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Abstract

The objective of the thesis is the study of the geolocation systems of sources of
electromagnetic waves based on satellite platforms in Low Earth Orbit (LEO).
Among the main technologies, Angle of Arrival (AOA) based on arrays of antennas
gained recent interest thanks to miniaturization of electronic components and has
been considered as reference payload for the satellite platforms. The context of
the research is at multiple levels: it started with a conceptual design of a possible
abstract architecture to be implemented at hardware level in a Field Programmable
Gate Array (FPGA), then it moved toward its possibility to be simulated in a ded-
icated environment for performance prediction. The characterization of antenna
array performance has also been conducted and new frontiers on relativistic and
atmospheric effects on time delay, longitude shift, changes in frequency, bending
of electromagnetic waves, and beam wander have been explored. Firstly, the toy-
model considered a geolocation scenario involving a single emitter of signal on the
surface of the Earth and a single satellite platform, then multi-satellite systems,
and also multi-constellations have been studied. Among the research objectives
are: the development of algorithms of error detection and correction to be per-
formed onboard, in particular with respect to the phenomenon of the divergence of
the dispersion of the measurement due to the influence of the Attitude Determi-
nation and Control System (ADCS); the optimization of clusters of satellites; the
investigation of possibility to integrate the payload in hybrid measurements with
Time Difference of Arrival (TDOA) technology or the possibility to exploit oppor-
tunities of measurement from multiple constellations. The importance of the study
which constitutes also the main motivation is on the set of operations of search
and rescue and spectrum monitoring of jamming signals. Each research objective
has been defined in order to address industrial needs or unexplored fields in the
existing literature. To support the need for the development of new models, the re-
search methodology is mainly formal and analytical, with simulation support when
needed.
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Chapter 1

Reference System and Performances

This section is intended to introduce the reader to the reference mission and presents
the architecture conceived for the satellite system used for the geolocation problem.
Then, there is the description of the payload, which is based on antenna array
and its measurement principle. In the end, methods are presented to predict the
performance of the payload.

1.1 Reference Mission and Use Cases

The reference mission considers an emitter of electromagnetic waves, in the follow-
ing denoted by E, and a satellite platform, in the following denoted by S, with a
receiver of electromagnetic waves based on AOA technology. It is supposed that
the emitter of signal is non-cooperative with respect to the satellite. A source of
signal is denoted as non-cooperative when it is not supposed to be known in terms
of presence, location, and transmitted message.

The point of view of the study is the satellite system, and the objective of its
mission is the geolocation of the source of the signal.

The model considers two actors, the emitter of signal E (actor 1) and the
satellite system S (actor 2), and there are four use cases: ‘signal emission’, ‘signal
reception’, ‘geolocation of the signal’, and ‘tracking of the signal’.

The use case ‘signal emission’ is the only one involved in the the process of
emission of the signal and is performed by actor 1 (emitter): in the context of this
study it is supposed to happen in any case, because the interest of the thesis is
on the satellite system. The emitted signal can be instantaneous or persistent in a
certain interval of time.

The set of use cases ‘signal reception’, ‘geolocation of the signal’, and ‘tracking
of the signal’ represents the process of geolocation performed by actor 2 (satellite).
In particular, the process is articulated as follows:

• The use case ‘signal reception’ is performed by actor 2 and this is conditioned
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Process of emission Process of geolocation

Emitter of signal

Satellite system

Signal emission

<extend> [Condition: signal is received]

Geolocation of
the signal

<extend>
[Condition:

signal is available]
Signal reception

<extend> [Condition: signal is not istantaneous]

Tracking of
the signal

Figure 1.1: Use cases diagram used as reference.

to the availability of the signal by the reception system and conditioned to
the verification of use case ‘signal emission’;

• The use case ‘geolocation of the signal’ is performed by actor 2 and this event
is conditioned to the verification of use case ‘signal reception’.

• The use case ‘tracking of the signal’ is performed by actor 2, it is conditioned
to the availability of the signal in a certain interval of time (i.e., the emitted
signal is not instantaneous), and it is conditioned to verification of multiple
times of the use case ‘geolocation of the signal’.

To summarise the interaction of the actors with the processes, the use case
diagram is reported in Fig. 1.1.

1.2 Finite State Machines

Each system can be designed according to the requirements. The main ones con-
sidered in the study are the following:

Requirement 1: the platform is a satellite system in LEO;

Requirement 2: the payload is an antenna array receiver with electronic scanning
capabilities;

Requirement 3: the system must be able to scan an area for a Radio Frequency
(RF) signal (idle / listening state);

Requirement 4: the system must be able to recognise a RF signal (detection);

12
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FSM (satellite system)FSM (emitter)

1
Idle / Listening

0
1

Detection

[If signal repeated]

0

Geolocation

0

1

0

Reception

0

Tracking

<<event>>
signal emitted

Signal emitted
1

Idle

0

1

Figure 1.2: FSM diagram of the system built from the requirements.

Requirement 5: the system must be able to estimate the position of a RF signal
(geolocation);

Requirement 6: the system must be able to track a geolocated RF signal when
its detection and geolocation are repeated over time (tracking).

From the requirements and the use case diagram in Fig. 1.1, a first broad de-
scription of the behaviour of the system in the form of two Finite State Machine
(FSM) with an interface between them has been conceived, as shown in Fig. 1.2.

Each FSM is modelled without an ‘end’ state. The FSM (emitter) has not
an ‘end’ state for simplicity of representation, because for this work of thesis the
situation when a signal is not generated is not of interest. The FSM (satellite
system) has not an ‘end’ state because it is supposed to be cyclic (i.e., the system
is always in listening mode for a signal), it is conceived as a reactive system (i.e.,
the system waits indefinitely for a signal), and because it is an embedded system
(i.e., it is supposed to be always turned on).

The diagram can be extended with ‘end’ states: this can be done to represent
the situation of the deactivation of the emitter of signal, or the end of the satellite
mission, or as a first attempt to contemplate possible failures of the systems1.

The first FSM (emitter) is supposed to be able to emit an instantaneous signal or
a signal within a finite time window. For simplicity, this distinction is not reported
and only a single state ‘signal emitted’ is provided.

When the signal is emitted, then the event denoted as ‘«event» signal emitted’
is triggered, which activates the behaviour of the second FSM (satellite system).

1The failure management is beyond the purposes of the activities, however it is interesting
topic and it can be also modelled with a dedicated FSM.

13



Reference System and Performances

It is supposed that when the satellite starts the mission or when, in general,
it has not received a RF signal yet, the payload performs its electronic scanning
activities and the satellite is orientated in a manner to always have the payload in
the Nadir direction. This state is indicated with ‘idle / listening’.

After the trigger ‘«event» signal emitted’ and if the signal can be received from
the satellite system because the satellite is supposed to be within the line of sight
of the propagation of the signal, then the satellite system can reach the ‘reception’
state.

When a signal is received, this does not mean exactly that the source of signal
can be detected: it is possible that the signal is too low in terms of power or
disturbed because of interferences2.

When the detection is possible, then the satellite system reach the ‘detection’
state and algorithms of detection can be employed to estimate the parameters of
the signal.

In the ‘detection’ state, if the estimation of the signal succeeds, then the op-
eration of geolocation can be performed reaching the ‘geolocation’ state. If the
‘detection’ fails, because of ambiguities or incompleteness of the data, then the
system returns back in ‘listening’ state.

In the ‘geolocation’ state the satellite systems tries to estimate the position of
the emitter of signal. This operation is a geometrical problem and it can fail if the
problem is not solvable.

If the emitted signal is not instantaneous, then the operations of ‘reception’,
‘detection’, and ‘geolocation’ can be repeated over time on the same signal: in this
case it is possible to reach the ‘tracking’ state, which is conditioned to the transition
denoted as ‘[if signal repeated]’.

1.3 A General Architecture

From the FSM of the satellite system elaborated in Fig. 1.2, an overall concep-
tual architecture with correspondences of the components of the satellites can be
conceived as represented in Fig. 1.3.

In particular, the starting point is the Electromagnetic Wave (EW) (i.e., a RF
signal), which can be sensed by the antenna array payload. If this happens, then
the ‘reception’ state of the FSM is reached.

Then, it is supposed that the signal is represented and saved in memory in a
discrete form within the satellite system.

2The system is supposed to be a Electronic Countermeasure (ECM) system to be employed
in spectrum monitoring of the interferences, so it is legit to ask what does mean an interference
over a jamming signal of interference. More broadly, this situation can be framed within the case
of an emitter system with Electronic Counter-Countermeasure (ECCM) capabilities.
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Tracking controller

Signal processor

Estimated
position

RF
signalElectromagnetic

wave

Signal
parametersDetection

module
Localizer

Track of
the signal

Tracker

Geolocated
signal

Satellite position
and attitude
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Discrete
signal

Antenna array
payload

Payload
commands

Payload
controller

Target to follow / ADCS commands

Target
generation

Track of the
signal

Figure 1.3: General architecture of the system; in particular, in yellow are the activities
of signal processing and tracking of the signals, and in purple are the payload, and the
Guidance, Navigation, and Control (GNC) subsystem.

In order to elaborate and process the signal, a processor is needed: since the tar-
get application is the set of real-time operations this processor can be implemented
on a dedicated FPGA.

The three activities of ‘detection’, ‘geolocation’, and ‘tracking’ can be associated
to three processing modules named ‘detector’, ‘localizer’, and ‘tracker’.

In particular, to perform the geolocation both the position and the attitude of
the satellite are needed.

The system produces two main outputs: the ‘geolocated signal’ and the ‘track
of the signal’.

When tracking is possible, the ‘track of the signal’ can be used for two opera-
tions: to command the antenna array and to orient the satellite toward the emitter
of signal. To achieve these two results, a ‘tracking controller’ can be built to gener-
ate a target to follow and to obtain both the ‘payload commands’ and the ‘ADCS
commands’.

1.4 Simulation

To predict the performance of a system, it is useful to perform a simulation before
its realisation. A general modular simulative system, in terms of class diagram, is
conceived and proposed here.

As stated in Sec. 1.1, the main actors of the study are the emitter of the signal
and the satellite system. Everything external to them is considered part of the
‘environment’ and, in particular, it is the place in which the propagation of the
signal is supposed to happen. Depending on the problem, the environment can
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be modelled in a detailed manner; in general, at least the presence of the Earth,
an atmosphere profile and a noise profile are considered because they affect the
propagation of the electromagnetic waves.

For each of these three physical items, a dedicated class can be associated:
Emitter, Satellite, and Environment. A first-level simulation can be kinematic,
so possible attributes to associate with the emitter and receiver platforms, such as
their position and velocity, are included in attributes of ‘state’.

Operations of the ‘signal processor’ and ‘tracking controller’ classes can be asso-
ciated into a single abstract functional module, here denoted as SignalProcessor
class.

Other classes to be introduced are a SimulationManager and a PostProcessor.
The SimulationManager is the facade manager and has the goal to start, end

and orchestrate the whole simulation.
The PostProcessor has the goal to elaborate the data and determine the per-

formances of the system considering reference metrics and with the aid of filters
and ground truths; for the user this class is supposed to provide operations of elab-
oration, visualization and to export data (i.e., save in a dedicated files) for further
analysis.

To improve the structure of the code, the main design pattern considered for
the simulations are a facade pattern and a strategy pattern.

A facade pattern has been chosen to separate the functions of coordination and
implementation using a main class with a manager role (the SimulationManager).

A strategy pattern has been chosen to model the behaviour of the signal pro-
cessor (and consequently, the possibilities of post processing) with interchangeable
algorithms.

In the following are reported the details of the classes in terms of attributes and
methods.

Class SimulationManager:
Attributes: ‘emitter’, ‘satellite’, ‘environment’, ‘signalProcessor’, ‘postPro-
cessor’;
Methods: ‘run()’.

Class Emitter:
Attributes: ‘emitterState’, ‘signalProfile’;
Methods: ‘loadDataEmitter()’, ‘simulateKinematicsEmitter(time)’, ‘gener-
ateSignal(time)’.

Class Satellite:
Attributes: ‘satelliteState’, ‘payloadModel’;
Methods: ‘loadDataSatellite()’, ‘simulateKinematicsSatellite(time)’, ‘receiveS-
ignal(time, signal)’;

Class Environment:
Attributes: ‘atmosphereModel’, ‘earthModel’, ‘noiseProfile’;

16



1.4 – Simulation

Methods: ‘loadDataEnvironment()’, ‘propagateSignal(emitterState, satelliteS-
tate, signalProfile)’;

Class SignalProcessor:
Attributes: ‘parameters’, ‘trackingEnabled’;
Methods: ‘detectSignal(time, signal)’, ‘localizeSignal(time, signal)’, ‘trackSig-
nal(time, signal)’.

Class PostProcessor:
Attributes: ‘metrics’, ‘filters’, ‘groundTruth’;
Methods: ‘evaluatePerformances(signal)’, ‘visualizeData(signal)’,
‘exportData(signal)’.

Class diagram has been reported in Fig. 1.4; in particular, the relationship of
aggregation of kind 1-to-1 between the SimulationManager and other classes are
reported. It is possible to extend the diagram considering a multiplicity of emitters
or a multiplicity of satellites: in the first case the signal processor must be able
to simultaneously detect, geolocate, and track multiple signals; in the second case,
multiple platforms must be coordinated at centralized level or at distributed level.

SimulationManager

Emitter Satellite SignalProcessor Environment PostProcessor

1

1

1

1

1

1

1

1

1

1

Figure 1.4: Class diagram of the simulated system.

A pseudocode on the use of simulation manager is reported in Listing 1.1.

1 % Instantiate objects.
2 emitter = Emitter ();
3 satellite = Satellite ();
4 environment = Environment ();
5 signalProcessor = SignalProcessor ();
6 postProcessor = PostProcessor ();
7

8 % Instantiate simulation manager.
9 simulationManager = SimulationManager(emitter , satellite ,

environment , signalProcessor , postProcessor);
10

11 % Execute the simulation.
12 simulationManager.run();

Listing 1.1: Use of simulation manager.
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A pseudocode on the actual implementation inside the ‘run()’ method of the
simulation manager is reported in Listing 1.2

1 % Flux of SimulationManager.run().
2 trackingEnabled = true; % It can be false.
3

4 % Load data.
5 emitter.loadEmitterData ();
6 satellite.loadSatelliteData ();
7 environment.loadEnvironmentData ();
8

9 % Main loop of the program.
10 for time = 0:dt:T
11 % Simulate kinematics.
12 emitter.simulateEmitterKinematics(time);
13 satellite.simulateSatelliteKinematics(time);
14

15 % Generate and propagate the signal.
16 generatedSignal = emitter.generateSignal(time , emitter.

signalProfile);
17 propagatedSignal = environment.propagateSignal(generatedSignal ,

emitter.emitterState , satellite.satelliteState , environment.
atmosphereModel , environment.earthModel , environment.
noiseProfile);

18 receivedSignal = satellite.receiveSignal(propagatedSignal ,
satellite.payloadModel);

19

20 % Processing of the signal.
21 detectedSignal = signalProcessor.detectSignal(time ,

receivedSignal , signalProcessor.parameters);
22 localizedSignal = signalProcessor.localizeSignal(time ,

detectedSignal , signalProcessor.parameters);
23 if trackingEnabled
24 trackedSignal = signalProcessor.trackSignal(time ,

localizedSignal , signalProcessor.parameters);
25 end
26 end
27

28 % Postprocessing of the signal.
29 if trackingEnabled
30 postProcessor.evaluatePerformance(trackedSignal);
31 postProcessor.exportData(trackedSignal);
32 postProcessor.visualizeData(trackedSignal);
33 else
34 postProcessor.evaluatePerformance(localizedSignal);
35 postProcessor.exportData(localizedSignal);
36 postProcessor.visualizeData(localizedSignal);
37 end

Listing 1.2: Implementation of run() method of the simulation manager.

18



1.4 – Simulation

It is possible to improve the code with the aid of a template method pattern.
This has been chosen because the simulative system is supposed to have a fixed
flux of information with variable modules, and this is useful to model different
instances of the same macroscopic physical situation. To achieve this result, the
SimulationManager changes with the introduction of three new methods (‘initial-
ize()’, ‘step(time)’, and ‘collectResults()’) to be employed inside ‘run()’ method.

Class SimulationManager:
Attributes: ‘emitter’, ‘satellite’, ‘environment’, ‘signalProcessor’, ‘postPro-
cessor’;
Methods: ‘run()’, ‘initialize()’, ‘step(time)’, ‘collectResults()’.

A pseudocode on the use of template method pattern for the simulation manager
is reported in Listing 1.3.

1 % Implementation of simulationManager.run() with a template
method pattern.

2

3 function run(simulationObject)
4 simulationObject.trackingEnabled = true; % It can be false.
5

6 % Preparation of modules.
7 simulationObject.initialize ();
8

9 % Iterations.
10 for time = 0:dt:T
11 simulationObject.step(time);
12 end
13

14 % Collect and post -processing of results.
15 simulationObject.collectResults ();
16 end

Listing 1.3: Application of template method pattern to the simulation manager.

A pseudocode for the initialisation of the code is reported in Listing 1.4.
1 % Initialisation of the code.
2

3 function initialize(simulationObject)
4 simulationObject.emitter.loadEmitterData ();
5 simulationObject.satellite.loadSatelliteData ();
6 simulationObject.environment.loadEnvironmentData ();
7 end

Listing 1.4: Initialisation of the code.

A pseudocode for the single iteration of the code is reported in Listing 1.5.
1 % Single iteration of the code.
2

3 function step(simulationObject , time)
4 % Simulate kinematics.
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5 simulationObject.emitter.simulateEmitterKinematics(time);
6 simulationObject.satellite.simulateSatelliteKinematics(time);
7

8 % Generate and propagate the signal.
9 generatedSignal = simulationObject.emitter.generateSignal(time ,

simulationObject.emitter.signalProfile);
10 propagatedSignal = simulationObject.environment.propagateSignal

(generatedSignal , simulationObject.emitter.emitterState ,
simulationObject.satellite.satelliteState , simulationObject.
environment.atmosphereModel , simulationObject.environment.
earthModel , simulationObject.environment.noiseProfile);

11 receivedSignal = simulationObject.satellite.receiveSignal(
propagatedSignal , simulationObject.satellite.payloadModel);

12

13 % Processing of the signal.
14 detectedSignal = simulationObject.signalProcessor.detectSignal(

time , receivedSignal , simulationObject.signalProcessor.
parameters);

15 localizedSignal = simulationObject.signalProcessor.
localizeSignal(time , detectedSignal , simulationObject.
signalProcessor.parameters);

16 if trackingEnabled
17 trackedSignal = simulationObject.signalProcessor.

trackSignal(time , localizedSignal , simulationObject.
signalProcessor.parameters);

18 end
19 end

Listing 1.5: Single iteration of the code.

A pseudocode for data collection and post-processing is reported in Listing 1.6.
1 % Data collection and post -processing of the signal.
2

3 function collectResults(simulationObject)
4 if simulationObject.trackingEnabled
5 simulationObject.postProcessor.evaluatePerformance(

trackedSignal);
6 simulationObject.postProcessor.exportData(trackedSignal);
7 simulationObject.postProcessor.visualizeData(trackedSignal)

;
8 else
9 simulationObject.postProcessor.evaluatePerformance(

localizedSignal);
10 simulationObject.postProcessor.exportData(localizedSignal);
11 simulationObject.postProcessor.visualizeData(

localizedSignal);
12 end
13 end

Listing 1.6: Data collection and post-processing of the code.
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The reader can notice that the signal goes through different representations,
named ‘generatedSignal’, ‘propagatedSignal’, ‘receivedSignal’, ‘detectedSignal’, ‘lo-
calizedSignal’, and ‘trackedSignal’. It is possible to adapt the code considering a
unique merged representation and, in general, there are two approaches: the first
one considers an evolution of the signal (progressive enrichment approach), while
the second one considers an aggregation of the different representations (signal
envelope approach).

Other expansions can be in the form of composite pattern, which has the role
to define and hierarchically group different results in a flexible packet.

This simulative framework constitutes the common starting reference considered
for the thesis; the particular implementation of each published work is more detailed
and differs depending on the published work of the author.

In each activity of the thesis, the data types are synthetic with particular at-
tention to aspects of variable control, when possible, and reproducibility of the
results.

To perform the numerical simulations, the software MATLAB® [1] with an
academic licence has been used.

1.5 Coordinate Systems

It is considered that the satellite is surrounded by the void: the operative conse-
quence of the absence of a medium is that the dynamics of the satellite does not
consider the presence of the drag force. This assumption can be considered true if
the satellite is far from the surface of the Earth (i.e., the height of the orbit is more
than 400 km) or for predictions within small intervals of time.

Two levels of approximation for the satellite are assumed: to be a material
point with no extension or, when attitude kinematics is relevant, a rigid body with
orientation. Local changes in terms of shape or dimensions, e.g. due to thermal
expansion or mechanical displacements, are considered absent or not influencing
the performances of the payload.

The second assumption is to consider that the only gravitational force acting
on the satellite is the Earth’s gravitational field. The operative consequence is to
consider a two-body problem for the dynamics and a Keplerian kinematics.

It is also assumed that the electromagnetic field of the Earth does not interfere
with the measurement process.

Furthermore, it is assumed that cosmic radiation is absent or does not cause
irreversible Single Event Upset (SEU) in the representation of the signal in the
components of the onboard electronics.

To represent the data, coordinate systems are needed. In particular, for this
work of thesis the following ones are of interest: Latitude, Longitude, and Height
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(LLH), Earth-Centered Earth-Fixed (ECEF), Earth-Centered Inertial (ECI), Per-
ifocal Coordinate System (PQW), Body Reference Frame (BRF), and Orbiting
Reference Frame (ORF).

Generally, the orbit of a satellite is classified by its shape and its size. From the
assumption of two-body model, the solution in the shape of closed curves of the
Keplerian kinematics around a gravitational body (e.g., around the Earth) can only
be ellipses and circumferences as their particular case. Here it is supposed that the
satellite system orbits the Earth on an elliptic orbit or, as a particular case, on a
circular orbit.

Classification by size follows the dimension of the orbit or its height3. The
current common classification considers LEO from 200 km to 2000 km, Medium
Earth Orbit (MEO) from 2000 km to 35786 km, and High Earth Orbit (HEO) if it
is beyond 35786 km. The value of 35786 km is generally referred to Geosynchronous
Earth Orbit (GEO).

The position of the satellite is denoted with xS. For elliptic orbits the position
of the satellite is generally expressed in terms of orbital parameters [2]: the semi-
major axis a, the eccentricity of the orbit e, the inclination of the orbit i, the
right ascension of the ascending node Ω, the argument of the perigee ω, and the
true anomaly ν (t), which is the only parameter that depends on time t. A first
representation of the satellite position is in PQW, which has its centre in one of
the foci of the orbit, where the Earth is located, as shown in (1.1).

xS|PQW =
a (1− e2)

1 + e cos (ν)

⎛⎝cos (ν)
sin (ν)

0

⎞⎠ (1.1)

To convert satellite data from the PQW coordinate system into the ECI coordi-
nate system three rotations are needed, as shown in (1.2), where R represents the
matrix of rotation of the angle in the first argument about the axis of the second
argument.

xS|ECI = R(Ω,3)R(i,1)R(ω,3) xS|PQW (1.2)

In particular [3], the three matrices of rotations R(Ω,3), R(i,1), and R(ω,3) are
reported in (1.3).

3In general, height denotes the vertical distance with respect to the ground, while altitude
denotes the vertical distance with respect to the mean sea level. Their use is relevant when a
particular coordinate point on the surface of the Earth is considered. Here in this work of thesis,
the objective is a general evaluation of the performances of the satellite system, so altitude and
heights are used interchangeably and considered with respect to the mean sea level.
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R(ω,3) =

⎡⎣cos (ω) − sin (ω) 0
sin (ω) cos (ω) 0

0 0 1

⎤⎦
R(i,1) =

⎡⎣1 0 0
0 cos (i) − sin (i)
0 sin (i) cos (i)

⎤⎦
R(Ω,3) =

⎡⎣cos (Ω) − sin (Ω) 0
sin (Ω) cos (Ω) 0

0 0 1

⎤⎦
(1.3)

Other quantities used in this thesis to describe the elliptical orbit are the perigee
rS,p, the apogee rS,a, and the local height of the satellite at perigee hS,p. A possible
relationship between the perigee rS,p and the local height of the satellite at perigee
hS,p is as in (1.4), where R⊕ is the local value of the Earth radius. In case of the
ellipsoidal model of Earth, this value can be calculated considering the latitude ΛS

resulting from the Nadir projection of the satellite on the surface of Earth.

rS,p = hS,p +R⊕ (ΛS) (1.4)

The relationship among perigee rS,p, apogee rS,a, semi-major axis a and eccen-
tricity e are the ones reported in (1.5).

rS,a = a (1 + e)

rS,p = a (1− e)

a =
rS,a + rS,p

2

(1.5)

In general, the perigee rS,p (or, alternatively, the local height of the satellite at
perigee hS,p) and the eccentricity e are given, then the semi-major axis is calculated
as function of the two a = a (rS,p, e) considering (1.4) and (1.5).

The velocity of a satellite in an elliptical orbit [2] represented in the PQW coor-
dinate system is given by (1.6), where µ⊕ is the standard gravitational parameter
of the Earth equal to 3.986005 · 1014 m3/s−2.

vS|PQW =

√︃
µ⊕

a (1− e2)

⎛⎝ − sin (ν (t))
e+ cos (ν (t))

0

⎞⎠ (1.6)

Also the conversion of the satellite velocity vS from the coordinate system PQW
to ECI is performed considering same matrices of rotations employed for the posi-
tion, i.e., the ones in (1.3); the conversion is reported in (1.7).

vS|ECI = R(Ω,3)R(i,1)R(ω,3)vS|PQW (1.7)
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Also the emitter of the signal is modelled as a geometrical point and it is denoted
by xE.

Commonly, for a terrestrial system the representation is expected to be in LLH
coordinate system in which it can be represented through the quantities of geodetic
latitude Λ, longitude λ, and height h, as shown in (1.8).

xE|LLH =

⎛⎝Λ
λ
h

⎞⎠ (1.8)

Data conversion from LLH to ECEF is nonlinear [4] and, for an ellipsoidal
model of the Earth, it is given by (1.9), where N (Λ) is defined as in (1.10); e⊕
is the eccentricity of the ellipsoid and a⊕ is the ellipsoidal equatorial radius of the
Earth.

For a WGS84 model [5] it is e2⊕ = 0.00669437999 and a⊕ = 6378.137 km.

xE|ECEF =

⎛⎝ (N (Λ) + h) cos (Λ) cos (λ)
(N (Λ) + h) cos (Λ) sin (λ)(︁
N (Λ)

(︁
1− e2⊕

)︁
+ h
)︁
sin (Λ)

⎞⎠ (1.9)

N (Λ) =
a⊕√︂

1− e2⊕ sin2 (Λ)
(1.10)

The conversion from ECEF to ECI is in (1.11); in particular, αGR (t) is the
position of the Greenwich meridian and it is a function of time t. The matrix of
rotation is reported in (1.12).

xE|ECI = R(αGR(t),3)xE|ECEF (1.11)

R(αGR(t),3) =

⎡⎣cos (αGR (t)) − sin (αGR (t)) 0
sin (αGR (t)) cos (αGR (t)) 0

0 0 1

⎤⎦ (1.12)

Under the assumption that the emitter is fixed on the surface of the Earth, the
velocity of the emitter vE depends only on the angular velocity of the rotation of
the Earth Ω⊕, which in ECI has only a component along the z axis: Ωz⊕. The
velocity of the emitter vE can be evaluated through the cross product between the
angular velocity of the Earth and the position of the emitter, as shown in (1.13).

vE|ECI = Ω⊕|ECI ×
−−→
OE|ECI = Ω⊕|ECI × xE|ECI

=

⎛⎝ 0
0

Ωz⊕

⎞⎠×
⎛⎝xE|ECI

yE|ECI

zE|ECI

⎞⎠ =

⎛⎝−Ωz⊕yE|ECI

Ωz⊕xE|ECI

0

⎞⎠ (1.13)
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To model the orientation of the payload into the space, it is important to con-
sider both the orientation of the satellite platform and the mounting parameters,
i.e., how the translation and rotation of the payload with respect to the centre of
mass of the satellite system.

The attitude of the satellite is generally modelled with respect to the ORF
coordinate system and considering three angles of rotation, denoted as roll θ1,
pitch θ2, and yaw θ3.

The conversion from ECI to ORF is shown in (1.14).

⎛⎝xS

yS
zS

⎞⎠⃓⃓⃓⃓⃓⃓
ORF

=

⎡⎢⎢⎣
[(−xS×vS)×(−xS)]x
∥(−xS×vS)×(−xS)∥

[(−xS×vS)×(−xS)]y
∥(−xS×vS)×(−xS)∥

[(−xS×vS)×(−xS)]z
∥(−xS×vS)×(−xS)∥

[−xS×vS]x
∥xS×vS∥

[−xS×vS]y
∥xS×vS∥

[−xS×vS]z
∥xS×vS∥

−[xS]x
∥xS∥

−[xS]y
∥xS∥

−[xS]z
∥xS∥

⎤⎥⎥⎦
⎛⎝xS

yS
zS

⎞⎠⃓⃓⃓⃓⃓⃓
ECI

(1.14)
In particular, the operators [·]x, [·]y, and [·]z denote, respectively, the components

of the vector expression between the square brackets along the directions x, y, and
z.

The conversion from ORF to BRF occurs through (1.15) with the aid of the
matrices of rotation on the attitude angles of roll θ1, pitch θ2, and yaw θ3, reported
in (1.16).

xS|BRF = R(θ3,3)R(θ2,2)R(θ1,1) xS|ORF (1.15)

R(θ1,1) =

⎡⎣1 0 0
0 cos (θ1) − sin (θ1)
0 sin (θ1) cos (θ1)

⎤⎦
R(θ2,2) =

⎡⎣ cos (θ2) 0 sin (θ2)
0 1 0

− sin (θ2) 0 cos (θ2)

⎤⎦
R(θ3,3) =

⎡⎣cos (θ3) − sin (θ3) 0
sin (θ3) cos (θ3) 0

0 0 1

⎤⎦
(1.16)

Attitude representation is generally in the form of Euler angles or quaternions.
Both are equivalent parametrization of the same set of variables of state, however
Euler angles are affected by the problem of Gimbal lock so, when possible, quater-
nions are always preferred, despite they are less intuitive to recognize. Due to their
simplicity, in this thesis a parametrization in the form of Euler angles is assumed;
it is also assumed that that the attitude state is not in a situation of Gimbal lock.

In general, the mounting parameters are made up of a rotation and a translation.
Two kinds of mounting parameters are of interest for these problems: the translation
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and rotation of the coordinate system of the payload, here denoted by subscript Ar
from antenna array, with respect to the BRF, and the mounting parameters of the
ADCS with respect to the BRF, as shown in (1.17).

x|BRF = ∆x|Ar→BRF + R|Ar→BRF x|Ar

x|BRF = ∆x|ADCS→BRF + R|ADCS→BRF x|ADCS

(1.17)

For simplicity, in this thesis, the mounting parameters are supposed to be known
and their influence is neglected. Without loss of generality it is then assumed that
the payload coordinate system and the one associated to the ADCS are coincident to
the BRF. In mathematical terms, this means that ∆x|Ar→BRF = ∆x|ADCS→BRF =
0 and R|Ar→BRF = R|ADCS→BRF = I3, where I3 denotes the identity matrix of
dimensions 3× 3.

1.6 Geolocation Problem

Part of this section is extracted from the published work of the author [6].
It is supposed that the payload is able to perform AOA measurements, which

are measurements of direction, generally called Line of Bearing (LOB).
A single AOA measurement does not directly give the position of the emitter.

In order to obtain it, two or more AOA measurements are needed from different
platform positions. This can be done considering multiple platforms of measure-
ments (multi-satellite systems) or multiple measurements over time with a single
satellite.

Alternatively, a geometrical constraint can be exploited, and this is the case
for a fixed emitter on the surface of the Earth: the geolocation can be performed
considering the intersection between the LOB and the surface of the Earth.

1.6.1 Best Estimation with Single Measurement

The first level of estimation is when only a single receiver and a single measurement
is available: in this case the best estimation that can be performed is to check if
there is an intersection between the measured direction, the LOB, and the surface
of the Earth.

There could be three possibilities: there are two distinct points of intersection,
there are two coincident points, there is not an intersection.

Assumed that the detected signal is real and not a false positive, the first case is
the most common case in which an emitter of signal is on the surface of the Earth
or above it, and the relative position of the satellite from the emitter perspective
is such that it is not close to the horizon.
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The second case is the limit case in which the LOB is tangent to the surface of
the Earth and this means that from the emitter perspective the satellite is at the
horizon.

The third case is representative of an emitter of signal is not on the surface of
the Earth and the satellite is far from the Zenith direction.

Formally, for the first case given xS the position of the satellite and vLOB the
measured direction, given a parametric representation of the surface of the Earth
as Σ (u, v) with parameters u ∈ [u1, u2] and v ∈ [v1, v2], and given a representation
of the LOB as l (t) : x (t) = xS + vLOBt with t ∈ [t1, t2], then the solutions {x1,x2}
of the problem can be retrieved as in (1.18).

{x1 (u1, v1, l1) ,x2 (u2, v2, l2)} =

{︄
Σ (u, v) u ∈ [u1, u2] , v ∈ [v1, v2]

l (t) t ∈ [t1, t2]
(1.18)

For the LOB the most correct representation is in form of ray with t ∈ [0,+∞[,
however in this work of thesis the representation in form of line with t ∈ ]−∞,+∞[
has been considered.

Between the two solutions x1 and x2, the one with the minimum distance has
to be considered as best estimation of the emitter position x̂E, as shown in (1.19).

x̂E = argmin
x∈{x1,x2}

(∥x− xS∥) (1.19)

The second case, in which the LOB is supposed to be tangent to the surface
of the Earth, can be modelled as (1.18). In that case there will be two coincident
solutions x̂E = x1 = x2.

If there is not an intersection, then best estimation is to consider the projection
on the surface of the Earth of the point that realizes the minimum distance between
the LOB and the surface of the Earth.

The geolocation problem can be formulated and solved in any reference system,
but, in general, the orbit of the satellite is commonly expressed in PQW, while the
result of geolocation (i.e., the position of the emitter) is expected to be expressed in
LLH; ECI and ECEF are two convenient reference systems to transform coordinates
from PQW to LLH and vice versa.

Starting from a coordinate system centered in the centre of the Earth with origin
in O, the geolocation is performed considering the vectorial sum of two quantities:
the position of the satellite S with respect to the reference system, denoted with−→
OS and the position of the emitter E with respect to the satellite S, denoted with−→
SE.

The position of the emitter can then be calculated with the simple expression−−→
OE =

−→
OS +

−→
SE. The picture in Fig. 1.5 shows an example of a representation of

the geolocation problem in the ECI coordinate system.
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Ω⊕
z|ECI

y|ECI

x|ECI E

S

O

N

S
Figure 1.5: The idea behind a geolocation problem: given a reference system on Earth
(e.g., here ECI, Earth Centered Inertial, is represented), the geolocation

−−→
OE can be

performed considering the vectors
−→
OS and

−→
SE, where O is the origin of ECI reference

system, S is the position the satellite, and E is the position of the emitter.
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Looking at this sum, the reader can identify two classes of errors: errors in
the estimation of the position of the satellite S and errors in the estimation of the
position of the emitter E (with respect to the satellite position S). The first class
of errors is beyond the purposes of this study and the focus is on the second ones.

Given an AOA measurement4 in the form v̂LOB = (x̂E − xS) /∥x̂E − xS∥, a first
estimation of emitter position x̂E can be obtained solving the geometric problem in
(1.20), where the first equation is the vectorial parametric representation of the line
of the measurement and the second equation is the surface of the Earth modelled as
a spheroid. The set of unknown of the system are x̂E, ŷE, ẑE, and t is the parameter
of the LOB. ⎧⎪⎨⎪⎩

x̂E = {xS + tv̂LOB, t ∈ R}
x̂2
E

a2⊕
+

ŷ2E
b2⊕

+
ẑ2E
c2⊕

= 1
(1.20)

Depending on the published studies, two models have been considered during
the activities: a spherical Earth and WGS84 ellipsoidal model.

The spherical Earth considers a value of the radius of the Earth equal to R⊕ =
a⊕ = b⊕ = c⊕ = 6378 km.

The WGS84 ellipsoidal model of the Earth [5] considers values of a⊕ = b⊕ =
6378.137 km for the semi-major axis and a value of c⊕ = 6356.752 km for the
semi-minor axis.

1.6.2 General Case with Multiple Measurements

When multiple LOBs are involved, then the problem is to find the point x̂E that
minimizes the sum of the distances between each line with the unknown point.

Let’s represent the lines as

l1 (t1) : x1 = x0,1 + v1t1 t1 ∈ R
l2 (t2) : x2 = x0,2 + v2t2 t2 ∈ R

...
lk (tk) : xk = x0,k + vktk tk ∈ R

...
ln (tn) : xn = x0,n + vntn tn ∈ R

(1.21)

each distance dk between the unknown point x̂E and the k-th line can be calcu-
lated as in (1.22).

4Depending on the published work of the author, over time this quantity has been denoted
with uLOB or vLOB.
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d1 (x̂E) = min
t1∈R
∥x̂E − x1∥ = min

t1∈R
∥x̂E − (x0,1 + v1t1)∥

d2 (x̂E) = min
t2∈R
∥x̂E − x2∥ = min

t2∈R
∥x̂E − (x0,2 + v2t2)∥

...
dk (x̂E) = min

tk∈R
∥x̂E − xk∥ = min

tk∈R
∥x̂E − (x0,k + vktk)∥

...
dn (x̂E) = min

tn∈R
∥x̂E − xn∥ = min

tn∈R
∥x̂E − (x0,n + vntn)∥

(1.22)

To obtain the best estimation x̂E,best of the unknown point x̂E a minimization
problem can be written as in (1.23).

x̂E,best = argmin
x̂E

(︄
n∑︂

k=1

d2k (x̂E)

)︄

= argmin
x̂E

(︄
n∑︂

k=1

(︃
min
tk∈R
∥x̂E − (x0,k + vktk)∥

)︃2
)︄ (1.23)

The reason behind the choice of the squared value of the distances dk is because
their sum is differentiable and quadratic; this means that the derivatives of the sum
of the distances exists and it is possible to solve the (1.23) considering the point of
the gradient that realizes the null value, as shown in (1.24).

x̂E,best = argmin
x̂E

(︄
n∑︂

k=1

d2k (x̂E)

)︄
⇐⇒ ∇

(︄
n∑︂

k=1

d2k (x̂E,best)

)︄
= 0 (1.24)

A possible enrichment of the model (1.24) is to take into account the reliability
of the measurement with a multiplicative weighing factor wk for each k-th distance,
as shown in (1.25).

x̂E,best = argmin
x̂E

(︄
n∑︂

k=1

wkd
2
k (x̂E)

)︄
⇐⇒ ∇

(︄
n∑︂

k=1

wkd
2
k (x̂E,best)

)︄
= 0 (1.25)

The weighting factor must satisfy the set of conditions reported in (1.26).
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 ≤ w1 ≤ 1

0 ≤ w2 ≤ 1

...
0 ≤ wk ≤ 1

...
0 ≤ wn ≤ 1
n∑︂

k=1

(wk) = 1

(1.26)

1.7 Signals of Interest and Detection

Part of this subsection is extracted from a published work of the author [6].
The receiver can have its own source of target illumination (e.g., microwaves

or laser pulses), or it can exploit external sources. In the first case, the receiver
is an active sensor (and can also operate as a transmitter), in the second case it
is denoted as a passive sensor [7]. The study focuses the attention on the second
class of receivers in which the received electromagnetic waves can either be directly
generated by the target or can come from third party sources and then reflected by
the target to the receiver. In the latter case, the reflected wave can potentially be
exploited to determine the location of the target.

The basic sensing element of a receiving system of electromagnetic waves is an
antenna. If it consists of only passive devices, it is also denoted as ‘reciprocal’, which
means that its capabilities and performances of transmission and reception are the
same. This is not true when it contains active components (e.g., an amplifier) [8].

It is common to distinguish between General Search (GS), when the parameters
of the signal are totally unknown, and Direct Search (DS), when some of the pa-
rameters are known. In GS the first operation is the scanning on a certain range of
frequencies — through a Fourier transform of an acquisition of all impinging signals
over a certain interval of time — in order to record the energy levels, from which
there is the identification of other parameters of interest. Typically, the results of
a GS are: frequency, power level, modulation type, and geolocation [9].

Typically, among the possible electromagnetic signals of interest for EW pur-
poses the frequencies are below 1 GHz for communication signals and above 1 GHz
for surveillance radar emitters or weapons systems [7]. In particular [10]: signals in
the Very High Frequency (VHF) band (30 MHz to 300 MHz) are used for C2 com-
munication operations and television broadcast, signals in Ultra High Frequency
(UHF) band (300 MHz to 3 GHz) are used for cellular communication and Global
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Navigation Satellite System (GNSS) constellations, and signals in Super High Fre-
quency (SHF) band (3 GHz to 30 GHz) are used for satellite communication signals.

Among the difficulties [11] in the detection and interception of a signal are:
Direct Sequence Spread Spectrum (DSSS), when the signal is spread below the
noise level, and Frequency-Hopping Spread Spectrum (FHSS), when the signal
changes its carrier frequency of transmission over time.

When the emitter target is a radar, a parabolic reflector is usually used. In
particular, there are two kinds of antennas of peculiar interest [7]: the Cassegrain
reflector for tracking radars and the cosecant-squared reflector for 2D surveillance
radars.

For a receiver composed of an antenna array, classic antenna elements of the
array can be one of the following [7] [8]: dipoles, slots, spirals, wideband flared
notch (Vivaldi) radiators.

Other promising recent antenna technologies [8] consider fractal structures or
genetic algorithms for the generation of complex geometries of the antenna element.

The first documented technique for geolocation purposes is in [12]: it is an ap-
plication of Maximum Likelihood Estimation (MLE) to a problem of triangulation.

Exploiting one or more properties related to the nature of electromagnetic waves,
there are different technologies of localization. The most common ones are [13] [11]
[7] [14] AOA, also called Direction of Arrival (DOA), TDOA, and Received Signal
Strength (RSS). This study considers AOA technology, which is a measurement of
direction, often known as the LOB from which the signal comes from. This kind
of measurement can be achieved through array-beamforming technology with an
array of antennas [8].

The representation of the signal and the process of detection are summarized in
the following steps:

at the emission the signal has the form of electromagnetic wave in components
of electric and magnetic fields;
the signal arrives to the receiving antenna element, where the readout circuit
generates the signal in the form of current or voltage;
the current or voltage signal is processed in with operations of impedance
matching, RF filtering, amplification, frequency down-conversion, baseband
filtering, gain control, analog-to-digital conversion, and digital signal process-
ing.

Among the algorithms of detection for antenna arrays there are the Capon
method [15], Multiple Signal Classification (MUSIC) [16], and Estimation of Signal
Parameters via Rotational Invariance Techniques (ESPRIT) [17].

Errors in an AOA measurement include systematic errors (bias) and random
errors (noise). In magnitude, the main sources of errors in the position estimation
with these receiving systems are represented by noise [14]. The topic is well covered
in the literature [18] and its presence produces more concerns in the detection phase
(i.e., if the signal of interest is clearly distinguished) than in the tracking phase (i.e.,
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the signal is clearly received and the receiving system wants to follow it over time).
Its characterization is statistical, and a classical modeling approach [13] considers a
mean Additive White Gaussian Noise (AWGN). Noise is generally leveraged, when
possible, by multiple measurements through multiple platforms or through multiple
measurements over time with one single moving platform.

In general, a starting reference model for a real signal s (t) has the representation
in (1.27), where S (f) is the spectrum of the signal, A is its amplitude, f is its
frequency, fc is its carrier frequency, B is its band, ϕ is its initial phase, ns (t) is
the noise associated to the signal, and is (t) is a set of intentional or non-intentional
interferences.

s (t) = ARe

{︄∫︂ fc+
B
2

fc−B
2

S (f) e2πft+ϕdf

}︄
+ ns (t) + is (t) (1.27)

The model of s (t) can be used to represent values of voltage or the current of
the readout circuits of the receiving antenna.

