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Summary

The main research topic of this thesis is the in-depth study of the time-dependent
mechanical behaviour of viscoelastic materials, particularly their responses under
contact loading conditions. Viscoelastic solids, such as polymers, elastomers and
biological tissues, exhibit complex mechanical responses characterised by a combi-
nation of elastic energy storage and viscous dissipation. These properties give rise to
phenomena such as stress relaxation, creep, and hysteresis, which are fundamental
to a wide range of engineering and biomedical applications. However, the study of
these properties requires complex, traditional experimental analyses such as DMA,
which is both time-consuming and leads to destructive damage through material
exposure to high temperatures. The main objective of this thesis is to address
the challenges involved in accurately and rapidly characterising and modelling the
properties of such viscoelastic materials, particularly under dynamic loading con-
ditions such as indentation and impact, using methods that differ from traditional
approaches.

The research develops a unified and comprehensive framework that combines
experimental techniques, numerical simulations, and theoretical modelling to anal-
yse viscoelastic contact mechanics. The research covers two important comple-
mentary aspects: the first is the study of the behaviour of viscoelastic materials
under harmonic and quasi-static compression, and the other is the analysis of their
dynamic response under normal impact. The application of this dual approach
allows for a unified understanding of both steady and transient behaviours. The
methodology combines the use of various advanced experimental setups, including
the Biomomentum-Mach1 and Dynamic Mechanical Analysis used in experimental
practices, as well as custom-built in-laboratory indentation and impact systems,
with numerical modelling based on the Boundary Element Method. This integra-
tion allows for the accurate representation and study of both global mechanical
responses, such as force and displacement, and local contact phenomena, including
the evolution of the contact area, which has not been considered in previous studies.

At the theoretical level, the thesis is justified within a linear viscoelasticity
framework. Thus, the material’s stress response depends on the entire history of the
deformation applied to it. This behaviour is mathematically explained by convolu-
tion integrals derived from the Boltzmann principle of superposition. The material’s
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fundamental properties—the relaxation modulus and creep compliance—are also
characterised by the complex modulus in the frequency domain. The decomposi-
tion of the complex modulus into storage and loss components provides insight into
the balance between elastic energy accumulation and viscous energy dissipation.
The study also encompasses thermodynamic principles, ensuring that constitutive
models satisfy conditions such as causality and non-negative energy dissipation,
thereby preserving physical consistency.

The initial main part of the thesis was based on the study of the indentation
behaviour of a viscoelastic material using a specially designed sinusoidal inden-
ter. Both stress relaxation and harmonic indentation experimental tests are carried
out on nitrile butadiene rubber, which allows for the measurement of the force
response and energy dissipation in the material. These experimental results are
then systematically compared with numerical simulations and analytical approx-
imations, conducted under the same conditions, based on the Boundary Element
Method. The results obtained demonstrate a strong agreement between the three
approaches—analytical, numerical, and experimental—and confirm the validity of
the proposed framework. The study shows that the indentation behaviour of vis-
coelastic materials varies with the loading frequency and amplitude, and provides a
quantitative estimation of the energy dissipated through a new analytical formula-
tion. This indentation method enables the efficient and non-destructive characteri-
sation of viscoelastic materials. The second part of the thesis is based on the study
of dynamic impact events, analysing the normal collision of viscoelastic spheres
made from materials such as PTFE, PEEK, Nylon and Acrylic with a rigid sap-
phire substrate. A experimental setup has been developed to determine the motion
of the spheres and the evolution of the contact area, incorporating laser displace-
ment measurements and high-speed imaging. These analyses allow for a detailed
investigation of transient behaviours, including deformation, rebound, and energy
dissipation. A mathematical model based on linear viscoelastic contact mechanics,
which accounts for the time-dependent material response, has been formulated to
simulate the impact process. The comparison between the experimental results and
the numerical predictions shows excellent agreement under various impact condi-
tions, including variations in drop height and temperature. All these results confirm
the validity and predictive capability of the proposed modelling approach.

The thesis presents a unified, predictive framework for viscoelastic contact anal-
ysis that combines numerical and analytical methods. Through this methodology,
the viscoelastic behavior of materials can be characterized by simple, fast, and non-
destructive contact tests. These methodologies have a wide range of applications
in both engineering and various fields of science.
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Abstract

Viscoelastic materials exhibit complex, time-dependent mechanical behaviour, which
is one of their fundamental properties and is widely used in engineering and biomed-
ical applications. The accurate characterisation and predictive modelling of their
complex behaviour, particularly under various loading conditions such as indenta-
tion and impact, remains a key challenge. In this dissertation, an experimental,
numerical and theoretical combined framework is developed to investigate the con-
tact mechanics of viscoelastic solids. Two important complementary problems are
addressed: dynamic indentation and normal impact.

First, the viscoelastic response of nitrile butadiene rubber (NBR) under sinu-
soidal deformation is investigated. Such indentation plays a key role as an alter-
native standard technique for the reliable, rapid, and non-destructive character-
isation of materials in practical applications, particularly in sensitive fields such
as biotechnology, as well as in viscoelastic dampers. In this study, experimental
measurements obtained with specially designed sinusoidal indenters are compared
with numerical simulations based on the Boundary Element Method (BEM) and
a simplified theoretical formulation. The experimental, numerical, and theoretical
predictions closely match one another, with only minor differences in the peak force
and the relaxation phases. These findings validate the proposed multi-disciplinary
methodology and highlight its effectiveness in the characterisation of viscoelastic
materials and the estimation of dissipated energy.

In the next stage, the dynamic behaviour of spheres such as PTFE, acrylic,
PEEK and Nylon is investigated on a hard sapphire surface under normal impact.
A custom-designed experimental setup combines controlled drop tests, a laser dis-
tance sensor, and high-speed imaging to record both the sphere’s motion and the
evolution of the contact area at room temperature and at elevated temperatures. A
numerical model based on linear viscoelastic contact mechanics, which incorporates
the normal dynamics of the system, has been developed. Comparisons between the
simulations and experiments show that under various impact conditions, the re-
duction of the gap during the initial impact events closely follows the measured
contact-radius profiles. Despite its simplified formulation, the model successfully
captures the main features of contact dynamics.

II1



In conclusion, the results of this thesis suggest that the integration of experi-
mental techniques with advanced numerical modelling provides a fast, robust and
reliable framework for the analysis of viscoelastic contact problems. The proposed
methodologies contribute to a deeper understanding of the quasi-static and dy-
namic responses of viscoelastic materials. At the same time, they provide practical
tools for their reliable characterisation and design in engineering applications.
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Introduction

The study of the mechanical and tribological properties of hard and soft viscoelas-
tic materials has become a particular focus and has been the subject of extensive
research in recent years. Thus, such viscoelastic materials include rubber-based
composites [1, 2|, thermoplastics [3, 4], and biological tissues [5, 6, 7, 8], hydrogels,
and micro- and nano-scale polymer structures [9, 10, 11|, which are widely used in
both natural and engineered systems. Their time-dependent mechanical response
arises from a combination of elastic energy storage and viscous dissipation mecha-
nisms, which is characterised by stress relaxation, creep, rate-dependent stiffness,
and hysteresis. This property of the materials further expands their scope of ap-
plication. These properties govern how the materials deform and dissipate energy
under loading, making viscoelasticity essential in applications such as biomedi-
cal devices [12], tribological systems, vibration-damping components [13, 14|, and
durable polymers |15, 16, 17|, and 3D printing [18, 19], among others, enabling their
use in a wide range of applications. The accurate characterisation of viscoelastic
properties plays a crucial role in fields such as prosthetics [20], tissue engineering
[21], and diagnostics [22|. This is mainly due to the close relationship between
mechanical response and physiological function in biomedical applications.

The interaction between deformable viscoelastic bodies and rigid surfaces is con-
sidered one of the fundamental problems of contact mechanics. In such systems,
viscoelasticity leads to time-dependent deformation, hysteresis, and energy dissi-
pation, which are factors that strongly influence performance indicators such as
friction, wear, vibration damping, and impact response. For this reason, the study
of such effects in contact mechanics is of great importance in both classical and
new engineering applications 23, 24, 25, 26|. For example, in tyre-road interaction
[27, 28, 29|, compliant interfaces |30, 31, 32|, and in damping or protective systems
[33, 34], these effects play a special role. Despite extensive research, the accurate
modelling of viscoelastic contact remains a challenging and highly sought-after area
of study due to the interplay between material rheology, contact geometry, and the
loading history.

The most commonly used conventional method for determining the viscoelastic
properties of materials is Dynamic Mechanical Analysis (DMA) [35], which pro-
vides the material’s fundamental viscoelastic properties under controlled conditions.
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However, this method often requires carefully prepared samples. For example, cut-
ting small specimens from the materials for analysis, conducting analyses at high
temperatures, etc. At the same time, it may not be suitable for in-situ applica-
tions or for determining material properties in complex geometries [36, 37]. This
makes the use of highly sensitive materials for such behaviours impossible. For this
reason, indentation-based approaches [38, 39, 40| offer a non-destructive alterna-
tive for localised investigation of material behaviour in components, although their
interpretation is often based on simplified elastic assumptions. Similarly, classi-
cal contact theories, such as the Hertzian solutions [41], are limited to elastic and
quasi-static conditions. All this stimulates the development of advanced numerical
methods, such as viscoelastic extensions [42, 43| and, in particular, Boundary Ele-
ment approaches [39, 40, 44, 37|. These methods establish an efficient link between
material behaviour and measurable contact quantities.

Most existing studies only provide indirect insights into local interface mecha-
nisms. For example, they are based on globally observed phenomena such as force,
displacement and recovery [45, 46, 47, 48, 49]. In contrast, the evolution of the con-
tact area, which is directly related to deformation and energy dissipation, remains
largely unexplored, particularly in dynamic conditions, especially the simultaneous
acquisition of various experimental data. For example, under highly transient con-
ditions, it is necessary to simultaneously measure both the global kinematics of the
colliding body and the local evolution of the contact interface. At the same time,
the demand for such fast, non-destructive, and practically applicable methods that
can characterise the viscoelastic behaviour under real service conditions is increas-
ing across all fields. This is also confirmed by recent developments in contact-based
testing systems [33, 50].

In this context, this dissertation investigates two complementary problems in
viscoelastic contact mechanics. The first is the characterisation of viscoelastic mate-
rials through harmonic and quasi-static indentation, and the second is the analysis
of their dynamic response under normal impact.

The thesis is structured to gradually develop both the theoretical framework
and the application-oriented approaches. This enables the analysis of viscoelastic
contact phenomena. Thus, Chapter 1 focuses on the fundamental theoretical knowl-
edge in the research field, presenting the fundamentals of linear viscoelasticity, as
well as the formulations and constitutive principles governing the time-dependent
material response. Chapter 2 pays special attention to viscoelastic indentation un-
der harmonic (cyclic) and stress relaxation loading conditions, and builds upon this
foundation to present the mathematical theory that forms the basis of the numer-
ical technique. In particular, a Boundary Element (BEM) framework is developed
that establishes a direct link between material rheology and contact mechanics by
incorporating viscoelasticity through time-dependent convolution integrals based
on the creep function. The use of periodic Green’s functions, an essential com-
ponent of the numerical approach, significantly increases computational efficiency
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whilst preserving the key physics of periodic contact problems—particularly during
perforation with periodically distributed matrices. The established model incorpo-
rates the development of contact pressure, displacement fields, and the contact area
under a time-dependent loading. This allows for the analysis of transient relaxation
phenomena, whilst also enabling the study of steady-state cyclic behaviour. The
multi-frequency effects resulting from changes in the contact conditions can also be
analysed with this method. The work dissipated during harmonic indentation is
evaluated, in addition to the numerical representation, through a unique analytical
expression that links the hysteretic losses directly to the complex viscoelastic mod-
ulus. The proposed framework is supported by a dedicated experimental campaign
designed to replicate the conditions considered in the numerical simulations. The
experiments are carried out on nitrile butadiene rubber (NBR) using a custom-
designed sinusoidal indenter. These experiments offer a strong agreement between
analytical, numerical, and experimental results, validating the proposed methodol-
ogy.

In Chapter 3, the study is extended to dynamic impact conditions. The normal
impact of a viscoelastic sphere on a rigid substrate is first analysed using a numer-
ical method. Subsequently, a dedicated experimental investigation is conducted
using high-speed imaging and a laser position sensor, taking into account the con-
ditions established in the numerical method. Dynamic impact tests are performed
on various materials, including PTFE, PEEK, nylon, and acrylic. Initially, valida-
tion between the laser sensor result and the high-speed imaging camera result is
studied using PTFE material, while also investigating the impact of PTFE spheres
in a static state. The experimental work continues by comparing laser and numer-
ical results for PEEK, Nylon and Acrylic spheres dropped from various heights.
Special attention is paid to the transparent acrylic spheres to directly observe the
development of the contact area. Additionally, experiments are conducted at ele-
vated temperatures to investigate the temperature-dependent effects on the acrylic
spheres and to study the growth of the contact area. The strong agreement between
the experiments and simulations confirms the validity of the proposed framework.

It should be stressed that several of the building blocks employed in this disserta-
tion are not new in themselves: linear viscoelastic constitutive theory, DMA-based
material characterisation, and Boundary Element formulations for viscoelastic con-
tact have all been established in prior literature [38, 39, 40, 35]. The original
contribution of this work lies not in proposing new constitutive theory, but in the
integration of these established tools into a single, experimentally validated frame-
work, and specifically in two aspects that have received limited attention to date:
(i) the combined analytical-numerical-experimental treatment of oscillatory inden-
tation, including a dedicated analytical formulation for the dissipated energy; and
(ii) the direct optical measurement of the transient contact radius during impact,
alongside the global kinematic response, which most existing studies do not cap-
ture simultaneously. The contribution of the thesis should therefore be read as a
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validated integration and extension of existing methodologies to previously under-
explored loading conditions, rather than as a new theoretical framework.

The novelty of this dissertation lies in the development of a unified and predic-
tive framework for viscoelastic contact analysis, which combines numerical mod-
elling with analytical formulae in a single approach. The results demonstrate that
viscoelastic behaviour can be effectively characterised and predicted through sim-
ple, non-destructive contact-based tests. This allows for the avoidance of complex
experimental procedures or invasive sample preparation, such as material cutting.
Taking into account the variation of the contact area allows for a more accurate
validation of the models and a better understanding of the mechanisms of energy
dissipation. This approach is particularly relevant for fields such as tyre analysis,
biomedical applications, and the design of damper systems.






Chapter 1

Foundations of Linear Viscoelasticity

As noted in the introduction, viscoelastic materials are widely used in both scien-
tific research and various industrial fields due to their time-dependent and energy-
dissipative characteristics |6, 7, 51, 52, 53, 54].In engineering, such materials are
used in mechanical and tribological systems, such as belts, gears, and polymer-based
or journal bearings, as their rheological response affects friction, load distribution,
and energy loss [55, 31, 56]. Furthermore, their light weight compared to metals,
wear resistance, corrosion protection, ease of manufacture and low cost make them
widely applicable in the automotive, aerospace, electronics and robotics industries,
as well as in polymer coatings that enhance thermal stability [57, 58, 59, 60, 61, 62,
63]. In biomechanics, such viscoelastic materials play a key role in biological tis-
sues such as skin, cartilage, tendons, and cellular structures, supporting important
physiological functions due to their ability to relieve stress and withstand repeated
loading [64, 65, 66, 67, 68]. At the same time, the controlled energy dissipation
and damping capability of such materials is used in a wide range of applications,
including vibration control systems [69, 70|, seismic isolation devices [71, 72|, soft
robotic grippers [73, 74|, sealing systems [75], and various damping elements [76],
among a wide range of applications.

Considering their extensive range of applications and future prospects, the study
of viscoelastic materials is of paramount importance. In particular, the investigation
of the contact mechanics of such materials is of even greater significance. For exam-
ple, by monitoring changes in the penetration depth or the applied force over time,
indentation tests, which are an alternative to material characterisation methods
such as DMA, are widely used to evaluate the viscoelastic properties of materials.
Fundamental material properties such as relaxation times and viscoelastic moduli
can be determined through these studies by Hunter [43], Person [77], Christensen
[78, 35|, and Grosch [79], which provide important insights into creep and relax-
ation processes. It is essential to incorporate numerical and analytical models to
interpret these studies and to correlate the observed mechanical response with the
material’s fundamental constitutive characteristics.
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Foundations of Linear Viscoelasticity

Given the wide range of applications of these materials and the inherent com-
plexity of viscoelastic behaviour, it is crucial to develop a robust theoretical frame-
work that can explain their mechanical response. Viscous fluid models describe
purely dissipative behaviour, whereas classical elasticity theory assumes an instan-
taneous and inverse relationship between stress and strain. However, since vis-
coelastic materials combine the properties of both systems, the response depends
on both the history of the applied loads and the current state of deformation. The
constitutive description of viscoelastic materials must include the time-dependent
interactions between stress and strain [80, 81|. These relationships are typically
described by integral formulations involving relaxation or creep functions.

A useful description of the time-dependent mechanical response of viscoelastic
materials can be obtained by considering the condition of harmonic loading, where
the deformation varies sinusoidally with time [82, 78, 83, 84|. The strain history
can be defined as e(t) = €4 sin(wt), where €4 denotes the strain amplitude and w
represents the angular frequency of oscillation. The stress response in the viscoelas-
tic material is also defined in a sinusoidal form, but is shifted in phase relative to
the applied strain. This is expressed as o(t) = 04 sin(wt —J), where 04 is the stress
amplitude and § denotes the phase lag between stress and strain. The magnitude
of this phase angle characterises the relative contributions of elastic energy storage
and viscous energy dissipation within the material |78, 82].

In the case of purely elastic behaviour, the stress and strain remain perfectly in-
phase, resulting in 6 = 0°. This reflects the instantaneous and inverse relationship
described by Hooke’s law [83, 85]. In this case, the mechanical energy supplied
during loading is completely stored elastically and is recovered during unloading.
In purely viscous behaviour, on the other hand, the stress response is characterised
by being proportional to the strain rate, o(t) = né(t), where 7 is the viscosity of the
material. Under sinusoidal loading conditions, the relationship between stress and
strain creates a phase difference of § = 90°. This is associated with the mechanical
response being entirely dissipative, and the applied energy is irreversibly converted
into heat [83, 82, 78]. Most materials found in nature, particularly polymers and
biological tissues, exhibit viscoelastic behaviour characterised by phase lag, 0° <
0 < 90°.

In this intermediate regime, the material combines both elastic deformation
mechanisms that store energy and viscous properties that dissipate energy due to
molecular rearrangements and internal friction. These three states are schematically
depicted in Figure 1.1, where we can clearly see the role of the stress-strain curves
in characterizing the mechanical behavior under oscillating loading with a phase
angle of 9.

In applied mechanics, the development of theoretical models for viscoelastic
materials is considered one of its main areas, where linear viscoelasticity provides
a mathematically convenient framework for describing polymeric materials under
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(@) 2
w| / \ 5=0°
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P4 lg,,“\\ 0° < & < 90°

(c)

Figure 1.1: Sinusoidal stress—strain responses under harmonic loading: (a) Ideal elastic
— stress and strain are in phase (0 = 0°); (b) Viscoelastic — stress is delayed (0° < § <
90°), indicating both elastic storage and viscous dissipation; (c¢) Ideal viscous — stress is
proportional to the rate of strain (§ = 90°).

moderate deformations. It includes important concepts such as constitutive rela-
tions for time-dependent deformation, as well as creep and relaxation functions,
and rheological models, which are the basis for many analytical and computational
methods, such as finite elements and boundary elements.

To study the constitutive relations governing viscoelastic materials, let us con-
sider a deformable body in its initial, undeformed state. Let us assume that this
body is attached to a fixed reference frame that is at rest.

Let Xq be the coordinates of a material point in the undeformed state, and r(t)
be the coordinates of that point in the deformed state at time ¢’. Taking these into
account, we can express the displacement vector as u(t') = r(t') — Xy where ¢’ is
the time variable such that —oo < t’ < t, with ¢ denoting the current time.

Within the framework of infinitesimal deformation theory, the displacement
gradients are assumed to be sufficiently small compared with unity [78], such that
e = supy [0u;(t')/0Xoj| < 1. Under these conditions, the infinitesimal strain tensor
is defined as ¢;; = % (Ou;/0Xo; + Ou;/0Xo;) which describes the local deformation
of the continuum body by quantifying the relative displacement of neighbouring
material points.

The stress field that occurs within a material is determined by the traction vector
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acting on its infinitesimal surface element dS, and if n here denotes the unit normal
vector of this surface, then the tension vector F acting on the surface element is
expressed namely F; = o;;n;dS , where 0;; is the Cauchy stress tensor [86]. The
relationship between the orientation of a surface element and the traction acting on
it is related to the stress tensor. Thus, the application of linear momentum balance
to an infinitesimal tetrahedral element is related as o; = oy;n; . Furthermore,
imposing the balance of angular momentum implies that the stress tensor must be
symmetric, namely o;; = 0j;.

