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Absitract

Modern engineering systems are increasingly characterized by overactuation, where multi-
ple actuators influence the same output variable. This redundancy offers opportunities
for performance enhancement, robustness, and fault tolerance, yet it also poses the
fundamental challenge of allocating actuator effort in a manner that improves efficiency
without degrading closed-loop behavior. This thesis develops and analyzes novel strategies
for Dynamic Control Allocation (DCA) in systems with input redundancy, with particular
emphasis on nonlinear dynamics and periodic operating conditions.

The overarching objective is to design allocation schemes that operate within the
nullspace of the input-output map of the plant, thereby preserving the plant output while
reshaping actuator commands to optimize steady-state performance. This property of
output invisibility allows allocation to be introduced as an auxiliary mechanism on top
of existing feedback controllers, enriching system behavior without altering regulation
or tracking performance. Building upon this principle, the thesis advances DCA along
three interconnected directions: the development of spline-based internal models for
allocation, the application of DCA to complex overactuated platforms, and the extension
of allocation to nonlinear systems subject to periodic exogenous signals.

The first contribution lies in the introduction of polynomial and spline-type internal
models for allocation signals. By moving beyond constant or purely sinusoidal structures,
the proposed spline-based allocator offers enhanced expressiveness and flexibility, enabling
more effective redistribution of actuator effort in steady state. Theoretical guarantees
ensure stability, invisibility, and optimality, while numerical studies confirm superior per-
formance compared with earlier approaches, particularly in the presence of time-varying
references.

The second contribution is an application-oriented study of allocation strategies on a
highly nonlinear aerial vehicle equipped with tilting—twisting propellers. Two distinct
DCA methods an instantaneous allocator and a periodic spline-based allocator are
compared under both idealized and realistic actuator dynamics. The results highlight
a fundamental trade-off: while the instantaneous allocator is simple and optimal in
the absence of dynamics, the spline-based method achieves smoother and more robust
performance when actuator dynamics are non-negligible. This investigation demonstrates
the feasibility of deploying DCA in demanding aerospace scenarios and clarifies the
relative advantages of different allocation paradigms.

The third contribution extends DCA to nonlinear systems subject to periodic ex-
ogenous signals. The proposed framework combines gradient-based optimization with
parameter-dependent sensitivity dynamics, thereby extending control allocation beyond
conventional point-wise (instantaneous) schemes. This formulation systematically incor-
porates periodicity in both the reference trajectories and the cost functionals, allowing the
allocator to exploit the temporal structure of the problem rather than optimizing solely
at each instant. A key feature of the proposed method is the preservation of the output
invisibility property, ensuring that the introduction of allocation dynamics does not
interfere with the nominal closed-loop system output guaranteed by the baseline controller.
The approach is implemented and validated on a nonlinear two-mass spring—damper
system, which serves as an academic benchmark demonstrating the effectiveness, stability,
and practical relevance of the proposed sensitivity-based dynamic allocation framework.



Taken together, these developments establish a coherent and versatile framework
for dynamic control allocation in both linear and nonlinear systems. By combining
rigorous analysis with illustrative applications, the thesis demonstrates how allocation
can be leveraged to reduce actuator usage, improve efficiency, and enhance robustness,
all while ensuring that closed-loop output remains unaffected. The contributions pave
the way toward experimental validation on robotic and aerial platforms, integration
with high-level motion planning, and extensions to distributed and fault-tolerant control
architectures. In this way, the work advances dynamic control allocation from a primarily
theoretical construct to a practical methodology for managing redundancy in complex
modern systems.
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Chapter 1
Infroduction

1.1 Context and Motivation

The field of control allocation has gained increasing relevance as modern engineering
systems have become more complex, interconnected, and redundant. Many autonomous
platforms ranging from aerial and marine vehicles to spacecraft and robotic formations
are equipped with more actuators than the number of independent control objectives
or degrees of freedom. This property, known as overactuation, provides structural
redundancy that can be deliberately exploited to enhance flexibility, robustness, and
performance. Rather than being a byproduct of mechanical design, redundancy is often
introduced intentionally to improve fault tolerance, distribute loads, reduce energy
consumption, and extend actuator life. In practice, however, this abundance of actuation
also creates a central challenge: determining how to distribute the required control
effort among multiple actuators while respecting physical limits and optimizing system
performance.

Control allocation refers precisely to the process of translating high-level control
commands into individual actuator inputs in a way that satisfies both feasibility and
optimality criteria. The allocation must obey actuator constraints such as saturation, rate
limits, and dynamics, while ensuring that the system’s control objectives are met. When
performed effectively, control allocation allows redundant systems to exploit their full
potential, achieving improved efficiency, smoother motion, and enhanced fault tolerance.
When performed poorly, it can lead to wasted energy, degraded performance, or even
instability.

As autonomy increases and systems operate under tighter coupling between control,
perception, and planning layers, the design of allocation mechanisms has become more
critical. Future autonomous systems must not only achieve primary tracking objectives
but also dynamically optimize internal resource usage in real time. This requirement
drives the evolution from traditional static allocation to dynamic frameworks capable of
adapting actuator usage over time, even in nonlinear and uncertain environments.

1.2 Limitations of Classical Approaches

The allocation approaches can mainly be categorized into two subcategories according to
their design structure: Static Control Allocation and Dynamic Control Allocation.

Classical static control allocation (SCA) techniques originated from static optimization
methods developed in the mid-twentieth century. These formulations, including pseudo-
inverse and weighted least-squares allocation [28], [32], were designed for linear plant
model systems in which actuator dynamics could be neglected and control objectives were
constant or slowly varying. They provided computationally efficient ways to distribute
control commands and became standard tools in aerospace and marine applications [46].
However, allocation is computed independently at every time instant without considering
temporal evolution, actuator lags, or persistent disturbances. While these methods
demonstrated the benefits of redundancy, they also revealed fundamental limitations
when applied to dynamic or constrained systems. Although effective for simple platforms,
such assumptions are inadequate for modern autonomous systems characterized by
strong couplings, hard saturation limits, and time-varying missions. Neglecting actuator
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dynamics can cause performance degradation, loss of robustness, or instability under
realistic conditions.

Dynamic Control Allocation (DCA) emerged to overcome these limitations by explicitly
accounting for actuator dynamics and the temporal nature of control signals. Unlike static
methods, DCA generates trajectories for actuator commands, improving smoothness,
constraint handling, and coordination. Early works, such as [48], demonstrated that
shaping actuator profiles over time can better reconcile control performance with actuator
limitations. These developments marked an important shift: allocation became a dynamic
process integrated into the overall control architecture rather than a memoryless mapping.

Nevertheless, most existing DCA approaches remain confined to linear time-invariant
frameworks and rely on restrictive signal representations. Harmonic or sinusoidal pa-
rameterizations, while mathematically convenient, are often too rigid for applications
requiring local adaptivity, abrupt redistribution of effort, or piecewise trajectory shap-
ing. Their global smooth structure limits flexibility in agile robotic or aerial systems
where control loads must change rapidly across different mission phases. Furthermore,
theoretical guarantees for stability, convergence, and robustness have lagged behind
practical implementations, and many algorithms remain too computationally expen-
sive for real-time use in embedded systems. These gaps motivate the development
of new DCA methodologies that combine theoretical rigor with computational prac-
ticality and that can handle both linear and nonlinear behaviors under realistic constraints.

1.3 Contributions and Thesis Objectives

This thesis addresses the aforementioned challenges by developing a coherent set of DCA
methodologies that extend the applicability of DCA to a wider range of systems while
preserving theoretical guarantees and computational efficiency. The guiding objective is to
design allocation schemes that can exploit redundancy dynamically, improve steady-state
and periodic performance, and operate transparently within existing control loops without
altering the regulated outputs.

The proposed work advances the field along two complementary directions. The first
approach concerns the development of spline-based DCA frameworks for overactuated
systems that can be treated with linear allocation tools [3], [4]. In these methods, actuator
commands are expressed through periodic splines (piecewise polynomial functions) that
combine smoothness with local adaptability. This representation allows for flexible
shaping of input trajectories while keeping computational complexity low. A spline-type
internal model is integrated within the allocator, ensuring that the added dynamics
do not interfere with the main control objectives. Theoretical results demonstrate
stability, preservation of output invisibility, and convergence to steady-state periodic
optima. Simulation studies confirm that spline-based allocation provides tangible benefits
compared with static and harmonic approaches, particularly in scenarios involving
actuator constraints and non-sinusoidal references.

The second approach extends the dynamic allocation concept to nonlinear systems
through a sensitivity-based framework [1], [2]. Here, the allocator exploits sensitivity
dynamics of steady-state trajectories with respect to allocation parameters, enabling
the optimization of periodic performance indices in nonlinear plants. The formulation
ensures that the additional input components remain invisible at the regulated outputs
and provides provable guarantees of stability and convergence. The resulting architecture
achieves dynamic redistribution of control effort while maintaining the baseline closed-loop
behavior, bridging the gap between linear and nonlinear DCA formulations.
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Both directions share a unifying philosophy: separating the regulation and allocation
tasks while coupling them through rigorous structural conditions. In the linear case,
this is achieved via null-space projections of the input map, whereas in the nonlinear
case, uniform relative degree and normal-form representations expose the redundant
channels through which allocation can act without disturbing the controlled output. This
separation enables systematic synthesis and analysis, making it possible to add dynamic
allocation capabilities to existing control systems with minimal modification.

Beyond these core theoretical advances, the thesis emphasizes computational tractabil-
ity and practical implementation. The spline-based signals require only a limited number
of parameters to capture complex behaviors, making them well suited for real-time
applications. The sensitivity-based gradient algorithms are formulated on reduced
steady-state models and enhanced with adaptive step-size mechanisms such as Armijo
backtracking to ensure convergence under nonconvex cost functions. Together, these
design principles guarantee that the proposed allocation methods remain lightweight,
scalable, and suitable for embedded controllers on autonomous platforms.

The methodologies are validated through simulation studies on two representative
systems. The first is an overactuated unmanned aerial vehicle (UAV) equipped with tilting
and twisting propellers, used to demonstrate the spline-based allocator’s capacity to han-
dle redundancy and constraints effectively. The second is a nonlinear mass—spring—damper
system with adjustable stiffness, which illustrates the sensitivity-based allocator’s ability
to optimize actuator usage in nonlinear environments. In both cases, the proposed
methods achieve measurable reductions in input cost and improved smoothness without
affecting the regulated outputs, confirming their theoretical and practical value.

The overarching goal of this thesis is to close persistent gaps in DCA research. It
unifies theoretical insights and algorithmic designs into a consistent framework that is
simultaneously rigorous, efficient, and practically relevant. By introducing spline-based
and sensitivity-based approaches that reconcile stability analysis with computational
feasibility, the thesis contributes to the deployment of advanced DCA techniques in
modern autonomous and safety-critical systems. In doing so, it strengthens the connec-
tion between control theory and engineering practice, ensuring that redundancy can be
leveraged systematically for improved performance and resilience.

1.4 Thesis Structure

The thesis is organized into seven chapters that collectively develop the theoretical
framework, methodological innovations, and practical validations of advanced DCA. The
progression follows a logical path from background material to the presentation of new
methods, their application to representative systems, and the synthesis of insights through
comparative analysis. Each chapter contributes a specific piece to the overall narrative,
ensuring that the reader can follow the development of the ideas from their conceptual
roots to their concrete implementation.

Chapter 2: Background and State of the Art

Chapter 2 establishes the theoretical foundation of the thesis by reviewing the main
concepts and methods of control allocation in over-actuated systems. It first introduces
the general formulation of the allocation problem and the principles of input redundancy.
The discussion then distinguishes between static and dynamic allocation strategies,
analyzing their respective advantages and limitations. Subsequent sections review the
development of DCA for both linear and nonlinear systems, emphasizing the evolution
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of methodologies and the mathematical frameworks that support them. The chapter
concludes by identifying open challenges and research gaps that motivate the spline-based
and sensitivity-based approaches proposed in the following chapters.

Chapter 3: Dynamic Control Allocation Using Periodic Spline Signals

Chapter three presents the first methodological contribution of the thesis, introducing a
DCA framework in which periodic splines are employed as the signal basis for actuator
commands. The architecture is composed of an annihilator, which guarantees the output
invisibility property, an internal model that generates periodic spline trajectories, and a
gradient block that adjusts the spline parameters to minimize a periodic performance
cost. The use of spline functions with finite support and continuous derivatives provides
a compact yet flexible representation that reconciles smoothness with local adaptability,
overcoming the rigidity of globally defined harmonic signal classes. Theoretical analysis
establishes stability of the closed loop and shows that the allocator preserves the nominal
output behavior enforced by the baseline controller. Numerical simulations confirm
that the spline-based dynamic allocator improves steady-state performance and actuator
coordination compared with both static and harmonic allocation schemes, while handling
actuator constraints in a more natural and computationally efficient manner.

Chapter 4: Spline-Based Input Allocation on Overactuated UAVs

The fourth chapter translates the spline-based allocation framework into the context of
a complex, practically relevant system: a tilting and twisting overactuated UAV. This
platform exemplifies the challenges of high redundancy, strong coupling, and dynamic
constraints. The chapter introduces the UAV model, describing the actuator configuration,
flight dynamics, and mission objectives. It then adapts the spline allocator to the UAV
setting, embedding it within the hierarchical control structure and designing cost functions
that account for both trajectory tracking and energy efficiency. The simulations presented
in this chapter demonstrate that the spline-based allocator enables the UAV to execute
aggressive maneuvers with improved actuator usage efficiency and robustness under
saturation and partial faults. Comparisons with static and sinusoidal allocation methods
highlight the superior performance of the spline-based approach in terms of adaptability,
smoothness, and cost reduction, thereby validating its practical relevance.

Chapter 5: Sensitivity-Based Dynamic Control Allocation With An
Academic Example

Chapter 5 generalizes the dynamic allocation concept to nonlinear plants, thereby
addressing one of the central challenges identified in the state-of-the-art review. Classical
nullspace-based approaches are not directly transferable to nonlinear settings, where the
input-output mapping depends on the state and where superposition does not hold. To
overcome this, the chapter introduces a sensitivity-based framework that characterizes
how variations in actuator commands influence steady-state trajectories and periodic
costs. Using nonlinear control theory, including uniform relative degree analysis and
input-output normal forms, the allocation problem is reformulated to ensure output
invisibility even in nonlinear plants. A periodic allocation strategy is combined with
sensitivity equations to compute gradients of long-term cost functionals with respect
to allocation parameters. Theoretical analysis demonstrates stability and convergence
of the closed-loop scheme, and nonlinear simulations confirm its effectiveness in re-
ducing actuator usage costs while preserving output performance. This chapter thus
extends dynamic allocation into a regime that had previously remained largely unexplored.
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Chapter 6: Dynamic Control Allocation for Nonlinear Systems via a
Sensitivity Approach: Refinements and a Case Study

Chapter 6 applies the sensitivity—based nonlinear DCA methodology to a nonlinear
mass-spring-damper system, where the stiffness is treated as a dynamically adjustable
actuation channel, introducing nonlinear behavior through parameter-dependent dynam-
ics. This setting provides a realistic and physically interpretable benchmark in which
input redundancy originates from heterogeneous actuation capabilities (force input and
variable stiffness). The chapter focuses on numerical implementation aspects, including
gradient computation via sensitivity functions.

The results illustrate how the proposed allocator redistributes effort between the
two actuators over repeated periods, significantly reducing the weighted quadratic
cost associated with actuator usage, while rigorously maintaining the nominal tracking
performance prescribed by the baseline controller. Unlike the academic example in
Chapter 5, this case study highlights the method’s ability to operate in a mechanical
system with physically meaningful constraints and tunable energy exchange between
masses. Overall, this chapter demonstrates the practical viability of the sensitivity—based
DCA architecture and confirms its ability to generate performance gains in nonlinear,
periodically-forced systems subject to realistic actuation structures.

Chapter 7: Conclusions and Future Work

The final chapter reflects on the journey of the thesis, revisiting the theoretical and
practical contributions and assessing their impact on the field of DCA. It acknowledges
the limitations of the current work and points toward avenues for future research. Among
these, experimental validation on physical platforms is identified as a natural next
step, as is the extension of the proposed frameworks to distributed control allocation
in multi-agent systems. The integration of learning-based adaptation into the spline
framework and the exploration of hybrid spline-sinusoid models for multimodal systems
are also highlighted as promising directions. The chapter concludes by envisioning the
continued evolution of DCA as a cornerstone of resilient and efficient autonomous system
design, emphasizing its potential to meet the challenges posed by increasingly complex
and uncertain environments.
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Chapter 2
Background and State of the Art

Modern engineered systems increasingly exploit input redundancy to achieve improved
performance, flexibility, and robustness in actuation. Whenever the number of available
actuators exceeds the number of independent control objectives, the system is said to be
over-actuated or redundantly actuated [21], [33], [42], [48]. This situation arises in a wide
variety of applications: aircraft equipped with multiple aerodynamic and thrust-vectoring
effectors, underwater or surface marine vessels with several azimuth thrusters, robotic
manipulators or mobile platforms with cooperative actuators, and modern automotive
or aerial robots with distributed propulsion systems [20], [38], [47]. Input redundancy
enables the designer to exploit multiple actuation paths to achieve the same generalized
control objective while satisfying secondary goals such as energy efficiency, actuator wear
minimization, or smooth transitions between configurations.

2.1 Conceptual Distinction Between Allocation Paradigms

As outlined in Chap. 1, control allocation serves as a module aimed at improving
performance of a control system in accordance with a specified optimization objective.
According to the literature, two fundamentally different paradigms of control allocation
can be identified.

2.1.1 Direct Allocation for Actuation Mapping

The first paradigm concerns the direct allocation problem, which is typical in aerospace
and robotic applications such as multirotor drones or marine vehicles. In this context, the
goal of allocation is to distribute a desired generalized force or moment often referred to as
a wrench among a redundant set of actuators. Here, the allocator is an integral part of the
control structure: the high-level controller generates the desired wrench, and the allocator
instantaneously transforms this virtual command into actuator inputs that satisfy physical
and geometric constraints. There is no distinct “control” versus “allocation” layer in
terms of time-scale separation; rather, the allocator directly realizes the control objective
through actuator coordination. The system can be represented schematically as a cascade
of controller, allocator, and plant P, where the allocator converts the desired wrench into
the actual actuator commands u applied to the plant. The control architecture of such a
system is shown in 2.1.

ualloc

Allocator

~
1
-

Figure 2.1: Direct Allocation for Actuation Mapping
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2.1.2 Add-on Allocdtion for Performance Enhancement

The second paradigm, which underlies the work in [1], [3], [42], [43], [48] and many others,
introduces the allocator as an additional dynamic module on top of an already functional
control system. In this setting, the nominal controller alone is capable of stabilizing
or regulating the plant; the allocator acts as a supplementary layer that modifies or
redistributes the control signals to improve secondary performance objectives such as
energy efficiency, smoothness, or actuator usage. The allocator typically receives the
virtual control signal y. (later denoted also v.) produced by the controller, along with
other plant measurements, and produces y, which summed to ., is a feasible command
Ugiloe- Thus, unlike the first paradigm, where allocation is essential for actuation, here
the allocator is a plug-in module that enhances the closed-loop behavior of an already
designed control architecture.

Allocator

-

~
l
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alloc

alloc

Figure 2.2: Add-on Allocation for Performance Enhancement.

These two paradigms correspond to fundamentally different design philosophies. The
first direct wrench-to-actuator allocation is dominant in the robotics and aerospace
literature, where the emphasis lies on converting desired forces and moments into
actuator-level commands while respecting mechanical constraints. The second add-on
dynamic allocation forms the basis of the theoretical developments by [1], [3], [42],
[43], [48], as well as the methodologies developed in this thesis. In this framework, the
controller and allocator operate in parallel: the former ensures closed-loop stability and
reference tracking, while the latter optimizes the internal distribution of control effort
without interfering with the primary control objective. This separation of functions
enables modularity, allowing advanced allocation strategies to be designed and analyzed
independently of the core control law.

2.2 Control Allocation in Redundant Systems

At a general level, consider a nonlinear dynamical system described by

&(t) = flz@®),u®),  y(t)=h(=z()), (2.1)

where x € R™ denotes the state, u € R™ the vector of actuator inputs, and y € R? the
controlled output, with m > p. A higher-level control or guidance law generates a desired
virtual control or generalized input v.(t) € RP that represents the total control effort
needed to achieve a regulation or tracking objective. The physical actuators produce
generalized inputs through a effectiveness map
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v(t) = G(x(t)) ult), (2.2)

where G(z) € RP*™ encodes how each actuator contributes to the generalized forces
or moments. When G(z) is constant and full-row rank, (2.2) reduces to the classical
linear map v = Bu used in many allocation studies [16], [26], but in general G may
depend on configuration, aerodynamic conditions, or other states.

The control allocation problem consists of determining a feasible actuator command
u(t) such that

G(z(t) u(t) ~ ve(t), (2.3)

subject to actuator limitations such as magnitude, rate, and sometimes energy
constraints. Because m > p and rank G(z) = p, the system (2.3) is underdetermined,
admitting infinitely many solutions whenever the command v, lies in the range of G(z).
Formally, the set of admissible actuator vectors is

Uve) ={ueR™ | G(x)u =0}, (2.4)

which defines an affine subspace of dimension m — p. If actuator limits render v, infeasible,
one typically seeks the actuator vector that minimizes the deviation from the commanded
generalized input according to some norm or cost functional.

A standard approach introduces a secondary performance index

J(u) = (u = trer) "W (u — trer), (2.5)

where W > 0 defines a weighting of actuator usage and u,.s may represent a nominal
or preferred configuration. The optimal allocation is then given by the constrained
optimization problem
u*(t) = arg Irgn J(u)

s.t. G(x)u = v, (2.6)
Umin S u S Umax-

When no constraints are active and G(x) is constant, the analytical solution is

u = GTu, + (I — G+G)uref, (2.7)

where G denotes the Moore-Penrose pseudoinverse. Equation (2.7) yields the
minimum-norm actuator vector that achieves the desired generalized input. This
pseudo-inverse method became the cornerstone of early control allocation research in
the aerospace community [16], [17], [26]. However, it neglects actuator saturation and
rate limits, motivating the development of constrained approaches based on linear or
quadratic programming [7], [33], [40]. Such formulations guarantee a unique optimal
solution whenever the feasible set is convex and nonempty.
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The redundancy structure of (2.3) can be characterized by decomposing the actuator
space into two orthogonal components. Let N(z) € R™*(m=P) be a full-column-rank
matrix whose columns form a basis for the nullspace of G(z), that is, G(z)N(z) = 0.
Then every feasible actuator vector can be expressed as

u=G"(x)v. + N(2)z, (2.8)

where z € R™ P parameterizes the redundant degrees of freedom. The first term produces
the commanded generalized input, while the second redistributes control effort within the
nullspace without affecting v.. This decomposition underpins most modern allocation
methods: static optimization algorithms choose z by minimizing a cost such as (2.5),
whereas dynamic or adaptive allocators endow z(t) with evolution laws that balance
performance and smoothness over time [20], [21], [38], [48].

The benefits of input redundancy extend beyond mere feasibility. Redundant actuators
can improve energy efficiency by exploiting favorable actuator operating regions, enhance
agility by using multiple effectors simultaneously, and allow gradual transitions between
different actuator combinations. In over-actuated aerial vehicles such as multirotors or
tiltrotors, for instance, continuous redistribution of thrust enables stable operation even
during partial saturation of some propellers [20].

Similarly, in the JET Tokamak plasma-shape controller studied by [47], multiple
magnetic coils act redundantly to shape the plasma boundary; an appropriate allocator
ensures both geometric precision and current-limit compliance. These examples highlight
that the allocation mechanism is not merely a numerical solution to an algebraic equation
but an integral component of the closed-loop control architecture.

While early formulations were primarily static computing v* instantaneously from
v, the dynamic nature of real actuators soon motivated dynamic allocation approaches,
where internal allocator dynamics generate u(t) in a continuous manner. Such methods
can prevent discontinuities in actuator commands, accommodate actuator bandwidth
limitations, and exploit the nullspace component z(t) for smooth redistribution of
effort. Dynamic allocation has been shown to reconcile optimality and stability even
for complex multi-actuator systems [9], [21], [38], [48]. Nevertheless, at the conceptual
level considered in this section, the focus remains on the structural essence of redun-
dancy: an underdetermined mapping between actuator inputs and generalized control
outputs. In Sec. 2.3 the static and dynamic control allocation has been discussed in details.

The concept of control allocation has also evolved alongside theoretical advances in
optimal and geometric control. For instance, [21] formalized the notion of input allocation-
based regulation for linear over-actuated systems, providing a rigorous link between the
output regulation problem and control allocation. Extensions to nonlinear settings include
inverse-model allocation strategies for over-actuated plants [42], [47], and optimality-based
dynamic schemes for nonlinear redundant actuators [11], [38]. More recent efforts address
robustness and safety through constraint handling and learning-based methods [14],
[18], [44], demonstrating that allocation remains an active and expanding research frontier.

In summary, control allocation in redundant systems establishes a fundamental
bridge between high-level control objectives and low-level actuation mechanisms. It
formalizes the process of transforming a desired generalized input into feasible actuator
commands when multiple solutions exist. The mathematical foundation provided by
the mapping (2.2), the feasible set (2.4), and the nullspace decomposition (2.8) enables
a unified treatment of both static and dynamic allocation techniques, as well as linear
and nonlinear actuation structures. The subsequent sections of this chapter will de-
tail these classes of methods, highlighting their theoretical formulations and relative merits.
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2.3 Static vs. Dynamic Control Allocation

2.3.1 Static Control Allocation Methods

Static control allocation refers to the instantaneous computation of actuator commands
u(t) at each control update, based solely on the current value of the virtual control v.(t)
and on actuator constraints, without introducing additional dynamic states or memory
in the allocation mechanism. In other words, the mapping from the desired generalized
input to actuator signals is algebraic rather than differential, implying that at every time
instant the allocator computes the solution of an optimization or feasibility problem using
only instantaneous information. This assumption considerably simplifies analysis and
implementation, which explains the popularity of static allocation methods in real-time
flight control, marine guidance, and robotic actuation systems [7], [20], [26], [33].

A generic static control allocation problem can be expressed as

Jnin J(u) (2.9)
subject to  Gu = v, (2.10)

Umin S u S Umax

where G € RP*™ is the control effectiveness matrix, v. € R? is the commanded generalized
control input, and Uiy, Umax are actuator magnitude limits. The cost function J(u)
typically reflects actuator effort or energy expenditure.

Matrix G can also be interpreted as in the following plant definition where By is a
full-column-rank matrix and rank(B) < m:

#(t) = Az(t) + Bu(t) = Az(t) + BoGu(t), y(t) = Cx(t), (2.11)

Moreover, ker(B) acts as an ANN (Annihilator) that guarantees the output invisibility,
which means that the control system produces the same output without or with the
presence of an allocator. In Chap. 3 and Chap. 4, the advantages and the design of AN N
have been explained in detail.