A possible model of convenience to model the noise ns (t) is the AWGN, reported
in (1.28), which is additive with respect to the signal, it has a Gaussian distribution
and has uniform power spectral density across the frequency band.

ns (t) ∼ N
(︁
0, σ2

N

)︁
(1.28)

The value of σ2
N = N = kTB represents the variance of the noise N . When

the complex representation of the signal is considered, it is conventionally assumed
σ2
I,N = σ2

Q,N = N/2, where σI,N and σQ,N are, respectively, the in-phase and quadra-
ture standard deviations of the components of the complex signal.

In general, in the on-board processing of the signal, the real representation
is preferred at the front-end processing level, while the complex representation is
employed in the demodulation of the signal.

After the demodulation there is the sampling of the signal, which can be done
multiplying the signal with a train of unitary pulses with a sampling frequency fs.
The discrete representation sd (t) is reported in (1.29) or equivalently in (1.30).

sd (t) = s (t)
+∞∑︂

n=−∞

(︃
δ

(︃
t− n

fs

)︃)︃
=

+∞∑︂
n=−∞

(︃
s

(︃
n

fs

)︃
δ

(︃
t− n

fs

)︃)︃
(1.29)

sd [n] = s

(︃
n

fs

)︃
(1.30)

The sampling frequency has to satisfy the condition fs > 2B to avoid aliasing.
For geolocation problems involving detection, geolocation, and tracking of jam-

ming signals ij (t), which is a form of intentional interference, possible reference
models to be considered as starting point are the following ones.
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Jamming noise: reported in (1.31), which considers a noise-like model nj with
variance Nj. This model is generally employed to model a jamming signal that has
the purposes to cover the useful signal.

ij (t) = nj (t) ∼ N (0, Nj) (1.31)

Tone jamming: reported in (1.32), which considers a co-sinusoidal (or sinusoidal)
model with a certain amplitude Aj, frequency fj, and initial phase ϕj. This model
is generally employed to model attacks that have the purpose of saturating the
receiver.

ij (t) = Aj cos (2πfjt+ ϕj) (1.32)

Multi-tone jamming: reported in (1.33). It has the same purpose of a tone-
jamming, but extended over a selected number of frequencies.

ij (t) =
∑︂
k

Aj,k cos (2πfj,kt+ ϕj,k) (1.33)

Chirp jamming: it employs a modulated value in frequency fj. It has the
purposes to create disturbances over a broadband system. An example with a
linear chirp with parameters f0,j and kj is reported in (1.34).

ij (t) = Aj cos

(︃
2π

(︃
f0,jt+

kj
2
t2
)︃
+ ϕj

)︃
(1.34)

Digital Radio Frequency Memory (DRFM) jamming: reported in (1.35). It
captures a certain original signal so and replicates it with a gain gj, delay τj, and
additional phase ϕj.

ij (t) = gjso (t− τj) e
jϕj (1.35)

1.8 Antenna Array Payload

The idea behind AOA technology is that as the plane wave propagates across the
array, it will arrive at each element at a different instants of time. What happens
is time delays can be observed as phase delays in the received signals.

Technical activities involved also the characterisation of the payload of the satel-
lite, which is supposed to be made up of arrays of antennas. Performance evaluation
was in terms of 3D response pattern and directivity.

The Phased Array System Toolbox in MATLAB [19] has been used to predict
the performance of the linear antenna arrays. It provides algorithms for designing
and simulating sensor array and beamforming systems in wireless communication,
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radar, sonar, and acoustic applications. Furthermore, it can generate C code from
the functions in the toolbox.

In particular, the transmitter (and the receiver) can be an antenna or an array
of antennas.

Common antenna objects are:
phased.IsotropicAntennaElement
phased.CosineAntennaElement
phased.CustomAntennaElement

The linear array object is defined through phased.ULA with inputs:
the number of the elements of the array numberOfElementsArray
the element spacing elementSpacing
the antenna element antennaElement
the axis of the array arrayAxis (if not specified the default axis is y)

It is possible to generate Uniform Rectangular Array (URA), phased.URA or
the geometry can be also completely defined by the user.

Depending on the published activity, 2D cross-array of Uniform Linear Array
(ULA), planar URA, and 3D tri-axial ULA have been considered as reference.

An example of object generated with 7 elements spaced at 1/4 of the wavelength
is reported in Fig. 1.6.

3D response pattern and directivity pattern in E1/L1 band, employed for GNSS
signals are shown in Fig. 1.6 and Fig. 1.7.

Polar plots in Azimuth and Elevation are reported in Fig. 1.9 and Fig. 1.10.

Figure 1.6: ULA generated with phased.ULA and phased.IsotropicAntennaElement
objects for CubeSats with length L = 0.334 m, number of elements M = 7, and frequency
f = 1575.42 MHz.
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Figure 1.7: 3D Response pattern for an ULA generated with phased.ULA and
phased.IsotropicAntennaElement objects for CubeSats with length L = 0.334 m, num-
ber of elements M = 7, and frequency f = 1575.42 MHz.

Figure 1.8: Directivity pattern for an ULA generated with phased.ULA and
phased.IsotropicAntennaElement objects for CubeSats with length L = 0.334 m, num-
ber of elements M = 7, and frequency f = 1575.42 MHz.
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Figure 1.9: Example of azimuth polar pattern for an ULA generated with phased.ULA
and phased.IsotropicAntennaElement objects for CubeSats with length L = 0.334 m,
number of elements M = 7, and frequency f = 1575.42 MHz..

Figure 1.10: Example of elevation polar pattern for an ULA generated with phased.ULA
and phased.IsotropicAntennaElement objects for CubeSats with length L = 0.334 m,
number of elements M = 7, and frequency f = 1575.42 MHz..
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1.9 External Contributions to the Thermal Noise

This section is intended to give a reference model for temperature modelling in
noise for satellite receivers. The main contributions are on: cosmic sources (e.g.,
stars), Earth’s atmosphere, Earth’s ground, Sun, and Moon. The main consulted
reference is [20].

Noise has thermal origin and, under the assumption of White Gaussian Noise
Model, the noise power spectral density N0 is as shown in (1.36), where k is the
constant of Boltzmann equal to 1.38 ·10−23Ws/K and T is a reference temperature
(in general, for performance evaluations a value of 290 K is assumed).

N0 = kT (1.36)

The value of N0 is in [Ws] = [W/Hz]. The total (received) noise power in-
tegrated for all frequencies in a certain band of reference Bn is N , as shown in
(1.37).

N = N0Bn = kTBn (1.37)

Deviations between the model N and measured value Ñ of the noise are gener-
ally expressed in term of a factor Fn, as shown in (1.38).

Fn =
Ñ

N
=

Ñ

kTBn

(1.38)

In general, Fn is denoted as noise factor and it is expressed in linear units. It is
denoted as ’noise figure’ NF when it is expressed in decibels, as shown in (1.39).

NF = 10 log (Fn) (1.39)

In decibel units the measured noise is expressed as in (1.40).

ÑdB = 10 log (kTBn) +NF (1.40)

In order to predict the value of the noise, the internal and external contributions
on the system temperature have to be analyzed. A possible approach is to consider
additive models for external contributions.

The general model of a modified system temperature Teff is as shown in (1.41),
where Tc is the cosmic noise contribution, Ta the temperature contribution due
to the presence of the atmosphere, Tg is the temperature contribution due to the
ground, Ts is the temperature contribution due to the Sun, and Tm is the temper-
ature contribution due to the Moon.

Teff = T + Tc + Ta + Tg + Ts + Tm (1.41)
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The model for cosmic noise Tc is reported in (1.42), where αc is the fraction of
total integrated antenna pattern pointed above horizon, La is the average atmo-
spheric loss (across different portions of the sky), T100 is a reference temperature
between 500 K and 18650 K (a common assumption is the geometric mean, so
T100 = 3050 K), fMHz is the frequency of the signal in MHz, and 2.7 is the value of
the galactic background noise.

Tc =
αc

La

(︄
T100

(︃
100

fMHz

)︃2.5

+ 2.7

)︄
(1.42)

In general, for frequencies above 2 GHz the dependence on the frequency is
negligible, so an approximate model is given in (1.43).

Tc|f>2GHz ≃
αc

La

2.7 (1.43)

For the dependence on the layers La there are models in literature, e.g. [21].
The model for the contribution due to the presence of the Sun noise Ts is reported

in (1.44), where Gs is the portion of antenna gain directed toward the Sun and T̃ s

is the Sun temperature (it depends on the frequency).

Ts = 4.75 · 10−6GsT̃ s

La

(1.44)

A similar model can be written for the presence of the Moon, as shown in (1.45),
in which Gm is the portion of antenna gain directed toward the Moon and T̃m is
the Moon temperature, which can be set to 200 K. The model is valid from 1 GHz
to 100 GHz.

Tm = 4.75 · 10−6GmT̃m

La

(1.45)

The contribution of the atmosphere Ta can be evaluated with (1.46), where Tt

is an averaged temperature of the atmosphere over the propagation path, αa is the
fraction of antenna’s receiver energy over the path defined. When the atmospheric
noise is coming from all angles αa = 1 can be considered.

Ta = αaTt

(︃
1− 1

La

)︃
(1.46)

The contribution on the noise due to the Earth is Tg is reported in (1.47), where
Gg is the average antenna gain toward the Earth surface, Ωg is the percentage of
antenna FoV (Field of View) occupied by the Earth (in steradiants), and E is the
surface emissivity of the Earth.

Tg =
ΩgGgETt

4π
(1.47)
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1.10 CRLB Curves for Linear Arrays
This section is intended to give a first introduction on the detectability and the
performance metrics for angular error and distance error for a receiver embarked
on a satellite and an emitter placed on the surface of the Earth.

The detectability is generally evaluated through the Signal-to-Noise Ratio (SNR)
SNR, which is the ratio between the received power of the signal Pr and the noise
N , as shown in (1.48). Generally, the higher the SNR the higher is the possibility
to clearly distinguish the signal of interest.

SNR =
Pr

N
(1.48)

The received power Pr can be evaluated through the classic Friis transmission
equation [18], as shown in (1.49), where GE is the gain of the emitter of signal, GS

is the gain of the receiver on the satellite platform, and PE is the emitted power;
wf is the wavelength of the signal and R = ∥xS − xE∥ is the distance between the
position of the emitter of signal xE and the satellite xS.

PS = PEGEGS

(︂ wf

4πR

)︂2
(1.49)

At first stages of a project, when there is the lack of detailed information on
the noise N and gains, GE and GS, a good practice is to consider the SNR as a
parameter ranging from 1 to 30 dB.

The angular error [22] is evaluated through the Cramér-Rao Lower Bound
(CRLB), as shown in (1.50). In particular, ζ is supposed to be the bearing an-
gle of the signal and ζ̂ its estimation. L is the total length of the antenna array, M
is the number of elements.

σ2
ζ̂
=

12

(2π)2 SNR (M+1)
(M−1)

M
(︂

L
wf

)︂2
sin2 (ζ)

(1.50)

In this study the number of elements are calculated considering (1.51): the
elements of the antenna array are supposed to be evenly spaced with a fixed distance
d = wf/4. This is a classic choice to avoid aliasing and it is considered as first
attempt to have an idea of the performance of the system.

M =

⌊︃
L

d

⌋︃
=

⌊︃
4L

wf

⌋︃
(1.51)

For a matter of completeness, it is recalled that the wavelength wf and the
frequency f of the signals are connected through (1.52), where c is the speed of the
propagation of the signal. For this work of thesis the signal of interest is a L1/E1
signal used for GNSS in civil applications and the propagation is supposed to follow
the speed of light in vacuum c, equal to 299792458 m/s.
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Figure 1.11: CRLB curves for a linear antenna array with length L = 0.334 m, number
of elements M = 7, and frequency f = 1575.42 MHz.

wf =
c

f
(1.52)

Simulated values are in Fig. 1.11 with values of M = 7 elements and an array
length of L = 0.334 m, representative of a possible payload for CubeSat platforms.

1.11 Receiver Operating Characteristic

The approach and results obtained in this section are extracted from a published
work of the author in [23].

As shown in (1.50), the predicted variance depends on the value of the SNR.
From a mission perspective, the receiver must be designed in order to have a min-
imum value of the SNR, which is enough to guarantee a certain probability of
detection.

It is possible to calculate the minimum value considering the Friis model of
propagation and the relative geometry between the emitter of signal xE and the
satellite platform xS.

A free space propagation and without losses can be assumed for first-level eval-
uations. In particular, from (1.49) the (1.53) can be obtained.
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SNR =
PS

N
=

PEGEGS

N

(︃
c

4πfR

)︃2

=
PEGEGSk

N

(︃
c

4πf∥xS − xE∥

)︃2

(1.53)

Defining SNR0 as in (1.54), it is possible to write a convenient expression in
the form SNR = SNR (R), as a function of the distance R, shown in (1.55),
which is useful for a first-level evaluation of the performances of the cluster of
satellites, because it isolates the device-dependent variables (i.e., PE, GE, GS) and
the geometrical-dependent ones (i.e., xS and xE).

SNR0 =
PEGEGS

N

(︃
c

4πf

)︃2

(1.54)

SNR (R) = SNR0

(︃
1

R

)︃2

= SNR0

(︃
1

∥xS − xE∥

)︃2

(1.55)

Assigned a certain height hS for the satellite, the maximum value of the distance
Rmax can be calculated from geometrical considerations as in (1.56), where R⊕ is
the radius of the Earth.

Rmax = max (R) =

√︂
(R⊕ + hS)

2 −R2
⊕ =

√︂
R2

⊕ + h2
S + 2R⊕hS −R2

⊕

=
√︂
h2
S + 2R⊕hS

(1.56)

The reader can notice that the height hS of the satellite is also the minimum
value of the distance, since it corresponds to the limit case of Nadir alignment
between the satellite S and the emitter of signal E, so Rmin = min (R) = hS.

Substituting the minimum distance R = hS and the maximum distance R =
Rmax in (1.55), the SNRs in (1.57) are obtained.⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

SNR (Rmax) = SNR0

(︄
1√︁

h2
S + 2R⊕hS

)︄2

SNR (Rmin) = SNR0

(︃
1

hS

)︃2
(1.57)

Combining the expressions in (1.57), the equation (1.58) is obtained.

SNR (Rmax) = SNR (Rmin)

(︄
hS√︁

h2
S + 2R⊕hS

)︄2

(1.58)

At this point, if a certain orbit radius r is assigned (i.e., equivalently hS = r−R⊕
is assigned), the ratio ρ in (1.59) is uniquely determined.

42



1.11 – Receiver Operating Characteristic

ρ =
hS√︁

h2
S + 2R⊕hS

(1.59)

Considering (1.59), equation (1.58) can be rewritten as in (1.60).

SNR (Rmax) = SNR (Rmin) ρ
2 = SNR0

(︃
1

hS

)︃2

ρ2 (1.60)

Given a certain detector, the value of the required SNR is generally determined
by the set of Receiver Operating Characteristic (ROC) curves, which are functions
that relate the probability of false alarm pFA, the probability of detection pD and
the SNR [24].

Assigning a certain of level of performances in terms of pFA and probability of
detection pD, then the condition on the detection is SNR (pFA, pD) ≤ SNR (Rmax),
so (1.61) and (1.62) can be written.

SNR (pFA, pD) ≤ SNR0

(︃
1

hS

)︃2

ρ2 (1.61)

SNR0 ≥ SNR (pFA, pD)

(︃
1

ρ

)︃2

h2
S (1.62)

Substituting the value of SNR0 from (1.62) into (1.55), the condition in (1.63)
is obtained.

SNR (R) ≥ SNR (pFA, pD)

(︃
1

ρ

)︃2

h2
S

(︃
1

∥xS − xE∥

)︃2

(1.63)

In Table 1.1, values for ρ−1 are reported with respect to common values of
heights hS of the satellite S.

For modelling the detector operational characteristics, a linear detector, non-
fluctuating signals with an unknown phase, and Gaussian noise are assumed. There-
fore, the calculated ROC curves are the ones reported in Fig. 1.12, which relates
the Signal-to-Noise ratio SNR to different values of probability of detection pD and
probability of false alarm pFA.

Other assumptions concern signal transmission and propagation, which are sup-
posed to be omnidirectional and isotropic, respectively. Phenomena of reflection,
refraction, and multi-path are neglected. The speed of propagation of the signal is
supposed to be constant.

A flowchart to calculate the required minimum value of SNR is reported in
Fig. 1.13. For unmodelled effects it is possible to assume an additional safety
margin.

In this work of thesis the following values are assumed: probabilities of false
alarm pFA = 10−6 and of detection pD = 0.997. The ROC curve in Fig. 1.12 gives
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Table 1.1: Values of the factor ρ−1 with respect to the height hS of the satellite S.
hS [km] ρ−1

400 5.7319
600 4.7156
800 4.1143
1000 3.7070
1200 3.4086
1400 3.1783
1600 2.9940
1800 2.8423
2000 2.7150

0 5 10 15 20
SNR [dB]

0

0.2

0.4

0.6

0.8

1

p D

pFA = 10-3

pFA = 10-6

pFA = 10-9

Figure 1.12: Probability of detection pD vs. Signal-to-Noise ratio SNR for different values
of probability of false alarm pFA considering a linear detector, a non-fluctuating signal with
unknown phase, and Gaussian noise.

a minimum value of SNR (pFA, pD) ≈ 15 dB, which has been used as worst case of
maximum distance. In Additionally, a value of +3 dB is assumed as safety margin
for unmodelled effects (e.g., the presence of the atmosphere).
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Optional

pD, pFADetector
performances
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Earth radius

+3dB
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xSSatellite
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xEEmitter
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SNR0
Calculate SNR0
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Calculate SNR

from ROC curves

ρ-1

Calculate ρ-1
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‖xS−xE‖Calculate
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Figure 1.13: A flowchart to calculate the required minimum value of SNR between an
emitter of signal E and a satellite S.
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Chapter 2

Signal Propagation, Time Delay and
Frequency Errors

This chapter is intended to explore aspects related to the propagation of the signal in
terms of time delay, changes in the frequency of the signal, and reconstruction of the
path of electromagnetic waves in the atmosphere. Advanced topics on relativistic
effects and turbulence are also presented and discussed.

Sec. 2.1 presents a methodology to perform the estimation and compensation
of the Doppler factor in case of the propagation of a signal from an emitter on the
Earth and measurement performed with AOA technology from a satellite platform.
Sec. 2.2 introduces the reader to the topic of time delay with a Newtonian approach;
a scheme of estimation of this effect directly onboard the satellite is presented, and
two possible alternative equivalent algorithms of simulation are shown to the reader.
In Sec. 2.3 an enrichment of the model for time delay is presented from a relativistic
perspective. Produced results are an analytical model, a formal development of a
correction algorithm for relativistic time delay, an order of magnitude analysis, and
a strategy for worst-case prediction. The most interesting result from the industrial
perspective is that, given the starting information on the desynchronization, it has
been demonstrated that the relativistic correction can be implemented considering
only the available onboard information, so the relativistic correction can be imple-
mented considering only a software update and without the use of external sensors.
In Sec. 2.4 a further exploration on the topic of time delay is presented considering
the presence of the atmosphere. In Sec. 2.5 the bending of electromagnetic waves
due to changes in refraction index is exposed with possible strategy to evaluate it.
In Sec. 2.6 the phenomenon of beam wander, mainly relevant for space-optic links,
is described with some numerical parametric evaluations.
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2.1 Doppler Effect

This section summarises models, methods, and results in the published article of
the author [25].

The main goal of the section is to present a real-time estimation and compen-
sation strategy for the Doppler factor considering only the current instantaneous
kinematic information, without the information on the history of the signal over
time.

Doppler effect is the apparent shift in the wavelength and in the frequency of
an electromagnetic wave due to the relative movement of the source of the wave
and the receiver [26].

Denoting the observed frequency of the signal with fo and the effective frequency
of the signal with fe, the Doppler effect can be calculated using (2.1), where D (∆v)
is the Doppler factor, which depends on the component of the relative velocity along
the line from the receiver to the emitter.

fe = D (∆v) fo (2.1)

It can be demonstrated [26] that D (∆v) is equal to the expression in (2.2),
where γ = (1− β2)

−1/2 is the Lorentz factor, β = ∆v/c is the ratio of velocities,
and c is the speed of light.

D (∆v) = γ (1 + β) (2.2)

Expressing the Lorentz factor and the ratio of velocities, the equation in (2.3)
can be obtained.

D (∆v) =
(1 + β)√︁
1− β2

=
1 + ∆v

c√︂
1−

(︁
∆v
c

)︁2 (2.3)

Considering that, in general, the variations of D occur in very small figures, the
data are conveniently represented in terms of the red shift z, which is defined as in
(2.4).

z = D − 1 (2.4)

The component of the difference of velocities in (2.3) can be calculated consider-
ing the projection of the difference of velocity vectors on the line of the propagation
of the signal from the emitter of signal E to the position of the satellite receiver S.

Denoting with vE the velocity vector of the emitter, with vS the velocity vector
of the satellite receiver, and with uLOB the LOB, then the projected component
of the difference in the velocity vectors ∆v can be calculated considering the dot
product in (2.5).
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∆v = (vE − vS) · uLOB = (vE − vS) ·
(xE − xS)

∥xE − xS∥
(2.5)

The functional dependency in (2.5) is as shown in (2.6).

∆v = f (xS,xE,vS,vE) (2.6)

Assuming the representation of the data in ECI, as reported in Sec. 1.5, then
the functional representations in (2.7) can be written.

xS = f (a, e, i,Ω, ω, ν (t))

xE = f (Λ, λ, h, αGR (t))

vS = f (a, e, i,Ω, ω, ν (t))

vE = f (Λ, λ, h, αGR (t))

(2.7)

At this point it is possible to reconstruct the overall dependence of ∆v, as shown
in (2.8).

∆v = f (Λ, λ, h, αGR (t) , a, e, i,Ω, ω, ν (t)) (2.8)

For a satellite in LEO, considering the available data onboard, only a, e, i, Ω,
ω, and ν (t) are directly available, as they are representative of the current state of
the satellite at time t. The value of αGR (t), depending only on the time t, is also
a known quantity onboard the satellite.

Conversely, the position of a noncooperative emitter is not directly known by the
satellite. However, its position can be estimated in terms of geodetic latitude Λ̂ and
longitude λ̂ by solving the geolocation problem with a single measurement; ĥ, can
be obtained furthermore through multiple platforms or with multiple measurements
over time with a single receiver. The velocity of the emitter can be estimated in
the same way.

With this latter case then an approximate estimation is as shown in (2.9) or,
equivalently, as in (2.10).

∆v ≈ f
(︂
Λ̂, λ̂, ĥ, αGR (t) , a, e, i,Ω, ω, ν (t)

)︂
(2.9)

∆v ≈ (v̂E − vS) · ûLOB = (v̂E − vS) ·
(x̂E − xS)

∥x̂E − xS∥
(2.10)

Generally, the geolocation procedure is iterative and can be performed au-
tonomously onboard in the case of AOA measurements. Here the position of the
emitter is supposed to be already calculated and known.
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Λ, λ, hGeolocation
problem

c
Speed of light

a, e, i, Ω, ω, ν(t)Satellite
current state

t

Instant of time

a⊕, e⊕

Ω⊕
αGR(t)

Earth model

(xE-xS)/||xE-xS||
AoA

measurement

xEEmitter
position
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velocity

DDoppler
factor

computation

xSSatellite 
position

vSSatellite 
velocity

Doppler factor

Figure 2.1: Example of computation of Doppler factor D in case of a satellite in LEO and
an emitter of signal on the surface of the Earth. In this study the geolocation problem,
represented in green, is assumed to be solved.

Considering all these premises, in principle, the expression for ∆v in (2.5) and
also the value of the Doppler factor D (∆v) in (2.3) can be completely evaluated on-
board and without external aids. An example of a possible scheme of computation
is represented in Fig. 2.1.

For demonstrative purposes, simulations with an emitter of signal on the surface
of the Earth, i.e. h = 0, is considered. Furthermore, and only for evaluative
purposes in the simulation environment, a convenient instant of time t such that
αGR = 0 is considered. Since this variable is representative of the angular position
of the Greenwich meridian, this assumption is equivalent to a shift in the value of
the longitude for the emitter of the signal, which is not relevant for the purposes
of the study.

The simulations considered the following set of input data:
— geodetic latitude of the emitter Λ ∈ [-15, 15]°,
— longitude of the emitter λ ∈ [-15, 15]°,
— semi-major axis of the orbit a ∈ [6671, 8171] km,
— eccentricity of the orbit e ∈ [0, 0.3],
— inclination of the orbit i ∈ [75, 105]°,
— right ascension of the ascending node Ω ∈ [-15, 15]°,
— argument of perigee ω ∈ [-15, 15]°,
— true anomaly ν ∈ [-15, 15]°.
For every variable 9 evenly spaced values have been considered, for a total

number of simulations of 43046721.
The histogram of the values of the Doppler factor is shown in Fig. 2.2.
The maximum value of the red shift z is 3.52474 · 10−5 and the minimum value

is −3.52462 · 10−5.
Data have been fitted in a first degree polynomial model D1, as reported in
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(2.11).

D (Λ, λ, a, e, i,Ω, ω, ν) ≃ D1

(︁
Λ̄, λ̄, ā, ē, ī, Ω̄, ω̄, ν̄

)︁
= k1Λ̄ + k2λ̄+ k3ā+ k4ē+ k5ī+ k6Ω̄ + k7ω̄

+k8ν̄ + k9

(2.11)

In particular, the values of the coefficients k1, k2, . . . , k9 are related to the set of
normalized variables as defined in (2.12), in which a ‘minmax’ normalization w̄ of a
variable w is reported. This operation guarantees both the dimensionlessness of the
variables and their scaling, because the domain is transformed into a hypercube,
where every variable is scaled from original values into the range from 0 to 1.

w̄j =
wj −min

l
(wl)

max
l

(wl)−min
l

(wl)
(2.12)

The values of the coefficients of the polynomial model D1 are reported in Ta-
ble 2.1.

In order to evaluate the goodness of the first degree polynomial model D1, the
percentage difference with respect to the analytical value D has been considered,
as shown in (2.13), which compares the absolute difference to the mean value.

δ1 = 100
|D −D1|(︁

D+D1

2

)︁ (2.13)

The histogram of the values of the percentage difference δ1 is reported in Fig. 2.3,
the maximum value resulted in 8.14434 · 10−3 % and the mean value resulted in
3.27606 · 10−3 %.
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Figure 2.2: Histogram of the Doppler factor D in case of a satellite in LEO and an emitter
of signal on the surface of the Earth.
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Figure 2.3: Histogram of the percentage difference of the Doppler factor δ1 in case of a
satellite in LEO and an emitter of signal on the surface of the Earth.

Table 2.1: Values of the coefficients for the polynomial model D1.
Coefficient Value
k1 3.04616 · 10−6

k2 −1.80155 · 10−6

k3 1.14970 · 10−11

k4 3.08047 · 10−5

k5 1.80156 · 10−6

k6 1.32067 · 10−10

k7 −4.63610 · 10−11

k8 −3.11687 · 10−5

k9 9.99998 · 10−1
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2.2 Newtonian Time Delay and Longitude Shift

This section summarises models, methods, and results in the published articles of
the author [27] and [6].

The analysis considers one single emitter placed on the surface of the Earth and
a receiver mounted on a satellite in LEO, which is able to perform AOA measure-
ments. Through the study of relative geometry between the satellite and the emitter
of signal the shift on the longitude component of the position error is predicted and
a strategy of error compensation is derived.

Two alternative algorithms of simulation are presented and simulated.
Finally, the fitting of simulated data in the form of first degree and second

degree polynomial models are presented.
The error measurement for the emitter eE can be defined as in (2.14).

eE = |xE − x̂E| (2.14)

There are multiple sources of error, and an engineering method for error mod-
elling involves expressing this measurement as the total of different contributions
coming from the physical elements: position errors from the receiver eE,r, the satel-
lite platform eE,sat, and signal propagation eE,s.p. constitute a first level of subdivi-
sion, as shown in (2.15).

eE = eE,r + eE,sat + eE,s.p. (2.15)

The main topic of this work is the contribution of position error of the emitter
due to signal propagation eE,s.p., which takes into account the finite speed of the
propagation of the electromagnetic waves, the relativistic effects, and the presence
of the atmosphere.

The signal is considered always detected and omnidirectional; phenomena of
reflection and multipath are neglected.

The expression of the contribution of the position error eE,s.p. can be expressed
in LLH as shown in (2.16); the pedix E, s.p. is omitted in the components of the
vector and in all subsequent formulae to avoid excessive verbosity.

eE,s.p. =

⎛⎝eΛE,s.p.

eλE,s.p.

ehE,s.p.

⎞⎠ =

⎛⎝eΛ
eλ
eh

⎞⎠ (2.16)

Considering that by definition the error is defined by the absolute difference
between the exact value and the estimated one, the set of equations in (2.17) can
be written.
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eΛ =
⃓⃓⃓
Λ− Λ̂

⃓⃓⃓
eλ =

⃓⃓⃓
λ− λ̂

⃓⃓⃓
eh =

⃓⃓⃓
h− ĥ

⃓⃓⃓ (2.17)

Furthermore, considering as first level of approximation the propagation in vac-
uum and assuming Newtonian mechanics, the sole cause of error is due to the
rotation of the Earth, as shown in Fig. 2.4.

Ω⊕
z|ECI

y|ECI

x|ECI E (te)E (tr)

S (tr)

O

N

S
Figure 2.4: While the signal is going from the emitter position at instant of emission,
E (te), to the satellite position at instant of reception, S (tr), the emitter has moved from
the position E (te) to the position E (tr) due to the rotation of the Earth.

In particular, denoting with te the emission instant of time and with tr the
instant of time of reception, while the electromagnetic wave is travelling through
the space, the emitter has moved from the position xE (te) to the position xE (tr),
so the set of equations (2.18) can be considered.
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eΛ = |Λ (tr)− Λ (te)|
eλ = |λ (tr)− λ (te)|
eh = |h (tr)− h (te)|

(2.18)

For an emitter on the surface of the Earth, Λ (te) = Λ (tr) and h (te) = h (tr), so
(2.19) is valid.

eE,s.p. =

⎛⎝ 0
|λ (tr)− λ (te)|

0

⎞⎠ (2.19)

Since Earth’s rotation is the source of the longitude error, the position error
contribution can be calculated by taking into account the Earth’s angular speed
Ω⊕ = 0.0042◦/s and the delay caused by the signal propagation ∆t = tr − te, as
shown in (2.20).

eλ = Ω⊕∆t = Ω⊕ (tr − te) (2.20)

With local values of the radius of the Earth R⊕ and the cosine of the geodetic
latitude Λ, the linear displacement error lλ can be derived from the angular error
eλ, as shown in (2.21).

lλ = eλR⊕ (Λ, λ) cos (Λ) (2.21)

Equation (2.21) can be rewritten as in (2.22) for an ellipsoidal model with
two equal axes on the equatorial plane and a different axis along the North-South
direction. In this case, the radius of Earth R⊕ depends only on the geodetic latitude
of the emitter Λ.

lλ = eλR⊕ (Λ) cos (Λ) (2.22)

Under the set of assumptions considered in this subsection, the angular position
eλ and the linear position error lλ are deterministic. In a real-case scenario they
can be compensated evaluating the time delay ∆tn as in (2.23) and considering
the finite speed of propagation of the signal in vacuum equal to c0 = 299792458
m/s. The subscript n indicates that this delay has been calculated considering
Newtonian mechanics.

∆tn =
∥xS (tr)− x̂E (te)∥

c0
(2.23)

Even if, from the satellite perspective, only the instant of time tr is known, while
the emission instant of time te is unknown, the position of the emitter x̂E (te) at
emission instant of time can still be obtained from the problem formulated in (1.20),
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Figure 2.5: Block diagram for the geolocation problem with a single AOA measurement
for an emitter on the surface of the Earth and error compensation on longitude position
due to time delay.

in which the position error does not explicitly depend on the emission instant of
time. Then, the emission instant of time can be obtained considering te = tr−∆tn.

Under this set of assumptions, the longitude error modelled in (2.20) and (2.22)
have deterministic nature.

The procedure of error compensation on longitude direction in geolocation is
shown in the block diagram in Fig. 2.5.

The angular and linear errors on the longitude direction, eλ and dλ, depend only
on the delay ∆t, as shown in (2.20), but, as can be noticed in (2.23), this delay can
be obtained from the satellite position at reception time tr and the emitter position
at emission time te, but not on their particular coordinate frame representation, so
generally (2.24) can be written.

eλ = f (xE (te) ,xS (tr))

lλ = g (xE (te) ,xS (tr))
(2.24)

Considering the conversion among the coordinate systems in 1.5, for (2.24) the
functional dependencies in (2.25) can be written. It is recalled for the reader that
for an orbit only the true anomaly ν is a function of time t, while the other orbital
parameters are supposed to be constants: their variation over time are due to
external disturbances or intentional maneuvers.
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eλ = f (ΛE, λE (te) , a, e, i, ω,Ω, ν (tr))

lλ = g (ΛE, λE (te) , a, e, i, ω,Ω, ν (tr))
(2.25)

For a circular orbit the expressions (2.25) can be simplified in (2.26). This is
because the eccentricity e is 0, and the semi-major axis a becomes equal to the
radius of the orbit r which is given by the sum of the altitude of the orbit hS and
the mean radius of the Earth, which is equal to 6371.009 km. Furthermore, since it
is no more possible to define the orientation of the ellipse (i.e., the line of apsides),
the argument of perigee becomes a meaningless quantity, and by definition it is
posed ω = 0.

eλ = f (ΛE, λE (te) , r, i,Ω, ν (tr))

lλ = g (ΛE, λE (te) , r, i,Ω, ν (tr))
(2.26)

In simulation environment to simulate a single AOA measurement, the two
instants of time te and tr are not available together, because it is possible to have
only one of the two information, so their simulated positions of the satellite and
emitter, i.e., the couple of vectors (xE (te) ,xS (te)) or (xE (tr) ,xS (tr)). However, it
is possible to evaluate the delay ∆t through an iterative procedure. Depending on
the instant of time chosen in the simulation, there are two ways to simulate the
scenario:

• in the first case tr is supposed to be known, xS (tr) is also known, but the
emitter position is iteratively updated from xE (tr) to xE (te), as shown in the
algorithm in subsection 2.2.1;

• in the second option te is supposed to be known, xE (te) is also known, but
the satellite position is iteratively updated from xS (te) to xS (tr), as shown
in the algorithm in subsection 2.2.2.

However, both of them can be depicted in a logical scheme of Fig. 2.6.
About the numerical simulation of the scenario, the algorithm depicted in

Sec. 2.2.2 has been used to calculate the time delay in Sec. 2.2.3 and Sec. 2.2.4.
In particular, the algorithm moves on a grid of the sampled arc of the ellipse and
interpolates the current position among these points with a local spline. Approx-
imating the arc of the ellipse with 800 points, there is a corresponding precision
on the satellite position between 10−6 m and 10−9 m depending on the orbit size.
The observed precision on the simulated time delay is up to the 48th decimal figure
(values in seconds). However, results have been truncated to the 6th figure because
of the precision of other physical quantities (i.e., mainly the model of Earth).
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Figure 2.6: Block diagram for the calculation of Newtonian time delay ∆tn from satellite
position xS, AOA measurement vLoB, and a model of Earth’s surface (in the example
WGS84). The algorithm firstly calculates a coarse estimation of the emitter position con-
sidering xE,0. Secondly, it calculates a coarse estimate of Newtonian time delay ∆tn,0 from
the satellite position and the coarse emitter position considering the speed of propagation
of the signal c0. In the end, an iterative predictor-corrector procedure can be exploited
to obtain a precise estimation of emitter position xE.
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2.2.1 Algorithm of Simulation I

In this version of the algorithm the instant of time tr is known, so the positions of
the satellite S and the emitter E in this instant of time. The goal of this algorithm
is to obtain the position of the emitter at instant of time te due to time delay ∆t
through a correction on the longitude ∆λE. Conceptually, as shown in (2.27) and
(2.28), it is a two-step algorithm:

• Firstly, a prediction of the longitude correction (∆λ)k is obtained considering
an approximate interval of time (∆t)k, which can be calculated from the
distance (d)k between the satellite at instant of time tr and the emitter at
instant of time (t)k−1, with (t)0 = tr;

• in the second step, the longitude of the emitter (λE)k is corrected with the
value of (∆λE)k and it is used for the estimation of a new position of the
emitter (xE)k, which is used in the step one.

(∆λE)k = Ω⊕ (∆t)k = Ω⊕
(d)k
c

= Ω⊕

⃦⃦
xS (tr)− xE

(︁
(t)k−1

)︁⃦⃦
c

(2.27)

(λE)k = λE (tr) + (∆λE)k (2.28)

As illustrated in Fig. 2.7, the algorithm produces a sequences of distances
(d)1 , (d)2 , ..., (d)k , ..., (d)∞, time delays (∆t)1 , (∆t)2 , ..., (∆t)k , ..., (∆t)∞ and lon-
gitude intervals (∆λE)1 , (∆λE)2 , ..., (∆λE)k , ..., (∆λE)∞. In the end, the error on
the longitude eλ is equal to the limit to infinity of the sequence of the compensations
on longitude component, as shown in (2.29).

eλ =
⃓⃓⃓
lim
k→∞

(∆λE)k

⃓⃓⃓
(2.29)

A possible implementation of algorithm is depicted in Fig. 2.8, where the differ-
ence in the position of (2.27) is performed in ECI reference frame and the update of
the longitude is performed in LLH reference frame. The cycle ends when a condition
on the position of the emitter is met through a threshold θE.

2.2.2 Algorithm of Simulation II

In this second version of the algorithm the instant of time te is known, so the
positions of the satellite S and the emitter E in this instant of time. The goal of
this algorithm is to obtain the position of the satellite at instant of time tr due to
time delay ∆t through a correction on the true anomaly ν.

During the delay ∆t the signal has moved from the emitter xE (te) to the satel-
lite xS (te +∆t) propagating with speed c. In the same amount of time the satellite
has moved from xS (te) to xS (te +∆t) with velocity ∥vS∥, that for a circular orbit
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Figure 2.7: Illustration of positions in algorithm I: {E0, E1, ..., Ek, ..., E∞} is the sequence
of emitter positions calculated by the algorithm with E0 = E (tr) and E∞ = E (te), while
S (tr) is the satellite position at reception time tr.

is equal to ∥vS∥ =
√︁
µ⊕/r with µ⊕ = 3.986005 · 1014 m3/s−2, the standard grav-

itational parameter for Earth. Considering this fact, a two-step algorithm can be
built, as shown in (2.30) and (2.31). In particular:

• A prediction of the true anomaly correction (∆ν)k is obtained considering an
approximate interval of time (∆t)k, which can be calculated from the radius
of the orbit r, the speed of the satellite ∥vS∥, and distance (d)k between the
emitter at instant of time te and the satellite at instant of time (t)k−1, with
(t)0 = te;

• in the second step, the true anomaly of the satellite (ν)k is corrected with
the value of (∆ν)k and it is used for the estimation of a new position of the
satellite (xS)k, which is used in the step one.
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1: set tr ▷ Reception instant of time
2: set θE ▷ Cycle threshold
3: load Ω⊕ ▷ Earth angular speed
4: load r, i, Ω, ν (tr) ▷ Satellite position
5: load ΛE (tr) , λE (tr) ▷ Emitter position
6: initialize (∆E)0 = +∞
7: while (∆E)k ≥ θE do
8: (d)k ←

⃦⃦
xS (tr)− xE

(︁
(λE)k−1

)︁⃦⃦
▷ Distance

9: (∆t)k ← (d)k /c ▷ Time delay
10: (t)k ← tr − (∆t)k ▷ Update emission instant of time
11: (∆λE)k ← Ω⊕ (∆t)k ▷ Longitude correction
12: (λE)k ← λE (tr) + (∆λE)k ▷ Longitude update
13: (∆E)k ←

⃦⃦
xE ((λ)k)− xE

(︁
(λ)k−1

)︁⃦⃦
▷ Condition

14: end while
15: eλ ← |∆λE| ▷ Longitude error (angle)
16: dλ ← eλR⊕ (ΛE) cos (ΛE) ▷ Longitude error (distance)
17: return eλ, dλ, te

Figure 2.8: First algorithm of simulation for the Newtonian time delay.

(∆ν)k =
∥vS∥
r

(∆t)k =
1

r

√︃
µ⊕
r

(∆t)k =
1

r

√︃
µ⊕
r

(d)k
c

=
1

r

√︃
µ⊕
r

⃦⃦
xS

(︁
(t)k−1

)︁
− xE (te)

⃦⃦
c

(2.30)

(ν)k = ν (te) + (∆ν)k (2.31)

As illustrated in Fig. 2.10, the algorithm produces a sequence of time delays
(∆t)1 , (∆t)2 , ..., (∆t)k , ..., (∆t)∞.

Consequently, a sequence of true anomalies (∆ν)1 , (∆ν)2 , ..., (∆ν)k , ..., (∆ν)∞
is also produced.

Similarly to the previous algorithm, the error on the longitude eλ can be calcu-
lated from the time delay ∆t.

An implementation of algorithm is depicted in Fig. 2.9, where, again, the differ-
ence in the position of (2.28) is performed in ECI reference frame and the update of
the longitude is performed in LLH reference frame. The cycle ends when a condition
on the position of the satellite is met through a threshold θS.

2.2.3 First Campaign of Simulations

Here are reported the results obtained in a first campaign of simulations, as pub-
lished in a work of the author [27]. In this first set of results the analysis is limited
to circular orbits.
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1: set te ▷ Emission instant of time
2: set θS ▷ Cycle threshold
3: load µ⊕ ▷ Earth standard gravitational parameter
4: load r, i, Ω, ν (te) ▷ Satellite position
5: load ΛE (te) , λE (te) ▷ Emitter position
6: initialize (∆S)0 = +∞
7: while (∆S)k ≥ θS do
8: (d)k ←

⃦⃦
xS

(︁
(ν)k−1

)︁
− xE (te)

⃦⃦
▷ Distance

9: (∆t)k ← (d)k /c ▷ Time delay
10: (t)k ← te + (∆t)k ▷ Update reception instant of time
11: (∆ν)k ←

(︂√︁
µ⊕/r (∆t)k

)︂
/r ▷ True anomaly correction

12: (ν)k ← ν (te) + (∆ν)k ▷ Update true anomaly
13: (∆S)k ←

⃦⃦
xS ((ν)k)− xS

(︁
(ν)k−1

)︁⃦⃦
▷ Condition

14: end while
15: eλ ← Ω⊕∆t ▷ Longitude error (angle)
16: dλ ← eλR⊕ (ΛE) cos (ΛE) ▷ Longitude error (distance)
17: return eλ, dλ, tr

Figure 2.9: Second algorithm of simulation for the Newtonian time delay.

The simulations of the model (2.26) have been conducted in MATLAB environ-
ment considering the following input ranges:

— Geodetic latitude of the emitter ΛE ∈ [−15◦, 15◦];
— Longitude of the emitter λE ∈ [−15◦, 15◦];
— Altitude of the orbit hS ∈ [300 km, 1800 km];
— Inclination of the orbit i ∈ [75◦, 105◦];
— Right ascension of the ascending node Ω ∈ [−15◦, 15◦];
— True anomaly ν ∈ [−15◦, 15◦].
The values of input data are evenly spaced with a step of 3◦ for angles and

150 km for the radius of the orbit. The total number of of simulations resulted in
1771561 cases.