Once the kinematic and stress measures are determined, the viscoelastic con-
stitutive law can be introduced. As we noted earlier, in linear viscoelasticity, the
current stress state incorporates the entire past history of strain, which is expressed
as 78]

o

035(t) = Fij (et — 7), ena(t)) (1.1)

s=0
where F;; is considered to be a linear tensor-valued operator that transforms
each strain history ¢;;(¢) into a related stress history o;;(¢), where the time —oo <
t < oo.
When a linear and continuous stress history is considered and the Riesz repre-
sentation theorem is applied, the expression Equation (1.1) is presented in the form
of a Stieltjes integral:

oii(t) = /0°° er(t — 7) dGiju(T), (1.2)

Moreover, due to the symmetry properties of the stress and strain tensors, the
relaxation tensor satisfies G;jii(t) = Gjir(t) = Gijw(t). Equation (1.2) further
indicates that the constitutive relation is invariant under a shift in the time scale,
i.e., it exhibits time-translation invariance. In addition, assuming that ey () = 0
for t < 0, and that G;;i; together with its first derivative are continuous on the
interval 0 <t < oo |78, 35, 87|, Equation (1.2) can be expressed as:

¢ dgl LI\ T
O'ij(t) = kal(O) Ekl(t) +/ €k[<t—7')zi—lj() dr. (13)
0
Introducing the change of variable ( =t — 7, the constitutive relation becomes
¢ de
oi(t) = / Gijm(t — C) ZlC(C) d¢. (1.4)
0

The above formula is a mathematical expression of the Boltzmann superposition
principle. According to this principle, the stress at the current time is obtained by
superimposing the contributions of all past strain increments, each weighted by the
relaxation function. Thus, the function G;;x(¢) is an important material parameter
that characterizes how the stress decreases with time after the application of a
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uniform step strain. For isotropic materials, this relaxation behavior is expressed
by scalar functions such as the shear relaxation modulus G().

A complementary constitutive relationship can be formulated by expressing the
strain in terms of the time history of the stress [88, 35|. In this case, the strain
response is expressed as:

gij(t) = /0 Tijia(t — C)dazléo

where Ji;ii(t) is the creep compliance function. This function describes the
strain response of the material to a unit step in stress.

The relaxation modulus and the creep compliance are not independent functions
and are determined by the Laplace transform of the constitutive equations [89, 90].
Denoting the Laplace transforms of G(¢) and J(t) as G(o) and J (o) respectively,
the following relation holds as G(g) J(0) = 0~2.

The following integral is obtained by applying the inverse Laplace transform
and using the convolution theorem [76].

dc, (1.5)

/tj<t—7')g(7')d7':t. (1.6)

Alternatively, the same relation can be written as

t
j(O)Q(t)+/ mg(t—T)dT:L (1.7)
0o dr

In many practical situations, the creep function is expressed in terms of a relax-
ation time spectrum. In this formulation, the creep function can be written as [78]s
J(t) = H(t)/Ey — H(t) [[°C(r)e/"dr , where Ey and E. denote the rubbery
and glassy elastic moduli respectively, C'(7) is the creep spectrum, 7 represents
the relaxation time, and H(¢) is the Heaviside step function ensuring the causality
condition.

For numerical applications, the creep spectrum is often discretized so that the
creep function becomes [78], J(t) = H(t)/Eo — H(t) > r_, Cre /™, where C}, are
the creep coefficients and 7, the corresponding relaxation times.

Such representations are widely employed in numerical simulations of viscoelas-
tic contact problems, where the time-dependent mechanical behaviour of the ma-
terial must be incorporated into the governing equations of contact mechanics.

Another important property of viscoelastic materials is the presence of memory
effects. In other words, the current mechanical response of the material depends
on its entire loading history. This phenomenon occurs due to internal physical pro-
cesses of the material, such as molecular rearrangements, viscous flow mechanisms,
and internal stress relaxation. Mathematically, this behavior can be characterized
by convolution integrals present in the viscoelastic constitutive equations. Thus,
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1.1 — Constitutive Relations Under Steady-State Conditions

the stress at a given moment is determined by the weighted sum of the previous
deformation increments, and the relaxation modulus plays the role of a weighting
function in this weighting.

At the same time, it should be noted that in most real materials, the effect of
events that occurred in the distant past weakens with time, a phenomenon called
fading memory. This phenomenon has been extensively studied by Vito Volterra
[91] and Bernard D. Coleman [92, 93]. According to this principle, deformation
changes that occurred in the recent past have a stronger effect on the current stress
state, while the effect of the distant past weakens with time. The fading memory
condition imposes important restrictions on the possible forms of the relaxation
modulus and creep function. In particular, the derivative of the relaxation modulus
should decrease with time [78].

d

An analogous condition holds for the creep function,

‘dg

<

—(t1)

7 ——(t2)

dJ
dt

‘dj

. (1.9)

These inequalities ensure that the weighting of past events decreases continu-
ously with time, reflecting the physical relaxation processes occurring in the mate-
rial.

One important condition to consider is the causality principle |78, 35|. Accord-
ing to this principle, the response of the material can not depend on future loading
events. In mathematical terms, this means that the creep and relaxation functions
must vanish for negative time values [89, 78|, J(t) = 0, G(t)=0 fort<D0.

1.1 Constitutive Relations Under Steady-State Con-
ditions

In this section, we consider a viscoelastic body subjected to steady-state harmonic
oscillations, a condition of central importance in many experimental and practi-
cal situations. We examine the specific case in which the strain history is given
by e(t) = gpexp(iwt), where gy denotes the strain amplitude and w the angular
frequency of the imposed deformation. As shown in Refs. [82, 83|, under these
conditions the stress and strain oscillate at the same frequency but with a phase
lag between them.

In linear viscoelasticity, the stress response is governed by a relaxation modulus
G(t), which can be decomposed as G(t) = G + G(t), where G is the equilibrium
modulus and G(t) is the transient part that vanishes as t — oo [82]. Using the
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hereditary integral formulation [82, 78], the stress under harmonic strain is given
by

t
o(t) = Gege™' + z'wso/ G(t—71)e“mdr, (1.10)

reflecting the combination of an instantaneous elastic contribution from é and a
history-dependent viscoelastic contribution from relaxation [76].

By simplifying the convolution integral by introducing the variable ( =t — 7,
the stress can be expressed in a simpler form:

o(t) = {QN +w/0mQ(C) sin(w() d¢ + iw /000 G(C) cos(wC) dC | ege™". (1.11)

Since stress and strain oscillate at the same frequency in the steady-state regime,
then the frequency-dependent coefficient, the complex modulus [82, 83]., is intro-
duced, which is expressed as o(t) = G*(w)egoe™!. The complex modulus G*(w)
encapsulates the entire dynamic mechanical response of the viscoelastic material
and is given by [82, 78|

G'(w)=G +w/000 G(¢) [sin(w¢) + i cos(wC)] dC. (1.12)

This quantity is generally complex and can be decomposed into real and imagi-
nary components [82] - G*(w) = G'(w) +iG"(w). The real part G'(w), known as the
storage modulus, represents the elastic energy stored in the material during each
oscillation period [82, 84]. This parameter characterizes the ability of the mate-
rial to store energy and restore it after the load is removed. Mathematically, it is
defined as:

Gw) =6 +w/000 Q(C) sin(w() d¢. (1.13)

The imaginary part G”(w) is known as the loss modulus and characterizes the
viscous energy losses occurring within the material [82, 83]. This is due to the
irreversible energy dissipation due to internal friction and molecular rearrangements
during deformation. The loss modulus is defined as:

' (w) = /0 " W G(C) cos(wC) d. (1.14)

These two parameters fully characterize the dynamic behavior of viscoelastic
materials under harmonic loading [82, 81|. The storage modulus reflects elasticity,
while the loss modulus accounts for viscous energy dissipation.

The behavior of these modules is highly dependent on excitation frequency
[82, 83|. Analysis of the above expressions allows investigation of both very low
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1.1 — Constitutive Relations Under Steady-State Conditions

and very high frequency cases. At zero frequency, or under quasi-static loading, the
storage modulus decreases to the G'(0) = G=¢ (t , while the loss modulus
vanishes G”(0) = 0.

At low frequencies, the material reaches equilibrium and behaves as an elastic
solid governed by the long-term relaxation modulus, whereas at high frequencies,
deformation occurs too rapidly for relaxation to take place, and the response ap-

)‘t—ﬂ)o

proaches the instantaneous elastic limit, with G’(c0) = G+G(0) = G(t) |t—>0’ G" (o0

0.

These limits reveal the dual nature of viscoelastic materials: at low frequencies
the behavior may be fluid-like or solid-like depending on the relaxation spectrum,
whereas at high frequencies the response is always elastic, since insufficient time
remains for molecular rearrangement. Figure 1.2 qualitatively illustrates the storage
and loss moduli for a typical viscoelastic material with a single relaxation time.

| —G'(w) storage modulus
L —G"(w) loss modulus

Fw=1/7

High —frequency plateau : G’ ~ G,

G ()
G// (UJ)

: Low —frequency plateau : G' = Gy

‘Peak of G at wr = 1

|
w

Figure 1.2: Frequency dependence of the complex modulus for a material with a single
relaxation time 7. The storage modulus G'(w) = Re G*(w) (black) quantifies stored elastic
energy, while the loss modulus G”(w) = Im G*(w) (blue) quantifies viscous dissipation.
G'(w) rises from the relaxed modulus Gy at low frequencies to the unrelaxed modulus G,
at high frequencies, while G”(w) peaks at wr &~ 1, where the loading time scale matches
the material’s relaxation time.

|

The relationship between the storage and loss moduli provides important in-
sights about the energy dissipation mechanisms. During cyclic loading, the stress
does not reach its maximum at the same time as the strain, but a phase difference
is created between them. This phase lag indicates the energy dissipated in the
material during each cycle and is directly related to the ratio of the loss modulus
to the storage modulus.
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The stress—strain relation can therefore be written in an alternative and physi-
cally meaningful form

o(t) = |G* ()| o). (1.15)

In this representation, |G*(w)| denotes the magnitude of the complex modulus
and the quantity, 6(w) = arctan(G”(w) [G'(w)] ') , represents the phase lag between
stress and strain.This phase difference indicates that some of the mechanical energy
supplied during loading is dissipated as heat within the material. The energy loss
per cycle is proportional to the loss modulus, resulting in the hysteresis behavior
characteristic of cyclic loading.

A frequency-dependent description of viscoelasticity is central to the dynamic
mechanical behavior of soft materials, particularly in oscillatory contacts, cyclic
indentation, and vibration damping. In the indentation problems considered in
this thesis, the complex modulus governs the relationship between oscillatory in-
dentation depth and contact force, thereby determining the stiffness and energy
dissipation of the system [42, 94|. This framework underlies most numerical mod-
els of viscoelastic contact mechanics and the interpretation of harmonic indentation
and impact experiments.

1.2 Thermoviscoelastic Behavior of Materials

The previous discussion shows that viscoelastic materials are intrinsically dissipa-
tive: part of the mechanical energy supplied during deformation is stored, while the
rest is lost as heat. A consistent description of viscoelasticity must therefore comply
with the principles of thermodynamics, which is the basis of thermouviscoelasticity,
where constitutive laws follow from both the balance equations of continuum me-
chanics and the second law of thermodynamics. Although the present analysis is
restricted to isothermal conditions, this is a special case of the broader thermovis-
coelastic theory, which we introduce first.

The theory rests on the following assumptions: infinitesimal deformations, so
that deformation and displacement gradients are small; a continuum description
with density p and a temperature field smooth in space and time; and causality,
whereby the current response depends only on past deformation and temperature
history, not on future states. These standard assumptions of linear thermoviscoelas-
ticity underlie the constitutive framework used later in the viscoelastic contact and
indentation models.

The starting point is the local balance of energy for an infinitesimal body [95,
96, 97|, which may be written as

Oiss —qi,z-+pr—p<¢+es'+és> —0. (1.16)
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1.2 — Thermoviscoelastic Behavior of Materials

Here, p is the mass density, r the heat supply per unit mass, ) the Helmholtz
free energy per unit mass, s the entropy per unit mass, 6 the absolute temperature,
and ¢; the components of the heat flux vector, with o;;¢;; the mechanical power
density and ¢;; the divergence of the heat flux. This equation expresses that the
energy supplied to the body is balanced by its storage, entropy generation, and
heat transfer—a balance that is essential in viscoelastic materials, where internal
relaxation continually converts mechanical work into dissipated energy.

The second thermodynamic ingredient is the local entropy production inequality,
commonly written in the form of the Clausius—-Duhem inequality (88, 96, 86/,

. 0,
pos—pr+qii — ¢ (g) > 0. (1.17)

This inequality implies that entropy production cannot be negative, which con-
strains the admissible forms of the relaxation functions, free energy, and temper-
ature-strain relations, ruling out constitutive equations that would imply sponta-
neous energy generation or other thermodynamically inadmissible behavior.

Crucially, because the material has memory, its free energy depends not only on
the instantaneous deformation and temperature but on their entire histories. As-
suming ¢;;(¢) and 6(t) are continuous on (—oo, co) with €;;(t) — 0 and 0(t) — 6, as
t — —o0, the Stone—Weierstrass theorem allows the free energy to be approximated
as a polynomial of linear functionals of these histories, which the Riesz representa-
tion theorem expresses as Stieltjes integrals with bounded-variation kernels. The
full derivation is omitted for brevity, but it leads directly to the thermodynamic
inequality [78].

O,
va(%) 0 s
0o
where O(t) = 6(t) — 6y, is the temperature deviation from the base temperature 6y,

and A denotes the rate of energy dissipation.
The dissipation rate is then written as

t t -
A= —% / / %gzjkl(t —7,t—n) Oeij (7) Oera(n) drdn

or an
A Oey;(1) 00(n)
+ /OO /oo E’Q‘j(t —7,t—n) 57 an drdn
L[ o 00(1) 00(n)
+§/Oo /oo a/\/l(t—ﬂt—n) I drdn. (1.19)

In this expression, G, (t,t') denotes the mechanical relaxation kernel, IC;;(t,t')
denotes the thermo-mechanical interaction kernel, and M(¢,t’) denotes the ther-
mal contribution. These kernels satisfy the causality principle: they are zero for
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any negative time argument and remain continuous for positive times. Physically,
the first term A represents the mechanical dissipation associated with viscoelas-
tic relaxation, the second term represents the interaction between the deformation
and temperature histories, and the third term represents the thermal dissipation.
This division shows that thermoviscoelasticity is not simply the sum of viscoelastic-
ity and thermal conductivity but rather a fully interconnected thermo-mechanical
system.

Because the contact and impact analyses in this dissertation are conducted
under isothermal conditions, the general formulation is simplified by assuming a
spatially uniform temperature field © ; = 0. Under this condition, Equation (1.17)
reduces to A > 0, which is usually referred to as the dissipation inequality. In this
case, the dissipation rate simplifies to

1 t t 0 66“(7') 8%(77)
AN=—= —Gii(t — 7,1 — Y drdn. 1.20
2/_00 /_oo 8tg]kl( " or an 1 (1.20)
This expression highlights the primary thermodynamic constraint: energy dis-
sipation during viscoelastic relaxation must remain non-negative. That is, the ma-
terial either stores or loses energy, but cannot generate mechanical energy through
internal relaxation.

A related condition in continuum mechanics is the non-negative work principle.
Morton E. Gurtin and Ismael Herrera applied this principle to linear isothermal
viscoelasticity [98]:

/t 0 (T) 3657{7') dr > 0. (1.21)

This demonstrates that the work needed to deform a material from its initial
state cannot be negative. By combining equations (1.16) and (1.17) under isother-
mal conditions, we obtain the following result:

Integrating in time then gives

—ph + /Ot 0ij(7) €ij(T) dT > 0. (1.23)

Recognizing that the left-hand side is directly connected with the rate of dissi-
pation, the non-negative work requirement may equivalently be expressed as

/tA(T) ir > 0. (1.24)

The Helmholtz free energy per unit mass, interpreted here as the stored energy,
1s written as
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1 t t
=3 /_OO /_Oo Gijra(t — 7t =) €55(7) Ega(n) ddiy. (1.25)

These relations indicate that requiring positive stored free energy is a stricter
constraint than the non-negative work condition pi) > 0 ensures non-negative work,
the reverse does not always hold.Thus, non-negative free energy is viewed as a more
stringent and physically reasonable constitutive condition. For a discontinuous
deformation history such as ¢;;(t) = &; H(t), where H(t) is the Heaviside step
function, the condition py» > 0 imposes G, (¢,t') > 0. Equation (1.20) requires the
relaxation function’s derivative to be negative, and the “fading memory” assumption
requires its second derivative with respect to time to be non-negative, meaning
the function must be concave upwards. Although standard, these conditions are
essential to ensure that the constitutive kernels are thermodynamically consistent
and physically justified.

Once general thermodynamic constraints are established, focus shifts to the
temperature dependence of viscoelastic properties, which is a key characteristic of
polymeric and soft materials. The viscoelastic functions in the constitutive law are
highly temperature-dependent. The thermoviscoelastic approach described above
considers material functions at a fixed base temperature 6y, but does not address
small deviations from this temperature without further assumptions. In order to
include the effect of general temperature changes in a more systematic way, it is
appropriate to introduce concepts related to the frequency response of viscoelastic
materials.

Figure 1.4 compares the dynamic behavior of four polymer classes—amorphous
and semicrystalline thermoplastics, elastomers, and thermosets—via the storage
modulus G’'(w) (solid) and loss factor tan §(w) = G”(w)/G’'(w) (dashed).

In amorphous thermoplastics, G'(w) drops sharply at the glass transition, where
tan o peaks, after which the material turns rubbery or flows. Semicrystalline ther-
moplastics show a similar but weaker drop, since crystalline regions sustain stiffness
until melting causes a second, sharper decline. Elastomers, with a low glass tran-
sition temperature, show a broad rubbery plateau before G'(w) gradually falls, the
tand peak marking the glassy-to-rubbery crossover. Thermosets retain a high,
nearly constant G'(w), do not melt, and show only a weak tan¢d peak, reflecting
limited chain mobility.

In terms of G*(w), three regimes appear: a stiff glassy regime at high frequency,
a mobile rubbery regime at low frequency, and a transition region—tied to the
frequency-dependent 6,—where the modulus changes fastest and tand shows its
main («) peak from segmental relaxation, sometimes with smaller - and 7y-peaks
from more localized motion. The 7-peak reflects bending/twisting of short seg-
ments; the [J-peak, at higher temperature, reflects larger-segment or side-group
motion. Overlap of the a- and S-peaks signals thermorheological complexity, where
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Figure 1.3: The viscoelastic behavior of a polymer is characterized by the storage modulus
G'(w) = Re(G*(w)) and the loss tangent tan d(w) = G”(w)/G’'(w), both presented as func-
tions of logarithmic frequency or temperature. The curves illustrate the glassy, transition,
and rubbery regions, along with the relaxation processes «, 3, and -, including the glass
transition (fy). Vertical dashed lines indicate 6, 63, and 6., while the extension at low
frequency shows the viscous flow regime.
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Figure 1.4: Schematic representation of G'(w) (black solid line) and tand (blue dashed
line) as functions of frequency for different polymer classes: (a) amorphous thermoplas-
tics (linear or branched), (b) semi-crystalline thermoplastics (linear or branched), (c)
elastomers (sparsely cross-linked), and (d) thermosets (densely cross-linked).
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1.2 — Thermoviscoelastic Behavior of Materials

multiple relaxation mechanisms preclude a single shift function [99]. At high tem-
perature, expansion increases mobility and lowers the modulus; entanglement then
dominates, with the equilibrium modulus set by crosslink density and molecular
mass, while uncrosslinked chains slide freely and the material behaves as a liquid
[76].

Defining 6, from free volume alone is difficult, since Kovacs [100] showed it
to be time-dependent. The loss tangent offers an alternative: although it may
show several peaks, the main one typically coincides with the frequency at which
the storage modulus changes most rapidly [76]. The locus of these maxima, 0, =
f(w), indicates whether the material is glassy or rubbery at a given frequency.
Composition also tunes 6,: plasticizers lower it by increasing chain mobility, while
particulate fillers raise it by restricting interfacial free volume [101].

The transition can equally be tracked through volume: in a strain-free sam-
ple, the specific volume-temperature curve shows a slope change near ¢,. By the
free-volume concept [102], the material is stiff below 6,, where free volume is lim-
ited [103], and softer above it, where greater free volume enhances chain mobility
[104]—a link that ties macroscopic mechanical behavior directly to molecular struc-
ture.

Below 8 ,: compact chains, limited
free volume

Small intermolecular voids

=

Above 0, larger free volume and
enhanced mobility

| | Larger free volume facilitates deformation .
Figure 1.5: The glass transition is shown from volumetric and molecular perspectives. On
the left, the specific volume-temperature curve changes slope at 6,, separating the low-
mobility glassy state from the high-mobility rubbery state; the dashed line extrapolates
the glassy region, while the open line marks the free-volume increase above ;. On the
right, the molecular picture shows densely packed chains below 6, and enhanced mobility
above it, driven by increased free volume.

