hinge formulation idealises each facet with
axial-only bars and torsional hinges, so its representation of coupled bending–shear
effects is approximate; this may contribute to the under-prediction observed beyond
ux≈0.7 m. Other factors, such as local mesh density, hinge-stiffness calibration or
numerical conditioning near the mechanism’s locking limit, could also play a role.
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5.2.4 Miura-ori unit cell — dynamic verification

The dynamic benchmark reuses the geometry and discretisation of the static Miura
cell (Section 5.2.3) but now subjects the structure to a transient horizontal impulse
so that the three time–integration algorithms can be compared against a shell–
element reference solution.
To preserve the single-DOF Miura folding mechanism while eliminating rigid-body
motion, the following supports are imposed (see Fig. 5.3 for node numbers):

• Node 3: ux = uy = uz = 0;

• Node 1: ux = 0;

• Node 7: ux = uz = 0;

• Nodes 6, 9: uz = 0.

A smooth horizontal impulse of force 0.01N and 1Hz frequency acts along the
global +x-direction at Nodes 5,6,9. All simulations employ a constant step size
∆t = 0.05 s.

Forward Euler, follows the equations presented in Section 3.4.1. For Newmark–β
the average-acceleration pair β = 0.25, γ = 0.5 is used. The HHT–α scheme adopts
α = −0.2, β = ((1− α)2)/4 = 0.36, γ = (1− 2α)/2 = 0.6, giving a high-frequency
spectral radius ρ∞ = 0.5.

Figure 5.5 plots the horizontal displacements of Nodes 5, 6 and 9 over a 10 s in-
terval. The finite-element reference (black) exhibits an undamped oscillation with
a fundamental period of ≈ 2 s, which serves as the baseline for evaluating the
numerical schemes.

All three bar–hinge solutions capture the qualitative response; however, systematic
differences emerge:

• Forward Euler exhibits strong numerical damping: its amplitude decays
within 4–5 cycles and the phase gradually lags the reference, illustrating the
conditional stability and low accuracy of this first-order scheme at the chosen
∆t.

• Newmark–β tracks the FEM envelope closely for every node, with a small
phase lead after t ≈ 8 s; the energy-conserving properties of the average-
acceleration variant are evident.

• HHT–α yields peak amplitudes that are modestly lower than those of New-
mark, in line with the prescribed spectral radius ρ∞ = 0.5, while preserving
the fundamental period. Although no high-frequency chatter is visible in this
particular test, the built-in numerical damping provides a useful safety margin
for load cases with richer frequency content.
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Figure 5.5: Time history of horizontal displacement at Nodes 5, 6 and 9: FEM (black),
Forward Euler (blue), Newmark–β (red) and HHT–α (green); ∆t = 0.05 s.

Qualitatively, the peak-to-peak amplitudes predicted by Newmark and HHT dif-
fer from the FEM values by an acceptable margin. The larger deviation at Node
6 mirrors the trend observed in the static benchmark and suggests that coupled
bending–shear effects in the interior region remain the most challenging to model.
Nonetheless, the overall agreement confirms that the proposed bar–and–hinge frame-
work, combined with either Newmark–β or HHT–α, can reproduce the dominant
dynamic characteristics of the Miura mechanism with acceptable accuracy.

5.2.5 Full Miura-ori structure — static verification

The third and most demanding benchmark is a 4× 4 Miura-ori tessellation (Fig. 5.6),
assembled by tiling the unit cell of Section 5.2.3. Each facet is modelled with the
N5B8 discretisation, giving 8×4×16 = 512 bars, 112 folding rotational hinges and
256 bending rotational hinges for the entire sheet.
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nodes: loaded edge. Dashed lines denote crease lines, solid lines denote panel edges.

To reproduce the canonical “Miura mechanism” while preventing rigid- body mo-
tion, two opposite edges of the sheet are constrained as follows:

• Fixed edge (red nodes). Nodes with z = 0 are clamped in both x and
z (ux = uz = 0); nodes with z /= 0 are fixed in x only (ux = 0). These
supports mirror the kinematic assumptions commonly used in origami de-
ployment studies.