The range of ΛE is centered in 0◦, because it represents the worst case scenario
for the contribution of the error dλ. The choice of the ranges for ΛE, λE, Ω, and
ν is limited by the geometry: depending on the radius of the orbit r, there is a
corresponding set of angles to keep the line of sight, otherwise the satellite (or
the emitter) goes beyond the horizon. The radii of the orbit r are chosen within
LEO range of missions and the inclination of the orbit i is centered in 90◦, because
it is representative of the operative scenario of the whole Earth scanning. Time
delays ∆t resulted in a minimum value of 0.977 ms, a maximum value of 19.262
ms, and a mean value of 7.895 ms. Values of the longitude error displacement dλ
have been reported in the histogram in Fig. 2.11 with a minimum value of 0.444 m,
a maximum value of 8.697 m, and a mean value of 3.637 m. The minimum value of
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Figure 2.10: Illustration of positions in algorithm II: {S0, S1, ..., Sk, ..., S∞} is the sequence
of satellite position with with S0 = S (te) and S∞ = S (tr), while E (te) is the emitter
position at emission time te.

error is observed in multiple points. In particular, when the height of the orbit is
minimum hS = 300 km, the inclination is i = 90◦, the latitude is far from Equator,
ΛE = ±15◦, λE = −Ω, and ν realizes Nadiral pointing. For a value of θS = 10−9

m the simulation algorithm II, Fig. 2.9, required no more than 3 iterations. For
comparison, on the same cases, a bisection method applied on (2.23) required more
than 30 iterations for a precision of 10−9 s on the delay ∆t.

Starting from the data gathered in simulations performed in subsection, approx-
imations of the function (2.26) based on Taylor’s expansion and regression of data
in the form of first degree polynomial dλ,1 and second degree polynomial dλ,2 are
reported in (2.32) and (2.33).

dλ ≃ dλ,1 (ΛE, λE, r, i,Ω, ν) = k1ΛE + k2λE + k3r + k4i+ k5Ω + k6ν + k7 (2.32)
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Figure 2.11: Errors on the longitude estimation dλ due to signal propagation delay in
case of an emitter on the surface of the Earth and a receiver mounted on a satellite in a
circular orbit.

dλ ≃ dλ,2 (ΛE, λE, r, i,Ω, ν) = k1Λ
2
E + k2ΛEλE + k3ΛEr + k4ΛEi+ k5ΛEΩ

+ k6ΛEν + k7ΛE + k8λ
2
E + k9λEr + k10λEi+ k11λEΩ + k12λEν + k13λE

+ k14r
2 + k15ri+ k16rΩ + k17rν + k18r + k19i

2 + k20iΩ + k21iν + k22i

+ k23Ω
2 + k24Ων + k25Ω + k26ν

2 + k27ν + k28

(2.33)

The values of coefficients are:

• For first degree polynomial k1 = 8.618 × 10−1 m/rad, k2 = 3.189 × 10−2

m/rad, k3 = 3.285 × 10−10, k4 = 2.703 m/rad, k5 = −3.189 × 10−2 m/rad,
k6 = −8.608× 10−1 m/rad, k7 = −5.769× 10−1 m;

• For second degree polynomial k1 = 1.259 × 10 m/rad2, k2 = −5.329 × 10−3

m/rad2, k3 = −1.002× 10−8 1/rad, k4 = −2.167× 10−1 m/rad2, k5 = 5.329×
10−3 m/rad2, k6 = −2.709 × 101 m/rad2, k7 = 1.749 m/rad, k8 = 1.264 ×
101 m/rad2, k9 = −2.684 × 10−7 1/rad, k10 = 1.038 × 10−2 m/rad2, k11 =
−2.729 × 101 m/rad2, k12 = 4.153 × 10−3 m/rad2, k13 = 2.007 m/rad, k14 =
−4.000× 10−15 1/m, k15 = −1.365× 10−10 1/rad, k16 = 2.684× 10−7 1/rad,
k17 = −1.3336 × 10−9 1/rad, k18 = 5.782 × 10−8, k19 = 1.692 m/rad2, k20 =
−1.038 × 10−2 m/rad2, k21 = 2.184 × 10−1 m/rad2, k22 = −2.615 m/rad,
k23 = 1.264× 101 m/rad2, k24 = −4.153× 10−3 m/rad2, k25 = −2.007 m/rad,
k26 = 1.053× 10 m/rad2, k27 = −1.562 m/rad, k28 = 2.017 m.

The goodness of these models is evaluated considering the evaluations of the
error of longitude in the exact case dλ and the approximated ones dλ,1 and dλ,2, as
shown in (2.34).

δλ,1 = |dλ − dλ,1|
δλ,2 = |dλ − dλ,2|

(2.34)
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Figure 2.12: Difference on the longitude error between analytical formula and a first
degree polynomial approximation, δλ,1 (a), and second degree polynomial approximation,
δλ,2 (b).

Table 2.2: Statistics on the longitude error difference δλ,1 and δλ,2

δλ,1 δλ,2

Max (m) 4.553 2.416

Mean (m) 1.045 0.229

Results are reported in Fig. 2.12 with statistics in table 2.2. In terms of percent-
age, the difference on the estimation of the error resulted in a mean of 36.8107 %
in the case of first degree polynomial and a mean of 8.6027 % in the second degree
polynomial.

2.2.4 Second Campaign of Simulations

Here are reported the results obtained in a second campaign of simulations, as
published in the work of the author [6]. In this case the satellite orbit is elliptical.

— Geodetic latitude of the emitter ΛE ∈ [−15◦, 15◦];
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— Longitude of the emitter λE ∈ [−15◦, 15◦];
— Height at perigee hS,p ∈ [300 km, 11250 km]; corresponding values of semi-

major axis of the orbit aS (hS,p, eS) ∈ [6671 km, 44052.5 km] resulted from
models in (1.4) and (1.5);

— Eccentricity of the orbit eS ∈ [0.0, 0.6];
— Inclination of the orbit iS ∈ [75◦, 105◦];
— Argument of perigee ωS ∈ [−15◦, 15◦];
— Right ascension of the ascending node ΩS ∈ [−15◦, 15◦];
— For true anomaly νS it is important to remember that it is the only variable

that depends on the time t. For this work the total duration of signal acqui-
sition is supposed to be in an interval of time of measurements of 452 s which
corresponds to about 30◦ of true anomaly range νS in the case of smallest
orbit (i.e., 6671 km) and a range of about 3.424◦ for the biggest one (i.e.,
45000 km) 1.

The ranges of the variables have been chosen considering the possible missions of
interest for geolocation purposes: the semi-major axis aS ranges from LEO to GEO;
eS from circular orbit eS = 0 to very elongated ones; the inclination iS is around
π/2, because this orientation into space guarantees the whole Earth scanning (i.e.,
the ground track of the satellite is in North-South direction, but at the same time
the Earth rotates around its axis); the latitude ΛE is around the Equator because
it is the worst case scenario in position errors, as shown in the cosine of (2.22);
the remaining angles λE, ΩS, ωS, and νS have to be chosen in a manner that the
line-of-sight between the emitter and the satellite is guaranteed.

For every set of ranges, 7 evenly spaced samples have been considered for a total
of 5764801 simulations.

The maximum value of the Newtonian time delay ∆tn is 4.74248 · 10−2 s, the
minimum value is 9.76886 · 10−4 s, and the mean value is 2.24960 · 10−2 s.

In Fig. 2.13 there is the shape of ∆tn as a function of the position of the emitter
on the surface of the Earth (represented by its geodetic latitude ΛE and longitude
λE).

In Fig. 2.14 there is the shape of ∆tn as a function of the size and shape of the
orbit: aS and eS.

In Fig. 2.15 there is the shape of ∆tn as a function of the satellite position on
its orbit: νS.

From data gathered in simulation environment, an approximate model based
on a Taylor’s expansion polynomial can be built.

This study considers an expanded version in the form of a second-order model

1Considering the true anomaly νS ranging from 0 to 2π and the time t from 0 to the period
TS to travel the entire orbit, the relationship between the true anomaly and time is νS/t = 2π/T :
for a certain interval of time t, the bigger the period T is, the smaller the true anomaly νS will
be.
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Figure 2.13: Shape of Newtonian time delay ∆tn as function of emitter position on the
surface of the Earth, geodetic latitude ΛE and longitude λE, in the point (aS = 1735.143
km, eS = 0.3, iS = 90°, ΩS = 0°, ωS = 0°, νS = 0°).
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Figure 2.14: Shape of Newtonian time delay ∆tn as function of size and shape of the orbit
in the point (ΛE = 0°, λE = 0°, iS = 90°, ΩS = 0°, ωS = 0°, νS = 0°).

with variables (x1, x2, x3, x4, x5, x6, x7, x8) = (ΛE, λE, aS, eS, iS, ωS,ΩS, νS), as shown
in (2.35), also taking into account the elliptic shapes of the orbit. The subscript n
indicates that this contribution of error is of Newtonian origin.
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Figure 2.15: Shape of Newtonian time delay ∆tn as function of satellite position on its
orbit in the point (ΛE = 0°, , λE = 0°, aS = 1735.143 km, eS = 0.3, iS = 90°, ΩS = 0°,
ωS = 0°).

∆tn ≃= tn,0 + (x− x0)
TDtn +

1

2
(x− x0)

T D2tn (x− x0)

= tn,0 +
8∑︂

k1=1

∂tn
∂xk1

(xk1 − xk1,0)

+
1

2

8∑︂
k1=1

8∑︂
k2=1

∂2tn
∂xk1∂xk2

(xk1 − xk1,0) (xk2 − xk2,0)

(2.35)

The expressions of the constant term tn,0, the gradient Dtn, and the Hessian
matrix D2tn are reported in (2.36), (2.37), and (2.38).

tn,0 = kn (2.36)

Dtn = (kn,1, kn,2, . . . , kn,8)
T (2.37)

D2tn =

⎡⎢⎢⎢⎣
kn,11 kn,12 . . . kn,18
kn,21 kn,22 . . . kn,28

...
... . . . ...

kn,81 kn,82 . . . kn,88

⎤⎥⎥⎥⎦ (2.38)

The values of the coefficients of the polynomial model are reported in Table 2.3.
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Table 2.3: Coefficients of the Newtonian time delay ∆tn.
Coef. Value Meas. unit Coef. Value Meas. unit
kn 1.98206 · 10−2 s kn,1 −5.82243 · 10−3 s · rad−1

kn,2 5.01246 · 10−4 s · rad−1 kn,3 2.06328 · 10−12 s ·m−1

kn,4 −8.41362 · 10−3 s kn,5 −5.01246 · 10−4 s · rad−1

kn,6 3.59904 · 10−4 s · rad−1 kn,7 6.40943 · 10−2 s · rad−1

kn,8 1.15329 · 10−5 s · rad−1 kn,11 9.09002 · 10−3 s · rad−1

kn,12, kn,21 6.69003 · 10−16 s · rad−2 kn,13, kn,31 −9.75711 · 10−13 s · rad−1 ·m−1

kn,14, kn,41 1.94689 · 10−2 s · rad−1 kn,15, kn,51 3.32073 · 10−15 s · rad−2

kn,16, kn,61 3.92884 · 10−7 s · rad−2 kn,17, kn,71 −9.41489 · 10−7 s · rad−2

kn,18, kn,81 −2.62873 · 10−5 s · rad−2 kn,22 1.89458 · 10−2 s · rad−2

kn,23, kn,32 −4.86695 · 10−11 s · rad−1 ·m−1 kn,24, kn,42 1.41334 · 10−3 s · rad−1

kn,25, kn,52 −3.94284 · 10−2 s · rad−2 kn,26, kn,62 9.25645 · 10−15 s · rad−2

kn,27, kn,72 4.63674 · 10−17 s · rad−2 kn,28, kn,82 4.56204 · 10−18 s · rad−2

kn,33 −2.75890 · 10−20 s ·m−2 kn,34, kn,43 1.69210 · 10−12 s ·m−1

kn,35, kn,53 4.86695 · 10−11 s · rad−1 ·m−1 kn,36, kn,63 −9.67855 · 10−13 s · rad−1 ·m−1

kn,37, kn,73 −1.68884 · 10−11 s · rad−1 ·m−1 kn,38, kn,83 1.64793 · 10−15 s · rad−1 ·m−1

kn,44 1.39006 · 10−2 s kn,45, kn,54 −1.41334 · 10−3 s · rad−1

kn,46, kn,64 2.82814 · 10−5 s · rad−1 kn,47, kn,74 4.90076 · 10−4 s · rad−1

kn,48, kn,84 −3.85479 · 10−5 s · rad−1 kn,55 1.89458 · 10−2 s · rad−2

kn,56, kn,65 2.80701 · 10−15 s · rad−2 kn,57, kn,75 5.36540 · 10−15 s · rad−2

kn,58, kn,85 −2.36351 · 10−10 s · rad−2 kn,66 −9.52127 · 10−6 s · rad−2

kn,67, kn,76 −1.37600 · 10−3 s · rad−2 kn,68, kn,86 4.78427 · 10−10 s · rad−2

kn,77 2.77254 · 10−2 s · rad−2 kn,78, kn,87 4.55585 · 10−18 s · rad−2

kn,88 2.46339 · 10−8 s · rad−2
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Due to the symmetry of the second derivatives as a result of the Clairaut-
Schwarz theorem, the values in the Hessian matrix in (2.38) are such that kn,ij =
kn,ji ∀i /= j. Furthermore, in order to reconstruct the polynomial in (2.35), both
the values of kn,ij and kn,ji with a multiplicative factor 1/2 have to be considered in
the sum such that (kn,ij + kn,ji) /2 = kn,ij = kn,ji. The same applies for the value of
the coefficient of the same index kn,ii, so the value in table 2.3 have to be considered
twice in the sum: (kn,ii + kn,ii) /2 = 2kn,ii/2 = kn,ii.

2.3 Relativistic Effects
This section summarises models, methods, and results in the published articles of
the author [28] and [6]. The main results have also been presented at the virtual
conference [29].

When relativistic effects are considered, position and time data have to consider
their representation with respect to a clock.

In space applications a clock on the emitter and a clock on the satellite are at
different gravitational potentials, so they do not run at the same rate.

The concept of time is a fundamental parameter in relativistic satellite applica-
tions. This is introduced through coordinate time t and proper time τ , as well as
terrestrial time. The problem of clock synchronization is also a key aspect in this
context.

The exact solution for the squared line element ds, obtained by Schwarzchild
[30] for general relativity in a centrally symmetric gravitational field, is shown in
(2.39), where (ϕ, θ, r) is the set of spherical coordinates, G is the gravitational
constant equal to 6.67430 · 10−11 m3kg−1s−2 and M is the mass of the central body.

ds2 = −
(︃
1− 2GM

c2r

)︃−1

dr2 − r2dθ2 − r2 sin2 (θ)dϕ2 + c2
(︃
1− 2GM

c2r

)︃
dt2 (2.39)

Considering first-order terms in 1/c2 and small velocities such that v2

c2
≫ 2GM

c4r
dr
dt

2,
it can be demonstrated [31] that a simpler approximate equation, expressed by
(2.40), can be obtained, where dt is the coordinate time and Φ (r) = −µ/r is the
Newtonian potential, which can be expressed in terms of µ, the standard gravita-
tional parameter.

ds ≈ cdt

(︃
1− 2Φ (r)

c2
− v2

c2

)︃ 1
2

(2.40)

In terms of proper time ds = cdτ , then (2.40) becomes (2.41).

dτ ≈
(︃
1− 2Φ (r)

c2
− v2

c2

)︃ 1
2

dt (2.41)
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For two observers (A) and (B) with different velocities and at different poten-
tials, dtA = dtB, but dτA /= dτB. When v → 0 and Φ (r)→ 0, then dτ = dt.

Considering an emitter (E) on the surface of the Earth and a receiver (S) on
the satellite, the ratio dτS on dτE, approximated to order 1/c2, is shown in (2.42).

dτS
dτE
≈ 1 +

1

c2

(︃
Φ (rS)−

v2S
2

)︃
− 1

c2

(︃
Φ (rE)−

v2E
2

)︃
(2.42)

The brackets in (2.42) represent a specific form of the differences between the
potential energy V = mΦ (r) and the non-relativistic kinetic energy K = mv2/2,
where m is the mass of the object. Considering the Earth as central body and
the satellite as receiver, the masses are M = M⊕ and m = mS. From orbital
mechanics fundamentals [2], the total energy for a satellite is Em = −µ⊕mS/ (2a),
where the standard gravitational parameter G (M⊕ +mS) ≈ GM⊕ = µ⊕ is equal
to 3.986005 · 1014 m3/s−2. Considering also V −K = V − (Em − V ) = 2V − Em,
the expression in the first brackets of (2.42) can be rewritten as shown in (2.43).

dτS
dτE
≈ 1 +

2µ⊕
c2

(︃
1

rS
− 1

4aS

)︃
− 1

c2

(︃
µ⊕
rE
− v2E

2

)︃
(2.43)

By definition, rS = aS (1− eS cos (ES (τE))), then (2.43) can be rewritten as
(2.44), where ES (τE) is the eccentric anomaly of the receiver considered with proper
time of the emitter τE, because the reference is usually chosen on the ground.

dτS
dτE
≈ 1 +

2µ⊕eS
aSc2

(︃
cos (ES (τE))

1− eS cos (ES (τE))

)︃
− 1

c2

(︃
µ⊕
rE
− 3µ⊕

2aS
+

v2E
2

)︃ (2.44)

The integration of (2.44) gives the relativistic correction, in which there is also
periodic term, as shown in (2.45), where κ is the constant of integration.

τS ≈ τE +
2eS
√
µ⊕aS
c2

sin (ES (τE))−
1

c2

(︃
µ⊕
rE
− 3µ⊕

2aS
+

v2E
2

)︃
τE + κ (2.45)

In general, [31], κ is evaluated considering the instant of synchronization when
τS = τE = τ0, obtaining the expression in (2.46).

κ =
1

c2

(︃
µ⊕
rE
− 3µ⊕

2aS
+

v2E
2

)︃
τ0 −

2eS
√
µ⊕aS
c2

sin (ES (τ0)) (2.46)

Considering (2.45) and (2.46), the (2.47) is obtained.
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τS ≈ τE +
2eS
√
µ⊕aS
c2

sin (ES (τE))−
1

c2

(︃
µ⊕
rE
− 3µ⊕

2aS
+

v2E
2

)︃
τE

+
1

c2

(︃
µ⊕
rE
− 3µ⊕

2aS
+

v2E
2

)︃
τ0 −

2eS
√
µ⊕aS
c2

sin (ES (τ0))

(2.47)

When relativistic effects are taken into account, the time delay ∆t has to be
updated with a new contribution coming from (2.45) and they depend not only on
the satellite position and the emitter position, but also on their velocities ∥vE∥ and
∥vS∥. Then the contribution to the relativistic angular position error eλ,rel and the
contribution to the relativistic linear position error dλ,rel can be written as in (2.48)
and (2.49), respectively.

eλ,rel = f ′ (xS (τS) , ∥vS (τS)∥,xE (τE) , ∥vE (τE)∥) (2.48)

dλ,rel = g′ (xS (τS) , ∥vS (τS)∥,xE (τE) , ∥vE (τE)∥) (2.49)
However, since for a fixed emitter on the surface of the Earth the velocity ∥vE∥

is expressed as ∥vE∥ = Ω⊕R⊕ (ΛE) cos (ΛE) and considering that Ω⊕ is a known
constant, there is no real dependence on new variables.

Also considering a decomposition of satellite velocity in radial and normal com-
ponents, vS = (vS,r, vS,n, 0)

T , where vS,r and vS,n are reported in (2.50), again, there
is not a dependence on new variables.

vS,r =

√︃
µ⊕

a (1− e2)
e sin (ν)

vS,n =

√︃
µ⊕

a (1− e2)
(1 + e cos (ν))

(2.50)

Considering these two facts, also for relativistic contributions of errors eλ,rel and
dλ,rel there is the same set of variables of eλ,n, and dλ,n as shown in (2.51) and (2.52).

eλ,rel = f ′ (ΛE (τE) , λE (τE) , a, e, i, ω,Ω, ν (τS))

= f ′ (ΛE (τE) , λE (τE) , a, e, i, ω,Ω, ν (τE, τ0))
(2.51)

dλ,rel = g′ (ΛE (τE) , λE (τE) , a, e, i, ω,Ω, ν (τS))

= g′ (ΛE (τE) , λE (τE) , a, e, i, ω,Ω, ν (τE, τ0))
(2.52)

This dependence analysis has an important consequence on system design, soft-
ware development, and data processing, because for an upgrade from a Newtonian
result to a relativistic result there is no need to supply new input data, except for
the instant of time of synchronization between clocks τ0. This means that there
is no need of system modification, but there is only need for a change at level of
processing algorithm. A possible high-level implementation is shown in Fig. 2.16.
Details of the simulation algorithm is presented and Sec. 2.3.1.
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Figure 2.16: Block diagram for the calculation of angular position error eλ and linear
position error dλ due to time delay ∆t; in this diagram there is the possibility to chose
between the Newtonian and relativistic algorithm.

2.3.1 Relativistic Version of Simulation Algorithm

With Newtonian mechanics, there is no distinction between proper time τ and
coordinate time t, so the time delay is the same ∆t = ∆τ .

During the time delay ∆t the signal has moved from the emitter xE (te) to
the satellite xS (te +∆t) propagating at speed c. In the same amount of time the
satellite has moved from xS (te) to xS (te +∆t). Considering this fact, the time
delay can be written as in (2.53), where ∥v̄S (∆t)∥ is the mean magnitude of the
velocity vector of the satellite over ∆t.

∆t =
∥xS (te +∆t)− xE (te)∥

c
=
∥xS (te +∆t)− xS (te)∥

∥v̄S (∆t)∥
(2.53)

Rigorously, ∥v̄S (∆t)∥ has to be intended as integral mean as shown in (2.54).

∥v̄S (∆t)∥ = 1

∆t

∫︂ te+∆t

te

∥vS (t
′)∥ dt′ (2.54)

Equation (2.53) can be solved with root-finding methods, e.g. the bisection
method, while (2.54) is generally obtained via interpolation because in a simulation
environment the problem of orbit kinematics can be independently solved before
the problem of geolocation.

Furthermore, considering that the only orbital parameter which depends on
time t is the true anomaly ν, it is possible to write xS = xS (ν) = xS (ν (t)).

In order to figure out how to use operatively the (2.47), 5 instants of time of
interest have to be considered:

— The instant of time of signal emission represented in satellite clock τS,e;
— The instant of time of signal reception represented in satellite clock τS,r;
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— The instant of time of signal emission represented in emitter clock τE,e;
— The instant of time of signal reception represented in emitter clock τE,r;
— The instant of time of synchronization of the two clocks τ0.
In terms of proper time τ , the Newtonian evaluation of the time delay ∆τn,

obtained in (2.23), is evaluated considering the instant of emission with the emitter
clock τE,e and the instant of reception with the satellite clock τS,r, as shown in
(2.55).

∆τn = τS,r − τE,e (2.55)

With a relativistic approach, the evaluation of instants of time must be done
with the same clock. Considering the clock on the emitter as reference, (2.56) is
obtained, where the interval of time ∆τr represents the value of the relativistic
delay, the interval of time ∆τn is the value of Newtonian delay and ∆τrc is the
relativistic correction (2.41).

∆τr = τE,r − τE,e = τE,r − τE,e + τS,r − τS,r

= ∆τn + τE,r − τS,r = ∆τn +∆τrc
(2.56)

In the relativistic version of the algorithm for time delay ∆τr, the modification
of Newtonian algorithm is quite straightforward, because there is only an additive
contribution ∆τrc to the Newtonian time delay ∆τn, which can be calculated from
(2.45) and (2.46), obtaining the result in (2.57):

∆τr = ∆τn +∆τrc =
∥xS (τS,r)− xS (τE,e)∥

∥v̄S (∆τn)∥

+
2e
√
µa

c2
(sin (E (τ0))− sin (E (τE,r))) +

1

c2

(︃
µ

rE
− 3µ

2a
+

v2E
2

)︃
(τE,r − τ0)

(2.57)

In particular, considering the emitter clock as reference, the correction ∆τrc is
as shown in (2.58).

∆τrc =
2eS
√
µ⊕aS
c2

(sin (ES (τ0))− sin (ES (τE,r)))

+
1

c2

(︃
µ⊕
rE
− 3µ⊕

2aS
+

v2E
2

)︃
(τE,r − τ0)

(2.58)

The relativistic version of the algorithm for the calculation of the relativistic
time delay ∆τrel is represented in the algorithm in Fig. 2.17.

2.3.2 Order of Magnitude Analysis for Relativistic Effects

Equation (2.57) has many terms and, depending on the geometry, they have a
different relative weight on the final result.
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1: set τ0 ▷ Clock synchronization instant of time
2: set τE,e ▷ Emission instant of time
3: load a, e, i, ω, Ω, ν (τE,e) ▷ Satellite position
4: load ΛE (τE,e) , λE (τE,e) ▷ Emitter position
5: initialize (∆S)0 = +∞, κ = f (τ0), (∆τr)0 = 0
6: while (∆S)k ≥ θS do
7: (d)k ←

⃦⃦
xS

(︁
(ν)k−1

)︁
− xE (τE,e)

⃦⃦
▷ Distance

8: (∆τn)k ← (d)k /c ▷ Newtonian delay
9: (∆τrc)k ← f

(︁
τE,e + (∆τr)k−1 , κ

)︁
▷ Correction

10: (∆τr)k ← (∆τn)k + (∆τrc)k ▷ Relativistic delay
11: (∆ν)k ← f (e, (∆τr)k) ▷ Calculated iteratively
12: (ν)k ← ν (τE,e) + (∆ν)k ▷ Update true anomaly
13: (∆S)k ←

⃦⃦
xS ((ν)k)− xS

(︁
(ν)k−1

)︁⃦⃦
▷ Condition

14: end while
15: eλ ← Ω⊕∆τr ▷ Longitude error (angle)
16: dλ ← eλR⊕ (ΛE) cos (ΛE) ▷ Longitude error (distance)
17: return eλ, dλ

Figure 2.17: Relativistic version of algorithm of simulation.

The first term is ∆τn. Considering (2.53), it is possible to write (2.59).

∆τn =
∥xS (τS,r)− xE (τE,e)∥

c
∼ a−R⊕

c
(2.59)

Considering a − R⊕ ranging from 3 · 105 m for satellites in LEO to 3.6 · 107 m
for satellites in GEO, the order of magnitude of ∆τn is 10−3 ∼ 10−1 s.

The second contribution of (2.57) is a periodic term due to sine function. The
order of magnitude of the peak of its amplitude is shown in (2.60).

sup
e∈[0,1[

{︃
max

E∈[0,2π]

{︃
2e
√
µ⊕a

c2
sin (E)

}︃}︃
= sup

e∈[0,1[

{︃
2e
√
µ⊕a

c2

}︃
=

2
√
µ⊕
√
a

c2
(2.60)

Considering a ranging from 106 to 107, the order of magnitude of the periodic
term could be upon 10−3 ∼ 10−2 s.

Other terms in (2.57) are those related to potential energy µ/r, time delay v2/c2

and clock synchronization τ0.
Considering rE = R⊕ (ΛE), the term related to the potential energy of the

emitter is about 10−9 · ∆τsync s, where ∆τd = (τE,r − τ0) is the interval of time of
desynchronization.

The term that depends on the potential energy of the satellite is about 10−9 ·
∆τd ∼ 10−8 ·∆τd s.

Considering vE = ΩE × rE, where rE is the position vector of the emitter
and ΩE is the angular speed vector of the emitter equal to ΩE = Ω⊕ uz|ECI in
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which uz|ECI is the unit vector along z direction in ECI reference frame, then
vE = Ω⊕rE cos (ΛE) = Ω⊕R⊕ (ΛE) cos (ΛE). Due to the presence of the cosine of
the geodetic latitude, this contribution is expected to be null at poles of the Earth
and maximum at the Equator: in this latter case, the maximum value is expressed
in (2.61) and it is about 10−12 ·∆τd s.

max
ΛE∈[−π,π]

{︃
v2E
2c2

∆τd

}︃
= max

ΛE∈[−π,π]

{︃
Ω2

⊕R
2
⊕ (ΛE) cos

2 (ΛE)

2c2
∆τd

}︃
=

Ω2
⊕R

2
⊕ (0)

2c2
∆τd

(2.61)

Assuming a reasonable level of synchronization on the Earth, i.e. ∆τd ≤ 1
s, then the only significant value of the relativistic correction is the one due to
eccentricity of the orbit e, as evaluated in (2.60).

2.3.3 Worst Case Prediction for Relativistic Effects

In order to simulate a realistic scenario of interest for the relativistic correction on
time delay in (2.57), the contributions of its terms have to be further expressed
considering the information available at the moment of the reception of the signal.

Considering ECI as reference coordinate system, the magnitude of the position
of the emitter rE can be obtained considering (2.62), where (xE|ECI , yE|ECI , zE|ECI)
are the coordinates of the emitter in ECI.

rE =

√︂
xE|2ECI + yE|2ECI + zE|2ECI (2.62)

Since the emitter is supposed to be fixed on the surface of the Earth, the mag-
nitude of the velocity vector vE is null in the LLH and ECEF reference coordinate
systems. Its value in the ECI can be obtained considering that in this reference
coordinate system the Earth is rotating, so also the emitter experiences a velocity
expressed as in (2.63).

vE = Ω⊕rE cos (ΛE) (2.63)

Choosing an instant of synchronization such that τE,r /= τ0 and denoting with
∆τd = τE,r − τ0 the interval of time of desynchronization, the sinusoidal difference
of the eccentric anomaly E in (2.57) can be manipulated as shown in (2.64).

sin (ES (τ0))− sin (ES (τE,r)) = sin (ES (τ0 + τE,r − τE,r))− sin (ES (τE,r))

= sin (ES (τE,r −∆τd))− sin (ES (τE,r))

= sin (ES (τE,r)−∆ES)− sin (ES (τE,r))

(2.64)

Considering the mathematical identity sin (α− β) = sin (α) cos (β)−cos (α) sin (β),
the (2.64) can be rewritten as in (2.65).
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sin (ES (τ0))− sin (ES (τE,r)) = sin (ES (τE,r)−∆ES)− sin (ES (τE,r))

= sin (ES (τE,r)) cos (∆ES)− cos (ES (τE,r)) sin (∆ES)− sin (ES (τE,r))
(2.65)

Considering furthermore that, generally, the interval of desynchronization is
much smaller compared to the period of the orbit of the satellite TS, so ∆τd ≪ TS,
then also the variation of the mean anomaly of the satellite ∆MS and the variation
of the eccentric anomaly of the satellite ∆ES due to the desynchronization are
small, so ∆MS ≪ 2π and ∆ES ≪ 2π.

Under the assumption of small angles, then cos (∆ES) → 1 and sin (∆ES) →
∆ES, so (2.65) can be rewritten as in (2.66).

sin (ES (τ0))− sin (ES (τE,r))

= sin (ES (τE,r)) cos (∆ES)− cos (ES (τE,r)) sin (∆ES)− sin (ES (τE,r))
∼= sin (ES (τE,r))1− cos (ES (τE,r))∆ES − sin (ES (τE,r))

= −∆ES cos (ES (τE,r))

(2.66)

The expression [2] that connects the mean anomaly of the satellite MS and the
eccentric anomaly of the satellite ES is reported in (2.67).

MS = ES − eS sin (ES) (2.67)

The difference in the mean anomaly is then expressed as in (2.68).

∆MS = ∆ES − eS (sin (ES (τ0))− sin (ES (τE,r))) (2.68)

Considering again the reasonable hypothesis of small angles, (2.68) can be ex-
pressed as in (2.69).

∆MS
∼= ∆ES − eS∆ES cos (τE,r) = ∆ES (1− eS cos (τE,r)) (2.69)

Excluding the case where both eS = 1 (i.e., a parabolic orbit) and cos (τE,r) = 1,
the (2.70) can be obtained.

∆ES =
∆MS

1− eS cos (τE,r)
(2.70)

The value of the relativistic effects depends on the value of cos (τE,r). Consider-
ing that on its orbit the satellite experiences all the values of the eccentric anomaly
from 0 to 2π, it can be reasonable to consider a conservative hypothesis which
is representative of the worst case: cos (τE,r) = 1. Assuming this hypothesis, the
value of the sinusoidal contribution to the time delay in (2.66) with the expression
obtained in (2.70) can be formulated as in (2.71).
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sin (ES (τ0))− sin (ES (τE,r)) ∼= −∆ES cos (ES (τE,r))

= − ∆MS

1− eS cos (τE,r)
cos (ES (τE,r)) ≤ −

∆MS

1− eS

(2.71)

The mean anomaly is a convenient transformation of geometry [2], because the
angular position of the satellite is assigned on an equivalent circular orbit on which
there is a simple linear dependence over time, as shown in (2.72), where τ |0 is a
convenient starting time of reference and ΩS is representative of the mean angular
motion of the satellite2.

MS = MS (τ |0) + ΩS (τ − τ |0) (2.72)

From (2.72), the difference in the mean anomaly ∆MS over an interval of time
∆τd is equal to ∆MS = ΩS∆τd.

By the definition of mean motion over an auxiliary circular orbit, the angular
velocity is the ratio between the circumference over ΩS = 2π/TS. Furthermore,
considering [2] that the value of the period for an elliptic orbit is TS = 2π

√︁
a3S/µ⊕,

the value of the difference of the mean anomaly ∆MS is given in (2.73).

∆MS = ΩS∆τd =
2π

TS

∆τd =

√︃
µ⊕
a3S

∆τd (2.73)

Substituting the value of (2.73) into (2.71), (2.74) is obtained.

sin (ES (τ0))− sin (ES (τE,r)) ≤ −
∆MS

1− eS
= −

√︃
µ⊕
a3S

∆τd
1− eS

(2.74)

The expression in (2.74) is important because firstly it transforms the sinusoidal
contribution of the eccentric anomaly ES into two alternatives parameters aS and
eS related to the shape of the orbit, and secondly it shows that this contribution
depends only on the shape of the orbit and not on its orientation into the space,
determined by the set of angles iS, ωS, and ΩS.

Finally, substituting the expressions obtained in (2.63) and (2.74) in the rela-
tivistic correction obtained in (2.57), the conservative upper limit ∆τ ′rc in (2.75) is
obtained, where it is interesting to observe that this conservative quantity has a
linear dependence on the desynchronization time interval ∆τd.

2In many textbooks the mean angular motion is denoted with the letter n. In this section ΩS

has been introduced to avoid confusion with the refractive index, which is also commonly denoted
by n.
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Figure 2.18: Block diagram for the calculation of approximate relativistic correction on
time delay ∆τ ′rc from desynchronization interval of time ∆τd, satellite orbit shape (semi-
major axis aS and eccentricity eS) and the emitter position xE.

∆τrc ≤
2eS
√
µ⊕aS
c2

(︃
−
√︃

µ⊕
a3S

∆τd
1− eS

)︃
+
∆τd
c2

(︄
µ⊕
rE
− 3µ⊕

2aS
+

(Ω⊕ cos (ΛE)rE)
2

2

)︄
= ∆τ ′rc

(2.75)

2.3.4 Simulation of Relativistic Correction on Time Delay

The right hand of the expression in (2.75), which represents the conservative upper
limit ∆τ ′rc of the relativistic correction on time delay, could be further expanded
with an explicit formulation of rE as a function of latitude and longitude. This
fact leads to the possibility to investigate this contribution of error with the same
approach considered for the Newtonian contribution.

In the right hand of (2.75) there are four contributions with different energetic
meaning:

— The sinusoidal terms which depend on the shape of the orbit, so the semi-
major axis aS and eccentricity eS;

— Potential energy of the satellite, which also depends on the value of semi-
major axis aS;

— Potential energy of the emitter, which depends on the value of the position
of the emitter rE = ∥xE∥;

— Kinetic energy of the emitter, which depends on the value of the velocity of
the emitter ∥vE∥ = ∥ΩE × rE∥.

Inspecting the four listed terms, the first two of them depend on the state of
the satellite and other two depend on the state of the emitter, so a logical scheme
of computation in Fig. 2.18 can be depicted.

Simulations have been conducted in MATLAB environment with these set of
ranges:
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— Geodetic latitude of the emitter ΛE ∈ [−15◦, 15◦];
— Longitude of the emitter λE ∈ [−15◦, 15◦];
— Height at perigee hS,p ∈ [300 km, 11250 km]; corresponding values of semi-

major axis of the orbit aS (hS,p, eS) ∈ [6671 km, 44052.5 km] resulted from
models in (1.4) and (1.5);

— Eccentricity of the orbit eS ∈ [0.0, 0.6];
For every set of ranges 7 evenly spaced samples have been considered for a total

of 2401 simulations.
The maximum value of the relativistic correction on time delay ∆τ ′rc is 1.69077 ·

10−8 s, the minimum value is 1.49705 · 10−8 s, and the mean value is 1.61182 · 10−8

s.
A comparison of the distribution of values of ∆τ ′rc over ∆τn is reported in

Fig. 2.19 in form of histogram of the simulations conducted.
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Figure 2.19: The histogram of distribution of the ratio ∆τ ′rc/∆τn considering all the
simulation performed.

In Fig. 2.20 there is the shape of ∆τ ′rc as function of the geodetic latitude of the
emitter ΛE. From the simulations conducted by the author, the longitude of the
emitter λE has not a particular trend to report.

In Fig. 2.21 there is the shape of ∆τ ′rc as function of the size and shape of the
orbit: aS and eS.

In (2.76) is presented an approximation in form of Taylor polynomial of the
correction on time delay ∆τ ′rc obtained in (2.75). However, considering that ∆τd
is a multiplicative factor and in order consider it separately the coefficients of
the polynomial in (2.76) are written in a manner that ∆τd = 1. Furthermore,
considering the variables in (2.75) it can be noticed that there is a dependence only
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Figure 2.20: Shape of relativistic correction on time delay ∆τ ′rc as function of emitter
geodetic latitude ΛE in the point (λE = 0°, aS = 1735.143 km, eS = 0.3.
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Figure 2.21: Shape of relativistic correction on time delay ∆τ ′rc as function of size aS and
shape eS of the orbit in the point (ΛE = 0°, λE = 0°).
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Table 2.4: Coefficients of relativistic correction on time delay ∆τ ′rc.
Coef. Value Meas. unit Coef. Value Meas. unit
krc 1.58371 · 10−8 s krc,1 −5.06093 · 10−22 s · rad−1

krc,2 −3.46914 · 10−10 s · rad−1 krc,3 7.81534 · 10−17 s ·m−1

krc,4 −7.13983 · 10−10 s krc,11 −1.62134 · 10−23 s · rad−2

krc,12, krc,21 −2.20334 · 10−22 s · rad−2 krc,13, krc,31 4.46673 · 10−29 s · rad−1 ·m−1

krc,14, krc,41 −3.12521 · 10−23 s · rad−1 krc,22 5.03747 · 10−22 s · rad−2

krc,23, krc,32 1.11802 · 10−17 s · rad−1 ·m−1 krc,24, krc,42 −3.24668 · 10−10 s · rad−1

krc,33 −1.070256 · 10−24 s ·m−2 krc,34, krc,43 1.23281 · 10−17 s ·m−1

krc,44 −8.84099 · 10−10 s

on the satellite shape of the orbit (i.e., semi-major axis and eccentricity) and not a
dependence on its orientation into the space.

∆τ ′rc|∆τd=1 ≃ τrc,0 + (x− x0)
TDτ ′rc +

1

2
(x− x0)

T D2τ ′rc (x− x0)

= τrc,0 +
4∑︂

k1=1

∂τ ′rc
∂xk1

(xk1 − xk1,0)

+
1

2

4∑︂
k1=1

4∑︂
k2=1

∂2τ ′rc
∂xk1∂xk2

(xk1 − xk1,0) (xk2 − xk2,0)

(2.76)

For (2.76) the variables are (x1, x2, x3, x4) = (ΛE, λE, aS, eS, ).
The expressions of the constant term τ ′rc,0, the gradient Dτ ′rc, and the Hessian

matrix D2τ ′rc of the polynomial model in (2.76) are reported in (2.77), (2.78), and
(2.79).

τ ′rc,0 = krc (2.77)

Dτ ′rc = (krc,1, krc,2, krc,3, krc,4)
T (2.78)

D2τ ′rc =

⎡⎢⎢⎣
krc,11, krc,12, krc,13, krc,14
krc,21, krc,22, krc,23, krc,24
krc,31, krc,32, krc,33, krc,34
krc,41, krc,42, krc,43, krc,44

⎤⎥⎥⎦ (2.79)

The values of the coefficients of the polynomial model are reported in Table 2.4.
From analytical considerations in the worst case scenario for relativistic effects

only the size and the shape of the orbit, represented by the semi-major aS axis and
eccentricity eS, and the position of the emitter — expressed in terms of geodetic
latitude ΛE and longitude λE — have an impact. The effect of time clock synchro-
nization resulted in a linear dependence.
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2.4 Atmospheric Effects
This section summarises models, methods, and results in the published article of
the author [6].

2.4.1 Influence of Atmosphere on Time Delay

The time delay considered in (2.23) and also its extension with the relativistic
correction shown in (2.57) have a constant speed of propagation c = c0, which is
the speed of light in vacuum.

The Earth is surrounded by its atmosphere, which induces a local change in the
propagation speed through the refraction index n.

In particular, when the refraction index is taken into account, the speed of
propagation becomes c (n) = c0/n.

The dependence of the Newtonian delay is ∆t ∝ 1/c, while its relativistic cor-
rection is ∆τrc ∝ 1/c2.

Substituting the value of the speed of propagation in an infinitesimal interval
of time dt (2.23), the (2.80) is obtained.

dt = n
ds

c0
(2.80)

The value of the Newtonian time delay with atmospheric effects ∆ta is the
result of an integral: on the left side from the instant of emission to the instant of
reception, on the right side from the position of the emitter E to the position of
the satellite S through a curved path γ (xE,xS), as shown in (2.81).

∆ta =

∫︂ tr

te

dt =

∫︂
γ(xE,xS)

n
ds

c0
=

1

c0

∫︂
γ(xE,xS)

nds (2.81)

It can be demonstrated [32] that the error due to the increase in the path length
is of the order of (n− 1)2 while the error due to the change in the propagation speed
is of the order of n − 1. This common approximation, n − 1 ≪ (n− 1)2, appears
reasonable considering that for the particular case of air in the atmosphere as the
medium of propagation n − 1 has a maximum value of the order of magnitude of
10−4 (obtained on the surface of the Earth), so (n− 1)2 is 10−8.

Considering the negligible effect of a curved path, the value of the integral in
(2.81) can be approximated to its value on a line segment, as shown in (2.82). The
subscript l in ∆tl indicates that the integral is calculated on a line segment.

∆ta =
1

c0

∫︂
γ(xE,xS)

nds ∼=
1

c0

∫︂ xS

xE

nds = ∆tl (2.82)

For comparison, the value of the delay without atmospheric effects (i.e., in
vacuum) ∆tv in integral form is reported in (2.83). In this case, the curve on which
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the integral is calculated is always a line segment from the emitter position and the
satellite position, because the bending of the waves is a consequence of the presence
of a medium.

∆tv =
1

c0

∫︂ xS

xE

ds (2.83)

From the difference between (2.82) and (2.83) it is possible to write an atmo-
spheric correction on the time delay ∆tac as shown in (2.84).

∆tac = ∆ta −∆tv ∼= ∆tl −∆tv =
1

c0

∫︂ xS

xE

nds− 1

c0

∫︂ xS

xE

ds

=
1

c0

∫︂ xS

xE

(n− 1) ds

(2.84)

The reader can observe that the value of delay in vacuum derived in this sub-
section is the same delay in Newtonian mechanics, so ∆tv = ∆tn. The idea is
to obtain an additive correction on the Newtonian delay due to the atmospheric
presence: ∆ta ∼= ∆tn +∆tac.

In geometric optics, a relationship has been found between the refraction index
n and the density ρ. Starting from works with liquids [33], the Gladstone-Dale
relationship has also been proposed and validated for mixtures of gases [34], as
shown in (2.85), where K is a constant of proportionality that depends on the
value of the wavelength.

n (ρ) = 1 +Kρ (2.85)

In general, since the values of the refraction index n vary on small values of
decimal places, around an order of magnitude of 10−6, an intermediate variable of
convenience, called radio refractivity N , is introduced, as shown in (2.86).

n = 1 + 10−6N (2.86)

Substituting (2.86) into (2.84), (2.87) is obtained.