Thermorheologically simple materials, as described by [105, 106, 107|, form an
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important class. For these materials, temperature affects only the position of the
relaxation function along the time axis, not its shape. If G(¢) is the relaxation
function at the base temperature 6y and G(t, 0) is the relaxation function at another
temperature, then the thermorheological simplicity is expressed as:

g(t7 0) = ‘C(loglot + ¢0(0)) ) (1'26)

where ¢y(6) denotes the shift function, which satisfies the conditions ¢y (6y) = 0,
dpe(6)/d0 > 0. These properties indicate that the relaxation curve shifts along
the logarithmic time axis as the temperature changes, and is the basis of the
time-temperature superposition principle.

If one introduces ¢p(0) = logyag(f), then ay(fy) = 1, and Equation (1.26) can
be rewritten as G(t,0) = L(logy,(tae(d))). It follows that G(t,0) = G(w), where
w = t, a9(9).

This shows that the relaxation function at temperature 6 follows from that at
o by replacing ¢ with the reduced time w, or more generally G(¢,0) = by(0) G(w),
with bg(0) = p0/(poBy) accounting for the minor vertical shift from density and
temperature changes—small enough to be neglected in most contact-mechanics
applications, where the horizontal shift ay(6) dominates.

The same principle applies in the frequency domain: the complex modulus (and
likewise the creep function) at temperature 6 follows from that at 6y by substituting
w with w/ag(f). This underlies the master curves obtained from dynamic mechan-
ical analysis (DMA) and used in numerical contact models; the indentation and
oscillatory contact analyses in this dissertation rely on such temperature-shifted
viscoelastic functions to characterize dynamic response and energy dissipation.

1.3 Constitutive Rheological Models for Materials

Linear viscoelastic constitutive behavior is commonly represented through rheolog-
ical models combining idealized elastic and viscous elements, which phenomenologi-
cally capture the interplay of instantaneous elastic deformation and time-dependent
molecular rearrangement underlying polymer response. The following section ex-
amines the Maxwell, standard linear solid, and generalized Maxwell models, along
with their time- and frequency-domain responses and physical implications.

Figure 1.6: Schematic representation of the Maxwell viscoelastic model.
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1.3 — Constitutive Rheological Models for Materials

The Maxwell model consists of an elastic spring and a viscous damper (dashpot)
connected in series, as shown in Figure 1.6. In this arrangement, the stress in both
elements is the same, and the total strain is defined as the sum of the strains
developed in the spring and in the dashpot. Accordingly, the constitutive relations
are written as:

o(t) =Ee,(t) = g@):fgi (1.27)
and
o(t) = i (alt) = &(8) = néalt) - £ (). (1.28)

Combining the above expressions leads to the governing differential equation

a@)+§d@):uéﬂﬂ. (1.29)

Equivalently, introducing the characteristic relaxation time 7 = /&, the con-
stitutive law can be rewritten in the more compact form

5t + S o(t) = £2(0). (1.30)

T

This relationship indicates that stress is a function of both the current strain
and its rate of change, which constitutes a fundamental characteristic of viscoelastic
behavior |76, 78, 82, 108].

Stepwise deformation can be applied to determine the relaxation function. In
this context, the stress response corresponds to the relaxation modulus G(t). Sub-
stituting this relationship into the previous equation produces the following result:

dg(t)
dt
To determine the initial condition, both sides of the equation are integrated in
the interval ¢ € [0,07]:

o+
dg(t) . 1
—— 2 dt —
/ dt +7' 0-

+%g@)_55@y (1.31)

0t 0t

ﬂﬂﬁze/ 5(t) dt. (1.32)

Since the integration interval is infinitesimal, the second term on the left-hand
side may be neglected, and one obtains, G(07) — G(07) = £. Recalling causality,
G(07) = 0, and therefore G(0T) = £. This result also has a clear physical inter-
pretation. Upon application of the deformation step, the shock absorber (dashpot)
does not deform instantaneously and thus acts as a rigid element |78, 106, 76]. Con-
sequently, the system initially behaves as a purely elastic solid with stiffness £. For
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t > 0, the Dirac delta vanishes and the governing equation reduces to the homoge-
neous form [108], 7 G(t) + G(t) = 0, considering the initial condition, G(0") = &,
the relaxation function is found as

G(t) =EH(t)e Y. (1.33)

The exponential decay of G(t) shows that the Maxwell model progressively re-
laxes the applied stress until the relaxation modulus vanishes at long times. This
is an important feature of the model: because G(t) — 0 as t — oo, the Maxwell
element ultimately behaves as a viscoelastic fluid rather than as a solid. the elastic
spring governs the initial response, whereas at sufficiently long times the dashpot
dominates and permits continuous deformation.

The response of the Maxwell model to a step stress effect can be determined by
considering that the total strain in two elements connected in series is expressed
as €(t) = e4(t) + €q4(t). For a unit step stress, the corresponding creep function
becomes

)

This result predicts a linear increase of strain with time. Although such behavior
captures the possibility of long-term viscous flow, it is not able to represent the
initial nonlinear shape typically observed in experimental primary creep curves.
For this reason, the Maxwell model is useful as a basic theoretical model, but it
is generally insufficient for a realistic description of the creep response of many
polymers.

The harmonic response of the Maxwell model is examined in the frequency
domain using a complex modulus. For elements connected in series, the equivalent
complex modulus adheres to the following condition:

T = 1) + %7—[(2&). (1.34)

G @] =[G @) (1.35)
For the Maxwell model, this gives

Tw TwT E wir? o EwT

*(.U = - = - = —|—Z .
') E+iwp l+iwr 14 w?r? 1+ w272

(1.36)

The real part of the complex modulus corresponds to the elastic (storage) com-
ponent, while the imaginary part reflects energy dissipation. At very low frequen-
cies, the storage modulus approaches zero, and the material exhibits liquid-like
behavior.At very high frequencies, the material transitions to a glassy state and
behaves as an elastic solid. Between these two extremes, the imaginary part reaches
its maximum, indicating the frequency range where viscoelastic energy losses are
most pronounced.
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(b) |

J(t)

Im(7* (w)

clastic regimae

| YVISOOUSs egime

Ilr.l_f_|'|||4.'

Figure 1.7: Relaxation modulus and creep compliance of the Maxwell model, together with
the frequency-domain representation of its complex modulus. (a) Relaxation modulus,
G(t) = &€ exp(—t/T), as a function of time. (b) Creep compliance, J(t) = 1/€ + t/p,
as a function of time. (c) Real part of the complex modulus, Re(G*(w)) = G'(w) (black
line, left axis), and imaginary part, Im(G*(w)) = G”(w) (blue line, right axis), plotted
as functions of angular frequency w. The dashed vertical line denotes the characteristic
frequency w = 1/7.

To more accurately model the behavior of many viscoelastic solids, an additional
elastic spring is incorporated in parallel with the Maxwell element. This configu-
ration forms the Standard Linear Solid model, which is depicted schematically in
Figure 1.8. Because of the parallel arrangement, the total stress equals the sum of
the stresses in both branches, while the strain remains identical in each branch.

The corresponding relaxation modulus can be written as

G(t) = H(t) (€ + & exp(—t/T)) . (1.37)

This expression immediately shows that the relaxation function decreases with
time, but, unlike the Maxwell model, it does not vanish at long times. In fact,
lim; o G(t) = &, limy 0 G(t) = & + & = -

Over extended periods, the response is governed exclusively by the spring with
stiffness &, resulting in the system exhibiting the characteristics of a solid with
finite equilibrium stiffness. At the onset of loading, the shock absorber functions as
a rigid element, causing the system to respond as a stiffer elastic solid characterized
by modulus &.

The creep function of the standard linear solid is obtained by considering a step
stress input. In this case, the governing differential equation can be written as
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Foundations of Linear Viscoelasticity

Figure 1.8: Schematic representation of the standard linear solid model.

ag() | 1 1 L
S g I = (00 + 7). (1.38)

where = £,,/&. To solve this equation, it is convenient to first identify the
particular solution associated with the long-time equilibrium state. Since, for t —
00, the derivative of the creep function vanishes, one obtains J./(87) = 1/(Ex T),

from which J, = J» = /€« = 1/&. The initial condition is obtained by
integrating the governing equation over the interval ¢ € [07,07] [108]:

dj() 1 [ 1 0*
/ - dt+ﬁ7 . j(t)dt—Tgoo . dt+—/ dt.  (1.39)

Again, because the interval is infinitesimal, the integral involving J(t) can be
neglected, and, invoking causality, one finds J(0%) = 1/€,. The homogeneous
equation associated with the problem is 37 7 (t) + J(t) = 0, whose solution, to-
gether with the previously derived particular solution and the initial condition,
leads to [108]

72(075) M (é B 5%) o—t/(87) (1.40)

This expression shows that the creep response is limited and gets closer to the
steady-state compliance 1/&, over time. So, unlike the Maxwell model, the standard
linear solid model shows both the delayed deformation and the limited long-term
stiffness.

Under harmonic loading, the complex modulus of the standard linear solid model
is determined by the summation rule of parallel elements [108], G*(w) = > . G (w).

The limiting values are particularly instructive. At very low frequencies, lim,,_,o G*(w) =
&o, whereas at very high frequencies, lim,, ., G*(w) = & + &1,

Thus, the model exhibits elastic solid behavior at both low and high frequen-
cies, resulting in minimal dissipation. At intermediate frequencies, the imaginary
component increases and energy losses reach a maximum. In this frequency range,
viscoelastic effects are most pronounced.

J(t) =
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fa) | B 1/E, J(t = o) = 1/E,
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Figure 1.9: Standard linear solid (Zener) model. (a) Relaxation function G(t) as a function
of time, showing a decay from the instantaneous modulus to a finite equilibrium value. (b)
Creep function J(t) as a function of time, illustrating a bounded increase in compliance.
(c) Real part of the complex modulus, Re(G*(w)) (black line, left axis), and imaginary
part, Im(G*(w)) (blue line, right axis), plotted as functions of angular frequency w on a
logarithmic scale. The curves highlight the transition between low- and high-frequency
elastic regimes and the intermediate viscoelastic response.

Figure 1.10: Schematic representation of the generalized Maxwell model.
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Maxwell and standard linear solid models are useful but account for only a
single relaxation time. In contrast, real polymers exhibit a broad relaxation spec-
trum, so single-time models often represent transitions too abruptly. To overcome
this problem, the generalized Maxwell (Wiechert) model is used, Figure 1.10. This
model consists of a parallel combination of several Maxwell branches, each charac-
terized by a different relaxation time. As a result, the behavior of real materials is
described more accurately.

The relaxation function then becomes

Q(t) = 80 H(t) + i gj e_t/” H(t) (141)

j=1
while the corresponding complex modulus is [108]
"\ iwT &

“(w) =& —1 <, 1.42

G*(w) 0+;1+wTj (1.42)

This formulation extends single-relaxation time models to account for multiple
relaxation mechanisms simultaneously. It effectively fits experimental relaxation
and dynamic modulus data across broad time and frequency ranges. As a result, the
generalized Maxwell model is widely used to describe linear viscoelastic materials.
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Chapter 2

Dynamic Response of Viscoelastic

Solids

The primary objective of this chapter is to establish and validate a high-precision,
multi-method framework for analyzing viscoelastic solids under oscillatory microin-
dentation conditions. Although advanced numerical models, such as the Boundary
Element Method (BEM), can predict the complex time-dependent behavior of vis-
coelastic contacts, these models frequently lack adequate experimental validation
for specific modeling conditions [39, 37|.This chapter addresses this deficiency by
combining high-precision experiments, advanced numerical simulations, and a novel
analytical formulation approach into a single validation framework. The goal is to
show that such an integrated approach is not only possible but also necessary for
the quantitatively reliable prediction of key behaviors such as energy dissipation
due to hysteresis and the onset of contact separation. This approach provides a
powerful and practical tool for a wide range of applications, from the design of
viscoelastic dampers to the precise mechanical characterization of biomaterials.

Therefore, in the next section, special attention is paid to the integration of
experimental tests with numerical and theoretical approaches, substantiating the
models with empirical data. The experimental program accurately reproduces the
boundary conditions used in numerical simulations. The primary focus is the
micro-indentation regime under harmonic loading, which is well suited for thin
biological coatings and sensitive materials. A well-characterized nitrile-butadiene
rubber (NBR) was chosen, which exhibits linear viscoelastic behavior, and the
tests were carried out with a specially designed periodic indenter within a high-
precision mechanical system. The obtained results, in particular the hysteresis
force—displacement cycles serve as a key criterion for evaluating the predictive ac-
curacy of the Boundary Element Method (BEM) model, which directly simulates
the effect of a rigid, periodic indenter on a viscoelastic half-space. A simplified
analytical formulation is also presented to estimate dissipated work and clarify
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the main influencing parameters. The chapter describes the experimental and nu-
merical methods, compares the results of the three approaches, and evaluates the
effectiveness of this integrated framework in explaining and predicting viscoelastic
contact behavior.

2.1 Materials and Experimental Methods

Nitrile-butadiene rubber (NBR) was selected for this study because of its chemical
resistance and stable mechanical properties [109, 110]. NBR is well studied and
exhibits predominantly linear viscoelastic behavior at moderate strain levels, which
reduces nonlinearity and facilitates more accurate evaluation of theoretical models.
Its widespread application in industry, such as in gaskets, sealing, and vibration
damping, further supports its suitability for this research [111].

To characterize its time-dependent mechanical properties, we conducted an ex-
tensive Dynamic Mechanical Analysis (DMA). DMA separates the elastic (energy-
storing) and viscous (energy-dissipating) components by applying sinusoidal defor-
mation and measuring the phase-differential stress response. The dimensions of
the NBR sample used were 4cm in length, 5mm in width, and 5mm in thick-
ness. The tests were performed with a tensile fixture (Solid Rectangular Fixture,
SRF), see Figure 2.1 a and this setup is suitable for film and elastomer samples.
The experimental program included a constant-frequency temperature sweep and a
constant-temperature multi-frequency sweep. Temperature sweeps enabled precise
identification of the glass transition by a sharp decrease in storage modulus (£’)
and a peak in the loss factor (tand).

Multi-frequency isotherms from a selected temperature range were analyzed us-
ing the time-temperature superposition (TTS) principle to construct master curves
for the storage modulus Re(€(w)) and loss modulus Im(€(w)). This method allows
the generation of a single and continuous curve by horizontally shifting the data
collected at different temperatures, thus extending the frequency range by several
decades. The resulting master curve fully characterizes the material’s viscoelas-
tic properties and serves as the primary empirical basis for subsequent numerical
simulations.

All indentation tests were conducted using the Biomomentum MACH-1 v. 4.5
(Biomomentum Inc., Canada), (see Figure 2.2 a), universal mechanical testing sys-
tem, recognized for its high accuracy and flexibility in evaluating soft materials
[111, 112]. This lightweight, multi-axis system is designed to measure the mechan-
ical properties of a wide range of materials, such as polymers, gels, and biological
tissues. The system accommodates samples ranging from tens of microns to sev-
eral centimeters, making it highly suitable for both laboratory and biomechanical
applications [113, 114, 115, 116|.
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motor with air bearings)
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Measuring Drive

Electronic Control Unit &
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Figure 2.1: Schematic overview of the Anton Paar MCR 702e MultiDrive dynamic me-
chanical analyzer (DMA), highlighting its dual-drive system for rotational shear and linear
DMA testing modes (tension, compression, bending).

The main advantage of this system is its highly accurate and repeatable displacement-
controlled motion, enabling precise measurement of stiffness, viscoelasticity, plastic-
ity, and relaxation. In this study, ithe system was equipped with a high-sensitivity
multi-axis load cell that measures forces and moments along the x, v, and z, axes
simultaneously. This load cell has a maximum load capacity of £250 N along the
z axis and £125N N along the x and v axes, and provides a force resolution as
high as 12.5mN. This sensitivity was crucial for the reliable measurement of very
small forces generated in micrometer-scale indentation tests. As a result, the high
accuracy of the device ensures that experimental data can be used as a reliable
basis for the validation of numerical models.

A key objective of this study was to design a rigid indenter for direct com-
parison with periodic boundary conditions in the numerical model. The indenter
features a periodic structure with three cylindrical tips, simplifying the complex
three-dimensional contact problem to a one-dimensional formulation.

The indenter has a rectangular base measuring 20 mm in width and 6 mm in
depthg see Figure 2.2 (b). Each cylindrical tip has a radius of R = 2 mm mm and
is spaced A = 8 mm mm apart. The indenter includes a 1/4-28 male thread for
mounting on a load cell.

The indenter is constructed from stainless steel 303, which offers high strength
and corrosion resistance. It was manufactured using CNC machining to ensure high
geometric accuracy. The contact surface was polished to minimize roughness and
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Figure 2.2: Experimental setup for static and dynamic testing of NBR samples. (a)
Biomomentum-MACH1 machine setup, (b) schematic illustration of the indentation-
sample interface, and (c) illustration of the indentation design placed on the NBR sample
under real conditions.

closely match the ideal smooth surface conditions assumed in theoretical models.

The experimental test protocol consisted of two main stages to study the time-
dependent response of the material: stress relaxation and harmonic indentation.
The tests were performed by applying a precisely defined displacement history A(t)
to the indenter.

The protocol began with a stress relaxation phase. The indenter was inserted
into the NBR sample to an average indentation depth Ag = Ag/R = 0.05 (where
R is the punch radius) and held for 600 seconds. This allowed the material to relax
and reach equilibrium, ensuring stable initial conditions for the dynamic tests.

Subsequently, the protocol proceeded to the harmonic test. During this phase,
the indenter moved with a sinusoidal oscillation superimposed on the average in-
dentation, following the law described below:

A(t) = Ao+ Ay (t) = Ag + o sin(wt) H(t — o), (2.1)

where « is the oscillation amplitude, w = 27 f is the angular frequency, the
function H(t) denotes the Heaviside step function, which activates the oscillatory
response only after the initial relaxation phase. The amplitude was set to a@ =
a/R = 0.005 for the primary tests, and the frequency was varied across a range of
values.
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The harmonic tests employed a multi-axis load cell to precisely measure the
small forces produced during micrometer-scale oscillations. This two-step protocol
characterizes both long-term relaxation behavior and dynamic cyclic response.

2.2 Theoretical and Numerical Framework

This section establishes the mathematical foundation for Chapter 2 and introduces
a framework for modeling time-dependent contact mechanics in viscoelastic solids.
The exposition commences with the constitutive laws of viscoelasticity, followed
by the development and application of the Boundary Element Method (BEM),
which enables simulation of arbitrary loading histories and is further extended to
incorporate thin viscoelastic layers.

Viscoelastic materials, such as nitrile-butadiene rubber (NBR), exhibit a time-
dependent response in contrast to pure elastic solids. The deformation of these
materials depends on the complete loading history and is characterized by heredi-
tary behavior [35, 82, 117]. The fundamental constitutive relation for an isotropic,
linear viscoelastic solid is expressed as follows:

c(t) = / o) 76— v ar (2.2)

oo dT

where ¢(t) is the strain, o(t) the stress, and J(t) the creep compliance function.
Physically, J(t) represents the strain response to a unit step of stress [35]. It
satisfies causality (J(t < 0) = 0), enforced mathematically through the Heaviside
step function H(¢).

The creep function can be expressed as

— —H(t) /0006(5) et dg. (2.3)

here & is the rubber modulus characterizing very low frequencies, and C(7) is
the creep spectrum corresponding to the relaxation time. Although real materials
possess a continuous relaxation spectrum, practical calculations require discretiza-
tion of this spectrum using the Prony series:

C(r) =3 _Cid(r =), (2.4)

leading to a numerically convenient form of the creep function:

J(t) = %f) — H(t) zn:c e U, (2.5)
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In this context, C; represent the creep coefficients, which are the weights of
each relaxation mode, while 7; denote the discrete relaxation times corresponding
to specific molecular processes.

For oscillatory loading, analysis in the frequency domain is often preferred. In
this context, the primary characteristic quantity is the complex modulus:

o(w
s((w)) = (iwJ(W)™". (2.6)

This is conventionally written as £*(w) = £'(w) + i E"(w), here &'(w) — the
storage modulus — represents the in-phase elastic response and quantifies the en-
ergy stored and released during each cycle. In contrast, the loss modulus, £"(w),
characterizes the out-of-phase viscous response and the energy dissipated as heat.

In practice, the Prony parameters {C;, 7;}, are typically determined by fitting to
results from Dynamic Mechanical Analysis (DMA). To achieve a broad frequency
range, the Time—Temperature Superposition (TTS) principle is applied. In this
approach, curves measured at different temperatures are horizontally shifted to
construct a single master curve 37, 39, 39, 38|.

We now consider the contact problem under investigation (see Figure 2.2 (b)),
in which a rigid indenter interacts with a viscoelastic layer of infinite thickness.
According to Equation ((2.2)), the normal displacement of the surface, u(r,t), is
given by the following integral relation in terms of the time derivative of the applied
stress, o(r,t) [37, 118, 39, 37, 38]:

E(w) =

t /
u(r, £) = /_ dr / d%’%gmt(r—r’,t—ﬂ. (2.7)

For linear viscoelastic materials, the kernel separates into temporal and spatial
components [39, 37|, yielding:

u(r, t) :/_ dT/dQT/ j(t—T)Q(r—r’)w. (2.8)

Here, J(t) denotes the creep function, and G(r) represents the elastic Green’s
function, which characterizes the displacement of the half-space subjected to a
uniform point load.

