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ABSTRACT 

This paper presents a non-linear finite element study to back-interpret the free field seismic response 

recorded at the Lotung Large-Scale Seismic Test site. The study is carried out in the time domain by the 

Finite Element (FE) code PLAXIS 3D, considering the vertical wave propagation of both the horizontal 

components of motion. The non-linear soil behaviour is simulated through a constitutive model, the 

Hardening Soil model with Small-Strain Stiffness (HSsmall), capable of describing the cyclic response of the 

material at different strain levels. In the paper, the constitutive response of the HSsmall model is firstly 

investigated through numerical simulations of strain-controlled cyclic shear tests under single and multi-

directional conditions at low strain levels. Then, it is adopted to back-analyse the recorded free field seismic 

response, comparing the FE numerical results to the in-situ down-hole and surface signals recorded during 

two earthquakes occurred on May 20th and July 17th 1986, characterized by different peak ground 

accelerations.  

 

Keywords 

Lotung LSST; constitutive modelling, Finite Element analysis; seismic ground response; multidirectional 
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1. Introduction 

It is well-known that soils are characterised by non-linear behaviour under cyclic and dynamic shear 

conditions, involving the decrease in the shear stiffness modulus and the corresponding increase in material 

damping with increasing shear strain level [1 4]. These variations in dynamic properties can play a major 

role in the seismic site response, causing a change in the amplitude, duration and frequency content of the 

ground motion. In addition, for strong motions soil behaviour is also characterised by the accumulation of 

plastic strains and the build-up of excess pore water pressure: those features should also be accounted for in a 

realistic simulation of the wave propagation problem. 

The seismic ground response analysis has traditionally been carried out by means of one-dimensional 

equivalent linear approaches, typically based on frequency domain numerical schemes [5 7] in which the 

soil is modelled as a single-phase medium. This method iteratively converges towards the solution adopting 

for each soil layer constant values of dynamic soil properties during the calculation step, selected as a 

function of the representative strain level attained in the previous iteration. Though this approach can be 

considered as a useful tool in the engineering practice, due to its simplicity and low computational 

requirements, it presents a number of shortcomings: for example, it considers a unique strain level for each 

soil layer as representative of the whole loading history, it does not take into account the plastic response of 

the material nor the volumetric-deviatoric coupling responsible of the pore water pressure variations and it 

should only be used to analyse those cases for which the one-dimensional assumption holds, neglecting any 

multi-directionality in the strain history of the real wave propagation problem.  

An alternative and more realistic methodology is provided by the finite element (FE) scheme in the time-

domain [8], taking into account the solid-fluid interaction by means of a coupled effective stress formulation 

[9,10], more complex geometrical schematisations (including 2D and 3D problems as well as the presence of 

more than one component in the seismic input) and the possible interaction with underground or above-

ground structures. In this approach, the soil behaviour can be described using either simple (i.e. linear visco-

elastic or visco-elasto-plastic models [11,12]) or more sophisticated non-linear constitutive models. In 

contrast to the equivalent linear method, such a numerical approach is not often adopted in the engineering 

practice, possibly because of the lack of adequate expertise among users and of the difficulties related to the 

calibration of the constitutive models, this latter limitation being especially true for more advanced 

constitutive laws.  

In this context, it is worth identifying a compromise in terms of constitutive assumptions and calculation 

schemes, in order to ensure a realistic prediction of the soil behaviour at the minimum computational cost.  

To this purpose, in this paper a constitutive model, named Hardening Soil model with small strain stiffness

(HSsmall), is employed to numerically simulate the seismic ground response. The constitutive model, 

available in the library of the commercial Finite Element code PLAXIS [13], is an isotropic hardening elasto-

plastic hysteretic model, based on the combination of the Hardening Soil model, proposed by Schanz et al.
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[14], with the Small-Strain Overlay model suggested by Benz and co-workers [15,16]. It allows to take into 

account the non-linear behaviour of soil even at very small strain, introducing a pre-yield para-elastic 

hysteretic scheme, which controls the shear modulus degradation and the corresponding variation of the 

damping ratio. The calibration of the model parameters is relatively straightforward as it requires the shear

stiffness and damping ratio decay curves, in addition to the shear wave velocity profile, as additional input 

data, together with standard soil parameters typically available in any well conducted soil characterisation. 

Though the HSsmall model has been implemented and extensively validated for 2D and 3D static 

geotechnical applications (e.g. [17,18]), relatively few contributions are available in the literature for 

dynamic conditions [19,20]. 

In the present study, the HSsmall model is firstly validated at the element level through numerical 

simulations of strain-controlled cyclic shear tests, aiming at investigating the constitutive response under 

conventional single- and multi-directional simple shear conditions, this latter considered more representative 

of what occurring during real seismic events. The constitutive model is then adopted to back-analyse the 

seismic ground response observed at the Large-Scale Seismic Test (LSST) site in Lotung, Taiwan, with 

reference to the motions recorded along a down-hole array during the two earthquakes event of May 20th and 

July 17th 1986 (denominated LSST7 and LSST11, respectively).  

The Lotung LSST experimental site has been extensively studied in the past due to its richness in terms of 

surface and subsurface accelerometric measurements: as such it has often been adopted as a reference to test 

the predictive capabilities of constitutive models and numerical codes tackling the site response problem. For 

example, in [21] one-dimensional site response analyses were performed under plane-strain conditions (2D), 

considering both horizontal components of the LSST7 seismic motion, though applied separately, adopting a 

hypoplastic and a visco-hypoplastic constitutive model. Furthermore, Borja and co-workers [22 24]

proposed a bounding surface plasticity model formulated in terms of total stresses to numerically back-

predict the LSST7 downhole motion by means of a FE soil column model. Lee and co-workers [25]

evaluated both linear and non-linear soil response using strong and weak motions recorded during 13 

earthquakes occurred at LSST test site, highlighting the crucial role of non-linearity on the back-prediction 

of high intensity earthquakes.  