∆tac ∼=
1

c0

∫︂ xS

xE

(n− 1) ds =
10−6

c0

∫︂ xS

xE

Nds (2.87)

Considering that for a gas (and mixtures of gases such as the atmosphere) there
is a physical relationship among density ρ, pressure p, and temperature T , the
radio refractivity N can be expressed as a function of thermodynamic variables.
To date, one of the most common models for moist air, also suggested by the ITU
(International Communication Union) guidelines on the design of satellite payloads
[35], is the Smith-Weintraub relationship reported in (2.88), in which pt is the total
pressure and pw is the water vapour partial pressure.
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N = 77.6
pt
T

+ 72
pw
T

+ 3.75 · 105 pw
T 2

(2.88)

The main convenience of the model is that it is independent of the frequency
and has been demonstrated to be valid with an accuracy of 0.5 percent on the
value of the radio refractivity N , which means an accuracy of the order of 0.5 ·10−8

on the value of the refractivity n in the following ranges: temperature range T ∈
[−50, 40]°C, total pressure pt ∈ [400, 1100] hPa and water pressure pw ∈ [0, 30] hPa.

Over time many profiles have been proposed for the values of thermodynamic
variables in the atmosphere with respect to the value of height h and the integral
in (2.87) is solved considering (2.88), and the set of three profiles T = T (h),
pt = pt (h), and pw = pw (h). A set of suggested profiles can be found among the
ITU recommendations [36].

The analytical expression of the integral (2.87) with (2.88) is not trivial, espe-
cially with complicated thermodynamic profiles.

There exist attempts to obtain these types of solutions in simpler cases: an
example of this exercise can be found in [32], [37] using a simpler exponential
model of radio refractivity, as shown in (2.89), where N0 represents the value of
radio refractivity on the surface of the Earth and H⊕ is the effective height of the
planet.

N = N0 · e
− (h−h0)

H⊕ (2.89)

The definition of effective height, also known as scale height, is reproduced in
(2.90), where R is the specific universal gas constant equal to 287.05 J/(kg ·K), T⊕
is the mean atmospheric temperature (equal to 250 K), and gm is the value of the
gravitational acceleration constant measured in the centre of the vertical column of
air.

H⊕ =
RT⊕
gm

(2.90)

There are many models for gm: in general, it depends on the value of the latitude
Λ and the height h. A comparison of the models for the propagation problems of
signals in the atmosphere is in [38]. A first-level approximation for evaluative
purposes considers a constant value of gm, which leads to a constant value also for
H⊕.

The analytical integration of (2.87) with an exponential model (2.89) and con-
stant values of N0 and H⊕ is calculated in [32] and reported in (2.91).

∆tac ∼=
10−6

c0

∫︂ xS

xE

Nds =
10−6

c0

H⊕N0

√
πχeχ

2

sin (β)
(1− erf (χ)) (2.91)
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To date, the most recent and suggested values by the ITU recommendations
[36] are N0 = 315 and H⊕ = 7530 m and have been considered in the simulations
of this work.

In (2.91) β is the elevation angle calculated from the ground plane to the emitter-
satellite direction and χ is defined in (2.92).

χ = tan (β)

√︃
rE
2H⊕

(2.92)

The error function of χ is reported in (2.93).

erf (χ) =
2√
π

∫︂ χ

0

e−x2

dx (2.93)

From the experience of the author, (2.91) has numerical difficulties to converge
for high values of elevations (β > 15°). A further approximated version, also
suggested in [32] and reported in (2.94), does not suffer this inconvenience.

∆tac,2 ∼=
10−6

c0

H⊕N0

sin (β)
(2.94)

Considering the plane of the local horizon, as shown in Fig. 2.22, the elevation
angle β can be calculated from the dot product between

−−→
EO and

−→
ES, as shown in

(2.95).

cos
(︂
β +

π

2

)︂
=

−−→
EO⃦⃦⃦−−→
EO
⃦⃦⃦ · −→ES⃦⃦⃦−→

ES
⃦⃦⃦ (2.95)

Considering
−−→
EO = −xE and

−→
ES = xS − xE, (2.96) can be written.

β = arccos

(︃
−xE

∥−xE∥
· xS − xE

∥xS − xE∥

)︃
− π

2
(2.96)

2.4.2 Simulation of Atmospheric Contribution on Time De-
lay

A logical scheme of computation of atmospheric time delay is depicted in Fig. 2.23.
Simulations in MATLAB environment have been performed considering the

same number of values and ranges of other contributions.
The maximum value of the atmospheric correction on time delay ∆tac is 2.25221·

10−6 s, the minimum value is 7.86174 · 10−9 s, and the mean value is 3.05441 · 10−8

s.
A comparison of the distribution of values of ∆tac over ∆tn is reported in

Fig. 2.24 in form of histogram of the simulations conducted.
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Figure 2.22: Representation of the elevation angle β. By definition it is the angle between
the plane of local horizon and emitter-satellite direction

−→
ES/

⃦⃦⃦−→
ES
⃦⃦⃦
.

xSSatellite
position

xEEmitter
position

βElevation angle
calculation

H⊕Effective
height

N0Surface radio
refractivity

c0Speed of
propagation in

vacuum

χAuxiliary variable
calculation

ΔtacAtmospheric
correction on time
delay calculation

Atmospheric
correction on

time delay

Figure 2.23: Block diagram for the calculation of approximate atmospheric correction
on time delay ∆ta from satellite position xS, emitter position xE, effective height of the
Earth H⊕, radio refractivity on the surface of the Earth N0, and speed of propagation in
vacuum c0.

In Fig. 2.25 there the shape of ∆tac as function of the position of the emitter
on the surface of the Earth (represented by its geodetic latitude ΛE and longitude
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Figure 2.24: The histogram of distribution of the ratio ∆tac/∆tn considering all the
simulation performed.
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Figure 2.25: Shape of atmospheric correction on time delay ∆tac as function of emitter
position on the surface of the Earth, geodetic latitude ΛE and longitude λE, in the point
(a = 1735.143 km, e = 0.3, i = 90°, Ω = 0°, ω = 0°, ν = 0°).
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Figure 2.26: Shape of atmospheric correction on time delay ∆tac as function of satellite
position on its orbit νS in the point (ΛE = 0°, λE = 0°, a = 1735.143 km, e = 0.3, i = 90°,
Ω = 0°, ω = 0°).

λE).
In Fig. 2.26 there is the shape of ∆tac as function of satellite position on its

orbit νS.
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Data gathered in simulation have been fitted in a polynomial model for the
atmospheric contribution on time delay ∆tac, as reported in (2.97).

∆tac ≃= tac,0 + (x− x0)
T Dtac +

1

2
(x− x0)

TD2tac (x− x0)

= tac,0 +
8∑︂

k1=1

∂tac
∂xk1

(xk1 − xk1,0)

+
1

2

8∑︂
k1=1

8∑︂
k2=1

∂2tac
∂xk1∂xk2

(xk1 − xk1,0) (xk2 − xk2,0)

(2.97)

The variables of the polynomial model in (2.97) are (x1, x2, x3, x4, x5, x6, x7, x8) =
(ΛE, λE, aS, eS, iS, ωS,ΩS, νS).

The expressions of the constant term tac,0, gradient Dtac, and Hessian matrix
D2tac of the polynomial model in (2.97) are reported in (2.98), (2.99), and (2.100).

tac,0 = kac (2.98)

Dtac = (kac,1, kac,2, . . . , kac,8)
T (2.99)

D2tac =

⎡⎢⎢⎢⎣
kac,11 kac,12 . . . kac,18
kac,21 kac,22 . . . kac,28

...
... . . . ...

kac,81 kac,82 . . . kac,88

⎤⎥⎥⎥⎦ (2.100)

The values of the coefficients of the polynomial model are reported in Table 2.5.
The effects of the presence of the atmosphere are highly dependent on the profile

of radio refractivity N which depends on thermodynamic variables such as density
ρ, pressure p, and temperature T : for a coarse prediction of the performances of a
system or for comparison of multiple systems an exponential model can be used.
For real-time corrections of measurements more sophisticated seasonal profiles or,
if possible, data locally gathered from meteorological stations are suggested.
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Table 2.5: Coefficients of atmospheric correction on time delay ∆tac.
Coef. Value Meas. unit Coef. Value Meas. unit
kac 9.01449 · 10−9 s kac,1 −3.13139 · 10−10 s · rad−1

kac,2 6.65171 · 10−10 s · rad−1 kac,3 1.16857 · 10−16 s ·m−1

kac,4 −6.28134 · 10−9 s kac,5 −6.65171 · 10−10 s · rad−1

kac,6 6.63238 · 10−9 s · rad−1 kac,7 2.95664 · 10−8 s · rad−1

kac,8 5.80115 · 10−12 s · rad−1 kac,11 −1.29480 · 10−8 s · rad−2

kac,12, kac,21 −2.96908 · 10−21 s · rad−2 kac,13, kac,31 1.87375 · 10−17 s · rad−1 ·m−1

kac,14, kac,41 −1.43590 · 10−10 s · rad−1 kac,15, kac,51 −1.76968 · 10−21 s · rad−2

kac,16, kac,61 9.86776 · 10−21 s · rad−2 kac,17, kac,71 1.32101 · 10−21 s · rad−2

kac,18, kac,81 4.56059 · 10−11 s · rad−2 kac,22 −2.18421 · 10−8 s · rad−2

kac,23, kac,32 −6.45861 · 10−17 s · rad−1 ·m−1 kac,24, kac,42 1.87555 · 10−9 s · rad−1

kac,25, kac,52 7.56642 · 10−8 s · rad−2 kac,26, kac,62 −1.96788 · 10−21 s · rad−2

kac,27, kac,72 −3.01418 · 10−21 s · rad−2 kac,28, kac,82 −1.35098 · 10−24 s · rad−2

kac,33 4.66904 · 10−24 s ·m−2 kac,34, kac,43 −3.04319 · 10−16 s ·m−1

kac,35, kac,53 6.45861 · 10−17 s · rad−1 ·m−1 kac,36, kac,63 −1.28766 · 10−16 s · rad−1 ·m−1

kac,37, kac,73 1.54908 · 10−16 s · rad−1 ·m−1 kac,38, kac,83 −8.84284 · 10−21 s · rad−1 ·m−1

kac,44 9.48557 · 10−9 s kac,45, kac,54 −1.87555 · 10−9 s · rad−1

kac,46, kac,64 3.73931 · 10−9 s · rad−1 kac,47, kac,74 −4.49845 · 10−9 s · rad−1

kac,48, kac,84 −1.87768 · 10−11 s · rad−1 kac,55 −2.18421 · 10−8 s · rad−2

kac,56, kac,65 1.69622 · 10−20 s · rad−2 kac,57, kac,75 −2.87348 · 10−21 s · rad−2

kac,58, kac,85 5.31258 · 10−24 s · rad−2 kac,66 −1.13392 · 10−9 s · rad−2

kac,67, kac,76 −1.55567 · 10−8 s · rad−2 kac,68, kac,86 −1.14117 · 10−23 s · rad−2

kac,77 −1.39193 · 10−7 s · rad−2 kac,78, kac,87 −1.69046 · 10−24 s · rad−2

kac,88 −1.54438 · 10−14 s · rad−2

2.5 On the Bending of Electromagnetic Waves

The main approach and models developed in this section are unpublished and
must be considered as preliminary results to be verified. At the time of writing,
a dedicated journal paper with provisional details in [39] is in preparation for a
submission in Dec. 2025. Conditioned on its acceptance, this work is expected to
occur during the year 2026.

The main literature on the topic can be found in [40] for satellite tracking
activities, in [41] for range and range-rate measurements, in [42] for the effects
troposphere and ionosphere upon measurements of range, range-rate and elevation
angle, in [43] for the arrival angle of the ray at the ground, and in [44] for the
apparent boresight angle on slant paths.

This section wants to give to the reader an elegant overview of the models
behind the phenomenon of the bending of the electromagnetic waves, which can
happen because of a gravitational field or because of the propagation in a medium
with varying refractive index.

The model written here follows the approach in [45], which is based on the
equation of geodesics and Christoffel symbols. In this section the convention on
repeated indices is adopted.

The geodesic equation is reported in (2.101), where u, v, and w are the indices
associated to each dimension, τ is the time, and Γu

vw is the Christoffel symbol of
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second kind.

d2xu

dτ 2
+ Γu

vw

dxv

dτ

dxw

dτ
= 0 (2.101)

The equation of geodesics (2.101) can be used to describe the path of a photon
in a space-time with the properties described by the Christoffel symbols.

The definition of the Christoffel symbol of second kind Γu
vw is reported in (2.102),

where Γs,vw is the Christoffel symbol of first kind and gus is contravariant version
of the metric tensor.

Γu
vw = gusΓs,vw (2.102)

The Christoffel symbols of first kind is reported in (2.103).

Γu,vw =
1

2

(︃
∂guv
∂xw

+
∂guw
∂xv

− ∂gvw
∂xu

)︃
(2.103)

Substituting the (2.103) in (2.102), the (2.104) is obtained

Γu
vw =

1

2
gus
(︃
∂gsv
∂xw

+
∂gsw
∂xv

− ∂gvw
∂xs

)︃
(2.104)

Writing the sum from 1 to 3 for the geodesics equation (2.101), the (2.105) is
obtained.

d2xu

dτ 2
+

3∑︂
v=1

3∑︂
w=1

(︃
Γu
vw

dxv

dτ

dxw

dτ

)︃
= 0 u = 1,2,3 (2.105)

And substituting Christoffel symbols (2.104) in (2.105), the (2.106) is obtained.

d2xu

dτ 2
+

3∑︂
v=1

3∑︂
w=1

(︄
3∑︂

s=1

(︃
1

2
gus
(︃
∂gsv
∂xw

+
∂gsw
∂xv

− ∂gvw
∂xs

)︃)︃
dxv

dτ

dxw

dτ

)︄
= 0, u = 1,2,3.

(2.106)
The space-time metric tensor g is a mathematical object that describes the

geometry of space-time connecting the infinitesimal interval of time dτ to the in-
finitesimal interval of space ds as reported in (2.107).

(dτ)2 = guvdx
udxv. (2.107)

With (2.107) two problems can be formulated: one is about geometrical optics,
which considers the propagation of a photon in a medium with varying refractive
index n; and a second problem about the propagation in a gravitational field.

For the propagation in the atmosphere, which is a medium with a profile of
refractive index n, the connection (2.107) is in the form
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dτ =
n

c
ds (2.108)

or equivalently

(dτ)2 =
(︂n
c

)︂2 (︁
(dx)2 + (dy)2 + (dz)2

)︁2
. (2.109)

To write (2.108) and (2.109) the following hypothesis on the metric tensor g has
been done

gij =

(︃
n (x, y, z)

c

)︃2

δij (2.110)

or equivalently

gij =

⎧⎪⎨⎪⎩
(︃
n (x, y, z)

c

)︃2

if i = j

0 if i /= j

(2.111)

The matrix-based expression of the covariant form of the tensor is reported in
(2.112), while in (2.113) there is its contravariant counterpart.

gi,j =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

(︃
n (x, y, z)

c

)︃2

0 0

0

(︃
n (x, y, z)

c

)︃2

0

0 0

(︃
n (x, y, z)

c

)︃2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(2.112)

gi,j =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

(︃
c

n (x, y, z)

)︃2

0 0

0

(︃
c

n (x, y, z)

)︃2

0

0 0

(︃
c

n (x, y, z)

)︃2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(2.113)

When the propagation is within a gravitational field, then the Schwarzschild
metrics is the reference model, as in (2.39), here repeated in (2.114) for convenience.

ds2 = −
(︃
1− 2GM

c2r

)︃−1

dr2 − r2dθ2 − r2 sin2 (θ)dϕ2 + c2
(︃
1− 2GM

c2r

)︃
dt2 (2.114)

In this case, the covariant version of the tensor g is as in (2.115); the metric
tensor follows this order of the terms: time τ , radial coordinate r, polar angle θ,
and azimuthal angle ϕ.
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gi,j =

⎡⎢⎢⎣
(︁
1− 2GM

c2r

)︁
0 0 0

0 −
(︁
1− 2GM

c2r

)︁−1
0 0

0 0 −r2 0
0 0 0 −r2 sin2 (θ)

⎤⎥⎥⎦ (2.115)

There are two versions of the Schwarzschild equation and they differ because of
the signs of the terms in (τ, r, θ, ϕ) , the one reported here has signature (+,−,−,−)
for the variables and it is the Landau-Lifshitz convention, commonly adopted for
relativistic mechanics. The other convention, named Lorentian convention, adopts
the signature (−,+,+,+) and is used for problems involving particle physics.

For the propagation of a photon in the gravitational field both the signatures
can be adopted, because the photon follows the null geodetics path ds2 = 0.

2.5.1 On the Bending of Electromagnetic Waves in Atmo-
sphere

Considering that the metric tensor (2.112) is diagonal, then the summation over
the index s in (2.106) is as in (2.116).

Γu
vw = gusΓs,vw = guuΓu,vw (2.116)

From the (2.116), the (2.106) can be rewritten as in (2.117), where summation
has been omitted for mute indices v and w.

d2xu

dτ 2
+

1

2
guu
(︃
∂guv
∂xw

+
∂guw
∂xv

− ∂gvw
∂xu

)︃
dxv

dτ

dxw

dτ
= 0, u = 1,2,3 (2.117)

It can be noticed that in (2.117), given two indices i and j, the derivatives of
the metric tensor gij is always with respect to the third indices k and it can be
computed as in (2.118).

∂gij
∂xk

=
∂
(︂(︁

n
c

)︁2
δij

)︂
∂xk

=
1

c2
∂n2

∂xk
δij =

2n

c2
∂n

∂xk
δij (2.118)

Substituting the values of the metric tensor g and its derivatives, the (2.117)
becomes as in (2.119).

d2xu

dτ 2
+

1

2

(︂ c
n

)︂2 2n
c2

(︃
∂n

∂xw
δuv +

∂n

∂xv
δuw −

∂n

∂xu
δvw

)︃
dxv

dτ

dxw

dτ
= 0, u = 1,2,3

(2.119)
Writing the sums for indices v and w, the (2.119) becomes as in (2.120) or,

separating the sums, as in (2.121).

94



2.5 – On the Bending of Electromagnetic Waves

d2xu

dτ 2
+

1

n

3∑︂
v=1

3∑︂
w=1

(︃(︃
∂n

∂xw
δuv +

∂n

∂xv
δuw −

∂n

∂xu
δvw

)︃
dxv

dτ

dxw

dτ

)︃
= 0, u = 1,2,3

(2.120)

d2xu

dτ 2
+

1

n

3∑︂
v=1

3∑︂
w=1

(︃
∂n

∂xw
δuv

dxv

dτ

dxw

dτ

)︃
+

1

n

3∑︂
v=1

3∑︂
w=1

(︃
∂n

∂xv
δuw

dxv

dτ

dxw

dτ

)︃

− 1

n

3∑︂
v=1

3∑︂
w=1

(︃
∂n

∂xu
δvw

dxv

dτ

dxw

dτ

)︃
= 0, u = 1,2,3

(2.121)

The first couple of sums in (2.121) have nonzero terms if v = u, then it can be
simplified as in (2.122).

3∑︂
v=1

3∑︂
w=1

(︃
∂n

∂xw
δuv

dxv

dτ

dxw

dτ

)︃
=

3∑︂
w=1

(︃
∂n

∂xw

dxu

dτ

dxw

dτ

)︃
=

dxu

dτ

3∑︂
w=1

(︃
∂n

∂xw

dxw

dτ

)︃
(2.122)

The second couple of sums in (2.121) have nonzero terms if w = u, then it can
be simplified as in (2.123).

3∑︂
v=1

3∑︂
w=1

(︃
∂n

∂xv
δuw

dxv

dτ

dxw

dτ

)︃
=

3∑︂
v=1

(︃
∂n

∂xv

dxv

dτ

dxu

dτ

)︃
=

dxu

dτ

3∑︂
v=1

(︃
∂n

∂xv

dxv

dτ

)︃
(2.123)

The third couple of sums in (2.121) have nonzero terms if v = w = i, then it
can be simplified as in (2.124).

3∑︂
v=1

3∑︂
w=1

(︃
∂n

∂xu
δvw

dxv

dτ

dxw

dτ

)︃
=

3∑︂
i=1

(︃
∂n

∂xu

dxi

dτ

dxi

dτ

)︃
=

∂n

∂xu

3∑︂
i=1

(︃
dxi

dτ

)︃2

=
∂n

∂xu

(︄(︃
dxu

dτ

)︃2

+

(︃
dxv

dτ

)︃2

+

(︃
dxw

dτ

)︃2
)︄ (2.124)

Replacing (2.122), (2.123), and (2.124) into (2.121), the (2.125) is obtained.

d2xu

dτ 2
+

1

n

dxu

dτ

3∑︂
w=1

(︃
∂n

∂xw

dxw

dτ

)︃
+

1

n

dxu

dτ

3∑︂
v=1

(︃
∂n

∂xv

dxv

dτ

)︃

− 1

n

∂n

∂xu

(︄(︃
dxu

dτ

)︃2

+

(︃
dxv

dτ

)︃2

+

(︃
dxw

dτ

)︃2
)︄

= 0, u = 1,2,3

(2.125)
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Expanding the sums, (2.125) becomes as in (2.126).

d2xu

dτ 2
+

1

n

(︄
∂n

∂xu

(︃
dxu

dτ

)︃2

− ∂n

∂xu

(︃
dxv

dτ

)︃2

− ∂n

∂xu

(︃
dxw

dτ

)︃2

+2
∂n

∂xv

dxu

dτ

dxv

dτ
+ 2

∂n

∂xw

dxu

dτ

dxw

dτ

)︃
= 0, u = 1,2,3

(2.126)

Compacting the notation considering (2.127), the system of equation in (2.128)
is obtained.

ẍ =
d2xu

dτ 2
, ÿ =

d2xv

dτ 2
, z̈ =

d2xw

dτ 2
,

ẋ =
dxu

dτ
, ẏ =

dxv

dτ
, ż =

dxw

dτ

nx =
∂n

∂xu
, ny =

∂n

∂xv
, nz =

∂n

∂xw

(2.127)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ẍ+

1

n
(nxẋẋ− nxẏẏ − nxżż + 2nyẋẏ + 2nzẋż) = 0

ÿ +
1

n
(nyẏẏ − nyẋẋ− nyżż + 2nxẏẋ+ 2nzẏż) = 0

z̈ +
1

n
(nz żż − nzẋẋ− nzẏẏ + 2nxżẋ+ 2nyżẏ) = 0

(2.128)

To solve the system in (2.128), initial conditions and a field of the refraction
index n are needed.

To complete the model, two additional quantities need to be considered: the
arrival surface and the interval of time ∆t employed for the integration of the
equations.

Depending on their roles, two problems can be formulated:

• If the arrival surface is known, then it can be used as boundary condition
and the problem becomes a Boundary Value Problem (BVP). In this case the
interval of time is an additional unknown.

• If the interval of time is known from external considerations, then it is possible
to solve the problem as an Initial Value Problem (IVP). In this case the point
of arrival of the photon is the unknown that is calculated.

Here, the second strategy is considered. The evaluation of the time delay ∆t
has to be considered as a priori knowledge to be calculated as presented in the
previous subsections with different levels of detail: a Newtonian approach [27], a
relativistic approach [28], and considering the slowdown due to the presence of the
atmosphere [6]..
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In order to solve the problem in (2.128), initial conditions are needed on the
values of the position and velocity for the spatial coordinates at the instant of time
τ = 0 and in the following denoted with the subscript 0, as reported in (2.129).⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

x (τ = 0) = x0

y (τ = 0) = y0

z (τ = 0) = z0

ẋ (τ = 0) = ẋ0

ẏ (τ = 0) = ẏ0
ż (τ = 0) = ż0

(2.129)

The values of the coordinates x0 = (x0, y0, z0)
T define the initial starting point

of the propagation of the photon, while the ẋ0 = (ẋ0, ẏ0, ż0)
T define the initial

velocity.
The physical situation is the propagation from the emitter of signal xE to the

satellite platform xS. However, considering that the point of view of the study is the
reception by satellite platform, and considering that it is of interest the backward
reconstruction of the path of the photon, the initial point is set to the satellite
platform xS where the back-propagation is supposed to happen.

This means also that the equations (2.128) need to be rewritten with a transfor-
mation on time τ → −τ . Luckily, the equations of geodesics are invariant, because
τ can be viewed as an affine parameter, so the orientation of the curve can be
changed without changing its orientation.

In this case, it is possible to assume the satellite platform as the initial position
xS = x0 = (x0, y0, z0)

T

Furthermore, it can be noticed that for the magnitude of initial velocity ẋ0, the
expression in (2.130) is valid.

∥ẋ0∥ =
√︂

(ẋ0)
2 + (ẏ0)

2 + (ż0)
2 = c (2.130)

Considering that for a payload with AOA technology the measurement is a
measurements of direction, then it is possible to say that the initial direction of the
propagation is the one detected by the AOA measurement, defined in (3.1); with
this established, (2.131) follows.

ẋ0 ∥ vLOB (2.131)

Combining the information on the magnitude of the initial velocity in (2.130)
and the information on its direction in (2.131), it follows that the initial velocity
ẋ0 vector must be the one defined in (2.132).

ẋ0 = cvLOB (2.132)
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The components of the initial conditions for the back-propagation are summa-
rized in (2.133).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x (τ = 0) = x0 = xS

y (τ = 0) = y0 = yS

z (τ = 0) = z0 = zS

ẋ (τ = 0) = ẋ0 = c
(x̂E − xS)√︂

(x̂E − xS)
2 + (ŷE − yS)

2 + (ẑE − zS)
2

ẏ (τ = 0) = ẏ0 = c
(ŷE − yS)√︂

(x̂E − xS)
2 + (ŷE − yS)

2 + (ẑE − zS)
2

ż (τ = 0) = ż0 = c
(ẑE − zS)√︂

(x̂E − xS)
2 + (ŷE − yS)

2 + (ẑE − zS)
2

(2.133)

2.5.2 Numerical Implementation of the Equations

This section is intended to report to the reader a possible simulation approach for
the problem defined in (2.128), with conditions defined in (2.133), and a model of
the refraction index in (2.86) and (2.88).

The simulations are conducted in MATLAB 2024a environment with academic
license.

The problem with differential equations in (2.128) is an Initial Value Problem
(IVP), which can be solved within the more general set of methods based on the
mass matrix formulation.

In particular, it is possible to define the problem as in (2.134), where q is the
vector of the state variables, M is the mass matrix, and t is the time.

M (t,q) q̇ = f (t,q) (2.134)

Generally, two choices are possible: q = (q1, q2, q3, q4, q5, q6)
T = (x, y, z, ẋ, ẏ, ż)T

and q = (q1, q2, q3, q4, q5, q6)
T = (x, ẋ, y, ẏ, z, ż)T, which differ only for the ordering

of the elements.
Following the convention q = (q1, q2, q3, q4, q5, q6)

T = (x, y, z, ẋ, ẏ, ż)T, it results
the relationships in (2.135).
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

q̇1 = q4

q̇2 = q5

q̇3 = q6

q̇4 = f (q̇1, q̇2, q̇3) = f (q4, q5, q6)

q̇5 = f (q̇1, q̇2, q̇3) = f (q4, q5, q6)

q̇6 = f (q̇1, q̇2, q̇3) = f (q4, q5, q6)

(2.135)

With the choice of state variables as in (2.135), it results that the mass matrix
M does not depend on time and, in particular, it has constant unitary values, so
the problem can be written as in (2.136).

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦

⎛⎜⎜⎜⎜⎜⎜⎝
q̇1
q̇2
q̇3
q̇4
q̇5
q̇6

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
q4
q5
q6

f (q4, q5, q6)
f (q4, q5, q6)
f (q4, q5, q6)

⎞⎟⎟⎟⎟⎟⎟⎠ (2.136)

The solution of the equations has been obtained considering different numerical
schemes, ranging from the simple trapezoidal rule to higher order sophisticated
implementations of Runge-Kutta schemes: details and comparison of the methods
are reported in the following subsections.

The derivatives of the refractive index n in a given point x have been coded
considering a set of first-order central-difference scheme, as shown in (2.137) and
(2.138).

∂n

∂x
≈ n (x+∆x1)− n (x−∆x1)

2∆x
∂n

∂y
≈ n (x+∆x2)− n (x−∆x2)

2∆y

∂n

∂z
≈ n (x+∆x3)− n (x−∆x3)

2∆z

(2.137)
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∆x1 =

⎛⎝∆x
0
0

⎞⎠
∆x2 =

⎛⎝ 0
∆y
0

⎞⎠
∆x3 =

⎛⎝ 0
0
∆z

⎞⎠
∆x = ∆y = ∆z

(2.138)

In this study, higher order schemes for the derivatives of the refractive index n
have not been investigated.

The results of the numerical integration are compared with straight propagation
without atmosphere, which is supposed to happen in an interval of time ∆t as in
(2.139).

∆t =
∥x̂E − xS∥

c
(2.139)

The interval of time ∆t has been used to terminate the integration of the equa-
tions in (2.128) with conditions in (2.133). In particular, given x̂E,b the result of
the integration, which is the new estimation of the position of the emitter of signal
taking into account the effect of the bending of the electromagnetic waves, two
main quantities are calculated: the linear error ed defined as the distance between
the two estimations (2.140), and the angular error ϕd, defined as in (2.141).

ed = ∥x̂E,b − x̂E∥ (2.140)

ϕd = arctan

(︃
∥x̂E,b − x̂E∥
∥x̂S − x̂E∥

)︃
(2.141)

The evaluation of ϕd in (2.141) is valid as long as ∥x̂E,b − x̂E∥ ≪ ∥xS − xE∥
and ∥x̂E,b − x̂E∥ ≪ ∥xS − x̂E,b∥ and assuming ∠E → π/2 and ∠Eb → π/2. Then
it is possible to say that ∥x̂E,b − x̂E∥ = sin (ϕd) and ∥xS − xE∥ = cos (ϕd), with the
arctangent coming from their ratio3.

3In theory, the most correct way to evaluate the angular error is

ϕd = cos

(︃
(xS − xE)

∥xS − xE∥
· (xS − x̂E,b)

∥xS − x̂E,b∥

)︃
(2.142)

.
The simulations presented in this section were performed before this illumination.
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Fig. 2.27 shows the simulative workflow to calculate the linear error ed and
angular error ϕd.

x̂ EEmitter
position

xSSatellite
position

vLOBGenerate AOA
measurement

||x̂ E-xS||Evaluate
distance

cSpeed of
propagation

ΔtEvaluate
interval of time

x̂ E,bIntegration of
equations

New emitter
position

edEvaluate
linear error

Linear error

Angular
error

φdEvaluate
angular

error

nRefraction
index profile

Figure 2.27: Workflow to simulate the bending of the electromagnetic waves and to cal-
culate the linear error ed and angular error ϕd.

In Fig. 2.28 is reported a possible scheme of onboard estimation of the linear
error ed and angular error ϕd considering only the available information onboard
the satellite system.

x̂ E

xSSatellite
position

vLOB

Straight line
propagation

||x̂ E-xS||Evaluate
distance

cSpeed of
propagation

ΔtEvaluate
interval of time

x̂ E,bIntegration of
equations

New emitter
position

edEvaluate
linear error

Linear error

Angular
error

φdEvaluate
angular

error

nRefraction
index profile

AOA
measurement

a⊕, b⊕, c⊕
Earth model

Figure 2.28: Workflow for onboard estimation of the linear error ed and angular error ϕd

due to the bending of the electromagnetic waves.

In order to employ the scheme in Fig. 2.28, straight line propagation must be
performed solving the geometric problem of the intersection of the ellipsoid of the
Earth and the Line of Bearing (AOA measurement), as shown in (1.20).

The linear error ed can be of interest to have an idea of the error of geolocation
in the position of the emitter of signal on the surface of the Earth.
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The angular error ϕd can be used for a first-level scheme of compensation, to
be performed onboard of the satellite.

The evaluation in Fig. 2.28 can be used to compensate the contribution of the
error due to the bending of electromagnetic waves for satellite payloads involving
AOA measurements.

In the evaluation of the interval of time of integration ∆t, the approach con-
sidered in this study involved a Newtonian mechanics and constant propagation
of the signal c. This implementation can be useful for performance analysis (i.e.,
to compare x̂E,b and x̂E) and to build a first-level schemes of compensation. Real
implementations and evaluations must take into account second order effects due
to the corrections on time delay ∆t with relativistic mechanics and slowdown due
to the atmosphere.

The author want to warn the reader that the phenomenon related to the appar-
ent shift in the longitude of the emitter of signal due to the rotation of the Earth
has to be considered. Furthermore, another phenomenon to be considered is the
presence of turbulence, supposed to be absent in this study.

A comprehensive model which considers all the effects together, i.e. bending of
electromagnetic waves, shift in longitude, relativistic effects, slowdown, and turbu-
lence is left for future studies.

2.5.3 Working Solvers

To check what are the possible working solvers, analyses are conducted in a test
case consisting in an emitter of signal placed in Λ = 0°, λ = 0°, and hE = 0 m and
a satellite with the following data hS = 500 km, e = 0, i = 90°, Ω = 0°, and ω = 0°.

The value of the true anomaly ν has been selected considering the possibility to
check different relative configurations; three cases are considered: a Nadir angle of
δN = 0° (corresponding to a true anomaly ν = 0° for a satellite in hS = 500 km), a
Nadir angle of δN = 20° (corresponding to a true anomaly ν = 1.510463225225310°
for a satellite in hS = 500 km), and a Nadir angle of δN = 40° (corresponding to a
true anomaly ν = 3.415176409675859° for a satellite in hS = 500 km).

All the three testing cases do not violate the Line of Sight condition with respect
to the surface of the Earth.

For this first explorative analysis, used to check the working solvers, the default
settings for the tolerances have been considered with values of Ta = 10−6 for the
absolute tolerance and Tr = 10−3 for the relative tolerance.

Available solvers are the following:
ode23t trapezoidal rule using a free interpolant;
ode23tb implicit Runge-Kutta formula with a trapezoidal rule step as its first
stage and a backward differentiation formula of order 2 as its second stage;
ode23 Runge-Kutta (2,3) pair;
ode45 Runge-Kutta (4,5) pair;
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ode78 Runge-Kutta 8(7) pair with a 7th-order continuous extension;
ode89 Runge-Kutta 9(8) pair with a 8th-order continuous extension;
ode113 Variable-step, variable-order (VSVO) solver of orders 1 to 13;
ode15s Variable-step, variable-order (VSVO) solver based on the numerical
differentiation formulas (NDFs) of orders 1 to 5;
ode23s modified Rosenbrock formula of order 2;
cvodesNonstiff Variable-step, variable-order (VSVO) solver using Adams-
Moulton formulas, with the order varying between 1 and 12;
cvodesStiff Variable-step, variable-order (VSVO) solver using Backward
Differentiation Formulas (BDFs) in fixed-leading coefficient form, with order
varying between 1 and 5. Supports sensitivity analysis;
idas Variable-order, variable-coefficient solver using Backward Differentiation
Formulas (BDFs) in fixed-leading coefficient form, with order varying between
1 and 5.

Results are reported in Tab. 2.6.

Table 2.6: Comparison of numerical solvers.
Solver Does it work?
ode15s Yes
ode23t Yes
idas Yes
ode23tb Yes (with a warning)
ode23 Yes (with a warning)
ode45 Yes (with a warning)
ode78 Yes (with a warning)
ode89 Yes (with a warning)
ode113 Yes (with a warning)
ode23s No (to check with further investigations)
cvodesNonstiff No
cvodesStiff No

In particular, the warning raised by the software when ode23, ode45, ode78,
ode89, ode113, and ode23tb are employed is related to the possibility that the
mass matrix could be singular. However, as written in 2.5.2, the mass matrix is an
identity matrix, so this concern can be neglected; these set of solvers are suitable
for the problem as formulated in this study and, from the experience of the author,
the results are proven to be correct.

The solvers cvodesNonstiff and cvodesStiff do not work because they do
not support problems formulated with a mass matrix.

The solver ode23s gave an unexpected behaviour and the software refused to ex-
ecute this particular solver: from the documentation of MATLAB 2024a, the solver
should support constant mass matrices. The author suggest further investigations
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on the possibility of employing this solver.

2.5.4 Influence of Absolute and Relative Tolerances

This subsection is intended to explore the influence of the absolute and relative
tolerances on the solution and on the number of points generated for the spatial
mesh.

Simulations conducted in this battery of tests are related to an emitter of signal
placed in Λ = 0°, λ = 0°, and hE = 0 m and a satellite with the following data
hS = 500 km, e = 0, i = 90°, Ω = 0°, and ω = 0°, and ν = 3.415176409675859°
(corresponding to a satellite with a Nadir angle of δN = 40° with respect to the
emitter).

In Tab. 2.7 results in terms of number of points of the mesh Nm and angular
error ϕd are reported for the solver ode23t; similar results are obtained for other
solvers.

Table 2.7: Influence of absolute and relative tolerances.
Tolerances Nm ϕd [rad]
Ta = 10−6, Tr = 10−6 22 6.853520463316711 · 10−6

Ta = 10−9, Tr = 10−6 22 6.853520463316711 · 10−6

Ta = 10−12, Tr = 10−6 22 6.853520463316711 · 10−6

Ta = 10−6, Tr = 10−9 180 6.426127670874709 · 10−6

Ta = 10−9, Tr = 10−9 186 6.426122204283874 · 10−6

Ta = 10−12, Tr = 10−9 186 6.426122204283874 · 10−6

Ta = 10−6, Tr = 10−12 1709 6.422979493908077 · 10−6

Ta = 10−9, Tr = 10−12 1776 6.422964494131494 · 10−6

Ta = 10−12, Tr = 10−12 1856 6.422964434470021 · 10−6

From the results, it can be observed that the relative tolerance Tr has a high
impact on both the value of the solution and mesh size; smaller values of the
absolute tolerance Ta, compared to the default value of 10−6, appear to be quite
negligible and non-influent for this class of problems.

In particular, reducing the relative tolerance from Tr from 10−6 to 10−9 the
precision appears to be guaranteed on the order of 10−5 rad, while increasing the
relative tolerance from 10−9 to 10−12 the precision is guaranteed on the order of
10−8 rad.

Consequently, it is observed an increase on the number of points of an order of
magnitude every time the relative tolerance is reduced by a factor of 10−3.

2.5.5 A Comparison of the Solvers

A comparison of the most common solvers has been done considering as reference
scenario the one composed of an emitter of signal placed in Λ = 0°, λ = 0°, and
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hE = 0 m and a satellite with the following data hS = 500 km, e = 0, i = 90°,
Ω = 0°, and ω = 0°, and ν = 3.415176409675859° (corresponding to a satellite with
a Nadir angle of δN = 40° with respect to the emitter).

For this campaign of tests, the tolerances are set to Ta = 10−12 and Tr = 10−12.
The results are reported in Tab. 2.8.

Table 2.8: Comparison of performances of the numerical solvers.
Solver Execution time [s] Nm ϕd [rad]
ode23t 6.5693 1856 6.422964434470021 · 10−6

ode45 3.5699 605 6.422945220467921 · 10−6

ode89 64.1575 8737 6.422945626840114 · 10−6

idas 6.0099 616 6.422952614808874 · 10−6

ode15s 3.3534 498 6.422949427427175 · 10−6

The comparison of the solver shows first of all an agreement among the values
of the solution up to the order of magnitude of 10−10 rad for the selected tolerances.

Furthermore, to solve this class of problems, it can be seen that the most efficient
methods, both in terms of time and number of points on the mesh, are the VSVO
ode15s or Runge-Kutta of medium order (4,5) pair ode45.

To meet the requirements of the tolerances, higher order Runge-Kutta, such
as ode89, appear computationally too heavy both in terms of time and in terms
of sampled points of the domain, without a significant change in the value of the
solution and, therefore, are not suggested.

2.5.6 Validation of the Method

To validate the implementation of the equations, a comparison with existing data
in the literature has been performed. To the knowledge of the author, there are
not many public sources of similar solved problems available to the public.

In [46] a class of problems involving satellites in LEO are solved with an ap-
proximated method and considered as comparison for the validation.

The comparison is reported in Tab. 2.9 considering ode15s solver with tolerances
of Ta = 10−12 and Tr = 10−12.

The test case considered an emitter of signal on the surface of the Earth with
coordinates Λ = 0°, λ = 0°, and hE = 0 m and a satellite with the following data
hS = 500 km, e = 0, i = 90°, Ω = 0°, and ω = 0°.

To compare the values with the data from the literature in [46], the values of
true anomaly are calculated considering the application of Carnot theorem and
following the geometrical problem described by the set of equations in (2.143) ob-
taining ν = 0.734366516798866° for an apparent Nadir angle of δN = 10°, ν =
1.510463225225310° for an apparent Nadir angle of δN = 20°, ν = 2.379363437096807°
for an apparent Nadir angle of δN = 30°, ν = 3.415176409675859° for an apparent
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Nadir angle of δN = 40°, ν = 4.740696107886172° for an apparent Nadir angle of
δN = 50°, and ν = 6.364426723781293° for an apparent Nadir angle of δN = 59°.

γ = π − δN

d =
1

2

(︃
2R⊕ cos (γ)±

√︂
(2R⊕ cos (γ))2 + 4 (r2 −R2

⊕)

)︃
ν = arccos

(︃
R2

⊕ + r2 − d2

2R⊕r

)︃ (2.143)

In particular, among the two solutions given by the second equation in (2.143),
the positive one must be considered.

Table 2.9: Validation of the numerical implementation of the equations.
δN [°] ϕd [rad], current study ϕd [rad], from [46]

10 4.890481212616621 · 10−6 0.9 · 10−6

20 5.142346822696230 · 10−6 1.9 · 10−6

30 5.616022433064997 · 10−6 3.1 · 10−6

40 6.422949427427175 · 10−6 4.7 · 10−6

50 7.817958668548581 · 10−6 7.3 · 10−6

59 10.114674474882712 · 10−6 13.1 · 10−6

The discrepancies in the lower and in the higher values between the two methods
can be justified with the following points: the formulation of the angular error ϕd,
which considers a right triangle △SEÊb with a right angle in E; an a priori fixed
knowledge on the value of the time delay from the emitter E to the satellite S; the
orientation of the target surface (i.e., the Earth) is neglected and assumed to be
always perpendicular with respect to the direction of the signal.

2.5.7 Simulations

This subsection is intended to give a sensitivity analysis for a satellite in a circular
orbit in LEO varying the main orbital parameters.

For a satellite in LEO the eccentricity is e = 0, the semi-major axis becomes
coincident to the orbit radius a = r, while the argument of perigee becomes a
meaningless quantity, conventionally posed to ω = 0.

The simulations considered an emitter of signal on the surface of the Earth with
coordinates Λ = 0°, λ = 0°, and hE = 0 m.

Fig. 2.29 and Fig. 2.30 show the values of the linear error ed and angular error
ϕd varying the radius of the orbit r and the true anomaly ν. Other parameters have
been set to inclination i = 90° and right ascension of the ascending node Ω = 2°.

Fig. 2.31 and Fig. 2.32 show the values of the linear error ed and angular error
ϕd varying the inclination of the orbit i and the true anomaly ν. Other parameters
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Figure 2.29: Values of the linear error ed varying the radius of the orbit r and the true
anomaly ν.
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Figure 2.30: Values of the angular error ϕd varying the radius of the orbit r and the true
anomaly ν.
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have been set to orbit radius r = 6871 km (corresponding to a satellite at a height
of 500 km) and right ascension of the ascending node Ω = 2°.

i [°]

e
d
 [

m
]

 = 0°

 = 3°

 = 6°

 = 9°

 = 12°

Figure 2.31: Values of the linear error ed varying the inclination of the orbit r and the
true anomaly ν.
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Figure 2.32: Values of the angular error ϕd varying the inclination of the orbit i and the
true anomaly ν.

108



2.5 – On the Bending of Electromagnetic Waves

Fig. 2.33 and Fig. 2.34 show the values of the linear error ed and angular er-
ror ϕd varying the right ascension of the ascending node of the orbit Ω and the
true anomaly ν. Other parameters have been set to orbit radius r = 6871 km
(corresponding to a satellite at a height of 500 km) and inclination i = 0°.
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Figure 2.33: Values of the linear error ed varying the right ascension of the ascending
node of the orbit Ω and the true anomaly ν.
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Figure 2.34: Values of the angular error ϕd varying the right ascension of the ascending
node of the orbit Ω and the true anomaly ν.
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2.6 Beam Wander

The set of activities and results presented in this section is unpublished4 and must
be considered in the context of didactic and formative experiences, complementary
to all the other topics.