• Loaded edge (blue nodes). The same rule is applied: if z = 0 the
node remains fixed in z, otherwise it is free to move, ensuring that the fold-
propagation mechanism is unobstructed.

A horizontal point load of 0.5 N is applied to each of the nine blue nodes on the free
edge, producing a total horizontal forcing of 4.5 N in the global +x direction. The
load acts quasi-statically and drives the sheet toward its flattened configuration.

The Newton–Raphson algorithm with a residual tolerance of 10−6 N is employed;
the total load is ramped in 1000 increments, achieving quadratic convergence within
5–8 iterations per step.

Figure 5.7 displays the force–displacement curves for all nine loaded nodes (73–81).
The bar–and–hinge predictions (blue) overlay the nonlinear shell reference (red)
almost everywhere. The close overlap confirms that the framework captures both
the global deployment and the subtle variation in stiffness along the loaded edge.
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Figure 5.7: Total horizontal load versus displacement of the loaded corner node:
bar–and–hinge model (blue) and FEM reference (red).

All curves exhibit the expected exponential stiffening as the pattern approaches the
flattened configuration. The bar–and–hinge model is slightly stiffer than the shell
reference for Nodes 73 and 76 and slightly softer for Nodes 79–81, but the discrep-
ancies are limited. The node-to-node variation most likely reflects local differences
in panel bending–shear coupling rather than a systematic bias, suggesting that the
hinge-stiffness calibration used for the unit cell generalises well to the full sheet.
Given the modest errors and the significant reduction in CPU time relative to the
shell model, the case study is closed and the study moves to the dynamic case.
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5.2.6 Full Miura-ori structure — dynamic response

The 4 × 4 Miura sheet of Section 5.2.5 is now subjected to a transient horizontal
impulse so the three time–integration schemes can be benchmarked on a large,
strongly coupled deployable system.

Supports replicate the static set-up to preserve the Miura mechanism: red-edge
nodes are fixed (ux = uz = 0 when z = 0, otherwise ux = 0); blue-edge nodes obey
the same rule but remain free in the directions required for folding (see Fig. 5.6).
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Figure 5.8: Time histories of horizontal displacement at the nine loaded nodes: FEM
(black), Forward Euler (blue), Newmark–β (red) and HHT–α (green); ∆t = 0.01 s.

A smooth Gaussian impulse with amplitude 0.01 N and 1 Hz is applied at all nine
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blue nodes. All calculations use a uniform step size ∆t = 0.01 s.

Forward Euler follows the equations presented in Section 3.4.1. Newmark–β em-
ploys the average-acceleration setting β = 0.25, γ = 0.5. HHT–α adopts α =
−0.1, β = ((1− α)2)/4 = 0.3025, γ = (1− 2α)/2 = 0.6, yielding a high-frequency
spectral radius ρ∞ ≈ 0.67.

Figure 5.8 presents the horizontal-displacement time histories of the nine loaded
edge nodes (73–81) in the full Miura sheet. Each panel covers a 10 seconds interval
and overlays the finite-element reference (black) with the bar-and-hinge predictions
obtained using Forward Euler (blue), Newmark-β (red) and HHT-α (green). Across
all nodes, the bar-and-hinge traces follow the FEM waveform closely: overall am-
plitude trends are well matched and only mild phase shifts appear toward the end
of the record. The overall similarity confirms that the dynamic framework captures
the multi-cell response with good fidelity.
All bar–and–hinge traces reproduce the dominant oscillatory behaviour:

• Forward Euler shows the strongest numerical damping, with amplitudes
falling by ∼ 30% by t = 10 s and a slight phase lag; nevertheless it captures
the envelope of the fundamental mode.

• Newmark–β follows the FEM peaks closely for each node, with small am-
plitude error and minimal phase drift, confirming the energy-conserving char-
acter observed in the smaller benchmarks.

