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Abstract. The aim of this work is to provide uniform L°°-estimates for
the solutions of a quite general class of (p, ¢)-quasilinear elliptic systems
depending on two parameters a and §.
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1. Introduction
Let us consider the following autonomous quasilinear system
—div ((a + |Vu|2)%Vu) = Hy(,u,v) in Q

—div ((a + |Vv|2)%Vv) = H;(0,u,v) in Q (1.1)
u=v=0 on 0f)
where ) is a smooth bounded domain of RN, N > 3, p,q € [2,N), a > 0
and H : I x R? — R is a function, where I C R is an interval and H(d,-,-) €
C1(R% R) for any § € I.
Moreover, we assume that
(%) there are p’ € (p,p*), ¢' € (¢,q*) and Cy > 0 such that

H,(8,5,t) < Co (slz"1 + 75+ 1>

’
q —

Hy(6,5,1) < Co (|s|p/q* e 1)

for any (4, s,t) € I x R
Let X be the product space Wy ?(Q) x Wy?(€2) endowed with the norm

12l = llwllp + lvll1.q

where z = (u,v) € X. In what follows we shall denote respectively by || - ||
and | - ||1,s the usual norms in L*(Q2) and Wo“(Q)
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Weak solutions of problem (1.1) correspond to critical points of the
Euler functional I, s : X — R defined as

Tos(2) = Ins(u,v) = 1/(a+|Vu( )% do+ 1/(a+|Vv(x)|2)% da
Q
/Héu (x)) dz for any z = (u,v) € X.

By (%), the functional I,, 5 is C! on X and, for any 29 = (ug,vo) and z = (u, v)
in X, it results

(I, 5(20), 2) = /(a+ |Vuo|?) 2 VUOVu—i—/(a—i— |Vuol?) "7 * Vo Vo
Q Q

—/Hs(é,uomo)u—i—Ht(é,uo,vo)v.

Systems involving this kind of quasilinear operators model some phe-
nomena in non-Newtonian mechanics, nonlinear elasticity and glaciology,
combustion theory, population biology; see [7,9,11,12]. Existence, nonexis-
tence and regularity results for such quasilinear elliptic systems are obtained
by various authors, see for instance [1,3,6,8,14].

More recently we proved that any weak solution of the following system,
not depending on ¢,

—div ( + [Vul?) u) = H,(u,v) in Q
—div ( + |Vo]?) v) = H;(u,v) in Q
u= on 0N

is in (L>°())? (see [4, Theorem 1.1]).

In this work we want to extend the previous result to the class of systems
(1.1) depending also on 6. Moreover here we show carefully that, for any
arbitrary zo € X and r > 0, the (L>(Q))*-norm of the weak solutions to

(1.1) belonging to B,(zp) depends just on r and zg, but is independent on «
and 4.

The main result of this work is the following:

Theorem 1.1. If (u,v) is a solution of (1.1) and (x) holds, then (u,v) €
(L= ()"
Moreover, for any fized (ug,vo) € X, r >0, « >0 and § € I, denoting by

Dr,a’g(Umvo) = {(u7v) €X ||(u,v) - (uOvUO)” <, I;’(;(U,U) = 0}7

there exists C' > 0, depending on r and (ug,vy) but independent of « and 9,
such that

[tlloo, IVlloe <€ ¥ (u,v) € Dy,a,5(uo,v0).
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This uniform L*-estimate will be used in the forthcoming paper [2]
in which we derive some crucial existence results about system (1.1), study-
ing the interaction of the spectrum of the quasilinear operators with the
nonlinearity H which grows (p, ¢)-linearly at infinity, in continuity with the
Amann—Zehnder type results obtained in [5] for a class of quasilinear elliptic
equations.

2. Proof of Theorem 1.1

We first introduce the following result.