As shown in Figure 2.2 (b), the system exhibits spatial periodicity with wave-
length A. Consequently, a periodic Green’s function G,(r) is introduced to charac-
terize the displacement arising from the periodic pressure distribution.

Specifically, the pressure distribution x,(z) is analyzed. This distribution is
generated by periodically repeating a uniform load x,(x) applied over a region of
length a with period A:

o0

@) = Y xalr = k), (2.9)

k=—o0
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where x,(r) remains constant within the charged field and is zero outside this
region. Upon transformation to the Fourier domain, the periodic Green’s function
is expressed as G)(q) = G(q) xa(q), where x,(q) is the Fourier transform of the
periodic pressure distribution:

Xalq) = /_ ) xa(r) e ' dr. (2.10)

o0
This evaluates to:
X 2sin (%kqoa)

xXalg) = Z ko

k=—00

6(q — kqo), (2.11)

where ¢y = 2{ is the fundamental wavevector. Taking the inverse Fourier trans-

form, the periodic Green’s function in real space becomes:

. kqgoa
2510 (%5%) kgor (2.12)

Gr(r) = 5% > Glkqo) T

k=—o00

This expression demonstrates that G,(r) can be represented as a Fourier series,
enabling efficient computation using the Inverse Fast Fourier Transform (IFFT).

The integral Equation (2.12) is discretized in both space and time, and sub-
sequently solved numerically [37, 119] The spatial domain is partitioned into N
elements with period A, assuming constant stress within each element. Collocation
points are located at the element centers z;. The time domain is divided into steps
of size At, and the hereditary integral is approximated by summing past stress
increments.

Accordingly, the displacement at the i-th element at time ¢,, = nAt is expressed
as:

n

u(z;, nAt) Z Gu(z; — ;) Y J((n—k)At) Aajk, (2.13)

k=0

, Ao} = o(x;, kAt) — o(x;, (k— 1)At). To separate the contribution of the current
time step from the history-dependent terms, we introduce:

N
u(z;, nAt) — Z(x;, nAt) — Y (x;, nAt) Z —xj)o(z;,nAt). (2.14)

where
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Z(xs, nAl) = ZQ,\(:L'Z- — ;) 2 J((n —k)At) Aok, (2.15a)
Y(x;, nAt) = =J(0) Y Galwi — x;) o), (n — 1)At), (2.15b)

Term = accounts for the accumulated viscoelastic memory effect, while term YT
represents the direct effect from the previous time step. Consequently, Equation
(2.14) can be reformulated as a system of linear equations.

Specifically, the displacement at point i is defined as u.(z;, nAt) = u(x;, nAt) —
=(x;, nAt) =T (x;,nAt) and is expressed in terms of the loading at strip j as follows:

{ue,} = [Kijl{o;}, (2.16)

where K;; represents the intercorrelation matrix.

The contact problem is addressed using the numerical approach described by
[119]. Because the contact area is not predetermined, an iterative algorithm is
employed. At each iteration, elements exhibiting negative pressure are excluded,
while interpenetrating elements are incorporated into the contact area.

This formulation does not impose specific kinematic constraints. However, the
displacement, denoted as wu.(x;,nAt), depends on the stress history because the
effects of previous time steps are incorporated through the terms =(z;, nAt) and
Y (z;,nAt). This dependence increases the complexity of the calculation.

This computational burden is partially alleviated by employing a periodic Green’s
function, G,. Consequently, the spatial domain can be restricted to a single period
of the rigid indenter [37].

In cyclic contact problems with viscoelastic materials, the mechanical response
depends on both elastic deformation and time-dependent viscous processes. Under
periodic loading, some energy is stored and recovered elastically, while the remain-
der is dissipated due to molecular rearrangement, chain mobility, and relaxation.

Macroscopically, this energy loss appears as hysteresis in the force-displacement
curve. The area of the hysteresis loop represents the work dissipated during one
cycle and characterizes the damping capacity of the system. Therefore, a quantita-
tive assessment of this energy is important for understanding the dynamic behavior
of viscoelastic contacts and predicting various engineering applications.

In this section, an analytical expression for the energy dissipated during os-
cillatory indentation of a viscoelastic half-space is developed based on the Equa-
tion (2.1). The analysis is based on the previously presented indentation con-
figuration [37|, where a rigid periodic indenter interacts with a flat viscoelastic
substrate, see in Figure 2.2. The indentation depth is imposed through a harmonic
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displacement law consisting of a static indentation component and a superimposed
oscillatory perturbation.

From a mechanical point of view, the indentation process consists of two stages.
In the first stage, a static indentation A is applied and held for a sufficient time to
allow the material to relax and approach to equilibrium. During this period, internal
stresses redistribute, leading to the formation of a contact area characterized by the
contact length ay and the equilibrium force Fy. The second stage applies a harmonic
displacement A;(t) to the indenter, generating a time-dependent contact force. The
viscoelastic properties of the material induce a phase difference between force and
displacement, resulting in hysteresis and energy dissipation in the load-indentation
curve.

The analytical description of the contact force, the formulation proposed by
Giuseppe Carbone and Maria Mangialardi [120]. This method models the contact
between a soft elastic layer and a hard sinusoidal surface, combining the Wester-
gaard solution with a correction derived from the Koiter model.

The present analysis is limited to the symmetric contact case according to
Mikayilov [38], and slip and adhesion are not taken into account. Under these
assumptions, the contact force between the rigid indenter and the viscoelastic sub-
strate is expressed as follows:

E* 2
Fe e e () (217)
1
2In| ———~
sm(%a)
where £ and v denote the Young’s modulus and Poisson’s ratio of the soft
viscoelastic solid. The quantity

E=01-v)"t (2.18)

represents the effective elastic modulus of the contact system. Here, a denotes
the instantaneous contact length, and A refers to the spatial wavelength associated
with the periodic indenter geometry.

The present configuration features an indenter composed of cylindrical tips ar-
ranged at regular intervals. When the contact length is much smaller than the
spatial wavelength, i.e.

a <<\, (2.19)

The cylindrical geometry is represented by an equivalent sinusoidal profile that
maintains the same radius of curvature at the contact center. Consequently, the
amplitude of this profile is given by:

/\2
h=—— 2.20
412 R (220)
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where R represents the radius of the cylindrical punches.
Because the indentation depth includes both static and oscillatory components,
the contact force is expressed as the sum of two distinct parts:

F(t) = Fo+ Fi(Ay) (2.21)

The first contribution Fy is the static force from the equilibrium indentation
Ag [120]. This force is calculated from Equation (2.17) by replacing the indenta-
tion depth with Ay. Here, the elastic modulus equals the long-term modulus Ej,
describing the material’s equilibrium response after relaxation. Thus, the static
contact force is written as:

*
&)

2 1n <—sin(%)

yxen

[AO —h (m(T))Q] (2.22)
)

Fo =

where

E =81 —-v)! (2.23)

and ag denotes the static contact length associated with the equilibrium inden-
tation.

The second contribution F;(t) arises from the oscillatory indentation compo-
nent A;(¢). To analyze the dynamic response, it is more convenient to transfer
these quantities to the frequency domain by Fourier transformation. The Fourier
transform of the oscillatory force is written as:

Fiw) = — @A (2.24)

which can be rewritten in a compact form as

Fi(w) = f(w) Ay (w) (2.25)

Here, #(w) represents the complex dynamic contact stiffness, while £(w) repre-
sents the complex viscoelastic modulus of the material.

The dissipated work over a single oscillation period is calculated from the av-
erage power exchanged between the oscillatory force and the indentation velocity.
The instantaneous power during indentation is given by:

Fi(t) Aqi(t) (2.26)
and the average power over one oscillation cycle is therefore
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A dA (1)
II=— Fi(t) ———=dt 2.27
o7 J, 1) =5 (2.27)

Parseval’s theorem allows the average power can be expressed in terms of the
cross-power spectral density between the oscillatory force and the indentation ve-
locity, as shown below [121, 122]:

1= /+<>° Re[Sz 4, (v)]|dv (2.28)

[e.e]
The cross-power spectral density appearing in the previous expression can be
reformulated using Eq. (2.25) as

1 “ “ *
Sr5,(v) = lim TE[/%(V) Av(v) (zml(y)) } = —iviW)Sa,(v).  (2:29)
—00
where Sa, (v) denotes the power spectral density of the indentation signal and
E [-] denotes the expected value operator.
For the sinusoidal indentation law considered here, the spectral density of the
indentation displacement takes the form

S, (v) = QZ (O(v —w)+ (v +w)) (2.30)

where 0(+) represents the Dirac delta function.

Substituting Equation (2.30) into the power equation and performing the inte-
gration leads to the final expression for the dissipated work during one oscillation
cycle:

W= %” / e[Sy, ()] dv = 7 Imfi()] o, (2.31)
This expression demonstrates the energy dissipation resulting from hysteresis
in viscoelastic indentation. Specifically, the dissipated work is proportional to the
imaginary component of the complex contact stiffness, which is directly associated
with the material’s loss modulus.
Equation (2.31) indicates that the dissipated work is proportional to the square

of the oscillation amplitude.

W x o, (2.32)

indicating that an increase in indentation amplitude results in a greater volume
of material participating in the cyclic deformation process.

The pull-off phenomenon during vertical harmonic oscillations, as shown in [37],
arises from the complex interaction of the indenter motion and the viscoelastic re-
sponse. This phenomenon occurs when the characteristic velocity of the oscillatory
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motion is large compared to the relaxation capacity of the material and the ma-
terial is unable to redistribute the stresses during the loading period. As a result,
during the unloading phase, the response lags behind the displacement, the contact
pressure decreases and partial separation occurs at the interface.

This mechanism is governed by the balance between frequency and relaxation
time: at high frequencies the material behaves in an elastic-like manner and cannot
fully relax, whereas at low frequencies it has sufficient time to respond viscously and
maintain contact [37]. The concept of an incipient tapping front is used to describe
this transition; this limit defines the boundary between continuous contact and the
onset of periodic separation.

Within this framework, tapping is assumed to initiate when the amplitude of
the oscillatory component of the normal force becomes equal to the mean force asso-
ciated with the static indentation, thus defining a critical condition for detachment
given by

‘ﬁl(w)) ~ R =0 (2.33)

By exploiting Equation (2.22) and (2.25), this condition can be reformulated
in terms of the critical amplitude of the oscillatory indentation component a(w)
required to trigger detachment, yielding

a(w) = & (Ag — h sin®(mag/\)) ) (2.34)

which explicitly shows that the “incipient tapping front” is inversely proportional
to the value of the complex modulus |€(w)| (ignoring inertia and rigid body motion).
That is, as the frequency increases and the material becomes stiffer,larger oscillation
amplitudes are required to induce detachment, while at lower frequencies a softer
response facilitates pull-off.

Specifically, at high frequencies and for small values of ag/\, the critical ampli-
tude is a(o0) &~ Ag/, whereas at low frequencies it is a(0) ~ Ay. These results
indicate that the onset of pull-off is mainly determined by the frequency-material
relaxation interaction, and are consistent with the observations reported in [37].

2.3 Results and discussion

2.3.1 Dynamic Mechanical Analysis of NBR

Experimental tests start with DMA analysis of an NBR sample measuring 4 cm by
5 mm by 5 mm. This step yields the viscoelastic parameters needed for numerical
simulations and analytical models in the subsequent sections. Since the mechanical
response of viscoelastic materials strongly depends on the time scale of deformation,
accurate determination of frequency-dependent properties is essential for a correct
description of the behavior under dynamic loading such as cyclic indentation.
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To achieve this, an extensive dynamic mechanical analysis (DMA) test was
conducted, including both temperature and frequency sweeps, in accordance with
established methodologies [35, 31, 82, 123]. These tests enable determination of
the complex viscoelastic modulus of the material across a broad frequency range.
Specifically, DMA measurements yield two principal parameters that characterize
viscoelastic behavior: the storage modulus Re £(w) and the loss modulus Im & (w).

The storage modulus provides information about the elastic component of the
viscoelastic response and characterizes the energy stored in the material during
deformation and subsequently released. The loss modulus represents the viscous
component and measures the energy dissipated as a result of molecular rearrange-
ment and chain mobility. Together, these two parameters determine the complex
modulus and fully describe the mechanical behavior of the material under oscilla-
tory loading. The results of the DMA analysis are presented in Figure 2.3.
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Figure 2.3: Ilustration of the viscoelastic modulus master curves obtained from DMA
analysis for Nitrile Rubber (NBR). The storage modulus is shown as the blue line and the
loss modulus is shown as the red line, and is denoted as Re £(w) and Im &(w), respectively.
(a) The viscoelastic modulus shift factors are plotted as a function of temperature ar (b);
the compliances C; are characterized as a function of the relaxation times 7; for NBR. (c).
The reference temperature of the analyses is taken to be Ty = 20°C.

Panel (a) of Figure 2.3 presents the master curves of the viscoelastic modulus
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for the NBR material. The blue curve indicates the storage modulus Re &(w),
while the red curve indicates the loss modulus Im £(w). These curves characterize
the material’s response across a broad frequency range, illustrating the respective
contributions of elastic and viscous effects as a function of loading rate. At low
frequencies, the behavior is mainly determined by viscous relaxation, while at high
frequencies the elastic component dominates because the chains do not have time
to rearrange.

Panel (b) of Figure 2.3 shows the temperature dependence of the temperature
shift coefficients ar obtained by the Time-Temperature Superposition (TTS) prin-
ciple. In this analysis, the reference temperature of Ty = 20° was chosen. These
shift coefficients enable the extrapolation of experimentally measured viscoelastic
properties to a broader frequency range, thereby encompassing behaviors beyond
the direct measurement capabilities of laboratory experiments. According to the
TTS principle [123, 124, 125], the viscoelastic modulus at any temperature and
frequency can be expressed as follows:

E(w,T) = E&arw, Tp) (2.35)

This relationship allows the experimental data obtained at different tempera-
tures to be combined into a single and continuous master curve by shifting the
data along the frequency axis. As demonstrated in the literature [35, 77, 126, 127],
this method significantly broadens the accessible frequency range and provides a
more comprehensive characterization of the material’s viscoelastic behavior. In
this study, the validity of the T'TS principle for the NBR sample is confirmed by
the agreement of the storage and loss moduli [35]. In particular, the relation-
ship between these moduli is consistent with the Kramers—Kronig relations [128].
These mathematical conditions indicate that the measured viscoelastic response is
physically correct and consistent with the linear viscoelastic model. This agree-
ment confirms that the material behaves in the linear viscoelastic regime under the
deformation conditions considered and supports the validity of the assumptions
employed in the numerical modeling.

Panel (c) of Figure 2.3 presents the relaxation spectrum of the material by
plotting the fitting coefficients C; against the corresponding relaxation times 7;
on a logarithmic scale. These parameters are determined by fitting the dynamic
mechanical analysis (DMA) data in the frequency domain using the creep function
described in Section 2.2. This approach enables the continuous viscoelastic response
of the material to be approximated by a spectrum of discrete relaxation processes,
where each process is characterized by a distinct relaxation time [129].

The obtained compliance spectrum covers a very wide range of relaxation times.
It extends from approximately 107!° seconds to 10% seconds. This wide distribution
reflects the complex internal structure of the material and the multiple molecular
mechanisms active over different time scales. As a result, the mechanical response
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depends strongly on the rate of deformation: at high rates the elastic response
dominates, while at low rates, viscous relaxation mechanisms dominate.

This wide relaxation spectrum indicates that viscoelasticity determines the be-
havior of the NBR material over a very wide time interval. A correct understanding
of this time dependence is of great importance for predicting the dynamic inden-
tation behavior and explaining the energy dissipation mechanisms observed under
cyclic loading.

2.3.2 Stress Relaxation and Harmonic Indentation Experi-
ments

The stress relaxation response of viscoelastic materials has been investigated through
a series of controlled indentation experiments. [130, 131, 132, 133]. These tests are
regarded as a primary method for studying viscoelastic behavior because they al-
low us to observe how the internal stresses over time while the applied deformation
remains constant. In a typical relaxation experiment, the material is deformed to
a predetermined displacement, which is then held constant. [130, 132, 134]. At
this time, the reaction force of the material gradually decreases as internal stresses
within the polymer network are relieved through viscoelastic relaxation. Figure 2.4
presents the results of the stress relaxation experiments alongside the corresponding
numerical simulation outcomes.

As shown in Figure 2.4, three different tests were performed with indentation
amplitudes of 0.1 mm, 0.2 mm and 0.3 mm. In all cases, the indentation step was
applied at a constant speed of 1 mm/s. Upon reaching the target depth, the indenter
remained constant for 600 seconds, during which the stress relaxation behavior
of the material was monitored. For each loading condition, both experimental
data and numerical simulations were collected to evaluate the model’s accuracy in
describing the time-dependent response of the viscoelastic substrate.

At an indentation amplitude of 0.1 mm, the normal force rises quickly and peaks
at approximately 23.1 N immediately after reaching the target depth. This rapid
increase indicates the material’s initial elastic response, as the polymer chains have
not yet begun to rearrange.

Following the initial peak, a distinct stress relaxation phase is observed. Due to
internal relaxation processes such as molecular rearrangement and stress redistribu-
tion, cause the measured force decreases gradually. Over time, the force stabilizes
and, after approximately 200 seconds, approaches a plateau of about 12.2 N. At
the same time, the indentation displacement reaches 0.1 mm and remains almost
constant for the rest of the time. This indicates that the decrease in force is not
due to additional deformation but to relaxation processes within the material.

Numerical simulations based on the proposed modelling framework successfully
reproduce the experimental behaviour. In particular, both the initial force peak
and the subsequent relaxation trend are accurately described. Small discrepancies
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Figure 2.4: Stress relaxation curves obtained for different values of the dimensionless
penetration A = A/R, where the indenter radius is R = 2 mm. The three panels
correspond to A = 0.05 (left), A = 0.1 (center), and A = 0.15 (right). On the left
vertical axis, the experimentally measured normal force (red dots) is compared with the
numerical prediction obtained from the model (solid blue line). On the right vertical axis,
the imposed indentation displacement is reported (solid black line).

are observed in the initial relaxation phase; these differences can be explained by
simplifying assumptions in the constitutive model or by experimental uncertainties.

A similar relaxation behavior occurs in the second test with an indentation am-
plitude of 0.2 mm. During loading, the force rises quickly and reaches a maximum
of approximately 44.7 N due to the larger deformation. The system then enters a
relaxation phase, where the force gradually decreases and stabilizes around 31 N
after about 200 seconds. The indentation displacement remains stable at 0.2 mm.
Numerical simulations show good agreement with experimental measurements. The
calculated force response follows the relaxation trend correctly, indicating that the
model adequately describes the viscoelastic behavior. Although small differences
are observed in the initial stage of relaxation, especially near the initial peak, the
long-term plateau behavior is recovered with high accuracy.

The third experiment was performed with a larger 0.3 mm indentation ampli-
tude and allowed to evaluate the behavior of the material at higher deformation
levels. In this case, the force reaches a maximum of about 80.6 N, which is consis-
tent with a larger indentation. After loading, the force gradually decreases during
the relaxation phase and approaches a plateau value around 55.5 N after about 200
s. The indentation displacement, however, remains constant after reaching 0.3 mm.

Numerical simulations accurately reproduced this behavior. The calculated
curves closely matched the experimental results, particularly during the long-term
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relaxation phase. Minor differences in the initial peak and early relaxation phase
were observed, but these discrepancies were small relative to the overall force level.

The stress relaxation tests demonstrate consistent viscoelastic behavior across
all three indentation amplitudes. The time-dependent force variation can be cate-
gorized into three phases: initial elastic loading characterized by a rapid increase,
a relaxation phase marked by a gradual decrease, and a stable plateau phase as the
system approaches equilibrium. Although the indentation amplitude increases, the
shape of the relaxation curves remains unchanged; this indicates that the material
remains in the same viscoelastic regime over the range considered. The good agree-
ment between the experimental results and the numerical simulations confirms that
the modeling framework accurately describes the viscoelastic behavior and justi-
fies its application to more complex loading cases, especially harmonic indentation
problems.

The next stage of the experimental program involves harmonic tests, conducted
following the initial relaxation tests. Harmonic tests enable the investigation of
material response under cyclic loading conditions, including the determination of
frequency dependence [82, 123, 76|, phase lag between force and displacement
[135, 131], and energy dissipation mechanisms [136, 79]. Whereas relaxation tests
reveal a decrease in stress under constant deformation, harmonic tests provide a
more comprehensive description of the material’s dynamic behavior and are more
representative of practical applications. Normal indentation tests under harmonic
loading were subsequently performed on the NBR material, which had previously
been characterized by dynamic mechanical analysis (DMA). These tests constitute
the main experimental part of the study, and the aim is to investigate the dynamic
contact response under cyclic loading and to directly compare the results with the
predictions of a numerical model based on the Boundary Element Method (BEM).

The results of these harmonic indentation experiments are summarized in Fig-
ure 2.5.