• HHT–α lies between the two: it damps the highest frequencies more than
Newmark, suppressing the residual chatter present in the FEM trace, yet
retains the correct global period. Amplitude errors remain limited.

These discrepancies are comparable to those seen in the static test and confirm
that the bar–and–hinge model, combined with either Newmark–β or HHT–α, can
faithfully simulate the transient deployment of large Miura assemblies while offering
a substantial reduction in computational cost relative to shell-element analysis.

A key motivation for developing the bar–and–hinge framework is the sharp re-
duction in analysis time relative to high-fidelity finite-element models. Table 5.2
compares wall-clock times for the full 4×4 Miura sheet under the dynamic impulse
considered in Section 5.2.6. All runs were carried out on the same workstation
(Intel® i9-13900K, 32 GB RAM); the shell model used four parallel CPU cores,
whereas the bar–and–hinge code executed in a single MATLAB thread.

5.2.7 Effectiveness of the proposed framework

Across six benchmarks (three static, three dynamic) the bar–and–hinge model
matched finite-element reference solutions within the verification thresholds set in
Section 5.2:
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Table 5.2: Wall-clock time for the dynamic full-sheet simulation (∆t = 0.01 s, 1000 steps).

Integrator / Solver Time [s] Speed-up vs. FEM

Forward Euler 99 ×78
Newmark–β 98 ×81
HHT–α 189 ×42

Nonlinear shell FEM∗ 7 620 —
∗ Ansys SHELL281 mesh, 4 CPU cores.

• Accuracy: peak displacement errors never diverged from the FEM reference
for all monitored nodes, even in the multi-modal full-sheet dynamics.

• Integrator behaviour: Newmark-β delivered the closest agreement over-
all, while HHT-α offered controlled high-frequency damping that suppressed
numerical chatter at a modest amplitude cost. Forward Euler remained use-
ful for preliminary sweeps thanks to its negligible per-step cost, provided a
sufficiently small ∆t was chosen.

• Computational efficiency: wall-clock times for the dynamic full-sheet
problem were 99 s (Euler), 98 s (Newmark), and 189 s (HHT), versus 2 hrs
for an Ansys SHELL281 model on four CPU cores (Table 5.2). The resulting
40-80× speed-up enables design-space exploration and controller tuning loops
that would be prohibitive with traditional FEM software.
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Chapter 6

Conclusions and future developments

Origami–inspired deployable structures occupy a growing niche in applications
where large surface areas or functional volumes must be compactly stowed and
rapidly deployed. Their operational envelope is inherently dynamic: antenna reflec-
tors unfold in seconds, foldable solar arrays vibrate under launch loads, and robotic
surfaces undergo repeated shape reconfigurations. In this context, high–fidelity yet
computationally efficient simulation tools are indispensable for design, control, and
performance verification.
The present dissertation has contributed to this field by developing, implementing,
and numerically validating a reduced–order dynamic framework based on a fully
nonlinear bar–and–hinge formulation. The research originated from a concrete in-
dustrial requirement identified by Astradyne, which wanted to develop a predictive
tool to simulate the mechanical behaviour of lightweight, textile–reinforced photo-
voltaic systems for space applications. From this practical motivation, the study
evolved into a comprehensive investigation combining theoretical modelling, nu-
merical implementation, and experimental validation.

Summary of contributions

The dissertation followed a logical progression from motivation to application. The
Preface outlined the industrial and technological context linking Astradyne’s tex-
tile–based solar array development to the need for efficient deployable–structure
modelling. It presented the FRET (Flexible Reinforced Electronics with Textile)
technology as the origin of the research problem and the rationale for developing a
low–cost, high–accuracy simulation framework.
Chapter 1 reviewed the state of the art in the numerical modelling of origami–inspired
systems, ranging from continuum mechanics and discrete–shell formulations to
multibody and reduced–order approaches. Among these, the bar–and–hinge method
was identified as an optimal compromise between computational efficiency and
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physical fidelity. The review also revealed a key gap: the absence of robust dy-
namic formulations and publicly available implementations suitable for realistic
engineering applications.