Lemma 2.1. Let s € (1, N) and denote by s* the conjugate Sobolev exponent
of 5, namely s* = sN/(N —s). If r,e > 0, ug € Wy*(Q) and s' € [1,s*),
there is 0 > 0 such that
u(z)]* do < e
{lu(@)| 20}
for any u € By(uo) = {u € Wi (@) [lu—uolus < r}.
Proof. By contradiction, assume that there are r,e > 0, ug € Wol’s (Q), s’ <
s*, hy, > n and u,, € B,(ug) such that
up(2)]¥ da > e (2.1)
{lun (@) 2hn}

for any n € N.
Up to subsequences, u,, strongly converges to some @ in LS'(Q).
Moreover, denoting by E,, = {x € Q |un(z)| > h,}, we claim that

|E,| — 0. (2.2)

Otherwise, if not, we should have, up to subsequences, |E,| > « > 0 for
any n, hence

/|un(x)|5/ dz > / |t ()] da > an® = /|un(x)|sl dz — oo
Q E, @
while [, |un(z)|* do — [, |@(x)* dz. This proves (2.2), hence the Vitali
convergence theorem gives that

/Iun<w>|5’ dz — 0

EW,

which contradicts (2.1). O

Now, inspired by [4] and [10], we prove the main result.
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Proof of Theorem 1.1. For every ~, t, k > 1 we define

sls[7—1
hi(s) { i

AVARVAN

5]
kY s +sign(s)(1 - y)kY s

i (5) = /0 B ()] dr.

MJOM

Observe that hy  and @y 4, are C L_functions with bounded derivative,
depending on v,t and k. Thus if (u,v) € X = WyP(Q) x W) %(Q), then
Dpi(u) € WyP(Q) and @y, (v) € W, U(Q). Moreover, for every ¢ > =,
there exists a positive constant C', depending on v and ¢ but independent of

k, such that
|87 7 @14 (5)] < Clhg(5)]7
(Dt (5)] < Clhg s (5)3TH)
and
q p, q’
P <|S|P') < C"h » (8)
ka

Let us fix r > 0, @« > 0, § € I and consider an arbitrary

Dr,a,é(an UO)-
In particular,

(I3, 5(2), (Pryp~ (@), 0)) =0

for any k,v > 1.
So, as Wy P(Q) «— L¥' (), there is ¢ > 0 such that

(/ |hk,w<u>|f”> <c [19h,@F =c [ 1987 |t @
Q Q Q

(2.3)
(2.4)

(2.5)

z = (u,v) €

_12 p=2 _12 7 NP _12 =2 _ _
<e / (o + [Va[2) 2 Va2 b, (0] = ¢ / (o + |Va2) "2 Vi - Vs (1)

Q Q

:c/HS(&ﬂﬂ_J)‘I)knpﬁ(ﬂ)'
Q

By (%), we get

P
7

/ i (@)
Q

’_ _ _ ’Lﬂ _
< cCy / (P~ 4 1)| D ()] + / (5177 | @4 p (@)] ] - (26)
Q

Q

For any o > 1 and w in W,"*(€2) or w in Wy'?(£2), we denote by

Qow ={z € Q |w(z)] >0}
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Therefore, using (2.3), (2.4) and redefining from now on, when necessary, the
positive constant C, depending on « but independent of k and o, we have

Jaap=t 4 Dl g, (@)

Q

< (P41 / (B (@)] + / P[P~ By ()]
Q _

o,

< 2071 / (B (@) + C / (l?' = | ()P
Q Qo,a

SC"p'*l/ iy (@) 5" 4 C / (@l = b (@) P
Q Qo,a

Using Hélder inequality we deduce

Q

/(lmp/_l"‘l)@k,w,v(ﬁ” SCUP/_I /|hkw(ﬂ)|p/
Q

P
7

wolalft, | i@ ) e
Q

We deal with the second integral in (2.6) and similarly, using (2.3), (2.4),
(2.5) and the fact that ® ,, - is non decreasing, we obtain

— rpl—1 _
[18175 (@
Q
P21 - 1L (D) |- p—1 -
T @l [ P @ @)

Q

ql
Qosn{|8] " <Jal}

Gy (1 2y v
[ R ) ks (017

/

!’
<ot

q
Qoo {|5|?" >|al}

/
p

< 0o — /|hm(ﬂ)|L e +C / |17|§/ (p’fp)‘hk
Q

e / 1015 =)y (125 P

’

a
Qo wn{|7] 7" >|al}

q/p/71 - P P
<Co" v T (4)]
Q
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L D) _\p i i
sl | | [ima@r ) +{ [y @l
Q

Combining with (2.6) and (2.7), we get

L]
[ st
Q

L/“/erlfp 2
<co’ | [ @p Clal | [ o @r
Q Q
L]wp+lfp
, p YP
+ €I [y @l
Q
p r
2 (' —p) :
_ pr\ PP NP’ -\ 1q
el | ( [iwa@r )+ [y @)
Q Q

Through Lemma 2.1, there is o1 > 1 such that, for any ¢ > o7 and for
any k,vy > 1

2 L/;zp-*—l—p
1 ) P ) oo / D P
3 | [ima@r | <c(e ot 0 | i @p
Q Q
L D) g ’
P , q
+C 13 2o /|hk2/ﬁ(v)| . (28)
Q

If n € (0,1), using Young inequality we obtain that

ax < z + (4@)1/(1_7’) Va,z > 0.