Among all optical phenomena, the study of the optics through atmosphere in-
volves these phenomena: transmission, absorption, emission, refraction, and reflec-
tion. In general, the influence of the atmosphere happens through the interaction
between the light and different molecular species and small particles like aerosols,
water droplets, and ice particles [47]. The atmosphere is a fluid composed of gases
and particles, and a useful macroscopic model to describe its composition and prop-
erties is the so-called standard atmosphere, which assumes that the gases are uni-
formly mixed with an homogeneous distribution. The main molecular constituents
are N2 (78.1 %) and O2 (20.9 %) with traces of H2O, CO2, CH4, N2O, CO, and
O3. The propagation of the optical radiation is affected by the presence of aerosols
(dust, haze) and water in the form of ice crystals or cloud droplets.

Phenomena related to the turbulence are connected to the fluctuations of re-
fractive index. In particular, considering the visible and near-infrared spectrum,
these fluctuations are due to the mixing of air at different temperatures. In the
far-infrared spectrum, the fluctuations due to humidity have a contribution too.
The variation of the path of the photon due to the influence of the turbulence is
denoted as beam wander. The main interest and application are in space-optical
communication with collimated lasers between a ground station (denoted in the
following by G) and a satellite S. However, the phenomenon can be of interest also
for electromagnetic waves taking into account some differences between the two
cases.

The beam wander is a macroscopic manifestation of wavefront fluctuations in-
duced by turbulence. When an electromagnetic wave passes through a medium
with a variable refractive index (i.e., the atmosphere), the wavefront experiences
a tilt (change in the slope of the wavefront), a variable curvature, and frequency
aberrations. The beam wander is the result of low-frequency tilt of the wavefront.
This means that the turbulence introduces small inclinations of the wavefront, and
these inclinations cause the beam to be deflected laterally.

The beam wander angular variance can be modeled [48] as in (2.144), where D
is the aperture diameter, F is the focal length, C2

n is the refraction index structure
parameter, and H is the local height of the satellite.

4At the moment of writing, the submission of these results is not planned because there exist
similar works on the topic; however, if it is not excluded to be happening in the future if these
kind of parametric investigations become of interest.
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σ2
BW = 2.92D− 1

3

∫︂ H

0

C2
n (h)

(︂
1− z(h)

H

)︂2
| z(h)

F
| 13

dh (2.144)

z (h) is a function of the height h and, for a spherical Earth, it can be calculated
as in (2.145), where γ is the Zenith angle and R⊕ is the radius of the Earth.

z (h) = −R⊕ cos (γ) +
√︂

R2
⊕ cos2 (γ) + 2R⊕h+ h2 (2.145)

For preliminary evaluative studies, the assumption of collimated beam can be
considered5, which means that F →∞, so the (2.144) becomes as in (2.146).

σ2
BW = 2.92D− 1

3

∫︂ H

0

C2
n (h)

(︃
1− z (h)

H

)︃2

dh (2.146)

To model the refractive index structure parameter C2
n, the Hufnagel-Valley

model [49] has been considered and reported in (2.147), in which vRMS is the Root
Mean Square (RMS) of the velocity of the wind in the atmosphere.

C2
n (h, vRMS) = 0.00594

(︂vRMS

27

)︂2(︃ h

105

)︃10

e
−h
1000 + 2.7 · 10−16e

−h
1500 + Ae

−h
100 (2.147)

When A = 1.7 ·10−14 m/s−2/3 and vRMS = 21 m/s, the model is denoted as H-V
7/5. For preliminary studies the aperture diameter D can be assumed as a varying
parameter6. The Zenith angle can be calculated from geometrical considerations:
given the positions of the ground station xG and the satellite xS, it can be calculated
as in (2.148).

γ = arccos

(︃
xG

∥xG∥
· xS − xG

∥xS − xG∥

)︃
(2.148)

5The assumption F →∞ is legit for optical rays and lasers employed in space communication
technology, but a plane wave has a perfectly flat wavefront and parallel rays. In this case the
curvature of the wavefront is zero and the radius of curvature tends to infinity. Therefore, it
is possible to say that an ‘equivalent focal length’ is also infinite. An ideal plane wave can be
considered as a beam with F → ∞. It is a mathematical model of convenience, even if not
physically realizable over infinite extensions. If a wavefront were perfectly flat, there would be no
tilt, but in reality, turbulence introduces local curvature and inclinations, so the beam is never a
‘perfect plane wave’.

6An ideal plane wave has an infinite equivalent aperture; in reality, the atmosphere still intro-
duces tilt and wander. A generic electromagnetic wave has no intrinsic aperture, but an equivalent
aperture can be defined as its transverse extension.
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A MATLAB code has been written to predict the phenomenon of beam wander;
the workflow of the simulative code is reported in Fig. 2.35. Results of parametric
simulations are in Fig. 2.36, Fig. 2.37, and Fig. 2.38.

xS
Satellite position

xGGround station
position

D
Aperture diameter

F
Focal length

Cn2

Cn model

a⊕, e⊕
Earth model

xSPQW-to-ECI
conversion

xGLLH-to-ECEF
conversion

xG

ECEF-to-ECI
conversion

γ
Zenith angle
calculation

σBWBeam wander
calculation

t

Instant of time

αGGreenwich
meridian
position

Beam wander
standard deviation

Figure 2.35: Scheme of computation of the beam wander standard deviation.
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Figure 2.36: Values of beam wander standard deviation varying the velocity of the wind
vRMS. Satellite height hS = 500 km, aperture diameter D = 0.2 m, Zenith angle γ = 45◦.
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Figure 2.37: Values of beam wander standard deviation varying both the Zenith angle γ
and the satellite height hS. Aperture diameter D = 0.2 m, wind speed vRMS = 0 m/s.
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Figure 2.38: Values of beam wander standard deviation varying the aperture D. Satellite
height hS = 500 km, Zenith angle γ = 45◦, wind speed vRMS = 0 m/s.
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Chapter 3

Influence of the Attitude Subsystem

In recent years, the widespread adoption of nanosatellites and picosatellites adher-
ing to the CubeSat standard have steered research efforts toward the progressive
miniaturization of the subsystems comprising the ADCS. The task of an ADCS is
the estimation of the attitude of the satellite (attitude determination) and the con-
trol of its orientation and angular velocity according to the mission requirements
[50] [51] [52].

Recent trends are on aggressive miniaturization of Micro-Electro-Mechanical
Systems (MEMS) sensors [53], with exemplary emerging technologies on fiber-optic
gyroscopes, silicon-photonics, and micro-gyroscopes under development [54] [55].
Furthermore, to present days, lightweight filters can run on resource-constrained
processors with minimal latency, enabling real-time multi-sensor fusion and fine
attitude control [56].

This chapter introduces the reader to the influence of ADCS on the measurement
performed by the payload based on arrays of antennas. In particular, three main
studies have been conducted: firstly, in Sec. 3.1 the propagation of the error in
the attitude is evaluated and quantified through Monte Carlo simulations varying
the position of the emitter and the orbital parameters; then in Sec. 3.2 changes in
attitude are analysed to check if it possible to develop a strategy of identification
of the set of cases in which the measurement diverges through the clustering of the
attitude state; in the end, in Sec. 3.3 a strategy based on tri-axial arrays for the
prevention and the compensation of the divergence of the dispersion of the errors
is proposed.

3.1 Direct and Indirect Effects

The main approach and models developed in this section are extracted from the
work of the author [57]: at the time of writing, this paper is submitted for a journal
and it is ‘under review’. Conditioned on its acceptance, this work is expected to be
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published towards the end of 2025 or the beginning of 2026.
A synthetic presentation of the author for cross antenna arrays has been given

in [58].
The main goal is to model and evaluate the influence of the errors in the ADCS

on the performance of the payload in case of Nadir pointing. Starting from the
mathematical modelling, two effects have been identified: a direct effect on the
value of the measurement, and an indirect effect on their dispersion. The method-
ology involves Monte Carlo simulations varying the relative configuration between
the signal emitter and the satellite platform in terms of orbital parameters. The re-
sults are on main trends and the full statistical characterization of the distribution
of the errors of the payload for Azimuth and Elevation angles, and Cramér-Rao
lower bound. Insights on emerging cases of the divergence of measurement for
configurations of alignments are also presented and discussed.

3.1.1 Propagation of Attitude Error and Approach to Sim-
ulation

A measurement obtained through a payload composed of cross array of antennas
in a plane is a measurement of the direction from the emitter of the signal E to the
satellite S. This measurement is denoted by the LOB and can be mathematically
described as a unit vector uLOB, as shown in (3.1).

uLOB =
xE − xS

∥xE − xS∥
(3.1)

More in particular, a linear array of antennas aligned in a certain direction uAr

can perform a measurement of a broadside angle ζ, which is defined as the angle
between the LOB, uLOB, and the direction uAr on which the elements of the antenna
array are aligned, so cos (ζ) = uLOB · uAr.

Denoting by A a local orthogonal coordinate system for the payload with axes
(xA, yA, zA) and by uAr,x|A, uAr,y|A, the two unit vectors aligned along xA and yA
axes, the broadside angles ζx and ζy can be defined through (3.2), where uLOB|A
is the representation of the LOB (3.1) in the local A coordinate system on the
payload. {︄

cos (ζx) = uLOB|A · uAr,x|A
cos (ζy) = uLOB|A · uAr,y|A

(3.2)

Fixed a certain cartesian coordinate system, the LOB can be also represented
in a local spherical coordinate system built from it through two angles [59, 60, 61].
Two possible angles are the Azimuth angle (in the following with subscript Az) and
Elevation angle (in the following with subscript El), which are denoted by αAz and
αEl respectively.
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In this study, the representation of the LOB in a local spherical coordinate
system in terms of Azimuth angle αAz and Elevation angle αEl follows the convention
in (3.3). ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

xE|A − xS|A
∥xE|A − xS|A∥

= cos (αAz) cos (αEl)

yE|A − yS|A
∥xE|A − xS|A∥

= sin (αAz) cos (αEl)

zE|A − zS|A
∥xE|A − xS|A∥

= sin (αEl)

(3.3)

Equivalently, given dx|A = xE|A − xS|A, dy|A = yE|A − yS|A, and dz|A =
zE|A− zS|A, the Azimuth angle αAz and Elevation angle αEl can be expressed from
(3.3) as in (3.4). ⎧⎨⎩

αAz = atan2
(︁
dy|A , dx|A

)︁
αEl = atan2

(︃
dz|A ,

√︂
(dx|A)

2 +
(︁
dy|A

)︁2)︃ (3.4)

Combining the expression of unit vectors of the linear arrays in coordinate
system A, uAr,x|A = (1,0,0)T and uAr,y|A = (0,1,0)T, with the expression of the
components of LOB in (3.3), the dot product in (3.2) leads to the expressions
shown in (3.5).⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

cos (ζx) = uLOB|A · uAr,x|A =

⎛⎝cos (αAz) cos (αEl)
sin (αAz) cos (αEl)

sin (αEl)

⎞⎠ ·
⎛⎝1
0
0

⎞⎠ = cos (αAz) cos (αEl)

cos (ζy) = uLOB|A · uAr,y|A =

⎛⎝cos (αAz) cos (αEl)
sin (αAz) cos (αEl)

sin (αEl)

⎞⎠ ·
⎛⎝0
1
0

⎞⎠ = sin (αAz) cos (αEl)

(3.5)
Substituting the expressions for Azimuth angle αAz and Elevation angle αEl

written in (3.4) into (3.5), the expressions in (3.6) for broadside angles ζx and ζy
are obtained.⎧⎪⎪⎨⎪⎪⎩
ζx = arccos

(︁
cos
(︁
atan2

(︁
dy|A , dx|A

)︁)︁
cos

(︃
atan2

(︃
dz|A ,

√︂
(dx|A)

2 +
(︁
dy|A

)︁2)︃)︃)︃
ζy = arccos

(︁
sin
(︁
atan2

(︁
dy|A , dx|A

)︁)︁
cos

(︃
atan2

(︃
dz|A ,

√︂
(dx|A)

2 +
(︁
dy|A

)︁2)︃)︃)︃
(3.6)

To describe the attitude of a satellite S, two further coordinate systems are
needed: the ORF and the BRF, denoted by B.

The conversion from ECI to ORF is shown in (1.14).
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Data conversion from ORF to BRF occurs through (1.15) with the aid of the
matrices of rotation on the attitude angles of roll θ1, pitch θ2, and yaw θ3.

Both payload data and attitude data have to be expressed in body coordinate
system; for simplicity, in this study, the mounting parameters are supposed to be
known and their influence is neglected.

Considering the expressions in (3.4) and (3.6) together with (1.8), (1.1), (1.6),
(1.9), (1.11), (1.2), (1.14), (1.15), and (1.17), the functional dependencies in (3.7)
can be written: they denote a direct influence of the attitude angles roll θ1, pitch
θ2, and yaw θ3 on the angles of Azimuth αAz and Elevation αEl.

αAz = f (Λ, λ, h, a, e, i,Ω, ω, ν, θ1, θ2, θ3)

αEl = f (Λ, λ, h, a, e, i,Ω, ω, ν, θ1, θ2, θ3)
(3.7)

The dependencies in (3.7) mean that changes (in absolute value or as an error
contribution) in attitude angles produce a direct change in the value of payload
measurement.

In (3.8) the prediction of the variances through the CRLB σ2
ζ̂x

and σ2
ζ̂y

for linear
arrays along xA and yA directions are reported. In particular, Mx and My are,
respectively, the number of array elements along the two directions, Lx and Ly the
total lengths of the arrays.⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

σ2
ζ̂x

=
12

(2π)2 SNR (Mx+1)
(Mx−1)

Mx

(︁
fLx

c

)︁2
sin2 (ζx)

σ2
ζ̂y

=
12

(2π)2 SNR (My+1)

(My−1)
My

(︂
fLy

c

)︂2
sin2 (ζy)

(3.8)

The functional dependencies of the broadside angles with respect to the attitude
angles of roll θ1, pitch θ2, and yaw θ3 can be written for the expressions (3.8) on
the standard deviations of the broadside angles σ2

ζ̂x
and σ2

ζ̂y
as shown in (3.9).

σζ̂x
= f (Λ, λ, h, a, e, i,Ω, ω, ν, θ1, θ2, θ3)

σζ̂y
= f (Λ, λ, h, a, e, i,Ω, ω, ν, θ1, θ2, θ3)

(3.9)

In summary, the expressions in (3.9) mean that a change in the attitude angles
produces a change in the variance of the payload measurement. An error in the
attitude angles propagates as an error contribution to the variance of the payload
measurement.

The purpose of this study is to evaluate the effect of the propagation of an error
in the attitude to the payload measurement, both in a direct way as in (3.7) and
in an indirect way as in (3.9).
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For a first level set of evaluations, a possible model for the errors1 in the attitude
angles is to consider a zero-mean Gaussian distribution N with standard deviations
σθ1 , σθ2 , and σθ3 . So the models dθ1 = θ1̂ − θ1 ∼ N

(︁
0, σ2

θ1

)︁
, dθ2 = θ2̂ − θ2 ∼

N
(︁
0, σ2

θ2

)︁
, and dθ3 = θ3̂ − θ3 ∼ N

(︁
0, σ2

θ3

)︁
are considered.

Considering small values of errors such that dθ1 ≪ 1, dθ2 ≪ 1, and dθ3 ≪ 1,
combined with the assumption on the mounting parameters, then the antenna array
axes xA, yA, and zA are aligned such that zA is directed toward the center of the
Earth, yA is orthogonal to the plane of the orbit, and xA follows the direction of
motion of the satellite.

By definition of error, for a true value of Azimuth angle αAz and a true value
in Elevation angle αEl the quantities in (3.10) are considered. In particular, δαAz

denotes the error in Azimuth angle due to an error in the attitude, δαEl denotes
the same kind of error in Elevation angle, while α̂Az and α̂El are their estimations
(i.e., true value with error in the attitude).

δαAz (θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)

= |αAz (θ1, θ2, θ3)− α̂Az (θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)|
δαEl (θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)

= |αEl (θ1, θ2, θ3)− α̂El (θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)|

(3.10)

In the same manner, but with an important difference on the meaning of terms,
the expressions in (3.11) can be defined on the standard deviations of the broadside
angles σζ̂x

and σζ̂y
. In particular, the meaning of the terms is the following: σζ̂x

and σζ̂y
denote the variance of the payload in the ideal case without an error in

the attitude subsystem, while σ̂ζ̂x
and σ̂ζ̂y

denote the values of the variance of
the payload when an error in the attitude is considered. Values of δσζ̂x

and δσζ̂y

denote the absolute difference between the two cases (without and with error in the
attitude).

δσζ̂x
(θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)

=
⃓⃓⃓
σζ̂x

(θ1, θ2, θ3)− σ̂ζ̂x
(θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)

⃓⃓⃓
δσζ̂y

(θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)

=
⃓⃓⃓
σζ̂y

(θ1, θ2, θ3)− σ̂ζ̂y
(θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)

⃓⃓⃓ (3.11)

The simulations have considered variations in the dependencies of the expres-
sions in (3.12).

1In this study, given a true value ϕ and its measured value ϕ̂, the value dϕ = ϕ̂− ϕ denotes a
signed value of the error, while δϕ =

⃓⃓⃓
ϕ− ϕ̂

⃓⃓⃓
denotes an unsigned value of the error.
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δαAz = f (Λ, λ, h, a, e, i,Ω, ω, ν, θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)

δαEl = f (Λ, λ, h, a, e, i,Ω, ω, ν, θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)

δσζ̂x
= f (Λ, λ, h, a, e, i,Ω, ω, ν, θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)

δσζ̂y
= f (Λ, λ, h, a, e, i,Ω, ω, ν, θ1 + dθ1, θ2 + dθ2, θ3 + dθ3)

(3.12)

Considering that, in general, it is assumed that the satellite does not know the
position the emitter of the signal, a Nadir pointing is assumed. The Nadir direction
is the direction that goes toward the center of the Earth, and, in the context of the
study, a Nadir alignment is achieved when the normal of the plane of the antenna
arrays nA = xA × yA is aligned to the Nadir direction, i.e., (−xS/∥xS∥) · nA = 1.
This means that ADCS has the goal to maintain the angles of roll, pitch and yaw
equal to θ1 = 0, θ2 = 0, and θ3 = 0, so the models in (3.12) become as in (3.13).

δαAz = f (Λ, λ, h, a, e, i,Ω, ω, ν, dθ1, dθ2, dθ3)

δαEl = f (Λ, λ, h, a, e, i,Ω, ω, ν, dθ1, dθ2, dθ3)

δσζ̂x
= f (Λ, λ, h, a, e, i,Ω, ω, ν, dθ1, dθ2, dθ3)

δσζ̂y
= f (Λ, λ, h, a, e, i,Ω, ω, ν, dθ1, dθ2, dθ3)

(3.13)

One variable at a time has been analyzed (among Λ, λ, h, a, e, i,Ω, ω, ν) to ob-
serve its direct and indirect influence on errors with respect to a reference scenario,
which in the following will be denoted with subscript 0.

Denoting with a generic letter χ one of the models of distribution in (3.13),
i.e., χ ∈ X = {δαAz, δαEl, δσζ̂x

, δσζ̂y
}, the following statistics have been considered

to characterize each distribution: mean value µ̂ (χ), quantiles Q (χ) evaluated at
[25, 75] % and [5, 95] %, skewness s (χ), and kurtosis k (χ). For skewness and
kurtosis unbiased estimators have been considered.

To obtain the distributions in (3.13), the simulations of random variables dθ1,
dθ2, and dθ3 are required, and they have been obtained through a Monte Carlo
approach. The points of the Gaussian distributions have been generated using a
pseudo-random number generator with Nθ1 points for roll angle θ1, Nθ2 points for
pitch angle, and Nθ3 for yaw angle. By hypothesis, it has been considered that the
error distributions of the three attitude angles were the same, i.e., dθ1 = dθ2 = dθ3
with mean values of µθ1 = µθ2 = µθ3 = 0 and variance σ2

θ1
= σ2

θ2
= σ2

θ3
= σ2. A

value of σ2 = 10−6 rad2 for the errors of each attitude angle has been considered.
Furthermore, the same number of points has been considered for each attitude

angle, i.e., Nθ1 = Nθ2 = Nθ3 = N . The total number of points in the simulations is
then Nsim = Nθ1Nθ2Nθ3 = N3.

Given Nsim samples x1, x1, . . . , xk, . . . , xNsim
of a distribution χ, the estimated

mean µ̂Nsim
and the estimated standard deviation σNsim

for the set of samples are
defined as in (3.14).
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µ̂Nsim
=

1

Nsim

Nsim∑︂
k=1

(xk)

σ̂Nsim
=

⌜⃓⃓⎷ 1

Nsim − 1

Nsim∑︂
k=1

⃓⃓
µ̂Nsim

− xk

⃓⃓2 (3.14)

The choice of the number of points N for each distribution has followed the
criterion on the convergence on the mean value of the expressions in (3.10) and
(3.11). Considering that if Nsim →∞, then µ̂Nsim

→ µ and σNsim
→ 0, the criterion

in (3.15) has been considered to choose the number of points of the distributions,
where C is a constant value.

⃓⃓
µ− µ̂Nsim

⃓⃓
<

C√
Nsim − 1

(3.15)

To achieve a value
⃓⃓
µ− µ̂Nsim

⃓⃓
/C < 0.001 (i.e., <0.1%), a value of N = 101

(i.e., a total number of simulated cases of Nsim = 1030301) has been considered.
The results are with respect to a reference scenario, denoted by the subscript 0.

The default reference scenario used to compare the results obtained in simulations
is the one that considers an emitter of signal on the surface of the Earth (i.e.,
h0 = 0) and a circular orbit with properties of a0 = rS,0 = 500 km, e0 = 0, and
i0 = 90°. The reference position of the satellite on the orbit is Ω0 = 0°, ν0 = 0°.
Conventionally, ω0 = 0° since it is not defined for circular orbits2. The reference
position considered for the emitter is Λ0 = 5°, λ0 = 5° in order not to have the
trivial case of Nadir alignment between the emitter of signal and the satellite.

The number of elements of the antenna arrays resulted in Mx = My = 7 and it
has been calculated from the length of the array Lx = Ly = 0.334 m, the spacing
distance between consecutive elements dx = dy = c/ (4f), and the frequency of the
signal f = 1575.42 MHz, representative of the use case of spectrum monitoring of
jamming signals for GNSS.

The value of Signal-to-Noise ratio SNR has been chosen considering the min-
imum value required to guarantee probability of detection pD = 0.997 and prob-
ability of false alarms pFA = 10−6 for the detector from the ROC (Receiver Op-
erating Characteristic) in the case of a linear detector, a non-fluctuating signal
with unknown phase, and Gaussian noise [24]. For simplicity and evaluative pur-
poses, a free-space path loss propagation has been assumed. Phenomena of reflec-
tion, refraction, and multipath have been neglected. From ROC models resulted

2Some authors, e.g. [62], introduce a new quantity to avoid ambiguities: the argument of
latitude, defined as u = ω + ν. For circular orbits it is u = 0 + ν = ν.
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SNR (pFA, pD) ≈ 15 dB. To take into account non-modeled effects (i.e., propagation
in atmosphere), a further increment of 3 dB has been considered as safety margin.

The presentation of the simulations has been divided into three subsections:
varying the emitter position in terms of geodetic latitude Λ and longitude λ, while
satellite orbit and position are fixed (subsection 3.1.2); varying the satellite posi-
tion in terms of a, Ω and ν, while the emitter position is fixed (subsection 3.1.3);
considering further aspects on the effects of eccentricity e and inclination of the
orbit i (subsection 3.1.4).

3.1.2 Simulations for Emitter Position

This subsection presents the results of the simulations that vary the geodetic lat-
itude Λ and longitude λ of the emitter with respect to the reference scenario de-
scribed in section 3.1.1.

Variations in the emitter height h have been investigated up to 12000 m: how-
ever, they have not been presented in this study because it has been noticed that
the effect of this variable is negligible in the results compared to the case h = 0 m.

In particular, in Figure 3.1, the models in δαAz (Λ) and δαEl (Λ) are presented.
Figure 3.2 presents the models δσζ̂x

(Λ) and δσζ̂y
(Λ). Figure 3.3 presents the models

δαAz and δαEl (λ). Figure 3.4 presents the models δσζ̂x
(λ) and δσζ̂y

(λ).
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Figure 3.1: (a) Trends of the simulated model δαAz (Λ) = f (Λ, λ0, rS,0, e0, i0,Ω0, ν0):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of
skewness and kurtosis for δαAz (Λ). (c) Trends of the simulated model δαEl (Λ) =
f (Λ, λ0, rS,0, e0, i0,Ω0, ν0): mean value and quantiles evaluated at [25, 75] % and [5, 95]
%. (d) Trends of skewness and kurtosis for δαEl (Λ).
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Figure 3.2: (a) Trends of the simulated model δσζ̂x (Λ) = f (Λ, λ0, rS,0, e0, i0,Ω0, ν0): mean
value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of skewness and kurto-
sis for δσζ̂x

(Λ). (c) Trends of the simulated model δσζ̂y (Λ) = f (Λ, λ0, rS,0, e0, i0,Ω0, ν0):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (d) Trends of skewness
and kurtosis for δσζ̂y

(Λ).
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Figure 3.3: (a) Trends of the simulated model δαAz (λ) = f (Λ0, λ, rS,0, e0, i0,Ω0, ν0):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of
skewness and kurtosis for δαAz (λ). (c) Trends of the simulated model δαEl (λ) =
f (Λ0, λ, rS,0, e0, i0,Ω0, ν0): mean value and quantiles evaluated at [25, 75] % and [5, 95]
%. (d) Trends of skewness and kurtosis for δαEl (λ).
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Figure 3.4: (a) Trends of the simulated model δσζ̂x (λ) = f (Λ0, λ, rS,0, e0, i0,Ω0, ν0): mean
value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of skewness and kur-
tosis for δσζ̂x (λ). (c) Trends of the simulated model δσζ̂y (λ) = f (Λ0, λ, rS,0, e0, i0,Ω0, ν0):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (d) Trends of skewness
and kurtosis for δσζ̂y

(λ).
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3.1.3 Simulations for Satellite Position

This subsection presents the results of the simulations that vary the orbit radius rS,
the right ascension of the ascending node Ω, and the true anomaly ν of the satellite
with respect to the reference scenario described in section 3.1.1.

In Figure 3.5, the models δαAz (rS) and δαEl (rS) are presented. Figure 3.6
presents the models δσζ̂x

(rS) and δσζ̂y
(rS). Figure 3.7 presents the models δαAz (Ω)

and δαEl (Ω). Figure 3.8 presents the models δσζ̂x
(Ω) and δσζ̂y

(Ω). Figure 3.9
presents the models δαAz (ν) and δαEl (ν). Figure 3.10 presents the models δσζ̂x

(ν)

and δσζ̂y
(ν).
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Figure 3.5: (a) Trends of the simulated model δαAz (rS) = f (Λ0, λ0, rS, e0, i0,Ω0, ν0):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of skew-
ness and kurtosis for δαAz (rS). (c) Trends of the simulated model δαEl (rS) =
f (Λ0, λ0, rS, e0, i0,Ω0, ν0): mean value and quantiles evaluated at [25, 75] % and [5, 95] %.
(d) Trends of skewness and kurtosis for δαEl (rS).
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Figure 3.6: (a) Trends of the simulated model δσζ̂x

(rS) = f (Λ0, λ0, rS, e0, i0,Ω0, ν0):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of skew-
ness and kurtosis for δσζ̂x

(rS). (c) Trends of the simulated model δσζ̂y
(rS) =

f (Λ0, λ0, rS, e0, i0,Ω0, ν0): mean value and quantiles evaluated at [25, 75] % and [5, 95] %.
(d) Trends of skewness and kurtosis for δσζ̂y

(rS).
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Figure 3.7: (a) Trends of the simulated model δαAz (Ω) = f (Λ0, λ0, rS,0, e0, i0,Ω, ν0):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of
skewness and kurtosis for δαAz (Ω). (c) Trends of the simulated model δαEl (Ω) =
f (Λ0, λ0, rS,0, e0, i0,Ω, ν0): mean value and quantiles evaluated at [25, 75] % and [5, 95]
%. (d) Trends of skewness and kurtosis for δαEl (Ω).
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Figure 3.8: (a) Trends of the simulated model δσζ̂x (Ω) = f (Λ0, λ0, rS,0, e0, i0,Ω, ν0): mean
value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of skewness and kurto-
sis for δσζ̂x (Ω). (c) Trends of the simulated model δσζ̂y (Ω) = f (Λ0, λ0, rS,0, e0, i0,Ω, ν0):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (d) Trends of skewness
and kurtosis for δσζ̂y

(Ω).
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Figure 3.9: (a) Trends of the simulated model δαAz (ν) = f (Λ0, λ0, rS,0, e0, i0,Ω0, ν):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of
skewness and kurtosis for δαAz (ν). (c) Trends of the simulated model δαEl (ν) =
f (Λ0, λ0, rS,0, e0, i0,Ω0, ν): mean value and quantiles evaluated at [25, 75] % and [5, 95]
%. (d) Trends of skewness and kurtosis for δαEl (ν).
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Figure 3.10: (a) Trends of the simulated model δσζ̂x

(ν) = f (Λ0, λ0, rS,0, e0, i0,Ω0, ν):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of
skewness and kurtosis for δσζ̂x

(ν). (c) Trends of the simulated model δσζ̂y
(ν) =

f (Λ0, λ0, rS,0, e0, i0,Ω0, ν): mean value and quantiles evaluated at [25, 75] % and [5, 95]
%. (d) Trends of skewness and kurtosis for δσζ̂y

(ν).
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3.1.4 Further Simulations on Eccentricity and Inclination of
the Orbit

This subsection presents the results of the simulations that vary the eccentricity of
the orbit e and its inclination i with respect to the reference scenario described in
Sec. 3.1.1.

Influence of orbit eccentricity e and orbit inclination i on the direct effects
(i.e., the quantities δαAz (e), δαEl (e), δαAz (i), and δαEl (i)) are omitted and not
presented among the results of the study because they were found to have an almost
flat behavior which means that there are no significant changes compared to the
reference scenario.

Influence on indirect effects is presented as follows. In Figure 3.11, the models
δσζ̂x

(e) and δσζ̂y
(e) are presented. Figure 3.12 presents the models δσζ̂x

(i) and
δσζ̂y

(i).
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Figure 3.11: (a) Trends of the simulated model δσζ̂x

(e) = f (Λ0, λ0, rS,0, e, i0,Ω0, ν0):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of
skewness and kurtosis for δσζ̂x

(e). (c) Trends of the simulated model δσζ̂y
(e) =

f (Λ0, λ0, rS,0, e, i0,Ω0, ν0): mean value and quantiles evaluated at [25, 75] % and [5, 95]
%. (d) Trends of skewness and kurtosis for δσζ̂y

(e).
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Figure 3.12: (a) Trends of the simulated model δσζ̂x

(i) = f (Λ0, λ0, rS,0, e0, i,Ω0, ν0):
mean value and quantiles evaluated at [25, 75] % and [5, 95] %. (b) Trends of
skewness and kurtosis for δσζ̂x

(i). (c) Trends of the simulated model δσζ̂y
(i) =

f (Λ0, λ0, rS,0, e0, i,Ω0, ν0): mean value and quantiles evaluated at [25, 75] % and [5, 95]
%. (d) Trends of skewness and kurtosis for δσζ̂y

(i).
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3.1.5 Analysis of Results

The analysis of Figure 3.1 (a) reveals that the mean value of δαAz has a maximum
when the yA axis of the antenna array tends to be aligned along the direction
between the satellite and the the emitter, i.e. (xS − xE) /∥xS − xE∥ · yA/∥yA∥ →
±1, which happens in Λ = 0°. For the cases analyzed in the study, the increase is
of about 0.05◦ ∼ 0.07◦ in the evaluation of the mean value of the Azimuth error for
the analyzed cases of the study. The mean increase in Elevation error due to the
variations in latitude in Figure 3.1 (c) appears almost flat with a value of about
0.05◦.

Figures 3.3 (a) (c) reveal also the same behavior for errors in the Azimuth angle,
but in this case it is applied to direction xA: every time an axis of the antenna
array tends to be aligned with respect to the satellite-emitter direction (in this case
xA), the direct influence on the error model increases. Also here, the increments
are about 0.05◦ ∼ 0.07◦ in the evaluation of the mean value of the Azimuth error,
and about 0.05◦ in the evaluation of the mean value of Elevation error.

Figure 3.7 (a) and 3.9 (a) show that changes in the right ascension of the
ascending node Ω and in the true anomaly ν can lead to a maximum for the
mean value of the error distribution of the Azimuth angle. From a geometric
point of view, this happens when xA or yA tends to have an alignment with re-
spect to the satellite-emitter direction, i.e., (xS − xE) /∥xS − xE∥ · xA/∥xA∥ → ±1
or (xS − xE) /∥xS − xE∥ · yA/∥yA∥ → ±1. The increments appears to be about
0.4◦ ∼ 0.5◦ for the mean value of the error distribution of the Azimuth and Eleva-
tion angle.

Figures 3.2 (c), 3.4 (a), 3.8 (a), and 3.10 (c) present potential cases of diver-
gence in the variance of the bearing angles σζ̂x

and σζ̂y
that happen in the cases

of alignment of one of the axes of the antenna array due to changes in the lat-
itude of the emitter Λ, in the longitude of the emitter λ, in the right ascension
of the ascending node of the satellite Ω, and in the true anomaly of the satel-
lite ν respectively. Simultaneously, in Figures 3.2 (a), 3.4 (c), 3.8 (c), and 3.10
(a) there is the realization of the minimum: apparently, in ideal conditions of
alignment, the axis orthogonal to the direction of alignment can achieve the min-
imum of σζ̂x

if (xS − xE) /∥xS − xE∥ · xA/∥xA∥ → 0 or the minimum of σζ̂y
if

(xS − xE) /∥xS − xE∥ · yA/∥yA∥ → 0.
Mathematically, the divergence occurs because when the antenna array along

the xA direction tends to be aligned along satellite-emitter direction (i.e., ζx → 0),
then, from (3.8) it is σ2

ζ̂x
∝ 1/ sin2 (ζx) → ∞. Conversely, the measurement along

yA presents a minimum in the same case δσζ̂y
∝ 1/ sin2 (ζy)→ 0, because ζy → π/2.

The effect of the radius of the orbit rS is evident in Figures 3.5 (a) and 3.6 (a)
(c): changes in this variable mainly produces changes in the errors in the Azimuth
angle αAz and the variance of the errors in the broadside angles, i.e., δσζ̂x

and δσζ̂y
.
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The same happens with changes in the values of the eccentricity of the orbit e, as
shown in Figure 3.11. This means that changes the size of the orbit, in terms of
the orbit radius rS and eccentricity e, can lead to a variation in the estimation of
the variance of the errors for the angles of interest.

Figures 3.12 (a) (c) reveal opposite behaviour: positive changes in the inclination
of the orbit produce an decrement for the dispersion of the errors in the variance
of the x-broadside angle δσζ̂x

and a contemporary increment for the dispersion of
the errors in the y-broadside angle δσζ̂y

. This happens because a change in the
inclination of the orbit i indirectly produces a change of the orientation of the
antenna arrays, which produces an increase or decrease of these quantities.

The values of skewness are around the unitary value, revealing slightly sym-
metric distributions for all the quantities of interest. Cases of exception happen in
singular cases of alignment and divergence.

The values of kurtosis present an excess of +0.5 ∼ +2.0 with respect to the
reference Gaussian (reference value of 3), revealing that these quantities can be
modelled with a distribution more peaked than the Normal distribution.

3.2 Prediction and Clustering of Measurement Di-
vergence

The main approach and models developed in this section are unpublished and
must be considered as preliminary results to be verified. At the time of writing,
a dedicated journal paper with provisional details in [63] is in preparation for a
submission in Dec. 2025. Conditioned on its acceptance, this work is expected to
occur during the year 2026.

From the standard deviations σζ̂x
and σζ̂y

it is possible to evaluate the overall
standard deviation as in (3.16).

σζ̂ =
√︂
σ2
ζ̂x
+ σ2

ζ̂y
(3.16)

Similarly to the considerations made in Sec. 3.1, the functional dependencies of
the standard deviation of the broadside angles with respect to the attitude angles of
roll θ1, pitch θ2, and yaw θ3, shown in (3.9), can be written for the expression (3.16)
related to the standard deviation of the broadside angle σ2

ζ̂
as shown in (3.17).

σζ̂ = f (Λ, λ, h, a, e, i,Ω, ω, ν, θ1, θ2, θ3) (3.17)

In summary, the expressions in (3.17) mean that a change in the attitude angles
produces a change in the overall variance of the payload measurement.
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3.2 – Prediction and Clustering of Measurement Divergence

3.2.1 Approach to Simulation and Clustering of Cases of Di-
vergence

Fixed a certain relative geometry in terms of position, the study wants to investigate
the cases of divergence for (3.16) varying the attitude of the satellite.

Given Λ = Λ0, Λ = λ0, h = h0, a = a0, e = e0, i = i0, Ω = Ω0, ω = ω0, and
ν = ν0, the expression in (3.18) is simulated varying θ1, θ2, and θ3.

σζ̂

⃓⃓⃓
{Λ=Λ0,λ=λ0,h=h0,a=a0,e=e0,i=i0,Ω=Ω0,ω=ω0,ν=ν0}

: (θ1, θ2, θ3)→ f (θ1, θ2, θ3) (3.18)

In particular, the goal is to have a discrete set of samples of the function (3.18)
and evaluate what are the subsets of attitude angles for which the function tends
to diverge.

Given a number of samples Nθ1 for the roll angle, a number of samples Nθ2 for
the pitch angle, a number of samples Nθ3 for the yaw angle, then the total number
of simulated cases is Nt = Nθ1Nθ2Nθ3 .

Considering that θ1 ∈ D1 = [−π, π[, θ2 ∈ D2 = ]−π/2, π/2[, and θ3 ∈ D3 =
[−π, π[, it is observed that the measurements of the domains are, respectively,
µ (D1) = 2π, µ (D2) = π, and µ (D3) = 2π.

To have evenly spaced samples, the domain D1 has been subdivided in Nθ1 =
2N + 1 points, D2 in Nθ2 = N + 1 points, and D3 in Nθ3 = 2N + 1 points, for
a total of Nt = Nθ1Nθ2Nθ3 = (2N + 1) (N + 1) (2N + 1) synthetic samples for the
function σζ̂ .

However, considering the periodicity of the domains D1 and D3, it results θ(1)1 =

θ
(2N+1)
1 and θ

(1)
3 = θ

(2N+1)
3 . This means that the last point for these two variables

have to be excluded. Furthermore, for the pitch angle θ2 is has to be observed that
it should be θ2 /= π/2 + kπ with k ∈ Z, so for the discretization of the domain D2

the points θ
(1)
2 and θ

(N+1)
2 have to be excluded too. Considering these two facts,

the actual number of points employed for the simulations becomes Nθ1 = 2N ,
Nθ2 = N − 1, and Nθ3 = 2N , so the total number of points is Nt = 4N2 (N − 1).

The resulting sampled domains are the ones reported in (3.19).

D̃1 =

{︃
θ
(k)
1 =

2π (k − 1)

2N
− π

⃓⃓⃓⃓
k = 1, . . . ,2N

}︃
D̃2 =

{︃
θ
(k)
2 =

πk

N − 1
− π

2

⃓⃓⃓⃓
k = 1, . . . , N − 1

}︃
D̃3 =

{︃
θ
(k)
3 =

2π (k − 1)

2N
− π

⃓⃓⃓⃓
k = 1, . . . ,2N

}︃ (3.19)

From the sampled domains, the Cartesian product D̃ = D̃1 × D̃2 × D̃3 can be
projected into three grid arrays T1, T2, T3 with repeated elements using a projection
operator ξ, as shown formally in (3.20).
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ξ1 : D̃ → T1, ξ1

(︂
θ
(k1)
1 , θ

(k2)
2 , θ

(k3)
3

)︂
= θ

(k1)
1

ξ2 : D̃ → T2, ξ2

(︂
θ
(k1)
1 , θ

(k2)
2 , θ

(k3)
3

)︂
= θ

(k2)
2

ξ3 : D̃ → T3, ξ3

(︂
θ
(k1)
1 , θ

(k2)
2 , θ

(k3)
3

)︂
= θ

(k3)
3

(3.20)

In order to evaluate the condition of the divergence, a threshold σζ̂,d has been
established in the form of σζ̂ > σζ̂,d.

With the aid of the threshold, the samples of the function σζ̂ have been classified
assigning a binary value, formally creating the mask function χd as shown in (3.21).

χd (θ1, θ2, θ3) =

{︄
1 σζ̂ (θ1, θ2, θ3) > σζ̂,d

0 σζ̂ (θ1, θ2, θ3) ≤ σζ̂,d

(3.21)

The mask function χd is used to filter the projected grid arrays T1, T2, and T3,
as shown in (3.22).

T χd
1 = {T1 (θ1, θ2, θ3)|χd (θ1, θ2, θ3) = 1}
T χd
2 = {T2 (θ1, θ2, θ3)|χd (θ1, θ2, θ3) = 1}
T χd
3 = {T3 (θ1, θ2, θ3)|χd (θ1, θ2, θ3) = 1}

(3.22)

The filtering process is considered successful if there exist at least one element
of the domain that satisfy the condition on the threshold, so T χd

1 /= ∅, T χd
2 /= ∅,

and T χd
3 /= ∅.

Once the grid arrays have been filtered, it is possible to build the matrix of
values T χd = [T χd

1 , T χd
2 , T χd

3 ], concatenating the elements of each set of (3.22).
Each element (θ1, θ2, θ3) ∈ T χd is a point of the domain for which σζ̂ (θ1, θ2, θ3) >

σζ̂,d is satisfied. The matrix T χd can be employed for the operation of clustering in
order to identify the regions in which the divergence of the dispersion of the errors
is supposed to happen.

At this point, the clustering operation should be applied on the set of values in
T χd ; however, considering that the set of attitude angles are defined in a domain
with the shape of a cylindrical manifold with periodicity in the first and third
angular dimensions, it is possible that if a cluster is on the border of the domain it
is separated and identified as separated clusters.

To avoid this issue, the transformation Φ in (3.23) is considered, which is a
projection on a Cartesian space from D ⊂ R3 to Φ (D) ⊂ R6. In this way, the ends
of the linear border are connected in a unitary circumference.

Φ (θ1, θ2, θ3) = [sin (θ1), cos (θ1), sin (θ2), cos (θ2), sin (θ3), cos (θ3)] (3.23)

The result of the application of Φ to the set of points of T χd is denoted with
T χd

Cart.
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3.2 – Prediction and Clustering of Measurement Divergence

To identify the clusters and their number, it is possible to evaluate the distances
between each pair points of the domain, that are represented in the rows of T χd

Cart.
If the distance is sufficiently low, then two points are supposed to belong to the
same cluster of points.

This can be done by building a matrix of distances; given tk1 = Φ
(︂
θ
(k1)
1 , θ

(k1)
2 , θ

(k1)
3

)︂
and tk2 = Φ

(︂
θ
(k2)
1 , θ

(k2)
2 , θ

(k2)
3

)︂
the k1-th and k2-th rows of the matrix T χd

Cart, then
the distance d (k1, k2) is evaluated as reported in (3.24).

d (k1, k2) = ∥tk1 − tk2∥ =
⃦⃦⃦
Φ
(︂
θ
(k1)
1 , θ

(k1)
2 , θ

(k1)
3

)︂
− Φ

(︂
θ
(k2)
1 , θ

(k2)
2 , θ

(k2)
3

)︂⃦⃦⃦
(3.24)

The 2D matrix with distances d (k1, k2) is filtered considering a threshold εd;
the resulting element dA (k1, k2) matrix of boolean values is reported in (3.25).

dA (k1, k2) =

{︄
1 d (k1, k2) ≤ εd

0 d (k1, k2) > εd
(3.25)

The matrix A ∈ {0,1}m×m composed by the m resulting elements dA (k1, k2)
can be considered as an adjacency boolean matrix of a graph G (A): in particular,
the value 1 indicates the presence of an edge, the value of 0 denotes the absence of
a connection between the points of the domain.