A common and computationally convenient choice is a quadratic cost

J(U) = %(U - uref)TW(u - uref)a (212)

where W > 0 is a diagonal weighting matrix that can encode actuator preference
or efficiency, and wu,.f is a reference configuration such as a trim point or previously
used allocation. For simplicity, the minimum-norm case u,.s = 0 and W = I leads
to J(u) = ||ul|3, but many practical systems use non-uniform weights to favor specific
actuators [26], [33].

The equality constraint (2.10) enforces that the total control effect produced by the
actuators equals the desired virtual control v.. This ensures that, as long as v, lies in the
column space of G, the system will realize the requested generalized input exactly, up to
numerical precision. The box constraints model actuator saturation limits, which are
unavoidable in real systems due to physical, electrical, or mechanical restrictions. These
constraints make the feasible set convex but bounded, resulting in a well-defined QP
(quadratic programming) problem when J is quadratic.
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2.3.2 Unconstrained SCA

If actuator limits are not active and G has full row rank (rank(G) = p), the optimization
problem (2.9)—(2.10) admits the analytical solution

ut =G, = GT(GGT) M, (2.13)

where Gt denotes the Moore-Penrose pseudoinverse. This solution yields the minimum
2-norm actuator command satisfying Gu = v., which is equivalent to minimizing the total
control effort under perfect tracking of v.. The pseudoinverse formulation first appeared
in the context of reconfigurable flight control and redundant effector systems [16], [17]
and remains a benchmark reference point for control allocation studies. However, because
it assumes linearity and neglects actuator limits, it can produce physically infeasible
commands when any actuator saturates.

2.3.3 Constrained SCA

To handle saturation and rate constraints, researchers extended the basic pseudoinverse
approach to constrained optimization problems. [7] proposed one of the first systematic
formulations for constrained control allocation, casting the problem as a quadratic program
that minimizes actuator effort while respecting both equality and bound constraints.
Because the feasible set defined by these constraints is convex, QP algorithms can
efficiently compute the global optimum even in real time. Later works by [33] and [26]
provided comprehensive analyses of these QP-based methods, highlighting their geometric
interpretation and computational efficiency.

An important variant of static allocation is the fized-point iteration or sequential
saturation algorithm, originally used in aircraft control systems. When an unconstrained
solution violates actuator bounds, the algorithm fixes the saturated actuators at their
limits, removes the corresponding columns from G, and recomputes the allocation for
the remaining actuators until feasibility is achieved [6], [7], [33]. This approach is
deterministic, easy to implement, and has predictable convergence properties, which
made it attractive for embedded flight control systems before efficient QP solvers became
common.

2.3.4 SCA Practical Properties and Limitations

SCA methods have several favorable properties. They are conceptually simple, rely on
well-established numerical tools, and can be executed at high frequency with limited
computational burden. When the effectiveness matrix G varies slowly compared with the
control bandwidth, recomputing the static allocation at each sampling instant provides
satisfactory performance and robustness. Such features have made static allocators
the standard approach in many industrial systems, including underwater vehicles and
over-actuated robotic platforms [20]. For example, in the ROSPO (ROtor graSPing
Omnidirectional) aerial platform analyzed in [20], a static QP allocator distributes
the thrust commands among six propellers while maintaining precise force and torque
generation in the presence of actuator saturation.

Despite these advantages, static control allocation inherently ignores the temporal and
dynamical aspects of actuator behavior. Real actuators possess bandwidth limitations,
rate constraints, and nonlinear dynamics that cannot react instantaneously to changing
commands. As a result, purely static allocation can produce discontinuous or rapidly
varying actuator commands, particularly when the active set of constraints changes
between time steps. Such chattering behavior not only degrades performance but may

13



Static vs. Dynamic Control Allocation

also excite unmodeled dynamics or accelerate actuator wear. Furthermore, static methods
cannot anticipate future constraint activations or exploit the temporal correlation of
successive commands to improve smoothness and optimality. These drawbacks have
motivated the development of DCA strategies, in which the allocator is endowed with its
own dynamics to ensure continuous evolution of u(t), smoother constraint handling, and
explicit modeling of actuator limits [21], [48].

In summary, static control allocation provides the foundational framework upon which
most modern allocation schemes are built. Its mathematical clarity and computational
efficiency make it the preferred choice for many practical applications. However, the
instantaneous and memoryless nature of static allocation constitutes its main limitation,
justifying the introduction of dynamic methods that better capture the physics of real
actuators and ensure improved transient performance.

2.3.5 Dynamic Control Allocation Methods

Dynamic Control Allocation (DCA) extends the static framework by introducing internal
dynamics within the allocation process. Instead of computing actuator commands u(t)
instantaneously from the current virtual control v.(t), a dynamic allocator evolves over
time according to its own differential equations. This dynamic behavior allows the
allocator to handle actuator dynamics, rate constraints, and performance trade-offs in a
continuous manner, thereby mitigating discontinuities and chattering effects that often
arise in static approaches (9], [21], [38], [47], [48].

A simple yet effective structure is based on gradient or descent flows that asymptoti-
cally minimize J over time:

0(t) = =K, V,J(u,v,t), (2.14)

where J is a time-varying cost function encoding secondary objectives such as energy,
smoothness, or usage balance. K, > 0 is a positive definite gain or step-size matrix.
Under appropriate convexity and regularity assumptions on J, this continuous-time
gradient flow ensures that v(t) converges to the minimizer of .J, and consequently u(t)
converges to the optimal allocation w*(¢) associated with the current v, [9], [47], [48]. The
allocator thereby acts as a low-pass filter in the space of feasible allocations, smoothing
rapid changes in v. and naturally incorporating actuator limits and rate constraints.

A geometric interpretation of DCA can be obtained by decomposing the control input
w as in (2.8), namely

u=G v+ Nz, (2.15)

where N spans the nullspace of G. The variable z(t) € R™ P represents the redundant
degrees of freedom. m represents the number of physical actuator inputs and p represents
the number of independent control outputs or objectives. While static allocators compute
z* instantaneously (e.g., by solving a QP), DCA assigns dynamic evolution laws to z(t)

of the form

i(t) = —K.V.J(Gtv+ Nz(t)), (2.16)

so that the actuator distribution gradually approaches the optimal steady-state solution.
This dynamic law can be shown to guarantee asymptotic convergence to the minimum
of J within the feasible set, while preserving the constraint Gu = v for all time [9],
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[38], [48]. An appealing feature of this design is that the allocator introduces a tunable
time constant that governs how quickly the control effort redistributes among actuators,
offering a direct trade-off between optimality and smoothness.

2.3.6 DCA Theoretical Properties and Advantages

The DCA framework exhibits several valuable theoretical properties and offers distinct
advantages over its static counterpart:

o Smooth transitions and rate-limited actuators: Because u(t) evolves continuously
through the allocator dynamics, the resulting actuator commands are smooth by
construction.[48] showed that the dynamic evolution can be tuned such that the
generalized output v = Gu remains constant during redistribution of actuator effort,
achieving what he termed “output-invisible reallocation.” This property is crucial
in applications such as precision flight control and magnetic plasma shaping, where
abrupt changes in u can excite undesirable transients [47].

¢ Closed-loop stability: The allocator can be designed using Lyapunov arguments to
ensure that the augmented plant-allocator system remains globally asymptotically
stable. Under mild assumptions on convexity of J and full-rankness of G, the
equilibrium (z*,u*,v*) is globally stable and the allocation error e, = v. — Gu
converges to zero. This was rigorously proven for several classes of linear and mildly
nonlinear systems by [21], [48].

e Incorporation of secondary performance objectives: The nullspace component z in
(2.15) allows multiple criteria such as minimizing energy [4], [2], and [15], balancing
actuator usage [5], increasing reliability and fault tolerance [12] or penalizing fast
variations to be optimized concurrently. Works such as [38] and [3] introduced
optimality-based dynamic laws that minimize a time-integrated quadratic cost while
guaranteeing constraint satisfaction.

o Compatibility with constrained optimization: The gradient-based structure can be
combined with projection or saturation operators to enforce actuator limits, leading
to continuous constrained dynamics rather than abrupt switching between saturated
and unsaturated regimes [9].

Overall, DCA represents a natural bridge between continuous-time optimization and
control theory. By embedding an optimization process directly into the feedback loop, it
achieves smooth, adaptive allocation behavior that aligns with both control and actuation
objectives.

2.4 Dynamic Control Allocation for Linear Systems

When the plant can be adequately modeled as linear and time-invariant, dynamic control
allocation admits a more explicit analytical treatment using standard linear systems
theory. A linear over-actuated plant is typically described by (2.11) ensures asymptotic
tracking of a reference r(t) or regulation of y(¢) to zero while simultaneously optimizing
a secondary performance index on the actuator effort. For instance, while optimizing
actuator usage through internal allocator dynamics.

The set of steady-state input vectors capable of generating a desired virtual control
vss (or steady-state output yss) can be expressed as
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uss = Glogs + Nz, (2.17)

where G is the control effectiveness matrix (constant in the linear case) and N spans
the nullspace of G. The free variable z parametrizes all possible actuator redistributions
that produce the same generalized input vss. Dynamic allocation laws therefore focus
on prescribing evolution dynamics for z(t) that drive the system toward the optimal
steady-state actuator configuration, while maintaining Gu(t) = vss at all times.

Moreover, here in DCA, the TF (Transfer Function) of the component that acts
as an annihilator is Wanun(s) = NL(5)(dann(s))~! where the TF of the plant is P
P(s) = (d(s))"'N(s) and N+(s) = null(N(s)).

A simple and widely studied dynamic allocation law is the gradient flow

Z(t) =-K, VZJ(U.;‘;(Z)) s (218)

where J is a convex performance index. Typical choices include

[lulli, (sparsity or actuator minimization)
J(u) = < ||ul|3, (energy or effort minimization) (2.19)

[lt]loos (amplitude minimization).

Each norm emphasizes different allocation priorities. The quadratic cost yields
smooth distributions and analytic convergence results, while L; and L., norms lead
to piecewise-linear or saturating behaviors useful for actuator selection and amplitude
control, respectively [9], [38].

Within the output regulation framework, the combined plant—allocator system can
be viewed as an augmented system whose steady-state regulation equations include the
allocator states. [21] demonstrated that dynamic allocation can be seamlessly incorporated
into the regulator design by embedding the allocator dynamics in the internal model
structure. Specifically, they proved that if a standard regulator achieves asymptotic
tracking for a fat plant (more inputs than outputs), then an augmented regulator with
dynamic allocation can achieve the same regulation for the over-actuated case while
additionally optimizing actuator performance. This theoretical result bridges classical
output regulation and control allocation theory.

[9] further extended this approach by formulating the DCA problem as a dynamic
optimization scheme, where the allocator implements a real-time gradient flow that
minimizes an instantaneous quadratic cost subject to the constraint Gu = v.. They
derived explicit convergence conditions and proved structural stability, robustness, and
uniqueness of the steady-state solution. Similarly, [47] applied a variant this framework
to plasma shape control in the JET Tokamak, demonstrating the practical viability of
DCA in large-scale experimental systems.

Related developments have also emerged in the area of optimal steady-state regulation
for linear systems formulated a steady-state regulation problem that combines state feed-
back with an internal-model structure to guarantee convergence to an optimal operating
point while minimizing a quadratic cost on the steady-state input [25]. Although their
formulation addresses regulation rather than allocation, it is conceptually aligned with
the objectives of DCA: both seek, among the many admissible input configurations, the
one that optimizes a given performance criterion without degrading nominal regulation.
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Consequently, optimal steady-state regulation can be regarded as a complementary
viewpoint to linear DCA in over-actuated systems.

Beyond the instantaneous formulations of DCA, recent works have emphasized the
relevance of periodic allocation strategies for systems subject to cyclic or steady-state
periodic operation. These approaches recognize that, when exogenous signals or refer-
ences are periodic, optimal steady-state performance cannot be captured by point-wise
optimization alone, but must instead be evaluated over an entire fundamental period.

In this direction, [3] introduced a spline-based dynamic input allocation framework
in which the allocation signals are parameterized as periodic extensions of polynomial
functions, allowing the use of a hybrid internal model that explicitly encodes periodicity.
This formulation unifies and extends previous sinusoidal approaches by providing a more
expressive yet computationally tractable structure for periodic DCA. The concept was
subsequently implemented and validated on a nonlinear overactuated UAV platform
in [4], confirming the method’s ability to optimize long-term Lagrangian costs while
maintaining output invisibility. Furthermore, the sensitivity-based extension proposed
in [1] generalized periodic DCA to nonlinear systems, enabling gradient-based optimization
of steady-state trajectories through sensitivity dynamics and ensuring convergence to
optimal periodic allocations. Collectively, these studies demonstrate that periodic DCA
frameworks can systematically exploit temporal redundancy to enhance performance,
reduce actuator effort, and preserve closed-loop output behavior, thereby bridging steady-
state optimization and control allocation theory. The spline-based formulation is presented
in detail in Chap. 3, its UAV implementation in Chap. 4, and the sensitivity-based pe-
riodic extension together with its case study are discussed in Chapters 5 and 6, respectively.

In [24], the OSSR (Optimal Steady-State Regulation) problem for linear systems
was formulated and solved using an internal model and state feedback operating in
tandem. The problem extends the classical output regulation framework by introducing
a quadratic steady-state cost on the effort of individual control modules specifically,
an adaptive internal model and a state feedback rather than on the plant inputs or
outputs. The authors derived both instantaneous and time-averaged (over a period)
steady-state optimization formulations, expressed as convex least-squares problems
in the feedback gain, and characterized their solvability through the regulator equa-
tions. An adaptive control architecture was then developed to minimize the long-term
internal-model workload when full offloading by the state feedback is not possible. The
proposed adaptive regulator employs gradient-based adaptation laws with two-timescale
averaging analysis to ensure convergence and stability, providing an implementable so-
lution for optimal steady-state operation under unknown plant and exosystem parameters.

Dynamic control allocation for linear systems offers a rigorous, flexible, and phys-
ically meaningful framework that extends static methods by incorporating dynamics
and performance criteria into the allocation layer. It provides analytical tractability,
proven stability, and adaptability to actuator constraints, forming a solid foundation for
subsequent extensions to nonlinear systems discussed in Sec. 2.5.

2.5 Dynamic Control Allocation for Nonlinear Systems

While DCA has been extensively investigated in the context of linear time-invariant
systems, extending these methods to nonlinear dynamics poses fundamental concep-
tual and analytical challenges. Nonlinear plants are pervasive in robotics, aerospace,
and mechanical systems, where input redundancies coexist with nonlinear couplings
and parameter-dependent behaviors. The goal of nonlinear DCA is to preserve the
appealing modular structure of the linear case, where allocation acts as an auxiliary
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layer that optimizes actuator usage without altering closed-loop stability, while general-
izing it to a wider class of systems that exhibit nonlinear dynamics and periodic operation.

2.5.1 Formulation for Nonlinear Systems

Consider a plant P with m inputs and p outputs, which is input redundant (namely,
m > p), has uniform vector relative degree [31, Sec. 11.5] denoted as r = [r1 7o --- 7]
and is in normal form [30, (5.7)-(5.8)]; then, P is described by the following equations:

i = Aoz + Bo(fo(z,2) + go(x, 2)u),
zZ= fl(x’z) + g1(9c, Z)Ua (220)
y = Coz,

where 2 € R™ denotes the measurable state, z € R¥ the internal or unmeasured dynamics,
u € R™ the input vector with m > p, and y € RP the output. The mappings fo, g0, f1, 91
are assumed to be smooth and satisfy rank(go(x,z)) = p globally, ensuring that the
system possesses a uniform vector relative degree r = [ry,...,7,]". This assumption
enables a simplified normal form representation and well-defined pseudo-inverse and
kernel basis matrices gg(z, z) and gg (z, 2), respectively.

A stabilizing controller C' is assumed to exist, guaranteeing asymptotic tracking of a
smooth periodic reference yq(t) with period T > 0. The baseline control law provides a

nominal input y.(z, z, Yd[T]) which, when applied to the plant, ensures that y(t) — ya(t)
exponentially. The h-th scalar component ygq , of y4 is 5, times continuously differentiable,
for h=1,...,p. As usual in tracking problems, the derivatives of y‘(ik) fork=1,...,7r%
are assumed to be available for control purposes; for brevity, the fdllowing shorthand

notations will be used,

vy = [yﬁﬁ) gy yéf,'z)}',
v = [gan o -y =1
v oy oy
where either (v,vy) = (r,74) or (v,v) = (r~,7, ), with r= :=[r —1ro—1 - 1, — 1]

and r, =7, —1,for h=1,...,p.

The DCA mechanism then augments this nominal controller by introducing an
additional allocation signal u;:

U= Ye + Ugql, (2.22)

where u,; € Im(gg (z,2)) so as to preserve output invisibility under suitable hypothesis.
The augmented closed-loop system, denoted X, thus inherits the stability properties of
the nominal closed loop ¥ while gaining additional degrees of freedom for optimization
within the redundant actuation space.

In Chap. 5 and Chap. 6 the nonlinear allocation has been studied in detail while
an innovative method has been introduced and has been verified on both academic and
physical case studies.
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2.5.2 Advantages and Applications of DCA

The Dynamic Control Allocation (DCA) framework offers several distinct advantages
over static allocation methods, making it particularly suitable for complex over-actuated
systems:

e Output Invisibility: A fundamental property of DCA is that the allocation action
is designed to operate strictly within the kernel of the input—output map. This
ensures that the redistribution of control effort among redundant actuators does
not perturb the primary regulated output, maintaining the performance of the
high-level control loop.

o Exploitation of System Dynamics: Unlike static methods that solve for an
instantaneous distribution, DCA accounts for the temporal evolution of the
system. This allows for the optimization of performance metrics over time, such as
minimizing energy consumption or managing actuator fatigue, while accounting for
the bandwidth and constraints of the physical hardware.

¢ Modularity and Retrofitting: The DCA architecture is inherently decoupled from
the baseline control design. This modularity allows it to be integrated into existing
closed-loop systems without requiring a redesign of the primary tracking controller,
provided the closed loop maintains basic stability properties.

The versatility and efficacy of these properties are demonstrated throughout this
thesis across various over-actuated benchmarks. For instance, the framework is applied to
handle the complex redundancy of an Unmanned Aerial Vehicle (UAV) in Chap. 4, and
its ability to manage nonlinearities is explored through a Mass-Spring-Damper (MSD)
system with variable stiffness in Chap. 6. In these applications, DCA facilitates an efficient
redistribution of control effort while ensuring that the allocation signals remain "invisi-
ble" to the tracking objectives, thereby preserving overall system stability and performance.

2.5.3 Perspectives and Research Directions

The sensitivity-based DCA framework opens promising directions for further research.
Extensions to fault-tolerant allocation can be achieved by embedding actuator health
parameters within the sensitivity model, enabling real-time reallocation in the presence of
partial failures. Another perspective involves coupling the nonlinear allocator with higher-
level adaptive or learning modules that tune cost weights or update sensitivity dynamics
online. Finally, combining spline-based periodic parameterizations with sensitivity-based
gradient laws may yield hybrid allocators that merge the local flexibility of spline signals
with the analytical rigor of gradient-based optimization.

In summary, Dynamic Control Allocation for nonlinear systems establishes a systematic
methodology for exploiting redundancy in complex, nonlinear, and periodically driven
systems. By coupling gradient optimization with sensitivity dynamics, it bridges the gap
between linear allocation theory and real-world nonlinear control problems, paving the
way toward scalable, adaptive, and energy-efficient control architectures.
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Chapter 3

Dynamic Control Allocation Using
Periodic Spline Signals

Abstract

In this chapter, we introduce and analyze a novel framework for dynamic input
allocation for systems characterized by input redundancy. More precisely, we
focus on closed-loop configurations in which the plant possesses a greater number
of control inputs than controlled outputs, a situation frequently encountered in
modern engineering applications such as aerospace systems, robotics, and advanced
manufacturing. As we explained in the previous chapter, within this setting, the
role of the allocator is to suitably modify the plant’s control inputs through the
injection of a carefully designed allocation signal. The defining feature of this
approach is that the allocator guarantees invisibility of the plant’s output trajectory
with respect to the original closed-loop design, while at the same time shaping
the steady-state behavior of the control inputs in order to achieve optimality with
respect to a predefined Lagrange cost functional. This cost encodes performance
and efficiency considerations, such as minimization of actuator effort, balancing of
energy consumption, or distribution of wear across actuators, thereby offering a
principled means of exploiting input redundancy for performance enhancement.

The methodology presented here builds upon and significantly extends prior
research in the field. In particular, earlier approaches have typically relied on
harmonic allocation signals, which, although analytically tractable, exhibit inherent
limitations in terms of flexibility and adaptability to complex system requirements.
The innovation of the present contribution lies in the replacement of these purely
harmonic components with periodic piecewise polynomial signals. Such signals, when
parameterized in the form of splines, offer a richer representational capability and
allow for more refined tuning of allocation dynamics. The adoption of spline-based
allocation therefore equips the designer with a versatile tool that can capture a wider
range of signals and can be systematically adapted to address specific structural
properties of the plant.

3.1 Introduction

This chapter introduces the first major original contribution of the thesis: a spline-based
framework for DCA. While Chap. 2 provided the necessary background, highlighted
existing results, and formalized the general problem of allocation in redundant control
systems, the focus now shifts to the design of a concrete allocator that can overcome
the limitations of existing methods. In the literature, allocation signals have typically
been restricted to constant vectors or harmonic functions, which limits their ability
to exploit redundancy in the presence of more complex reference signals. By contrast,
this chapter adopts polynomial and spline-type trajectories as the internal model for
allocation, significantly broadening the admissible signal set and enhancing flexibility.

The structure of the chapter is as follows: Sec. 3.2 formulates the allocation problem
in precise mathematical terms. Sec. 3.3 presents the spline-based allocator architecture,
highlighting how the internal model generator, the annihilator, and the gradient computa-
tion block interact to preserve output invisibility while optimizing actuator usage. Sec. 3.4
provides the main theoretical results, showing that all key requirements are satisfied.
Sec. 3.5 offers numerical evidence on benchmark references, and Sec. 3.6 concludes the
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chapter with a discussion of implications and possible extensions.

Overall, Chap. 3 bridges the general background of Chap. 2 with the first concrete
contribution of the thesis. It sets the stage for moving from theoretical formulation to
practical application: while the spline-based allocator is presented here in an abstract
setting, the next chapter demonstrates how this methodology can be integrated into the
control of a complex aerial vehicle with tilting-twisting propellers.

3.2 Model, Assumptions, and Objective

This chapter is devoted to the systematic study of DCA, which can be formally interpreted
as a specific instance of controller augmentation (see Fig. 3.1). In essence, DCA enhances
a pre-existing closed-loop control architecture by embedding an additional allocation
mechanism designed to operate on the redundant input channels of the plant. From an
intuitive perspective, the fundamental purpose of control allocation in this context is
to deliberately exploit such redundancy in order to achieve supplementary performance
objectives. These additional objectives may include, for example, the reduction of overall
actuator effort, the preferential utilization of actuators with lower energy costs, or the
extension of actuator lifespan by balancing usage. Crucially, all these benefits are obtained
while preserving the nominal closed-loop input—output behavior of the plant as enforced
by the original stabilizing controller. In this way, allocation provides a principled method
to improve efficiency, robustness, and flexibility without compromising the primary
regulation or tracking performance.

In alignment with the seminal contributions [10], [22], [48], the problem setting
considered in this chapter is formally defined by three core components: the plant P,
representing the dynamical system to be controlled; the stabilizing controller C', which is
assumed to ensure closed-loop stability and desired regulation properties in the absence of
allocation; and the exogenous signal generator F/, responsible for producing both reference
signals to be tracked and disturbance inputs to be rejected. This triplet P, C, E captures
the essential structure of the problem and serves as the starting point for analyzing the
effects of introducing a dynamic allocation mechanism. While the framework can be
generalized to broader classes of systems, our analysis will primarily focus on the Linear
Time Invariant (LTT) case, which already encompasses a wide range of practically relevant
scenarios and allows for a clear and rigorous characterization of the theoretical properties
involved.

Within this LTI setting, the exosystem E generates an exogenous signal w € R™v |

which simultaneously carries reference trajectories for the controller and disturbance
signals acting on the plant. The mathematical structure of E is expressed as

W = Sw (3.1)

where w € R™ denotes the internal state of the exosystem and S € R"»*"v is the
exosystem matrix. The following structural assumption is imposed.

Assumption 3.2.1

The exosystem E generates a T-periodic reference. (I
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Remark 3.2.1

If the exosystem is given by (3.1), Assumption 3.2.1 is guaranteed by asking that
matrix S € R"»*"™ in (3.1) is diagonalizable, with all eigenvalues lying exactly on the
imaginary axis, and such that they are integer multiples of a fundamental frequency
wp. Clearly, 0 can be seen as a (trivial) multiple of any value wy. Hence, such an
exosystem can generate any signal which is periodic of period T = 2w /wy, possibly
with a constant bias, since the natural modes of (3.1) are the constant function
(if 0 € 0(S)) and any pair of functions (sin(hwot), cos(hwot)) with h € N > 0 and
+hwy € U(S)

Furthermore, note that in output regulation it is crucial to have the exosystem in
form (3.1) to be able to replicate its eigenvalues in the internal model, in the present
context the internal model only needs to produce a suitable class of T'—periodic signals,
and then simply Assumption 3.2.1 is needed'. By adopting a spline-based internal
model, the allocator gains the flexibility to approximate optimal periodic trajectories
even for references that might be structurally incompatible with a classical linear
exosystem. ]

The plant P has the following form?:

& = Ax + Bu+ Pw (3.2a)
y=Czr+ Quw (3.2b)

where x € R", u € R"™, y € R™. Considering that the goal of DCA is to exploit
input redundancy to achieve some performance improvement, the following assumption is
considered.

Assumption 3.2.2

Plant (3.2) is input redundant, namely, n, > n,. O

Finally, let us turn our attention to the controller C, which is assumed to be pre-
designed and available for direct use in connection with the plant in (3.2). This controller,
whose structure has been fixed prior to the introduction of any allocation mechanism, is
described by the following state-space realization:

Z. = Acxe + Bey + Pow (3.3a)
Ye = Cex. + Dcy + ch (33b)

where x. € R™c denotes the vector of internal controller states, and y. € R™ve represents
the output of the controller, which is ultimately connected to the plant as its input signal.
This formal representation captures the dynamic processing carried out by the controller
on the available measurements y and the exogenous signals w, and determines the control
action delivered to the plant.

IThe author would like to thank the thesis reviewer, Prof. Andrea Cristofaro, for suggesting the
clarification of Remark 3.2.1 and Assumption 3.2.1, in particular for stressing that no knowledge of the
exosystem eigenvalues is used in the design of the allocator.