In particular, as %ﬁ})_p <1,

P ypt+l—p
p’ P

cor o 0) ([ @p

Q
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so that (2.8) becomes

1 _
| e
Q

a /(p p) _
G ) KRl U et PO I

P
o’

Thus there are C' > 0 and o1 > 1 such that

[ @r

Q

<co” 4ot *”) Ll ||Lq“(3Q ?) /\h @7 (2.9

for any (@, ) € Dy qo,5(uo,v0), any k,v > 1 and any o > o71.
Reasoning in a similar way and exploiting that (I}, 5(2), (0, ®x p,~ (7)) =
0, we find C > 0 and o9 > o1 such that

[z @

Q
—1 2 (q'~1) ‘73
e CRa s ) RNeT Ty /"%y W) (2.10)

z
Py

for any (@, ) € Dy o,6(uo, vo), any /;:,'y > 1 and any o > o9.
Setting k = k< in (2.10) and substituting in (2.9) we obtain

(' —p) _ _ —q)
+C||v||Lq,(Qm) ( qa 1+aq (¢ 1)) + ||u || (Q /|hm

Using again Lemma 2.1 and choosing a suitable o > g5, we find C' > 0
such that, for any k,v > 1
[ ma@pr <c
Q

where C' depends on r and v but is independent of k.
Analogously, we can prove that there is C' > 0, independent of k, such

that
[ <c
Q

for any k,v > 1.
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Thus we can use Fatou Lemma and, passing to the limit for £ — +o0

/W'm’,/qu’ <C
Q Q

where C' depends on r and .
Since v > 1 is an arbitrary number, we have that @,v € L*(Q2) for any

we get
(2.11)

\V/(’lj, 'E) S Dr,a,é (Uo, UO)

t>1.
In particular, by (x), we derive that there is m > max{N/p, N/q} such
that H,(0,u,v), Hy(d,u,v) € L™(Q), for any (@,0) € Dy q,6(uo,vo), and
[ Hs (8,2, 0)|[ms [[He(5, @, 0)|lm < C1 (2.12)
where the constant C; > 0 depends on r but is independent of « and §
We want to prove that for any (@,7) € Dy q,6(uo,v0), @ and o are in
L>(Q) and
[tllso, [|7]lo0 < C2

where the constant Cy > 0 still depends on r but is independent of «

and 6.
from m > N/p we see that

Denoting by p*' = P
* 1 1

m > p*’ and P ——— | >1
p—1 * m

,0) € Dy qs(ug,vo), for any k € N, let us denote by

Once fixed (a,
A ={x € Q |u(x)| > k} and by
0 if |r| <k,
Gip(r)y=<sr—k ifr>k,
r+k ifr <-—k.

As Gi(u) € Wy P(Q) and (15, 5(u,v), (Gx(u),0)) = 0, denoting by f =
(6, 1, ) and redefining, when necessary, a positive constant C' independent

on k, we have
P
/wmw” sc/wwwwzc/wwwwn
Q

<c/a+|w|) (V- VGy(w))

/p*

1/p”

Ly
fp*’) |Gr(@)[?
/

—C/ka ka()<C</Ak|’
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hence
p—1)/p"

(
/ Gr(@”
Q

— %/ 1/p*/ — 1/m 1 1
gc(/ |f|p) §C</ |f|m) AR (2.3)
Ak Ak

Moreover, for any h > k
(p=1)/p"

[ i@ - (/ |Gk<u>|p*)(p_l)/p*
/ h

NS
([ ) = et
Ap

so that, combining with (2.12) and (2.13),

|An] < Ay )

¢
(h — k)P
o7 =) > L.
Thereby, applying Lemma 4.1 in [13], there is Co, depending just on r,
such that

where = (

|Apl =0 Vh>C,

which means that 4 € L>(2) and ||@||cc < Ca. As m > N/q, reasoning in the
same way, we find that also 7 € L>*°(Q) and ||7|| < C3, choosing a suitable
Cy > 0. O
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