Chapter 2 developed the quasi–static formulation of the bar–and–hinge model.
Starting from the principle of virtual work, the chapter derived the strain energy
expressions of bars and hinges, established their consistent tangent stiffness matri-
ces, and discussed the assembly and solution of nonlinear equilibrium equations.
Special attention was devoted to the analytical calibration of fold and facet stiff-
nesses, ensuring mechanical consistency with finite–element benchmarks. These
results established the static foundation on which the dynamic extension was built.

Chapter 3 extended the bar–and–hinge method to dynamic simulations, repre-
senting the core scientific contribution of this work. The equations of motion
were derived by incorporating inertia and damping effects into the static formu-
lation, and several time–integration schemes, Forward Euler, Newmark–β , and
Hilber–Hughes–Taylor (HHT–α), were implemented and compared. A compre-
hensive study of numerical damping and energy conservation demonstrated that
the framework can reproduce transient deployment and oscillatory behaviour with
stability and accuracy. The resulting MATLAB solver is modular, computation-
ally efficient, and energy–consistent, enabling large parametric studies of dynamic
folding mechanisms.

Chapter 4 combined experimental and numerical investigations to characterise
the mechanical response of flexible hinges. It detailed the design and fabrication of
test specimens, the setup for measuring folding stiffness, and the post–processing
procedure for computing both secant and tangent stiffnesses. The experimental
data were complemented by a numerical study performed in Abaqus, in which the
fold length was parametrically varied between 1 mm and 8 mm. The comparison
with the theoretical model by Filipov et al. confirmed the dependence of stiffness
on geometry and validated the analytical assumptions adopted in the framework.
The chapter also introduced the complete MATLAB implementation integrating
the static and dynamic solvers with experimental calibration data.

Chapter 5 validated the dynamic bar–and–hinge framework against a series of
benchmark problems of increasing complexity, including single folds, Miura–ori
unit cells, and complete multi–cell assemblies. The results were compared with
high–fidelity finite–element simulations, demonstrating excellent agreement in both
static and transient regimes while achieving speed–ups of up to two orders of mag-
nitude relative to shell–based models. This confirmed the robustness, scalability,
and engineering relevance of the proposed approach.
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General conclusions
The research demonstrates that the bar–and–hinge paradigm, when extended to
dynamic analysis, offers a powerful and versatile tool for simulating complex de-
ployable mechanisms. It effectively bridges the gap between detailed finite–element
models and purely kinematic representations, combining computational efficiency
with mechanical accuracy. By integrating static and dynamic formulations within a
unified MATLAB framework, the method enables the simulation of realistic folding
sequences under external loads, boundary constraints, and large rotations, capabil-
ities that are essential for next–generation deployable space systems.

The dynamic solver developed in this work advances the state of the art in re-
duced–order modelling. Its formulation, modular design, and compatibility with
experimental data pipelines establish a solid foundation for future research and in-
dustrial application. Equally important, the synergy between numerical and phys-
ical testing has demonstrated the feasibility of using such frameworks for rapid
prototyping, parameter identification, and early–stage design evaluation.

Future developments
Several promising directions emerge from this work:

• Experimental validation of the dynamic solver: upcoming tests will em-
ploy high–speed imaging and computer–vision tracking to capture time–resolved
motion of deployable prototypes, enabling quantitative comparison between
measured and simulated trajectories for model calibration.

• Adaptive time–integration: incorporating step–size control based on local
error estimation will improve accuracy and efficiency during deployment and
oscillation phases.

• Multiphysics extensions: coupling the solver with thermo–elastic or elec-
tro–mechanical effects will allow simulation of photovoltaic or shape–memory–based
origami structures.

• Design optimization: integrating parameter sweeps and sensitivity analysis
modules will enable inverse design and performance tuning for deployable
mechanisms.