2With an abuse of notation, throughout the thesis, the same symbols P, C are used to denote the
plant P and controller C as well as the matrices in (3.2); the context clarifies which sense is used.
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In the present framework, controller C' is assumed to be designed in such a way that,
when directly interconnected with the plant P (without any additional allocation signal),
it already guarantees the fundamental closed-loop properties of stability and regulation.
Thus, the essential control objectives of disturbance rejection and reference tracking
are satisfied independently of the allocation unit. The introduction of the allocation
mechanism therefore serves a complementary role: its task is not to establish or restore
closed-loop stability, which is already ensured by C, but rather to exploit the inherent
input redundancy of P to enhance steady-state input trajectories according to secondary
performance criteria. These criteria may include, for example, reducing the amplitude of
control signals, distributing effort across actuators to avoid saturation, or minimizing
cost functions associated with energy consumption. To formalize this setup, the following
baseline assumption is imposed on the controller—plant interconnection.

Assumption 3.2.3

The closed-loop interconnection ¥ (without allocation) illustrated in Fig. 3.2, obtained
by combining (3.2) and (3.3) under the interconnection u = y., is well-posed and

asymptotically stable. O
Allocator
., lya
E C e P Y

Figure 3.1: General Closed-Loop Control System with Allocation.

Remark 3.2.2

Assumption 3.2.3 ensures that the interconnection of P and C' gives rise to a closed-
loop system that is both mathematically well-defined and dynamically well-behaved.
The condition of asymptotic stability guarantees that trajectories of the interconnected
system converge to a steady state, thereby providing a solid foundation upon which
allocation can be introduced. Importantly, this property also implies that the plant P
in (3.2) is detectable and stabilizable with respect to the signals of interest, which
eliminates the need to separately require these conditions in Assumption 3.2.2.

It is also worth emphasizing that the definition of the exogenous signal w has been
formulated with no loss of generality to include both reference inputs and disturbances.
From a modeling standpoint, references typically do not act directly on the plant but
instead shape the controller’s objectives, while disturbances may affect the plant but
not necessarily be available for measurement by the controller. Both of these cases
are naturally captured by allowing zero columns in the matrices P, Q, P,, and @Q.,
which describe the interconnections of w with the plant and controller. This modeling
choice therefore preserves generality while simplifying the exposition. 0
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Figure 3.2: Architecture of a DCA unit (cfr. [10], [22]). Dashed arrows denote updates occurring at times
t=KkT, t € N.

Since all dynamical components involved in the present framework are modeled as
Linear Time Invariant (LTI) systems, the asymptotic stability property postulated in
Assumption 3.2.3 is, in fact, equivalent to the stronger requirement of global exponential
stability. This equivalence is particularly relevant because it rules out slow convergence
phenomena or marginal stability and instead guarantees uniform exponential decay
of all trajectories toward the steady state. In this sense, the controller (3.3) does not
merely ensure closed-loop stability in the weak Lyapunov sense, but provides robust
exponential convergence rates that are independent of initial conditions. Such a property
constitutes the minimal and essential prerequisite for regarding C' as a meaningful and
effective stabilizer of system (3.2). Without this guarantee, any further attempt to exploit
redundancy through allocation would risk being undermined by an unstable or poorly
conditioned closed-loop foundation.

In addition, when Assumption 3.2.3 is combined with the structural properties of the
exosystem described in Assumption 3.2.1, a stronger conclusion can be drawn regarding
the steady-state behavior of the interconnected closed-loop system . Specifically, the
interconnection formed by plant (3.2), controller (3.3), and exosystem w generated by
(3.1) admits a unique and well-defined steady-state solution that is not only stable but
also periodic. The period of this steady state is given by T = 27 /wg, which directly
corresponds to the fundamental frequency of the exosystem. Furthermore, the spectral
properties of this periodic solution are precisely characterized by the same modes as those
produced by (3.1), thereby ensuring a direct correspondence between the structure of
exogenous signals and the asymptotic closed-loop response. It is worth noting that the
existence of such a unique steady state does not rely in any critical way on the linearity
or finite dimensionality of (3.1); similar conclusions hold in more general contexts as long
as the exosystem satisfies appropriate periodicity conditions. Indeed, Sec. 3.5 illustrates
this fact by presenting a numerical example where the exosystem extends beyond the
finite-dimensional linear case, yet the closed-loop still converges to a periodic regime
consistent with the theory.

At this point, it is essential to recall that the plant under consideration is input
redundant, which implies that an infinite family of admissible input trajectories can
produce exactly the same closed-loop output behavior. While the stabilizing controller C'
guarantees that, for any initial condition of the exosystem FE, the output y of the plant
(and equivalently the output y. of the controller) converges to a unique T-periodic steady
state, the plant input u corresponding to this output is by no means uniquely determined.
This fundamental non-uniqueness motivates the introduction of an additional allocation
signal y,, which modifies the plant input as u = y. + vy, (see Fig. 3.2). The central idea is
to design y, so that it leaves the output steady state completely unaffected while reshaping
the input trajectory according to secondary performance objectives. Such objectives may
involve minimizing a Lagrangian cost over one period, redistributing actuator usage to
avoid saturation, or ensuring smoother control effort to account for physical limitations
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of actuators. To ensure computational feasibility and practical implementability, it is
natural to constrain the design of y, to a finite-dimensional subspace P of T-periodic
signals.

In earlier studies, such as [22], the subspace P was specifically chosen as the span
of trajectories generated by the exosystem (3.1). This approach had the advantage
of maintaining perfect structural alignment between the allocation mechanism and
the exogenous dynamics, thereby simplifying both the analysis and implementation.
However, this choice also introduced a fundamental limitation: the expressiveness of the
allocation mechanism was tied to the modes of the exosystem, leaving little room to
exploit redundancy beyond the spectral content of w. In this chapter, we depart from this
restrictive viewpoint and generalize the construction of IP by considering a significantly
richer class of signals namely, piecewise smooth periodic polynomials of a prescribed
maximum degree r. More precisely, each scalar component of a signal in P is defined
as the T-periodic extension of a polynomial of degree at most r. This generalization
substantially enlarges the design space for allocation signals and enables the mechanism
to capture a wide variety of temporal patterns, far beyond those achievable with purely
harmonic signals. Even relatively low-degree polynomials, when extended periodically,
can approximate complex trajectories and offer superior flexibility in shaping input
behavior.

With these preliminaries now firmly established, we are in a position to formalize
the central problem addressed in this chapter. Following the formulations presented in
[10], [22], the problem is defined in terms of the initial states w(0), 2(0), and z.(0) of
the exosystem (3.1), the plant (3.2), and the controller (3.3), respectively. These initial
conditions uniquely determine the subsequent closed-loop evolution and thereby frame the
allocation problem to be solved. The following sections will build upon this foundation,
progressively developing the theoretical tools and algorithmic strategies required to design
spline-based dynamic allocation mechanisms, and demonstrating their efficacy through
both analysis and simulation.

Problem 1. Consider the plant (3.2), the exosystem (3.1), and the controller (3.3),
all operating under Assumptions 3.2.1, 3.2.2, and 3.2.3. The objective is to design,
whenever possible, an input allocation device with input u, and output y, such that, when
interconnected with (3.2) and (3.3) according to u = y. + yo and u, = Y., the following
requirements are simultaneously satisfied:

R1) (Stability) For every initial condition w(0) of the exosystem, the allocated closed-loop
interconnection depicted in Fig. 3.2 admits a unique steady-state solution of period
T. Furthermore, this steady-state response is globally asymptotically stable, meaning
that all trajectories of the allocated closed-loop system converge exponentially to it,
regardless of initial conditions.

R2) (Output Invisibility) For each admissible initial condition w(0), x(0), and z.(0), the
output response of the plant, y, in the allocated closed-loop coincides exactly with
the output response of the unallocated closed-loop. In other words, the allocation
mechanism is designed so that it is "invisible" from the perspective of the requlated
output, which preserves the requlation and tracking properties already guaranteed by
the baseline controller C.

R3) (Steady-State Optimality) For every w(0), let uss denote the periodic® steady-state
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trajectory of the plant input u. Then the following Lagrange cost functional
T
J(ugs) = / 9(uss(r)) dr (3.4)
0

where g : R — R is a convex function representing the instantaneous cost, is
minimized over the class of admissible steady-state allocation signals y, € P. Hence,
the allocator not only preserves output behavior but also selects an input trajectory
that is optimal in the sense of minimizing the cumulative cost over one period.

Remark 3.2.3

The convexity assumption on the instantaneous cost g in (3.4) is introduced to
streamline the problem statement. Under convexity, the optimization problem admits
a unique global minimum (though the minimizing allocation signal may not be unique).
If g is non-convex, the same allocation strategy still ensures convergence to a steady-
state solution corresponding to a local minimum, thereby preserving the optimality
interpretation in a weaker sense. O

It is worth emphasizing that no currently available result in the literature on DCA fully
addresses Problem 1 for the considered class of allocation signals P. Consequently, the
following sections introduce a novel allocator design, specifically developed to satisfy all
three requirements of Problem 1, thus filling a notable gap in the existing body of research.

3.3 Allocator Architecture: Periodic Splines and Nullspace
Injection

An effective and systematic approach to the design of a DCA unit was proposed in [10],
[22], where several of the fundamental ideas first introduced in the seminal work [48] were
generalized to the broader context of non-constant signals and to optimization frameworks
based on Lagrange cost functionals. In particular, while [48] primarily focuses on the
greedy minimization of instantaneous cost functions at each time instant—a strategy that
is well known to lead to suboptimal performance when the cost is instead evaluated
over a complete period—the methodology in [10], [22] extends the analysis to full-period
performance indices. This generalization allows for the design of allocation strategies
that explicitly account for the periodic steady-state regime, thereby achieving superior
global performance.

The proposed framework leverages the three-component architecture depicted in
Fig. 3.2, which provides a clear structural decomposition of the allocation problem. This
architecture is expressly constructed so as to ensure that the requirements R1)-R3) of
Problem 1 are simultaneously satisfied, while at the same time exposing to the designer a
minimal yet meaningful set of tuning parameters. These parameters represent the degrees
of freedom available for fine-tuning the performance of the allocator, thereby striking a
balance between theoretical rigor and practical implementability.

The allocation architecture is organized around three fundamental building blocks,
each of which plays a distinct role in the overall design. These blocks are: the Annihilator
(ANN), which guarantees that the allocation signal does not interfere with the regulated

3Since ugs is periodic, the cost functional (3.4) has the same value on any interval of length T.
Without loss of generality, the integral is therefore taken over the interval [0, T7].
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output dynamics; the SSgy, (Steady-State Dynamic generator), which ensures that
the allocation signal belongs to the desired class of T-periodic trajectories; and the
Gradient Computation Block (VJ ), which is responsible for driving the allocation toward
minimization of the steady-state cost functional defined in (3.4). The design principles,
mathematical formulation, and practical interpretation of each of these components will
be discussed in detail in the following subsections.

3.3.1 Designof ANN

The Annihilator constitutes the first and most fundamental component of the proposed
dynamic allocation architecture. Its primary role is to guarantee the Output Invisibility
property R2) in Problem 1, thereby ensuring that the introduction of the allocation
mechanism does not interfere with or alter the output response already guaranteed by
the pre-existing closed-loop system composed of the plant and the controller.

In this sense, the Annihilator acts as the structural safeguard of the entire allocation
framework, since without its correct operation the allocator would fail to preserve the
essential closed-loop behavior. Beyond this direct function, however, the Annihilator also
indirectly facilitates the achievement of the other requirements (R1 and R3), as will be
clarified in Remark 3.4.1. Thus, while its role appears specialized, the Annihilator in fact
provides the foundational layer upon which the stability and optimality of the allocation
strategy ultimately depend.

Formally, let W,,,,,(s) denote the transfer function matrix associated with the Annihi-
lator, and let P(s) denote the transfer function matrix of the plant (3.2) mapping the
control input v to the regulated output y. It is immediate to verify that the augmented
architecture of Fig. 3.2 satisfies requirement R2) of Problem 1 if and only if the following
condition holds:

P(8)Wann(s) = 0.

This relation ensures that any signal generated by the Annihilator lies within the kernel
of the plant input-output map, and therefore does not affect the regulated output y. The
challenge then reduces to designing a transfer function matrix Wy, (s) that satisfies the
above identity while preserving realizability and stability.

To this end, consider a polynomial matrix fraction decomposition of P(s). Specifically,
P(s) can be written in the form of a (possibly non-minimal) left polynomial matrix
fraction [34] as

where d(s) is chosen as the least common multiple of all denominators of the entries of
P(s), and where N(s) is then a polynomial matrix of size n, x n,. The advantage of
this factorization is that it isolates the polynomial structure of the plant’s numerator
matrix, thereby exposing its algebraic kernel in a form suitable for annihilator construction.

It is well known from polynomial matrix theory [34] that it is possible to construct
a polynomial matrix N1 (s) of size n, x (n, —n,) which forms a minimal polynomial
basis for the kernel of N(s). Intuitively, the columns of N+ (s) span the subspace of input
trajectories that are invisible at the plant output, i.e., they generate no contribution to y.
From a computational perspective, such a basis can be obtained using standard algebraic
techniques; for example, in MATLAB this can be achieved with the null command in the
Symbolic Toolbox, which automatically returns a polynomial basis for the kernel of N(s).
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With this construction, the required Annihilator transfer function matrix can be
defined as

Wann(s) = N() (dann(s)) " (3.5)

where dgnn(s) is any Hurwitz polynomial. The role of dgp,(s) is twofold: first, it ensures
that Weann(s) is strictly proper, and second, it guarantees stability by enforcing all
poles of the annihilator dynamics to lie in the open left-half complex plane.* Once
dann(s) is chosen, a minimal state-space realization (Aann, Banns Cann) of Wann(s) can
be constructed, leading to the following internal dynamics of the annihilator:

jjann = Aannmann + BannCiml'ima (363‘)

Yann = CannTann, (36b)

where x,ny, represents the internal state of the annihilator and Cj,,x;, denotes the input
provided by the intermediate block of the allocator architecture.

This realization provides the explicit dynamical form of the Annihilator, which, by
construction, guarantees that its output .., is always confined to the kernel of the plant
input-output map. Consequently, the Annihilator achieves invisibility at the output level
while shaping the internal structure of the allocator in a manner that facilitates the
fulfillment of stability and steady-state optimality requirements.

3.3.2 Design of SSg4yn

The block SSg,., constitutes the second fundamental component of the allocation archi-
tecture. Its purpose is to provide a parametrization of the admissible allocation signals,
thereby defining the set P over which the steady-state optimization requirement R3) of
Problem 1 is performed. In other words, the role of SSg,y is to act as a generator of the ad-
missible input trajectories, whose structure is entirely determined by its internal dynamics
and by the specification of its initial conditions. The use of such a subsystem makes the al-
location problem finite-dimensional and implementable in practice, while still retaining the
expressive power needed to approximate or represent the desired class of allocation signals.

Formally, the block SS4,, is characterized by the following hybrid dynamics:

Zim(t) = AimTim (1), te kT, (k+1)T), (3.7a)
.’Iﬁim(t) = Qimmim<t_) + yg(t_), t= kT, (37b)
Yim (t) = Clmxim(t), t e R, (37(3)
where 4, (t7) 1= lim._,0 i, (t — £2) denotes the pre-jump value of the state. Thus,

the system evolves according to continuous-time linear dynamics within each interval
[kT, (k + 1)T), while at the discrete instants t = kT its state undergoes a reset governed
by (3.7b). The output y;,,(¢) is then obtained as a linear projection of the internal state.
This hybrid structure enables the subsystem to encode periodicity explicitly, since the
jumps occur exactly at integer multiples of the fundamental period T'. Moreover, y, is
the gradient-descent correction signal computed once per period, used to update the

4A polynomial is called Hurwitz if all of its roots have strictly negative real part, meaning that it is
the denominator of a stable transfer function.
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internal model state toward the steady-state minimizer of the cost (See Fig. 3.2).

The internal model reproduces T-periodic extensions of polynomials of degree at most
r — 1. A natural generalization of this idea is to represent the periodic steady-state
signals through splines (see Fig. 3.3), i.e., piecewise-polynomial functions defined over a
subdivision of the fundamental period T'. Formally, the period is divided into INs uniform
segments of length A = T'/N,, and on each segment [kT +iA, kT + (i+1)A) the internal
model generates a polynomial trajectory of degree at most » — 1. At the boundaries
between segments, the reset map in (3.7b) enforces continuity and ensures the periodic
repetition of the trajectory across successive periods. This spline-based construction allows
a richer description of intra-period dynamics without altering the hybrid structure of (3.7).

Figure 3.3: The period is divided into several segments and a spline (a fixed degree polynomial of time) is
considered on each segment

In this work, a single segment per period is adopted (N, = 1), defined as the periodic
extension of a time polynomial over [0, T"). This configuration minimizes the computational
load while preserving the structural flexibility to introduce multiple segments if finer intra-
period resolution is required. Thus, the term spline is retained to reflect the framework’s
inherent generalized capability, despite the current reduction to a single interval. Under
this setting, the matrices in (3.8) remain unchanged:

Ai’m = Inu—ny 02y JO,T; (38&)
Q= e~ AT, (3.8b)
Cim = In,—ny & [1 le(rfl)] . (38C)

Hence, no modification is required in the allocator or ANN design method; only the
internal-model block is interpreted as a spline generator, and the gradient computation
block is updated accordingly to account for the hybrid (piecewise-continuous) evolution
of the internal model. Where ® denotes the Kronecker product, I,,,, is the identity
matrix of dimension (n, —ny), Jo,» is a Jordan block of size r associated with the zero
eigenvalue, and 0;(,_1) is a row vector of zeros of length (r — 1). This parametrization
reflects the fact that the admissible signals in P are generated as T-periodic extensions of
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polynomials of degree strictly less than r.

It is instructive to analyze the behavior of (3.7) in two cases. If y, = 0, the reset
map reduces t0 iy (kT) = Qimzim((k — 1)T). Since €, is constructed as e~AimT
this ensures that each scalar component of x;,, evolves as the T-periodic extension of a
polynomial trajectory of degree at most » — 1. Thus, in the absence of the steering signal
Yg, SSayn naturally reproduces the entire class of periodic splines of interest. Conversely,
the input ¥, plays a crucial role in the closed-loop allocation mechanism, steering the
state of SS9g,, toward the trajectory in I’ that minimizes the steady-state cost functional
(3.4). In this sense, y, acts as an adaptation signal that guides the internal model
dynamics toward the optimal periodic orbit. Once ¥, has fulfilled its role and becomes
practically zero®, the evolution of x;,, becomes T-periodic. Consequently, the response of
the annihilator (which is linear and stable since dupy, (s) is Hurwitz) and the output of
the allocator both converge to a T-periodic steady state. Due to the resets in x;,,, the
annihilator’s response generally contains both the natural modes of SSg,,, and those of
the annihilator itself, producing a composite periodic motion. The state of the annihilator
then satisfies:

xann(kT) — xann(0)7 (39)

and more precisely, the following property holds.

Proposition 3.3.1

If x;y, is reset periodically to the same initial condition, the annihilator evolves on a
periodic orbit whose continuous state at the beginning of each period is given by

Tann(0) = (I — e Ty Ma;,.(0), (3.10)

where

T
M= / eAenn =B Cimeim™ dr. (3.11)
0

Finally, the complete steady-state output of the cascade of the spline generator
and annihilator is given by

t
Ya(t) = C’mmeA“"”t(I - eA“""T)flMxim (0) + C'(mn/ eAann(t=T)p . eAimTy. (0)dr.
0

O

Proof. Let the combined state of the annihilator and the spline generator be

X(t) = [x”” ) ] , (3.12)

Tim (t)

whose evolution satisfies

X(t) = {A‘gm B‘%Sim} X(t) = AX(2). (3.13)

Hence,

€

_ AannT
AT — [e M } , (3.14)

0 eAimT
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which directly yields

Zann(T) = eAern T (0) + M, (0). (3.15)
If 2;m(T) = zim(0), periodicity implies Zqnn(T) = Zann(0), leading to the claimed
expression. ]
Remark 3.3.1

As pointed out in [10], [22], the conceptual role of the subsystem SSqy, can be directly
related to the notion of an internal model in the theory of output regulation [8], [13],
[19], [29], [39]. Indeed, in the classical internal model principle, the regulator must
incorporate within its dynamics a generator capable of reproducing the exogenous
signals to be tracked or rejected. Analogously, in the present context, the block
SSayn is capable, in open loop, of generating the class of admissible allocation
signals P, i.e., the T-periodic extensions of polynomials of degree at most r. It can
therefore be interpreted as an internal model specifically tailored for spline-type signals.

This interpretation also clarifies the connection between the present spline-based
allocator and previously proposed schemes. For example, the allocator in [22] employs
a sinusoidal internal model generator, suitable for harmonic allocations, while the
approach in [48] relies on a constant internal model generator, suitable only for
steady constant allocations. By contrast, the proposed framework incorporates a
generator able to produce T-periodic extensions of polynomial signals, thereby offering
a significantly richer parametrization that generalizes both previous approaches. This
distinction is also reflected in the notation of (3.7), which emphasizes the hybrid
nature and the spline-generating capability of the subsystem.

Moreover, in DCA the internal model does not (necessarily) replicate the class of
exogenous signals, but rather is used to produce signals from a suitable, user-selected
class of signals IP; and the class of spline signals can be more flexible than other classes
considered in [8], [13], [19], [29], [39]. O

3.3.3 Designof VJ

The third and final block of the allocation architecture is the Gradient Computation
unit, denoted by V.J. Its purpose is to generate the steering signal Yg Which drives the
internal state of SSg,, toward the trajectory that yields a periodic steady-state evolution
minimizing the cost functional (3.4).

A natural and effective way to achieve this goal is to employ a gradient-based
adaptation law, which updates y, in the direction opposite to the gradient of the cost
functional. This strategy is conceptually simple, yet it provides a powerful mechanism to
ensure convergence toward the optimal solution within the admissible signal class P.

The relevant gradient must be evaluated with respect to the steady-state behavior of
the closed-loop system, that is, under the condition that the update y, in (3.7b) is frozen
(set to zero).

5In general, yg converges to zero only asymptotically, but for simplicity one can regard it as essentially
zero after a finite interval. In implementation, it can be switched off once its norm falls below a small
threshold, as is common in numerical optimization.
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In this case, the cost gradient takes the following form ©:

T
VJ= / N’eA:ITC’;Vg(yC(T) + CaeA"'Tinm(O)) dr, (3.16)
0

where the following notation is used:

Aann Banncim
Aa = |: 0 Aim :| y Ca = [Cann O] )
_ AT _ | My M _ [T = My) T My
M=e = [ 0 M| N = I .

Here, the augmented system matrices A, and C, describe the joint dynamics of the
Annihilator and the signal generator SSgy,, while M and N encode the effect of one-
period evolution and its relation to the internal state w;,,. The expression (3.16) thus
provides a compact representation of the gradient of the steady-state cost functional
with respect to the initial condition of SS4y,, which in turn determines the admissible
allocation trajectory.

In order to compute (3.16) in real time, one must take into account the hybrid nature of
the generator dynamics, in particular the fact that the state x;,, is reset at the beginning
of each period according to (3.7b). A convenient way to implement the gradient update
online is to employ the following hybrid dynamics:

ig=—Ax, + C.Vg(ye + Caza), t e [kT, (k+1)T), (3.17a)
o = Aga, t € kT, (k+1)T), (3.17b)
z4(t) =0, t=kT, (3.17¢)
2a(t) = N(Qim@im (t7) +yg(t7)), t = kT, (3.17d)
yg = —yN'et Tz, tEeR, (3.17e)
Ya = Caxaa te R, (317f)

where «y is a sufficiently small positive constant, serving as the step size of the gradient
update.

The interpretation of (3.17) is the following: the state x, acts as an integrator
accumulating information about the instantaneous gradient Vg, filtered through the
adjoint dynamics —A and the output map C}. The reset condition z4(t) = 0 at
each period ensures that the computation is restricted to a single period and does not
accumulate beyond it. The auxiliary state x, reproduces the nominal dynamics of the
combined system (ANN, SSg4,,), and its reset incorporates the effect of both the hybrid
jump €2, and the steering signal y,. Finally, the update y, = —yN ’eA,aTxg implements
the negative gradient step, driving the generator state toward the minimum of the cost
functional.

Remark 3.3.2

It is worth emphasizing that, although the high-level architecture of the allocator
remains conceptually similar to that proposed in [10], [22], the gradient computation
presented here is considerably more intricate. This increased complexity arises from
the richer structure of the admissible signal space P adopted in this chapter, namely

6Since all signals are evaluated at their T-periodic steady state, the integral can be taken over any
interval of length 7. Without loss of generality, the interval [0, T] is chosen here.
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the class of T-periodic extensions of polynomials of fixed degree r. In contrast, the
approaches in [22] and [48] deal with sinusoidal and constant signal classes, respectively,
which yield simpler steady-state behaviors. By extending the admissible class to
splines, the present design significantly broadens the range of trajectories available
for optimization, at the cost of requiring more sophisticated gradient evaluation and
update laws. Nevertheless, this added complexity is justified by the enhanced flexibility
and performance that the spline-based allocation strategy is capable of delivering. [

3.4 Theoretical Guarantees

This section presents the central theoretical contribution of the chapter. The result
establishes that, under the structural assumptions stated earlier and for a sufficiently
small step size in the gradient update law, the allocator architecture introduced in Sec. 3.3
is able to meet all three requirements of Problem 1. In other words, the theorem guarantees
that the proposed design not only preserves the stability and output properties of the
nominal closed-loop system but also ensures steady-state optimality with respect to the
cost functional (3.4).

Theorem 3.4.1

Under Assumptions 3.2.1, 3.2.2, and 3.2.3, there exists a constant v* > 0 such that
for every step size v € (0,~*), the allocator designed according to Sec. 3.3 solves
Problem 1. (]

Proof. To make the proof precise and ensure global asymptotic stability of the optimal
steady-state, we proceed under the following technical conditions: the instantaneous
cost g(-) is strictly convex and radially unbounded, and the cascade of the steady-state
generator SSgy, and the Annihilator is observable.

Verification of Requirement R2: Output Invisibility

Requirement R2 demands that the plant output y is unaffected by the allocation signal
Yo- The plant input is u = y. + y,. The signal y, is generated by the Annihilator (ANN)
such that its transfer function Wy, (s) satisfies:

P($)Wann(s) =0

where P(s) is the plant transfer function. By linearity, the contribution of y, to the output
is P(8)Wann(8)Yim(s) = 0. Consequently, the output response y(t) depends only on the
primary control y. and the exogenous signal w. The nominal closed-loop performance is
preserved, and R2 is satisfied structurally.

Verification of Requirements R1 and R3: Stability and Optimality

Under the stated assumptions, we prove R1 and R3 by treating the cost functional J as a
Lyapunov function for the parameter dynamics.