At this point, the clustering is completed counting the number of connected
components of the graph G (A).

3.2.2 Simulation and Results

The clustering approach described in Sec. 3.2.1 presents three main parameters to
manage: a parameter for the number of the points in the domain N , a threshold
parameter σζ̂,d considered to filter the values of the standard deviation, and the
threshold on the distance of the domain εd.

To check if the proposed strategy works, a scenario of satellite in LEO with
slightly off the Nadir alignment is considered; in particular, the following values
are considered: Λ0 = 5°, λ0 = 5°, h0 = 0 m, a0 = R⊕ + 500 km, e0 = 0, i0 = 90°,
Ω0 = 0°, ω0 = 0°, ν0 = 0°.

To isolate the results from the influence of the relative position with respect to
the Greenwich meridian, an instant of time such that αGr (t) = 0° has been selected.

The simulations considered a frequency of f = 1575.42 MHz, Mx = My = 7
array elements for each direction, and a value of SNR (pFA, pD) ≈ 15 dB with +3
dB as a safety margin.

To determine the value of the threshold σζ̂,d of the mask function, it has con-
sidered a fixed number of residual values Nres after the threshold resulting from
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on a fixed value of the index q ∈ [0,1] of the quantile of the distribution of the
synthetic data; the threshold, determined as quantile, can be reported as function
of the index of the quantile as σζ̂,d = σζ̂,d (q).

The value of Nres has been calculated considering the expected number of groups
N̂G, a mean number of points for within each group N̄g, and a multiplicative factor
used as safety margin Ns. The number of residual points, which formally is equal
to the sum of the binary values of the mask function χd, after the application of
the threshold is as in (3.26).

Nres =
∑︂

(︂
θ
(k1)
1 ,θ

(k2)
2 ,θ

(k3)
3

)︂
∈D̂

χd = N̂GN̄gNsf (3.26)

Given the samples of the domain
(︂
θ
(k1)
1 , θ

(k2)
2 , θ

(k3)
3

)︂
∈ D̂ and the resulting syn-

thetic data σ
(k1,k2,k3)

ζ̂
= σζ̂

(︂
θ
(k1)
1 , θ

(k2)
2 , θ

(k3)
3

)︂
, the value of the number of the residual

points Nres has been used to determine the quantile of such distribution.
Formally, the index q of the quantile σζ̂,d is determined by the expression of the

cardinality # of the set in (3.27).

#
{︂(︂

θ
(k1)
1 , θ

(k2)
2 , θ

(k3)
3

)︂
∈ D̂

⃓⃓⃓
σ
(k1,k2,k3)

ζ̂
> σζ̂,d (q)

}︂
= Nres (3.27)

The mean number of points for within each group N̄g can be predicted consid-
ering a scaled subset of the total number of points of the domain; for this study
an empirical value of N̄g = 5 (N/10)3 has been considered, which demonstrated a
good scalability varying the resolution of the domain.

Operatively, the reasoning is the following: the index q is such that the number
of residual values Nres is determined by the difference Nt− qNt = Nres, as reported
in (3.28).

q =
Nt −Nres

Nt

=
4N2 (N − 1)− N̂GN̄gNsf

4N2 (N − 1)

=
4N2 (N − 1)− N̂G

(︂
5
(︁
N
10

)︁3)︂
Nsf

4N2 (N − 1)

(3.28)

It is expected that the order of magnitude for the number of groups is N̂G =
O (10) and a further safety margin of Nsf = 2 has been considered for the explorative
purposes of the study.

The value of N can be selected considering the desired value of the spacing ∆θ
between consecutive samples of the attitude angles. Following the hypotheses in
Sec. 3.2.1, it results ∆θ = π/N .
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3.2 – Prediction and Clustering of Measurement Divergence

The threshold on the distances, resulted in εd =
√
3∆θ =

√
3π/N , has been eval-

uated considering the minimum chance to connect the samples
(︂
θ
(k1)
1 , θ

(k2)
2 , θ

(k3)
3

)︂
and

(︂
θ
(k1)
1 +∆θ, θ

(k2)
2 +∆θ, θ

(k3)
3 +∆θ

)︂
.

Simulations have been conducted in MATLAB environment with a value of
the resolution employed for the simulation equal to N = 72, corresponding to
∆θ = 2.5°: in this case, the clustering strategy identified 4 groups. The value of
the thresholds resulted in σζ̂,d = 0.021838705709797 rad.

In Figure 3.13 there is a scatter plot of the 4 groups and in Figure 3.14, Fig-
ure 3.15, Figure 3.16 its views along θ1-θ2 plane, θ1-θ3 plane, and θ2-θ3 plane.

Figure 3.13: Scatter plot of the 4 clusters of attitude angles θ1, θ2, θ3 identified for an
AOA receiver.
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Figure 3.14: View along θ1-θ2 plane of the scatter plot of the 4 clusters of attitude angles
θ1, θ2, θ3 identified for an AOA receiver.

Figure 3.15: View along θ1-θ3 plane of the scatter plot of the 4 clusters of attitude angles
θ1, θ2, θ3 identified for an AOA receiver.
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Figure 3.16: View along θ2-θ3 plane of the scatter plot of the 4 clusters of attitude angles
θ1, θ2, θ3 identified for an AOA receiver.
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3.3 Divergence Management with Tri-Axial Arrays
of Antennas

The approach and models developed in this section are extracted from the work of
the author [64].

The starting point of the study is the problem of the geolocation of the position
of a source of an electromagnetic waves xE by a satellite platform placed in xS with
AOA technology [8].

In order to perform this operation, the onboard algorithm must perform the
workflow depicted in Fig. 3.17; the operations are based on common representation
of data in astrodynamics [2].

Each sensing array calculates its bearing angle ζx, ζy, ζz, which geometrically
can be defined as the dot product between the LOB uLOB and the unit vectors of
the arrays uAr,x, uAr,y, uAr,z as shown in (3.29).

⎧⎪⎨⎪⎩
cos (ζx) = uLOB · uAr,x

cos (ζy) = uLOB · uAr,y

cos (ζz) = uLOB · uAr,z

(3.29)

Introducing [59] a local spherical coordinate system {xA, yA, zA}, it is possible
to define the (3.29) in terms of Azimuth angle αAz and Elevation angle αEl as shown
in (3.30).

Satellite status

ζx, ζy, ζzAOA
measurements

αAz, αElEvaluation of
Azimuth and

Elevation angles

uLOB|AEvaluation of
Line of Bearing

uLOB|BProjection in
Body

Coordinate
System uLOB|OrbProjection in

Orbiting
Reference

System

uLOB|ECI

Projection in ECI

xSSatellite
position

vSSatellite
velocity

θ1, θ2, θ3Satellite
attitude

Mounting
parameters

xEEmitter position
calculation

Emitter
positionEarth

model

Figure 3.17: Scheme of geolocation of the position an electromagnetic emitter of signal
xE from a satellite platform placed in xS.
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos (ζx) = uLOB|A · uAr,x|A =

⎛⎝cos (αAz) cos (αEl)
sin (αAz) cos (αEl)

sin (αEl)

⎞⎠ ·
⎛⎝1
0
0

⎞⎠ = cos (αAz) cos (αEl)

cos (ζy) = uLOB|A · uAr,y|A =

⎛⎝cos (αAz) cos (αEl)
sin (αAz) cos (αEl)

sin (αEl)

⎞⎠ ·
⎛⎝0
1
0

⎞⎠ = sin (αAz) cos (αEl)

cos (ζz) = uLOB|A · uAr,z|A =

⎛⎝cos (αAz) cos (αEl)
sin (αAz) cos (αEl)

sin (αEl)

⎞⎠ ·
⎛⎝0
0
1

⎞⎠ = sin (αEl)

(3.30)
A measurement of a broadside angle ζ̂ for a linear antenna array can be unreli-

able when the variance σ2
ζ̂
, predicted through the CRLB [22] and reported in (1.50)

of Sec. 1.10, diverges.
The divergence condition is σ2

ζ̂
→ ∞ which corresponds to 1/ sin2 (ζ) → ∞ or,

equivalently, to sin (ζ) → 0 and ζ → 0 + kπ with k ∈ Z. Operatively, for models
reported in (3.29) and (3.30), the condition of divergence written as cos (ζ) → ±1
is of interest.

Given a certain relative configuration between the satellite position xS and emit-
ter position xE, this divergence can occur because the antenna array axis can be
aligned to the LOB because of the satellite attitude, so it is possible to assume
ζ = ζ (θ1, θ2, θ3) as a first attempt of abstract model, where θ1, θ2, θ3 denote the
attitude angles of roll, pitch, and yaw of the satellite.

In particular, when ζx̂ results unreliable, then cos (α̂Az) cos (α̂El)→ ±1 or, equiv-
alently, α̂Az → k1π ∪ α̂El → k2π with k1, k2 ∈ Z.

When ζŷ results unreliable, then sin (α̂Az) cos (α̂El)→ ±1 or, equivalently, α̂Az →
π/2 + k1π ∪ α̂El → k2π with k1, k2 ∈ Z.

When ζẑ results unreliable, then sin (α̂El)→ ±1 or, equivalently, α̂El → π/2+kπ
with k ∈ Z.

From the representation of data in (3.30) it is possible to conclude that for
each pair of broadside angles an estimation of the Azimuth and Elevation angles is
possible.

Given the measurements ζ̂x and ζ̂y, the corresponding Azimuth and Elevation
angles, denoted here with α̂Az;x−y and α̂El;x−y can be estimated through the ones
reported in 3.31. ⎧⎪⎨⎪⎩

α̂Az;x−y

(︂
ζ̂x, ζ̂y

)︂
= atan2

(︂
cos
(︂
ζ̂y

)︂
, cos

(︂
ζ̂x

)︂)︂
α̂El;x−y

(︂
ζ̂x, ζ̂y

)︂
=

√︃
cos2

(︂
ζ̂x

)︂
+ cos2

(︂
ζ̂y

)︂ (3.31)

Given the measurements ζ̂x and ζ̂z, the corresponding Azimuth and Elevation
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angles, denoted with α̂Az;x−z and α̂El;x−z can be estimated through the ones reported
in 3.32. ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

α̂Az;x−z

(︂
ζ̂x, ζ̂z

)︂
= arccos

⎛⎝ cos
(︂
ζ̂x

)︂
cos
(︂
arcsin

(︂
cos
(︂
ζ̂z

)︂)︂)︂
⎞⎠

α̂El;x−z

(︂
ζ̂z

)︂
= arcsin

(︂
cos
(︂
ζ̂z

)︂)︂ (3.32)

Given the measurements ζ̂y and ζ̂z, the corresponding Azimuth and Elevation
angles, denoted with α̂Az;y−z and α̂El;y−z can be estimated through the ones reported
in 3.33. ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

α̂Az;y−z

(︂
ζ̂y, ζ̂z

)︂
= arcsin

⎛⎝ cos
(︂
ζ̂y

)︂
cos
(︂
arcsin

(︂
cos
(︂
ζ̂z

)︂)︂)︂
⎞⎠

α̂El;y−z

(︂
ζ̂z

)︂
= arcsin

(︂
cos
(︂
ζ̂z

)︂)︂ (3.33)

When all the three measurements ζ̂x, ζ̂y, ζ̂z are reliable, then, in principle,
it is possible to fuse all the estimations 3.31, 3.32, and 3.33. For simplicity and
demonstrative purposes, in this study a linear model with weights wAz;x−y, wAz;x−z,
wAz;y−z, wEl;x−y, wEl;x−z, and wEl;y−z is assumed, as in (3.34).

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

α̂Az

(︂
ζ̂x, ζ̂y, ζ̂z

)︂
= wAz;x−yα̂Az;x−y

(︂
ζ̂x, ζ̂y

)︂
+ wAz;x−zα̂Az;x−z

(︂
ζ̂x, ζ̂z

)︂
+wAz;y−zα̂Az;y−z

(︂
ζ̂y, ζ̂z

)︂
α̂El

(︂
ζ̂x, ζ̂y, ζ̂z

)︂
= wEl;x−yα̂El;x−y

(︂
ζ̂x, ζ̂y

)︂
+ wEl;x−zα̂El;x−z

(︂
ζ̂z

)︂
+wEl;y−zα̂El;y−z

(︂
ζ̂z

)︂
(3.34)

The set of condition on the weights are reported in (3.35).⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wAz;x−y + wAz;x−z + wAz;y−z = 1

wEl;x−y + wEl;x−z + wEl;y−z = 1

0 ≤ wAz;x−y ≤ 1

0 ≤ wAz;x−z ≤ 1

0 ≤ wAz;y−z ≤ 1

0 ≤ wEl;x−y ≤ 1

0 ≤ wEl;x−z ≤ 1

0 ≤ wEl;y−z ≤ 1

(3.35)
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The reader can notice that α̂El;x−z

(︂
ζ̂z

)︂
= α̂El;y−z

(︂
ζ̂z

)︂
= α̂El;z

(︂
ζ̂z

)︂
, so it is

possible to consider wEl;x−z = wEl;y−z = wEl;z, then the second equation of 3.34 can
be rewritten as reported in (3.36).

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
α̂Az

(︂
ζ̂x, ζ̂y, ζ̂z

)︂
= wAz;x−yα̂Az;x−y

(︂
ζ̂x, ζ̂y

)︂
+ wAz;x−zα̂Az;x−z

(︂
ζ̂x, ζ̂z

)︂
+wAz;y−zα̂Az;y−z

(︂
ζ̂y, ζ̂z

)︂
α̂El

(︂
ζ̂x, ζ̂y, ζ̂z

)︂
= wEl;x−yα̂El;x−y

(︂
ζ̂x, ζ̂y

)︂
+ 2wEl;zα̂El;z

(︂
ζ̂z

)︂ (3.36)

An architectural representation of the linear fusion strategy of the model (3.34)
is reported in Fig. 3.18.

ζxBroadside
angle x

ζyBroadside
angle y

ζzBroadside
angle z

wAz;x-y, wAz;x-z, wAz;y-z, wEl;x-y, wEl;z
Weights

αAz;x-y, αEl;x-y
x-y Estimation

αAz;x-z, αEl;x-z
x-z Estimation

αAz;y-z, αEl;y-z
y-z Estimation

αAz, αEl
Linear fusion

Azimuth and
Elevation

angles

Figure 3.18: Scheme of linear fusion of the measurements with weights for the calculation
of Azimuth angle αAz and Elevation angle αEl.

Considering that an estimation of Azimuth angle and Elevation angle can be
obtained even if one of the three broadside angles is unreliable, then it is possible
to develop a simple scheme of reliability analysis with the selection of weights for
the fusion of the measurements as reported in Fig. 3.19. More generally, it is
also possible to conceive the scheme considering the estimation of the position of
the emitter of the signal as additional feedback information: in this latter case,
the reliability analysis is performed considering the relative position between the
satellite platform and the emitter of signal xE−xS and the full status of the satellite.

The model shows that for this payload it is possible to predict and overcome the
phenomenon of the divergence of the dispersion of the measurement if the current
status of the satellite is available. Despite the study is restricted to a linear fusion
model, an overall reliable measurement has been obtained and a compensation
scheme has been presented. The validation of the method, its simulation and
experimental implementation are left for future investigations.
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Satellite status

ζx, ζy, ζzAOA
measurements

αAz, αElEvaluation of
Azimuth and

Elevation angles

uLOB|AEvaluation of
Line of Bearing

uLOB|BProjection in
Body

Reference
System uLOB|OrbProjection in

Orbiting
Reference

System

uLOB|ECI

Projection in ECI

xSSatellite
position

vSSatellite
velocity

θ1, θ2, θ3Satellite
attitude

Mounting
parameters

xEEmitter position
calculation

Emitter
position

Reliability
analysis and
selection of

weights

Earth
model

Figure 3.19: Scheme of geolocation of the position an electromagnetic emitter of signal
xE from a satellite platform placed in xS with a scheme of reliability analysis of the
measurements and selection of weights for the fusion of the measurements.
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Chapter 4

Multi-Satellite Systems

This section explores the topic of multi-satellite systems. The first section 4.1
presents some high-level reasoning and differences of approach between centralized
and distributed systems; Sec. 4.2 presents a semi-analytical method developed to
calculate the visibility window and the angle of sight considering the relative ge-
ometry between the emitter of signal and a satellite platforms: these quantities are
of interest because they constitute the main physical and geometrical constraints
used to determine when a measurement with multi-satellite system (but they are
of interest also for a single platform system) is possible; Sec. 4.3 shows a possible
mathematical approach to formulate and solve the problem of optimization of the
relative position of a cluster of satellites within a constellation in order with re-
spect to the metrics of Dilution of Precision (DOP); besides the development of the
models, in Sec. 4.4 selected campaigns of analysis explored properties of symmetry
and antisymmetry for the angles that describe the constellation, changes in orbit
radius and latitude of the emitter, influence of SNR in an exemplary case of cross
antenna array, and what happens if the receivers are different in terms of size and
number of antenna elements in an exemplary case of planar antenna array.

4.1 Centralized and Distributed Architectures

When multiple measurements from different satellite platforms are available it is
important to develop a strategy to fuse the measurements.

Given a set I = {S1, S2, . . . , Sk, . . . , Sn} of satellite platforms with the possi-
bility to obtain vLOB,1,vLOB,2, . . . ,vLOB,k, . . . ,vLOB,n, in principle, two alternative
approaches are possible.

The first one is a centralized architecture in which all the satellites communicate
with a single reference ‘node’. The reference node can be another satellite indicated
with Sc, with a role of chief, or a ground station, indicated with G.

This first kind of architecture, represented in Fig. 4.1, is simple and conceptually
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involves the following consecutive steps:

Step 1: each k-th satellite Sk performs its measurement vLOB,k;

Step 2: each satellite Sk sends its measurement vLOB,k to the chief satellite Sc (or
to the ground station G);

Step 3: the chief satellite Sc (or the ground station G) performs the fusion of the
collected measurements obtaining the estimated position of the emitter x̂E;

Step 4: if the measurement is performed by a chief satellite Sc, then it sends the
estimated position of the emitter x̂E to the ground station G, where the user
is supposed to be. If there is not a chief satellite and the elaboration of the
information is performed in the ground station G, then this step does not
happen, because the estimation is already available to the user.

Ground station

Chief satelliteMeasurement 1

Measurement 2

Measurement k

Measurement n

Estimation of
emitter position

Estimation of
emitter position

Emitter position

Sending information
to ground station

Figure 4.1: Centralized architecture for multi-satellite system.

The second strategy is a distributed solution, in which there is not a chief or
a reference ground station to perform the measurements. In that case, the first
conceptual steps are the following:

Step 1: each k-th satellite Sk performs its measurement vLOB,k;

Step 4: each k-th satellite Sk sends its measurement vLOB,k to a subset I∗ ⊆
I \ {Sk} of satellites of the same constellation, where in particular I /= ∅; in
other terms, the information is sent to at least one different satellite;

Step 3: each k-th satellite Sk performs its local estimation x̂E,k;

Step 4: each k-th satellite Sk sends its local estimation x̂E,k to the other satellites
to obtain the consensus x̂E;

Step 4: the obtained consensus x̂E is sent to the user in the ground station G.
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Compared to the centralized strategy, the distributed solution has two main
difficulties: among the satellites a communication network should be designed and
a convergent algorithm of consensus should be adopted.

Possible networks to be adopted are: ‘all-to-all’, a regular graph, and ‘gossip’.
An ‘all-to-all’ net means that all the satellites send the information to all the

satellites.
In a regular graph all the satellites send the information to a fixed and restricted

number of satellites; the quality of results and type of operation differ depending
on the number of the available measurements.

The bare minimum is a 1-regular-graph, and two solutions are possible. If
the graph is not oriented there will be isolated couples of satellites that exchange
information, S1 ↔ S2, S3 ↔ S4, . . . , Sk1 ↔ Sk2 . . . , Sn−1 ↔ Sn with n = 2m and
m ∈ N. If the graph is oriented, then the result of a 1-regular-graph is a directed
cycle, S1 → S2 → S3 → · · · → Sk1 → Sk2 → · · · → Sn−1 → Sn → S1 with n ∈ N.

With a 1-regular-graph the possible operation is the evaluation of the mean
point between the LOBs, or its weighted version.

In a ‘gossip’ strategy each k-th satellite sends the information to a random
selection of satellites.

The selection of the particular topology of communication strategy of consensus
with the evaluation of its performance are beyond the purposes of this thesis and
are left for future investigations.

4.2 Angle of Sight and Visibility Window

The approach and models developed in this section are extracted from the work
of the author [65]: at the moment of writing this paper is ‘submitted’ and under
review; the presentation, provided its acceptance, is expected to happen in May
2026 at RadarConf’26 conference.

This section proposes a semi-analytical method to evaluate two quantities of
interest in mission planning: the angle of sight and the visibility window.

The two quantities are calculated for a single satellite platform S with respect
to an emitter of signal E on the surface of the Earth.

In order to evaluate the corresponding angle of sight and the visibility window,
the starting point is to define the portion of the orbit in which the satellite has a
direct Line of Sight (LOS) with the emitter.

Formally, this can be evaluated considering the constraint determined by the
plane πc, which is the set of points that has a zero angle of elevation with respect
to the position of the emitter xE, and its intersection with the orbit of the satellite
γS, which is supposed to lay on the orbital plane πo, so γS ∈ πo.

Assuming πc ∦ πo, then it is possible to say that πc divides in two parts the
orbit, here denoted as γS,1 and γS,2. It results γS,1 ∪ γS,2 = γS.
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Formally, the set of points of intersection I between the orbit γS and the con-
straint plane πc is defined as in (4.1).

I =
{︁
x ∈ R3|πc ∩ γS

}︁
(4.1)

Possible cases are: I has two distinct points, I = {xI,1,xI,2}; I has two coincident
points, I = {xI}; the set I is void, I = ∅. For this study, the third case is not
considered, while the second case is considered as a particular case of the first one
as xI = xI,1 = xI,2.

Equivalently, it is also possible to consider the definition in (4.2), where l =
(πc ∩ πo) is an auxiliary line introduced to reduce the dimensionality of the oper-
ation of intersection within the definition of the set I.

I =
{︁
x ∈ R3| (πc ∩ πo) ∩ γS

}︁
=
{︁
x ∈ R3|l ∩ γS

}︁
(4.2)

The set I is the intersection between an ellipse (i.e., the satellite orbit γS ) and
the tangent line l obtained from the zero-elevation condition.

Given a representation πc : ac,xx + ac,yy + ac,zz + ac,0 = 0, then πc is the set of
points in which the unitary normal vector to the plane is nc = (nx,c, ny,c, nz,c)

T =

(ac,x, ac,y, ac,z)
T.

Given a representation of the coordinates of the emitter of signal in geodetic
latitude, longitude, and height, xE|LLH = (Λ, λ, h)T, then the components of the
normal vector to the Earth’s surface plane can be calculated as in (4.3).

nc = lim
∆h→0

(︃
xE (h+∆h)− xE (h)

∥xE (h+∆h)− xE (h)∥

)︃
=

x
′
E (h)⃦⃦

x
′
E (h)

⃦⃦ (4.3)

Denoting with sα = sin (α) and cα = cos (α) the sine and cosine functions to
compact the notation, then the representation of xE in Earth-Centered Inertial
(ECI) coordinate system is as in (4.4), where a⊕ and e⊕ are the semi-major axis
and the eccentricity of the ellipsoidal model of the Earth and αGr is the position of
the Greenwich meridian1.

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

xE|ECI = cαGr

(︃(︃
a⊕

1− e2⊕sΛ
+ h

)︃
cΛcλ

)︃
− sαGr

(︃(︃
a⊕

1− e2⊕sΛ
+ h

)︃
cΛsλ

)︃
yE|ECI = sαGr

(︃(︃
a⊕

1− e2⊕sΛ
+ h

)︃
cΛcλ

)︃
+ cαGr

(︃(︃
a⊕

1− e2⊕sΛ
+ h

)︃
cΛsλ

)︃
zE|ECI =

(︃
a⊕

1− e2⊕sΛ

(︁
1− e2⊕

)︁
+ h

)︃
sΛ

(4.4)

1To pass from LLH to ECI, an intermediate coordinate system Earth-Centered Earth-Fixed
(ECEF) is considered [4].
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A possible model for the parameters of Earth’s ellipsoid, i.e. a⊕ and e⊕, is
WGS84 [5].

Performing the derivation of (4.4) with respect to the height of the emitter h,
the (4.5) are obtained. ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂ xE|ECI

∂h
= cαGr

cΛcλ − sαGr
cΛsλ

∂ yE|ECI

∂h
= sαGr

cΛcλ + cαGr
cΛsλ

∂ zE|ECI

∂h
= sΛ

(4.5)

It can be demonstrated that
⃦⃦
x

′
E (h)

⃦⃦
= 1, so the normal vector nc is as in (4.6).

nc|ECI =

⎛⎜⎝cαGr
cΛcλ − sαGr

cΛsλ

sαGr
cΛcλ + cαGr

cΛsλ

sΛ

⎞⎟⎠ (4.6)

The value of ac,0 can be obtained considering that xE ∈ πc, so its value is as in
(4.7).

ac,0 = − (ac,x xE|ECI + ac,y yE|ECI + ac,z zE|ECI) (4.7)

In this study, only a single representative point of interest for the emitter of
signal is considered; in general, during the passage of the satellite S over an emitter
of signal E, the estimation of the position of the emitter of signal includes an error
in terms of longitude shift due to the rotation of the Earth: in general, this kind of
evaluation requires an iterative approach, as shown in Ch. 2.

A similar representation can be assumed for the orbital plane πo : ao,xx +
ao,yy + ao,zz + ao,0 = 0, then the unitary normal vector to the plane is no =

(nx,o, ny,o, nz,o)
T = (ao,x, ao,y, ao,z)

T.
Conventionally, it is expected that the satellite orbit is represented trough the

orbital parameters in PQW. In this representation it is no|PQW = (0,0,1)T.
The conversion from PQW to ECI is as in (4.8).

no|ECI = R(Ω,3)R(i,1)R(ω,3) no|PQW (4.8)

Performing the operations in (4.8), the (4.9) is obtained.

no|ECI =

⎛⎜⎝ sΩsi

−cΩsi
ci

⎞⎟⎠ (4.9)

The value of ao,0 can be obtained observing that the satellite position belongs
to the orbital plane xS ∈ πo.
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Performing the rotations in (1.2), the value of ao,0 can be obtained from (4.10).

ao,0 = − (ao,x xS|ECI + ao,y yS|ECI + ao,z zS|ECI) (4.10)

Considering a parametric representation for the line l as function of the linear
parameter tl, as in (4.11),

l :

⎧⎪⎨⎪⎩
x = xl,0 + vl,xtl

y = yl,0 + vl,ytl

z = zl,0 + vl,ztl

tl ∈ R, (4.11)

then the direction vector vl = (vl,x, vl,y, vl,z)
T can be calculated as vl = nc×no,

as reported in (4.12).

vl,x = nc,yno,z − nc,zno,y = sαGr
cΛcλci + cαGr

cΛci + sΛcΩsi

vl,y = −nc,xno,z + nc,zno,x = cαGr
cΛcλci − sαGr

cΛsλci − sΛsΩsi

vl,z = nc,xno,y − nc,yno,x = −cαGr
cΛcλcΩsi + sαGr

cΛsλcΩsi + sαGr
cΛcλsΩsi

+cαGr
cΛsλsΩsi

(4.12)

The components of the point on the line (xl,0, yl,0, zl,0)
T can be obtained consid-

ering the system of equations in (4.13).

l :

{︄
πc : ac,xx+ ac,yy + ac,zz + ac,0 = 0

πo : ao,xx+ ao,yy + ao,zz + ao,0 = 0
(4.13)

Choosing zl,0 = 0, then the result is as in (4.14).⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
xl,0 =

−ny,cao,0 + ny,oac,0
nx,ony,c − ny,onx,c

yl,0 =
nx,cao,0 − nx,oac,0
nx,ony,c − ny,onx,c

zl,0 = 0

(4.14)

Also the elliptic orbit γS can be expressed in parametric form, as in (4.15),
where a and e are the semi-major axis and the eccentricity of the orbit, the point
xγ,0 = (xγ,0, yγ,0, zγ,0)

T represents the centre of the ellipse, and the values stγ and
ctγ are the sine and cosine of the angular parameter tγ.

γS :

⎧⎪⎨⎪⎩
x = xγ,0 + auγ,xctγ + a

√
1− e2vγ,xstγ

y = yγ,0 + auγ,yctγ + a
√
1− e2vγ,ystγ

z = zγ,0 + auγ,zctγ + a
√
1− e2vγ,zstγ

tγ ∈ [0,2π] , (4.15)
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The vectors uγ = (uγ,x, uγ,y, uγ,z)
T and vγ = (vγ,x, vγ,y, vγ,z)

T are two non-
parallel vectors in the plane of the orbit, formally described by the set of conditions
in (4.16). ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

uγ ∈ πo

vγ ∈ πo

uγ ∦ vγ

uγ · no = 0

vγ · no = 0

(4.16)

The (4.16) has 6 unknowns and 4 degrees of freedom; a possible solution is
uγ|PQW = (1,0,0)T and vγ|PQW = (0,1,0)T with representation in ECI is as in
(4.17) and in (4.18).

uγ|ECI = R(Ω,3)R(i,1)R(ω,3) uγ|PQW =

⎛⎝cΩcω − sΩcisω
sΩcω + cΩcisω

sisω

⎞⎠ (4.17)

vγ|ECI = R(Ω,3)R(i,1)R(ω,3) vγ|PQW =

⎛⎝−cΩsω − sΩcicω
−sΩsω + cΩcicω

sicω

⎞⎠ (4.18)

The centre of the ellipse xγ,0 can be derived considering that it is the mean
point of the two foci F1 and F2. Assuming that the position of the Earth x⊕ is
in F1, then xF1 = x⊕ and xF2 = xF1 − 2eaa = x⊕ − 2eaa, where a is the unitary
vector of the line of the apsides.

Representing the positions ECI, then x⊕|ECI = 0, obtaining xF2|ECI = −2ea a|ECI.
The centre of the ellipse xγ,0 can be calculated as in (4.19).

xγ,0|ECI =
xF2|ECI + xF1|ECI

2
= −ea a|ECI (4.19)

The unitary vector of the line of apsides in PQW is represented as a|PQW =

(1,0,0)T, then its representation in ECI is as in (4.20).

a|ECI = R(Ω,3)R(i,1)R(ω,3) a|PQW =

⎛⎝cΩcω − sΩcisω
sΩcω + cΩcisω

sisω

⎞⎠ (4.20)

At this point, everything is set up to express the system of equations that can
lead to the solution; in particular, the intersection between the line l and the orbit
γS is performed equating the expressions in (4.11) and (4.15), obtaining the system
of equations in (4.21).
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⎧⎪⎨⎪⎩
xγ,0 + auγ,xctγ + a

√
1− e2vγ,xstγ = xl,0 + vl,xtl

yγ,0 + auγ,yctγ + a
√
1− e2vγ,ystγ = yl,0 + vl,ytl

zγ,0 + auγ,zctγ + a
√
1− e2vγ,zstγ = zl,0 + vl,ztl

tγ ∈ [0,2π] , tl ∈ R (4.21)

The system in (4.21) has three transcendental equations with two unknown tγ
and tl, this means that it is is overdetermined and two equations are sufficient to
determine the solutions. Depending on the geometry, possible solutions can give
up to two values for the linear parameter tl,1 and tl,2 and up to two values with
periodicity for the angular parameter tγ,1 + 2kπ and tγ,1 + 2kπ with k ∈ Z.

Once the values of the angular parameter are known, then the true anomalies
ν1 and ν2 can be retrieved with the aid of (4.22).

tan (ν) =
a
√
1− e2stγ

a
(︁
ctγ − e

)︁ =

√
1− e2stγ
ctγ − e

(4.22)

From the calculation of the true anomalies ν1 and ν2 obtained in (4.22), it is
possible to evaluate the angle of sight ∆ν as in (4.23), where ν̂1 = (ν1 mod 2π) and
ν̂2 = (ν2 mod 2π) are the normalized angles of the true anomalies, so ν̂1 ∈ [0,2π[
and ν̂2 ∈ [0,2π[.

∆ν = min (|ν̂2 − ν̂1|,2π − |ν̂2 − ν̂1|) (4.23)

From values of true anomaly, then the eccentric anomalies E1 and E2 can be
obtained from (4.24).

E = arctan2
(︂√

1− e2sν̂ , e+ cν̂

)︂
(4.24)

When (4.24) is employed, the use of atan2 leads to E ∈ ]−π, π]; the obtained
values of E1 and E2 have to be normalized as Ê1 = (E1 mod 2π) and Ê2 =
(E2 mod 2π) in order to have Ê1 ∈ [0,2π[ and Ê2 ∈ [0,2π[.

Once the normalized eccentric anomalies Ê1 and Ê2 have been obtained, then
the mean anomalies M1 and M2 are obtained from the classic relationship in (4.25).

M = Ê − esÊ (4.25)

Since Ê ∈ [0,2π[, then M ∈ [0,2π[ follows, so it is not necessary to normalize the
values of M1 and M2. At this point, it is possible to retrieve the minimum difference
of the instants of time t1 and t2 associated to the passage of the satellite in ν1 and
ν2 with the aid of (4.26), where t is the current time, τ is the time of pericenter,
and T is the period of the orbit, calculated as T = 2π

√︁
a3/µ⊕; in particular, µ⊕ is

the standard gravitational parameter of the Earth.
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t− τ =
MT

2π
(4.26)

The visibility window ∆tv can be obtained as in (4.27), where ∆M is calculated
as in (4.28).

∆tv = ∆M
T

2π
(4.27)

∆M = min (|M2 −M1|,2π − |M2 −M1|) (4.28)

The normalization in (4.28) is necessary because having M1 ∈ [0,2π[ and M2 ∈
[0,2π[ do not imply that M2 −M1 ∈ [0,2π[ and M1 −M2 ∈ [0,2π[.

The method proposed is completely analytical and every passage can be solved
without numerical aids, with the only exception of the solution of the system of
equations in (4.21).

4.2.1 Choice of Initial Conditions

This system in (4.21) is composed of equations with a linear term in tl and trigono-
metric functions of tγ; the strategies of resolution are generally iterative and based
on multivariate Newton-Raphson algorithm or its variants [66].

In order to solve the system numerically and obtain the two different solutions,
the choice of initial conditions is important.

It can be observed that for a spherical Earth and circular orbit and in the case
of a Zenith passage over the emitter, the maximum interval of true anomaly of
visibility is as in (4.29).

max (∆νv) = 2 arccos

(︃
R⊕
r

)︃
(4.29)

This means that, given an arbitrary configuration with a satellite in a certain
orbit with radius r, the two different linear parameters tl,1 and tl,2 are within the
intervals reported in (4.30).

0 ≤ tl,1 ≤ r arccos (max∆νv)

−r arccos (max∆νv) ≤ tl,2 ≤ 0
(4.30)

Assuming a completely unknown passage of the satellite over the emitter, a good
choice of attempt for the initial values of the linear parameter tl,1,Init and tl,2,Init can
be the half points reported in (4.31).

tl,1,Init =
1

2
r arccos (max (∆νv))

tl,2,Init = −
1

2
r arccos (max (∆νv))

(4.31)
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Consequently, the parameter tγ related to the ellipse can be obtained observed
that the equations reported in (4.21) are in the form A+Bctγ+Cstγ = 0. Assuming
the transformation Dcβ = B and Dsβ = C, the equation will be in the form
A+Dcβctγ +Dsβstγ = 0. Exploiting the identity cβctγ + sβstγ = c(tγ−β), then the
equation can be written in the form A+Dc(tγ−β) = 0. In particular, depending on
the choice j = {1,2,3} of the equation, A can be one of the following

A(j) (tl,k,Init) =

⎧⎪⎨⎪⎩
x0,γ − x0,l − vl,xtl,k,Init j = 1, k = 1,2

y0,γ − y0,l − vl,ytl,k,Init j = 2, k = 1,2

z0,γ − z0,l − vl,ztl,k,Init j = 3, k = 1,2

, (4.32)

B can be one of the following

B(j) =

⎧⎪⎨⎪⎩
auγ,x j = 1

auγ,y j = 3

auγ,z j = 3

, (4.33)

and C can be one of the following

C(j) =

⎧⎪⎨⎪⎩
a
√
1− e2vγ,x j = 1

a
√
1− e2vγ,y j = 2

a
√
1− e2vγ,z j = 3

. (4.34)

Given D(j) =

√︂
(B(j))

2
+ (C(j))

2 and β(j) = arccos
(︁
B(j)/D(j)

)︁
, the parameters

t
(j)
γ,1,Init and t

(j)
γ,2,Init can be obtained as in (4.35).

t
(j)
γ,k,Init = β(j) + arccos

(︃
A(j) (tl,k,Init)

D(j)

)︃
k = 1,2 (4.35)

In particular, it is important to check that t
(j)
γ,1,Init /= t

(j)
γ,2,Init. If this does not

happen, it is because of the choice of the equation represented by the index j; in
particular, the reader must pay attention that in the selected equation j, the two
solutions differ because of the value of the linear parameter tl,k,Init in the expression
of A(j) in (4.32). The issue does not happen if in the selected equation the value
of vl,x, vl,y, or vl,z is non-zero. To avoid the issue, it is suggested to select the
component j that has the highest value in modulus, as shown in (4.36).

j = argmax
m∈{x,y,z}

(|vl,m|) (4.36)

From the experience of the author, this approach to the choice of the initial
guess for the iterations converges to two different solutions.
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4.2.2 Solving the System of Equations

After the determination of initial guesses as shown in Sec. 4.2.1, the system of equa-
tions can be solved with multivariate Newton-Raphson method or any equivalent
method.

The system (4.21) has three equations and two unknowns; it is overdetermined,
and two equations are actually sufficient to retrieve the solutions. To compact the
notation, the two selected equations are written in the general form F (tγ, tl) =

[f1 (tγ, tl) , f2 (tγ, tl)]
T = [0, 0]T. The Jacobian J can be calculated as in (4.37).

J (tγ, tl) =

[︄
∂f1(tγ ,tl)

∂tγ

∂f1(tγ ,tl)

∂tl
∂f2(tγ ,tl)

∂tγ

∂f2(tγ ,tl)

∂tl

]︄
(4.37)

The solution can be retrieved iterating the steps from n to n+ 1 as in (4.38).[︃
(tγ)n+1

(tl)n+1

]︃
=

[︃
(tγ)n
(tl)n

]︃
− J−1

(︁
(tγ)n , (tl)n

)︁
F
(︁
(tγ)n , (tl)n

)︁
(4.38)

To check the convergence, the stopping criteria are based on the two conditions
reported in (4.39) with εF ≪ 1 for residuals and εt ≪ 1 for the increment (∆t)n+1 =
tn+1 − tn. ⃦⃦

F
(︁
(tγ)n , (tl)n

)︁⃦⃦2 ≤ εF⃦⃦
(∆t)n+1

⃦⃦
≤ εt

(4.39)

The feasibility and correctness of the method have been checked with simula-
tions in MATLAB environment using fsolve with trust-region.

The first check has been done considering a well-known trivial case of an emitter
of signal in Λ = 0°, λ = 0°, and h = 0 m and a satellite in LEO with values of
a = R⊕ +500000 km, e = 0, i = 90°, Ω = 0°, and ω = 0°; assuming εF = 10−24 and
εt = 10−24, the method converged giving an angle of sight of ∆ν = 43.9858° and
visibility window of ∆tv = 692.549 s as expected.

Example of values of residuals and increments are reported in Fig. 4.2 for the
solution tl,2 and tγ,2. Similar values have been obtained for tl,1 and tγ,1.

From Fig. 4.2 results that ∥F∥ limits the convergence in the first three iterations,
then in the subsequent iterations ∥(∆t)∥ has more impact, meaning that both the
stopping criteria εF and εt are important to achieve the convergence.

Other two tests have been conducted varying the orbit size in terms of a and
the right ascension of the ascending node Ω.

The first test considered an emitter of signal in Λ = 41.108852°, λ = 16.878680°,
and h = 0 m and a satellite in LEO with values of e = 0.001, i = 90°, Ω = 15°, and
ω = 45° the method converged to the solutions in Tab. 4.1.
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Figure 4.2: Values of residuals ∥F∥2 and increments ∥(∆t)∥, indicated as ∥f(x)∥2 and
‘norm of step’, respectively, in the MATLAB environment.
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Table 4.1: Values of angle of sight ∆ν and visibility window ∆tv with respect to the
semi-major axis of the orbit a.

a [km] ∆ν [°] ∆tv [s]
R⊕ + 400 46.178 711.25

R⊕ + 800 50.764 852.18

R⊕ + 1200 54.581 993.98

R⊕ + 1600 57.855 1138.2

R⊕ + 2000 60.710 1285.4
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The second test considered an emitter of signal in Λ = 40.452730°, λ = −3.726092°,
and h = 0 m and a satellite in LEO with values of a = R⊕+500000 km, e = 0.003,
i = 90°, and ω = 40° the method converged to the solutions in Tab. 4.2.

Table 4.2: Values of angle of sight ∆ν and visibility window ∆tv with respect to the right
ascension of the ascending node Ω.

Ω [°] ∆ν [°] ∆tv [s]
0 47.536 748.45

10 45.257 712.57

20 38.377 604.24

30 23.248 366.04

33 13.004 204.74

35 0.025791 0.40607

.

4.3 Optimization of Satellite Constellations

Part of this section is extracted from the published works of the author [67], [68],
[69], [70], and [23].

4.3.1 Dilution of Precision

In satellite systems for geolocation purposes, the variance of the error estimation has
two main sources: the error on the single measurement, which depends mainly on
the frequency of the signal itself, on the SNR and on the particular characteristics
of receiver (e.g., number of antennas and their distribution into the space); the
error due to the distribution of the receivers in the space, also known as DOP.

A common strategy of compensations of the variance in a noisy measurement is
though multiple measurements. In satellite systems this can be achieved through
multiple measurements over time with a single receiver or with multiple measure-
ments performed by multiple satellite platforms.

The second strategy is obviously expensive compared to the first one, because
there is not only the need of realization of other satellite platforms, but also their
management and maintenance. So the addition of a new satellite in a constellation
used for geolocation purposes is a strategy employed only when the first possibility
is already evaluated and exploited.

The second source of error has a geometric origin and it is known as DOP, which
arises from the spatial distribution of receivers in space. The minimization of the
DOP enhances the overall precision of the geolocation system and improves the
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services that rely on satellite-based geolocation. The optimization of the spatial
distribution of satellites in constellations started in the context of Global GNSS
[71] [72], although for these kind of systems the measurement is based on Time of
Arrival (TOA).

In addition to GNSS studies, some works have focused on terrestrial wireless
systems exploring fixed geometries in a plane (e.g., triangular, squared and hexag-
onal distributions, [73]) as well as optimal geometrical distributions of receivers in
two dimensions [74], [75]. Other studies have derived closed-form solutions for esti-
mation errors [76], developed closed-form estimators for hybrid measurements (i.e.,
combining AOA with other techniques), and explored the simultaneous localization
of multiple emitters [77].

Recent mathematical analyses, driven by the availability of different GNSS sys-
tems, have focused on determining how many satellites minimize the DOP for GNSS
systems [78], [79], on reducing computational costs [80], and on developing approx-
imate solutions using artificial intelligence in non-line-of-sight conditions [81].

In this section, the signal emitter is denoted with E, while satellites are indicated
with S1, S2, . . . , Sk, . . . , Sn, where n is the total number of satellites.

Given two satellites Sk1 and Sk2 a quantity of interest, useful to describe the
relative geometry of the constellation, is the spacing angle γk1,k2 = ∠Sk1ESk2 be-
tween the satellite Sk1 and Sk1 with respect to the emitter position E, which can
be calculated as in (4.40).