The indentation tests were designed using a two-stage loading protocol to en-
sure that the material achieved a steady state prior to the application of oscillatory
loading. During the first stage, a rigid indenter is pressed into the NBR surface to
a predetermined average indentation depth. This depth is represented in dimen-
sionless form as follows:

- Ay
Ay = 7 (2.36)
Here, R denotes the radius of the cylindrical indenter used in the experiment.
For these tests, the average indentation was set to Ag = 0.05. Upon reaching this
value, the indenter position was maintained for 600 seconds.
The waiting phase in viscoelastic testing is essential because it permits internal
stresses to relax under constant deformation. At this time, the polymer chains
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Figure 2.5: The upper left panel displays the dimensionless penetration A = A /R (black
line) as a function of dimensionless time ¢ at an indenting frequency f =078 x 10710,
In the lower panel, (a) compares the dimensionless normal force F;, = F/(EgAd), where d
is the out-of-plane thickness, between experimental data (red dots) and numerical results
(blue line). Panel (b) shows F}, versus A for various indenting frequencies f = f7o.

are rearranged, the stresses are reduced, and the material approaches a quasi-
equilibrium state. This process enables a more accurate evaluation of the effects of
subsequent oscillatory loading and minimizes transient effects.

Following the relaxation phase, a sinusoidal oscillatory displacement is applied
to the average indentation during the second part of the experiment. The oscillatory
amplitude is represented in dimensionless form as follows:

«
A= — 2.37
a="%, (237)
and was set equal to @* = 0.005. The oscillation frequency was also expressed

in dimensionless form as

F=frn, (2.38)

where 75 = 1.56 x 1071°s represents the characteristic relaxation time obtained
from the relaxation spectrum shown previously in Figure 2.3 (c).

Selecting these parameters ensures that the oscillatory motion remains within
the small-amplitude indentation regime, thereby maintaining the material response
in the linear viscoelastic range as defined by DMA. This loading protocol also
provides critical information regarding dynamic stiffness and energy dissipation
mechanisms.
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It is important to emphasize that, during harmonic indentation, the contact
area between the indenter and the viscoelastic substrate is not constant, but rather
evolves continuously throughout the oscillation cycle. As the indenter moves to-
wards and away from the surface, the contact region expands and contracts ac-
cordingly. This variation in contact area introduces additional complexity into the
mechanical response of the system. In particular, the changing contact geome-
try leads to a redistribution of stresses within the viscoelastic body, causing the
material to experience a loading condition that effectively contains multiple fre-
quency components beyond the fundamental oscillation frequency imposed by the
actuator. As a result, the indentation experiment simulates a complex mechanical
environment in which the material response is influenced by a spectrum of effective
deformation rates.

Another important point to consider is the actual shape of the indentation
signal applied during the experiment. Ideally, the displacement should be perfectly
sinusoidal. However, as shown in Figure 2.5(a), the signal recorded during the
experiment exhibits slight deviations from this ideal shape. These deviations arise
from the physical limitations of the experimental setup: factors such as the dynamic
response of the actuator, inaccuracies in the control system, and the mechanical
flexibility of the test rig. Although these differences are relatively small, they are
an inevitable feature of real experimental systems and must be taken into account
when comparing experimental results with numerical simulations.

The upper panel of Figure 2.5 (a) illustrates the time dependence of the ap-
plied indentation depth. The lower panel displays the corresponding normal force
response obtained experimentally, alongside the force predicted by the numerical
boundary element method (BEM) model, both using the same harmonic displace-
ment signal as input. This comparison is conducted for the following dimensionless
oscillation frequency:

f=0.78x1071. (2.39)

Based on the qualitative evaluation of the results, we can say that a high level of
agreement is observed between the experimental measurements and the numerical
predictions. In particular, we can accurately observe both the amplitude and phase
characteristics of the force signal generated during the numerical model oscillation.
This agreement indicates that the numerical methodology developed within the
framework of the study is capable of correctly describing the main features of the
viscoelastic contact response, even under dynamic loading conditions where the
contact geometry is constantly changing.

To further examine the influence of loading frequency on the viscoelastic behav-
ior of the material, harmonic indentation tests were conducted at various dimen-
sionless frequencies f , with the oscillation amplitude held constant. Panel (b) of
Figure 2.5 presents the results, showing the measured normal force as a function
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of indentation depth for each frequency.

The obtained force-indentation curves form closed hysteresis loops, which are
characteristic of viscoelastic materials subjected to cyclic deformation. These loops
are formed due to the non-coincidence of the loading and unloading paths: during
each oscillation period, part of the mechanical energy supplied to the system is lost
through viscous processes occurring within the polymer structure. As a result, the
area remaining inside the hysteresis loop represents the energy dissipated during
one loading cycle.

Comparison of hysteresis loops for different frequencies shows that as the fre-
quency increases, the loops become wider and longer, indicating that the energy
dissipated increases. This suggests that viscous mechanisms are more dominant at
high loading rates. When deformation occurs rapidly, the polymer chains do not
have enough time to relax, resulting in increased internal friction and more energy
loss.

Finally, when comparing the experimental hysteresis loops with those predicted
by the numerical simulations, it becomes evident that the numerical model suc-
cessfully captures the overall trends observed in the experimental data. Although
minor discrepancies may appear in certain regions of the cycles, particularly at
higher frequencies, the numerical predictions remain in good qualitative agreement
with the measurements. This result confirms the reliability of the Boundary El-
ement Method approach adopted in this work for modelling viscoelastic contact
under harmonic indentation conditions.

2.3.3 Energy Dissipation and Analytical Approximation

In order to estimate the energy dissipation during cyclic indentation, a novel ana-
lytical formulation is proposed in this study, which allows to estimate the hysteresis
work under harmonic oscillation conditions. Although numerical simulations based
on the Boundary Element Method (BEM) describe the contact mechanics prob-
lem with high accuracy, the analytical approach allows to explain the system in a
simpler and more understandable way. Through this formulation, it is possible to
isolate the main physical parameters that determine the energy losses in viscoelastic
contacts and effectively predict the dissipative behavior.

The results obtained from this analytical formulation are illustrated in Fig-
ure 2.6(a).

In particular, Figure 2.6 presents a contour map of the dimensionless dissipated
work defined as

W = ENR (2.40)

This indicator is determined using the analytical expression in Equation 2.31.

Dissipated work is defined as a function of two dimensionless parameters: oscillation
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Figure 2.6: (a) Contour plot of the dimensionless dissipated work W, calculated using
Eq. (2.31), for vertical harmonic oscillation of the punch as a function of dimensionless
frequency f and amplitude & at constant mean indentation Ag = 0.05. The red curve
shows the analytical detachment boundary from Eq. (2.34), which separates the detach-
ment region (white) from continuous contact. (b) Dimensionless dissipated work versus
frequency for the critical amplitude a* = 0.005, illustrating the influence of the loss mod-
ulus Im £(w) as described by Eq. (2.31).

frequency f and the oscillation amplitude &(w). In this approach, the average
indentation depth is assumed to be constant Ay = 0.05 to isolate and clarify the
effects of frequency and amplitude on the dissipative behavior can be analyzed and
visualized more clearly.

The contour plot clearly shows how the energy dissipated varies under different
loading conditions. In general, larger oscillation amplitudes and higher frequencies
lead to more energy losses, since in this case the viscoelastic mechanisms within
material are more active. This representation gives an overview of the parameters
that determine the dynamic response of the system.

An important characteristic of the viscoelastic indentation process is evident
in the time-dependent variation of contact pressure and displacement distributions
obtained from numerical simulations. These distributions are shown in Figure 2.7.

Figure 2.7 presents the contact pressure distribution and the corresponding
surface displacement on the viscoelastic substrate at various time points during the
harmonic oscillation period. The simulation results correspond to a dimensionless
frequency f = 3.12 x 1071° an average indentation depth A, = 0.25, and an
oscillation amplitude a = 0.15.

These results show that the viscoelastic material does not respond immediately
to the indenter’s oscillatory motion. Instead, a phase lag occurs between the applied
indentation displacement and the resulting viscoelastic substrate deformation. This
delay results directly from the time-dependent relaxation processes characteristic
of viscoelastic materials.

As previously discussed in Ref.[37], in the context of periodic detachment, this
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Figure 2.7: The pressure distribution at different time steps is characterized by the black
line and the corresponding displacement distribution, the red line. The dotted red line
shows the change in the position of the rigid indenter. In the simulation, the average
displacement value is Ag = 0.25, the oscillation frequency is & = 3.12 x 10710 and the

amplitude is & = 0.15.
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delayed response can result in the periodic detachment of the indenter from the
surface during the oscillation period. During the unloading phase, when the in-
denter moves away from the substrate surface, the viscoelastic material does not
recover rapidly enough to sustain contact. Under such conditions, the indenter tem-
porarily loses contact with the substrate before re-establishing contact during the
subsequent loading phase. This intermittent contact behavior is commonly referred
to as tapping mode.

The presence of this tapping regime is clearly visible in the contour plot of
Figure 2.6(a), where a tapping mode front separates the continuous-contact region
from the detachment region. In the figure, the detachment region is represented by
the white area, while the region above the front corresponds to conditions under
which the indenter remains in continuous contact with the substrate throughout
the oscillation cycle.

Analytical analysis of the tapping mode shows that two different asymptotic
behaviors emerge at low and high frequencies. These behaviors arise from the de-
pendence of the system response on the modulus of the complex viscoelastic mod-
ulus £(w), more precisely 1/|E(w)|. At low frequencies, the material has enough
time to relax and continuous contact is maintained. At high frequencies, the ma-
terial cannot fully adapt to the applied displacement, leading to a temporary loss
of contact—i.e., the activation of the tapping mode.

At the same time, it is important to accurately know the complex modulus £(w)
of the material in order to determine both the dimensionless dissipated work W and
the tapping limit &(w). In this study, these properties were obtained by Dynamic
Mechanical Analysis (DMA). Reliable DMA data play a key role in correctly pre-
dicting the dissipative behavior of a viscoelastic contact system, both analytically
and numerically.

Figure 2.6 (b) clearly demonstrates the effect of oscillation frequency on en-
ergy dissipation. The frequency dependence of the dimensionless dissipated work is
presented for the critical amplitude a*. Analytical results indicate that dissipated
work is strongly correlated with the loss modulus Im £(w) of the material, which
aligns with Equation 2.31. As the imaginary part represents the viscous compo-
nent, higher values of Im £(w) correspond to increased internal friction and greater
energy dissipation. The graph differentiates between two regimes: the solid line
represents continuous contact, while the dashed line denotes the tapping regime,
where separation occurs.

The graph shows two regimes based on contact conditions. The solid line in-
dicates continuous contact, where the indenter stays in contact with the substrate
throughout the oscillation cycle. The dashed line indicates the tapping regime,
where detachment occurs.

To validate the analytical and numerical predictions, we also evaluated the
dissipated work experimentally by calculating the area of the force-displacement
hysteresis loops from harmonic indentation. Figure 2.8 compares the experimental
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results with the theoretical predictions.
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Figure 2.8: The graph compares the dissipated work W during the vertical oscillation
of the punch at different frequencies. Dashed lines with red dots indicate experimental
measurements at ten frequencies, while the solid green line shows theoretical results. The
dashed line with blue dots represents Boundary Element Method (BEM) analyses based
on Eq. 2.31.

Figure 2.8 compares the dimensionless dissipated work from three different
sources: the analytical formulation derived from Equation 2.31, numerical simula-
tions based on the Boundary Element Method (BEM), and experimental measure-
ments obtained with the Biomomentum MACH-1 v. 4.5 instrument. The results
show good agreement between experimental and numerical predictions, confirming
that the BEM model accurately describes viscoelastic energy dissipation during
cyclic indentation. Some differences are observed at higher frequencies, which is
consistent with the behavior seen in hysteresis loops.

It should be noted that the numerical model developed in this study considers
only the normal contact problem and does not include normal-tangential inter-
actions. In real systems, tangential forces can cause stick—slip phenomena at the
contact surface and create additional energy dissipation mechanisms [137]. How-
ever, these effects are usually significant only when there is a strong elastic inho-
mogeneity between the materials (for example, in cases characterized by Dundurs
parameters) or when the viscoelastic layer is very thin [138, 139].

In the present case, it is justified to ignore these effects. The thickness of
the viscoelastic layer used is much larger than the characteristic dimensions of
the contact area and the Poisson’s ratio of the material is approximately v = 0.5
[138, 139]. Under these conditions, the interaction between normal and tangential
contact problems becomes weak, and using only the normal indentation model is
sufficient to accurately describe the behavior of the system.

Furthermore, the current formulation does not explicitly consider adhesion ef-
fects or nonlinear viscoelastic behavior. However, the strong agreement between
numerical results and experimental measurements suggests that the primary mech-
anisms governing the viscoelastic response are effectively represented by the model.
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Although the analytical formulation is based on simplifying assumptions such as
ideal sinusoidal indentation, it shows a fairly good agreement with the experimental
results, especially at medium and high frequencies. The observed differences at low
frequencies can be explained by these simplifications and the small deviations of
the real experimental signal from the ideal sinusoid.

Nevertheless, the analytical approach provides both a useful and computation-
ally efficient tool for estimating energy dissipation in viscoelastic contacts under
harmonic loading.

The results obtained show that the Boundary Element Method (BEM) combined
with the analytical formulation proposed in this study successfully reproduces the
experimental behavior of viscoelastic indentation systems both qualitatively and
quantitatively. This feature is of great practical importance, since the model allows
for the prediction of the dissipative performance of viscoelastic components such as
vibration dampers and polymer bearings.

Furthermore, the developed methodology can also be used as a valuable tool for
the mechanical characterization of soft and biological materials {140, 141, 6, 142].
Indentation tests are widely used to determine the viscoelastic properties of such
materials [143|. Since a reliable relationship is established between the viscoelastic
modulus of the material and the observed mechanical response, this framework
provides a powerful approach for the correct interpretation of experimental results
and the extraction of key material parameters.
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Chapter 3

Impact Response of Viscoelastic
Solids

The dynamic interaction between impacting bodies and solid surfaces is one of the
fundamental problems of contact mechanics and plays an important role in a wide
range of engineering applications. In tribological systems, these interactions deter-
mine processes such as friction, wear, and surface damage; in particular, in bearings
[144], gears [145], and rolling contacts [146], repeated micro-impacts directly affect
the durability and efficiency of components. Viscoelastic contacts are widely used
in the field of shock absorption and vibration control. In automotive suspensions,
aerospace structures, and protective equipment, the ability of materials to dissi-
pate energy through internal friction is crucial for reducing transmitted forces and
preventing structural fatigue [76, 147, 70].

Furthermore, the mechanics of particle—surface collisions are key to granular ma-
terials and particulate systems. In areas such as powder processing, pharmaceutical
manufacturing, and geophysical flows, where the collective behavior of particles is
strongly influenced by individual collision dynamics and energy dissipation mech-
anisms. Understanding stress and contact development from impact in protective
coatings and surface engineering is essential for designing materials resistant to ero-
sion, impact wear, and repeated loading. This is especially important for systems
in harsh environments, including turbine blades, pipelines, and cutting tools [148].
Controlling small-scale impact and contact behavior is also increasingly important
in emerging fields such as additive manufacturing and soft material design. This
enables purposeful shaping of mechanical response and material performance [149].

Furthermore, viscoelastic impact phenomena are of direct relevance to energy
dissipation systems. In these systems, materials are specifically designed to ab-
sorb and redistribute kinetic energy; these include applications such as automotive
crashworthiness, packaging systems, and sports equipment [76, 150]. The effec-
tiveness of these systems is determined by the interplay among material rheology,
impact velocity, and contact evolution, which necessitates precise experimental and
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theoretical descriptions of dynamic contact.

Within this broader context, the normal impact of a spherical body on a hard
surface is considered a classical (canonical) model problem. Its simple geometry
allows for the application of analytical approaches, and the main starting point in
this field has been the Hertzian contact theory [41|. Despite this simplicity, the
model correctly describes the basic mechanisms such as contact deformation, stress
distribution and energy transfer, and is therefore used as a fundamental reference
point for more complex problems. For this reason, this configuration has been
widely studied, both for the development of predictive models and for applications
where impact and contact mechanics are important. The classical theory estab-
lishes the relationship between contact force, indentation depth and contact radius
under quasi-static conditions, which forms the basis of elastic contact [41]. As dis-
cussed in Chapter 1, materials such as polymers and elastomers exhibit viscoelastic
properties. These characteristics result in time-dependent deformation, hysteresis,
and energy dissipation. Notably, these phenomena cannot be fully described by
elastic models alone.

To address these limitations, Hertzian contact theory has been developed in
various directions. In early studies, Lee and Radok and Hunter proposed contact
models within the framework of linear viscoelasticity, which allowed for a bet-
ter understanding of time-dependent indentation and relaxation processes [42, 43].
Subsequently, these models were applied to impact problems, demonstrating that
inertia, material rheological properties of the material and how the contact develops
together determine the dynamic behavior of the system. In such cases, the impact
of a viscoelastic sphere on a rigid surface is characterized by velocity-dependent
deformation, partial energy recovery, and velocity-dependent restitution.

Experimental work on the impact of viscoelastic spheres has mainly focused on
indicators that describe the overall (global) response of the system - for example,
contact time, coefficient of restitution and force-time graphs. For example, Collins
investigated the viscoelastic behavior of polymers through ball drop experiments
and emphasized the role of energy dissipation mechanisms during repeated impacts
[46, 47].In the same vein, Zhang and co-workers showed that viscoelastic effects sig-
nificantly affect the bounce behavior by studying how deformation and contact time
depend on impact velocity [45]. In more recent studies, such as Jian, experimen-
tal results have been combined with numerical models to more accurately predict
contact forces and restitution [49]. On the other hand, Kunzemann modelled ball
drop tests using finite element methods and successfully described nonlinear contact
dynamics [48].

Although significant progress has been made in this area, much of the current
research is still based on indirect measures of the contact process. Typically, pa-
rameters such as force, indentation depth, or coefficient of restitution are measured,
but these do not fully reflect how the contact evolves locally. In particular, it is
rarely possible to directly measure how the contact area changes over time during
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impact — this is mainly due to technical difficulties associated with high tempo-
ral resolution and optical observation. Although high-speed imaging has partially
overcome this problem in some recent studies, the simultaneous measurement of
displacement and contact area and their comparison within a single model is not
yet widespread [149].

Taking this gap into account, the present study aims to investigate viscoelastic
impact more fully, both experimentally and numerically. For this, an acrylic spher-
ical indenter is dropped from certain heights onto a hard sapphire substrate and
controlled, reproducible impact conditions are created. The dynamic response of
the system is measured using a laser displacement system with high time resolution.
In parallel, a high-speed camera placed under the transparent sapphire disk allows
direct monitoring of the time evolution of the contact area.

The main advantage of this approach is that for the first time, both global
kinematic data (displacement) and local contact properties (change in contact ra-
dius) are obtained simultaneously. This opens up new possibilities for a deeper
understanding of viscoelastic impact mechanics.

Alongside the experimental studies, a special numerical model was developed to
describe the viscoelastic impact process. This model makes it possible to directly
compare theoretical predictions with experimental results. Combining both exper-
imental and numerical approaches allows for a deeper understanding of the energy
dissipation mechanisms, how contact changes over time, and rebound behavior.
The obtained results provide a new view of the dynamic interaction between the
rheological properties of the material and the contact mechanics. This, in turn,
creates important practical opportunities for the development of impact-resistant
materials, the construction of more effective damping systems, and the optimization
of tribological interfaces.

3.1 Materials and Experimental Methods

The experimental setup used to investigate the contact area between an impacting
ball and a sapphire disc was designed to provide precise control over drop conditions
and to enable detailed visualization of the contact interface during impact.

The system features a rigid aluminum frame supporting the drop mechanism,
a Keyence Laser for displacement measurement, and optical imaging components
for simultaneous visualization of displacement and the contact interface (see Figure
3.1). An electromagnetic release mechanism at the top ensures controlled, repeat-
able sphere release. Drop height is precisely adjusted with high precision by a
micrometer, which ensures that the sphere is positioned in the correct position
before release.

A 3D-printed aligner was employed to center the metal holder containing the
sphere. This component ensures proper alignment during the drop and minimizes
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lateral movement.
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Figure 3.1: (a) General view of the experimental setup for the ball drop test, equipped with
electromagnetic release, micrometer height adjustment, 3D printed holder, laser sensor,
and high-speed camera; (b) close-up view of the holder-ball-sapphire contact area; (c)
loading configuration of weights attached to the holder, intended for the static test; and
(d) 3/4-inch Nylon, PTFE, PEEK, and Acrylic spheres manufactured by PCS Instruments
and used in the tests.

PTFE, PEEK, Nylon, and Acrylic spheres with a diameter of 3/4 inches (R =
9.525 mm) were used in the experiments. The total mass of the metal holder to
which the spheres were attached was 500 g. The sphere-holder system was dropped
from heights of 1.5 mm, 5mm, 7mm, and 10 mm, mm onto a sapphire disk serving
as a hard impact surface. This approach enabled a systematic investigation of the
effect of impact energy on the contact area.
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The vertical displacement of the holder during impact was measured using a
laser displacement sensor mounted at an angle to the upper part of the frame.
The laser beam was directed directly at the metal holder, and its movement was
recorded continuously throughout the impact. The sensor operated with a time step
of 50 us and a sampling frequency of 20 kHz. In order to eliminate the projection
effect on the measurements due to the inclined placement of the sensor, a geometric
correction factor was applied during calculations.