1. Existence of a Unique Minimum: Since g(-) is strictly convex and radially unbounded,
the steady-state cost functional J(«) (where a parameterizes the initial state z;,,(0))
is also strictly convex and radially unbounded in RY. This ensures the existence of
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a unique global minimizer o*, corresponding to a unique optimal periodic orbit for
the allocation signal.

2. Lyapunov-Based Convergence: Let V(a) = J(a) — J(a*) be a candidate Lyapunov
function for the discrete-time parameter update law. By construction, V(a*) =0
and V() > 0 for all @ # «o*. Radial unboundedness of ¢ implies V(o) — oo as
|ler|]] = o0. The gradient update law (Equation 3.17¢) ensures:

V(ars1) = Viw) < =9V (aw)|* + O(v?)

For a sufficiently small v € (0,~*), the gradient law acts as a strict descent method.
Since the mapping from « to the cost is observable (due to the observability of
the SS4,,-ANN cascade), V.J(a) = 0 if and only if a = a*. Thus, a* is a globally
asymptotically stable equilibrium for the parameter dynamics.

3. Cascade Stability: The overall system Y, is a cascade interconnection:

o The unallocated closed-loop ¥ is exponentially stable (Assumption 3.2.3).
o The allocator parameters o converge to o (as shown above).

o The SS4yn and ANN blocks are linear systems driven by convergent parameters.

By standard results on the stability of cascaded systems, the convergence of the
driving system (the parameter update) and the stability of the driven subsystems (%,
ANN, 5S4y, ) ensure that the entire state of ¥,;; converges to the unique T-periodic
steady-state response associated with the optimal parameter a*.

Relaxation of Hypotheses

If the additional hypotheses (strict convexity and radial unboundedness) are relaxed to
simple convexity:

¢ The set of minimizers A4* may be a non-singleton or unbounded set.

e While the gradient law still ensures that the cost J is non-increasing, x;,, could
potentially diverge if the level sets of J are not compact.

« Convergence would only be guaranteed to the set of stationary points where V.J = 0,
which solves Problem 1 in a weaker, local sense.

Under the full hypotheses, however, the allocator is guaranteed to achieve global
asymptotic stability of the unique optimal steady-state. O

The significance of this result is twofold. First, it provides a rigorous performance guaran-
tee for the spline-based allocation scheme, demonstrating that the architecture proposed
in this chapter is not merely heuristic but is theoretically sound and systematically
convergent. Second, it highlights the key role of the gradient-based adaptation mechanism:
by choosing ~ sufficiently small, one can guarantee that the allocator operates in a stable
regime while still providing effective convergence toward steady-state optimality.

The parameter v therefore represents a classical trade-off between speed of adaptation
and robustness: if chosen too large, instability or oscillatory behavior may occur, while if
chosen sufficiently small, convergence to the optimal solution is assured at the price of
slower convergence.

The proof relies on constructing a Lyapunov-like functional combining the natural
quadratic stability measure associated with the closed-loop interconnection and the
convexity properties of the cost functional (3.4).

By exploiting the hybrid structure of the generator SSg,,, together with the resetting
properties of the gradient computation dynamics (3.17), one can show that the allocation
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state evolves within a bounded and contracting set across successive periods.

As a consequence, the gradient update acts as a descent method on the steady-state cost
functional, thereby ensuring convergence toward an optimal (or locally optimal, in the
non-convex case) solution within the admissible signal set P.

Remark 3.4.1

The design of the Annihilator (3.6) guarantees that, regardless of the specific signal
Yim produced by the block SSg,y, in Fig. 3.2, its net effect on the plant output y is
identically zero. This fundamental property is achieved by construction, since the
Annihilator acts as a dynamic filter projecting every admissible allocation signal
onto the kernel of the plant input-output map. In this way, the Annihilator enforces
the Output Invisibility requirement R2) of Problem 1 in an exact and structural
manner. As already pointed out in the pioneering contribution [48], although in a
simpler context, this property has consequences that extend beyond invisibility itself:
it facilitates both the stability analysis of the overall allocated closed-loop system and
the convergence to steady-state optimality.

Concerning stability, the key observation is that, because the Annihilator com-
pletely decouples the allocation signal from the regulated plant output y, the block C'
which is assumed to stabilize P in the nominal setting remains entirely unaffected by
the allocation dynamics.

This effectively creates a virtual cascade interconnection, in which the plant-
controller pair operates as in the nominal closed loop, while the allocator evolves in
parallel without disturbing the regulated variables. The immediate implication of
this cascade structure is that the overall stability of the allocated closed-loop system
reduces to verifying the stability of the allocator itself.

This verification is straightforward: the allocator is composed of three blocks in cascade,
namely the Annihilator, the signal generator SSay,, and the gradient adaptation
block VJ.

The Annihilator is stable by construction due to the Hurwitz choice of dgpy(s), the
subsystem SSqy, Is stabilized by the corrective action of the steering signal y,, and
the adaptation block V.J enforces convergence by implementing a gradient descent
algorithm on the cost functional.

Hence, the combined allocation mechanism inherits stability from the cascade structure
together with the stabilizing design choices embedded in its components.

With regard to optimality, the same virtual cascade reasoning plays a pivotal role.
Since the plant output y remains completely unaffected by the allocation signal, the
controller output y. converges exponentially to the same unique T-periodic steady
state for any initial condition w(0) of the exosystem E, both in the allocated and in
the non-allocated closed-loop systems. This invisibility is crucial because it ensures
that the optimization of the cost functional J in (3.4) can be performed using the
actual plant input v = y. + y,, while being guaranteed that the periodic trajectory of
Y Is unchanged.

As a consequence, any online optimization method, such as the gradient descent
algorithm adopted in this chapter, will converge to the same minimizer that would have
been obtained if the steady-state signal y. were directly provided to the optimization
routine. This structural property eliminates the risk of spurious minimizers or
perturbations in the regulation loop, thereby allowing the allocator to operate as a
transparent yet effective mechanism for steady-state performance improvement. [
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3.5 Computational Experiments

To complement the theoretical developments of the previous sections, this part of the
chapter presents a simple yet representative numerical example. The objective is to
illustrate in a concrete setting how the proposed allocation architecture achieves the
requirements R1)-R3) of Problem 1, and in particular how the annihilator, the signal
generator SSgyn, and the gradient-based update law cooperate in practice.

While the example is intentionally kept simple for clarity of exposition, it nevertheless
captures the essential features of input redundancy, allocation, and steady-state optimiza-
tion.

3.5.1 Data

Consider the plant defined by the following parameter values:

2 3 -2 10

A=10 -1 0|, B=|0 11|, (3.18a)
1 1 3 1 -1

c=1[1 0 -1], D=0, (3.18b)

which describes a system with three states, two inputs, and a single regulated output.
According to the definition in [48], this plant is not strongly redundant, since its two
inputs do not provide complete decoupling freedom at steady state. Nevertheless, as
demonstrated in [10], it is still possible to enforce complete invisibility of the allocator
action through the design of a suitable dynamic annihilator, thereby fulfilling the Output
Invisibility requirement R2). This property makes the plant an interesting case study for
validating the proposed allocator design.

To regulate the plant, an LQG stabilizer with integral action is adopted. The inclusion
of an integrator guarantees exact asymptotic tracking of step reference signals, thereby
ensuring zero steady-state error. The stabilizer is computed in two stages by sequentially
closing loops around the two plant inputs. Specifically, the second input uy is assigned as

where 7(s) denotes the Laplace transform of the reference signal, thus enforcing integral
action with respect to the regulation error. Once this loop is closed, the resulting SISO
system with input u; and output y is further stabilized by assigning

U7 (8) = ch(8>y(s)7

where W..(s) is designed as a standard LQG controller with unit weights, and has the
following minimal realization:

1034 519 —21.82 —0.06 ~3.59
A _ | 144 —100 -144 100 B | L4
«= |21.06 319 2854 —1.06|° c = | -15.32|"
141 0 —141 0 —2.41
Cee = [475 219 —16.23 —0.06], De.=0.
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Figure 3.4: Constant Reference: comparison of output trajectories with and without allocation. The
regulated output y remains unaffected by the allocation mechanism, thereby confirming the Output
Invisibility property R2) of Problem 1.

The numerical simulations reported below illustrate how the proposed allocator,
applied to the plant-controller pair above, achieves output invisibility while simultaneously
improving the steady-state input behavior through cost minimization. The steady-state
performance is analyzed, and the role of the allocator is highlighted by comparing input
trajectories and cost evolution before and after allocation.

20 :

-20 -

40 | L I I I 1 I I I 1 1 1 | I I I 1 I I I 1 1
4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50
Time

Figure 3.5: Constant Reference: input trajectories u; and ug before allocation. The absence of allocation
results in redundant control inputs that are not optimized with respect to the cost functional.
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Figure 3.6: Constant Reference: cost functional J over successive periods. The action of the allocator
leads to a monotonic decrease of the cost, illustrating the convergence of the gradient-based update law
and the fulfillment of requirement R3).

3.5.2 Allocator Design

In order to test the allocation framework on the plant (3.18), a specific performance
criterion must be defined. For this purpose, the cost functional to be minimized by the
allocator is chosen as a quadratic integral functional, evaluated over one period T, of the
so-called unit deadzone of the input:

T
J(u) :/ dz(u) " dz(u) dr, (3.19)
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Figure 3.7: Constant Reference: input trajectories u; and wug after allocation. Compared with Fig. 3.5,
the allocation signal redistributes the control effort, producing inputs that achieve the same output
regulation while reducing the steady-state cost.
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where the unit deadzone operator dz(-) is defined componentwise according to the relation

dz(u) := sign(u) max(|ju| — 1,0).

The functional (3.19) penalizes only those input components that exceed a prescribed
threshold (equal to one in this case), while leaving smaller inputs unpenalized. Such a
cost is particularly relevant in engineering applications where small input magnitudes
can be generated at negligible energetic expense, whereas large magnitudes require costly
resources. A representative example arises in aerospace systems: small torques can often
be provided by solar-powered actuators such as magnetotorquers, essentially free of fuel
cost, while larger torques necessitate the use of thrusters, which consume scarce and
expensive propellant. By weighting the squared magnitude of the deadzone, the cost
function further penalizes large excursions, thus enforcing a strong preference for input
trajectories that minimize the use of high-energy actuators.

A suitable Annihilator for the plant (3.18) is chosen with the following realization:

-2 0 0 1
Aann = 0 -3 0 5 Bann = |1 s (3203)
0 0 4 1
-7 12 —4
Cann = [_2 3 _6] ; Dann = 0. (3.20b)

This choice ensures that the resulting allocator satisfies the invisibility property (require-
ment R2) of Problem 1) by structurally eliminating the effect of the allocation signal
on the plant output y. It is worth emphasizing that, despite the fact that the plant
(3.18) is only weakly redundant according to the taxonomy in [48], the above dynamic
annihilator is nevertheless sufficient to achieve complete output invisibility, in line with
the theoretical results of [10].

To illustrate this point, consider the case of a constant reference. Figures 3.5 and 3.7
depict the plant inputs with and without allocation, respectively. It can be observed
that the allocated inputs differ substantially from their unallocated counterparts, as the
allocator redistributes control effort to minimize the cost functional.

However, as shown in Fig. 3.4, the corresponding output trajectories are indistinguishable,
both during the transient phase and at steady state, thereby confirming that output
invisibility is exactly enforced.

The parameters of the subsystems SSg,, and V.J are chosen consistently with the
general structure in (3.8) and (3.17), with the specific values

Here, r = 4 specifies that cubic polynomials (degree 7 — 1 = 3) are employed in the
spline representation of admissible signals, providing sufficient richness to approximate
the optimal trajectories. The step size v = 3 determines the gradient descent update
rate, and is chosen small enough to ensure stability while still enabling fast convergence.
Finally, the period T is set to one. For the case of a constant reference, this choice of T
is arbitrary since a constant signal is periodic with any period.

However, in the second scenario involving a time-varying reference, the period T' = 1
corresponds exactly to the fundamental period of the reference signal, making it the
natural choice.
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Figure 3.8: Saw-tooth reference: plant inputs with a single sinusoidal allocator. The allocator reduces the
cost but exhibits limited flexibility in shaping the input trajectory due to the restricted signal class.

The following simulations demonstrate how the proposed allocator performs under
more demanding conditions, such as saw-tooth references, and how the spline-based
internal model enables superior performance compared to traditional sinusoidal allocation

strategies.
9000 T T T T T T T T T T
Before Allocation
= = Allocated With Spline Generator Internal Model Allocator
Allocated With Single Sinusoid Internal Model Allocator
8000 — ‘\“« |
7000 - —
e — -
f
5000 | -
|
4000 j -
3000 ¢ -
2000 i~ =
I \
[
1000 [} \ —
\
\
|~ ol Ly | s | sl = 1 | i 18 | ke s | zls
10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50
Time

4 6 8
Figure 3.9: Saw-tooth reference: comparison of the cost functional J for three cases: unallocated inputs,
allocation with a single sinusoidal internal model, and allocation with the proposed spline-based internal
The spline allocator consistently achieves the lowest cost, thereby validating its enhanced

model.
expressivity and steady-state optimality.
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Figure 3.10: Saw-tooth reference: plant inputs obtained with the spline-based allocator. Compared to the
sinusoidal case (Fig. 3.8), the spline allocator produces richer input trajectories, allowing more efficient
cost reduction while maintaining output invisibility.

3.5.3 Scenario 1: Constant Reference

In the first experiment, the reference signal is chosen as a unit step. The desirable
performance provided by the baseline controller C', designed as described earlier, already
includes the crucial property of ensuring offset-free tracking in response to constant
references. This property can be clearly observed in Fig. 3.4, where the plant output
converges exactly to the reference value.

The introduction of the allocator does not compromise this behavior: thanks to the
annihilator, the output invisibility requirement is structurally enforced. As a result,
the entire closed-loop output response induced by C, including both transient and
steady-state dynamics, is preserved.

Indeed, the allocated and unallocated output trajectories in Fig. 3.4 are exactly coincident,
thereby confirming requirement R2) of Problem 1.

While the invisibility of the output trajectory is expected, it is nevertheless interesting
to analyze how the allocator modifies the input signals. Figures 3.5 and 3.7 compare the
plant input trajectories before and after allocation.

It can be appreciated that the allocator introduces structured oscillations in the input
channels, which at first may appear counterintuitive since the reference is constant.
However, these oscillations are not arbitrary: they are the mechanism through which the
allocator reduces the steady-state cost (3.19).

This cost penalizes input excursions beyond the unit threshold, and by appropriately
oscillating the inputs, the allocator redistributes the effort so as to minimize the overall
penalty. The resulting improvement is quantified in Fig. 3.6, which shows the monotonic
reduction of the cost functional achieved after allocation. Thus, the experiment demon-
strates that even in the case of a constant reference, the spline-based allocator discovers
nontrivial input trajectories that reduce the quadratic deadzone cost without affecting
the regulated output.
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Figure 3.11: Input trajectories (u1,u2) before and after allocation for the constant-reference case. The
allocated inputs settle deeper inside the cost-free region, confirming the effectiveness of the steady-state
optimization.
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Figure 3.12: Input trajectories (u1,uz) before and after allocation for the sawtooth reference. The
allocated trajectory gradually moves toward the center of the cost-free region, illustrating the effect of
the periodic spline-based optimization on actuator usage.

3.5.4 Scenario 2: Sawtooth Reference

The second experiment considers a more challenging scenario in which the reference is
a periodic triangular wave (sawtooth) of period 7" = 1. The signal increases linearly
from 0 to 5 during the first half-period and decreases linearly from 5 back to 0 dur-
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Figure 3.13: Saw-tooth reference: comparison of output trajectories without allocation, with spline
allocation method and with sinusoidal allocation method. The regulated output y remains unaffected by
the allocation mechanism, thereby confirming the Output Invisibility property R2) of Problem 1.

ing the second half-period. This test is particularly relevant since it probes the ability
of the allocator to exploit the richer signal class IP in the presence of time-varying references.

The plant output responses are reported in Fig. 3.13. As shown, the invisibility
property holds: the plant output coincides with the response induced by the baseline
controller C', regardless of the allocation mechanism. This confirms that the allocator
preserves the nominal closed-loop output behavior while optimizing the inputs with
respect to the cost functional.

For a more comprehensive comparison, three cases are considered:

1. the unallocated closed loop (baseline case),

2. the closed loop with an allocator designed according to [22], employing a single
sinusoidal internal model of period 7' = 1, and

3. the closed loop with the spline-based allocator proposed in this chapter.

The allocated input obtained with the sinusoidal allocator is shown in Fig. 3.8, while
the input obtained with the spline-based allocator is shown in Fig. 3.10. The qualitative
difference between the two is evident: while the sinusoidal allocator introduces smooth
harmonic corrections, the spline-based allocator generates richer trajectories capable of
better adapting to the piecewise-linear nature of the reference.

This difference is quantitatively reflected in the associated costs, plotted in Fig. 3.9.
The sinusoidal allocator produces only a marginal improvement over the unallocated
case, reflecting the limited expressiveness of its internal model. By contrast, the spline-
based allocator reduces the cost by several orders of magnitude, thereby validating the
theoretical claim that spline-based internal models provide a strictly more expressive
parametrization of admissible signals.

This experiment highlights the fundamental advantage of the proposed framework: by
allowing polynomial extensions rather than restricting to sinusoidal harmonics, the alloca-
tor achieves substantially better steady-state input optimization while still guaranteeing
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output invisibility and stability.

It is also interesting to note that the evolution of the actuator inputs in the (uy,us)
plane clearly highlights the effect of the proposed allocation scheme. In both reference
scenarios, the action of the spline-based allocator drives the steady-state inputs deeper
inside the cost-free region compared with the unallocated case, indicating a more efficient
use of the available actuation space. As shown in Fig. 3.11, for the constant reference
the allocated inputs remain well within the admissible low-cost area, confirming that
the steady-state optimization effectively minimizes unnecessary input effort. Under the
sawtooth reference (Fig. 3.12), the same behavior is observed dynamically: the trajectory
of the allocated inputs gradually moves toward the center of the cost-free zone, showing
how the periodic spline-based update redistributes actuator usage more evenly over time.
This comparison highlights the ability of the proposed allocator to achieve smoother and
more economical input distributions across different reference conditions.

3.6 Discussion and Concluding Remarks

In this chapter, a novel design methodology for DCA has been introduced. The key
innovation lies in the adoption of an internal model generator capable of producing,
and optimizing over, the class of signals given by T-periodic extensions of fixed-degree
polynomials of time.

This choice significantly extends the classes of allocation signals considered in previous
works, which were restricted to constant allocations [48] or sinusoidal signals [10], [22].
By enlarging the admissible signal set to include spline-type trajectories, the allocator
achieves enhanced flexibility and expressiveness, thereby enabling superior steady-state
performance.

Numerical experiments confirm the theoretical claims: in the case of constant refer-
ences, the allocator reduces the deadzone cost without altering the output trajectory, while
in the case of time-varying sawtooth references, the spline-based allocator outperforms
sinusoidal allocation schemes by a wide margin.

The flexibility provided by polynomial and spline-type internal models paves the way
for further extensions. In particular, adopting splines with multiple nodes per period
would allow an even finer approximation of complex input trajectories, which is expected
to play a crucial role in more demanding applications. Examples include redundant
robotic manipulators, cooperative drone swarms, and other large-scale networked systems
where dynamic allocation can be leveraged not only for performance improvement but
also for fault tolerance and resource optimization.

The developments in this chapter therefore represent an important step toward

bridging the gap between theoretical dynamic allocation frameworks and their application
to complex, real-world engineering scenarios.
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Chapter 4

Spline-based Input Allocation on an
Overactuated Tilting and Twisting
Unmanned Aerial Vehicle

Abstract

This chapter investigates the performance of the developed approach in Chap. 3
applied to an overactuated quadrotor unmanned aerial vehicle (UAV) equipped
with tilting and twisting propellers. In the DCA framework, actuator redundancy
is systematically exploited so that the closed-loop output of the plant, as shaped
by a nominal stabilizing controller, is preserved while the steady-state evolution
of the control input is optimized with respect to a Lagrange cost functional. This
enables the achievement of secondary objectives such as fuel economy, actuator
load balancing, or energy-efficient operation without compromising the primary
regulation or tracking requirements.

The case study considered here is particularly challenging because the UAV
platform exhibits strongly nonlinear dynamics due to its novel thrust-vectoring
mechanism. The system, originally proposed in [23], employs omnidirectional thrust-
vectored rotors that introduce additional DoF (degrees of freedom) by allowing each
propeller to both tilt and twist, thereby overcoming the intrinsic maneuverability
limitations of conventional multirotors. Such a configuration provides nearly full
directional authority over each thrust vector, decoupling position and attitude
dynamics and enabling complex maneuvers (e.g., nonlevel takeoff, inverted flight,
or interaction with inclined surfaces) that are unattainable for traditional quadrotors.

The contribution of this chapter is to show that, despite the nonlinear nature
of the UAV dynamics, a suitable DCA strategy enables the allocation module
to be designed by leveraging tools from the Linear Time-Invariant (LTI) setting.
Specifically, by employing a spline-based internal model generator, the allocator
optimizes over classes of periodic piecewise polynomial signals, thus generalizing
earlier allocation schemes restricted to constant or sinusoidal trajectories. This design
ensures output invisibility, stability, and convergence to steady-state optimality while
reducing input costs.

4.1 Introduction

While Chap. 3 established the theoretical basis for spline-based allocation in an abstract
setting, this chapter turns to a demanding application domain: unmanned aerial vehicles
(UAVs) with tilting-twisting propellers. These platforms are paradigmatic examples of
overactuated systems, where the number of actuators exceeds the number of controlled
degrees of freedom. The redundancy they offer enables agile maneuvering, fault tolerance,
and novel control strategies, but it also raises the fundamental challenge of distributing
effort in a way that respects actuator limits and enhances efficiency. The objective of this
chapter is to demonstrate how the spline-based allocation framework can be embedded
into a UAV control loop and to analyze its behavior under realistic operating conditions.

The UAV application highlights the importance of modeling and integration. After
describing the system dynamics and the baseline control architecture, we incorporate
allocation into the actuation layer, ensuring that the nominal trajectory tracking is
unaffected while the internal actuator distribution is optimized. Two strategies are studied
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in parallel: an instantaneous allocator, which selects the optimal actuator distribution at
each time instant, and a spline-based allocator, which optimizes input trajectories over an
extended horizon. Through simulations we investigate both idealized conditions, where
actuator dynamics are neglected, and more realistic scenarios, where each actuator is
modeled with first-order dynamics.

The chapter is organized as follows. Sec. 4.2 formulates the UAV allocation problem
and outlines the control objectives. Sec. 4.3 details the dynamic model of the UAV
and the baseline control loop. Sec. 4.4 describes the integration of allocation strategies
into the UAV architecture, while Sec. 4.5 presents simulation results comparing the two
methods under different conditions. Sec. 4.6 concludes with a discussion of insights gained
and lessons learned.

By applying the spline-based allocator to a nonlinear aerial vehicle, this chapter shows
how the abstract methodology of Chap. 3 can be made operational in practice. The
lessons learned here also motivate the methodological extension of the next chapter,
where allocation is no longer limited to linearized or application-specific settings but is
systematically developed for nonlinear systems subject to periodic references.

4.2 UAV Architecture and Control Objectives

The principle of this research is illustrated in Fig. 4.1b, where an allocation module is
introduced as an add-on on top of a pre-existing closed-loop system of the type shown in
Fig. 4.1a, in which the plant is assumed to be fat (i.e., possessing more control inputs
than regulated outputs). In this specific application, the control output consists of the
total net forces and torques acting on the vehicle, comprising six components in total.
These are represented as the vectors u; and us in Fig. 4.3, where each vector contains
three independent elements corresponding to the three translational and three rotational
degrees of freedom.

The purpose of such augmentation is not to redesign the baseline controller, but
rather to exploit the inherent input redundancy of the plant in order to achieve secondary
performance objectives. Typical examples include reducing the magnitude of the control
effort, distributing actuation more evenly across available actuators, or favoring the use
of certain inputs that are cheaper or more reliable, while preserving the same regulated
output response guaranteed by the original controller.

A natural and practically relevant setting for formulating such allocation problems is
that of periodic maneuvers of duration 7. In this context, the performance of a given
closed-loop system can be captured by means of a Lagrange cost functional of the form

T
J = / g(x,u,7)dr, (4.1)
t

where z denotes the state of the controlled plant, w its control input, and g(-) is a suitably
defined instantaneous cost function. If the maneuver is periodic and the closed loop is
at steady state, then the value of J becomes independent of the initial time ¢, and the
functional can be interpreted as a measure of long-term average performance.

The flexibility of the formulation (4.1) allows for a broad class of performance
objectives. For instance, if the designer’s aim is simply to minimize the amplitude of a

suitable p-norm of the control input along the entire period, the cost can be chosen as

9(z,u,7) = [[u(r)|p,
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with the norm || - ||, selected according to the application requirements. However, more
sophisticated design goals can be accommodated by allowing g to depend explicitly on
both the plant states and on time. This enables fine-grained performance tuning: for
example, penalizing large attitude rates in order to reduce mechanical stress, or adopting
a time-varying cost that discourages aggressive maneuvers during intervals in which the
UAV is required to capture stable visual footage, while allowing faster motion in other
phases of the trajectory.

The central requirement in DCA is that the cost minimization process must be
achieved without altering the regulated output response imposed by the original controller.
Comparing the architectures in Fig. 4.1a and Fig. 4.1b, this invisibility can be expressed
as the condition

Y = Yalioc

which states that the plant output remains unaffected by the presence of the allocator.
In other words, the allocation module is invisible from the perspective of the output
dynamics: while it reshapes the internal distribution of input effort, it leaves the external
closed-loop behavior intact. This property is crucial to ensure that all guarantees provided
by the nominal controller (such as stability, regulation, or disturbance rejection) are
preserved, while redundancy is exploited exclusively to optimize secondary performance
measures.

(a) Closed-Loop Control System

(b) Allocated Closed-Loop Control System

Allocator

alloc

alloc

Figure 4.1: Comparison of closed-loop architectures: (a) a standard control system where the controller C'
directly drives the plant P; (b) an augmented system with a dynamic control allocator ensuring output
invisibility while exploiting input redundancy for performance optimization.
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As in [10], [22], [48], the problem formulation involves a plant P interconnected with
a stabilizing controller C. In earlier works, both P and C' were assumed to be Linear
Time-Invariant (LTT) systems, which facilitated the development of rigorous theoretical
tools. In contrast, the present chapter addresses a more challenging scenario in which
both the plant and the controller (derived from [23]) are inherently nonlinear.
This nonlinear setting is particularly relevant for UAVs with thrust-vectoring mechanisms,
where actuator redundancy is extreme and the system dynamics cannot be adequately
described by linear models.

In this context, the spline-based DCA methodology proposed in [3] provides a promis-
ing extension. By parameterizing allocation signals as T-periodic polynomial splines,
the method achieves a richer representation of admissible input trajectories compared
to harmonic-based approaches. This enhanced flexibility is expected to yield improved
optimization performance while preserving the structural advantages of DCA, namely
output invisibility and stability.