γk1,k2 = arccos

⎛⎝ −−−→
ESk1⃦⃦⃦−−−→
ESk1

⃦⃦⃦ · −−−→ESk2⃦⃦⃦−−−→
ESk2

⃦⃦⃦
⎞⎠ (4.40)

Given n satellite platforms with n AOA receivers, it is possible to obtain
vLOB,1,vLOB,2, . . . ,vLOB,k, . . . ,vLOB,n measurements.

In general, for a system of satellites composed of platforms equipped with AOA
receivers, at least two non-parallel LOB are needed to perform the geolocation.
The LOBs can come from at least two non-aligned platforms, i.e., given two LOBS
vLOB,k1 and vLOB,k2 , they satisfy the condition vLOB,k1 ∦ vLOB,k2 .

This section considers the single measurement for each satellite platform; then
the intersection of the LOBs obtained in a certain instant of time can reveal the
unknown position of the emitter xE.

Considering that the measurements are affected by errors, the estimation of the
position is generally done through the least squares method.

Representing the LOB in a spherical coordinate system, the single LOB can be
defined by a unitary radius (which is not relevant) and a set of two angles, generally
denoted by azimuth angle and polar angle (or Zenith angle) [59].

In general, if the coordinate system is the one fixed on the satellite receiver, the
two set of angles are denoted by Azimuth angle (in the following with subscript
Az) and Elevation angle (in the following with subscript El). The representation
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of these angles is not unique in literature, with different conventions depending on
the reference directions used to calculate them. Details on these representations
can be found in [60], [61].

In order to perform the measurement in every direction, at least two elements
per orthogonal direction are necessary; the measurement is then obtained through
the difference in phase of the impinging electromagnetic wave. In this case, it is
possible to have two measured angles: Azimuth angle αAz and Elevation angle αEl.

In this section the representation of the Azimuth angle αAz,k and the Elevation
angle αEl,k for the k-th satellite considered in this study is the one reported in
(4.41).

⎧⎨⎩
αAz,k = atan2(yE − ySk , xE − xSk) k = 1,2, . . . , n

αEl,k = atan2

(︃√︂
(xE − xSk)

2 + (yE − ySk)
2, zE − zSk

)︃
k = 1,2, . . . , n

(4.41)

Considering (4.41), and given n AOA receivers, the number of possible inde-
pendent AOA measurement equations in a certain instant of time is NAOA = 2n.

From the measurement equations (4.41) it is possible to write the calculate the
DOP.

The DOP is calculated considering the square root of the trace of the inverse of
the Fisher Information Matrix F, as shown in (4.42).

DOP =
√︁

Tr (F−1) (4.42)

Depending on the variables considered for the problem, the matrix F can be a
2× 2 matrix for 2D spatial problems, a 3× 3 matrix for 3D spatial problems, and
a 4× 4 matrix for 3D space-time problems.

For this section, the Position Dilution of Precision PDOP is considered, which
takes into account the three spatial coordinates. Therefore, F is a 3× 3 matrix, as
shown in (4.43).

PDOP =
√︂

Tr
(︁
F−1

3×3

)︁
(4.43)

A common decomposition for the Fisher Information Matrix F is as shown in
(4.44).

F = HTC−1H (4.44)

In particular, C is the Covariance Matrix and H is the geometric design matrix.
For this study, the geometric design matrix is composed by the set of derivatives
of the equations of measurements with respect to the position coordinates of the
emitter (xE, yE, zE), as shown in (4.45).
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H =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂αAz,1

∂xE

∂αAz,1

∂yE

∂αAz,1

∂zE
∂αEl,1

∂xE

∂αEl,1

∂yE

∂αEl,1

∂zE
∂αAz,2

∂xE

∂αAz,2

∂yE

∂αAz,2

∂zE
∂αEl,2

∂xE

∂αEl,2

∂yE

∂αEl,2

∂zE...
...

...
∂αAz,k

∂xE

∂αAz,k

∂yE

∂αAz,k

∂zE
∂αEl,k

∂xE

∂αEl,k

∂yE

∂αEl,k

∂zE...
...

...
∂αAz,n

∂xE

∂αAz,n

∂yE

∂αAz,n

∂zE
∂αEl,n

∂xE

∂αEl,n

∂yE

∂αEl,n

∂zE

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(4.45)

The elements of the Covariance matrix C are constituted by the covariance be-
tween each pair of measurements. In particular, for this context, it is supposed that
the measurement errors are Gaussian and independent. Under these hypothesis, the
Covariance matrix C is diagonal, with variances on the main diagonal, calculated
as CRLB of Sec. 1.10. In particular, the construction of the Covariance matrix
C has to follow the same order of construction of the geometric design matrix H.
Considering the ordering of equations in (4.45).

C = diag
(︂
σ2
AOA,α̂Az,1

, σ2
AOA,α̂El,1

, σ2
AOA,α̂Az,2

, σ2
AOA,α̂El,2

, . . . ,

σ2
AOA,α̂Az,k

, σ2
AOA,α̂El,k

, . . . , σ2
AOA,α̂Az,n

, σ2
AOA,α̂El,n

)︂ (4.46)

4.3.2 Derivatives for AOA Measurement Equations

Before the evaluation of derivatives it is observed that

∂ (atan2(x, y))

∂x
=

∂
(︂
arctan

(︂
x
y

)︂)︂
∂x

∂ (atan2(x, y))

∂y
=

∂
(︂
arctan

(︂
x
y

)︂)︂
∂y

.

(4.47)

Here are reported the derivatives for AOA equations (4.41). In (4.48) there is
the derivative of the Azimuth angle αAz,k with respect to the variable xE.
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∂αAz,k

∂xE

=
∂
(︂
arctan

(︂
yE−ySk
xE−xSk

)︂)︂
∂xE

=
1

1 +
(︂

yE−ySk
xE−xSk

)︂2 ∂
(︂

yE−ySk
xE−xSk

)︂
∂xE

=
(yE − ySk)

1 +
(︂

yE−ySk
xE−xSk

)︂2 ∂
(︂

1
xE−xSk

)︂
∂xE

=
(yE − ySk)

1 +
(︂

yE−ySk
xE−xSk

)︂2 (︃ −1
(xE − xSk)

2

)︃

=
− (yE − ySk)

(xE − xSk)
2 + (yE − ySk)

2

(4.48)

In (4.49) there is the derivative of the Azimuth angle αAz,k with respect to the
variable yE.

∂αAz,k

∂yE
=

∂
(︂
arctan

(︂
yE−ySk
xE−xSk

)︂)︂
∂yE

=
1

1 +
(︂

yE−ySk
xE−xSk

)︂2 ∂
(︂

yE−ySk
xE−xSk

)︂
∂yE

=
1

1 +
(︂

yE−ySk
xE−xSk

)︂2 1

(xE − xSk)

∂ (yE − ySk)

∂yE
=

1

1 +
(︂

yE−ySk
xE−xSk

)︂2 1

(xE − xSk)

=
(xE − xSk)

(xE − xSk)
2 + (yE − ySk)

2

(4.49)

In (4.50) there is the derivative of the Azimuth angle αAz,k with respect to the
variable zE.

∂αAz,k

∂zE
=

∂
(︂
arctan

(︂
yE−ySk
xE−xSk

)︂)︂
∂zE

= 0 (4.50)

In (4.51) there is the derivative of the Azimuth angle αEl,k with respect to the
variable xE.
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∂αEl,k

∂xE

=

∂

(︃
arctan

(︃√︂
(xE−xSk)

2
+(yE−ySk)

2

zE−zSk

)︃)︃
∂xEl,k

=
1

1 +

(︃√︂
(xE−xSk)

2
+(yE−ySk)

2

zE−zSk

)︃2

∂

(︃√︂
(xE−xSk)

2
+(yE−ySk)

2

zE−zSk

)︃
∂xE

=
(zE − zSk)

2

(zE − zSk)
2 + (xE − xSk)

2 + (yE − ySk)
2

∂

(︃√︂
(xE−xSk)

2
+(yE−ySk)

2

zE−zSk

)︃
∂xE

=
(zE − zSk)

∂

(︃√︂
(xE−xSk)

2
+(yE−ySk)

2
)︃

∂xE

(zE − zSk)
2 + (xE − xSk)

2 + (yE − ySk)
2

=
1

2

(zE − zSk)
(︁
(xE − xSk)

2 + (yE − ySk)
2)︁−1

2
∂
(︂
(xE−xSk)

2
)︂

∂xE

(zE − zSk)
2 + (xE − xSk)

2 + (yE − ySk)
2

=
(zE − zSk)

(︁
(xE − xSk)

2 + (yE − ySk)
2)︁−1

2 (xE − xSk)

(zE − zSk)
2 + (xE − xSk)

2 + (yE − ySk)
2

(4.51)

In (4.52) there is the derivative of the Azimuth angle αEl,k with respect to the
variable yE.
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∂αEl,k

∂yE
=

∂

(︃
arctan

(︃√︂
(xE−xSk)

2
+(yE−ySk)

2

zE−zSk

)︃)︃
∂yEl,k

=
1

1 +

(︃√︂
(xE−xSk)

2
+(yE−ySk)

2

zE−zSk

)︃2

∂

(︃√︂
(xE−xSk)

2
+(yE−ySk)

2

zE−zSk

)︃
∂yE

=
(zE − zSk)

2

(zE − zSk)
2 + (xE − xSk)

2 + (yE − ySk)
2

∂

(︃√︂
(xE−xSk)

2
+(yE−ySk)

2

zE−zSk

)︃
∂yE

=
(zE − zSk)

∂

(︃√︂
(xE−xSk)

2
+(yE−ySk)

2
)︃

∂yE

(zE − zSk)
2 + (xE − xSk)

2 + (yE − ySk)
2

=
1

2

(zE − zSk)
(︁
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(4.52)

In (4.53) there is the derivative of the Azimuth angle αEl,k with respect to the
variable zE.
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(4.53)

4.3.3 Optimization Problem

It is assumed that the problem of detection is already solved, so the cluster of satel-
lites already have a coarse estimation of the position of the emitter. Furthermore, it
is assumed that operative mode of the satellites is in tracking stage, so the orienta-
tion of the satellite is such that to set the desired attitude that aligns the broadside
direction of the array to the direction of the detected emitter in order to perform
the accurate location estimation. In particular, from a geometrical point of view,
this alignment means that, if the payload is made up of two arrays of antennas, the
normal to the axes points toward the emitter of the signal.

Hypothesis 1 — ζx,1 = ζx,2 = · · · = ζx,k = · · · = ζx,n = π/2 and ζy,1 = ζy,2 =
· · · = ζy,k = · · · = ζy,n = π/2.

It is assumed that every satellite has the same AOA receiver in terms of size
and number of elements.

Hypothesis 2 — (H2): Lx,1 = Lx,2 = · · · = Lx,k = · · · = Lx,n = Lx, Ly,1 =
Ly,2 = · · · = Ly,k = · · · = Ly,n = Ly, Mx,1 = Mx,2 = · · · = Mx,k = · · · = Mx,n = Mx,
and My,1 = My,2 = · · · = My,k = · · · = My,n = My.
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Furthermore, it is assumed that in both the arrays the size and number of
elements are the same.

Hypothesis 3 — (H3): Lx = Ly and Mx = My.
Every satellite is deployed on a circular orbit; this means that the eccentricities

are 0, the argument of perigee is undefined, and the semi-major axis a is equal
to the radius of the orbit r. Furthermore, the argument of perigee ω becomes a
meaningless quantity and conventionally posed to 0.

Hypothesis 4 — (H4): e1 = e2 = · · · = ek = · · · = en = 0, a1 = r1, a2 = r2, . . . ,
ak = rk, . . . , an = rn, ω1+ν1 = ν1, ω2+ν2 = ν2, . . . , ωk+νk = νk, . . . , ωn+νn = νn.

The inclination of the orbit is such that the satellites perform an Earth scanning
mission in a polar orbit.

Hypothesis 5 — (H5): i1 = i2 = · · · = ik = · · · = in = π/2.
The emitter of the signal is on the surface of the Earth.
Hypothesis 6 — (H6): h = 0.
Every satellite has the same orbital period: combined with hypothesis (H4),

this means that all the satellite orbits have the same orbit radius.
Hypothesis 7 — (H7): r1 = r2 = · · · = rk = · · · = rn = r.
The Position Dilution of Precision (PDOP) is assumed as objective function,

which has the functional dependence in (4.54).

PDOP = f (Λ, λ,Ω1,Ω2, . . . ,Ωk, . . .Ωn, ν1, ν1, . . . , νk, . . . , νn, r) (4.54)

In particular, the orbit radius r is supposed to be a fixed mission parameter,
while a value of Λ = 0 is chosen for the latitude, in order to observe the maximum
variation of PDOP: since it has been assumed that the orbits are polar with i = π/2,
then at latitudes Λ → ±π/2 all the satellites have to pass on the Zenith direction
of the poles.

Also a convenient value of the longitude λ = 0 of the emitter position has
been considered: fixed a certain epoch t, so also the position of the Greenwich
meridian αGR (t), from a relative perspective in the geometry of interest, which has
an inclination of i = π/2, every change in the value of the longitude λ corresponds
to a possible a variation in the RAAN Ω; considering that this is an evaluative
study on the relative position among the satellites performances (i.e., the results
are on differences in the right ascension of the ascending nodes), the value of the
longitude λ can be eliminated among all variables. However, it is recalled to the
reader that the actual values are of interest in real missions or in the development
of realistic software simulators that take into account the selected time epoch.

Considering these simplifications and choosing the set of angles of the right
ascension of the ascending node Ω1,Ω2, . . . ,Ωk, . . . ,Ωn and the set of angles of the
true anomaly ν1, ν2, . . . , νk, . . . , νn are as variables of the problem, the model in
(4.55) is considered as the objective function.
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PDOP = f (Ω1,Ω2, . . . ,Ωk, . . .Ωn, ν1, ν1, . . . , νk, . . . , νn) (4.55)

Considering that, by definition, for a k-th satellite Ωk ∈ [0,2π] and νk ∈ [0,2π],
then the domain of the problem defined for n satellites is D = [0,2π]2n.

A consequence of the assumptions made in this subsection is that σα̂Az,1
=

σα̂Az,2
= · · · = σα̂Az,k

= · · · = σα̂Az,n
= σα̂El,1

= σα̂El,2
= · · · = σα̂El,k

= · · · = σα̂El,n
=

σ, so the Covariance Matrix C can be written as in (4.56), where I2n is the identity
matrix of dimensions 2n× 2n.

C = σ2I2n (4.56)

Considering (4.56), it is possible to simplify the expression in (4.44) as in (4.57).

F =
1

σ2
HTH (4.57)

Combining (4.57) and (4.43), the (4.58) is obtained.

PDOP =
√︁
Tr (F−1) = σ

√︂
Tr
(︁
(HTH)−1)︁ (4.58)

It is remarked that for some authors, especially in GNSS literature (e.g., [82]),
only the geometric part of (4.58) (i.e., the value of the square root which only
depends on the Geometric Design Matrix H) is considered for the definition of the
DOP, here indicated as PDOP ′, as shown in (4.59).

PDOP ′ =
PDOP

σ
=
√︂

Tr
(︁
(HTH)−1)︁ (4.59)

The expression in (4.59) leads to the position error σp, which can be written
[83] as shown in (4.60).

σp = PDOP = PDOP ′σ (4.60)

Since the purpose of the study is the minimization of the position error σp and
assuming that σ = const., the particular convention used for the definition of the
DOP does not affect the result, because min (σp) = min (PDOP ) = min (PDOP ′).

One of the consequences of all the assumptions that lead σ = const. is that the
problem of minimization of PDOP (or PDOP ′) is both independent from array
geometry and frequency of the signal.

It is highlighted that assuming σ = const. is a very strong hypothesis that comes
from a high-level modelling of the system of satellites and real-case applications
must take into account the variations on the standard deviation σ which depends
on the actual fine design of the receiver and on SNR.

Another observation is that the value to be optimized considered in model (4.43)
is instantaneous and it is related to a single measurement per receiver.
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The constraints of the problems are on the positions of the emitter and satellites
with respect to the Earth. Trivially, both the actors of the problem can not be
inside the surface of the Earth, so h ≥ 0 and r ≥ R⊕ (equivalently hS ≥ 0). And,
secondly, the Line of Sight (LOS) between the emitter and every satellite must be
guaranteed.

The LOS is a constraint associated to the visibility of the emitter E by the
satellite Sk.

The local horizon of visibility of the emitter can be determined by the set
of tangent lines to the surface of the Earth that pass through the emitter. For
an emitter above the surface of a spherical Earth, this horizon of visibility is a
circumference.

Considering this construction of the horizon, the admissible set of LOBs (AOA
measurements) are the ones that do not intersect the spherical cap determined by
the surface of the Earth within the circumference determined by the LOS.

As derived in [67], indicating with Ωk,0 and νk,0 the angular position for the k-th
satellite corresponding to the Nadir direction with respect to the emitter position,
there exists a maximum angle δk for the k-th satellite such that the condition on
the satellite angles Ωk and νk is expressed as in (4.61).

(Ωk − Ωk,0)
2 + (νk − νk,0)

2 ≤ δ2k (4.61)

Considering the Fig. 4.3, this condition can be mathematically formulated
considering the right triangle with vertices E, Sk, and the origin O⊕ of ECI reference
system in the centre of the Earth and the right angle in ∠O⊕ESk = π/2.

Ω⊕
z|ECI

y|ECI

x|ECI E

S

O⊕

N

S

R⊕

R⊕

hS

δ

Figure 4.3: Construction of the triangle with vertices O⊕, E, and S and definition of the
constraint angle δ.
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The (4.61) is an absolute condition on the k-th satellite. However, considering
also that the absolute angle δk can be expressed as

δk = arccos

(︃
R⊕

R⊕ + hSk

)︃
(4.62)

and the assumption that all the satellites have the same orbit radius, the absolute
condition (4.61) has the same maximum angle for all the satellites δ1 = δ1 = · · · =
δk = · · · = δn = δ.

In (4.63) the problem of spatial optimization is reported, with the standard
deviation on the position σp as objective function and Ωk,0 = νk,0 = 0 for every
k-th satellite (i.e., the k-th LOS condition is written with respect to the Nadir
alignment between the k-th satellite and the emitter).⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
(Ω1,Ω2,...,Ωk,...Ωn,ν1,ν2,...,νk,...,νn)∈D=[0,2π]2n

(σp)

s.t. Ω2
1 + ν2

1 ≤ δ2

s.t. Ω2
2 + ν2

2 ≤ δ2

...
s.t. Ω2

k + ν2
k ≤ δ2

...
s.t. Ω2

n + ν2
n ≤ δ2

(4.63)

4.4 Optimization of Clusters of Two Satellites
This section summarizes methods, models and results of the published works of the
author [67], [68], [69], and [70].

4.4.1 Problem Definition and Conditions

When two satellites are considered the problem in (4.63) becomes as in (4.64).⎧⎪⎪⎨⎪⎪⎩
min

(Ω1,Ω2,ν1,ν2)∈[0,2π]4
(σp)

s.t. Ω2
1 + ν2

1 ≤ δ2

s.t. Ω2
2 + ν2

2 ≤ δ2

(4.64)

Recalling the hypothesis of target pointing and equation in (4.60), with a con-
stant value of σ, representative of the fact that every satellite has the same receiver,
the minimum of σp occurs for the same set of variables for the minimum of PDOP .

The problem in (4.64) can be also expressed in term of differences, as shown
in (4.65). In particular, once the angular position of the first satellite is fixed, Ω1
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and ν1, then the angular position of the second satellite, Ω2 and ν2, is calculated
considering the difference with respect to the first satellite ∆Ω = Ω2 − Ω1 and
∆ν = ν2 − ν1. ⎧⎪⎪⎨⎪⎪⎩

min
(∆Ω,∆ν)∈[0,2π]2

(σp)

s.t. ∆Ω2 +∆ν2 ≤ δ21,2

given Ω1, ν1

(4.65)

Problem in (4.64) has four absolute variables (Ω1, ν1,Ω2, ν2) and 2 conditions,
while problem in (4.65) has 2 relative variables (∆Ω,∆ν) and 1 condition.

Considering the definition of ∆Ω and ∆ν the relative condition in (4.65) ties
together Ω1, ν1, Ω2, ν2, and δ1,2.

The problem in (4.65) can be considered a particular instance of the problem
in (4.64) and it has to be iterated varying the values of Ω1 and ν1 (and also the
parameters Λ and r), but it is important to remember firstly that both these angles
must not violate the LOS condition and also it is important to notice that δ1,2 is a
relative condition of the satellite S2 with respect to satellite S1.

In this study, a conservative the relationship among the absolute angle δ and
its relative δ1,2 is expressed as in (4.66).

δ ≥ δ1,2 +

√︂
(max |Ω1|)2 + (max |ν1|)2 (4.66)

The meaning of (4.66) is that the maximum displacement of the first satellite S1

plus the relative displacement of the second satellite S2 with respect to the first one,
expressed by δ1,2, must be lower than or equal to the absolute angular condition δ.

A convenient hypothesis, which is further conservative for simulation purposes,
is to consider max |Ω1| = max |ν1| = δ1,2 = δr.

With this assumption, the condition (4.66) become as in (4.67).

δ ≥ δr +
√︁
δ2r + δ2r = δr +

√︁
2δ2r = δr +

√
2δr =

(︂
1 +
√
2
)︂
δr (4.67)

The condition (4.67) can also be expressed as in (4.68).

δr ≤
δ

1 +
√
2

(4.68)

From (4.68), the ranges for Ω1 and ν1 in which the problem in (4.65) has to
be iterated become as in (4.69) and they guarantee the LOS condition in the case
of Ω1,0 = ν1,0 = 0 (i.e., the LOS condition is written with respect to the Nadir
alignment between the first satellite and the emitter).
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−δ
1 +
√
2
≤ Ω1 ≤

δ

1 +
√
2

−δ
1 +
√
2
≤ ν1 ≤

δ

1 +
√
2

(4.69)

To generalize the problem and relax the limitations imposed by Ω1,0 = 0 and
ν1,0 = 0, a further consideration can be made on their meaning. It must be observed
that the values of Ω1 and ν1 are with respect to the value of the latitude Λ and
longitude λ of the emitter. In general, the range of interest should be centered on
the Nadir direction with respect to the emitter position, so their values have to be
corrected considering Ω1 → Ω1 + λ and ν1 → ν1 + Λ; then (4.69) become as in
(4.70).

−δ
1 +
√
2
≤ Ω1 + λ ≤ δ

1 +
√
2

−δ
1 +
√
2
≤ ν1 + Λ ≤ δ

1 +
√
2

(4.70)

An important observation is that this way of reasoning, which permits to pass
directly from the conditions written in terms of Ω1,0 and ν1,0 to Λ and λ, is always
valid for a spherical Earth. When an ellipsoidal model is used, the condition on the
right ascension of the ascending node Ω1 in (4.70) is still valid in any case, but the
condition on the true anomaly ν1 needs special attention because of the distinction
between the geodetic latitude and geocentric latitude.

Since a variation of the results with respect to the value of the longitude λ is
not expected (i.e., because a variation in longitude can be compensated with a shift
on the right ascension of the ascending node obtaining the same results), in this
study it is assumed λ = 0.

The value of λ /= 0 on the conditions in (4.70) can take place as theoretical
completeness or can be of interest in simulators, where the current value of αGR (t)
in a certain time epoch t is of interest.

On the other hand, the variation of results with respect to the latitude Λ is of
interest, because with an inclination of π/2 the trajectories of the orbits tend to
converge to the same point in the poles of the Earth.

Another angle that can be considered to characterize the cluster of satellites is
is the spacing angle γ defined in (4.40). For two satellites S1 and S2, the spacing
angle γ1,2 = ∠S1ES2 is as in (4.71). This angle represents the spacing between the
satellite S1 and S2 with respect to the position of the emitter E, as shown in Fig.
4.4.

γ1,2 = acos

⎛⎝ −−→
ES1⃦⃦⃦−−→
ES1

⃦⃦⃦ · −−→ES2⃦⃦⃦−−→
ES2

⃦⃦⃦
⎞⎠ (4.71)
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Ω⊕
z|ECI

y|ECI

x|ECI E

S2

S1

O⊕

N

S

γ1,2

Figure 4.4: Construction of the angle γ1,2 = ∠S1ES2.

4.4.2 Simulation Settings

The simulations of the problem in (4.65) with conditions expressed in (4.66) and
(4.70) have been conducted in MATLAB environment with the aid of the Symbolic
Math Toolbox and the Optimization Toolbox: the first has been used to write
the optimization problem on the objective function (i.e., the PDOP) in terms of
symbolic variables, the latter has been used to solve the problem written in terms
of symbolic variables and to obtain the optimal solution (i.e., the set of angles of
the right ascension of the ascending node and the true anomaly for each satellite).

To solve the problem the interior point algorithm has been chosen; this is be-
cause it is mathematically proven that it is able to solve effectively a nonlinear
objective function subject to nonlinear inequality constraints converging to an ap-
proximate solution defined by the user-defined tolerances; furthermore it always
satisfies the boundary conditions at all iterations, and it can recover from possible
NaN (i.e., not a number) or Inf (i.e., infinite) results in every the iteration. As
expected, from the conducted campaign of simulations the algorithm demonstrated
to be always convergent. Mathematical details of the algorithm can be found in
[84].

In particular, considering x as the solution of the problem, g (x) as the nonlinear
objective function, w1 (x) ≤ 0, w2 (x) ≤ 0, · · · , wl (x) ≤ 0, wm (x) ≤ 0 as the m
nonlinear inequality constraint conditions, and xj as the solution calculated at j-
th iteration, the tolerances are defined in relative terms: the condition on step
tolerance is defined as shown in (4.72), where Ts > 0 is the step tolerance; the
optimality condition is defined as shown in (4.73), where To > 0 is the optimality
tolerance, λ1 ≥ 0, λ2 ≥ 0, · · · , λl, · · · , λm ≥ 0 are the Lagrange multipliers, and
∥·∥∞ denotes the infinity norm; the constraint condition is defined as shown in
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(4.74), where Tc > 0 is the constraint tolerance.

∥xj − xj+1∥ < Ts (1 + ∥xj∥) (4.72)

⃦⃦⃦⃦
⃦∇g (xj+1) +

m∑︂
l=1

(λlwl (xj+1))

⃦⃦⃦⃦
⃦ < To∥∇g (xj+1)∥∞ (4.73)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∥w1 (xj)∥ < Tc

∥w2 (xj)∥ < Tc

...
∥wl (xj)∥ < Tc

...
∥wm (xj)∥ < Tc

(4.74)

It is recalled that the left hand of (4.73) is a particular case of the more general
Lagrangian of the Karush-Kuhn-Tucker (KKT) conditions [85], that considers both
equality and inequality constraints for convex and nonconvex problems; as can be
seen from (4.65) the optimization problem that the study aims to solve involves
only inequality constraints.

The iterations are stopped or on a certain fixed number (e.g., the default value
is 1000) or when one of the conditions on step tolerance (4.72) (i.e., the relative
difference in values) or optimality tolerance (4.73) (that is, the values of the first-
order derivatives, KKT condition) is met; in this latter case, the constraint tolerance
(4.74) is always satisfied.

Details on the numerical implementation of the optimization algorithm, stop-
ping criteria, and the derivation of formulas used for the calculation of tolerances
can be found in the MATLAB User Guide for the Optimization Toolbox [86] and
the dedicated literature.

For this algorithm the following settings have been considered for the iterations
of the solver: a step tolerance of Ts = 10−15, an optimality tolerance of To = 10−12,
a constraint tolerance of Tc = 10−12, interior point algorithm, scheme of central
finite differences,and maximum number of iterations equal to 2400.

The value of maximum number of iterations has been chosen in order to never
be reached.

The choice of the settings has been made observing the precision of the solution.
In particular, the selected case for these tests is the one with the emitter position
in Λ = 30°, λ = 0°, and h = 0 m. The altitudes of the satellites were in hS = 400
km, and the angular position of the first satellite was in Ω1 = δ (hS)

/︁(︁
1 +
√
2
)︁
≈

8.198361918°, ν1 = Λ − δ (hS)
/︁(︁

1 +
√
2
)︁
≈ 21.80163808°. The choice of the first

satellite at the border of the constraints has been done to stress the solver not only
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on the step tolerance Ts and the optimality tolerance To, but also on the tolerance
related to the constraints Tc.

The selected cases of the tests were on step tolerance Ts, To, and Tc from 10−3

to 10−12. The results of the tests are for the precision of the numerical figures of
solution and they are reported in Table 4.3. For simulations, the step tolerance has
been further decreased to Ts = 10−15 because it was observed that it was the main
reason that stopped the convergence of the solver.

Even if the numerical convergence analysis has been conducted up to 15 figures
and beyond, the solutions have to be considered physically valid up to 7 figures,
because the limitation is on the input data: in particular, the mean Earth radius
r⊕ considered in this study is precise up to 7 figures.

Table 4.3: Analysis of precision of the results with different settings of the solver.
Settings (Ts, To, Tc) Solution [°] Precision
(10−3, 10−3, 10−3) ∆Ω1 = 7.79988394977692678367021 10−5

∆ν1 = −22.2001160502229595294921 10−6

γ1,2 = 46.9567469983894341112318 10−5

(10−6, 10−6, 10−6) ∆Ω1 = 7.79989639975224235968199 10−7

∆ν1 = −22.2001036002477576403180 10−8

γ1,2 = 46.9567650909294656003112 10−8

(10−9, 10−9, 10−9) ∆Ω1 = 7.79989630705961189960362 10−10

∆ν1 = −22.2001036929402744135587 10−11

γ1,2 = 46.9567649562266637985886 10−10

(10−12, 10−12, 10−12) ∆Ω1 = 7.79989630740783468354493 < 10−40

∆ν1 = −22.2001036925921653164551 < 10−40

γ1,2 = 46.9567649567326341752960 < 10−40

(10−15, 10−12, 10−12) ∆Ω1 = 7.79989630740783468354493 Reference
∆ν1 = −22.2001036925921653164551 Reference
γ1,2 = 46.9567649567326341752960 Reference

4.4.3 Properties of Simmetry and Antisimmetry

The first explorative set of simulations considered an orbit with hS,1 = hS,2 = 500
km. The value of the constraint angle is δ = 21.993◦.

The following set of ranges have been considered: Ω1 ∈ [−9◦, 9◦] and ν1 ∈
[−9◦, 9◦].

Considering that the maximum angular displacement of S1 from Nadir pointing

can be upon
√︂

(max |Ω1|)2 + (max |ν1|)2 =
√
92 + 92 = 12.728◦, then in order to
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guarantee the condition on δ, the relative condition chosen for the problem has to

be δ1,2 ≤ δ −
√︂
max |Ω1|2 +max |ν1|2, so a value of δ1,2 = 9◦ has been chosen.

A resolution of 0.3° obtained with 61 evenly spaced values for Ω1 and ν1 in their
ranges have been considered resulting in 3721 instances of the problem in (4.65).

The simulations have been conducted in MATLAB environment with the aid of
the Symbolic Math Toolbox and the Optimization Toolbox.

Among the settings and parameters of the optimization solver, the interior point
algorithm has been considered for this first study with the scheme of central finite
differences, a step tolerance of 10−15, an optimality tolerance of 10−9, and a con-
straint tolerance of 10−9.

An example of contour of the objective function is presented in Fig. 4.5. In
particular, it can be noticed that there are multiple local minima and, in order to
select the region where the absolute minimum is, a pre-evaluation of the objective
function with a resolution of 0.01° has been considered in order to obtain the best
initial point for the algorithm in every instance of the problem.
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Figure 4.5: Example of contour of the objective function.

Results obtained for ∆Ω as function of Ω1 and ν1 are in Fig. 4.6, while results
for ∆ν as function of Ω1 and ν1 are in Fig. 4.7.
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Figure 4.7: Values of ∆ν as function of Ω1 and ν1.
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The values of ∆Ω resulted to be symmetric with respect to ν1, so ∆Ω(ν1) =
∆Ω (−ν1) and anti-symmetric with respect to Ω1, so ∆Ω(Ω1) = −∆Ω(−Ω1).

The values of ∆ν resemble the same behavior of anti-symmetry with respect to
Ω1, but shifted by a constant value in the ordinates depending on the value of ν1,
so ∆ν (Ω1, ν1) = −∆ν (−Ω1, ν1) + f (ν1).

From the values obtained in simulations the angle γ1,2 resulted symmetric as
function of both ν1 and Ω1, i.e., γ1,2 (Ω1) = γ1,2 (−Ω1) and γ1,2 (ν1) = γ1,2 (−ν1).
Since its symmetry and to avoid superposition of curves, only positive values in Ω1

have been reported in Fig. 4.8.
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Figure 4.8: Values of γ1,2 as function of Ω1 and ν1.

4.4.4 Changes in Orbit Radius and Emitter Latitude

The second campaign of simulations considered changes in orbit radius and emitter
latitude. In particular, 17 evenly spaced values of the latitude of the emitter Λ from
-80° to 80° and 9 evenly spaced values of the orbit radius r with h from 400 km to
2000 km have been considered. 14 evenly spaced values have been considered for
both Ω1 and ν1. The total number of simulated cases is 29988. In all simulated
cases the constraints were satisfied and the solution exists. In 28798 cases the solver
stopped on the condition on the step tolerance, while in 1190 cases stopped on the
optimality tolerance. The maximum number of iterations has never been met.

Fig. 4.9 (a) shows the values of the absolute constraint angle δ and Fig. 4.9
(b) the relative constraint angle δr with respect to the orbit height of the satellites
hS. In particular, it can be noticed that the constraint angle is tighter with lower
heights of the orbit.
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(b) Values of the relative constraint angle δr with
respect to the orbit height of the satellites hS.

Figure 4.9: Representation of the values of LOS constraints.
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4.4 – Optimization of Clusters of Two Satellites

The values are reported also in Table 4.4.

Table 4.4: Values of the absolute condition δ and relative condition δr for the LOS with
respect to the height hS of the satellites S1 and S2.

hS [km] δ [°] δr [°]
400 19.7926 8.1984
600 23.9459 9.9187
800 27.3222 11.3172
1000 30.1933 12.5065
1200 32.7011 13.5452
1400 34.9309 14.4689
1600 36.9393 15.3008
1800 38.7661 16.0574
2000 40.4405 16.7510

The values of

∆Ω = ∆Ω(Ω1, ν1,Λ, r)

∆ν = ∆ν (Ω1, ν1,Λ, r)

γ1,2 = γ1,2 (Ω1, ν1,Λ, r)

(4.75)

are the main results of the study. ∆Ω and ∆ν are the optima, while γ1,2 is the
spacing angle between the satellites with respect to the emitter. Since they are 4D
functions the number of necessary graphical representations on 2D plane for each
function is 6.

To take into account that in some representation planes the results are in differ-
ent ranges with respect to ν1, because a shift in the latitude of the emitter requires
a value of ν1,0 = Λ for Nadir alignment, the independent variable ν1 has been
replaced with νΛ

1 = (ν1 − ν1,0) = (ν1 − Λ), as shown in (4.76), (4.77), and (4.78).

∆Ω = ∆Ω(Ω1, ν1 − ν1,0,Λ, r) = ∆Ω (Ω1, ν1 − Λ,Λ, r) = ∆Ω
(︁
Ω1, ν

Λ
1 ,Λ, r

)︁
(4.76)

∆ν = ∆ν (Ω1, ν1 − ν1,0,Λ, r) = ∆ν (Ω1, ν1 − Λ,Λ, r) = ∆ν
(︁
Ω1, ν

Λ
1 ,Λ, r

)︁
(4.77)

γ1,2 = γ1,2 (Ω1, ν1 − ν1,0,Λ, r) = γ1,2 (Ω1, ν1 − Λ,Λ, r) = ∆γ1,2
(︁
Ω1, ν

Λ
1 ,Λ, r

)︁
(4.78)

In Figs. 4.10, 4.11, and 4.12 the dots are the calculated values obtained by the
solver. Among them, the trend lines have been obtained through an interpolation
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with a Piecewise Cubic Hermite Interpolating Polynomial of 100 points for each
curve [87]: the choice of this interpolation method has been made for graphical
purposes and it is due to its shape-preserving properties and to avoid as much as
possible unwanted oscillations among the values.

In particular, for the function ∆Ω = ∆Ω
(︁
Ω1, ν

Λ
1 ,Λ, r

)︁
the following functions

∆Ω = ∆Ω
(︁
Ω1, ν

Λ
1 ,Λ∗, r∗

)︁
∆Ω = ∆Ω

(︁
Ω1, ν

Λ
1,∗,Λ, r∗

)︁
∆Ω = ∆Ω

(︁
Ω1, ν

Λ
1,∗,Λ∗, r

)︁
∆Ω = ∆Ω

(︁
Ω1,∗, ν

Λ
1 ,Λ, r∗

)︁
∆Ω = ∆Ω

(︁
Ω1,∗, ν

Λ
1 ,Λ∗, r

)︁
∆Ω = ∆Ω

(︁
Ω1,∗, ν

Λ
1,∗,Λ, r

)︁
(4.79)

have been considered for the representations in Fig. 4.10, where Ω1,∗, νΛ
1,∗, Λ∗, and

r∗ are fixed values.
For representations of trends, Λ∗ = 0° has been chosen, and r∗ is the one that

corresponds to the height hS∗ = 400 km.
Because of a jump discontinuity in the result trends in Ω1 = 0 and νΛ

1 = 0, these
values were not chosen for Ω1,∗ and νΛ

1,∗. Instead, for Ω1,∗ and νΛ
1,∗ the first positive

values in range of simulated values have been considered.
These first positive values depend on how the ranges for Ω1 and νΛ

1 are defined
and spaced in simulation environment; in this study 14 evenly spaced values have
been considered, but the ranges depend on the relative condition δr. Considering
these two facts the first positive values for Ω1,∗ and νΛ

1,∗ depend on the value of the
orbit radius r: it vary from ≈ 0.63° for hS∗ = 400 km to ≈ 1.29° for hS = 2000 km.

For the function ∆ν = ∆ν
(︁
Ω1, ν

Λ
1 ,Λ, r

)︁
the following functions

∆ν = ∆ν
(︁
Ω1, ν

Λ
1 ,Λ∗, r∗

)︁
∆ν = ∆ν

(︁
Ω1, ν

Λ
1,∗,Λ, r∗

)︁
∆ν = ∆ν

(︁
Ω1, ν

Λ
1,∗,Λ∗, r

)︁
∆ν = ∆ν

(︁
Ω1,∗, ν

Λ
1 ,Λ, r∗

)︁
∆ν = ∆ν

(︁
Ω1,∗, ν

Λ
1 ,Λ∗, r

)︁
∆ν = ∆ν

(︁
Ω1,∗, ν

Λ
1,∗,Λ, r

)︁
(4.80)

have been considered for the representations in Fig. 4.11. Same considerations
made for ∆Ω apply for the values of Ω1,∗, νΛ

1,∗, Λ∗, and r∗ in the representation of
∆ν function.

For the function γ1,2 = γ1,2
(︁
Ω1, ν

Λ
1 ,Λ, r

)︁
the following functions
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Figure 4.10: Trends of the function ∆Ω = ∆Ω
(︁
Ω1, ν

Λ
1 ,Λ, r

)︁
representative of optima of

the differences between the values of the right ascension of the ascending node of the two
satellites. Dots are results of simulation, lines are interpolated values.
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Figure 4.11: Trends of the function ∆ν = ∆ν
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representative of optima of

the differences between the values of the true anomaly of the two satellites. Dots are
results of simulation, lines are interpolated values.
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γ1,2 = γ1,2
(︁
Ω1, ν

Λ
1 ,Λ∗, r∗

)︁
γ1,2 = γ1,2

(︁
Ω1, ν

Λ
1,∗,Λ, r∗

)︁
γ1,2 = γ1,2

(︁
Ω1, ν

Λ
1,∗,Λ∗, r

)︁
γ1,2 = γ1,2

(︁
Ω1,∗, ν

Λ
1 ,Λ, r∗

)︁
γ1,2 = γ1,2

(︁
Ω1,∗, ν

Λ
1 ,Λ∗, r

)︁
γ1,2 = γ1,2

(︁
Ω1,∗, ν

Λ
1,∗,Λ, r

)︁
(4.81)

have been considered for the representations in Fig. 4.12. Same considerations
made for ∆Ω apply for the values of Ω1,∗, νΛ

1,∗, Λ∗, and r∗ in the representation of
γ1,2 function.

Once the results have been obtained, their interpretation has been performed.
The first set of functions is the ones in (4.79). From Fig. 4.10 (a), (b), (c), the

dependence of ∆Ω with respect to the right ascension of the ascending node of the
first satellite Ω1 reveals that it is always decreasing with a possible presence of a
jump discontinuity in the value of Ω1 = 0.

Furthermore, ∆Ω appears also anti-symmetric with respect to Ω1: i.e., ∆Ω(Ω1) =
−∆Ω(−Ω1). This behavior confirms the prediction of a previous investigation [67],
even if it was restricted to a selected instance of the problem.

A possible approximate and linear models for ∆Ω with respect to Ω1 to capture
the behaviors of these results are

∆Ω
(︁
Ω1, ν

Λ
1 ,Λ∗, r∗

)︁
≈ −kν1,1

(︁
νΛ
1 ,Λ∗, r∗

)︁
Ω1

+kν1,2
(︁
νΛ
1 ,Λ∗, r∗

)︁
sgn (Ω1) + fν1

(︁
νΛ
1 ,Λ∗, r∗

)︁ (4.82)

with kν1,1
(︁
νΛ
1 ,Λ∗, r∗

)︁
, kν1,2

(︁
νΛ
1 ,Λ∗, r∗

)︁
∈ R>0 as linear coefficients and fν1

(︁
νΛ
1 ,Λ∗, r∗

)︁
as nonlinear function with minimal effect,

∆Ω
(︁
Ω1, ν

Λ
1,∗,Λ, r∗

)︁
≈ −kΛ,1

(︁
νΛ
1,∗,Λ, r∗

)︁
Ω1

+kΛ,2
(︁
νΛ
1,∗,Λ, r∗

)︁
sgn (Ω1) + fΛ

(︁
νΛ
1,∗,Λ, r∗

)︁ (4.83)

with kΛ,1
(︁
νΛ
1,∗,Λ, r∗

)︁
, kΛ,2

(︁
νΛ
1,∗,Λ, r∗

)︁
∈ R>0 as linear coefficients and fΛ

(︁
νΛ
1,∗,Λ, r∗

)︁
as nonlinear function with minimal effect, and

∆Ω
(︁
Ω1, ν

Λ
1,∗,Λ∗, r

)︁
≈ −kr,1

(︁
νΛ
1,∗,Λ∗, r

)︁
Ω1

+kr,2
(︁
νΛ
1,∗,Λ∗, r

)︁
sgn (Ω1) + fr

(︁
νΛ
1,∗,Λ∗, r

)︁ (4.84)

with kr,1
(︁
νΛ
1,∗,Λ∗, r

)︁
, kr,2

(︁
νΛ
1,∗,Λ∗, r

)︁
∈ R>0 as linear coefficients and fr

(︁
νΛ
1,∗,Λ∗, r

)︁
as nonlinear function with minimal effect.

In Fig. 4.10 (c) it can be noticed also that the function ∆Ω with respect to the
orbit radius r presents an amplification and a change of scale with respect to Ω1,
so
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representative of optima of

the values of the spacing angle between the two satellites. Dots are results of simulation,
lines are interpolated values.
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∆Ω
(︁
Ω1, ν

Λ
1,∗,Λ∗, r

)︁
≈ −k1 (r)∆Ω

(︁
−k2 (r) Ω1, ν

Λ
1,∗,Λ∗

)︁
(4.85)

could also be an alternative possible model with k1 (r) , k2 (r) ∈ R\{0}.
From Fig. 4.10 (a), (d), (e), the dependence of ∆Ω with respect to νΛ

1 appears
more complicated. In selected cases of [67] it was predicted a symmetric behavior
as ∆Ω

(︁
νΛ
1

)︁
= ∆Ω

(︁
−νΛ

1

)︁
, but the extended analysis of this present study reveals

that ∆Ω
(︁
νΛ
1

)︁
is still symmetric varying the orbit radius r (i.e., hS)), but it has a

more complicated behavior with respect to the latitude of the emitter when Λ /= 0,
revealing a local minimum and a local maximum, as shown in Fig. 4.10 (d).