This paper presents a three-dimensional numerical approach to reproduce the observed free field site 

response, considering each horizontal component, North-South (NS) and East-West (EW), of the input 

motion as applied singularly or simultaneously, and modelling the soil by the elasto-plastic HSsmall. The FE 

results, in terms of accelerograms and spectra, are compared to the in-situ free field recorded down-hole and 

surface ones, to validate the calculation scheme and to emphasise the role of the input multi-directionality 

effects on the soil response. The main purpose of the study is to validate the capability of the adopted 

constitutive model to back-predict the seismic ground response by means of a 3D numerical approach which 

proves to be a useful tool to investigate both simplified (such as one-dimensional site response analyses) and 

possibly more complex dynamic problems (e.g. dynamic soil-structure interaction problems). 
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2. The case study of Lotung 

Lotung, a highly seismic region in the North-East of Taiwan, was selected as the site of the LSST research 

project, led by Electric Power Research Institute (EPRI) in cooperation with Taiwan Power Company (TPC). 

The LSST program started in 1985 and consisted in studying the seismic ground response and the dynamic 

soil-structure interaction of two small-scale (1/4-scale and 1/12-scale models) nuclear power plant 

containment structures.  

The LSST site was extensively instrumented to record the soil and the small-scale models response during 

earthquakes. The site instrumentation consisted in surface arrays installed along three arms (ARM 1, 2 and 3) 

of radius of about 47 m from the 1/4-scale structural model and two down-hole arrays (DHA and DHB)

placed approximately 3 m and 49 m from the edge of the 1/4-scale model along ARM 1, as depicted in 

Fig. 1. Each down-hole array recorded the soil motion at depths of 6 m, 11 m, 17 m and 47 m by means of 

triaxial accelerometers oriented along NS and EW horizontal  and vertical directions [26]. 

In this paper, the free field seismic ground response is investigated with reference to the two horizontal 

acceleration components (EW and NS) recorded by the DHB down-hole array during the seismic events

occurred on May 20th 1986 (LLST7 event) and July 17th of the same year (LSST11 event). These 

earthquakes (Table 1) are characterised by different peak acceleration, shaking duration (35.48 s and 17.27 s, 

respectively) and frequency content bandwidth. In particular, the LSST7 event might be classified as a strong 

motion earthquake, characterised by low frequency content, while the LSST11 event is a weak motion 

characterised by high frequency content. The acceleration time histories recorded at the depth of 47 m 

(DHB-47 in Fig. 2), assumed herein as the bottom of the modelled soil deposit, were considered as the input 

ground motion for each seismic event. 

The LSST site is located on the Lanyang River plain, characterised by two layers of recent alluvium and a 

Pleistocene deposit, overlying a Miocene basement, placed at 400 m below the ground surface [27]. The 

local geological profile near the 1/4-scale structural model is characterized by a layer of silty sand extended 

from the ground surface down to about 17 m, overlying a 6 m layer of sand with gravel. Below this layer, the 

soil deposit is characterised by a stratum of silty clay down to 47 m, interlayered by an inclusion of sand with 

gravel between 29 m and 36 m, as depicted in Fig. 3a. Groundwater level is located at the depth of about 1 m 

below the ground surface and the pore pressure distribution is hydrostatic.  

The geotechnical characterisation of the soil deposit is based on the few available in-situ tests and on 

previously published back-analysed seismic data, accessible from the literature [23,24,28,29]. 

In particular, the strength properties of coarse-grained soils are obtained from SPT tests (Fig. 3b), using the 

approach proposed by De Mello [30], while typical values are assumed for the silty clay layer, as reported in 

Table 2. A total unit weight of 19.6 kN/m3 is adopted as an average value for the whole soil deposit [28]. 

The shear wave velocity profile is obtained from cross-hole tests as summarised in Borja et al. [23], ranging 

from a value of about 100 m/s at ground surface to about 300 m/s at a depth of 47 m (Fig. 3c).  

With reference to the upper silty sand layer (0  17 m), the assumed shear modulus and damping ratio decay 

curves are those evaluated by Zeghal et al. [29]. The Authors determined these dynamic properties at three 
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different depths (6 m, 11 m and 17 m from the ground surface), based on the back-interpretation of 18 

earthquake signals recorded along the array between 1985 and 1986. 

For the numerical simulation, the shear modulus and damping ratio curves obtained at the depth of 11 m are

assumed as representative of average dynamic soil properties of the entire silty sand layer (0 m to 17 m 

below ground surface), as recommended in [24]. Due to the lack of specific experimental data, the shear 

modulus and damping ratio decay curves suggested by Vucetic & Dobry [3] for a plasticity index PI equal to 

0 % and 20 % are assumed for the coarse-grained and silty soil layers, respectively (Fig. 4).

3. The soil constitutive model: HSsmall

3.1 Model description

The constitutive model HSsmall was proposed by Benz [16] as an evolution of the well-known Hardening 

Soil model (HS) [14] by including the elastic small-strain overlay model developed by Benz et al. [15]. 

The HSsmall model allows to describe the hysteretic para-elastic behaviour of soil at very small strains by 

introducing two additional parameters to the HS model formulation: the initial shear modulus G0 and the 

shear strain level 0.7 at which the secant shear modulus Gs is reduced to about 70% of G0. This latter 

parameter controls the shape of the modulus reduction curve, which is implemented as a modified version of 

the simple hyperbolic law proposed by Hardin & Drnevich [1]
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The derivative of Eq. (1) with respect to the shear strain provides the expression of the tangent shear stiffness 

modulus Gt, which is bounded by a lower cut-off value corresponding to the elastic unloading-reloading 

shear stiffness modulus Gur (Eq. (2)):
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the tangent shear stiffness modulus Gt becomes constant and equal to Gur.

The secant shear modulus given by Eq. (1) is calculated considering a scalar strain-history dependent value

Hist:
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where kl is the current deviatoric strain rate tensor in principal directions and H*
kl is an updated strain tensor, 

also evaluated along the principal directions of kl, that memorises the deviatoric strain history of the 
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material. From a geometrical prospective, the scalar shear strain indicator Hist is a projection of the strain 

history onto the actual loading direction. 