For all subsequent experimental tests, displacement is measured by laser and
must first be verified. To achieve this, an optical module consisting of a Phan-
tom Mini UX100 high-speed camera is positioned in front of the holder to record
its movement under controlled illumination at 10,000 frames per second, enabling
detailed observation of the rapid evolution of the contact area during the short
impact event. To compare displacement results with those from the laser, an opti-
cal method using Digital Image Correlation (DIC) is applied to the camera images
(see Figure 3.8 (a)). To analyze displacement, a foreground and reference point
are identified in the images. For this purpose, a blue reference line connecting
selected sub-areas along the lower edge of the holder was selected and the displace-
ment was calculated by tracking its movement in successive frames. This method
relies on gray tone correlation and provides sub-pixel accuracy. Displacement is
initially measured in pixels and then converted to physical units by calibration
0.07772 mm/pixel based on a 30 mm mm reference length on the holder. The data
is further processed in MATLAB. Although laser and DIC measurements were con-
ducted in separate sessions, specific 3D-printed support elements were used at each
height to maintain consistent drop conditions.

After validating displacement measurements, we used a new experimental setup
to study contact area development. A high-speed camera was positioned beneath
the sapphire disc and directly observed the contact interface during impact. We re-
peated the experiments under identical drop conditions and heights. Contact area
analysis focused on the acrylic sphere, as its transparency allowed optical moni-
toring of the contact area. The transparent acrylic sphere and an interferometric
setup, based on Ovcharenko’s method [151], enabled visualization of the contact
area through a sapphire disc. Interference fringes at the interface provided enough
contrast for precise contact area measurement (see Figure 3.14).

Following the contact area measurements, additional experimental tests were
performed to evaluate the effect of temperature on the contact response of the
acrylic sphere (see Figure 3.1). The acrylic sphere was heated to approximately
39°C using a heat gun and dropped onto a sapphire disk from a height of 10 mm
under the same conditions. This method enabled a direct comparison of contact
area development at elevated and room temperatures.

Prior to experimentation, the optical system was calibrated to establish the
spatial scale of the images. The influence of the 10x objective lens positioned
before the beam splitter cube was incorporated, yielding a conversion factor of
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Figure 3.2: Experimental setup and temperature measurement for studying the contact
analysis of acrylic sphere at high temperatures (a) Schematic representation of the ex-
perimental configuration, where an acrylic sphere mounted on a vertical holder impacts
the substrate, while localized heating is applied using a heat gun. The contact event
is recorded from below using a Phantom Mini UX100 high-speed camera. (b) Thermal
image of the contact area obtained using an infrared thermometer, showing the controlled
temperature of approximately 39 °C.

2.17 um/pixel per pixel. This calibration enabled precise calculation of the contact
radius and the corresponding contact area from the recorded images.

This experimental setup is particularly complex because it is required to measure
the global kinematics of the impacting body and the local evolution of the contact
interface simultaneously and under high-speed transient conditions. Penetration
must be recorded by high-frequency displacement measurements, while the contact
area must be determined optically at the micrometer level. These two quantities
are on different scales in both space and time: while the global motion occurs
at the millimeter level, the contact area evolves at micrometer scales and over
a time interval of approximately 1072 s. Therefore, precise synchronization of
the measurement systems is necessary; otherwise, even small time differences can
prevent the correct correlation of the corresponding contact state with the motion
of the sphere.

The extremely brief duration of contact during impact complicates imaging
of the precise moment of contact, particularly the initial contact.The short event
duration limits the number of frames captured, thereby increasing uncertainty in
determining the temporal evolution of the contact radius), and also places seri-
ous demands on image quality. The contact boundary is identified by interference
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fringes, which are sensitive to noise, optical alignment, and surface conditions. Ad-
ditional challenges include ensuring precise alignment of the impacting body (to
maintain axisymmetric conditions), as well as the high sensitivity of the measure-
ments to small disturbances such as vibrations or slight tangential movements. For
this purpose, a specially printed aligner was used during the tests. At the same
time, plate vibration was studied separately; see Appendix B.

Following the dynamic impact experiments, additional tests were conducted un-
der quasi-static loading to study the time-dependent contact response of the mate-
rial. In this configuration, the same ball-and-disc system was employed, consisting
of a PTFE ball mounted on a holder in contact with a sapphire disk. Quasi-static
tests were performed on the same frame as the dynamic tests, but the loading was
applied incrementally by placing calibrated masses on the holder. Initially, the
system was subjected to the holder’s own weight of 0.5 kg for 3 minutes, followed
by normal loading at approximately every 15 min, first 2 kg, then 1 kg, 1 kg, and 1
kg. Sufficient time was provided between each load increment to observe the time-
dependent response of the material. This methodology enabled evaluation of both
the instantaneous elastic response and the time-dependent deformation behaviour
associated with creep (see Figure 3.17 (c)). The vertical displacement of the holder
was measured using a laser displacement sensor.

The obtained laser measurements were performed with a time resolution of
5s, which allowed monitoring of both the instantaneous elastic response and the
subsequent viscoelastic creep. Appropriate geometric correction was applied to
eliminate errors caused by the inclined placement of the laser.

All experimental spheres were supplied by PCS Instruments (see Figure 3.17
(d)). After impact testing, the spheres were cut and samples were prepared for
material characterization. Dynamic Mechanical Analysis (DMA) was used to assess
the viscoelastic properties, with particular focus on the acrylic sphere used in optical
measurements. DMA tests were conducted using a dynamic mechanical analyzer
from Anton Paar.
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3.2 Theoretical and Numerical Framework

| Hertzian Limit r

Tt

Figure 3.3: (a) The evolution of the reduced gap g, as a function of time ¢. for a given
initial drop height hg, where t. = 0 corresponds to the first contact. (b) Qualitative
illustration of the impact process.

Figure 3.3 schematically illustrates the impact process studied in this work and
defines the key physical quantities for the analysis. A viscoelastic sphere with
radius R is dropped from height hy onto a hard sapphire substrate, moving in the
normal direction until contact occurs. The initial contact time, t. = 0, serves as the
reference point for both experimental and numerical analysis. The time evolution
of the system is expressed in terms of the reduced gap g,.
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To formally define this quantity, we introduce the gap function g, which is
generally expressed as g(z,t) = go(z,t) — A(t) + w(x,t) [152]. Here A(t) denotes
the approximation of the rigid body, go(z,t) denotes the initial seperation between
the undeformed bodies, and w(z,t) denotes the normal displacement of the surface
in the radial coordinate z.

Accordingly, the reduced gap is defined as g,(x,t) = g(z,t) + A(t) = go(z,t) +
w(z,t).In the special case for the center point z = 0: ¢,(0,t) = ¢g(0,t) + A(t) =
90(0,t) +w(0,t), where go(0,t) = z0(t) — R, and 2o(t) is the vertical coordinate of
the center of mass of the sphere (see Figure 3.3).

The use of the reduced gap g, enables a clear distinction between contact and
separation scenarios. Specifically, contact occurs when g, < 0, as the gap g, < 0
and the rigid body approximation A assume non-positive values. In contrast, when
the sphere is separated from the substrate, penetration - A = 0 and the gap ¢
assumes positive values. Unless specified otherwise, the sign of g, refers to its value
at the center point (x = 0).

Figure 3.3 shows that after the initial impact, the sphere rebounds with de-
creasing intensity and gradually approaches the Hertzian regime. The lower panel
displays the key quantities used to analyze the contact area. The first three impact
events are identified by the time variation of g.. For each event, the variation of
the contact radius a near its maximum is analyzed (see inset graph). To ensure
systematic comparison, a local time variable ¢, is defined at the moment when the
contact radius reaches its maximum ¢, = 0. This method enables comparison of
different impact events regardless of their timing. The analysis focuses on the first
three impacts only, as these events reflect the main features of the contact dynamics
while minimizing the influence of weaker subsequent rebounds.

The behavior of a linear viscoelastic solid is characterized by a constitutive
equation that relates deformation £(t) to the time derivative of the applied stress
o(t) |78].

e(t) = / dc;gl) Tt —t)dt. (3.1)

—00

where J(t) is the creep compliance function. This function is related to the
intrinsic material properties via

J(t) = %ot) — H(t) /000 A(r) et/ dr, (3.2)

where H(t) is the Heaviside step function, Ej is the long-term (rubber) modulus,
and A(7) is the continuous creep spectrum over relaxation times. For numerical
implementation, the spectrum is discretized and expressed as A(7) = 7| A; d(T—
7;) and the resulting creep function is J(t) = %f) —HE) Y A e~*/7. This
approach enables the viscoelastic behavior of a material to be described as a sum
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of several characteristic relaxation mechanisms (Prony order), facilitating efficient
application in numerical models.y in numerical models.

The normal surface displacement w(z,t) induced by the applied stress field is
computed using the convolution integral [39, 37, 38|

w(x,t):[im j(t—t')g(x,x/)%dx’dt’, (3.3)

Here, G(z,2’) represents the spatial Green’s function. When the radial area is
divided into N concentric rings of width A, the Green’s function that describes the
displacement at point x; due to a unit pressure applied in the k-th ring is expressed
as follows:

Q(wl,xk) ZZ/{(.%“LC]C—F %) —Z/{(.%z,l'k — %) s (34)
where U(z;, x1,) is defined as [152, 153]
oy A=) faE(w /) z; < ay,
Ulzs z) = ——— {m Eoy/z) — (1 — (/o) DK @z 25> 30 O

with K(-) and E(-) denoting the complete elliptic integrals of the first and second
kind, respectively.

Following the numerical approach proposed in Ref. [39], the discretized expres-
sion of the surface displacement at the i-th node and at time ¢t = n/At can be written
as

w(x;, nAt) — Q(x;, nAt) — I'(z;, nAt) = J(0) Z Gz, xx) o(zg, nAL),  (3.6)

where the history-dependent terms Q(z;,nAt) and TI'(x;,nAt) are defined
as 39, 38, 154]

N n—1
Q(x;, nAt) = ZQ Ty T, Z] At (n— )Aak , (3.7a)
k=1 m=0
N
['(x;,nAt) = ZQ zi, xk) J(0) o(zg, (n — 1)At), (3.7b)
k=1

where, Ao}" = o(x, mAt) — o(xy, (m — 1)At).
Equation (3.6) can be recast in algebraic form as a linear system. Defining
We(zi, nAL) = w(x;, nAt) — Q(z;, nAt) — I'(x;, nAt), one obtains
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{we,} = [Kirl{ow}, (3.8)

where K. denotes the influence matrix. The contact problem is then solved
iteratively according to the approach presented in [119]. In each iteration, elements
with negative contact pressure are removed from the contact area, and areas with
interpenetration are included in the contact zone. This process is continued until
the contact area stabilizes.

A the rigid approach, denoted as A(t), must be established to guarantee the
global equilibrium of the sphere. This condition is formulated as follows:

MZo(t) = Fu(A(t) = W, (3.9)

Here, F}, denotes the normal contact force, which is determined by integrating
the pressure distribution across the contact area, while W represents the total
weight. The total mass of the system is defined as M = mg + my,, where my =5¢g
is the mass of the sphere and mj;, = 500 g is the mass of the holder (see Figure 3.1).

The experimental velocity was calculated from the displacement fields obtained
by Digital Image Correlation (DIC). The vertical displacement Yg;sp(t) of a selected
representative point on the substrate (in pixels) was tracked over time and converted
to millimeters using a calibrated conversion factor C"

Sfdisp, (t) = Ydisp<t> x C (310)

The instantaneous vertical velocity vex,(t) was determined by numerically differ-
entiating the displacement—time function. A central difference scheme was used for
interior points, while forward and backward differences were used at the boundaries
to improve accuracy:

. Ydisp,mm(ti—i-l) - Y;lisp,mm(ti—l)

Vexp (ti) = P—— (Central Difference) (3.11)
Y. isp,mm ta) — Y isp,mm 13 .

Vexp(t1) = —22 ( 2 — tld GY (Forward Difference) (3.12)
Y. isp,mm 13 - Y isp,mm In— .

Vexp(ty) = —22 (1) = Yaisp mm (bv—1) (Backward Difference) (3.13)

In —tn—1

As a result, the velocity obtained in units of was converted to and a mov-
ing average filter was applied to reduce the high-frequency noise generated by the
numerical derivative:

SmMOOth (Vexp (t), N)

14
1000 (3:14)

Vexp,ms (t> =
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3.3 Results and discussion

3.3.1 Dynamic Mechanical Analysis of the Spheres

As described in Section 3.1, the viscoelastic properties of the materials used in
the impact experiments, including Acrylic (PMMA), PEEK, Nylon, and PTFE,
were characterized using Dynamic Mechanical Analysis (DMA). For each material,
prismatic specimens with a cross section of 3mm x 3mm and a length of 20 mm
were prepared. Frequency and temperature sweep tests were conducted to evaluate
the linear viscoelastic behavior.

DMA tests were performed under torsional loading over the frequency range 0.1
to 10Hz and the temperature was varied from —40°C to 120°C. This approach
allowed the determination of the complex shear modulus G*(w, T), which includes
both the elastic and dissipative components of the material. The complex modulus
consists of two parts: the storage modulus G'(w), which characterizes the energy
storage, and the loss modulus G”(w), which is related to viscous dissipation.

The DMA results for each material were brought to the corresponding reference
temperatures Ty using the time-temperature superposition (T'TS) principle (PEEK:
129.93°C, Nylon: 20.16°C, PMMA: 20.042°C, and PTFE: 20.031°C). The complex
modulus master curves are shown in Figure 3.4, 3.5, 3.6, 3.7. Markers represent
experimental data, while lines show the fitted viscoelastic model. The left axis
displays G'(w), and the right axis displays G"(w).

The master curves clearly show the transition from the low-frequency rubbery
regime to the high-frequency glassy regime; this reflects the decrease in the mobility
of the polymer chains as the frequency increases. At the same time, the loss modulus
« exhibits a characteristic peak behavior due to relaxation, which is related to the
molecular segment dynamics and energy dissipation. The slip coefficients a7, shown
in the right panels of the Figure 3.4, 3.5, 3.6, 3.7, enable construction of the master
curve across a wide frequency range according to the following relationship:

G(w,T) = Glarw, Ty). (3.15)

The smooth variation of ar with temperature indicates thermo-rheological con-
sistency for all materials and confirms the validity of the TTS approach.

This DMA analysis reliably characterizes the frequency-dependent viscoelastic
behavior of acrylic, PEEK, Nylon and PTFE materials and provides a solid basis
for the correct analysis and prediction of their dynamic response under impact
loading.
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Figure 3.4: Viscoelastic modulus master curves obtained from DMA analysis for a PEEK
sphere: the left panel shows the experimental data for the storage and loss moduli (blue
circles Re G, red circles Im G and the numerical fits (solid blue and black lines), re-
spectively; the right panel presents the temperature-dependent slip factors ap, with the
reference temperature Ty = 129.93°C.
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Figure 3.5: Viscoelastic modulus master curves obtained from DMA analysis for a Ny-
lon sphere: the left panel shows the experimental data for the storage and loss moduli
(blue circles Re G, red circles Im G and the numerical fits (solid blue and black lines),
respectively; the right panel presents the temperature-dependent slip factors ap, with the
reference temperature Ty = 20.16°C.

3.3.2 Experimental Validation via Laser and High-Speed Imag-
ing

The dynamic response of the impact system hy = 7mm was investigated at a con-
trolled drop height, precisely set using a micrometer-based mechanism to ensure
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Figure 3.6: Viscoelastic modulus master curves obtained from DMA analysis for a Acrylic
sphere: the left panel shows the experimental data for the storage and loss moduli (blue
circles Re G, red circles Im G and the numerical fits (solid blue and black lines), re-
spectively; the right panel presents the temperature-dependent slip factors ap, with the
reference temperature Ty = 20.042°C.
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Figure 3.7: Viscoelastic modulus master curves obtained from DMA analysis for a PTFE
sphere: the left panel shows the experimental data for the storage and loss moduli (blue
circles Re G, red circles Im G and the numerical fits (solid blue and black lines), re-
spectively; the right panel presents the temperature-dependent slip factors ap, with the
reference temperature Ty = 20.031°C.

experimental reproducibility. The displacement of the ball-holder system was in-
dependently measured using a Keyence laser displacement sensor and the Digital
Image Correlation (DIC) method, as described in Section 3.1, together with high-
speed imaging. This allowed direct comparison and validation of the measurement
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Figure 3.8: Deformation evolution of the PTFE ball impact on a sapphire disc. (a) DICe
analysis of the PTFE ball holder showing the reference line (blue) selected on the subset of
automatically detected points (yellow dots). (b) Time-lapse deformation of the reference
line at selected times (0, 0.074, 0.085, 0.106, 0.126,3, 0.138, 0.149,6, 0.155,6, 0.161,8 s,
and final time - 0.300 s). The line drops from a 7 mm height and progressively deforms
upon impact, with subsequent rebounds visible. All coordinates are in mm (calibration:

1 pixel = 77.7 pm).

Figure 3.8 (b) shows the intermediate results obtained from the DIC analysis.
As can be seen in Figure 3.8 (a)), a blue reference line was defined on the surface of
the gripper and divided into several sub-areas (subsets), and the motion of these ar-
eas was tracked through the image sequence using correlation-based matching. The
DIC algorithm calculates the displacement area by maximizing the correspondence
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of the grayscale distribution within each subset between successive frames, thus en-
suring sub-pixel accuracy. The temporal displacement of the subsets captures the
spatially distributed motion of the gripper during impact. Using this data, a rep-
resentative subset was selected to construct a one-dimensional displacement—time
profile. This profile was used to determine the global displacement response of the
system (see Figure 3.8 (a)).
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Figure 3.9: Time evolution of the ball drop response for a drop height of h = 7 mm,
obtained from the high-speed Phantom Mini UX100 camera (blue markers) obtained from
the DIC and from laser measurements (red markers). Panel (a) presents the experimental
displacement histories of both tests, while panel (b) shows the corresponding velocities
calculated from these data.

The displacement—time dependences obtained by the laser sensor and the DIC
method are presented in Figure 3.9. A high level of agreement is observed between
these two independent measurements throughout the experiment, confirming the
reliability of the experimental setup and the calibration procedures. The initial
contact between the PTFE sphere and the hard sapphire surface occurs at approx-
imately ¢ =~ 0.04s and is characterized by a sharp decrease in displacement. As
a result of the first impact, the maximum indentation is approximately —7mm,
which is consistent with the predetermined drop height on micrometer.

After the initial impact, the system shows a series of jumps with decreasing
amplitude. This pattern reflects the dissipative nature of the contact, primarily
caused by surface energy losses from the viscoelastic response of the PTFE. In the
next stage, the motion switches to a damped oscillation regime and the amplitude
decreases significantly. Finally, at approximately ¢ > 0.15s the system approaches
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Figure 3.10: The impact response of an Acrylic sphere dropped from heights hg = 1.5 mm,
5mm, 7mm, and 10 mm. shows the variation of the vertical displacement h as a function
of time ¢t. The experimental data with uncertainty is represented by the blue region, while
the red line shows the numerical prediction of the gap evolution.

quasi-static equilibrium and the displacement stabilizes around —7.1 mm.

Velocity—time profiles, 3.9 (b), were calculated from the experimental displace-
ment data in Section 3.2 and further confirmed the results. These profiles show
sharp changes during each impact: the largest velocity is observed at the first
bounce, and subsequent peaks gradually decrease due to energy losses. Velocity
plots show the impact dynamics—in particular, the timing and intensity of the
bounces—more clearly than displacement data.

3.3.3 Effect of Drop Height on Impact Response

Once the material properties were calibrated in the numerical model, impact tests
were performed to evaluate the global motion of the sphere and the development of
contact during impact. Figures 3.10, 3.11, and 3.12 compare experimental results
with numerical predictions for vertical displacement A mm of Acrylic, Nylon, and
PEEK spheres. For each tested material, the tests were performed at four initial
heights: (hp = 1.5mm), (5mm), (7mm), and (10 mm). Five repetitions of experi-
mental tests were performed for each material to increase statistical reliability.
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Figure 3.11: The impact response of an Nylon sphere dropped from heights hg = 1.5 mm,
5mm, 7mm, and 10 mm. shows the variation of the vertical displacement h as a function
of time ¢. The experimental data with uncertainty is represented by the blue region, while
the red line shows the numerical prediction of the gap evolution.

In all cases, the experimental signals are shifted along the time axis to corre-
spond to the initial contact moment (¢, = 0) between the sphere and the sapphire
surface. This allows for consistent comparison of the experimental and numerical
results with respect to the same time reference. The vertical displacement (A) is
plotted as a function of time; the blue shaded areas represent the experimental data
and their uncertainty interval, while the red lines represent the numerical predic-
tions. The green areas highlight the penetration phase, which is presented in more
detail in the additional zoomed-in plots.

The narrow experimental error intervals across all materials and drop heights
indicate high repeatability and reliability of the measurements. This confirms that
the observed agreement is due to the accuracy of the model and not to measurement
errors. The close agreement between the blue bands and the red curves demon-
strates that the numerical model describes the impact response with high accuracy.