From Fig. 4.10 (f), there is a decreasing behavior with respect to the orbit
radius r (i.e., the height hS). This is also evident in Fig. 4.10 (e) and for positive
values of Ω1 in Fig. 4.10 (c), so⎧⎪⎨⎪⎩

∂ (∆Ω)

∂r
> 0 Ω1 > 0

∂ (∆Ω)

∂r
< 0 Ω1 < 0

(4.86)

is a possible interpretation of the data.
The second set of functions is the ones reported in (4.80). From Fig. 4.11

(a), (b), (c), the dependence of ∆ν with respect to Ω1 reveals an anti-symmetric
behavior, i.e., ∆ν (Ω1) = −∆ν (−Ω1).

In addition to anti-symmetry with respect to Ω1, there is a translation with
respect to νΛ

1 , i.e.,

∆ν
(︁
Ω1, ν

Λ
1 ,Λ∗, r∗

)︁
≈ −∆ν

(︁
−Ω1, ν

Λ
1 ,Λ∗, r∗

)︁
+ k

(︁
νΛ
1

)︁
sgn

(︁
νΛ
1

)︁
(4.87)

with k
(︁
νΛ
1

)︁
∈ R>0; the sign function models the mathematical jump.

There is a translation also with respect to Λ, i.e.,

∆ν
(︁
Ω1, ν

Λ
1,∗,Λ, r∗

)︁
≈ −∆ν

(︁
−Ω1, ν

Λ
1,∗,Λ, r∗

)︁
+ k (Λ) sgn (Λ) (4.88)

with k (Λ) ∈ R>0.
With respect to the orbit radius r, the function ∆ν presents an amplification

and a change of scale with respect to νΛ
1 , so

∆ν
(︁
Ω1, ν

Λ
1,∗,Λ∗, r

)︁
≈ −k1 (r)∆ν

(︁
−k2 (r) Ω1, ν

Λ
1,∗,Λ∗

)︁
(4.89)

with k1 (r) , k2 (r) ∈ R\{0} is a possible model to interpret the data in Fig. 4.11
(c).

From Fig. 4.11 (b), (d), (f) the behavior of ∆ν with respect to the latitude of
the emitter Λ is always decreasing, then
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∂ (∆ν)

∂Λ
< 0 (4.90)

in every case.
In Fig. 4.11 (e) the behavior of ∆ν with respect to the combined variation of

both the orbit radius r and the true anomaly of the first satellite scaled with the
actual position of the emitter νΛ

1 resembles a similar amplification and a change of
scale with respect to r of (4.89), but without anti-symmetry as shown in (4.91),
where k1 (r) , k2 (r) ∈ R\{0}.

∆ν
(︁
Ω1,∗, ν

Λ
1 ,Λ∗, r

)︁
≈ k1 (r)∆ν

(︁
Ω1,∗, k2 (r) ν

Λ
1 ,Λ∗

)︁
(4.91)

Fig. 4.11 (f) shows the decreasing behavior of ∆ν with respect to Λ, as stated
in (4.90), but it reveals also a minimal (if not negligible) effect of the orbit radius
r when Ω1 and νΛ

1 are not varying, so ∆ν
(︁
Ω1,∗, νΛ

1,∗,Λ, r
)︁
≈ ∆ν

(︁
Ω1,∗, νΛ

1,∗,Λ
)︁
.

The third set of functions is the ones reported in (4.81). From Fig. 4.12 (a),
(b), (c), the dependence of γ1,2 with respect to Ω1 reveals macroscopic symmetric
behavior, but with nonlinear influences due to other variables.

The completely symmetric model predicted in [67], i.e. γ1,2 (Ω1) = γ1,2 (−Ω1),
obtained in simplified scenarios, must be corrected with nonlinear influences that
depend on the actual values of νΛ

1 , Λ, and r.
Possible additive models could be the ones reported in (4.92), (4.93), and (4.94).

γ1,2
(︁
Ω1, ν

Λ
1 ,Λ∗, r∗

)︁
= γ1,2

(︁
−Ω1, ν

Λ
1 ,Λ∗, r∗

)︁
+ f

(︁
νΛ
1 ,Λ∗, r∗

)︁
(4.92)

γ1,2
(︁
Ω1, ν

Λ
1,∗,Λ, r∗

)︁
= γ1,2

(︁
−Ω1, ν

Λ
1,∗,Λ, r∗

)︁
+ f

(︁
νΛ
1,∗,Λ, r∗

)︁
(4.93)

γ1,2
(︁
Ω1, ν

Λ
1,∗,Λ∗, r

)︁
= γ1,2

(︁
−Ω1, ν

Λ
1,∗,Λ∗, r

)︁
+ f

(︁
νΛ
1,∗,Λ∗, r

)︁
(4.94)

From Fig. 4.12 (a), (d) the behavior of γ1,2 with respect to the true anomaly
of the first satellite νΛ

1 (translated considering the actual latitude of the emitter)
reveals two distinct trends: γ1,2 is decreasing for negative values of νΛ

1 and γ1,2 is
increasing for positive values of νΛ

1 , so⎧⎪⎪⎨⎪⎪⎩
∂ (γ1,2)

∂νΛ
1

> 0 νΛ
1 > 0

∂ (γ1,2)

∂νΛ
1

< 0 νΛ
1 < 0

(4.95)

is a possible interpretation of the data.
However, the trends in Fig. 4.12 (a), (d) are related to low altitudes (i.e.,

h = 400 km); when the value of the altitude becomes higher, the main trend is
the increasing one, as shown in Fig. 4.12 (e), revealing a possible multiplicative
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influence of the orbit radius r. Given two orbit radii rSA and rSB , a possible model is
the one shown in (4.96), where ∆rA,B = rSB−rSA is the difference of the orbits radii,
f is multiplicative function of the orbit radii, and k ∈ R is an eventual additive
shift. In particular, f < 0 for νΛ

1 < 0 and f > 0 for νΛ
1 > 0.

γ1,2 (rSB) ≈ f
(︁
νΛ
1 ,∆rA,B

)︁
γ1,2 (rSA) + k

(︁
νΛ
1 ,∆rA,B

)︁
(4.96)

From Fig. 4.12 (b) the behavior of γ1,2 with respect to Λ, varying Ω1, but
keeping a fixed value of νΛ

1 and orbit radius r, reveals an increase of the spacing
angle, i.e., given ΛA > ΛB, then

γ1,2
(︁
Ω1, ν

Λ
1,∗,ΛA, r∗

)︁
> γ1,2

(︁
Ω1, ν

Λ
1,∗,ΛB, r∗

)︁
(4.97)

for every value of Ω1.
From Fig. 4.12 (d) the behavior of γ1,2 with respect to Λ, varying νΛ

1 , but keeping
a fixed value of Ω1 and orbit radius r, reveals two trends: γ1,2 is increasing for Λ > 0
and it is decreasing for Λ < 0, so (4.98) can be formulated as a macroscopic level
of approximation. ⎧⎪⎪⎨⎪⎪⎩

∂ (γ1,2)

∂νΛ
1

≥ 0 Λ > 0

∂ (γ1,2)

∂νΛ
1

≥ 0 Λ < 0

(4.98)

Considering also the specular trends Fig. 4.12 (d), the property in (4.99) holds.

γ1,2
(︁
Ω1,∗, ν

Λ
1 ,Λ, r∗

)︁
= −γ1,2

(︁
Ω1,∗, ν

Λ
1 ,−Λ, r∗

)︁
(4.99)

In the last result of the study, the Fig. 4.12 (f), there is the combined influence of
the latitude of the emitter Λ and the orbit radius r when the angular position of the
first satellite is fixed and not varying (i.e., Ω1 = Ω1,∗ and νΛ

1 = νΛ
1,∗). In particular,

The effect of Λ is dominant with a second order trend and a local minimum; instead,
the effect of the orbit radius r appears decoupled. Properties in (4.100) hold with
Λm

(︁
Ω1,∗, νΛ

1,∗
)︁

the value of the minimum which depends on the actual values of Ω1

and νΛ
1 . ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ (γ1,2)

∂Λ
> 0 Λ > Λm

(︁
Ω1,∗, ν

Λ
1,∗
)︁

∂ (γ1,2)

∂Λ
< 0 Λ < Λm

(︁
Ω1,∗, ν

Λ
1,∗
)︁

∂2 (γ1,2)

∂Λ2
< 0 ∀Λ ∈

(︂
−π

2
,
π

2

)︂
∂ (γ1,2)

∂r
> 0 ∀Λ ∈

(︂
−π

2
,
π

2

)︂
(4.100)

187



Multi-Satellite Systems

4.4.5 Influence of SNR on Optimum Constellation

By definition [88], the DOP is calculated considering the square root of the trace
of the inverse of the Fisher Information Matrix F, built from the Geometric Design
Matrix H and the Covariance Matrix C. In particular, the Position Dilution of
Precision PDOP has a 3 × 3 Fisher Information Matrix, as shown in (4.43) and
reported in (4.101).

PDOP =
√︂
Tr
(︁
F−1

3×3

)︁
=

√︃
Tr
(︂(︁

HT
4×3C

−1
4×4H4×3

)︁−1
)︂

(4.101)

Considering the assumptions of Gaussian, independent and non-correlated er-
rors in the measurements, the Covariance Matrix is diagonal with values of standard
deviations on the main diagonal as shown in (4.46).

This campaign of analysis considers two different cases.
The first case assumes that all the values of the standard deviations are the same

for every satellite regardless of the geometrical configuration, so σα̂Az,1
= σα̂El,1

=
σα̂Az,2

= σα̂El,2
= σ.

For this first case, (4.101) simplifies as in (4.102).

PDOP = σ

√︃
Tr
(︂(︁

HT
4×3H4×3

)︁−1
)︂

(4.102)

The second case considers the actual values of the Signal-to-Noise for every
satellite, so for satellite S1 it is assumed σα̂Az,1

= σα̂El,1
= σ1 (SNR1), and for

satellite S2 it is considered σα̂Az,2
= σα̂El,2

= σ2 (SNR2).
The values of SNR1 and SNR2 considered for the simulations are such that

they have a certain probability of detection pD and probability of false alarms pFA
— in the worst case where the satellites are in the furthest position with respect
to the emitter — and they are obtained from the ROC for a linear detector, a
non-fluctuating signal with unknown phase, and Gaussian noise. Furthermore,
free-space path loss propagation has been assumed for the evaluation of SNR1 and
SNR2.

The simulations conducted for these comparison have been conducted with the
aid of the Optimization Toolbox and the Symbolic Math Toolbox of the MATLAB
environment. The following settings have been used for the solver: step tolerance
of 10−15, optimality tolerance of 10−12, constraint tolerance of 10−12, interior point
algorithm, and scheme of central finite differences.

For the detector it is assumed the probabilities of false alarm pFA = 10−6 and
of detection pD = 0.997. The corresponding ROC curve gives a minimum value
of SNR (pFA, pD) ≈ 15 dB. In addition, an increment of 3 dB has been considered
as safety margin to take into account neglected effects (i.e., the presence of the
atmosphere).

The receiver has L = 0.334 m and M = 7.
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Furthermore, the influence of the actual distance between every satellite and
the emitter in a free-space path loss model has been considered for the value of
SNR.

For evaluative purposes, the target frequency considered in the study is f =
1575.42 MHz, which is associated to the center of L1/E1 band of GNSS services
and applications.

The satellites S1 and S2 are supposed to be placed on orbits in LEO with heights
of 400 km.

The emitter position is placed in geodetic latitude of Λ = 0°, longitude of λ = 0°,
and height hE = 0 m.

Results of the simulation are in Fig. 4.13 for the function ∆Ω, Fig. 4.14 for the
function ∆ν, and Fig. 4.15 for the function γ1,2.

The analysis of the results shows that from a qualitative point of view the trends
of the functions ∆Ω, ∆ν, and γ1,2 are the same both in the first case (i.e., without
the effect of SNR) and in the second case (i.e., with the effect of SNR).

Results of symmetry and anti-symmetry appears to be same for both the cases.
In particular, for the function ∆Ω it results ∆Ω(Ω1, ν1) = −∆Ω(−Ω1,−ν1), so sym-
metric with respect to Ω1 and anti-symmetric with respect to ν1. For the function
∆ν it results ∆ν (Ω1, ν1) = −∆ν (−Ω1,−ν1)+f (ν1), so anti-symmetric with respect
to both Ω1 and ν1. However, a shift on the values of the ordinates depending on the
value of ν1 is observed. For the function γ1,2 it results γ1,2 (Ω1, ν1) = γ1,2 (−Ω1,−ν1)
denoting a complete symmetry with respect to both Ω1 and ν1.

Regarding the difference of differences ∆(∆Ω) = ∆ΩWith SNR −∆ΩWithout SNR,
the biggest variations appear to happen either for small values of the modulus of
the angles of the right ascension of the ascending node |Ω1| < 1° and for large
ones |Ω1| > 6°. Differences appear to increase for small values of the true anomaly
|ν1| < 1° compared to big ones. However, the absolute variations are contained in
2°.

For the difference of differences ∆(∆ν) = ∆νWith SNR − ∆νWithout SNR biggest
variations appear to happen for high values of the modulus of the angle of the true
anomaly, |Ω1| > 6° regardless of the value of the right ascension of the ascending
node Ω1. Variations for the true anomaly appears to be very significative, up to
10° in absolute value.

The biggest variations of the difference in spacing angle ∆γ1,2 = γ1,2|With SNR −
γ1,2|Without SNR are observed for small values of the modulus of the right ascension
of the ascending node |Ω1| and for high values of the modulus of the true anomaly
|ν1|. Variations in the spacing angle γ1,2 appear to be important in triangle geom-
etry (i.e., the triangle △S1ES2) and differences can approximately be up to 65° in
absolute value.
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(a) Representation of the function ∆Ω without
the effect of SNR.
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(b) Representation of the function ∆Ω with the
effect of SNR.
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(c) Representation of the differences of differ-
ences ∆(∆Ω).

Figure 4.13: Values of the difference of the right ascension of the ascending nodes ∆Ω for
the satellite S2 with respect to the position of the satellite S1 in terms of right ascension
of the ascending node Ω1 and the true anomaly ν1. In (a) without the effect of SNR, in
(b) with the effect of SNR, in (c) the difference between the two cases (with and without
SNR).
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(a) Representation of the function ∆ν without
the effect of SNR.
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(b) Representation of the function ∆ν with the
effect of SNR.
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Figure 4.14: Values of the difference of the true anomalies ∆ν for the satellite S2 with
respect to the position of the satellite S1 in terms of right ascension of the ascending node
Ω1 and the true anomaly ν1. In (a) without the effect of SNR, in (b) with the effect of
SNR, in (c) the difference between the two cases (with and without SNR).
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(a) Representation of the function γ1,2 without
the effect of SNR.
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(b) Representation of the function γ1,2 with the
effect of SNR.
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(c) Representation of the differences of the spac-
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Figure 4.15: Values of the spacing angle γ1,2 for the satellite S2 with respect to the
position of the satellite S1 in terms of right ascension of the ascending node Ω1 and the
true anomaly ν1. In (a) without the effect of SNR, in (b) with the effect of SNR, in (c)
the difference between the two cases (with and without SNR).
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4.4.6 Different Receivers

The standard deviations, σl|ζ̂Az
and σl|ζ̂El

, for a linear array can be obtained from
the variance as shown in (1.50), where the subscript l denotes the linear array.

For planar arrays, the antenna elements are organized in a matrix, so the vari-
ance in every direction can be further reduced by exploiting the mean of rows and
columns, as shown in (4.103), where the subscript p denotes the planar array.

σp|ζ̂Az,k
=

σl|ζ̂Az,k

MEl,k

, k = 1, 2

σp|ζ̂El,k
=

σl|ζ̂El,k

MAz,k

, k = 1, 2

(4.103)

In particular, since it is supposed that the payload is in target pointing, the
(4.104) is also considered.

σp|α̂Az,k
= σp|ζ̂Az,k

, k = 1, 2

σp|α̂El,k
= σp|ζ̂El,k

, k = 1, 2
(4.104)

For uniform antenna arrays, the number of elements along each direction is
calculated considering (4.105): the elements of the antenna array are supposed to
be evenly spaced with fixed distances, dAz and dEl, equal to 1/4 of the wavelength
and it is considered as a first attempt to have an idea of the performance of the
system.

MAz,k =

⌊︃
LAz,k

dAz,k

⌋︃
=

⌊︃
4LAz,kf

c

⌋︃
, k = 1, 2

MEl,k =

⌊︃
LEl,k

dEl,k

⌋︃
=

⌊︃
4LEl,kf

c

⌋︃
, k = 1, 2

(4.105)

A convenient assumption of the study, used for evaluative purposes, considers
squared AOA receivers for both of the satellites: LAz,1 = LEl,1 = L1 and LAz,2 =
LEl,2 = L2.

Considering (4.105), the consequence of this assumption is MAz,1 = MEl,1 = M1

and MAz,2 = MEl,2 = M2.
The two cases of the study consider:

• Case 1 — Same receivers for the satellites S1 and S2, so L1 = L2 and M1 = M2;

• Case 2 — Different receivers for the satellites S1 and S2, so L1 /= L2 and
M1 /= M2.

For evaluative purposes, the simulation of ‘case 2’ considered: L2 = 2L1.
The PDOP is based on the construction of the Fisher Information Matrix F,

written in (4.106), the Geometric Design Matrix H, reported in (4.107), and the
Covariance Matrix C, presented in (4.108).
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F3×3 = HT
4×3C

−1
4×4H4×3 (4.106)

H =

⎡⎢⎢⎢⎢⎣
∂αAz,1

∂xE

∂αAz,1

∂yE

∂αAz,1

∂zE
∂αEl,1

∂xE

∂αEl,1

∂yE

∂αEl,1

∂zE
∂αAz,2

∂xE

∂αAz,2

∂yE

∂αAz,2

∂zE
∂αEl,2

∂xE

∂αEl,2

∂yE

∂αEl,2

∂zE

⎤⎥⎥⎥⎥⎦ (4.107)

C = diag
(︂
σ2
α̂p|Az,1

, σ2
α̂p|El,1

, σ2
α̂p|Az,2

, σ2
α̂p|El,2

)︂
(4.108)

The simulations of both the scenarios (with the same AOA receiver and with
different AOA receivers) are performed in MATLAB environment.

In particular, Optimization Toolbox and Symbolic Math Toolbox have been em-
ployed to solve the optimization problem with the following settings: step tolerance
of 10−15, optimality tolerance of 10−12, constraint tolerance of 10−12, interior point
algorithm, and scheme of central finite differences.

In the simulated scenarios, the ROC curve assumed for the detector has the
following performances: probability of false alarm pFA = 10−6, probability of de-
tection pD = 0.997, and SNR (pFA, pD) ≈ 15 dB. In order to guarantee the desired
performances of detection in every instance of the problem, this value of SNR has
been considered as the minimum value when the distance between the emitter and
the satellite is maximum.

Furthermore, it has been considered +3 dB as a safety margin in order to
account for other effects not considered in the study (e.g., the effects due to the
atmosphere).

The simulation model is completed considering an example of emitter in the
L1/E1 band with a central frequency of f = 1575.42 MHz, which is used for GNSS
applications.

For ‘case 1’ scenario (i.e., satellites S1 and S1 have the same AOA receivers) it
is assumed L1 = L2 = 0.334 m, resulting in M1 = M2 = 7.

For ‘case 2’ scenario (i.e., satellites S1 and S1 have different AOA receivers) it
is assumed L1 = 0.334 m and L2 = 0.62 m, resulting in M1 = 7 and M2 = 14.

The height of the satellites are 400 km, resulting in r = R⊕+hS = (6371 + 400)
km.

The emitter position is placed on the surface of the Earth with hE = 0 m.
Values of geodetic latitude and longitudes are Λ = 0° and λ = 0°.

Results of the simulation are in Fig. 4.16 for the function ∆Ω, Fig. 4.17 for the
function ∆ν, and Fig. 4.18 for the function γ1,2.

Analyzing the results, it can be noticed that the function ∆Ω has opposite gen-
eral trends: in the first case (i.e., with same receiver) the function is decreasing
with respect to the right ascension of the ascending node Ω1, while in the second
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(a) Representation of the function ∆Ω in scenario
with same AOA receivers.
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(b) Representation of the function ∆Ω in scenario
with different AOA receivers.
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Figure 4.16: Values of the difference of the right ascension of the ascending nodes ∆Ω for
the satellite S2 with respect to the position of the satellite S1 in terms of right ascension of
the ascending node Ω1 and the true anomaly ν1. In (a) scenario with arrays of antennas
of L1 = L2 = 0.334 m, in (b) scenario with arrays of antennas of L1 = 0.334 m and
L2 = 0.668 m, in (c) the difference between the two cases.
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(a) Representation of the function ∆ν in scenario
with same AOA receivers.

-8 -6 -4 -2 0 2 4 6 8
81 [°]

-20

-15

-10

-5

0

5

10

15

20

"
8
 [°

]

+1 = -3.15°

+1 = -0.631°

+1 = 3.15°

(b) Representation of the function ∆ν in sce-
nario with different AOA receivers.
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(c) Representation of the differences of differ-
ences ∆(∆ν).

Figure 4.17: Values of the difference of the true anomalies ∆ν for the satellite S2 with
respect to the position of the satellite S1 in terms of right ascension of the ascending node
Ω1 and the true anomaly ν1. In (a) scenario with arrays of antennas of L1 = L2 = 0.334
m, in (b) scenario with arrays of antennas of L1 = 0.334 m and L2 = 0.668 m, in (c) the
difference between the two cases.
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(a) Representation of the function γ1,2 in scenario
with same AOA receivers.
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(b) Representation of the function γ1,2 in sce-
nario with different AOA receivers.
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(c) Representation of the differences of the spac-
ing angle ∆γ1,2.

Figure 4.18: Values of the spacing angle γ1,2 for the satellite S2 with respect to the
position of the satellite S1 in terms of right ascension of the ascending node Ω1 and the
true anomaly ν1. In (a) scenario with arrays of antennas of L1 = L2 = 0.334 m, in (b)
scenario with arrays of antennas of L1 = 0.334 m and L2 = 0.668 m, in (c) the difference
between the two cases.
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case (i.e., with different receivers) it appears globally increasing with some discon-
tinuities.

In both cases some discontinuities appear for low values, i.e. |Ω1| < 2°, and
for high values of the second case, i.e. |Ω1| > 6°: this behavior could reflect the
role of the constraint δ1,2 or possibly the non-uniqueness of the solution; further
investigation are needed to address this behavior.

The function ∆ν has the same macroscopic decreasing trend in both the simu-
lated cases.

Discontinuities appear for high values of the first case, i.e. |ν1| > 6°, while
they are shifted in middle values for the second case, i.e. −4°< ν1 < −2° and
2°< ν1 < 4°.

The function ∆ν is anti-symmetric with respect to both Ω1 and ν1 (with an
additional shift depending on the value of the true anomaly ν1), so ∆ν (Ω1, ν1) =
−∆ν (−Ω1,−ν1) + f (ν1).

The function γ1,2 has an almost monotonic behavior in the second case with
∂γ1,2/∂ν1 > 0 for Ω1 < 0 and ∂γ1,2/∂ν1 < 0 for Ω1 > 0. Instead, in the first case,
γ1,2 appears to be only locally monotonic and more unpredictable with respect to
the variables Ω1 and ν1.

Furthermore, the function γ1,2 results symmetric with respect to both the angles
Ω1 and ν1, so γ1,2 (Ω1, ν1) = γ1,2 (−Ω1,−ν1).

Difference of differences, i.e., ∆(∆Ω), ∆(∆ν), and ∆γ1,2, are non-negligible with
an absolute value approximately up to 15° for the differences in the right ascension
of the ascending node and true anomaly and with an absolute value approximately
up to 80° for the spacing angle between the satellites.
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Chapter 5

Hybrid Techniques and Multi
Constellations

This chapter explores two main topics: in Sec. 5.1 the possibility to optimize clusters
of satellites with hybrid payload composed of AOA and TDOA technologies is
investigated; in Sec. 5.2 the evaluation of the set of conditions that can guarantee a
combined measurement of different constellations of satellites is analyzed with the
definition of a new metrics, named ‘frequency of collisions’, and a the development
of an algorithm built for this purpose.

5.1 Optimization of Multi-Satellite Systems with
Hybrid Payload AOA-TDOA

The approach, models and results of this section are extracted from the work of
the author [23]. This activity has been commissioned on a pro bono basis without
financial compensation by the European Commission, Joint Research Center, Space
Sector (Italy).

5.1.1 Equations of Measurement for TDOA

TDOA considers the difference of the measured times of arrival (TOA) [89]. De-
noting with τ1, τ2, . . . , τk, . . . , τn the TOA measurements from the n satellites, the
TDOAs are obtained considering the difference of two distinct TOA measurements.

In (5.1), the TOA measurement for a k-th satellite is reported, while in (5.2) a
TDOA measurement for two distinct satellites k1 and k2 is reported.

199



Hybrid Techniques and Multi Constellations

τk =
1

c

√︂
(xSk − xE)

T (xSk − xE) =
1

c

⌜⃓⃓⃓
⎷
⎛⎝xSk − xE

ySk − yE
zSk − zE

⎞⎠T⎛⎝xSk − xE

ySk − yE
zSk − zE

⎞⎠
=

1

c

√︂
(xSk − xE)

2 + (ySk − yE)
2 + (zSk − zE)

2

(5.1)

∆τk1,k2 = τk2 − τk1 , k1 /= k2 (5.2)

In general, for n satellites it is possible to write NTDOA ≤ n2 equations of (5.2).
However, considering that by definition ∆τk1,k2=k1 = 0, and that ∆τk1,k2 = −∆τk2,k1 ,
for n receivers the number of equations is reduced to NTDOA ≤ (n2 − n) /2 =
n (n− 1) /2. This number is further reduced considering that some measurements
can be obtained by linear combination of other measurements: e.g., ∆τk2,k3 =
τk3 − τk2 = τk3 − τk2 + τk1 − τk1 = (τk3 − τk1) − (τk2 − τk1) = ∆τk3,k1 −∆τk2,k1 . In
the end, given n receivers, the number of possible TDOA independent equations is
NTDOA = n− 1.

Assuming that the two platforms k1 and k2 have the same receivers for the TOA
measurements, it is demonstrated [90] that the standard deviation σTDOA,k1,k2 for
the TDOA measurement is as reported in (5.3), where B is the noise bandwidth at
receiver input, β is the root mean square (RMS) radian frequency in the received
signal spectrum, T is the RMS of the integration time, and SNRk1,k2 is the effective
input signal-to-noise ratio.

σTDOA,k1,k2 =
1

β

1√︁
SNRk1,k2BT

(5.3)

The effective input signal noise ratio SNRk1,k2 is calculated as in (5.4), where
SNRk1 is the SNR of the k1-th satellite platform and SNRk2 is the SNR of the
k2-th satellite platform.

1

SNRk1,k2

=
1

2

(︃
1

SNRk1

+
1

SNRk2

+
1

SNRk1SNRk2

)︃
(5.4)

5.1.2 Derivatives for TDOA Measurement Equations

Here are reported the derivatives for TDOA equations (5.2).
In (5.5) there is the derivative of the equation of measurement for TDOA (5.2)

with respect to the variable xE.
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(5.5)

In (5.6) there is the derivative of the equation of measurement for TDOA (5.2)
with respect to the variable yE.
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(5.6)

In (5.7) there is the derivative of the equation of measurement for TDOA (5.2)
with respect to the variable zE.
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(5.7)

5.1.3 Dilution of Precision for Hybrid Measurements

For this study, the geometric design matrix is composed by the set of derivatives
of the equations of measurements (i.e., the derivatives of (4.41) for AOA derived
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in Sec. 4.3.2, and the derivatives of (5.2) for TDOA derived in Sec. 5.1.2) with
respect to the position coordinates of the emitter (xE, yE, zE), as shown in (5.8). In
particular, the matrix H, has NAOA + NTDOA = 2n + (n− 1) = 3n − 1 rows (i.e.,
the number of AOA measurements plus the number of TDOA measurements), and
the number of columns is 3 (i.e., the number of spatial variables for the partial
derivatives). The matrix H is built stacking every set of partial derivatives for
every measurement equation in every row. In particular, in the representation of
H in (5.8), the first 2n rows include the partial derivatives of AOA measurements
ordered in Azimuth-Elevation pairs, while the last (n− 1) rows include the partial
derivatives of linearly independent TDOA equations. Note that in (5.8), without
loss of generality, the first receiver has been chosen as reference for the (n− 1) inde-
pendent TDOA measurements; i.e., considering k1 = 1 and k2 = k′, the derivatives
are related to this set of measurement equations: ∆τ1,2,∆τ1,3, . . . ,∆τ1,k′ , . . . ,∆τ1,n.

H =
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(5.8)

The construction of the Covariance matrix C has to follow the same order
of construction of the geometric design matrix H, so considering the ordering of
equations in (5.8), the first 2n elements on the main diagonal of the Covariance
matrix are related to the pairs of AOA measurements, while the remaining n − 1
elements are related to the linearly independent TDOA measurements chosen for
H, as shown in (5.9).
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Once the Geometric Design Matrix H and the Covariance Matrix C have been
obtained, the PDOP can be evaluated as in (5.10).

PDOP =
√︂

Tr
(︁
(HTC−1H)−1)︁ (5.10)

Besides the set of hypotheses formulated in 4.3.3, an additional hypothesis can
be reported1.

In particular, it is supposed that every satellite has the same TOA receiver in
terms of noise bandwidth at receiver input B, RMS of radian frequency in the
received signal spectrum β, and RMS of the integration time T .

Hypothesis 8 — (H8): B1 = B2 = · · · = Bk = · · · = Bn = B, β1 = β2 = · · · =
βk = · · · = βn = β, and T1 = T2 = · · · = Tk = · · · = Tn = T .

5.1.4 Simulations

The problem in (4.65) with conditions expressed in (4.66) and (4.69), and model
for PDOP defined in Sec.5.1.3 has been simulated with the Optimization Toolbox
and Symbolic Math Toolbox of the MATLAB environment.

The following settings have been employed: step tolerance of 10−15, optimality
tolerance of 10−12, constraint tolerance of 10−12, interior point algorithm, scheme
of central finite differences.

A couple of satellites in LEO has been considered with height of hS1 = hS2 = 400
km. For the examined study case, from Table 1.1 resulted a value of ρ−1

k = 5.463.
The value of the absolute condition for the LOS is δ = 19.7926°, while the

conservative relative condition is δr = 8.1984°.
A number of 14 evenly spaced values have been considered for Ω1 and ν1, re-

sulting in a total of 196 simulations.
Assigning the probabilities of false alarm pFA = 10−6 and of detection pD =

0.997, the ROC curve in Fig. 1.12 gives a minimum value of SNR (pFA, pD) ≈ 15
dB, which has been used as worst case of maximum distance. Additionally, it has
been assumed a value of 3 dB as a margin to take into account other non-modeled
effects (e.g., atmospheric effects).

1It is remarked that (H8) has been reported, among other main hypothesis of the study, for
a matter of completeness, since it has already been used in subsection 5.1.1 to derive the model
(5.3)
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The mission is supposed to monitor L1/E1 frequency bands with central value of
f = 1575.42 MHz, which is one of the typical bands used by GPS (Global Position
System) and Galileo systems for civil aviation.

Considering a set of CubeSat platforms as potential satellites, the AOA receiver
is supposed to be a cross array of antennas with lengths equal to LAz = LEl = 0.334
m. The number of antenna elements are supposed to be spaced by a 1/4 of the
wavelength in each linear array, resulting in MAz = MEl = 7 antenna elements per
array.

Furthermore, since the detection is supposed to be already performed before
the precise geolocation, a simplified scenario which considers an orientation of the
satellite to align the broadside direction of the array with the direction towards the
emitter has been considered for the deployment optimization.

For TDOA receivers, values of B = 3 MHz for the noise bandwidth at receiver
input, β = 100 kHz for the root mean square (RMS) radian frequency in the received
signal spectrum, and an integration time of T = 100 ms have been considered.

Results of the simulations are reported in Fig. 5.1, Fig. 5.2, and Fig. 5.3.
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Figure 5.1: Values of the difference of the right ascension of the ascending nodes ∆Ω for
the satellite S2 with respect to the position of the satellite S1 in terms of right ascension
of the ascending node Ω1 and the true anomaly ν1.

In the investigations on 2-satellites systems performing only AOA measurements
the results on the ∆Ω were symmetric with respect to Ω1 and anti-symmetric with
respect to ν1, i.e., ∆ΩAOA (ν1) = ∆ΩAOA (−ν1) and ∆ΩAOA (Ω1) = −∆ΩAOA (−Ω1).

For AOA+TDOA systems, the results in Fig. 5.1 show a complete anti-symmetry,
resulting in ∆ΩAOA+TDOA (Ω1, ν1) = −∆ΩAOA+TDOA (−Ω1,−ν1) as a possible model
of interpretation of data.

The values of ∆ν in Fig. 5.2 show the same behavior of anti-symmetry with
respect to Ω1 and ν1, and a shift on the value in the ordinates depending on the
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Figure 5.2: Values of the difference of the true anomalies ∆ν for the satellite S2 with
respect to the position of the satellite S1 in terms of right ascension of the ascending node
Ω1 and the true anomaly ν1.
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Figure 5.3: Values of the spacing angle γ1,2 for the satellite S2 with respect to the position
of the satellite S1 in terms of right ascension of the ascending node Ω1 and the true anomaly
ν1.
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value of ν1. Therefore, ∆νAOA+TDOA (Ω1, ν1) = −∆νAOA+TDOA (−Ω1,−ν1) + f (ν1)
is a possible model of interpretation of data.

For the spacing angle γ1,2 the emerging property from Fig. 5.3 is of symme-
try with respect to both the right ascension of the ascending node Ω1 and the
true anomaly ν1. A possible model of interpretation of gathered data is then
γ1,2|AOA+TDOA (Ω1, ν1) = γ1,2|AOA+TDOA (−Ω1,−ν1).

5.2 Multi Constellations

The approach and models developed in this section are extracted from the work of
the author [91]. This activity has been commissioned on a pro bono basis without
financial compensation by the European Commission, Joint Research Center, Space
Sector (Italy).

The context of the study is within the macroscopic area related to the evaluation
of the set of conditions that can guarantee a combined measurement for a set of
constellations of satellites. For simplicity, the study is confined to a simpler case
of two constellations C1 and C2. Each constellation is also supposed to be, more
specifically, a cluster of satellites that orbit very close to each other: given two
satellites xS1 ∈ C1 and xS2 ∈ C1, their distance is small compared to the total lengths
LS1 and LS2 of their orbits, so condition ∥xS1 − xS2∥ ≪ LS1 ∪ ∥xS1 − xS2∥ ≪ LS2

holds for each couple of satellites within the same cluster.
The objective of the problem is to evaluate when the two constellations C1 and

C2 are close enough to perform a combined measurement.
Without loss of generality and to have a first simpler approach to the problem,

it is supposed that each constellation is composed of one single satellite, which is a
representative for the whole cluster. The actors of the problem are then satellites
xS1 ∈ C1 and xS2 ∈ C2.

Each single satellite is supposed to have a generic payload composed of an-
tenna array able to perform measurement with AOA technology and the combined
presence of at least two satellites can perform a TDOA measurement [8].

These measurements are supposed to perform a possible geolocation of an emit-
ter of electromagnetic waves placed in xE on the surface of the Earth for search
and rescue operations or spectrum monitoring of jamming signals.

For this study, circular orbits have been considered, then xS1 (r1, i1,Ω1, ν1 (t))
and xS2 (r2, i2,Ω2, ν2 (t)).

In order to predict the moments in which a combined measurement is possible, a
higher level of abstraction is required. More generally, for a satellite S it is possible
to say that a circular orbit, described by a closed curve γS, lies completely in an
orbital plane πS.

By definition, an orbital plane πS contains both the orbit γS and the centre of
mass of the planet, which for the Earth is denoted by x⊕ in this study.
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Then, the intersection of the planes πS1 ∩ πS2 gives the line lS1,S2 in which
the combined measurement of the two constellations C1 and C2 is supposed to be
possible.

The set of points of the intersections I between this line and the orbits, formally

I =
{︁
x ∈ R3| (lS1,S2 ∩ γS1) ∨ (lS1,S2 ∩ γS2)

}︁
=
{︁
x ∈ R3| ((πS1 ∩ πS2) ∩ γS1) ∨ ((πS1 ∩ πS2) ∩ γS2)

}︁
,

(5.11)

are of interest, because they denote when the satellites of different constellations
meet. It can be demonstrated that, if the orbital planes are not parallel πS1 ∦ πS2 ,
this set of points I is finite and, in particular, it has two points for each orbit
I = {x1,A,x1,B,x2,A,x1,B}.

Equivalently, this means that for each couple of orbital planes, two geometrical
values of the true anomaly can be identified for each satellite; here, for two satellites
S1 and S2 they are denoted with ν1,A, ν1,B, ν2,A, and ν2,B.

The position of each circular orbit is periodic with a period Tk = 2π
√︂

r3k
µ⊕

with k = 1,2, where µ⊕ is the standard gravitational parameter of the Earth.
So also the passage of the satellites in the intersection is periodic with period
Tk, so ν1,A (t) = ν1,A (t+ nT1), ν1,B (t) = ν1,B (t+ nT1), ν2,A (t) = ν2,A (t+ nT2),
ν2,B (t) = ν2,B (t+ nT2) with n ∈ N.

A true anomaly of intersection νI = {ν ∈ γS|ν = νA ∨ ν = νB} can be defined
and considered to avoid the duplicated representation. In this representation, the
periodicity is half of the orbital period: ν1,I (t) = ν1,I (t+ nT1/2) and ν2,I (t) =
ν2,I (t+ nT2/2) with n ∈ N.

A measurement exists when the emitter of signal is within the line of sight of
the satellite. Considering the geometry reported in Fig. 5.4, the interval of true
anomaly of visibility ∆νv can be calculated as in (5.12), where R⊕ is the radius of
the Earth, assumed to be spherical for simplicity.

∆νv,k = 2arccos

(︃
R⊕
rk

)︃
, k = 1,2 (5.12)

The interval of time visibility ∆Tv is then

∆Tv,k =
∆νv,kTk

2π
=

arccos
(︂

R⊕
rk

)︂
Tk

π
= 2arccos

(︃
R⊕
rk

)︃√︄
r3k
µ⊕

, k = 1,2. (5.13)

The passage of the satellites at the intersection points can be modeled with a
train of rectangular pulses f1 and f2 with periodicities T1/2 and T2/2, and widths
∆Tv,1 and ∆Tv,2, as shown in (5.14); t0,1 and t0,2 represent the initial starting times.
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Figure 5.4: Reference geometry to calculate the true anomaly of visibility ∆νv from the
Earth radius R⊕ and satellite orbit radius r.
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fv,k (t) =
∞∑︂
j=1

Π

(︄
(t− t0,k)− j Tk

2

∆Tv,k

)︄
=

∞∑︂
j=1

Π

⎛⎝(t− t0,k)
√︂

µ⊕
r3k
− jπ

2 arccos
(︂

R⊕
rk

)︂
⎞⎠ , k = 1,2.

(5.14)
Once the intersection intervals have been defined and modelled it is possible

to check their superposition in a certain instant of time. Given starting instant of
time tStart = t0 + nT with n ∈ N and ending instant of time tEnd = t0 + nT +∆Tv

with n ∈ N, then the active interval for a satellite S can be defined as IAct,S (n) =
[tStart (n) , tEnd (n)[ with n ∈ N; for satellites S1 and S2 they are as reported in
(5.15).

IAct,S1 (n1) = [t0,1 + n1T1, t0,1 + n1T1 +∆Tv,1[ , n1 ∈ N
IAct,S2 (n2) = [t0,2 + n2T2, t0,2 + n2T2 +∆Tv,2[ , n2 ∈ N

(5.15)

Formally, the set TSup of instants of time of superposition of the intervals can be
written as TSup = {t ∈ R>0| (t ∈ IAct,S1) ∧ (t ∈ IAct,S2)}. Because the train of pulses
defined in (5.14) have values of 1 if the interval is active and 0 if the interval is
not active, so formally fv,1 (t ∈ IAct,S1) = 1 and fv,2 (t ∈ IAct,S2) = 1, then from an
intuitive point of view, the set TSup can be obtained evaluating the domain of the
product function fv,1fv,2. To check if a superposition between two active intervals
exists, the following situation must happen: both of the starting instants of time
tStart,1 and tStart,2 must happen before both the ending instants of time tEnd,1 and
tEnd,2. This can be written formally as in (5.16).

max (tStart,1 (n1) , tStart,2 (n2)) < min (tEnd,1 (n1) , tEnd,2 (n2)), n1, n2 ∈ N (5.16)

Given the expected ending of the missions of a constellation in TEnd,C, then the
scanning of the superposition of the intervals can happen within a maximum instant
of time TMax = min (TEnd,C1 , TEnd,C2), because it is supposed that it is not possible to
exploit a combined measurement. From the evaluation of TMax, then it is possible to
obtain the total number of intervals for the satellites with N1 = 2 (TMax − t0,1) /T1

and N2 = 2 (TMax − t0,2) /T2.
With the aid of the condition in (5.16), it is possible to build an algorithm to

predict and count the number of events with the aid of a counter NEvents, here
denoted as collisions between constellations. When the total number of events have
been calculated, then the frequency of collisions fc = NEvents/TMax. The metrics
fc (C1, C2) can be useful to evaluate if two constellations C1 and C2 can be operatively
exploited to perform combined measurements.

It is possible to filter the total number of events evaluating the quality of the
collision with respect to local metrics, such as the position dilution of precision
PDOP , which depends on the distribution of the satellites xS1 , xS2 with respect
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to a local emitter of signal xE. Furthermore, models for the variances of the mea-
surements are required, which commonly can be estimated through the CRLB;
in particular, for two satellites, the variances of AOA σ2

AOA,1, σ2
AOA,2, and TDOA

σ2
TDOA can be employed. Possible models can be the ones reported in Ch. 4 and

Sec. 5.1. Functional dependence is then in the form

PDOP = f
(︁
xS1 ,xS2 ,xE, σ

2
AOA,1, σ

2
AOA,2, σ

2
TDOA

)︁
. (5.17)

The algorithm is presented in Fig. 5.5.
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1: load xS1 ,xS2 ,xE, σ
2
AOA,1, σ

2
AOA,2, σ

2
TDOA ▷ Initial data

2: load R⊕, µ⊕ ▷ Earth model
3: set t0,1, t0,2 ▷ Initial instants of time
4: set TEnd,C1 , TEnd,C2 ▷ Mission ending
5: T1 ← f (µ⊕, r1), T2 ← f (µ⊕, r2) ▷ Evaluate periods
6: ∆νv,1 ← f (R⊕, r1), ∆νv,2 ← f (R⊕, r2) ▷ True anomaly of visibility, as in

(5.12)
7: ∆Tv,1 ← f (∆νv,1, T1), ∆Tv,2 ← f (∆νv,2, T2) ▷ Interval of time of visibility, as

in (5.13)
8: TMax = f (TEnd,C1 , TEnd,C2) ▷ Time interval of scanning
9: N1 = f (t0,1, T1, TMax), N2 = f (t0,2, T2, TMax) ▷ Number of time intervals

10: for n1 ← 1 to N1 do
11: Evaluate tStart,1 (n1) and tEnd,1 (n1) ▷ Starting and ending instants of time

for 1
12: end for
13: for n2 ← 1 to N2 do
14: Evaluate tStart,2 (n2) and tEnd,2 (n2) ▷ Starting and ending instants of time

for 2
15: end for
16: initialize NEvents = 0.
17: for n1 ← 1 to N1 do
18: for n2 ← 1 to N2 do
19: if Inequality (5.16) is true then ▷ Check if superposition exists
20: if Evaluate PDOP as in (5.17) then ▷ Filter result with local

metrics
21: NEvents = NEvents + 1. ▷ Update counter
22: end if
23: end if
24: end for
25: end for
26: fc = NEvents/TMax ▷ Frequency of collisions
27: return fc

Figure 5.5: Operative algorithm to calculate the frequency of collisions.
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