According to Benz [16], the updated strain history tensor H*
kl is calculated as a function of a diagonal 

transformation tensor Tkm, which intervenes when a loading reversal is detected. Thus, starting from an initial 

strain state, memorised in the strain history tensor Hmn, the updated the strain history tensor H*
kl is 

determined according to Eq. (5):

* =kl kl mn mn nl kl klH T H + T +e - (5)

where kl is the unit second-order identity tensor. Each principal direction is checked separately for any

possible reversal of loading. Whenever a loading reversal is identified, the strain tensor Hkl is partially or 

fully reset and the updated scalar Hist is introduced in Eq. (1) as to define the current shear stiffness. As a 

consequence, the same shear stiffness modulus describes the stress-strain relationship along all loading 

directions in a multi-axial loading condition. 

The hysteretic behaviour in unloading-reloading cycles is formulated according to [31]. 

Under cyclic conditions, a hysteresis loop is described providing a measure of energy dissipation by means 

of the hysteretic damping ratio, defined as ratio of dissipated energy ED to maximum strain energy ES. An 

expression of dissipated energy and stored energy is given in Eq. (6) and Eq. (7) [19]:
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A basic feature of the model is the dependency of the soil stiffness on stress level, which is implemented by 

means of a function of the effective stress and strength parameters 'c and ' :

3
0 0

m

ref
ref

c cos sin
G G

c cos p sin
(8)

The parameter 0
refG is the reference initial shear modulus corresponding to the reference confining pressure 

pref (assumed equal to 100 kPa), m is a constant that depends on the soil type and 3 is the minor principal 

effective stress. Expressions similar to the one given in Eq. (8) are used for the secant stiffness in standard 

drained triaxial test (E50), the unloading and reloading modulus (Eur) and the tangent stiffness for primary 

oedometer loading condition (Eoed).

The HSsmall model is an isotropic hardening elasto-plastic model, characterized by two yield surfaces: a 

shear hardening yield surface and a cap yield surface, introduced to delimit the elastic region for compressive 

stress paths. The shear hardening yield surface is a function of the deviatoric plastic strains and it can expand 

up to the Mohr-Coulomb failure criterion, with a non-associated flow rule. The cap yield surface is governed 

by plastic volumetric strains and an associated flow rule is employed.



8 
 

According to its formulation, the constitutive model provides almost null values of damping ratio at very 

small-strain level. In order to provide a small amount of it (typically 1-2 %), viscous damping can be 

introduced in the FE analysis by means of the Rayleigh formulation [32]. The damping matrix is expressed 

as a linear combination of the mass and stiffness matrices of the system (Eq. (9)):  

R RC M K            (9)

where Rayleigh coefficients R and R are frequency-dependent and are obtained through the following 

relationship: 

*2

1
R m n

R m n

D
          (10) 

m and n are the control angular frequencies over which the viscous damping is equal to or lower than the

target damping ratio D*. This formulation requires a suitable strategy of calibration for the determination of 

the above angular frequencies, in order to introduce the required (low) values of viscous damping in the 

constitutive response. 

3.2 Model calibration 

The calibration of the HSsmall model is carried out with reference to the available data; a list of model 

parameters employed in the numerical analysis is provided in Table 2.  

The reference initial shear stiffness modulus 0
refG  and the parameter m are obtained by best fitting the shear 

wave velocity profile, provided by the cross-hole test, as shown in Fig. 3c. The parameter 0.7 is selected in 

order to obtain the best approximation of the secant shear modulus and damping ratio decay curves, as 

shown in Fig. 4 for the para-elastic response regime. The elastic unloading-reloading shear stiffness modulus 

ref
urG  is evaluated such that the ratio 0

ref ref
urG G results equal to 4 for the silty sand layer and to 2.5 for the 

other soil layers, leading to fixed values for the cut-off  (see eq. 3). 

It is worth noting that in the original reference by Brinkgreve and coworkers [33] it is assumed for the para-

elastic regime a constant damping ratio for shear strain amplitudes larger than cut-off. This appears to be 

incorrect, as beyond this threshold limit the tangent shear stiffness is constant and equal to ref
urG , while the 

corresponding secant one decreases asymptotically towards its minimum value. Such a stiffness response 

implies that at that stage the hysteresis loops become narrower for increasing strain amplitude, geometrically 

leading to the conclusion that the related damping ratio should accordingly decrease tending asymptotically 

to zero. This feature will be highlighted in detail in a following section of this paper.  

The stiffness parameters 50
refE  and ref

oedE  are assumed to be three times lower the elastic unloading-reloading 

stiffness modulus ref
urE , which is related to the unloading-reloading shear stiffness modulus ref

urG  by means 

-reloading ur. For coarse-grained soils, this parameter is assumed equal 

to 0.3, according to the experimental observation by Jiang et al. [33], while it is considered equal to 0.25 for 

the silty soil layers.  
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The earth pressure at rest coefficient K0 is estimated adopting the well-known Jâky expression [34] for 

coarse-grained soils, while for fine-grained layers the modified version of the same expression for 

overconsolidated soils 0 5
0 1oc .K sin OCR  is used. For the silty sand and sand with gravel soil layers

the overconsolidation ratio OCR is fictitiously set to 10, aiming at avoiding yielding during compressive 

stress paths (i.e. to exclude the activation of the cap surface included in the constitutive model, not necessary 

for the Lotung site deposits).  

Finally the failure ratio fR , defined as the ratio of the failure deviatoric stress and the asymptotic deviatoric 

stress, is assumed equal to the default value of 0.9. 