Finally, the framework will be progressively integrated into Astradyne’s industrial
workflow to support the design of next–generation foldable photovoltaic systems for
both space and terrestrial applications. By enabling rapid simulation of deployment
dynamics, stability, and energy dissipation, the solver will assist in the development
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of high–performance textile–reinforced solar arrays and adaptive structural compo-
nents.

In summary, this dissertation consolidates a unified methodology that merges the-
ory, computation, and experimentation to advance the modelling of origami–inspired
deployable structures. It establishes a bridge between conceptual design, numerical
simulation, and experimental realisation, paving the way for future research and
industrial innovation in adaptive and lightweight engineering systems.
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6.1 Appendix

6.1.1 Panel traction benchmark

Geometry. A single square facet of side length L = 1 m is discretised by four
edge bars and one diagonal bar (Fig. 6.1). The angle γ between the y-axis and the
diagonal bars joining the blue (loaded) and red (supported) nodes is varied from 0◦

(aligned with the y-axis) to 50◦ while keeping all bar lengths equal to unity; this
reproduces the skew study reported by Filipov et al. [62].

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
x [m]

0

0.2

0.4

0.6

y 
[m

]

Figure 6.1: Panel traction set-up: blue nodes are loaded; one red node is fully fixed, the
other is fixed in y and z but free in x. Dashed line indicates the variable skew bar.

Boundary conditions and loading. The lower-left red node is fully clamped,
whereas the lower-right red node is constrained only in y and z to permit in-plane
Poisson contraction. A unit vertical point load (Fz = 1 N) is applied to each of the
two blue nodes, generating pure traction in the z-direction.

Material parameters and solver. Material properties match Table 5.1. A
static Newton–Raphson procedure with 10−6 N residual tolerance is used for each
value of γ.

Normalised vertical stiffness. Following Filipov et al., the vertical stiffness is
computed as K = F/⟨∆z⟩, where ⟨∆z⟩ is the average vertical displacement of the
loaded edge. The value is then normalised by the axial stiffness of an unskewed
sheet,
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K(γ) =
F/⟨∆z⟩
EW t/H

,

in which E is Young’s modulus, t the thickness, W the panel width along the x
axis and H the panel height along the y axis.

Results and discussion. Figure 6.2 plots the normalised stiffness K against γ
for both the bar–and–hinge model and the reference nonlinear shell FE analysis.
The two curves are nearly coincident up to γ ≈ 10◦; thereafter the bar–and–hinge
prediction is slightly stiffer, with a peak deviation of 9% at γ ≈ 30◦. The trend
and magnitude match the observations reported by Filipov et al., confirming that
the present formulation reproduces the in-plane traction behaviour of a skewed
panel with satisfactory fidelity. This benchmark therefore validates the axial-stretch
component of the hinge calibration before progressing to coupled shear and bending
tests.

Figure 6.2: Normalised vertical stiffness versus panel skew angle γ: bar–and–hinge model
(blue) and FE reference (red).
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6.1.2 Panel shear benchmark

Geometry and skew parameter. The same 1×1 m2 facet and bar–hinge layout
used in Section 6.1.1 is adopted here (Fig. 6.1). The diagonal-bar skew angle γ again
varies from 0◦ to 50◦ while the bar lengths remain unity.

Boundary conditions and loading. Both red nodes are fully clamped (ux =
uy = uz = 0). The blue nodes are restrained in y and z but free in x. A unit
horizontal load Fx = 1 N is applied to each blue node, producing an in-plane shear
deformation of the panel.

Normalised horizontal stiffness. Following Filipov et al. [62], the shear stiff-
ness is defined as K = F/⟨∆x⟩, where ⟨∆x⟩ is the average horizontal displacement
of the loaded edge, and is normalised by the analytical shear stiffness of a thin
elastic sheet,

K(γ) =
F/⟨∆x⟩
GtW/H

,

with G being the shear modulus.