The remainder of the chapter is devoted to analyzing this approach in detail and
demonstrating its effectiveness on the considered UAV case study.

Two central insights emerge from the analysis developed in this chapter, both of which
shed light on the structural features of the problem and on the advantages of spline-based
DCA:

o First, by adopting a suitable choice of allocated variables namely, considering
the thrust vectors ¢ as allocation signals instead of the raw actuator commands
(a4, Bi, w;) it becomes possible to formulate the allocation problem within a frame-
work that is effectively Linear Time-Invariant (LTT). This reformulation is crucial:
although both the plant and the baseline controller are intrinsically nonlinear,
the allocation problem can nevertheless be addressed using the well-established
tools of LTI theory. This observation significantly simplifies the allocator design
and provides a rigorous justification for employing LTI-based DCA strategies in a
setting that would otherwise appear intractably nonlinear.

e Second, it is important to recall that, in general, the minimization of the Lagrange
cost functional (4.1) cannot be achieved by a purely greedy optimization strategy. In
other words, selecting the instantaneous input trajectory at each time 7 € [t,t+T] as

u(r) € arg mvin g(z(7),v,7)

does not usually guarantee optimality over the full horizon, since such a strategy
ignores the temporal coupling introduced by dynamics and periodicity.
Nevertheless, for the specific UAV model analyzed in this chapter, when actuator
dynamics are neglected, the greedy solution coincides with the global minimizer of the
cost functional. This somewhat surprising fact highlights a structural property of the
system and provides an intuitive benchmark for evaluating allocation performance.
On the other hand, when actuator dynamics are explicitly taken into account, the
greedy approach is no longer sufficient, and the additional flexibility afforded by
the spline-based allocation method proposed in [3] becomes essential.

As will be shown in Sec. 4.5, this advanced approach achieves superior results by
exploiting richer classes of admissible signals while preserving stability and output
invisibility.
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4.3 Dynamics and Baseline Controller

The UAV platform introduced in [23] and schematically represented in Fig. 4.2 is briefly
described in this section, with emphasis on the notational conventions and modeling
assumptions adopted throughout the chapter.

Additional details on the derivation of the full nonlinear model can be found in the
original reference [23].

4.3.1 Preliminaries

The plant P considered in this chapter is a quadrotor UAV equipped with four propellers.
Each propeller assembly consists of one brushless motor that generates thrust, comple-
mented by two servomotors that provide additional degrees of freedom: one for tilting
the propeller around an axis by an angle (3;, and another for twisting the propeller by an
angle «;. Consequently, for each propeller indexed by i € {1,...,4}, three independent
inputs are available: the twist angle «;, the tilt angle 3;, and the rotational speed w; of
the propeller. Altogether, the UAV therefore possesses a total of 12 control inputs, which
are employed to regulate six primary outputs namely the three translational coordinates
of the CoM (center of mass) and the three components of the vehicle’s orientation. This
high degree of redundancy makes the UAV an archetypal benchmark for the study of DCA.

The geometric configuration of the UAV is described with respect to two coordinate
frames. The inertial frame, or world frame FW, is denoted by Fy = (Ow, [zw, yw, z2w])
and is assumed to be fixed to the ground. The body frame FB, denoted by
Fp = (Og,[xB,yB, 28]), is rigidly attached to the UAV, with its origin Op displaced by
an orthogonal distance [, upwards from the center of mass O.. The relation between
the orientation of the four propellers and the body frame can be described in terms of
rotations around the vertical axis. In particular, the rotation matrix associated with the
i-th propeller is defined as

R = R. [(i - 1)%} , (4.2)
where R.(-) denotes an elemental rotation around the z-axis. This representation reflects

the symmetry of the four-propeller arrangement, with each propeller placed 90° apart
around the UAV body.

The translational kinematics of the UAV in Fy are described by the position vector
p = [z,y,2]", the velocity p = [#,7,2]", and the acceleration p = [i,,%]". The
attitude of the UAV is described by the rotation matrix R € SO(3), which represents
the orientation of the body frame Fp relative to the world frame Fy [45]. The angular
velocity of the body, expressed in the body frame, is denoted by {2 € R3. The relation
between the time derivative of R and the angular velocity € is given by

R = RQ", (4.3)

where the operator (-)" : R® — SO(3) maps a three-dimensional vector into a 3 x 3
skew-symmetric matrix according to

T 0 —x3 T2
:E/\ = | T2 = T3 0 —X1| - (44)
T3 —T2 T 0
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Figure 4.2: Schematic representation of the UAV with tilting and twisting propellers. The illustration
highlights the world frame Fyy, the body frame Fp, and the twelve independent control inputs: twist
angles «;, tilt angles (;, and propeller angular velocities w;, for : = 1,...,4.

This operator satisfies the property 2"y = = x y for all z,y € R?, where x denotes the
cross product. The inverse operator (-)V : SO(3) — R? retrieves the vector from its
skew-symmetric representation.

4.3.2 UAV Dynamics

The UAV dynamics are determined by the forces and moments generated by the four
propellers, each of which can be reoriented through tilt and twist angles. The i-th
propeller produces a thrust force of magnitude proportional to the square of its angular
velocity, expressed as

ti == prgtAi, (45)

where ¢, > 0 is a thrust coefficient depending on the aerodynamic characteristics of
the propeller, w; is the angular velocity of the i-th rotor, and #; € R? is the unit vector
aligned with the thrust direction determined by the tilt and twist angles («;, 3;). Thus,
by varying both w; and the orientation #;, the UAV can generate thrust in directions not
accessible to standard quadrotors, providing significant redundancy in achievable force
distributions.

In addition to thrust, each propeller also generates an aerodynamic drag moment
aligned with the thrust direction due to the resistance of air. This torque is modeled as

~

7= (—1)'erwits, (4.6)

where ¢, > 0 is a drag coefficient, identical across all propellers, and the alternating
factor (—1)% accounts for the fact that adjacent propellers rotate in opposite direc-
tions (two clockwise, two counterclockwise). This torque represents the reaction that
must be balanced by the structure or other propellers to prevent undesired yawing motions.
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4.3.2.1 Translational dynamics

The translational motion of the UAV’s center of mass in the inertial frame Fy follows
from Newton’s second law, yielding the linear equation of motion

4
mjj =mgo+ R Y Riti + Fu, (4.7)

i=1

where m is the total mass of the UAV, gg € R3 is the gravitational acceleration vector,
and F; € R? represents external disturbances such as aerodynamic drag, gusts, or wind
effects. The term R Z?:l R;t; is the total thrust expressed in the inertial frame, obtained
by transforming the individual thrusts ¢; (defined in the propeller-fixed frames) into the
world coordinates via the body orientation R and the placement matrices R;.

4.3.2.2 Rotational dynamics

The angular motion of the UAV in the body-fixed frame Fp can be described using
Euler’s rigid-body equations, which account for the coupling between angular velocity
and angular momentum. The resulting equation is

4
HQ+h:TQ+Z [di x (Riti) + Rimi)| + 7a, (4.8)

i=1

where I € R3%3 is the symmetric, positive-definite inertia matrix of the UAV, and

h=Q x (IQ)

is the gyroscopic term representing the rate of change of angular momentum due to the
nonlinear coupling of 2 and I.

The first contribution on the right-hand side, 7, € R3, is the gravitational torque that
depends on the location of the body frame relative to the center of mass. In this study,
we adopt the assumption Op = O¢ as in [23], which implies that 7, = 0. The second
contribution, Z?:l d; x (R;t;), represents the moments generated by the thrust forces
acting at the propeller positions d; relative to the center of mass. The term Z?Zl R;T;
corresponds to the aerodynamic drag torques of the individual propellers, expressed in the
body frame. Finally, 7y € R? accounts for external disturbance torques, which may arise
from aerodynamic effects such as wind shear, turbulence, or blade flapping phenomena.

Equations (4.7) and (4.8) together describe the full nonlinear dynamics of the UAV.
In contrast to conventional quadrotors, which are underactuated (four control inputs for
six degrees of freedom), the tilting—twisting configuration introduces 12 control inputs
to regulate 6 outputs. This redundancy enables greater flexibility in shaping the input
trajectories but also introduces the need for systematic allocation strategies. It is precisely
in this context that DCA methods become valuable, as they can exploit the additional
degrees of freedom to optimize steady-state performance while preserving the desired
closed-loop output behavior.

4.3.3 Control Architecture

The control architecture adopted from [23] is illustrated in Fig. 4.3. It provides a
systematic framework that links high-level trajectory generation with low-level actuator
commands, ensuring stability and tracking while exposing the system’s inherent input
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redundancy. The architecture is structured into four main layers: reference generation,
feedback control law, wrench mapping, and actuator-level conversion (including inverse
kinematics and actuator dynamics).

This layered design is particularly convenient because it separates trajectory tracking
objectives from allocation strategies, thereby allowing new allocation schemes such as the
spline-based DCA considered in this chapter to be integrated seamlessly. In the following
the role of each block has been explained.

P,P Jr P P
a_d ell "1 >
= % a
Error . Inverse .
Reference| |Compen- Control Z I enci; 7, \ki B, . Actuator]  p o vAvV
Generation| i °r o Law appe s Dyn. Dyn.
@y 10}
R" 2 'Qﬂ ] u,
T T

Figure 4.3: Control architecture of the UAV, adapted from [23]. The diagram highlights the cascade of
reference generation, feedback control, wrench mapping, inverse kinematics, and actuator dynamics.

4.3.3.1 Reference Generation And Error Computation

The reference generator specifies the desired UAV trajectory in terms of position
Pa = [24,Yaq,24] | and velocity pq = [Z4, V4, 24) | in the inertial frame Fyy, as well as
desired attitude Rq € SO(3) and angular velocity £y € R? in the body frame Fjp.

4.3.3.2 Error Compensation

To evaluate tracking performance, four error signals are defined:

€p =Pd — D, (4.9a)
€y = Pd — P, (4.9b)
er=(R"Rq— R} R)", (4.9¢)
eq = Q4 — 9, (4.9d)

corresponding to position, velocity, attitude, and angular velocity deviations, respectively.
The use of the vee-map (-)V ensures that the matrix-valued attitude error is represented
as a vector in R?, which is more suitable for control design.

4.3.3.3 Baseline Control Law

The feedback law is a proportional-derivative PD controller that computes a virtual input

in the form of a wrench [u] ug|", consisting of a net force u; € R* and a net torque

us € R3. The expressions are:

u; =mRT (go — Kyep — Kvev), (4.10a)
u :h—Tg—KReR—KQ€Q7 (4.10b)
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where K, K,, Kr, and Kq are symmetric positive-definite gain matrices. The position
and attitude subsystems are fully decoupled, which simplifies both design and stability
analysis. Increasing the gain matrices accelerates error convergence, but excessive gain
magnitudes amplify measurement noise and may push the system closer to instability
[41].

4.3.3.4 Wrench Mapping

The wrench [u{ wug]|" € R® must be mapped into the propeller thrust vectors
q=1q,...,q]]" € R'? through a static control allocation (SCA) step. This is performed
by the Wrench Mapper, which is derived directly from the translational and rotational
dynamics (4.7)—(4.8). Defining ¢; = w?R;t; as the effective thrust vector of the i-th
propeller, one obtains

mp = mgo + Rux, (4.11a)
IO+ h = 7, + ug, (4.11b)
with
4
U =cp Z Qi (4.12a)
i=1
4 4 _
Uy = cpde\q,; +er Z(fl)zqi. (4.12b)
i=1 i=1

Thus the relation between wrench and thrusts can be compactly expressed as

ur| o CpI3 Cplg
] can as ol ab] (113)

where J; = c,d + (—1)'c; I3 € R3*3. Since A has full row rank (rank(A) = 6), it admits
a right pseudoinverse:

}, AT = AT(AAT)L (4.14)

This static allocation step ensures feasibility but does not exploit dynamic redundancy,
motivating the introduction of DCA in later sections.

4.3.3.5 Inverse Kinematics

Given the thrust vectors ¢;, the next step is to determine the actuator-level commands
(v, B, w;). This requires solving an inverse kinematics problem for the tilt and twist
angles. Denoting 2 = [0,0,1] T as the unit thrust vector in the local propeller frame Fj,
one has

~

t; = Ry(0q)Ry(B:)2 = Rp(eu, Bi)Z,

which expands to
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R Sln(ﬂl)
t; = | —sin(a;) cos(f;)
cos(a;) cos(f;)

The inverse problem of finding («;, 8;) admits two generic solutions and one singular
solution. The generic solutions are:

o =atan2 | F (4.15a)

fi,y + tAi,z
\/1 - E?,x \/1 - fz?,z

B = atan2 (fm., +4/1— ffz> , (4.15b)

while the singular case occurs when fm = =1, in which case f = +7/2 and « is
undetermined in [—7, 7.

4.3.3.6 Actuator Dynamics

Finally, the actuator dynamics determine how the commanded tilt and twist angles are
realized. Two scenarios are typically considered:

e Slow dynamics: both «; and f; evolve as first-order systems with non-negligible
time constants, introducing delays.

o Fast (ideal) dynamics: tilt and twist are assumed instantaneous, eliminating actuator
lag.

In the ideal case, the two generic inverse kinematics solutions coincide. In the more
realistic case with dynamics, the Inverse Dynamics block selects the configuration closest
to the current actuator state to ensure smooth evolution.

The architecture in Fig. 4.3 guarantees reference tracking by combining PD feedback
with static allocation and inverse kinematics. However, the use of a purely static
pseudoinverse mapping in (4.14) does not exploit the full potential of input redundancy.
This motivates the adoption of DCA, which augments the architecture with a dynamic
optimization layer to minimize steady-state costs while preserving output invisibility.

4.4 Allocated Wrench Mapper

In this section, two classes of DCA strategies are presented and discussed for the UAV
system under study.

It is important to emphasize that, within the adopted control architecture introduced
in this chapter, the action of DCA is introduced after the static allocation stage performed
by the Wrench Mapper block. This modified structure is depicted in Fig. 4.4, where the
additional allocation signal is injected following the pseudoinverse-based SCA stage. In
this way, DCA augments but does not replace the baseline allocation mechanism, ensuring
that the nominal stability and trajectory tracking performance of the closed-loop remain
unchanged, while redundancy is exploited to achieve secondary performance improvements.

Following the general framework of [10], similar to Chap. 3, the DCA allocator is
decomposed into three conceptual blocks:
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Figure 4.4: Modified control architecture of the UAV with DCA included after the Wrench Mapper block.

o the Annihilator, which ensures output invisibility by suitably filtering the signals
injected into the plant so that the regulated output is left unchanged;

o the Steady-State Generator, which parameterizes the class of allocation signals used
in the optimization process by means of an internal model (as in the theory of
output regulation). Different internal models correspond to different families of
signals: constant [48], sinusoidal [22], spline-based [3], and so on;

o the Optimizer, which applies an online optimization algorithm (most often a gradient
descent law) to drive the parameters of the Steady-State Generator toward the
minimizer of the cost functional (4.1).

This modular structure allows tailoring the allocation strategy to both the plant’s
dynamics and the performance criteria of interest.

In principle, DCA could be designed to inject additional signals directly into the
actuator-level inputs («;, 8;, w;). However, such an approach would act on the nonlinear
dynamics of both the translational and rotational equations of motion in a highly coupled
fashion, leading to a complex and computationally intensive design problem. For this
reason, a more effective strategy is to apply DCA at the level of the thrust vector gq, i.e.,
directly after the Wrench Mapper stage.

Remark 4.4.1

For all fully redundant UAVs with fixed propeller geometry, a relation of the form
(4.13) holds, where the wrench matrix A is full row rank. This property has a
particularly desirable consequence: if the DCA acts directly on the thrust distribution
q by adding an allocation signal uqjec, then the annihilator can be chosen as a purely
static map.

Specifically, any full-column-rank matrix whose columns form a basis of the null
space of A is sufficient. With such a choice, the condition y = ya10c (output invisibility)
is automatically guaranteed, since Augyo. = 0 ensures that the added allocation input
does not affect the wrench applied to the plant. As a result, the allocator can re-
distribute thrust commands among actuators without altering the plant’s regulated
output trajectory. This property enables performance-oriented reallocation strategies,
such as reducing energy consumption, promoting actuator reliability, or penalizing the
use of certain actuators relative to others [33], [18]. O

Remark 4.4.2
Considering fully redundant UAVs with fixed propeller geometry , and under the
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condition that the wrench matrix A has full row rank (see Remark 4.4.1), it follows
that when the input q is taken as the input of the augmented plant (the cascade of
the inverse kinematics and the UAV), the system becomes strongly redundant [48].

Strong redundancy means that allocation under output invisibility implies not only
invisibility of the regulated output but also invisibility of the entire state trajectory.
In other words, reallocating inputs by adding g affects neither the steady-state
output nor the internal dynamics of the plant. An immediate and useful consequence
of this property is that the minimization of the Lagrange cost (4.1) can, in such cases,
be achieved by simple greedy optimization. That is, the allocator may select at each
instant

u(t) € argming(a(1). v, 1),

without resorting to an explicit Steady-State Generator or a finite-dimensional
parameterization of candidate allocation signals. This observation is particularly
powerful, as it allows designing allocation strategies that are both computationally
efficient and provably optimal in steady state, at least when actuator dynamics are
neglected. O

Together, Remark 4.4.1 and 4.4.2 highlight that the peculiar structure of the UAV
with tilting—twisting propellers provides an unusually favorable setting for DCA. By
operating on the thrust distribution ¢ rather than directly on actuator-level inputs, the
allocator can exploit linear algebraic properties of the wrench mapping to guarantee
output invisibility in a straightforward manner.

Moreover, strong redundancy ensures that steady-state optimization problems can
sometimes be solved by simple greedy methods, though in practice actuator dynamics
often reintroduce the need for richer allocation strategies, such as the spline-based
approach discussed in Sec. 4.5.

Based on the above discussion, in this chapter two distinct DCA methods have been
implemented and tested on the UAV system. These two methods embody different levels
of architectural complexity, yet they are both consistent with the structural properties of
the plant and the performance objectives described earlier.

First method: instantaneous greedy DCA. The first approach leverages the structural
observations discussed in Remark 4.4.1 and 4.4.2, namely the existence of a full-row-rank
wrench matrix A and the ensuing strong redundancy of the UAV. In this case, it is possible
to design a DCA strategy based entirely on greedy optimization of the instantaneous
running cost associated with the periodic Lagrange functional (4.1).

No dynamics are introduced in either the annihilator or the steady-state generator, since
output invisibility is enforced algebraically by restricting allocation inputs to the null
space of A. Similarly, the optimizer reduces the instantaneous cost at each time instant.
This solution is computationally efficient and is particularly attractive when actuator
dynamics are negligible or can be approximated as instantaneous.

Second method: dynamic spline-based DCA. The second approach follows the general
architecture for DCA proposed in Chap. 3 (see also [3]).

Here, the annihilator is again chosen as a static operator acting in the kernel of the wrench
matrix A (thus guaranteeing output invisibility), but the optimizer and steady-state
generator are dynamic. Specifically, the desired periodic trajectory is divided into
multiple time segments, on each of which a polynomial representation is adopted. The
concatenation of these polynomials yields a spline parameterization of the allocation
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signals. A gradient-based optimization algorithm is then employed to minimize the
Lagrange cost (4.1) over this finite-dimensional class of candidate signals.

This approach is richer than the greedy allocation method, as it allows optimization over
an entire period rather than instantaneously, and is particularly effective in the presence
of actuator dynamics or when periodic trajectories are introduced.

In both allocation strategies, the running cost has been chosen as a quadratic penalty
on the use of the propellers, with the aim of biasing the allocator against excessive reliance
on the first propeller.

The cost is therefore defined as

4
> ew! =w'Qw=q"Qq, (4.16)

i=1

where Q = diag(cy, 2, ¢3,¢4) with strictly positive weights ¢; > 0, i = 1,...,4, and
Q = Q ® I3 with ® denoting the Kronecker product. By suitably tuning the coefficients ¢;,
one can explicitly penalize or promote the use of specific propellers, thereby incorporating
preferences or reliability considerations into the allocation strategy.

In summary, the first method provides a lightweight, greedy DCA solution that is
optimal under strong redundancy and negligible actuator dynamics, while the second
method implements a more general spline-based architecture that achieves improved
performance in more realistic conditions. The comparative evaluation of these two ap-
proaches, reported in Sec. 4.5, illustrates the trade-offs between simplicity and flexibility
in the design of DCA strategies.

4.4.1 Instantaneous Control Input Allocation

In this subsection, we introduce the first allocation strategy, referred to as the Instanta-
neous Control Input Allocator. The key feature of this method is that it optimizes the
distribution of control inputs at every time instant independently, without introducing
any additional dynamics.

The main advantage of this approach is its computational efficiency and conceptual
simplicity: the allocation is carried out by solving a quadratic optimization problem at

each instant along the trajectory.

The quadratic cost to be minimized is defined as

JinsT =w' Qw (4.17a)
= q;rllocQszlloc (417b)
=(g+A") Qg+ Atv), (4.17¢)

where qqi0c = ¢ + Ao is the thrust distribution after allocation, and ¢ is the baseline
thrust vector produced by the pseudoinverse mapping of the Wrench Mapper.

Here, A+ € R'2%6 denotes a basis for the null space of the wrench matrix A4 (e.g.,
computed in MATLAB with null(A)), which serves as the static annihilator ensuring
output invisibility. The matrix Q € R'2%!2 is symmetric positive definite and defines the
specific performance criterion under consideration. Finally, v is a free parameter vector,
chosen at each time step to minimize the instantaneous cost.
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By differentiating J; s with respect to v and setting the gradient equal to zero, one
obtains the optimal allocation input:

VoJinst =241 TQ(q+ A'v) <0, (4.18a)
— v=-2(41TQA) 1A+ Qq. (4.18b)

This closed-form expression highlights that the optimal v is a linear function of the
baseline thrust vector g. The computation involves only matrix multiplications and the
inversion of the reduced Hessian (A+TQA"), which is guaranteed to be invertible since
Q is positive definite and A+ has full column rank.

Once the optimal v has been computed, the modified thrust vector quoe = ¢ + A+v
is fed into the Inverse Kinematics block of the control architecture, replacing the baseline
thrust ¢q. This ensures that the reallocation affects only the actuator commands, while the
plant’s output response remains unchanged due to the annihilation property AA+v = 0.
As a result, the UAV continues to follow the same reference trajectory, but the actuator
usage is optimized according to the chosen quadratic cost.

This method effectively minimizes the weighted squared usage of the propellers, where
the weights ¢; embedded in @ can be tuned to penalize or favor particular actuators. For
example, one may penalize the use of a specific propeller known to be less reliable or
more energy-consuming. Thus, the instantaneous allocator provides a simple yet powerful
way to exploit redundancy for energy saving, load balancing, or fault-tolerance, while
remaining computationally lightweight and directly implementable in real time.

4.4.2 Periodic Control Input Allocation

In contrast to the instantaneous allocator described in Sec. 4.4.1, the second approach
adopts a periodic perspective, in which the allocation problem is formulated over an
entire maneuver period of length T'. The central idea is to minimize a Lagrangian cost
functional defined over the complete period, rather than optimizing instantaneously at
each time step.

This approach, which follows the framework introduced in [3], allows the allocator to
exploit temporal correlations along the trajectory and to generate allocation signals that
are optimal with respect to the entire periodic behavior of the closed-loop system. For
brevity, we only recall here the main ingredients needed to bridge the general theory
with the specific UAV application studied in this chapter; further details can be found in
Chap. 3.

The design of the Steady-State Generator plays a crucial role, since it parameterizes
the family of allocation signals considered by the optimizer. Different choices of internal
models allow capturing different classes of periodic behaviors. For example, one may
select a single sinusoidal internal model, a spline-based representation, or even divide the
overall period T into several smaller subintervals, with different models applied on each
subinterval to better match the plant’s steady-state response (see Sec. 4.5). In general,
the dynamics of the internal model on a single segment can be represented in state-space
form as

Yim = CimTim, (4.19b)

where x;,,, denotes the state of the internal model and y;,, its output. At the beginning
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of each period, the initial state x;,,q is updated by the optimizer so as to minimize the
cost functional.

The Lagrangian cost to be minimized is defined as

T T
J = / wT (t)Qw(t) dt = / (q + AlqjlmximO)TQ(q + AL\I]imximO) dta
0 0

where U, := Cj,e?imt is the transition operator mapping the initial state o to the
steady-state trajectory of the internal model, and A' is the annihilator ensuring output
invisibility. As before, @ € R'2X!2 is a positive-definite weighting matrix that encodes
the chosen actuator penalties.

Differentiating J with respect to x;,o yields

T
Vaimod = 2/ (¢+ AL\I}imxim())TQAl\I/im dt, (4.20)
0

which, after transposition, gives

T
v, J=2 / \IJMAJQ(q + AT, 2im0) dt. (4.21)
0

Zimo0

In the general DCA framework, this gradient is used to iteratively update x;,,¢ via a
gradient descent law, ensuring convergence to the optimal allocation. In the present
context, however, the problem admits a closed-form solution: one can directly impose
that (4.21) vanishes and solve for x;,,0. This yields

Timo = M~ / v AL Qqdt,

m

M:/ ol At oAt w,, dt,
0

where M is a symmetric positive-definite matrix that depends only on the choice of
internal model and the weighting matrix ). Importantly, M can be computed once
offline, thereby reducing the online computational burden.

The periodic allocator thus optimizes actuator usage over an entire period. Compared
with the instantaneous allocator, which selects v greedily at each time step, the periodic
method is capable of producing smoother and more coordinated allocation signals,
particularly in the presence of actuator dynamics or when the system is subject to
periodic references and disturbances.

With all ingredients defined, the next section presents simulation studies illustrating

the performance of both allocation strategies under different trajectory scenarios, high-
lighting the trade-offs between computational simplicity and improved performance.

4.5 Flight Simulations

In this section, the proposed control allocation techniques have been implemented and
validated in Simulink through a series of simulation experiments. The goal of these
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simulations is twofold: first, to demonstrate the ability of both instantaneous and periodic
allocation strategies to preserve the nominal output tracking performance of the UAV,
and second, to highlight the improvements in performance achieved by exploiting each
DCA method.

The UAV is commanded to follow a three-dimensional reference trajectory that
combines planar and vertical components. In the horizontal plane (z—y), the reference
describes a square-shaped path, while in the vertical direction (z), the UAV performs
a sinusoidal oscillation. This composite trajectory is illustrated in Fig. 4.5 and has
been selected to excite both translational and rotational dynamics, thereby providing a
meaningful benchmark for allocation strategies.

Time = 48.000 s

Figure 4.5: Reference trajectory used in the simulation experiments, consisting of a square motion in the
z—y plane combined with a sinusoidal variation along the z axis.