The frequency-dependent Rayleigh coefficients, R and R, are evaluated according to the calibration 

procedure proposed by [11], for which the first Rayleigh frequency fm is estimated as the fundamental 

frequency of the soil deposit, while the second Rayleigh frequency fn is assumed equal to the frequency 

where the amplification function of the signal between the assumed bedrock and the surface becomes lower 

than one. Fig. 5 shows the amplification functions of both horizontal components (EW and NS) of the input 

signals, obtained through a preliminary frequency domain equivalent linear analysis carried out by the code 

EERA [7]. The two functions are very similar for the LSST11 weak event, while they slightly differ when 

evaluated with reference to the more intense LSST7 earthquake, due to the induced non-linear response. As 

far as the LSST7 event concerns (Fig. 5a), the control Rayleigh frequencies are identified by considering the 

amplification function relative to the EW component of the seismic event, characterized by a slightly lower 

value of the second control frequency fn as compared to that of the NS component, in order to better fit the 

target value of the damping ratio D* equal to 1% in the relevant frequency range of the event (fm equal to 

1 Hz and fn equal to 3.5 Hz). A similar approach was adopted for the LSST11 event (Fig. 5b), leading to a 

first control frequency fm equal to 1.3 Hz and a fn of 10 Hz, roughly corresponding to the average value of the 

first and second crossing of the amplification factor with the value of one. The corresponding Rayleigh 

damping curves are plotted in the same figure with the target damping value D*.  

4. Validation of the constitutive model 

4.1 Numerical model 

The cyclic response of the constitutive model is validated through the simulation of strain-controlled cyclic 

shear tests on a weightless soil cubic volume of 0.1 m width (Fig. 6), carried out by using the 3D version of 

the Finite Element code PLAXIS [13]. For sake of simplicity, the numerical simulations are performed using 

the soil parameters relative to the upper silty-sandy layer of the Lotung site (Fig. 3a).  

The soil element is subjected to either single- or multi-directional cyclic shear tests, those latter named L-

shaped, triangular, quadrangular and butterfly as a function of the imposed strain paths (Fig. 7), to highlight 

the influence of the strain history on the mobilised shear stiffness.  

The aim of these numerical tests is that of investigating and validating the cyclic para-elastic response of the 

model. To this purpose, prior to the application of the cyclic shearing, the soil element is preliminary 
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subjected to load-controlled triaxial paths, in order to enlarge the elastic domain of the material. These pre-

shearing phases consist in an isotropic loading and unloading, which allow the expansion of the cap yield 

surface, followed by a deviatoric loading and unloading path, causing a similar enlargement of the shear 

hardening yield surface. 

For the simulation of triaxial loading paths (Fig. 8a), boundary conditions are characterised by vertical 

fixities and free horizontal displacements at the bottom of the soil element; nodes on one of the two planes 

parallel to the y-z plane are fixed along the x direction and free to move along y and z axes, while on the 

opposite side uniform horizontal pressures are imposed; accordingly, one of the two planes parallel to the x-z

plane is not allowed to move along the y direction and is free along x and z axes, while uniform pressures are 

applied on the opposite sides, as depicted in the figure. The intensities of pressure are selected to achieve the 

required mean effective stress and deviatoric stress values summarised in Table 3. 

One-directional shear cyclic conditions are obtained by imposing uniform displacements along one 

horizontal direction (i.e. along the x-axis) at the top of the cube and triangular displacement distributions on 

the vertical sides parallel to y-z plane, keeping fixed the nodes along the horizontal y-axis and the vertical 

directions; the bottom of the soil element is fixed in all directions (Fig. 8b). The amplitude of displacements 

varies with time according to a sinusoidal signal of period equal to 10 s. Different maximum values are 

imposed, corresponding to shear strain levels ranging from very small (0.0001 %) to relatively large ones 

(0.5 %). 

Under multi-directional shearing, boundary conditions consist in prescribed displacements on the top and on 

all the vertical sides of the soil element in both horizontal directions, as previously described, while vertical 

displacements are not allowed (Fig. 8c). The displacement distributions follow harmonic signals

characterised by the same maximum amplitude (  = 0.05%) and different frequency or phase-lag, according 

to the selected deformative path, except for the triangular strain path. In fact, this latter is employed by 

applying linear variation of displacements with time, characterised by constant strain increment (0.0001 %).

During the L-shaped path (Fig. 7a) the soil element is imposed to deform in each horizontal direction 

separately, i.e. after the first cycle of displacements along x-axis, displacements are applied along the 

perpendicular direction (y-axis). Under the triangular path (Fig. 7b), the soil element experiences a 

simultaneous application of both components of deformation, until the maximum shear deformation 

(  = 0.025%) is attained along y-axis; after this stage, the loading direction is reversed along y-axis, while 

keeps increasing along the x-axis until the maximum shear strain  = 0.05% is attained. The quadrangular

strain path (Fig. 7c) makes the soil element experience a sequential application of the two components of 

shear strain, i.e. after the maximum shear deformation is achieved along the x-direction, a strain increment 

along the perpendicular direction (y-axis) is applied, keeping fixed the strain in the previous direction. Then, 

the same deformative path is followed in the reverse way, resulting in unloading conditions. Finally, during 

the butterfly deformation path (Fig. 7d) the soil volume element is subjected to contemporary and different 

strain increments in both horizontal directions, resulting in a deformation vector describing a butterfly-

shaped path in the x-y plane.  
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A time step of 0.01 s is assumed during all the shear cyclic test simulations. 

4.2 Numerical results for simple shear cyclic tests 

The typical hysteretic response of the constitutive model under one-directional shear cyclic condition is 

shown in Fig. 9. The shear stress-strain curve zx- zx is characterised by an initial stiffness corresponding to 

the small-strain shear stiffness modulus G0, which decreases with the strain level according to the shear 

modulus reduction curve, down to the minimum value corresponding to Gur. Once the direction of shear 

strain increment is reversed, the strain history tensor H is reset and the shear stiffness regains the maximum 

recoverable value, determined according to Eq. (1) as a function of Hist.  