The results show that as the drop height increases, the deformation increases
and the bounce dynamics become more pronounced, while the damping of succes-
sive bounces reflects the intrinsic viscoelastic dissipation property of the material.
Although the acrylic, nylon, and PEEK materials have different material properties,
the numerical model successfully describes the main stages of the impact response
in all cases—the initial compression, the bounce sequence, and the damping of os-
cillations. This indicates that the model is reliable and generalizable to a variety
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Figure 3.12: The impact response of an PEEK sphere dropped from heights hg = 1.5 mm,
5mm, 7mm, and 10 mm. shows the variation of the vertical displacement h as a function
of time ¢. The experimental data with uncertainty is represented by the blue region, while
the red line shows the numerical prediction of the gap evolution.

of viscoelastic polymers.

A partial deviation from the general trend is observed for the case hy = 5 mm;
here, the experimental scatter is slightly wide for acrylic and, to some extent, for
nylon. This indicates that this impact condition is more sensitive to secondary
effects that are not taken into account in the model—for example, small alignment
errors, tangential motion components, plate vibration (see Appendix B), or local
dynamic responses of the sapphire substrate. However, the scatter for PEEK is
smaller, indicating that it responds more stably under the same conditions.

Despite minor differences, the numerical model accurately reproduces the over-
all change in reduced gap (g,) for all three materials and drop heights with high
accuracy. In particular, the initial compression stage, successive bounces, and grad-
ual damping of oscillations are described with very good agreement. The gradual
decrease in the bounce amplitude is a clear indication of viscoelastic dissipation,
and this behavior is observed in the same way in Acrylic, Nylon and PEEK mate-
rials. During each impact, part of the energy is elastically stored and subsequently
recovered, while the other part is irreversibly dissipated within the material. As
a result, the bounces gradually weaken, and this trend is successfully reflected by
the numerical model. This indicates that the applied viscoelastic model correctly
describes the main dissipative mechanisms.

The agreement obtained is particularly striking because the numerical model
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used is quite simple: only the normal motion of the sphere is taken into account,
and tangential effects and possible vibrations of the sapphire substrate are not in-
cluded. The presence of vibrations was confirmed by additional experimental tests,
see Appendix B. Nevertheless, the results show that for the selected drop heights
and materials, the impact behavior is mainly determined by the normal contact
dynamics. This result is confirmed in the same way for materials with different
viscoelastic properties, such as Acrylic, Nylon and PEEK, and demonstrates the
validity of the model as well as its wide application possibilities.

Due to its transparency, the acrylic sphere represents the only material among
those investigated for which the evolution of the contact region can be directly
visualized during impact through optical measurements. This unique feature allows
for a simultaneous and reliable observation of both the global motion and the local
contact behaviour. For this reason, the following analysis focuses on the acrylic
sphere, for which a direct comparison between displacement measurements and
contact radius evolution can be established.

Figure 3.10 presents the time evolution of the impact response of an acrylic
sphere falling from hy = 1.5mm onto a sapphire substrate. The figure displays
both global kinematic data and local contact data: the blue curve represents verti-
cal displacement measured by a Keyence laser displacement sensor, while the green
markers indicate contact radius obtained from high-speed images. This visualiza-
tion highlights the relationship between the macroscopic movement of the sphere
and the microscopic development of the contact interface. It should be noted that
the laser and camera measurements were performed at different times. In addition
to 1.5mm, the results for 5mm, 7mm, and 10 mm drop heights are provided in
Appendix C.

The results in Figure 3.13can be clearly divided into three distinct phases. The
first phase is the bouncing phase, where a series of discrete impacts occur. During
this period, the displacement signal shows strong oscillations, and the contact radius
is characterized by sharp peaks corresponding to each impact. Interestingly, these
peaks coincide with the minima of the displacement signal — that is, each impact
event measured by the laser corresponds to a specific optically observed contact
state.

Intervals I, II, and IIT highlighted in the Figure 3.13 represent the first three
impacts, which are most significant for contact development. These events are also
depicted in Figure 3.14, where experimental contact area profiles are compared
with numerical results (solid red circles). This comparison establishes a direct
relationship between the time-domain response and the geometrical evolution of
the contact region. It is particularly striking that the decrease in contact area from
the first to the third impact corresponds precisely to the reduction in contact radius
peaks in the time signal.

As time progresses, the system enters the next phase. This phase is called the
vibration phase, and in this phase, damped oscillations around the equilibrium
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Figure 3.13: Temporal evolution of the impact response of an acrylic sphere released from
an initial height hg = 1.5 mm onto a sapphire substrate. The blue markers correspond
to experimentally measured sphere displacement acquired using a Keyence laser sensor,
while the green markers represent the contact radius evolution obtained from high-speed
camera imaging. The response is segmented into three distinct regimes: (a) a bounc-
ing phase characterized by successive impacts, (b) a vibration phase exhibiting damped
oscillations, and (c) a static phase where a steady contact condition is attained. The high-
lighted intervals I-I1-111 identify representative impact events selected for detailed contact
analysis, while the shaded region indicates the Hertzian contact limit (see Figure 3.14 ).

position can be observed. In this regime, the contact begins to transition to a
continuous state, while the contact radius exhibits smaller amplitude variations.
This indicates that energy is gradually lost due to the viscoelastic properties of the
material.

Finally, the system enters the final static phase. At this point, both the dis-
placement and the contact radius stabilize, which indicates that the sphere has
come to a complete standstill.

The shaded area in Figure 3.13 shows the Hertz contact theory limit correspond-
ing to the equilibrium contact radius under quasi-static conditions. The approach
of the contact radius to this value is consistent with the final contact configuration
observed in Figure 3.14 and confirms that the contact area has a stable shape
according to Hertz theory. The transition from discrete impacts to continuous con-
tact and then to static equilibrium shows that the model correctly describes both
transient dynamics and long-term behavior. The strong correspondence between
displacement and contact radius, as well as the overlap of temporal and spatial
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Figure 3.14: The numerically predicted contact areas (red lines) are compared with those
obtained experimentally from high-speed cameras. The comparison is based on the first
three maximum impacts and the static Hertzian limit at the end, with an initial drop
height of hg = 1.5 mm, as shown in Figure 3.13. During calibration, 1 pizel was measured
as =2.17mm.

observations, demonstrate the validity of this approach and highlight the funda-
mental connection between global impact dynamics and local contact mechanics in
viscoelastic materials.

Figure 3.15 further supports this interpretation. The experimental test shows
the time-dependent variation of the contact radius during the first three impacts
for all release heights ((a) hg = 1.5mm, (b) hg = 5mm, (c) hg = 7mm, and (d)
ho = 10 mm) and is compared with numerical predictions. In the graph, blue square
markers indicate the experimental contact radius obtained by image processing,
while red solid lines represent the predictions of the numerical model.

For each case, the comparison is made by applying a local time variable ¢,; this
variable is chosen so that ¢, = 0 corresponds to the moment when the contact
radius is maximum during the considered impact. Thanks to this normalization,
the time evolution of the contact radius around each peak is analyzed in a more
consistent and comparable way, regardless of the absolute time of impact. Thus, it
is possible to directly compare different impact events within a single time frame,
which allows a clearer assessment of the agreement between experimental results
and numerical simulations.
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Figure 3.15: The contact radius a versus time is plotted for different drop heights (hg =
1.5mm (a), hg = 5mm (b), hp = 7mm (c), and hp = 10mm (d)). The numerical results
(red lines) are compared with the experimental data (blue squares), both data sets being
transformed so that the maximum contact radius occurs at ¢, = 0.

The numerical model reproduces the time evolution of the contact radius for
the first three impacts at all drop heights with high accuracy. It particularly accu-
rately reflects the level of the maximum contact radius, the rapid increase during
the loading phase, and the decrease during unloading. This agreement is notable
given that each impact occurs within a very short interval, approximately 1073 s.
Accurate modeling of these fast dynamics requires fine discretization; here, the spa-
tial resolution is A = 4 x 107 m and a time step of At = 2 x 10~*s. This strong
agreement demonstrates that the physical foundations of the model are sound and
that the numerical integration scheme is stable and reliable for tracking contact
development over short time scales.

For the smallest drop height hg = 1.5mm, the first peak is well reproduced,
but a slight difference remains in the maximum value — the experimental results
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indicate that the contact radius is slightly larger. However, for the second and
third impacts, the agreement improves further, and the model accurately reflects
the gradual decrease in peak amplitude due to viscoelastic dissipation. These re-
sults also align with the previously discussed development of the contact area in
Figure 3.14.

A similar agreement is observed for the intermediate drop heights hy = 5mm
and hg = 7mm. The experimental data closely follow the numerical curves, with
only small deviations visible during the discharge phase. These differences can be
mainly explained by uncertainties in the definition of the contact boundary in the
image processing or by second-order effects not taken into account in the model.

At the highest height hy = 10 mm, the first impact produces a larger contact
radius, which is consistent with the high impact energy. The model also describes
both the magnitude and the overall shape of the peaks well. However, for sub-
sequent impacts, especially during the discharge phase, small asymmetries in the
experimental curves become more noticeable. This can be attributed to the in-
creased role of tangential motion, small alignment errors, or local dynamic effects
at high energy impacts—factors that are not included in the model. The agreement
observed across all drop heights is particularly significant. Despite the simplicity
of the model, the fact that it accurately describes such fast contact events demon-
strates its validity and confirms that it successfully captures the main features of
viscoelastic impact behavior.

Additional experiments were conducted to assess the effect of temperature on
the impact behavior of the acrylic sphere. The sphere was locally heated with a
heat gun, and the contact process was recorded from below with a Phantom Mini
UX100 high-speed camera, Figure 3.2. The temperature of the contact area was
monitored using an infrared thermometer, ensuring that the surface was maintained
at approximately 39°C. The experiments were conducted for Ay = 10 mm, which
allowed both maintaining the distance from the heat source and clearly observing
the impact dynamics.

Figure 3.16 presents the experimental results: changes in contact radius over
time and corresponding contact images for room temperature (blue markers) and
the heated state (red markers). The first three impacts demonstrate that the con-
tact radius increases consistently at all stages as temperature increases. This is
due to the temperature-dependent viscoelastic properties of the material — as the
temperature increases, the material softens and deforms more under the same load.
Consequently, the contact area expands, as shown in the images.

At the same time, the development of the contact radius with time in the heated
case occurs somewhat earlier (shifts to the left). This indicates that the contact is
formed more quickly and is explained by the reduced stiffness of the material. The
effect is especially noticeable in the initial stage of the impact, since the maximum
contact radius is reached earlier.
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Figure 3.16: Experimental comparison of the evolution of the contact radius for an acrylic
sphere dropped from 10 mm at two different thermal conditions: at room temperature
(blue squares) and heated to 39°C (red squares). Panels (a)-(c) show the first three
maximum impacts at each height, while (d) presents the quasi-static Hertz limit. Each plot
shows the contact radius a and the shifted contact time ¢,, together with corresponding
high-speed images of the contact area.

A similar trend appears in the quasi-static case, within the Hertz contact the-
ory limit: the heated sphere forms a larger contact radius even at equilibrium.
This indicates that temperature effect is not limited to the dynamic phase, but
affects contact mechanics beyond the dynamic phase. Observing this behavior in
both dynamic and static cases confirms the strong influence of temperature on the
viscoelastic response of acrylic.

In addition to the increased contact area, the contact radius develops earlier
when heated, indicating faster contact formation during impact. This results from
reduced material stiffness and enhanced viscous response at higher temperatures.
The effect is most pronounced at the start of impact, as the maximum contact
radius is reached more quickly.

The same trend is preserved in the quasi-static case — in the Hertz contact
theory limit shown in panel (d). Even in the equilibrium case, the heated sphere
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shows a larger contact radius than at room temperature. This confirms that the
temperature effect is not limited to the dynamic phase, but affects the contact me-
chanics in general. The consistent observation of this behavior in the dynamic and
static cases clearly highlights the strong influence of temperature on the viscoelastic
response of acrylic.

3.3.4 Static Loading Tests

Another experiment involved applying step loading to a PTFE sphere. The devel-
opment of the contact response during the stepwise loading is shown in Figure 3.17
(a), where laser displacement measurements are compared with theoretical Hertz
contact theory predictions.

The normal load was increased in stages: first 0.5 kg was applied at ¢ = 0 min,
and then the load was gradually increased to 2.5 kg at ¢ = 2.55 min, 3.5 kg at
t = 18.20 min, 4.5 kg at ¢ = 33.10 min, and 5.5 kg at ¢ = 47.55 min. This
loading method enables observation of both the immediate elastic response and the
time-dependent viscoelastic behavior at each stage.

The experimental displacement data were obtained with a laser-measuring sys-
tem at a time resolution of 5 seconds. Due to the high sensitivity of the sensor, some
fluctuations are visible in the raw data; this is mainly due to measurement noise,
surface irregularities and environmental effects. To reduce this dispersion and to
see the underlying physical trend more clearly, a moving average filter was applied,
resulting in smoother and more reliable curves. Thus, the smoothed results show
the overall mechanical response, while the raw data reflect the natural variation of
the measurements.

The contact radius increases consistently with increasing load, as expected from
classical contact mechanics. In addition, a time-dependent behavior is also clearly
visible at each loading stage: immediately after the load is applied, the system
goes through a short transient phase and then gradually approaches a quasi-steady
state. This is a consequence of the viscoelastic creep characteristic of PTFE, under
continuous loading, the deformation continues to increase with time due to internal
structural changes.

In contrast, Hertz contact theory provides an instantaneous, time-independent
contact response for each load. Therefore, the theoretical curves appear as step-
wise, constant values, which reflect the assumption of perfectly elastic behaviour.
Although the model correctly shows an overall increase in contact radius with in-
creasing load, it does not account for the transient development observed in the
experiment. For this reason, the differences are most noticeable immediately after
the application of the load - at that moment, the experimental contact radius is
smaller because the deformation has not yet fully developed.

Over time, however, the experimental contact radius increases and approaches
a constant value, as a result of which the theoretical and experimental results
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Figure 3.17: (a) Comparative plot of experimental and theoretical contact area evolution
under stepwise loading for a PTFE ball on a sapphire surface: gray dots show raw data
from the laser, blue solid curve is the smoothed response of the raw data, and red dashed
line represents the Hertz prediction; horizontal dashed lines show the average contact
radius at each load (0.5-5.5 kg), and vertical dashed lines show the applied load changes.

(b) Evolution of theoretical contact area under stepwise loading.

converge. This indicates that the system has reached an equilibrium state that can
be approximately described by elastic theory in the long run. However, the fact
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3.3 — Results and discussion

that certain differences remain clearly reveals the limitations of the Hertz model
for viscoelastic materials.

Experimental results averaged over each load level show a similar growth trend
in contact radius compared to theoretical predictions, but differences remain, es-
pecially at low loads. This is explained by the fact that both viscoelastic effects
and measurement noise are more pronounced. In addition, corrections for laser an-
gle and the geometric relationship used to convert displacement to contact radius
(a = v/R6) can introduce further variability.

The theoretical contact area development given in the lower part of Figure 3.17
presents an idealized picture: here the contact area is assumed to form immediately
at each load level, to be constant over time, and to be perfectly circular. The
experimental results show the opposite — the contact area gradually expands over
time, confirming the existence of time-dependent deformation mechanisms.
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This thesis is based on the study of the systematic investigation of viscoelastic
materials under various contact loadings. This research combines experimental
measurements, numerical modeling and analytical approaches under one umbrella,
with a particular focus on indentation and impact processes. By considering quasi-
static and dynamic regimes together, a unified and physically consistent framework
is established to explain the deformation, stress distribution, contact development
and energy dissipation mechanisms.

In Chapter 2, the mechanical behavior of NBR, a viscoelastic material, under
indentation loading is investigated using a combination of experimental, numerical
and analytical approaches and at the same time the development and validation
of a numerical framework that can accurately predict the indentation behavior of
materials. A specially designed periodic indenter was used for this purpose. Exper-
imental analyses were performed on an NBR sample in a Biomomentum MACH-1
device using the same indenter. The obtained results were used as reference data for
the verification of Boundary Element Method (BEM) simulations and an additional
analytical approach developed to estimate the energy dissipation during cyclic in-
dentation. The research is aimed at understanding the time-dependent response
under both static and dynamic conditions. This type of research is considered to
be of great practical importance. It is widely used in fields such as the design of
viscoelastic dampers, as well as in biomechanics, in the mechanical characterization
of soft materials and biological tissues using indentation-based methods. Because
the indentation method is considered the best alternative to typical DMA analy-
sis, and the use of this method is characterized by its advantages such as fast and
reliable results, no sample cutting, and preservation of material integrity due to
factors such as high temperature.

The stress relaxation experiments revealed typical viscoelastic behavior. Thus,
a rapid increase in the response is observed during the initial loading, followed
by a gradual decrease in the force due to the redistribution of stress within the
polymer network, and after a certain time, the steady-state regime is reached. These
experimental results were reproduced with high accuracy by the numerical model,
which successfully described both the initial elastic response and the subsequent
relaxation towards a stable plateau. The system showed strong agreement with the
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experimental results.

In order to further analyze the dynamic response, harmonic indentation tests
were performed in addition to stress relaxation. The obtained simulation and ex-
perimental results showed good agreement at different frequency and amplitude
conditions. At the same time, the results successfully recovered the hysteresis
force—displacement cycles characterizing the energy dissipation and damping ca-
pacity. Both the accurate numerical calculations and the analytical formulation
showed agreement with the experimental results in the evaluation of the dissipated
work, which confirms that the analytical approach is an effective tool for simple
and reliable evaluation of energy losses in cyclic viscoelastic contact problems.

In Chapter 3, the focus is on the dynamic response of viscoelastic materials
under impact loading. For this purpose, a special experimental setup was devel-
oped to analyze the normal impact of spheres made of various materials such as
Acrylic, PTFE, Nylon, PEEK on a hard sapphire substrate. The setup combined
an electromagnetic release mechanism, a micrometric height adjustment, a laser
displacement sensor, and a high-speed imaging system in the same setup, allowing
for accurate and repeatable measurements of both global motion and local contact
area development. This approach is considered an important advance in terms of
simultaneously verifying kinematic and contact-level predictions.

The process line was simulated using a numerical model based on viscoelastic
contact mechanics and implemented with the Boundary Element Method (BEM).
Despite simplifying assumptions such as considering only normal motion and ignor-
ing tangential effects and structural vibrations, the model showed high agreement
with experimental results at different drop heights. In particular, the development
of the reduced gap, the sequence of the jump, the damping of the motion due to
viscoelastic dissipation, the spatial variation of the contact area, the temperature
variation of the contact area, and the change of the contact in the static state were
all accurately reproduced.

The analysis of the initial impacts showed that the main mechanisms—i.e., in-
ertia, contact mechanics, and the time-dependent behavior of the material—are
successfully described by the model. The reduction of the jump amplitude and
contact area is correctly associated with the internal energy dissipation. The differ-
ences observed in the later stages are explained by the neglected secondary effects
such as tangential motion, small alignment errors, and vibrations. This both con-
firms the robustness of the model and indicates directions for future improvement.
It should be noted that a transparent acrylic sphere was used to study the contact
area, allowing the contact to be seen.

Together with Chapter 2, these results show that viscoelastic contact problems
from indentation to impact can be effectively analyzed with relatively simple and
physically consistent models when supported by high-quality experimental data.
The strong agreement obtained between experimental, numerical, and analytical
approaches confirms the validity and universality of these methods.
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In a broader context, the thesis highlights the important role of memory ef-
fects and time-dependent behavior in viscoelastic mechanics. Relating measurable
quantities such as indentation depth, contact area, dissipated energy, and rebound
dynamics to the intrinsic properties of the material provides a deeper understanding
of the different loading regimes and time scales.

However, certain limitations still remain in the study. First, the constitutive
description is restricted to linear viscoelasticity: stress is assumed to depend lin-
early on the deformation history through the Boltzmann superposition principle.
This assumption is well justified for the small-strain, low-to-moderate strain-rate
regimes considered here, but it is not expected to hold for the large local strains
and strain rates that can occur during high-velocity impact or for materials exhibit-
ing pronounced non-linear or strain-stiffening behaviour; extending the framework
to such regimes would require a non-linear viscoelastic or viscoplastic constitutive
model. Second, the contact formulation neglects friction and adhesion. This is a
reasonable approximation for the normal-impact and normal-indentation configu-
rations studied, where tangential effects are minor, but it would need to be relaxed
for oblique impacts, sliding contact, or materials with significant surface adhe-
sion (e.g. soft elastomers at low contact pressure), where tangential and adhesive
contributions can materially change the contact radius and force history. Third,
temperature-dependent behaviour is incorporated only through time-temperature
superposition (shift factors) calibrated from quasi-static DMA tests; the framework
does not explicitly model self-heating or strain-rate-dependent thermal softening
that may occur during rapid, repeated impacts. Fourth, the experimental valida-
tion, while covering several materials (NBR, PTFE, PEEK, Nylon, acrylic) and a
range of frequencies, drop heights and temperatures, remains based on a limited
number of replicates per condition; broader claims of predictive accuracy would
benefit from a larger testing campaign with explicit repeatability statistics, sensor-
calibration uncertainty, and quantitative error metrics (e.g. normalised RMSE) for
the experimental-numerical comparisons, rather than the qualitative agreement re-
ported here. These limitations do not undermine the validity of the results within
the tested conditions, but they define the boundaries within which the proposed
methodology should currently be applied, and they motivate the directions for fu-
ture work.