Simulation parameters. Unless otherwise stated, all experiments use the UAV
specifications reported in [23], which are summarized below:

o Total system mass: m = 5kg.

o Physical dimensions: [, = 0.3m (vertical offset of propellers from center of mass),
ly = 0.4m (arm length).

o Propeller thrust constant: ¢, = 9.14 x 107° kg - m.

« Propeller torque constant: ¢, = 1.0 x 10~* kg - m?.

¢ Body inertia: I = diag(0.08, 0.08, 0.15) kg/m?.

o Positional control gains: K, = 10I3 s72, K, =5I3s 1.

« Angular control gains: Kp = 10I3N-m, K = 5I3kg-m? - s~ 1.
o Joint rate limits: dmax = Bmax = 10 rad/s.

o Propeller angular velocity limits: wyi, = 80rad/s, wmax = H25rad/s.

Both the instantaneous and periodic allocation strategies have been tested under two
different actuator models:
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1. Ideal actuation: changes in tilt angle «;, twist angle [3;, and propeller speed w; are
assumed instantaneous, i.e., no actuator dynamics are present.

2. Dynamic actuation: more realistic first-order actuator dynamics are introduced,
with time constants

To =0.1s, 73=0.1s, 7, =0.08s,

representing the twist, tilt, and rotational velocity dynamics of each propeller,
respectively.

This two-case analysis provides insight into the performance of the allocation schemes
under both optimistic and realistic conditions, and allows us to quantify the robustness of
the proposed methods with respect to actuator dynamics. The results of these simulation
studies are presented and compared in the following subsections.

4.5.1 Scenario 1: Instantaneous Allocation With and Without Dynamics

In the first simulation scenario, the goal is to reduce the usage of the first propeller by
appropriately redistributing control effort among the remaining actuators. This objective
is captured by selecting a quadratic cost function of the form (4.17a), with weighting matrix

Q = diag(10, 1, 1, 1).

The first diagonal entry is intentionally assigned a value ten times larger than the others,
thereby penalizing the angular velocity of the first propeller more heavily than that of the
others. In this way, the allocator is biased to minimize the workload of the first actuator,
which may reflect, for instance, a reliability concern or an energy-efficiency requirement.

Two cases are examined:

1. Ideal actuation: the tilt, twist, and angular velocity dynamics of the propellers are
assumed to be instantaneous.

2. Dynamic actuation: the actuators are modeled as first-order systems with the time
constants defined in Sec. 4.5.

Figures 4.6 and 4.7 illustrate the evolution of the cost function with and without
allocation, for the instantaneous and with first order dynamics cases, respectively. In
both situations, the introduction of allocation results in a clear reduction of the cost
relative to the baseline (non-allocated) case. Interestingly, the relative performance of
the two allocation strategies (instantaneous versus periodic) depends strongly on whether
actuator dynamics are present.

In the absence of dynamics, the instantaneous greedy allocation achieves a lower
cost than the periodic allocator. This is consistent with the theoretical result discussed
in Sec. 4.4, where instantaneous greedy optimization is provably optimal under strong
redundancy when actuator dynamics are neglected.

In the presence of dynamics, however, the periodic allocator significantly outperforms
the instantaneous method. This is expected, since the periodic approach accounts for
temporal correlations across the maneuver and can therefore compensate for the delays
introduced by actuator dynamics, whereas the instantaneous method cannot.

Figures 4.8 and 4.9 show the angular velocities of the individual propellers before
and after allocation. It can be observed that the thrust command of the first propeller
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is marginally reduced after allocation, while the workload is redistributed among the
remaining three propellers. This confirms that the allocator successfully enforces the

desired prioritization embedded in the cost function, without altering the output trajectory

of the UAV.
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Figure 4.6: Comparison of costs in the instantaneous actuation case. The cost is minimized by both

allocation strategies, with the instantaneous greedy allocator performing better than the periodic one
when no actuator dynamics are present.
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Figure 4.7: Comparison of costs in the dynamic actuation case. When actuator dynamics are present, the
periodic allocator outperforms the instantaneous one, achieving a lower cost.

4.5.2 Scenario 2: Periodic Allocation With and Without Dynamics

The second scenario investigates the performance of the spline-based periodic allocator
described in Sec. 4.4.2. In contrast to Scenario 1, where allocation was performed greedily
at each time instant, here the allocator optimizes actuator usage over an entire period of
the maneuver. This enables the allocator to account for temporal correlations and to
generate smoother and more coordinated actuator commands.

The UAV trajectory corresponds to the same square-shaped maneuver used previously,
now considered as consisting of 4 identical periods of duration T' = 12s. During each pe-
riod, the UAV performs a sinusoidal motion in the z axis while simultaneously completing
one edge of the square in the z—y plane and executing a 90° counter-clockwise yaw rotation
at the corner. To facilitate spline-based allocation, each period is divided into six subperi-
ods: three associated with traversing the straight edges (accelerating, constant velocity,
decelerating) and three associated with performing the corner turns (again, accelerating,
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constant, decelerating). This segmentation ensures that the steady-state generator cap-
tures the dominant phases of the maneuver and can adapt allocation strategies accordingly.

On each subperiod, allocation is performed by a Spline-Type Steady-State Generator
[3]. Specifically, the allocator represents the allocation input as a polynomial trajectory
of fixed degree r within each segment. In our implementation, a 6th-degree polynomial
(r = 6) was chosen, balancing accuracy and computational complexity: higher-degree
splines can provide better approximation of the optimal allocation trajectory but at the
cost of increased offline and online computations. The internal model dynamics for each
segment are given by (4.19a), with parameters:

Aim - Inu—ny ® J07r7 (4223,)
Ci’m - I’rLu—’rLy ® []— le(r—l)] 5 (422b)

where ® denotes the Kronecker product, I, —p, is the identity matrix of size equal to
the redundancy (n, — ny), and Jy, is a Jordan block of size r with zero eigenvalue.
This choice yields a spline basis for the allocation signal, with continuity properties that
guarantee smooth transitions between subperiods.

As in Scenario 1, the allocation objective is to reduce the reliance on the first
propeller. The cost functional is therefore the periodic quadratic cost (4.20), with
Q = diag(10,1,1,1). This again penalizes the angular velocity of the first propeller more
heavily than the others, biasing the allocator to redistribute effort among the remaining
actuators.

Figures 4.8 and 4.9 illustrate the angular velocities of the four propellers with and with-
out actuator dynamics. In the case of ideal actuation (Fig. 4.8), both the instantaneous
and periodic allocators reduce the angular velocity of the first propeller, although the
instantaneous method achieves a lower cost (consistent with the theoretical optimality of
greedy allocation when no dynamics are present). When actuator dynamics are included
(Fig. 4.9), the situation is reversed: the periodic allocator slightly outperforms the
instantaneous one, achieving a marginal reduction in the first propeller’s angular velocity.
This improvement stems from the ability of the spline-based allocator to anticipate
actuator delays and distribute effort smoothly across time, which the instantaneous
greedy allocator cannot achieve.

This scenario confirms the theoretical expectations from Sec. 4.4: the greedy in-
stantaneous allocator is optimal only in the absence of actuator dynamics, whereas the
spline-based periodic allocator provides superior performance when realistic actuator
dynamics are taken into account. Moreover, the spline-based approach produces smoother
actuator trajectories, which is advantageous from the standpoint of mechanical stress,
energy consumption, and robustness.

4.6 Discussion and Concluding Remarks

In this chapter, two DCA strategies have been implemented and compared on a UAV
with tilting—twisting propellers. Both approaches successfully achieved the intended goal
of reducing actuator usage according to the chosen quadratic cost functional, thereby
confirming the validity of the allocation framework presented in Sec. 4.4. The key
differences between the methods were highlighted through simulation studies under both
ideal (instantaneous actuation) and realistic (first-order actuator dynamics) conditions.
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Figure 4.8: Angular velocities of the four propellers under instantaneous actuation. The angular velocity
of the first propeller is reduced by both allocation strategies, but the instantaneous (greedy) allocator
achieves lower cost than the periodic one (see Fig. 4.6).

omega 1

i
|
\

= Unallocated
-------- Istantaneous Alloc.
6 Periodic Alloc.

oo o
oo o
et

radians/s
N W

= Unallocated
-------- Istantaneous Alloc.

6 Periodic Alloc.

= Unallocated
-------- Istantaneous Alloc.

(;b LWO 6 Periodic Alloc.
omega 4
% a0 1 Ny Yy Oy — Unallocated
I VAVAVAVAVAVAV AVl B T
© 0 10 20 30 40 50 6 Periodic Alloc.
time (s)

Figure 4.9: Angular velocities of the four propellers under dynamic actuation (first-order actuator
dynamics). The angular velocity of the first propeller is reduced by both allocation strategies, but the
periodic spline-based allocator outperforms the instantaneous one (see Fig. 4.7).
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Discussion and Concluding Remarks

Since allocation methods are designed to optimize steady-state behavior, the transient
phases corresponding to the first two periods of the trajectory can be disregarded. From
the third period onward, meaningful performance comparisons can be drawn.

In order to highlight the contrasting behaviors of the two allocation strategies, the
simulation results were systematically compared under both ideal and realistic actuation
conditions. When actuator dynamics were neglected, the instantaneous (or greedy)
allocator consistently achieved lower allocation cost, in line with the theoretical property
that greedy redistribution is optimal in the absence of dynamic constraints. In this
setting, the spline-based periodic allocator still reduced the load on the penalized actuator
but did so with a higher residual cost, confirming that its additional structural complex-
ity does not provide an advantage when actuators are assumed to respond instantaneously.

The situation was reversed once actuator dynamics were explicitly taken into ac-
count. Under first-order actuator dynamics, the instantaneous allocator exhibited
performance degradation due to its inability to anticipate or compensate for delays
in actuator response. By contrast, the spline-based periodic allocator significantly
outperformed the greedy method, achieving a greater reduction in the angular veloc-
ity of the most penalized propeller. The improved performance stems from its ability
to generate smooth, temporally distributed control signals that respect actuator dynamics.

Taken together, these findings confirm the theoretical expectations discussed earlier in
the chapter. The instantaneous allocator represents the optimal choice only in the absence
of actuator dynamics, whereas the spline-based periodic allocator becomes clearly superior
when dynamic effects are present. This distinction underscores the importance of embed-
ding actuator dynamics into the design of allocation frameworks for realistic applications,
as it allows for both improved steady-state performance and smoother input trajecto-
ries that are more favorable from the standpoint of mechanical stress and energy efficiency.

Each method presents its own advantages. The instantaneous (greedy) allocator is
extremely simple to implement, requires no additional states, and introduces no transient
phase. In the absence of actuator dynamics, this method is provably optimal, as confirmed
by the simulations (see Fig. 4.6). On the other hand, when unmodeled actuator dynamics
are present, the periodic spline-based allocator exhibits greater flexibility. By optimizing
over entire trajectory segments rather than at individual time instants, it produces
smoother allocation signals and better overall performance (see Fig. 4.7).

It should be noted that in this work, the actuator dynamics of «;, 5;, and w; were mod-
eled as simple first-order systems. Accordingly, the difference in performance between the
two methods was not drastic. However, in the presence of more complex or higher-order
dynamics, the advantage of the periodic allocator is expected to become more pronounced.

The results presented here suggest a clear trade-off between simplicity and robustness:
while the instantaneous allocator is optimal in idealized conditions, the periodic spline-
based approach becomes preferable when actuator dynamics cannot be neglected. Future
work will focus on extending the theoretical analysis of spline-based DCA in the presence
of nonlinear and uncertain actuator models, and on validating the approach through more
extensive simulations and real-world experiments.
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Chapter 5

A Sensitivity Approach to Periodic
Control Allocation in Nonlinear Systems

Abstract

This chapter presents a framework for DCA in nonlinear over-actuated systems
subject to periodic or time-varying exogenous signals. While classical allocation
schemes treat the problem in a static or point-wise manner, solving an instantaneous
optimization at each time step, such approaches neglect the temporal structure of
the system and often yield suboptimal results when nonlinear dynamics or periodic
references are present.

The proposed methodology extends the DCA paradigm beyond the instanta-
neous setting by combining gradient-based optimization with parameter-dependent
sensitivity dynamics. This construction allows the allocator to account for the
steady-state periodic response of nonlinear closed-loop systems and to minimize
cost functionals defined over complete periods of exogenous signals. In doing so,
it captures temporal correlations that static methods ignore, enabling smoother
actuator coordination and improved periodic performance. A key property of the
framework is the preservation of output invisibility that is, the nominal regulation
or tracking performance of the baseline controller remains unaltered, while redun-
dancy is exploited to optimize auxiliary criteria such as energy usage or actuator wear.

Two allocation strategies are analyzed within this general framework. The
first corresponds to the classical instantaneous allocation, suitable for constant
references where optimization can be performed pointwise in time. The second,
more general strategy addresses periodic references by parameterizing the allocation
signals through periodic basis functions and minimizing a Lagrangian cost over one
fundamental period. This periodic approach captures the steady-state behavior of
the system and fully exploits temporal correlations, thereby achieving improved
actuator coordination and periodic performance in cyclic operating conditions.

Overall, this chapter provides a systematic and computationally tractable
extension of DCA to nonlinear, periodically forced systems, thereby enriching
the theoretical foundations of DCA and offering practical tools for a wide range of
over-actuated engineering applications.

5.1 Introduction

In this chapter, we consider nonlinear plants in normal form with uniform relative degree.
This assumption, which results in a slightly more structured class of systems than those
treated in [11], thereby allowing additional inputs to act exclusively without perturbing
the regulated output. Within this setting, the proposed allocation mechanism is explicitly
designed to address periodic reference signals and cost functions expressed as a Lagrangian
functional over one period, rather than relying on instantaneous or pointwise cost evalua-
tions. As a result, the methodology extends DCA concepts to a broader family of nonlinear
problems where performance must be understood and optimized over entire periodic cycles.

The main technical contribution lies in the development of a general algorithmic

strategy grounded in gradient optimization. The allocation signal is generated through
a finite-dimensional parameterization, and its parameters are iteratively updated so as
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to decrease the periodic steady-state cost. A central component of the approach is the
use of steady-state sensitivity functions, which characterize how periodic trajectories
change with respect to allocation parameters. These sensitivities enable efficient and
principled computation of the gradient of the Lagrangian cost, thus allowing systematic
improvement of steady-state performance while rigorously preserving output invisibility.

This chapter is organized as follows. In Sec. 5.2, we formalize the problem statement
and introduce the nonlinear system model, the class of admissible controllers, and the
performance criterion to be optimized. Sec. 5.3 presents the proposed allocation archi-
tecture in detail, including the sensitivity-based gradient descent algorithm. Numerical
experiments validating the effectiveness and generality of the proposed method are
reported in Sec. 5.4, where we illustrate how the allocator redistributes control effort
and reduces periodic steady-state cost without affecting output tracking. Finally, Sec.5.5
provides concluding remarks and discusses extensions of the method to broader classes of
nonlinear systems and performance objectives.

Notations. For a real matrix M, its transpose is denoted as M’. If M is full row rank,
its pseudoinverse (such that MM? = I) is defined as M* := M'(MM')~", whereas M~
denotes a basis matrix for its kernel ker(M), whose columns can be chosen as a set of
orthonormal vectors. All functions are assumed to be smooth (or at least continuously
differentiable as many times as required). The k-th time derivative of a scalar- or
vector-valued function f(t) is denoted by f*) := jTZ f, with f© := f. The symbol
f = F indicates that, for all possible values of its arguments, the function f assumes the
constant value F.

5.2 Nonlinear Plant Class and Periodic Cost

This chapter addresses the problem of DCA, understood as a form of controller augmen-
tation (see Sec. 2.2) applied to systems with input redundancy. As illustrated in Fig. 5.1,
the allocator operates on top of a pre-designed stabilizing controller and its role is to
redistribute the plant inputs in a way that optimizes a secondary performance criterion,
while ensuring that the plant output response remains identical to that of the baseline
closed loop.

The essential idea (as explained in Chap. 1 and 2) is that the redundancy of inputs
provides freedom of choice in achieving the same closed-loop output, and this freedom can
be exploited to improve performance in several ways, such as reducing the energy required
by actuators, limiting the use of expensive or fragile components, or keeping some internal
states in more desirable regions. Allocation therefore extends the scope of the controller
from ensuring basic stabilization and tracking, to achieving higher-level optimization goals.

The formal setting considered here consists of a nonlinear plant with more control
inputs than regulated outputs, a stabilizing controller that guarantees asymptotic track-
ing of a reference signal, and a class of exogenous references that are not restricted to
constants but may also be periodic. Performance is evaluated through a Lagrangian
cost functional defined on the steady-state trajectory of the closed loop, which allows
the effect of actuator usage and state evolution to be captured over an entire period of
motion rather than at individual instants. The presence of a well-defined cost functional
naturally transforms the allocation task into an optimization problem, but one that must
be solved under the stringent requirement that the closed-loop output response is not
altered.

The class of nonlinear systems under study is slightly more restrictive than the one
investigated in [11]. Specifically, we assume that the plant admits a globally defined
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normal form with uniform vector relative degree [30, Sec. 11.5]. This assumption, while
somewhat limiting, is sufficient to encompass a wide range of relevant examples and has
the important advantage of enabling explicit and constructive derivations of the proposed
allocation architecture. By focusing on this class, it becomes possible to move beyond the
earlier frameworks developed for asymptotically constant references and instantaneous
costs [11], [48], and to directly address the more general scenario of nonlinear plants
driven by periodic references and optimized with respect to Lagrangian performance
measures.

The central problem can therefore be expressed as follows. Given a nonlinear plant
with input redundancy and a stabilizing controller that ensures reference tracking
in closed loop, the task is to design a dynamic control allocator that, while leaving
the plant output unaltered, minimizes a Lagrangian cost functional defined on the
steady-state response of the system. The following sections present the architectural
ingredients of such an allocator, showing how gradient-based optimization can be sys-
tematically combined with sensitivity dynamics to obtain a practical and effective solution.

5.2.1 The plant

We consider a nonlinear plant P with m inputs and p outputs, assumed to be input
redundant, that is, m > p. The plant is supposed to admit a uniform vector relative
degree v = [r1 ro --- 1) in the sense of [30, Sec. 11.5], and to be represented in normal
form as introduced in [30, (5.7)—(5.8)]. Under these assumptions, the dynamics of P can
be written as

T = Aox + By (fo(x, 2) + go(z, z)u), (5.1a)
i = fi(z,2) + g1(x, 2)u, (5.1b)
y = Coz, (5.1c)

where the state vector is partitioned into x, collecting the chains of integrators associated
with the relative degree, and z, representing the internal dynamics, while the input is
u € R™ and the output is y € RP.

The matrices appearing in (5.1) are defined in block diagonal form as

Aoy = blkdiag(Jo(r1), Jo(r2), ..., Jo(rp)), (5.2a)
By = blkdiag(e™), e(2) . ), (5.2b)
Co = blkdiag(e(rl), €(ry)s s e(rp)), (5.2¢)
with the notation
0¢g— I, O¢g—
Jo(q) = [Qa=nx1 Lo ] (@) .— [ (a 1>x1]’
o(q) 0 Otrig1y € 1

eq) = [1 Oix(g-1)]-

The matrices Ag, Bo, and Cy therefore capture the canonical integrator chains associated
with the relative degree of each output, while the nonlinearities fy, go, f1, and g; capture
the coupling terms that depend on both the input and the internal dynamics z.
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Remark 5.2.1

As explained in [31, Sec. 11.5 and Remark. 6.1.8], the presence of a uniform vector
relative degree simplifies the normal form in (5.1) significantly with respect to the
more general construction in [30, Sec. 6.1], and also with respect to the intermediate
form considered in [11]. In particular, the uniformity assumption implies that the
input matrix go(x, z) always has full rank equal to p, for all (x,z), which is a key
property that will be exploited in the allocation design. ([

Summarizing, the class of plants considered in this chapter is characterized by being
input redundant and admitting a nonlinear normal form with uniform vector relative
degree. The plant equations involve smooth functions fy, go, fi, and g1, with the
additional structural property that rank(go(x, z)) = p globally.

Assumption 5.2.1

Plant P is input redundant and admits the nonlinear normal form (5.1) with uniform
vector relative degree r, smooth functions fo, go, f1, and g1, and rank(go(x,2)) =p
for all (x, z). O

5.2.2 The reference

The purpose of the baseline control system is to ensure accurate tracking of a reference
trajectory. In the context of this chapter, the reference is assumed to be periodic,
reflecting scenarios of practical interest such as repetitive maneuvers, cyclic tasks, or
exogenous signals with a fundamental period.

To guarantee compatibility with the relative degree of the plant, the reference is
required to possess a sufficient level of smoothness.

Assumption 5.2.2

The reference signal y; : R — RP is T-periodic, for some T" > 0. The h-th scalar
component yq.p of yq is ry, times continuously differentiable, where r}, is the relative
degree associated with the h-th output, for h =1,...,p. O

As is standard in nonlinear tracking problems, it will be assumed that the derivatives
yc(lk})L7 for k=1,...,r,, are available for feedback purposes. This can be achieved either
directly by differentiation, or indirectly when the reference is generated by an exosystem

of the form w = Sw, yq = Fw, since in that case the derivatives satisfy yflk) = FS*uw.

For notational convenience, we now introduce compact representations for the

derivatives of the reference. Given the vector of relative degrees r = [ry ro -+ 1],
define
/
wi =l ]
/
Yd(:[;Lh) = [yd,h yfﬁ,)l yf;f;;)} , h=1,...,p,
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!
vit = oy oy
where either (v,vy) = (r,74) or (v,v) = (r~,7, ), with r~ :=[ry =17y —1 - 1, — 1]

and r, =7, — 1.
For brevity, two shorthands will be used extensively in the sequel:

¢=v", =yl (5.4)

By Assumption 5.2.2, the reference and all its required derivatives are periodic,

continuous, and bounded. Hence, the vectors Yd[v]7 ¢, and € inherit these properties,
providing a well-defined basis for the subsequent development of the allocation scheme.

5.2.3 The controller

Given the plant structure in normal form and the requirement of tracking the reference
signal ¥4, a natural choice for the baseline controller C' is to adopt the class of input—output
feedback linearizing tracking controllers, as described in [30, Sec. 5.1]. The idea is to
cancel the nonlinearities affecting the x subsystem and then enforce stable tracking
dynamics by means of a linear error system.

Accordingly, the controller output y. can be written as

Yo = gg(x, z)(Uﬂ + utr) + gé‘(x, 2)uz, (5.5a)
up = —folz, 2), (5.5b)
Ugy = y((;) + K(x — Y(}F]), (5.5¢)
u, = o(z,z, Yd[r]), (5.5d)

where the matrix K = blkdiag(K, ..., K,) with K; € R is chosen so that the
closed-loop matrix Ax := Ay + BoK is Hurwitz. In this structure, considering (5.1), it
is easy to see that the term uy; compensates for the nonlinear drift in the x subsystem,
while wuy, imposes stable tracking dynamics driving the output toward the reference y .
The additional input u, is only available in the redundant case (m > p), because when
m = p the matrix go(z,z) is invertible and gy (x,z) reduces to zero. The role of u,
is to stabilize the internal dynamics associated with z, as clarified later in Assumption 5.2.3.

When this controller is interconnected with the plant, the input applied to P becomes

U = Ye + Yal, (56)

where the additional term y,; represents the allocation signal, to be designed in the next
sections. The closed-loop dynamics then take the form

i = Ag(x — Yd[r_]) + Yd[r_] + Bogo(, 2)Yai, (5.7a)
z= fi(z, Z,Yd[r]) + 91(z, 2)Yai, (5.7b)
y = Cox, (5.7¢)
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where

fi(@ 2 Y = fi(z,2) + 31 (@, 2)ye- (5.8)

By introducing the error coordinates e := x — Yd[ri] and the shorthand notation of
(5.4), the closed-loop system becomes

é = Age+ Bogo(€ + €, 2)Yai, (5.9a)
73:fl(€+e7za§)+§1(g+67z)yala (59b)
y = yq + Coe. (5-90)

Equations (5.9a) and (5.9¢) make it evident that the feedback-linearizing controller in
(5.5) ensures exponential convergence of the tracking error to zero, thereby fulfilling the
first requirement of Assumption 5.2.3.

Assumption 5.2.3

Controller C' when connected to plant P in (5.1) as in (5.6) ensures that:

ix— Yd[ri] (hence in particular y —yq) converges exponentially to 0 if go(z, 2)ya =

0;
ii. the z subsystem in (5.9b) is ISC (input-to-state convergent) with respect to the
input Y-
(|
Remark 5.2.2

Convergent systems (see e.g. [36], [39]) enjoy several properties similar to linear time
invariant systems. For the developments in this chapter, item ii. of Assumption 5.2.3
is used to ensure that for bounded, continuous and T-periodic (or asymptotically
T-periodic) Yd[r] and yq;, also z remains bounded and asymptotically converges to a
unique T-periodic steady-state trajectory, as explained in [39, Sec. 2.2.2]. Control law
design approaches to find a u, which is stabilizing in the input-to-state convergence
sense can be found in the literature, e.g. based on backstepping-like procedures; since
linear time invariant asymptotically stable systems are input to state convergent,
feedback linearization can also be used in the special case when the z dynamics after
application of uy; and w, in (5.5), namely

Z= (f1 + élgg(uﬂ + utr)) + G195 us

is feedback linearizable from wu,. O

6Although this property is guaranteed by design when using the controller in (5.5), it is explicitly
included in Assumption 5.2.3 to highlight that the subsequent results remain valid for other controllers
as long as the same properties hold.
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Figure 5.1: A priori given closed-loop control system X (dotted, light grey) augmented with DCA as 3,5
(dashed, dark grey).

5.2.4 The problem

Since the plant is input redundant, multiple input trajectories can achieve the same output
evolution; the normal form makes it apparent that this can be achieved by modifying
the evolution of the z-subsystem in (5.1), once it is decoupled from the rest of the plant
by the controller (5.5) (for a deeper discussion from the geometric control point of view
in the linear case, see the insightful analysis in [42]). The proposed DCA strategy will
exploit the redundancy, to refine the plant input u by augmenting it with an allocation
signal u,;, to achieve an optimized steady-state response, as specified in the next problem
definition.CDC

Problem 2. Consider the control system % described by (5.1), (5.5), (5.6) under
Assumptions 5.2.1, 5.2.2, 5.2.3. Design, if possible, an input allocation device generating
Yai such that, when interconnected to ¥ to form the allocated closed loop system 34y as
in Fig. 5.1, the following requirements are achieved for each initial state and yq:

R1) (Stability) 3.y admits a unique, globally asymptotically stable T-periodic steady-state
response;

R2) (Output Invisibility) The response in the output y of Xay coincides with the response
of ¥;

R3) (Steady-State Optimality) Denoting by uss, zss the T-periodic’ steady-state evolution
of u and z, the Lagrange cost functional

T
J(uss,zss)z/o g(uss(T), 255 (T))dT (5.10)

is locally minimized when yq; is chosen in a given class of signals P.