The pre-shearing triaxial loading paths leads to a fully reversible response for cycles characterised by 

maximum shear strain lower than 0.1%. This is confirmed by the fact that, in these cases, the stress-strain 

curve upon unloading passes through the origin of the axes. At higher strain levels (i.e.  = 0.2 % in Fig. 9), 

the material behaviour is characterised by the accumulation of plastic deformation, due to the engagement of 

the shear hardening yield surface; associated to this is the increase of energy dissipation. At very high strain 

level, the shear hardening yield surface enlarges up to the Mohr-Coulomb failure criterion, thus perfectly 

plastic response occurs. 

The secant shear stiffness and the relative damping ratio are evaluated for each cycle and compared to the 

analytical curves at the base of the constitutive formulation (e.g.: equations 1, 6 and 7), as shown in Fig. 10. 

The damping ratio is estimated as the ratio between the area included within the hysteresis loop in the shear 

stress-strain plane and the corresponding triangular area subtended by the secant to the first loading portion 

of the hysteresis loop for the same cycle. A good agreement between the analytical curves and the calculated 

ones is observed at different strain levels, until the cut-off deformation is reached. In fact, once this strain 

level is exceeded, the secant shear stiffness shows larger values than those provided by the reference curve, 

while the damping ratio undergoes a reduction, for a maximum shear strain equal to 0.1%, followed by a 

sudden increase once the deviatoric yield surface is engaged. The decrease in the damping ratio should be 

related to the fact that the HSsmall model assumes, in its para-elastic formulation, a constant value of the 

tangent stiffness modulus when the cut-off strain level is overtaken. Thus, the increment in stored energy as 

calculated by the stress-strain curve is larger than the increment of the corresponding dissipated energy. 

When the plastic response becomes predominant (i.e. > 0.2 %), the associated damping ratio increases, 

being no longer uniquely associated to a para-elastic formulation, but rather strongly dependent on the 

irreversible response of the model. 

4.3 Numerical results for multi-directional shear cyclic tests 

The para-elastic cyclic response of the HSsmall model under multi-directional shear conditions is shown in 

Fig. 11, in terms of stress-strain curves zx- zx and zy- zy . The single shear test numerical simulations

(indicated as -  
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With reference to the L-shaped strain path, a perfect correspondence is observed between the stress-strain 

curves zx- zx and zy- zy as obtained in one-directional and multi-directional tests (Fig. 11a and b). This 

response should be related to the particular strain path imposed: in fact, the first loading and unloading stage 

along the x direction ends up not influencing at all the subsequent cycle along the perpendicular direction, as 

the strain history tensor H is brought back to its reset configuration at the end of the first closed loop, causing 

the complete recover of the initial shear stiffness modulus. As such, the model exhibits a constitutive 

response identical along both planes of shearing.  

Along the triangular strain path (Fig. 11c and d), the soil element is subjected to a first stage in which both 

strain components zx  and zy increase up to 0.025 %, followed by a second one in which zy  decreases down 

to zero, while zx  keeps increasing up to 0.05 %. The coexistence of both components of deformation has a 

direct impact on the response of the model, which exhibits a softer behaviour as compared to that 

experienced under one-directional conditions. The first loading stage is characterised by the same stress-

strain curve on both zx- zx and zy- zy planes, due to the fact that a unique tangent stiffness modulus is 

associated to each loading direction, determined as a function of the scalar value Hist. When the loading 

reversal is detected along y direction, the strain tensor H is partly reset and the tangent stiffness modulus 

regains the maximum recoverable value, which is lower than the initial one G0 (Gt is about 82% of G0). The 

reversal of the strain increment direction zy affects the shear stress-strain curve zx- zx, which shows a sharp 

change in its slope. During the following stage, the stress-strain curves along each direction is characterised 

by the same mobilised tangent stiffness.  

The quadrangular strain path leads to the curves shown in Fig. 11e and f. In the first stage purely zx  strain 

increments are applied (up to a maximum shear strain equal to 0.05 %), thus the resulting stress-strain curve 

is equivalent to that obtained under the standard one-directional strain path (Fig. 11a). At the subsequent 

application of displacement along the y-direction, which produces a sharp variation of the strain increment 

direction, the corresponding stress-strain curve zy- zy is characterised by a lower stiffness as compared to 

what resulting from the first portion of the test. This response is related to the coexistence of both 

components of deformations, which affects the value of the scalar shear strain Hist. In particular, the 

variation of the strain increment direction induced by the application of the shearing along y implies a reset 

of the strain tensor H, which keeps being affected by the previously experienced shear strain history along 

the x-direction. As a consequence, the mobilised tangent shear stiffness modulus Gt assumes a lower value as 

compared to its maximum (Gt reduced to about 86% of G0). During the following unloading phase along the 

x-direction, the stress-strain relationship zx- zx  is still influenced by the coexistence of both components of 

deformation and the response is less stiff as compared to the single-directional one. Finally, the last 

unloading stage of the shear test is imposed along the y-direction and characterised by a shear stress-strain 

curve zy- zy identical to the one obtained under one-directional strain conditions (i.e. zx is back to zero and 

the tangent shear stiffness modulus is fully regained), but slightly shifted due to the different maximum shear 

stress experienced.  
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During the more complex butterfly strain path, which is characterised by a larger strain amplitude, the soil 

element is subjected to concurrent shear strain increments characterised by different intensities along each 

horizontal direction (Fig. 12). During the primary loading the backbone curve zy- zy shows an apparent stiffer 

behaviour as compared to that exhibited by the corresponding zx- zx  curve. This particular response indicates 

that, at a generic time step, the selected tangent shear stiffness, estimated as a function of the scalar shear 

strain Hist, is the same along both directions and is governed by the largest shear strain zy, which increases 

more rapidly during the initial portion of the test. Once the first strain increment reversal occurs, along the y-

direction after t = 1.25 s, the strain tensor H is reset and the tangent stiffness regains a larger value: this 

feature not only affects the related zy- zy stress-strain relationship along the y-direction, but also that 

predicted in the other direction zx- zx. It follows that this latter curve is characterised by a sharp change in its 

slope due to the above discussed sudden increase in stiffness. An analogous response is detected during the 

subsequent stages of shear test simulation. The stress-strain curves end up being described by hysteresis 

loops enclosing smaller areas, thus characterised by the mobilisation of a smaller amount of damping as 

compared to what expected under single-directional shear tests.  