Solver details. Material properties coincide with Table 5.1. A static New-
ton–Raphson scheme with a 10−6 N residual tolerance is employed for every γ.

Results and discussion. Figure 6.3 plots K versus γ. In contrast to the traction
case, the bar–and–hinge model (red) overestimates the shear stiffness across the
entire skew range, reproducing the 30–80 % bias reported in Filipov’s original study.
The discrepancy peaks at γ ≈ 30◦, where the bar–and–hinge value is roughly 50 %
higher than the FE reference, and diminishes as the diagonal aligns with the panel
edge at γ = 50◦.

The systematic over-prediction is expected: the N5B8 discretisation assigns purely
axial bars to represent in-plane shear, which stiffens the response compared with
continuum shear deformation. Nonetheless, the model captures the qualitative
trend, a mild rise followed by a drop in K, and the magnitude of the error is
consistent with published benchmarks. These results validate that the present
implementation reproduces the known limitations and performance of the original
bar–and–hinge formulation in shear, providing a reliable baseline for the coupled
shear-bending analyses that follow.

6.1.3 Panel bending benchmark

Geometry and skew parameter. The same 1×1 m2 square facet and bar–hinge
topology is retained (Fig. 6.4). The diagonal-bar skew angle γ is set to 0◦,15◦,30◦,45◦, 60◦,75◦,
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Figure 6.3: Normalised horizontal (shear) stiffness versus panel skew γ: bar–and–hinge
model (red) and FE reference (blue).

matching the study of Filipov et al. [62].

Boundary conditions and loading. All three red nodes are fully fixed. A
vertical point load Fz = 0.5 N is applied to the single blue node, inducing out-of-
plane bending.

Normalised bending moment. Following Filipov et al., the bending response
is reported as the dimensionless ratio

MB

k
=

F · L/4
k

,

where MB is the equivalent bending moment produced by the applied load, k is
the crease-line rotational stiffness, and L is the panel side length. The abscissa is
the panel bending angle θB, measured as the rotation of the upper facet about the
crease line. The simulations are run until θB ≈ 1.3 rad; the linear-elastic regime
terminates at the critical value θ1 = 20◦ = 0.35 rad.
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Figure 6.4: Panel bending set-up: red nodes fully clamped; a vertical load Fz = 0.5 N is
applied to the blue node.

Choice of bilinear parameters. The transition angle θ1 and the post-yield
slope k2 do not follow from first principles: they depend on sheet thickness, crease-
line radius, material properties and geometrical factors, as discussed by Filipov et
al. [62]. In the absence of dedicated experiments for a specific material considered
here, θ1 has been set arbitrarily to 20◦ (= 0.35 rad). This value provides a conser-
vative estimate of fold-softening and is expected to be updated once hinge-bending
tests become available (see Section ?? on planned experimental validation).

Solver settings. Material constants match Table 5.1. The Newton–Raphson
residual tolerance is 10−6 N m with adaptive load increments to maintain quadratic
convergence.

Results and discussion. Figure 6.5 plots MB/k versus θB for each γ. The
response is linear up to θ1 ≈ 0.35 rad, in agreement with Filipov’s analytical
prediction. Beyond this threshold the panels stiffen, and the rate of stiffness increase
grows monotonically with γ: the γ = 75◦ configuration is roughly twice as stiff as the
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γ = 30◦ configuration at θB = 1.0 rad. This trend reflects the greater contribution
of membrane stretching in highly skewed panels once bending strains exceed the
small-angle limit.

Quantitatively, the bar–and–hinge curves reproduce the slope change at θ1 and the
ordering of stiffness with γ; deviations from Filipov’s reference remain below 8%
over the full bending range. The benchmark therefore validates the out-of-plane
bending behaviour of the present implementation and confirms its suitability for
simulating coupled membrane–bending deformations in origami sheets.

Figure 6.5: Normalised bending moment MB/k versus bending angle θB for skew angles
γ = 0◦ (blue) to 75◦ (black).
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