No currently available result in the literature on DCA allows to solve Problem 2,
especially considering the Lagrange cost for a nonlinear control system as YJ; hence, in
the following sec. we will introduce a novel design for the allocator which is able satisfy
all requirements in Problem 2.

"Since uss, zss are T-periodic, the value of the cost (5.10) is the same on any interval of length T,
hence the integration is considered simply between 0 and 7. Moreover, dependency of J on zss is not

considered, since by Assumption 5.2.3 55 = Yd[T_] and then is fixed for any given y .
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A special case of Problem 2 is obtained by considering constant references 1,4, as in
[11]. If y4 is constant, Problem 2 can be simplified as follows.

Problem 3. All as in Problem 2, but replace R3) with:

R3’) (Steady-State Optimality) For each constant yq, denoting by uss, zss the constant
steady-state values of u and z, the instantaneous cost function

J(uss; Zss) = g(uss> Zss) (511)

18 locally minimized when yq; is chosen in a given class of signals P.

5.3 Sensitivity-based Allocator Design

After some preliminary steps in Sec. 5.3.1, we introduce two different approaches to
address Problem 3 in Sec. 5.3.2 and Problem 2 in Sec. 5.3.3.
5.3.1 Allocator structure

The allocation signal y,; is defined according to

Yai = go(z, 2) v, (5.12)

which ensures that go(x, 2)y. = 0 as in item i. in Assumption 5.2.3, so that the output
of ¥, is unaffected by y,; and matches the output of 3. The signal v is selected within
a finitely parameterized set of T-periodic functions, such as:

n, Np

v = Z Z enan¥i(t) = U(t)a, (5.13a)
h=1i=1

o =fans ] Jans o, ) €RY, (5.13b)

N:ZNh, Ny = m — P, (5.13¢)
h=1

where ey, is the h-th column of the identity matrix (of dimension n,), and clearly larger
Ny,’s result in greater flexibility of the DCA; parameter o must satisfy a € A C R"™,
where A is a compact set containing an open neighborhood of the origin. Since the
allocator design will achieve requirement R1) in Problem 2, it is easy to see that for any
fixed y4, the steady-state evolutions of y,; in (5.12) will also be a set of functions finitely
and compactly parameterized by « € A, constituting the class of signals P in requirement
R3) in Problem 2. The optimal selection of « is based on steepest descent. More precisely,
the optimization problem underlying the minimization of (5.10) boils down to solve the
reduced minimization problem:

meig J(uss, z), subject to (5.14a)
T
J(“ss; Z) - g(uss(T)v Z(T))dT (514b)
0
z=f(t,z,«a), (5.14c¢)
2(0, ) = 2(T, a), (5.14d)

where ugs and the dynamics of z in (5.14c) already consider the steady-state evolution of
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Tss = Yd[r_} and the parameterization (5.12), (5.13), so that dependency from all variables
but z and « is condensed in the dependency on time, namely:

flt,z,a) = f1 (Yd[rj , 2, Yd[r])

+a (Y, L ny ) o) a, (5.152)
sl 2,0) =g (VS 2) (~ o))+ )
+ gt (v 2) (w ), 2) + wa)), (5.15b)

The periodic boundary conditions in (5.14d) ensure that the solution in z computed when
addressing the reduced problem (5.14) is actually the restriction on the interval [0, 7] of
the unique periodic steady-state solution of z, which exists by item ii. of Assumption 5.2.3.

Remark 5.3.1

In DCA results for linear systems, suitable convexity hypotheses are made on the
cost which result in steepest descent to converge to a bounded solution which is the
unique global minimum. In the present context, due to the interplay between the
nonlinear dynamics and the cost in the reduced problem (5.14), in general convexity
properties do not hold, and boundedness of a as determined by steepest descent is
not guaranteed a priori.

For these reasons, « is restricted a priori in the compact set A, which implies
boundedness of the value of « selected by steepest descent, and the fact that the
minimum in the reduced problem (5.14) exists (since it is a continuous map from on a
compact domain A). O

5.3.2 Instantaneous Allocation

As pointed out in Sec. 5.2.4, for constant y4, a constant steady-state for z and y in (5.1)
follows, and all elements in Ydm (and then of z,) are equal to zero except the p elements
with no derivatives, which are equal to y4. Hence, v in (5.12) is chosen as a constant
vector and U(t) in (5.13a) becomes an identity. In this case (5.14) simplifies to

miﬁ J(tss, 2), subject to (5.16a)

ac

J(ﬂsm z) = g(assv Z) (5.16b)
O - f(ydv 2, O{), (516C)

where f(yq, 2z, @) and Gg(yq, 2z, @) are given by (5.15) specialized to constant g, and
showing the dependency on y,4 explicitly (rather than the trivial dependency on time). The
constant steady-state condition on z given by (5.16¢) replaces the periodic steady-state
condition on z given by (5.14¢), (5.14d). By item ii. of Assumption 5.2.3, for each pair
(ya4,v) there is a unique constant steady-state value zss, which implies that there is a
well defined function zss = 7, (ya, &) defined implicitly by (5.16¢). To minimize (5.16a),
namely g(7,(ya, @), Tu(ya4, @), with respect to a € A, a projected gradient law

& = proj 4 (—vVag(m: (ya, @), mu(ya, @)))’, v > 0. (5.17a)
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Comparison of instantaneous cost function before and after allocation
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Figure 5.2: Scenario I. Comparison of instantaneous cost function g(uss(t),zss(t)) before and after
allocation in case of constant reference: both methods achieve the same performance.

can be used. The gradient in (5.17a) is given by

_g0n. | 09 0m,
9z da ou O«

Vag(ms, mu) (5.17b)

and cannot be computed directly if w,, m, are not available in closed form; however,
considering that 2= is the sensitivity of the solution of (5.16¢) to variations in a,
differentiation of (5.16¢) and the implicit function theorem can be used to determine it
as:

(5.18a)

o (o\ "t or
da 0z oo’

where invertibility of % follows from item ii. of Assumption 5.2.3. With % available,
the sensitivity of @ss(ya, 2, @) is also readily available by the formula:

87Tu 8'&53 8772 81238
o 0z O« * Oa (5.18b)

The (already discussed) properties induced by the structure of the proposed allocator
(Sec. 5.3.1) and standard properties of projected steepest descent laws allow to prove the
following formal result (see e.g. [11]).

Theorem 5.3.1
The DCA (5.12), (5.13) (with ¥(¢t) = I), (5.17), (5.18) solves Problem 3 in the weak
sense, namely convergence to a constrained stationary point whose cost is not worse
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| than the non-allocated cost. O

Proof. The proof is divided into three parts: verifying output invisibility, ensuring
stability of the augmented system, and proving convergence of the optimization law.

Output Invisibility (Requirement R2): The allocation signal is defined as y, =
go(z,2)tv. By construction, go(z,z)go(x,2)> = 0, which implies go(z, 2)ya = O.
Substituting this into the z-subsystem dynamics in Eq. 5.9a:

¢ = Age+ Bogo(€ + e, 2)ya = Axce. (5.19)

The error dynamics é = Age are identical to the unallocated case. Since Ak is Hurwitz
by Assumption 5.2.3, e(t) — 0 exponentially, ensuring that the regulated output y(t) is
unaffected by yg;.

Stability (Requirement R1): The output invisibility property creates a virtual cascade.
The (z,e) subsystem is independent of y,; and is exponentially stable. By Assumption
5.2.3, the z-subsystem is Input-to-State Convergent (ISC) with respect to y4. Since yq;
is bounded (because « is restricted to a compact set A and g is smooth), the combined
(z, z) trajectories are bounded and converge to a unique steady state for any fixed « € A.

Weak Steady-State Optimality (Requirement R3’): The adaptation law & =
proj 4(—yVyJ) is a projected gradient descent on the cost J(o) = g(7 (Y, @), Tu (Ya, @)).

o Existence of Gradient: The gradient V,J is well-defined because 7, and 7w, are
smooth functions of a, as guaranteed by the Implicit Function Theorem applied to
the steady-state equation f(yq4, z,a) = 0.

o Convergence: On the compact set A, the continuous function J(«) is bounded
below. The projected gradient flow ensures that J(«a(t)) is a non-increasing
Lyapunov function for the parameter dynamics. Specifically, J = VoJ - & =
=7lIproj4(Va)[* < 0.

By LaSalle’s Invariance Principle for projected systems, «(t) converges to the set of
stationary points within A where the cost is locally minimized (or at least non-increasing
relative to the unallocated case a = 0), thus solving Problem 3 in the weak sense. O

Remark 5.3.2

In the literature, DCA designed as in Theorem 5.3.1 but for linear plants have been
proposed and used also for time-varying references yq. As will be shown in Sec. 5.4, in
general such a construction does not guarantee optimality; on the other hand, suitable
extension of the same ideas proposed in this sec. to the T-periodic case are possible,
as shown in the next section, and they actually provide improved performance. [

5.3.3 Periodic Allocation

Since Problem 2 involves a cost functional and T-periodic reference and steady-state
evolutions rather than a cost function and constant reference and steady-state evolutions
as in Problem 3, it is to be expected that closed form solution are even less likely to be
obtained. Mimicking the developments of Sec. 5.3.2, the idea is to define an iterative
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optimization rule to solve the reduced problem defined by (5.14), (5.15) by updating an
initial guess of . The key tool will be the Sensitivity Functions (see [35, Sec. 3.3]) of the
steady-state solutions zss(t, @) and the ensuing us (¢, &), which are easily computed even
when the map associating ygq to zss through the nonlinear dynamics (5.14¢) is usually
complex and non-causal.

Denoting the steady-state evolutions of z and u as

zss(t, @) =T, (t, @), wss(t, ) = my(t, @), (5.20)

the projected steepest descent law takes the form:

T /
& = proj 4 (—7/ Vag(m. (1, o), m, (T, a))d7> , v >0, (5.21a)
0
where the gradient in (5.21a) is given by

B @ or, @ omy,
9z 0a Ou da’

Vag(ms, ) (5.21b)

Tz

and, as in the previous case, the term %a represents the sensitivity of the solution of
(5.14c¢), (5.14d) to variations of a.. Following the derivation of Sensitivity Functions in
[35, Sec. 3.3], differentiation with respect to time of (5.14c), (5.14d) and the definition of
the sensitivity function S of z as

S(r) = %(T, @), T € 0,7, (5.22)

implies that S can be computed by solving the equations

&~ s 2(),000), (5.230)
2(0.a(t) = 2(T.a(t)), (5.23)
2 = A(.a()S() + B(r.a(t), (5.230)
5(0) = S(1), (5.23d)
where
A(r,a(t) = %7 B(r,a(t)) = %. (5.23¢)

With the solution of (5.23) available, both sensitivities required by (5.21b) are easily
computed by the formulas:

or,
o

Omu _ Otss Ouss

da Oz S(r) + o

= 5(r), (5.24a)

(5.24b)

Note that, in principle, (5.21a) requires that (5.23) are solved at each time ¢ (for fixed
a(t)); in practice, a discrete time approximation can be applied (with a suitably small
gradient update gain in place of v appearing in (5.21a)) so that (5.23) can be solved and
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Comparison of Qutput y Before and After Allocation
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Figure 5.3: Scenario II. Output invisibility is achieved by both methods.

its solution used in (5.24) for update « in a discrete fashion.

The (already discussed) properties induced by the structure of the proposed allocator
(Sec. 5.3.1) and standard properties of projected steepest descent laws again allow to
prove the following formal result, extending previously available results to the considered
class of nonlinear control systems satisfying Assumptions 5.2.1, 5.2.2 and 5.2.3.

Theorem 5.3.2
The DCA (5.12), (5.13), (5.21), (5.23), (5.24) solves Problem 2 in the weak sense. [J

5.4 Academic Example

5.4.1 Data

To illustrate the effectiveness of the proposed allocation framework, both of the DCA
methods presented in Sec. 5.3 have been tested on a simple nonlinear plant. The purpose
of this example is not to address a specific engineering application, but rather to provide
an academic benchmark where the features of instantaneous and periodic allocation can

be clearly observed and compared.

The system dynamics are given by
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Itl To 0 0

.’13'2 xr1 + 22 1+ 21 X2 U1

Z1 - m% — 2 ToZ1 To |:’LL2:| » Y= (5.25)
22 —Z9 T 1

with two control inputs and a scalar regulated output. The structure of (5.25) makes it
evident that the system is nonlinear and input redundant, thus fitting within the class of
plants described in Sec. 5.2.

The objective of the simulation is for the output to track two different reference
trajectories, chosen so as to highlight the two allocation strategies. In the first sce-
nario, the reference is constant, namely y,; = 3. This corresponds to the setting where
the instantaneous allocation method can be applied, since the periodic cost functional
reduces to an instantaneous cost. In the second scenario, the reference is periodic, given by

ya(t) = sin(%"t) , T =10,

which represents the more general case where the full periodic allocation design is required.
In this way, the example covers both extremes: constant references that recover earlier
formulations, and genuinely periodic references where the new design of this chapter
becomes necessary.

The baseline controller, which satisfies Assumption 5.2.3, is taken from the class of
input-output feedback linearizing controllers introduced in (5.5). In the present example,
the gain matrix is chosen as K = [—1 —1], and the stabilizing term u, is set identically to
zero. This simple configuration is sufficient to ensure exponential tracking of the desired
output, while leaving redundancy available for allocation.

Figures 5.4 and 5.5 illustrate the results for the second scenario, namely the case of a
sinusoidal reference trajectory with period 7' = 10. The plots show the time evolution of
the two input channels before and after allocation, making it evident that the proposed
DCA modifies the distribution of effort between the two actuators without altering the
regulated output trajectory. The allocator exploits the redundancy to shape the input
profiles in a more efficient way, while the output tracking performance remains identical
to that of the baseline controller.

5.4.2 Allocator Design

In order to validate the proposed methodology on the nonlinear plant (5.25), we now
design the allocation signal y,; according to the two different DCA strategies introduced
in Sec. 5.3. The allocation law is parameterized in terms of the auxiliary signal v,
which is shaped differently depending on whether the instantaneous or the periodic
approach is considered. For the instantaneous case, we assume the simplest form v = ay,
corresponding to a constant adjustment in the redundant direction. For the periodic case,
in contrast, we allow v to contain harmonics of the fundamental frequency, namely

v(t) = a1 + a9 Siﬂ(%”t) + a3 cos(%”t),
which gives the allocator additional freedom to exploit the periodicity of the reference
signal. In both cases, the optimizer employs a gradient update with gain v = 1.
The cost functional to be minimized is chosen consistently with (5.11) and (5.10), and
is defined as

g(usm Zss) = UZ;W’U/ssy
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Figure 5.5: Scenario II. Second input channel before and after allocation.
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with the weighting matrix W = diag(200,1). This choice penalizes the use of the first
input much more heavily than the second, reflecting a situation where one actuator is
considered “expensive” or less desirable.

Hence, the allocator is expected to reduce the contribution of uq, possibly at the expense
of greater reliance on us.

5.4.3 Scenario l: constant y; = 3

The first simulation considers a constant reference trajectory y; = 3. In this situation,
the periodic allocation scheme collapses to the instantaneous one, since the harmonics in
v are not excited and only the constant term «; plays a role. As a result, both allocation
methods achieve essentially identical performance. This is confirmed in Fig. 5.2,

which compares the cost before and after allocation and shows no distinction between
the two methods. This outcome is consistent with the theoretical discussion in Sec. 5.3.2:
when the reference is constant, the periodic Lagrangian cost reduces to an instanta-
neous one, and therefore a static greedy optimization suffices to reach the optimum.
The result also provides a useful baseline, illustrating that the proposed periodic ap-
proach does not introduce unnecessary complexity in the trivial case of constant references.

5.4.4 Scenario ll: periodic y; = sin((2nt)/T), T = 10

The second scenario is more demanding, with a sinusoidal reference of period 7' = 10.
Here the difference between instantaneous and periodic allocation becomes evident.

First of all, Fig. 5.3 demonstrates that the requirement of output invisibility is satisfied
in both cases. The steady-state output trajectory remains exactly the same before and
after allocation, showing that the allocator operates only in the redundant directions
without compromising the tracking performance of the baseline controller.

Turning to the input channels, Fig. 5.4 shows the evolution of the first input. Both
allocation methods succeed in reducing its amplitude, but the periodic method achieves a
much stronger suppression, thereby fulfilling more effectively the design goal of reducing
the use of the “expensive” actuator. Fig. 5.5 provides the complementary picture for the
second input. Here it is evident that the improvement in u; achieved by the periodic
allocator comes at the price of allowing larger excursions of us. This trade-off is expected,
given the weighting structure of W, and highlights how periodic allocation can redistribute
the effort more aggressively over time while still maintaining the same output behavior.

The quantitative effect is further clarified in Figs. 5.8 and 5.6. Figure 5.8 reports the
value of the periodic cost functional fOT 9(uss(T), z55(7)) dr before and after allocation.
The reduction achieved by the periodic allocator is significantly larger than that obtained
by the instantaneous one, confirming that the additional harmonics in v can be effectively
exploited to lower the periodic average cost. On the other hand, Fig. 5.6 shows the
instantaneous value of the cost function at different time instants. Here, while both
methods improve performance relative to the baseline, the periodic allocator provides a
trajectory of u that keeps the running cost consistently lower.

In summary, this scenario demonstrates the advantage of periodic allocation over
instantaneous allocation when dealing with time-varying references. While both methods
preserve output tracking and reduce the burden on the penalized input channel, the
periodic approach achieves a more substantial minimization of the periodic cost by
allowing temporal redistribution of the control effort.

84



Academic Example

Comparison of instantaneous cost function before and after allocation
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Figure 5.6: Scenario II. Comparison of instantaneous cost function g(uss(t), zss(t)) before and after

allocation in case of periodic reference.
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Figure 5.7: Scenario II. Steady-state input trajectory in the (u1,u2) plane, before and after allocation.
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Figure 5.8 highlights the key message of this numerical study: when the reference
trajectory is periodic, the proposed periodic allocation method achieves a drastic reduc-
tion of the periodic cost functional, thereby clearly outperforming the instantaneous
alternative. This result confirms the intuition that a design tailored to constant references
and instantaneous costs cannot capture the temporal structure of periodic signals, and
thus cannot systematically minimize their periodic effect.

As anticipated in Sec. 5.3, the instantaneous method is inherently limited when applied
outside its intended scope. Its greedy nature allows it to reduce the running cost at
individual time instants, sometimes even driving the instantaneous value of g(uss, zss)
below that obtained with periodic allocation. This behavior is visible in Figure 5.6, where
the instantaneous allocator occasionally outperforms the periodic one on a pointwise
basis. However, this advantage is short-lived and does not translate into improved
overall performance. By contrast, the periodic allocator explicitly accounts for the entire
trajectory over one fundamental period, optimizing the integral cost rather than isolated
values. As a consequence, it consistently achieves a lower average running cost and
therefore a superior periodic performance index.

The difference between the two methods is further illustrated in Figure 5.7, which plots
the trajectory of the first input u; against the second input us under three conditions:
without allocation, with instantaneous allocation, and with periodic allocation. Without
allocation, the trajectory covers a wide range in both directions, reflecting the lack of
any attempt to penalize actuator usage. Instantaneous allocation already compresses the
excursion of w1, in line with the higher weight assigned to this channel. Yet, the effect
remains limited, since the method can only act locally and cannot exploit the redundancy
in a temporally consistent manner. The periodic allocation, on the other hand, is most
effective in squeezing the trajectory along the u; direction, strongly reducing the reliance
on the heavily penalized input and re-distributing the effort onto us in a way that is
globally optimal over the period.

3560 Comparison of periodic cost function before and after allocation
2 I T T

= Without Allocation

————— With Instantaneous Allocation

= = = With Periodic Allocation
3000 ~

2000 - ]

1500 1

Cost Function J

500 - =]

™ ™= =
-

Number of Periods

Figure 5.8: Scenario II. Comparison of periodic cost function fOT g(uss(T), zss(7))dr before and after
allocation.
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Taken together, these results demonstrate that periodic allocation brings a deci-
sive advantage in scenarios with time-varying references. The proposed method not
only preserves output invisibility, as required by the allocation framework, but also
leverages the temporal structure of the problem to achieve a steady-state performance
level unattainable with existing DCA approaches for nonlinear systems. By explicitly
embedding periodicity into the allocator design, the method closes a gap in the current
literature and extends the reach of DCA to a broader and more practical class of nonlinear
control problems, where periodic signals and periodic performance criteria are the norm
rather than the exception.

5.5 Discussion and Concluding Remarks

This chapter presented a sensitivity—based DCA framework for nonlinear systems subject
to periodic reference trajectories and steady—state performance objectives. Building on the
theory of nonlinear normal forms and uniform relative degree, an allocation architecture
was developed that preserves output regulation while exploiting input redundancy to
improve steady—state actuation performance. The key feature of the proposed method
is the use of sensitivity functions to compute the gradient of a periodic Lagrangian
cost, enabling a principled and systematic optimization procedure beyond pointwise or
instantaneous allocation laws.

The resulting scheme guarantees output invisibility, preserves closed—loop stability
of the nominal controller, and converges to a performance—improving allocation law in
a rigorous “weak optimality” sense. Numerical results confirmed that, unlike classical
or instantaneous allocation approaches, the proposed method can effectively exploit the
temporal structure of periodic regimes to reduce actuator usage over a full period while
maintaining nominal tracking behavior.

Overall, this chapter demonstrates that DCA can be systematically extended to
nonlinear systems operating under periodic conditions by leveraging sensitivity analysis
and gradient—based optimization. This framework forms a foundation for more advanced
allocation strategies in nonlinear robotic and mechanical systems, and motivates further
research on computationally efficient implementations, robustness to model uncertainty,
and real-time extensions for more complex reference and actuation scenarios.
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Chapter 6

Dynamic Control Allocation for
Nonlinear Systems via a Sensitivity
Approach: Refinements and a Case
Study

Abstract

The objective of this Chapter is to revisit the problem of Chap. 5 in a some things are
repeated to ease the reading, making it possible to read this chapter independently
from the previous one, and more formal discussion is provided with respect to the
more introductory treatment in Chap. 5. Then the proposed technique of Chap. 5 is
implemented and validated on a nonlinear mechanical system.

6.1 Introduction

This chapter as in Chap. 5 envisions a novel, systematic nonlinear DCA method based on
gradient optimization and sensitivity functions, explicitly designed for periodic references
and nonlinear system dynamics. The effectiveness of the approach is illustrated through
a Mass-Spring-Damper (MSD) model in which the spring stiffness can be adjusted online.
While classical MSD models are inherently linear, this parametric dependence induces
a nonlinear behavior, enabling the study of advanced allocation strategies under more
realistic actuation scenarios. Numerical simulations corroborate the effectiveness of the
proposed strategy.

The chapter is structured as follows: Sec. 6.2 introduces the class of nonlinear models
and the problem formulation. Sec. 6.3 outlines the proposed nonlinear DCA method.
Numerical validations on an MSD system are provided in Sec. 6.4, followed by conclusions
in Sec. 6.5.

Notation: For a real matrix M, transpose is denoted by M’, pseudo-inverse by MF#,
and kernel basis by M*. The k-th derivative of f(t) is f*)(t).

6.2 Problem Formulation

DCA is a form of controller augmentation (see Fig. 6.1 and Fig. 2.2) for control systems
with a plant having more inputs than outputs; hence, as in [48], the problem data consist
of the plant P, a given stabilizing controller C', and a class of exogenous reference signals
yq to be tracked.

6.2.1 The plant

Consider a plant P with m inputs and p outputs, which is input redundant (namely,
m > p) and has uniform vector relative degree [31, Sec. 11.5] denoted as r = [ry 7o -+ 1p]
and is in normal form [30, (5.7)-(5.8)]; then, P is described by the following equations:
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Figure 6.1: A priori given closed-loop control system X (dotted, light grey) augmented with DCA as 3,5
(dashed, dark grey).

& = Aoz + Bo(fo(z, 2) + go(x, 2)u), (6.1a)
2= fi(z,2) + g1(z, 2)u, (6.1b)
y = Coz, (6.1c)

In this formulation, the state variables are defined as = € R™, where n = Zle T
and z € RF, with control input « € R™ and output y € RP. The mappings involved
in the system dynamics are given by fy : R* x R¥ — RP, gy : R” x RF — RP*™,
fi:R*" xR¥ 5 R¥ and g; : R® x RF — Rkx™,

The matrices used in the formulation are constructed as:

Ao = blkdlag(Jo (7"1), Jo(’l"g), ey Jo(’/'p)), (62&)
By = blkdiag(é(rl), €(ry)s s é(Tp)), (6.2b)
CO = blkdiag(g(rl),g(w), e ,Q(Tp)), (62C)

with the definitions:

— |0q=nx1  Ig—1 __ |0g—nx1
Jola) := 0 O1x(q-1)] @ 1 7

e =1 Oixg-n)

The resulting matrices have dimensions Ay € R™*"™, By € R"*P and Cy € RP*".

Remark 6.2.1

As explained in [31, Sec. 11.5], [30, Remark. 6.1.8], the existence of a uniform vector
relative degree implies that the normal form in (6.1) is simpler than the general one
in [30, Sec. 6.1], and also simpler than the intermediate normal form assumed in [11].
Moreover, uniform vector relative degree implies that rank(go(x, z)) = p globally, and
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then the pseudo-inverse gg and the kernel basis g3~ are well-defined and have constant
dimensions globally. O

Summarizing the above discussion, the following assumption characterizes the class of
plants considered in this chapter.

Assumption 6.2.1

Plant P is input redundant and in nonlinear normal form (6.1) with uniform vector
relative degree r, smooth functions fo, go, f1, g1 and rank(go(z,z)) = p for all
(z,2). O

6.2.2 The reference

The goal of the a priori given control system is to track a sufficiently smooth periodic
reference signal yg.

Assumption 6.2.2

Reference signal y; : R — RP is T-periodic, for T' > 0. The h-th scalar component

Ya,n of yq is vy, times continuously differentiable, for h =1,...,p. (I
As usual in tracking problems, the derivatives of yc(lk,z for k =1,...,r, are assumed to

be available® for control purposes; for brevity, the following shorthand notations will be
used,

[r] ._ r T Tp !
e [ LY LR ol
/
vy 1 v
Yd(,f:) = [yd,h y((“)L yfi’,’;)} Jh=1,...,p,
/
Yd[ F= {(Yd(ﬁl))’ (Yd(:)p))/} ,
where either (Uavh) = (’I“, Th) or ('U,'Uh) = ('f"_ﬂ";)7 with r— = [’rl —1 o — 1 --- Ty — 1]/

and r, =7, — 1, for h =1,...,p. Note that by Assumption 6.2.2 (in particular, by con-

tinuity and periodicity of y4 and its derivatives), Yd[v] is periodic, continuous, and bounded.

6.2.3 The controller

A static controller C' of the form *

8Either via differentiators or if y4 is generated by an exosystem of the form w = Sw, yq = Fw via
knowledge of w and the relation yflk) = FSkw.