The above numerical results indicate that the para-elastic constitutive response under cyclic multi-directional

conditions can be characterised by an overall softer and less dissipative behaviour as compared to that 

obtained under more conventional one-directional response, for strain amplitudes larger than the reference 

cut-off . This unrealistic feature is partly compensated by the plastic-strain induced dissipation that is activated 

for about the same strain level. 

As a matter of fact, no experimental results are available to qualitatively confirm or falsify the numerical 

evidences discussed above with reference to multi-directional cyclic small strain behaviour of soils, as the 

only laboratory results discussed in the literature refer to much larger cyclic strain amplitude, well out of the 

range considered in this paper (e.g. [35 39]). 

5. Seismic ground response analyses for the Lotung case study 

5.1 Numerical model  

The back-predictions of the free-field ground response observed at the Lotung site are performed in the time 

domain, applying the two horizontal components of the DHB-47 acceleration time history recorded during 

the LSST7 and LSST11 earthquakes, both separately and simultaneously. The acceleration time histories 

obtained by the two non-linear analyses are compared to the motions recorded at ground surface (FA1-5) and 

along the downhole array DHB at depths of 6 m (DHB-6), 11 m (DHB-11) and 17 m (DHB-17) (Fig. 1). The 

geometrical model adopted in the finite element analyses consists of a soil column characterised by a width 

of 10 m x 10 m and a height equal to that of the investigated soil deposit, e.g. 47 m. The soil domain is 

discretised with 5329 10-noded tetrahedral elements. In the vertical direction the deposit is divided into 47 

layers of unit thickness, in order to ensure the size to be smaller than one-eighth of the wavelength 
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associated with the maximum frequency component fmax of the input signals. To this purpose, the LSST11 

event was filtered in order to cut off frequencies higher than 20 Hz.  

The boundary conditions adopted in the static stage are the customary ones: total fixities are imposed to the 

nodes at the bottom of the mesh, while nodes on the lateral sides of the model are not allowed to move in 

both horizontal directions. During the dynamic stages, tied nodes boundary conditions are assumed, 

consisting in connecting nodes on corresponding vertical sides to force them having the same horizontal 

displacements, while vertical displacements are set equal to zero. This condition is achieved by manually 

introducing horizontal node-to-node anchor elements, characterised by a very high value of axial stiffness 

EA, equal to 109 kN. In order to avoid any modification of the horizontal stress conditions in the soil domain 

when switching from the static boundary conditions to the dynamic ones, pressures corresponding to the 

lithostatic distribution of horizontal effective stresses were introduced along the vertical surfaces of the 

model. This precaution is particularly important when a stress-dependent constitutive model, as the one 

employed here, is adopted. 

All dynamic analyses were carried out under the assumption of fully undrained conditions. 

The Generalized Newmark method is employed as time integration scheme during the dynamic stages, with 

Newmark parameters 1 = 0.6 and 2= 0.605. These values ensure the algorithm to be unconditionally stable, 

while being dissipative only at high frequencies [9,11]. A time step dt of 0.005 s was adopted, largely 

fulfilling the required constraints suggested by Bathe [40]. 

5.2 Seismic ground response 

The numerical results of the wave propagation analyses performed applying a single-direction input signal, 

i.e. considering separately the EW and NS components of the acceleration time histories, are shown in 

Figs. 13  16, with reference to both seismic events LSST11 and LSST7. In detail, the figures show the 

acceleration time histories and Fourier spectra at the ground surface and at a depth of 11 m and 17 m 

(denoted respectively with the labels FA1-5, DHB-11 and DHB-17). In the same figures the ground motion 

recorded in-situ along the downhole array DHB at the same depths is also plotted for comparison.  

Results obtained for the weaker LSST11 input signal are depicted in Figs. 13 and 14. It appears that the 

computed response at different depths is similar to the corresponding recorded one, particularly for the NS 

component, confirming the correctness of the shear wave velocity profile assumed in the model. 

Nevertheless, it might be identified a general tendency to overestimate the amplitude of motion, due to the 

low damping involved during the wave propagation process. This should be ascribed to the small average 

strain level induced during the weak seismic motion, of about 0.01 %, which leads to an overall 

underestimation of the actual damping ratio as compared to the experimental one, in spite of the added 1% 

Rayleigh-based viscous damping. This is particularly true for the EW component, which is characterised by a 

lower peak ground acceleration than the NS one. Such a feature can be further highlighted by comparing the 

results of the FE analyses with the corresponding ones obtained by a standard equivalent linear approach. At 

the scope, Fig. 14a and d also shows the Fourier spectra for the EW and NS components at the ground 

surface as obtained by two analyses carried out by the code EERA. It clearly indicates that a similar response 
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is obtained performing the linear equivalent and the FE analyses, the major difference between the two being 

the peak amplitudes of the spectra, which are larger in the FE analyses. 

With reference to the more intense event LSST7 (Figs. 15 and 16), the numerical simulations are in fair 

agreement with the recorded data, especially for the EW component, both in terms of acceleration time 

histories and Fourier spectra. A slight over-prediction of the peak acceleration can be detected at ground 

surface and at a depth of 11 m. The NS component event also leads to numerical results comparable with the 

observed response, with a slight under-prediction of the peak acceleration at the ground surface. Zero 

crossings of both acceleration time histories are well predicted by the numerical analyses, those latter 

showing a good fit with measured data also in terms of Fourier spectra.  

When both horizontal components of the LSST11 input signal are simultaneously applied, the comparison 

between numerical and in-situ data is still satisfactory, though peak accelerations are slightly overestimated 

with respect to the measured values, as depicted in Figs. 17 and 18. It is worth highlighting the influence of 

the coexistence of both components on the soil response along each direction: in fact, the predicted Fourier 

spectra along the NS direction show at each depth an over-prediction of the spectral amplitude in the 

frequency range 7-15 Hz.  