Beyond the limitations discussed above, the results also carry direct implica-
tions for tribological applications that warrant further discussion. The dissipated
energy quantified through indentation and impact tests is closely related to vis-
coelastic friction and rolling resistance, since both arise from the same hysteretic
mechanism: the lag between stress and strain during cyclic deformation of the con-
tact interface. The framework developed here — relating contact area, indentation
depth and dissipated energy to the complex modulus — could therefore be extended
to estimate friction coefficients and rolling resistance in sliding or rolling contacts,
complementing existing models that typically require separate, dedicated friction
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measurements.

Similarly, the impact results have direct relevance to contact damping and wear.
The viscoelastic dissipation that governs rebound height and contact duration in the
impact tests is the same mechanism that controls damping efficiency in vibration-
isolation components, while the repeated, transient contact-area evolution observed
here is a first step toward characterising surface fatigue and wear under cyclic or
impulsive loading — an aspect not addressed in the present work but consistent
with the broader engineering relevance noted above, e.g. for tire-road interaction
and protective systems.

The results of this study open up new perspectives for both engineering and sci-
entific applications by providing practical and reliable tools for the analysis of vis-
coelastic behavior under real contact conditions. From an engineering perspective,
these methodologies provide significant advantages in the design and optimization
of damping elements, vibration isolation devices, and shock absorption technolo-
gies, as well as in rapid assessment of material performance in applications such as
tire-road interaction, and protective systems where effective absorption of impact
energy is essential.

From a scientific perspective, this work provides a solid foundation for the study
of viscoelastic materials — polymers, soft composites, and biomaterials, especially
biological tissues, thin coatings, and in-situ components. This is because local and
non-invasive measurements are required in these cases. This approach is particu-
larly important in cases where traditional methods such as Dynamic Mechanical
Analysis cannot be applied due to sample or test limitations.

This thesis bridges the gap between materials characterization and real contact
behavior by combining contact-based experiments with numerical and analytical
models, and enables a more accurate, efficient, and application-oriented analysis of
viscoelastic systems, allowing for the direct extraction of material properties from
indentation and impact tests.
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Appendix A

Preliminary Theoretical Model for
Acrylic Ball Drop Experiments

A1 Theoretical Framework for Collision Dynamics and Im-
pact Trajectory Analysis

Before implementing the Boundary Element Method (BEM), a preliminary the-
oretical model was developed to investigate whether the experimentally observed
displacement response of the acrylic ball drop tests from the laser sensor could be
reproduced using a simplified viscoelastic contact formulation. The model was in-
tended as an initial validation framework prior to the implementation of the more
computationally intensive BEM analysis. The formulation was based on Hertzian
contact mechanics [43, 41| combined with a viscoelastic collision theory presented
by Brilliantov et al. [155] , adapted for the impact of an acrylic sphere on a rigid
sapphire substrate, and the results were compared.

The contact between an acrylic sphere and a sapphire disc is characterized
by the normal compression ((7) that occurs during the impact. In general, the
compression, ((7) = a;+as—|x1(7) — X2(7)| is determined by the radii of curvature
and position vectors of the contacting bodies. Since the sapphire disk is assumed to
be much stiffer than the acrylic sphere (a3 — c0), the effective radius and mass are
equal to the sphere’s radius a®® = a and mass m*® = m, respectively. Therefore,
the compression can be expressed in terms of the vertical position of the sphere’s
center:

(1) = a — ye(t) (A1)
where the contact between the two bodies exists only when y. < a. The elastic

contact response between the acrylic sphere and the sapphire crystal was deter-
mined using Hertzian contact mechanics

Pel =X C3/2 (A2)
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where the Hertzian stiffness coefficient is given by x = 2€,/eq / [3 (1 — ¥?)],
and £ and ¢ represent the Young’s modulus and Poisson’s ratio of the acrylic
material, respectively. Equation (A.2) describes the nonlinear elastic resistance
during deformation and assumes frictionless elastic contact conditions with small
deformations.

To calculate the energy loss during impact, it is essential to introduce a dissi-
pative force component within the viscoelastic material. The dissipative force is
expressed as Pgis = (1_5—192)\/@ Q/C ¢, where Q is a material-dependent dissipative
parameter 0 = (1/3) [(3¢2 — ¥1)%/(3tb2 + 2¢01)] [(1 — 9?)(1 — 29)/(E9?)] which is
related to the viscous material constants, ¢; and 5. Since these intrinsic viscous
constants are generally not available for acrylic materials, the damping contribution
was assumed to be a manually selected parameter at this initial stage. Therefore,
the viscous damping coefficient ¢, = 3/2(€2x), which allows the dissipative force to
be written in a compact form, was applied in this study.

Pais = Cv\/Zé (A-3)

where ¢, is the effective damping coefficient and ( is the compression velocity.
The total normal contact force acting during impact consequently becomes

PN = %% + e, /CC. (A.4)

For the isolated collision problem, the compression dynamics satisfy m¢ = —PY.
Substituting the elastic and dissipative contributions yields the governing viscoelas-
tic collision equation

. 2& Aot 3/2 .
B A 28 3/2)Q ) = 0. A5
C+ gz (€7 + G20V (A5)

Using the kinematic relations ¢ = a — v, ¢ = —4., and ¢ = —ij,, the governing
equation of motion for the acrylic sphere during contact was obtained as

. 1 .
—fe = —— [x(a=9e)"* + cov/a=ye (—3)] (A.6)
To simulate the complete ball-drop trajectory, the contact formulation was cou-
pled with gravitational acceleration.

. 1 .
Ye = —g + E [X(CL - yc)3/2 —CVa —Ye yc:| . (A7)

Equation (A.7) governs the motion during the contact phase (y. < a), whereas
during free fall (y. > a) the motion reduces to 4. = —g. The nonlinear term
(a—y.)%/? represents the Hertzian elastic contribution, while the velocity-dependent

damping term accounts for dissipation of energy during impact and rebound. To
improve the representation of impact behaviour at higher drop energies, a simplified
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plasticity correction was also introduced. The total overlap was defined as d,.,, =
max(0,a — y.) and decomposed into elastic and permanent components according
to e = max(0, draw — dperm). Permanent deformation was updated using d5g),
Max(Operm, Oraw — Oyield ), Where dyieq represents the prescribed yield threshold.

Additionally, a loading—unloading stiffness correction was applied using an un-
loading multiplier funoaq, giving an effective unloading stiffness of kyse = k funload-
These corrections enabled the model to capture hysteretic energy loss and per-
manent deformation during rebound without requiring a fully nonlinear plasticity
formulation.

b — {k, if loading (y. < 0), (A8)

k funload, if unloading (g, > 0).

where funeaa > 1 is the unloading stiffness multiplier.

It should be noted that the parameters used in the theoretical calculations were
not directly obtained from the independent material characteristics of the tested
acrylic sample. They were selected from various literature sources according to the
conditions under which the test was performed. These parameters were density
p = 1180 kg/m?, Young’s modulus £ = 3.2 GPa, and Poisson’s ratio ¥ = 0.35.
The plasticity correction took into account a yield stress of 2.0 x 107 m and a
yield stress range of 0.02-0.04. The viscous damping coefficient was selected in
the range of 13,700-16,800 N - s/m!?, and the total impact mass was matched to
the acrylic ball and holder assembly. Consequently, the original viscoelastic model
cannot be presented as a fully predictive constitutive framework. It should rather be
considered as a semi-empirical approximation designed to reproduce the dominant
effect behavior. This represents an important limitation of the original model and
was one of the main motivations for the application of the Boundary Element
Method in the main part of the thesis, Chapter 3.

A2 Comparison with experimental results

In the preliminary theoretical model, an acrylic ball was dropped onto a sapphire
disc from four different drop heights of 1.5 mm, 5 mm, 7 mm, and 10 mm, de-
termined by a micrometer. The results were recorded using a laser sensor. The
experimental results obtained are compared with theoretical calculations and are
shown in detail in Figure A.1. Based on the comparison, we can say that the sim-
plified viscous formulation is able to reproduce the general impact behavior and
recoil characteristics observed experimentally.

Although deviations are visible at higher impact energies due to the simplified
description of damping, local contact deformation and irreversible material effects,
reasonable agreement between the experimental and theoretical curves was achieved
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at each of the four drop heights. Given that several damping and contact parame-
ters were selected from literature values and were also manually adjusted damping
coefficient, we cannot say that the model plays a predictive role. To overcome
these limitations, select realistic parameters and provide more realistic predictions
for more conditions, the BEM methodology is developed in Chapter 3. Neverthe-
less, the initial formulation provided additional validation of the newly constructed
device, defined a useful initial confirmation of the experimental observations and
provided confidence in the overall modeling strategy before applying the more rig-
orous Boundary Element Method framework presented in the main chapters of the
thesis.
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Figure A.1: Comparison between theoretical predictions and laser-based experimental
measurements for acrylic ball drop impacts at four release heights: 1.5 mm (blue), 5
mm (red), 7 mm (green), and 10 mm (purple). In panel (a), colored dotted curves
represent the theoretical results, while black curves correspond to the experimental laser
measurements. Panel (b) presents magnified views of the first impact region for each
drop height, highlighting the agreement between the theoretical model and experimental
observations during the initial collision dynamics.
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Appendix B

Plate Vibration During Impact Tests

Bl Experimental Setup and Measurement

Beyond the sphere displacement measurements described in Chapter 3, further
experiments were performed to monitor the vibration of the support plate during
impact. Nylon, Acrylic, PEEK, and PTFE spheres were dropped from heights of
1.5mm, 5mm, 7mm, and 10 mm onto a sapphire disc embedded in a metal plate.

While the primary laser sensor was used to measure the sphere motion, in a
second configuration the laser beam was directed to the surface of the plate close
to the sapphire disc. This approach allowed recording the local vibrations generated
by the impact (see Figure B.1la. When the sphere collides with the disc, some of
its kinetic energy transfers to the support structure. Although the plate is rigid,
measurements show small but measurable dynamic displacements during and after
impact.

Figure B.1b provides a qualitative description of the response of the plate after
impact. The plate oscillates around its equilibrium position with a small-amplitude
motion characterized by alternating upward and downward displacements. The
dashed lines indicate the boundaries of this oscillation, while the sinusoidal shape
depicts the propagation of the vibration along the plate surface away from the
impact region.
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Figure B.1: (a) Impact configuration showing the holder on a sapphire disk placed on a
metal plate, the attached sphere, and the laser beam before and after impact (top), and
the corresponding schematic of the drop device showing the vibrational state before and
after impact (bottom). (b) Qualitative representation of the plate response after impact,
showing the equilibrium position and oscillation due to wave propagation.
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B2 Measured Vibration Response

The measured plate response shows transient oscillations characteristic of damped
systems. Figure B.2 shows sample signals for different materials: maximum dis-
placement peaks occur immediately after impact, and then the amplitude gradually
decreases due to damping. The symmetric nature of the signal around zero indicates
that the plate is moving alternately up and down.

When comparing the materials, the overall oscillation shape is similar, the dif-
ferences are mainly in the amplitude. The frequencies for nylon (red), acrylic (blue),
PEEK (green) and PTFE (black) are almost identical, indicating that the vibra-
tion is mainly determined by the structural properties of the plate. The amplitude,
however, varies depending on the impacting material and reflects the differences in
the energy transferred.

As the drop height increases, the vibration amplitude increases correspondingly,
which is associated with higher impact energy. However, the frequency composi-
tion remains constant. This result shows that the response of the plate is mainly
controlled by its own dynamic properties, while the material of the sphere and the
impact conditions mainly affect the magnitude of the vibration.

B3 Influence on Experimental-NNumerical Discrepancies

In Chapter 3, we observed small differences between the experimental and numerical
results. These differences are caused by several factors, the most important of which
is the vibration of the plate. In the numerical model, the sapphire disk is assumed to
be completely rigid and fixed, but experiments show that some of the impact energy
is transferred to the plate, which in turn is dissipated in the form of vibrations.

This energy loss reduces the energy available for deformation and rebound of
the sphere, and as a result, differences in the measured displacements occur. We
can observe these both in the impact responses of the spheres and in the effects
on the contact area. The effect is particularly strong at high drop heights, since
in these cases the vibration amplitude increases. This effect is more pronounced in
the case of acrylic spheres, since the movement of the plate changes the effective
stiffness of the contact during impact.

As a result, the system behaves not as an ideal rigid contact, but as a more
realistic mechanical system in which the impact and the structure interact. Taking
into account the vibration of the plate allows us to better explain the experimental
results and to understand the differences between the model and the measurements.

92



Plate Vibration During Impact Tests

Time [5

(a) 1.5 mm

T
& A

" Time [3]

(b) 5 mm

‘
" Time[s]

(d) 10 mm
Figure B.2: Measured plate vibration responses for drop heights of (a) 1.5 mm, (b) 5 mm,
(¢) 7 mm, and (d) 10 mm. The plate displacement near the sapphire disc is shown for
impacts from Nylon (red), Acrylic (blue), PEEK (green), and PTFE (black) spheres.
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Appendix C

Experimental Comparison of
Displacement and Contact Radius

C1 Overview of Experimental Results

This appendix provides additional experimental results for the impact of an acrylic
sphere on a sapphire substrate from various initial drop heights hy = 1.5 mm, 5 mm,
7mm, 10mm. These data are complementary to the results obtained for other
heights not mentioned in the main text and are only intended for experimental
observation.

For each case, the vertical displacement of the sphere over time and the cor-
responding contact radius are presented. Displacement is measured using a high-
precision Keyence laser displacement sensor, providing detailed information about
the global motion of the sphere during impact.

The contact radius was independently measured using high-speed imaging, al-
lowing direct observation of the contact area and its changes over time. Although
the laser and imaging tests were performed at different times, we can observe a
very good correlation between them. We can see that the radius changes accord-
ing to the impact response. This shows that the results show consistent temporal
correspondence between the two data sets, confirming that the observed trends are
reproducible and reliable.

The comparison of these two measurements allows a direct assessment of the
relationship between the macroscopic motion of the sphere and the microscopic
development of the contact interface. In particular, the time evolution of the contact
radius clearly follows the main features of the displacement signal — the initial
impact, the maximum compression phase, and the subsequent rebound behavior.

As the drop height increases, both the magnitude of the displacement and the
magnitude of the contact radius increase, reflecting higher impact energy. Despite
the different impact conditions, the overall correspondence between the displace-
ment and the development of the contact is maintained in all cases.
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Figure C.1: General illustrations of the experimental evolution of vertical displacement
and contact radius for an acrylic sphere impacting a sapphire substrate at different drop
heights (hg = 1.5mm,5mm,7mm, 10mm). The blue curves show the laser-measured
displacement, while the green marks show the contact radius obtained based on image
processing from high-speed images, respectively, highlighting the relationship between
global motion and contact evolution.
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Appendix D

Camera and Image Calibration

Procedures Used in the DIC
Validation Tests

This annex describes the calibration procedures applied to the high-speed camera
images used in the Digital Image Correlation (DIC) validation tests of Chapter 3.
Two distinct optical configurations were used during the experimental campaign,
and each required an independent pixel-to-millimetre calibration: (i) a front-view
camera tracking the impact of a PTFE ball dropped onto a sapphire disc (Sec-
tion D1), and (ii) a camera positioned beneath the sapphire disc to observe the
contact area directly through the disc (Section D2). Because the two configura-
tions use different lenses, working distances, and zoom settings, the magnification
— and therefore the physical size represented by one pixel — is not the same for
both cameras. Each camera was therefore calibrated separately using a reference
object of known length placed in the same focal plane as the feature being measured.

D1 DIC Calibration — PTFE Ball Drop Test

The DIC validation test consisted of a PTFE (polytetrafluoroethylene) ball dropped
from a height of 7 mm onto a sapphire disc. A single high-speed camera was
positioned in front of the test rig, recording the lateral (side) view of the impact
event. The camera was operated at a frame rate of 10,000 fps and a resolution of
1280 x 480 px, which provided sufficient temporal resolution to resolve the short
duration of the impact and sufficient spatial resolution for subset-based correlation.
The first frame of each recorded sequence, captured before the ball made contact
with the disc, was used as the undeformed reference image required by the DIC
algorithm.

The recorded image sequence was processed using DICe (Digital Image Corre-
lation engine), an open-source DIC software. The analysis proceeded as follows:
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e A reference line (shown in blue in Fig. D.1) was defined on the reference
frame, positioned across the region of interest where displacement was to be
tracked.

e A grid of subsets (yellow markers in Fig. D.1) was generated along and around
this line. Each subset is a small image window whose grey-level pattern is
tracked from frame to frame by cross-correlation.

e The full sequence of 9,367 frames was processed, and DICe computed the
in-plane displacement of every subset relative to its position in the reference
frame.

e The displacement of the reference line as a function of time was the primary
output used to characterise the motion of the ball/fixture interface during
impact.

Since the frame rate was fixed at 10,000 fps, the time interval between consecutive
frames is 0.1 ms, allowing the frame index to be converted directly into elapsed
time for the displacement—time curves presented in Chapter 3.

Figure D.1: DICe reference frame: subset grid (yellow) and reference line (blue) used to
track displacement.

DICe reports displacement in pixel units, so a spatial calibration was needed
to convert the output into physical units. For each test, the reference image was
opened in Microsoft Paint, and a feature of known physical length within the field
of view was measured in pixels using the on-screen measurement tool. The pixel
size — i.e. the physical length represented by one pixel — was then obtained from:

Real length

_— D.1
Pixel length (D-1)

Pixel size =

For the present test, a reference length of 30 mm corresponded to a measured
distance of 386 pixels, giving:

30 mm
6 px

Pixel size = ~ 0.07772 mm/px = 77.7 pm/px (D.2)
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This conversion factor was applied uniformly to the DICe pixel displacement output
for this camera configuration, producing the millimetre-based displacement—time
curves discussed in Chapter 3. Because the reference length spans a relatively large
number of pixels (386 px), the relative uncertainty introduced by manual pixel-
counting in Paint (typically £1-2 px) is small, on the order of 0.3-0.5% of the
calibrated length.

D2 Contact-Area Calibration: Camera Beneath the Sap-
phire Disc

For the contact-area measurements, the high-speed camera was relocated beneath
the sapphire disc, viewing the contact region directly through the disc itself, in
transmission rather than in the front-view (reflection/side) configuration used in
Section D1. This change in viewpoint required a different lens, working distance,
and zoom setting, all of which alter the optical magnification of the system. Conse-
quently, the pixel-to-millimetre scale factor obtained for the front-view DIC camera
(Section D1) cannot be applied to images from the under-disc camera, and an in-
dependent spatial calibration was performed for this configuration.

A calibration ruler with fine, evenly spaced graduations was placed directly on
the sapphire disc, in the same focal plane as the contact region to be analysed,
and imaged with the high-speed camera under the same acquisition settings used
for the contact-area tests (10,000 fps, 1280 x 480 px resolution, see Fig. D.2). A
known 1 mm interval on the ruler was selected and measured on screen, yielding a
distance of 461 pixels. Using the same relation as in Section D1:

1
I 0.00217 mm/px & 2.17 pm/px (D.3)
X

Pixel size =

The resulting pixel size of approximately 2.17 pm/px reflects the much higher
optical magnification used for the under-disc camera, as required to resolve the
small dimensions of the contact area between the PTFE ball and the sapphire disc.
This factor was used to convert all pixel-based contact-area measurements (e.g.
contact width, contact diameter, contact-area evolution over time) obtained from
the under-disc camera into physical units in the analysis presented in Chapter 3.
Given the high magnification, an uncertainty of £1 pixel in the ruler measurement
(461 px) corresponds to a relative uncertainty of approximately 0.2%, which is
considered acceptable for the contact-area measurements reported.

Table D.1 summarises the acquisition and calibration parameters used for the
two camera configurations described in this annex.

The two calibrations were treated independently throughout the data-processing
chain: pixel displacements from the front-view DIC analysis (Section D1) were
converted using the 0.07772 mm /px factor, while pixel-based contact-area measure-
ments from the under-disc camera (Section D2) were converted using the 0.00217 mm /px
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Acrylic_Ball_C:

\;\

Figure D.2: Calibration ruler on the sapphire disc, imaged with the camera positioned
beneath the disc. The 461-pixel distance corresponds to a 1 mm reference interval.

Table D.1: Calibration parameters for the front-view (DIC) and under-disc (contact-area)
camera configurations.

Parameter D.1 - (DIC) D.2 — (Contact Area)
Frame rate 10,000 fps 10,000 fps

Resolution 1280 x 480 px 1280 x 480 px
Reference length used 30 mm 1 mm

Measured pixel distance 386 px 461 px

Pixel size 0.07772 mm (77.7 pm) 0.00217 mm (2.17 pm)
Approximate relative uncer- 0.3-0.5% 0.2%

tainty

factor. This distinction is important, as applying the wrong calibration factor be-
tween the two camera configurations would lead to an error of approximately two
orders of magnitude in the converted physical dimensions.
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