9For simplicity, only a static controller is considered, so that the two items in Assumption 6.2.3
guarantee that 3 in Fig. 6.1 with y,; = go(z, z)lv is input to state convergent with respect to yg and
v. The proposed results still hold when considering a dynamic controller C', with the only required
modification of explicitly adding to Assumption 6.2.3 an input to state convergence hypothesis for 3
(hence, including the state of C').
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Yo = he(z, 2, Y™ (6.4)

is a priori given and ensures tracking and stabilization of X, see Fig. 6.1.

In view of the augmentation of C' with the allocator to be designed, an additional
input y,; that will be used for input allocation is introduced, and the interconnection of
C to P is realized as

U= Ye + Yai- (6.5)

Assumption 6.2.3

Controller C in (6.4) when connected to plant P in (6.1) as in (6.5) with y, =
go(w, z)v ensures that:

ix— Yd[F] converges exponentially to zero;

ii. the z subsystem is globally input-to-state convergent with respect to the input
.

O

Control law designs to achieve input-to-state convergence can be found in the literature,
e.g. based on feedback linearization or backstepping-like procedures. Convergent systems
(see e.g. [36], [39]) enjoy several properties similar to linear time invariant systems. The
results in [39, Sec. 2.2.2], and in particular Properties 2.23, 2.24 and 2.25, immediately
imply the following fact.

Fact 1. Under Assumption 6.2.3, if yq and v are asymptotically T—periodic, then all
variables in X converge to a unique, bounded T—periodic steady-state evolution.

The steady-state evolutions of (z,z,u) will be denoted (xss, zss, Uss); item i. of

Assumption 6.2.3 implies that zss = Yd[r_] and that y — y4 converges exponentially to
Z€ro.

It is stressed that DCA is a form of controller augmentation, and then controller C' is
a priori given in the problem formulation (cfr. [48]). Nevertheless, for concreteness, the
following remark suggests a possible strategy to design C' to satisfy Assumption 6.2.3; as
a byproduct, the remark shows that the apparently peculiar requirement in item ii. of
Assumption 6.2.3 could already be satisfied by the classic results in [30].

Remark 6.2.2

Considering the goal of tracking the reference signal y4 and the fact that the plant is
in normal form, a natural choice is to design controller C' as a static I/O feedback
linearizing tracking controller [30, Sec. 5.1, 5.6]. In such a case, letting ya; = go(z, 2)* v,
the output y. of the controller C' is chosen as:

Yo = gg(x, 2) (upr + uer) + gol(x, z)(uz + v), (6.6a)
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up = —folx, ), (6.6b)
Upy = yg] + K(z — Yd[r_]), (6.6¢)
u. = o(z,2,Y"), (6.6d)

where K = blkdiag(K1,- -+, Kp) with K, € R ™ for h = 1,...,p, is such that
Ak := Ao + BoK is Hurwitz, and o(x, z, Yd[r]) is such that

3= fi(x, z,Yd[T]) + g1(z, 2)v, (6.7a)

is input-to-state convergent from v, where

fl(iE, Z7Yd[r]) = fi(z,2) + ¢1(x, Z)gg(x, 2) (upi 4 u)
Fi(z, Zde[T]) = fi(z, 2, Yd[r]) + g1(x, 2)o(x, Z,Ydm%
=01

g1z, 2) : (z, z)gj‘(x, z).

To see that the proposed controller C' satisfies Assumption 6.2.3, note that under the
action of (6.6a), (6.6b) and (6.6¢), in the x subsystem in (6.1a) the nonlinearity (and
the coupling with the z subsystem) is canceled by uy;, and exponential stability and
tracking of y4 are ensured by wuy,.: in fact, the x dynamics becomes

&= Axz — BoKY)" 1+ Byl (6.7b)

and taking into account that Yd[rf} = AoYd[Tf] —&-Boyg], the tracking error e := x—Yd[F]
satisfies

é = AKe,
as required in item i. of Assumption 6.2.3. As for item ii. of Assumption 6.2.3, it
holds by the very definition of o(z, z, Yd[r]). State feedback linearization [30, Sec. 5.2]

can also be used to design o(z, z, Yd[T]) if the dynamics

(= fi (z, Z,Yd[r]) + g1(z, 2)u,

is state feedback linearizable. O

6.2.4 The problem

Since the plant is input redundant, multiple input trajectories can achieve the same output
evolution; the normal form makes it apparent that this can be achieved by modifying the
evolution of the z-subsystem in (6.1), that under item i. of Assumption 6.2.3 is decoupled
from the rest of the plant by controller (6.4) (for a deeper discussion from the geometric
control point of view in the linear case, see the insightful analysis in [42]). The proposed
DCA strategy exploits the redundancy to refine the plant input « by augmenting the
controller output y. with an allocation signal y,; and to achieve an optimized steady-state
response, as specified in the next problem definition.

Problem 4. Consider the control system % described by (6.1), (6.4), (6.5) under
Assumptions 6.2.1, 6.2.2, 6.2.3. Design, if possible, an input allocation device generating
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Yal Such that, when interconnected to X to form the allocated closed-loop system Xy as
in Fig. 0.1, the following requirements are achieved for each initial state of ¥ and yq:

R1) (Stability) 3.y admits a unique, globally asymptotically stable T-periodic steady-state
response;

R2) (Output Invisibility) The response in the output y of Xay coincides with the response
of ¥;

R3) (Steady-State Optimality) The Lagrange cost functional®

T
J(u887 zss) = /0 g(uss (7’), Zss (T))dTv (68)

where g is a smooth function, is minimized when y,; is chosen in a given class of
signals P.

An input allocation device will be said to solve Problem 4 in the weak sense if
requirement R3) is relaxed by asking that y,; € P is a critical point for the constrained
minimization of (6.8), namely it satisfies the corresponding first order necessary conditions
of optimality.

Remark 6.2.3

In DCA, optimization is focused on the steady-state response since most control
systems are designed to drive the plant to a desirable (usually, constant or periodic)
steady-state, and to remain close to it most of the time; so, optimizing the steady-state
is usually the meaningful choice. The periodic case is most challenging, since while
a (finite dimensional) constant steady-state (usg, zss) € R™* is suitably evaluated
by a cost function, the evaluation of a periodic (infinite dimensional) steady-state
(Uss, 2ss) : R — R™*F requires a more complex cost functional, as in (6.8). O

Remark 6.2.4

The extension of [48] to the nonlinear case was addressed in [11], but the study
was limited to the constant steady-state case, and is not applicable to the periodic
case. On the other hand, the adoption of Assumption 6.2.1 leads to much streamlined
formulas (e.g. for the controller (6.2.2) in Remark 6.2.2), at the price of excluding
some non-generic plants compatible with the corresponding assumption in [11]. O

6.3 Allocator Design

To simplify the discussion, the structure of the allocator is introduced first and then its
properties are presented.

10Since uss, zss are T-periodic, the value of the cost (6.8) is the same on any interval of length T,
hence the integration is considered simply between 0 and 7. Moreover, dependency of J on zss is not

]

considered, since xss = Yd[r is fixed for any given ygq.
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6.3.1 Allocator structure

Following the methodology of [10], [22] for linear systems, the allocator can conceptually
be decomposed into three components:

e an annihilator, which ensures output invisibility of the allocation signal;

e an internal model, which generates a structured family of signals used to improve
performance;

e an optimizer, which dynamically selects the optimal signal from the chosen family.

The annihilator is realized by defining the allocation signal so that it does not affect
the = dynamics, namely as

Yar = go(z, 2) 0. (6.9)

The internal model component is realized by selecting v : [0,7] — R™ from a family
of finitely parameterized T-periodic signals, expressed as:

n, Np
v(t) = DD enaniti(t) = T(t)a, (6.10a)
h=1i=1
o= [Oz1,1 cee Oél,N1| ce |Oén,l,,1 s ()%71\;%]’7 (6.10b)
Moy
ac ACRY, N:ZN’“ Ny = m — p, (6.10c¢)
h=1

where e, denotes the h-th column of the identity matrix of size n,, and A is a compact
and convex set containing an open neighborhood of the origin (by (6.10a), o = 0 implies
Yar = 0, i.e. no allocation). A viable choice is to set Ny = --- = N,,, = 2N + 1 and
define the basis functions v;(t) as ¢;(t) := cos(woht) for i = 2h, h € {0,1,..., N}, and
¥i(t) := sin(woht) for i = 2h — 1, h € {1,..., N}, with wy := 2%.

For fixed yq, the cost J in (6.8) depends on the choice of v, hence on the value of the
parameter «; thus, to optimize J, the constant « is replaced by an adaptive signal &,
tuned by the remaining component of the allocator, i.e. the optimizer.

The optimizer is defined by the projected gradient descent:

d = prOjTA(d) (_an’]> ’ Oé(O) =0, v > 0, (611)

where projr, 4 (f(&)) is the operator of (Euclidean) projection of vector f(&) on the
tangent cone 7T4(&) to A at point & € A [27, Def. 3.1]. Roughly speaking, projr, 4 (w)
equals w as long as & is in the interior of A, but if & is on the border of A, then
Projr, () (w) is the vector closest to w which points inside or is tangential to A; this
ensures that solutions to (6.11) starting inside A never leave A [27].

6.3.2 Allocator properties

The next lemma shows that the cost functional J admits a minimum (hence, a critical
point) in the considered class of allocation signals; this will imply convergence of gradient
descent, since the the set of critical points is nonempty.
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Lemma 6.3.1

Consider the cascade of (6.10), (6.9) and (6.7) under Assumptions 6.2.1, 6.2.2
and 6.2.3. There exists a global minimizer o* € A for the cost functional
J(o) = J(ugs(@), zss(ex)) defined in Problem 4. O

Proof. Under the stated assumptions and for each fixed y,4, by Fact 1 the cascade of (6.10),
(6.9) and (6.7) admits a unique bounded T—periodic steady-state solution (Zss, Zss, Uss)
which depends on signal v, and then is a continuous function of o € A, with A compact.
Hence, the cost functional J in (6.8) reduces to a continuous cost function J(a). Since,
by the extreme value theorem, a continuous function defined on a compact set attains its
global minimum, there exists a minimizing o* € A. |

The next lemma simplifies the minimization of cost (6.8) by replacing the need for
computing the steady-state behaviour with the solution of a corresponding ODE on a
finite interval [0, 7], under a periodic two-point boundary condition.

Lemma 6.3.2

Under the assumptions of Lemma 6.3.1, the minimization of the cost J in (6.8) can
be reduced to a parameter optimization over « as follows:

gnelﬁ J(uss, 2) (6.12a)
s.t. 2= f(t,z,a) (6.12b)
2(0,) = 2(T, o) (6.12¢)

where the functions f(t, z,«) and uss(t, z, ) are given by:

ftz0) = A1), 2) + (V) (1), 2)uss(t, 2, ), (6.13a)
wes(t, 2,0) = ho(Vy" 1(8), 2,717 (#8) + g5 (V)" (), 2) ¥ (), (6.13b)
with t € [0, T]. 0

Proof. Tt has to be shown that z specified by (6.12b), (6.12¢) coincides with z,, since
this implies that the values of (6.12a) and of the minimum of the cost in (6.8) coincide.
By Fact 1 and the first part of the proof of Lemma 6.3.1, for each y4 and « the cascade of
(6.10), (6.9) and (6.7) converges to the unique steady-state (xss, 2ss, Uss) Where 255 = Yd[rf}
by item i. of Assumption 6.2.3. Equations (6.13) follow by replacing such value of x4 and
(6.10a) in (6.4), (6.9), (6.5) and in the right hand side of (6.1b). Since the steady-state
response is a solution of the relative dynamics [30, Sec. 8.1], z5s must satisfy (6.1b) with
(z,u) replaced by (s, uss), namely (6.12b); periodicity and uniqueness of zgs imply that
it is fully characterized by the periodic boundary conditions (6.12c). O]

The implementation of the projected gradient descent (6.11) requires the computation
of the gradient V,J for the cost J in (6.12a), which is enabled by the use of sensitivity
functions (namely, derivatives of solutions to ODE’s with respect to parameters; see
[35, Sec. 3.3]) of the steady-state trajectories zss(t, ) and wugs(t, o). Sensitivity func-
tions allow computation of the gradient of J in (6.12) with respect to « even in the
presence of complex dynamics and cost. For compactness, define for 7 € [0, T the functions

O(1, ) = zes(1, ), 7(T, ) = ugs(T, ), (6.14)
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with ¢ and 7 satisfying the equations for z and uss in (6.12) and (6.13b). To obtain the
sensitivities of ¢ and 7w with respect to «, consider the two-point boundary value problem:

d
d—f = A(r,a)S(1) + B(1, ), (6.15a)
S(0) = S(T), (6.15b)
dz
i 1
o f(r2(1), @), (6.15¢)
2(0, ) = 2(T, ), (6.15d)
where 7 € [0,7T] and
A(r,a) = 2 T20,0) (6.15¢)
0z
B(r,a) := W. (6.15f)
Emma 6.3.3
The gradient of the reduced cost functional J in (6.12) with respect to « is given by:
T
B dg 0¢p  Og Om
Vol = /O (az R R (6.16)
where the sensitivities of ¢ and m are given by
%(7) =5(r), (6.17a)
or 87.Lss auss
%(7) =3, S(r) + Do (6.17Db)
where S(7) satisfies (6.15) with T € [0, T]. O

Proof. As for (6.17a), the statement follows by noting that (6.15) are the conditions
provided in [35, Sec. 3.3] for sensitivity computation, adapted to the current setting;
(6.17b) follows by the chain rule of differentiation.

As for (6.16), note that the cost functional J in (6.12a) is defined as an integral over
[0,T7] of the instantaneous smooth cost g(uss(t, ), z(¢, ). Applying the chain rule under
the integral, the gradient with respect to « is given by

dg 0¢p  Og O

/!

= ——— _— . . 1
Vel = 5,90 T 9uda (6.18)
Integrating this expression over [0, 7] gives (6.16). O

The next lemma shows that a signal & : R — A described by the dynamics (6.11)
(where V,J is evaluated at each time with « replaced by &(t)), converges to a constant
value a which provides a solution to Problem 4 in the weak sense.
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Lemma 6.3.4

The projected gradient descent law (6.11) converges to a critical point & € A of the
constrained optimization problem (6.12). O

Proof. The solution to (6.11) exists and is unique by [27, Thm. 6.13], whose hypotheses
hold for the projected dynamics (6.11), since J(«) is Lipschitz (being differentiable on
the compact set A), the Euclidean metric (denoted ¢ in [27]) used for projections is also
Lipschitz, and the set A is prox-regular (since it is convex); moreover, the projection on
Ta(a) (which is well defined since A is closed and convex) ensures that &(t) € A for all ¢.
Since A is Clarke regular (since it is convex) and the Euclidean metric is continuous, [27,
Proposition 8.6] applies, implying that for any initial condition &(0) € A, the projected
gradient dynamics in (6.11) converge to a constant value in the set of critical points of
the optimization problem (6.12); such a set is nonempty by Lemma 6.3.1. O

Putting together all previous constructions and properties, the following main result
is obtained.

Theorem 6.3.1

Under Assumptions 6.2.1, 6.2.2 and 6.2.3, the DCA scheme (6.9), (6.10), (6.16), (6.11),
(6.15), and (6.17) with « in (6.10a) replaced with &(t) from (6.11)solves Problem 4 in
the weak sense. O

Proof. Tt needs to be shown that each requirement in the problem definition is satisfied.
As for R1), note that X is actually a cascade of two subsystems: the first subsystem
made up by the projected gradient dynamics (6.11) and the internal model (6.10), feeding
the second subsystem made up by the annihilator (6.9) connected with 3 (the a priori
given closed-loop system of plant P and controller C'). For any given y, satisfying
Assumption 6.2.2, by Lemma 6.3.4 the dynamics (6.11) has a unique solution which
converges to a constant value &, and then the output v of the first subsystem converges to
a T'—periodic function expressed by (6.10a) with « replaced with @. By Assumption 6.2.3
and Fact 1, the state of the second subsystem will also converge to a unique T'—periodic
function, thus proving the claim.

As for R2), (6.1a) and (6.9) imply that y,; has no effect on the « subsystem, independently
of the choice of v.

As for R3), by Lemma 6.3.4 the projected gradient dynamics in (6.11) converge to a
critical point of problem (6.12); hence, requirement R3 is satisfied in the weak sense. [J

Remark 6.3.1

For easier implementation, instead of the continuous time update rule (6.11), a discrete-
time update mechanism for the allocation parameter & can be used. Specifically, a
sequence of updates &y, can be defined as

Qg1 = proj 4 (G —YVa ), (6.19)

where ~y is a small positive scalar (step size), and VJ is computed as in Lemma 6.3.3
at Q. [l
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Figure 6.2: A mass spring damper system with variable stiffness.

6.4 Application to a Mechanical System

6.4.1 Problem Data

To demonstrate the applicability of the proposed method, we implement it on a two-mass
spring-damper system, illustrated in Fig. 6.2. The system consists of two masses M7 and
M, with corresponding positions x1 and 21, and velocities x5 and zo, respectively. The
control inputs are defined as uq, representing the force applied to M; (see Fig. 6.2), and
ugy = K, the spring stiffness coefficient, which is assumed to be dynamically adjustable [37].

The system dynamics can be expressed in the following form, consistent with (6.1):

1"1 T2 0 0
. D(z3—x2) 1 (;a—m) ul
To _ M + My M,y . (6.20)
2:’1 Z9 0 0
732 D(z2—22) 0 (x1—21) U2
Mo Mo

The objective is for the system output y = x; to track the periodic reference trajectory
ya(t) = 0.2sin((27t)/T) + 1 with T = 10. The a priori given controller'! is

1 (a7t D(z3—w2) _—
uw= | M Zlel _ vahxz 4 |0 + Yd
O (1‘1721) D(;Eg*zz) 75;12 ’
MQ M‘2
where kg, k1 € R'? are proportional gain vectors, € = (Yd[ri] — ) with Yd[ri] = [ya, Yal’

and yg] = 4.

6.4.2 Allocator Design

The allocator is designed as explained in Sec. 6.3, assuming v = a3 + ag sin((27t)/T) +
ag cos((2nt)/T) and using a discretized form of projected gradient descent as specified
in Remark 6.3.1. The purpose is to reduce the Lagrangian cost functional (6.8) with
g(u,z) = u" Wu using a weighted quadratic penalty with W = diag(100, 1), to penalize
the use of the first input more heavily.

Figure 6.3 and Figure 6.4 illustrate the behavior of the two input channels before and
after the periodic control allocation. The proposed allocator reduces the excursion of
the first input w;, which is the main objective of the weighted cost design. As shown
in Figure 6.4, this reduction is achieved by permitting more aggressive modulation of
the second input s, which is less costly in the optimization. Figure 6.5 offers a 3D
visualization of the evolution of the input trajectory throughout the optimization process:
the reduction of w; is particularly evident when observing the transformation from a
mainly horizontal oscillation at the beginning to a mainly vertical one at the end. For
the sake of space, plant output responses are not shown, but all input trajectories in
Figure 6.5 induce the same output response, confirming that allocation does not interfere
with closed-loop trajectory tracking.

1 This controller was actually designed as specified in Remark 6.2.2.
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Figure 6.3: First input channel before and after allocation.
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Figure 6.4: Second input channel before and after allocation. ug increases as a price to be paid in order
to minimize .

6.5 Discussion and Concluding Remarks

In this chapter, we have revisited the novel DCA method tailored to nonlinear systems
(from Chap. 5) subject to periodic reference signals and cost functions, by leveraging
sensitivity functions and a projected gradient descent. The effectiveness of the proposed
periodic DCA through simulations on a two-mass spring-damper system.

Results demonstrated a significant reduction in the usage of costly input channels
while maintaining output invisibility and improving overall cost performance over time.

Future work will explore extending this framework to more complex and over-actuated

robotic systems, where periodic input optimization and redundancy management are
critical for agile and energy-efficient behavior.
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Comparison of Input Before and After Allocation Methods
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Figure 6.5: Input evolution, from unallocated to allocated. For clarity, unequally-spaced iteration numbers
are shown.
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Chapter 7
Conclusions and Perspectives

7.1 Summary of Contributions

The research presented in this dissertation has advanced the theory and practice of
DCA. While traditional allocation methods have mostly been confined to linear settings
or instantaneous (pointwise) optimizations, the work developed here has progressively
extended the scope of DCA in the development of richer internal models capable of
representing nontrivial allocation signals as well as the exploitation of sensitivity-based
optimization techniques for a large group of nonlinear systems to address cost functionals
over periodic trajectories while maintaining the output invisibility.

Firstly, in Chapter 3, we introduced a novel spline-based DCA architecture. By
enlarging the admissible class of allocation signals from constants or sinusoids (as in
earlier literature) to polynomial and spline-type trajectories, the allocator gains flexibility
and expressiveness. This advance allows for finer adaptation of redundant inputs to
improve steady-state performance, without compromising closed-loop stability or output
behavior. The theoretical analysis, supported by Theorem 1, proved that the proposed
spline-based allocator satisfies the core requirements of stability, output invisibility, and
steady-state optimality. Numerical experiments further confirmed the superiority of the
spline-based approach, particularly in scenarios with non-constant references such as
sawtooth trajectories.

Moreover, in Chapter 4, we focused on the implementation of DCA strategies on a
concrete and challenging application: a UAV equipped with tilting-twisting propellers.
Two methods were compared: an instantaneous allocator and a periodic spline-based
allocator. Both were able to reduce actuator usage according to the chosen quadratic cost
functional, thus validating the general allocation framework. The comparison revealed
a clear trade-off: the instantaneous allocator is simpler, introduces no transient states,
and is provably optimal when actuator dynamics are negligible; conversely, the periodic
spline-based allocator exhibits greater robustness and smoother behavior when actuator
dynamics are present. This application demonstrated that the proposed allocation
strategies are not merely theoretical constructs but can be meaningfully deployed in
advanced aerospace systems, highlighting their potential for practical adoption.

In Chapter 5, we presented the extension of DCA to nonlinear systems subject to
periodic reference signals and Lagrangian cost functionals, consolidating the theoretical
developments and their practical validation within a framework. The central innovation
lies in the use of sensitivity functions to compute gradients of periodic cost functionals
with respect to allocation parameters, thereby enabling gradient-based optimization
in a nonlinear setting that had previously resisted tractable solutions. By embedding
sensitivity dynamics into the allocator design and parameterizing the allocation signals
through periodic basis functions, the framework optimizes actuator usage over an entire
period while preserving the fundamental property of output invisibility. This guarantees
that the allocator improves internal input distribution without compromising the nominal
closed-loop output.

Lastly, in Chapter 6, the proposed method was analyzed and implemented through
simulations on a nonlinear two-mass spring-damper system with adjustable stiffness,
chosen as an academic benchmark for redundant actuation under periodic operation.
Despite its simplicity, this system captures key features of nonlinear coupling and
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input redundancy, demonstrating how the sensitivity-based allocator can effectively
redistribute actuator effort, minimize the periodic cost, and maintain perfect output
tracking. The results confirm the theoretical predictions, showing that the periodic
allocation scheme achieves substantial steady-state performance improvements compared
with instantaneous strategies when non-constant references are present. Overall, this
chapter establishes a comprehensive methodology and validation for dynamic control
allocation in nonlinear, periodically forced systems, bridging the gap between theory and
application and highlighting the feasibility of implementing sensitivity-based optimization.

7.2 Applications and Validation

The application studies presented in Chapters 4 and 6 serve two complementary purposes.
On one hand, they validate the theoretical guarantees: in both the UAV and the MSD
academic example, the allocator was able to reduce input costs while preserving output
trajectories. On the other hand, they provide insights into practical deployment. In the
UAV case, the comparison between instantaneous and periodic methods revealed that
robustness against actuator dynamics is an essential consideration, thereby motivating
the adoption of periodic allocators in realistic platforms. In the MSD case, the results
highlighted how input redundancy can be exploited to reduce costly actuation channels,
a consideration relevant for robotics and other physical applications.

7.3 Limitations and Open Questions

Despite the progress achieved, several limitations of the present work must be ac-
knowledged. First, the theoretical results rely on assumptions such as uniform relative
degree and global normal forms, which, while standard in nonlinear control theory, may
restrict the applicability of the framework to certain classes of systems. Relaxing these
assumptions remains an important open problem.

Second, actuator dynamics were modeled in a simplified way (e.g., as first-order
systems) in the UAV case study. While sufficient to illustrate the contrast between
instantaneous and periodic allocation, more complex or uncertain actuator dynamics may
require refined models and robust analysis.

Third, the optimization framework guarantees convergence in a weak sense, namely
to stationary points within a compact set. Global optimality cannot be guaranteed in
nonlinear, nonconvex settings, and the exploration of stronger convergence guarantees
remains an open theoretical challenge.

Finally, the numerical validations were conducted in simulation. Although simulation
results are encouraging, experimental validation on real hardware platforms is necessary
to fully assess the robustness, performance, and computational feasibility of the proposed
methods.

7.4 Future Directions

Building on the foundations laid in this dissertation, several promising directions for future
research can be identified. On the theoretical side, extending the allocation framework to
systems with non-uniform relative degree, state-dependent input constraints, or uncertain
dynamics would broaden its applicability. The integration of second-order optimization
methods, or hybrid strategies combining gradient and Newton-like approaches, could
accelerate convergence and improve robustness.

On the computational side, the development of more efficient algorithms for solving
sensitivity boundary value problems is an important step toward real-time implementa-
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tion. Parallel computing and model reduction techniques could be leveraged to reduce
computational burden, especially in high-dimensional applications.

On the application side, extending the validation to experimental platforms is essential.
Potential testbeds include aerial vehicles with redundant propulsion, robotic manipulators
with variable stiffness joints, and legged robots exhibiting periodic gaits. In these systems,
the ability to reallocate input effort optimally while preserving output tracking can have
a decisive impact on energy efficiency, fault tolerance, and agility.

Finally, a broader integration of DCA with higher-level control architectures represents
an exciting avenue. By embedding allocation into trajectory planning and model
predictive control frameworks, it may be possible to achieve a seamless connection
between decision-making and low-level actuation, thereby enabling more sophisticated
autonomous behaviors.

7.5 Concluding Remarks

In conclusion, this dissertation has significantly advanced the state of the art in DCA by
extending its applicability from linear and instantaneous settings to nonlinear systems
with periodic references and cost functionals. The combination of spline-based internal
models, sensitivity-based gradient computation, and output invisibility guarantees has
produced a coherent and versatile allocation framework. Through both theoretical
analysis and application studies, the work has demonstrated that DCA can achieve
substantial performance improvements in redundant nonlinear systems while preserving
closed-loop stability and output behavior.

The contributions of this research thus provide not only novel theoretical insights but
also practical tools for addressing redundancy in complex control systems. By bridging
the gap between theory and applications, and by opening multiple directions for future
development, this work lays the groundwork for a new generation of allocation strategies
in advanced robotics, aerospace, and beyond.
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