The predicted response under multi-directional input motion is comparable to that obtained under single-

directional condition in terms of mobilised secant shear stiffness, as identified by the stress-strain curves 

shown in Fig. 19a and b. The induced strain level during LSST11 is relatively small (i.e. in the order of about 

0.01 %).  

A similar pattern is also observed when the strong motion event LSST7 is applied to the model. In fact, Figs. 

20 and 21 show the tendency of the numerical model to slightly over-predict the observed ground response 

when both horizontal acceleration time histories are considered. The predicted Fourier spectra indicate that 

the model is capable of reproducing the overall frequency content of the signals as observed at different 

depths, though showing a systematic over-prediction of the amplitude around 0.85 Hz.  

This behaviour is likely to be related to the tendency of the model to predict a reduced amount of hysteretic 

damping under multi-directional excitation, especially when relatively large strain levels are attained during 

the seismic analyses (e.g. the maximum induced strain level is in the order of 0.3 %). This is illustrated in 

Fig. 22a and b, where the stress-strain curves as obtained at a depth of 11 m during the analyses of the weak 

and strong events are compared: multi-directional conditions lead to thinner - thus less dissipative - loops, 

consistently with what discussed in section 4.3. As a side effect of the above behaviour, a more significant 

numerical noise was generated at high frequencies during the multi-directional seismic analyses. This pattern 

was minimised in the representation of the results by adopting a low pass filter, characterised by a cut-off

frequency of 5 Hz, which was then applied to all the numerical output signals shown in Figs. 20 and 21.  

In Fig. 23a and b the profile of the maximum acceleration with depth is depicted for both earthquakes along 

each horizontal component: a more accurate reproduction of the measured data is observed when input 

motions are applied singularly, consistently with the general tendency to slightly over-predict the response 

under multi-directional conditions. 
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6. Conclusions 

In this paper a non-linear finite element model is employed for investigating the free field seismic ground 

response recorded at Lotung Large-Scale Seismic Test site along a down-hole array during the LSST7 

earthquake of May 20th 1986 and the LSST11 event of July 17th of the same year. The adopted commercial 

FE code was selected as it allows the multi-directionality of the seismic motion to be accounted for under 3D 

conditions. The non-linear behaviour of soil is represented by the constitutive model Hardening Soil with 

Small Strain Stiffness (HSsmall). This latter belongs to the class of isotropic hardening elasto-plastic models 

and accounts for pre-yield small strain non-linear behaviour by a para-elastic formulation inspired by 

HSsmall model parameters is relatively straightforward as only 

requires a few additional experimental data as compared to the usual static ones, such as a shear wave 

velocity profile and decay curves of shear stiffness modulus and damping ratio.  

To the purpose of validating the constitutive model, strain controlled cyclic shear tests were simulated 

aiming at investigating the different aspects of the constitutive response under standard simple shearing 

conditions and multi-directional ones, with particular reference to low to medium strain levels, i.e. those 

relevant in most seismic site response problems. 

With reference to the simple shear condition, the HSsmall model is capable of reproducing the expected 

response in terms of shear stiffness and damping ratio evolution with shear strain level. This certainly holds 

for the elastic (i.e. small strain) deformation regime, but also takes advantage of the engagement of the yield 

surface and the related accumulation of plastic strain occurring for larger cycle amplitude. This last 

occurrence leads to a realistic prediction of the damping at relatively large strain level. The above features do 

not include the capability of the model to satisfactory predict large excess pore water pressure build up and 

related cyclic mobility, which would require a far more articulated formulation.  

A specific focus was devoted to the performance of the model under multi-directional cyclic conditions at 

small strain level. This because the model was meant to be used under such conditions to back-analyse the 

Lotung case history under 3D conditions. It emerged that the concurrent application of shear deformation 

along different directions influences the material response both in terms of stiffness and energy dissipation, 

due to the formulation of the model which somehow combines, in the small strain para-elastic regime, the 

response along different directions to define a unique scalar equivalent shear strain assumed as a reference to 

determine the instantaneous and unique (for any direction) stiffness and damping of the material. This latter 

relationship is obviously based on standard (single-directional) tests, such as simple shear or resonant 

column ones. In particular, a generally less rigid and less dissipative behaviour is observed under the 

investigated multi-direction shear strain paths. This numerical observations cannot be validated due to the 

lack of experimental data for such specific loading conditions. 

Finally, the results of numerical site response analyses, performed with reference to the Lotung case study, 

prove to be in good agreement with the free field measurements recorded at the ground surface and at 

different depths, both in terms of peak acceleration and zero crossing prediction, especially when a single 

input motion is considered. The contemporary application of the two horizontal components produces a 
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slight overestimation of peak ground accelerations, to be associated to the less dissipative response of the 

pronounced for the strong intensity earthquake. 

In general, the use of the HSsmall constitutive model for seismic ground response analyses can be considered 

affordable and valuable, provided no liquefaction/cyclic mobility features are to be included in the analysis. 

This study has also highlighted the need for further experimental investigations to be carried out to shed 

-directional 

conditions. 
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Figure captions 

Fig. 1. Location of instrumentation of the Lotung experiment site: (a) down-hole instrument arrays (b) 

surface instrument arrays (after Tang H.T. [26]) 

Fig. 2. Acceleration time histories and relative Fourier spectra recorded at DHB-47 during (a, b) LSST7 and 

(c, d) LSST11 earthquakes and assumed as input signal at the base of the numerical model (at z = 47 m). 

Fig. 3. Local soil profile at Lotung LSST site: (a) soil stratigraphy; (b) SPT Log; (c) shear wave velocity

profile from cross-hole test. 

Fig. 4. Normalised tangent (Gt/Go) and secant (Gs/Go) shear modulus reduction curves and variation of 

damping ratio with cyclic shear strain assumed for different soil layer: (a) silty sand (0  17 m); (b) sand with 

gravel (17  23 m and 29  36 m); (c) silty clay (23  29 m and 36  47 m). 

Fig. 5. Calibration of Rayleigh viscous damping parameters for (a) LSST7 and (b) LSST11 events, according 

to Amorosi et al. [11] 

Fig. 6. Representation of soil volume element used for strain-controlled cyclic shear test simulation. 

Fig. 7. Multi-directional shear strain paths: (a) L-shaped path, (b) Triangular path, (c) Quadrangular path,

(d) Butterfly path. 

Fig. 8. Boundary conditions applied on soil volume element: (a) isotropic and deviatoric loading and 

unloading phase; (b) shearing phase under one-directional shear test; (c) shearing phase under multi-

directional shear test.  

Fig. 9. Shear stress-strain curves obtained by one-directional cyclic shear test at maximum strain level of 

0.05 %, 0.1 % and 0.2 %. 

Fig. 10. Comparison of secant stiffness modulus reduction and damping ratio curves obtained by the model 

formulation and by the numerical simulation of one-directional cyclic shear tests. 

Fig. 11. Shear stress-strain curves obtained by multi-directional shear test under (a, b) L-shaped, (c, d)

Triangular, (e, f) Quadrangular and (g, h) Butterfly d paths, compared to those obtained by one-directional 

shear test. 

Fig. 12. Variation of shear strain in time domain applied to Butterfly path shear test. 

Fig. 13. Comparison between predicted and recorded response, in terms of acceleration time history, at depth 

of 0 m, 11 m and 17 m during LSST11 event: (a, b, c) EW and (d, e, f) NS components obtained by a single-

directional analysis (singularly).  

Fig. 14. Comparison between predicted and recorded response, in terms of Fourier spectra, at depth of 0 m, 

11 m and 17 m during LSST11 event: (a, b, c) EW and (d, e, f) NS components obtained by a single-

directional analysis (singularly). Figure 14a and d also shows the Fourier spectra for the EW and NS 

components at the ground surface as obtained by two analyses carried out by the code EERA. 
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Fig. 15. Comparison between predicted and recorded response, in terms of acceleration time history, at depth 

of 0 m, 11 m and 17 m during LSST7 event: (a, b, c) EW and (d, e, f) NS components obtained by a single-

directional analysis (singularly).  

Fig. 16. Comparison between predicted and recorded response, in terms of Fourier spectra, at depth of 0 m, 

11 m and 17 m during LSST7 event: (a, b, c) EW and (d, e, f) NS components obtained by a single-

directional analysis (singularly).  

Fig. 17. Comparison between predicted and recorded response, in terms of acceleration time history, at depth 

of 0 m, 11 m and 17 m during LSST11 event: (a, b, c) EW and (d, e, f) NS components obtained by a multi-

directional analysis (simultaneously). 

Fig. 18. Comparison between predicted and recorded response, in terms of Fourier spectra, at depth of 0 m, 

11 m and 17 m during LSST11 event: (a, b, c) EW and (d, e, f) NS components obtained by a multi-

directional analysis (simultaneously). 

Fig. 19. Shear stress-strain curves at a depth of 11 m from ground surface, obtained by applying singularly 

and simultaneously EW (a) and NS (b) horizontal components of acceleration of LSST11 event. 

Fig. 20. Comparison between predicted and recorded response, in terms of acceleration time history, at depth 

of 0 m, 11 m and 17 m during LSST7 event: (a, b, c) EW and (d, e, f) NS components obtained by a multi-

directional analysis (simultaneously). 

Fig. 21. Comparison between predicted and recorded response, in terms of Fourier spectra, at depth of 0 m, 

11 m and 17 m during LSST7 event: (a, b, c) EW and (d, e, f) NS components obtained by a multi-

directional analysis (simultaneously). 

Fig. 22. Shear stress-strain curves at a depth of 11 m from ground surface, obtained by applying singularly 

and simultaneously EW (a) and NS (b) horizontal components of acceleration of LSST7 event. 

Fig. 23. Profile of maximum acceleration with depth obtained under single-directional (singularly) and multi-

directional (simultaneously) analyses and compared to in-situ recorded data: (a) LSST7 and (b) LSST11 

seismic events. 



23 
 

 

Tables captions 

Table 1. Characteristics of the LSST11 and LSST7 events, occurred at Lotung, Taiwan [28]. 

Table 2. Material properties of the soil at Lotung site and HSsmall model parameters used in FE analyses. 

Table 3. Stress path applied during the pre-loading triaxial phases before cyclic shear tests. 

 

Table 1. 

Event Date 
Magnitude  

(Ml) 

Epicentral distance 

(km) 

Peak Acceleration 

EW (g) NS (g) V (g) 

LSST7 20 May 1986 6.5 66.2 0.16 0.21 0.04 

LSST11 17 July 1986 5 6.0 0.07 0.10 0.04 

 
 

Table 2. 

Parameters 
Silty sand 

0-17m 

Sand with gravel 

17-23m 

Silty clay 

23-29m 

Sand with gravel 

29-36m 

Silty clay 

36-47m 

c  (kPa) 0 0 10 0 10 

 (°) 30 35 24 37 24 

OCR 10 10 5 10 5 

0

ncK
 

0.5 0.4264 0.5933 0.3982 0.5933 

0

ocK
 

- - 1.327 - 1.327 

0

refG  (MPa) 90 115 65 160 65 

0.7 (%) 0.011 0.01 0.025 0.011 0.025 

m 0.54 0 0.42 0 0.42 

ur 0.3 0.3 0.25 0.3 0.25 

ref

ur
E  (MPa) 60 119.5 65 164.5 65 

50

refE (MPa) 20 39.83 21.67 54.81 21.67 

 

 

Table 3 

 
Isotropic 

Loading 

Isotropic 

Unloading 

Deviatoric 

Loading 

Deviatoric 

Unloading 

p  150 100 133 100 

q (kPa) 0 0 100 0 
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