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Harnessing the Goncept
of Infinity in Power
Systems Analysis

FROM ABSTRACTION TO PRACTICALITY

XXXXXXX

By Massimo Mitolo™ and Silvano Vergura IN THE FIELD OF POWER SYSTEMS, THE CONCEPT OF
infinity plays a crucial theoretical role, enabling the depiction
of extreme limits as quantities approach very large values. This
theoretical model simplifies complex issues and encourages
innovative problem-solving strategies for engineers. This article
delves into the diverse role of infinity as a theoretical construct
within power systems, illustrating how this abstraction aligns
with the practical application of engineering principles. The
discussion covers topics, such as ground potential and infinite
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analysis, the practical effects of short-circuits and open-
circuits in power systems, and the continuity of state
variables. By connecting theoretical and practical aspects,
this article enhances the understanding of how infinity is
utilized as a tool in electrical engineering, highlighting its
importance in simplifying complex problems and advanc-
ing the design and analysis of power systems.

Introduction

In calculus, infinity represents an unbounded, limitless
quantity that extends indefinitely. It is not a specific num-
ber, but a concept used to describe something without
end, denoted by the symbol e [1].

In power systems, infinity is a valuable theoretical
construct often used to depict the limit of a quantity as it
approaches very large values. This framework simplifies
complex problems, providing engineers with a convenient
way to conceptualize extreme scenarios and facilitate
problem-solving.

For example, the current in an ideal short circuit
might be described as “infinite,” indicating that the cur-
rent reaches its maximum possible value, highlighting
the extreme conditions in such situations. Similarly,
infinity is used to represent the absence of a particular
quantity. For instance, stating that the conductivity of an
ideal conductor is infinite means the conductor offers
no resistance to electric current, effectively having zero
resistance.

It is crucial to understand that infinity is not a
numerical value, but a theoretical abstraction used to
represent the limit of a quantity as it approaches an
infinitely large or small value. By using this conceptual
tool, electrical engineers can simplify the resolution of
complex problems.

This article examines the role of infinity as a theoreti-
cal construct in power systems, showing how this abstrac-
tion aligns with the practical application of engineering
principles.

The Reference Ground and the Ground Electrodes
The reference ground is a section of the Earth, encom-
passing all of its physical components [2], which acts as a
conductive medium for electrical systems. This ground is
typically designated as having an electric potential of zero
volts. But, where exactly on Earth is this reference ground
situated?

To better illustrate this concept, consider an example
with a hypothetical hemispherical ground electrode hav-
ing a radius of 7,. Although hemispherical electrodes are
not commonly used in real-world applications, they can
serve as an effective model for estimating the ground
potential distribution for other electrodes of various
shapes. In this scenario, the ground potential V(x) can
be described as a function of the distance x from the
electrode. The formula for V(x) exhibits a hyperbolic
relationship [3]

v =2l W

where p represents the soil resistivity, and I; is the
ground-fault current flowing through the electrode.

When examining the ground potential at various dis-
tances from the hemispherical electrode, several impor-
tant insights emerge. At a distance equal to the electrode’s
radius (x = ry), the ground potential [V(r,)] reaches the
ground potential rise (V;,), which is the highest value of
the electrode’s ground potential. As the distance increases
significantly, approaching infinity (x = o), the ground
potential [V(o0)] tends toward zero. Therefore, the refer-
ence ground can be considered to exist at infinity. At an
intermediate distance of x = 57, from the electrode, the
ground potential is given by

V(5r0) = % @

It becomes evident that 80% of the ground potential
rise, Vg, is concentrated within the area between the
surface of the electrode and the point at a distance of
57,. This observation holds true regardless of the specific
shape of the ground electrodes and is fundamental in
establishing a standard engineering “zone of influence”
for these electrodes. Outside of this zone, the electrical
potential is typically assumed to be zero. Hence, the refer-
ence ground, theoretically located at infinity, is function-
ally considered to exist just beyond the zone of influence
(see Figure 1).

In essence, the idea of infinity, where the long-range
electric field disappears, has evolved from an abstract
concept into a concrete reference point, advantageously
defined within a finite framework. The reference ground
acts as a functional benchmark for electrical measure-
ments and analysis, enabling consistent and standardized
evaluations. This methodology not only simplifies engi-
neering practices but also guarantees that the effects of

“Infinity”

FIGURE 1. Ground potential and zone of influence.
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ground electrodes and their influence on the surrounding
area are thoroughly considered and assessed.

Transmission Line of Infinite Length

In real-world transmission lines, while their length can be
substantial, it is not infinite. When analyzing transmission
lines of finite length, the mathematical complexity may
increase significantly.

However, by assuming the line is infinitely long, engi-
neers can often reduce this difficulty, allowing for closed-
form solutions that offer meaningful insights into the
line’s actual performance. In this scenario, infinity is
introduced as a deliberate simplification tool to streamline
the analysis.

To illustrate this concept, let’s examine a hypothetical
resistive ladder network (Figure 2).

When the resistive ladder network has a finite num-
ber of rungs, determining the equivalent resistance
R
[4], which become increasingly complex as the ladder

requires the use of continued fraction calculations

expands. However, interestingly, when the ladder com-
prises an infinite number of rungs [5], the calculation sim-
plifies. Due to the identical nature of each section and the
endless repetition of the pattern, the equivalent resistance
R, between any two points remains constant (as indicat-
ed by the dashed lines in Figure 2). The equivalent circuit
for this infinite ladder is depicted in Figure 3.

The equivalent resistance can be found by solving for
R, the following quadratic equation:
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In this context, the negative solution of the quadratic
equation is not physically meaningful and can be disre-
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FIGURE 2. Two-terminal ladder network made of infinite resistive
elements.

FIGURE 3. Equivalent network of infinite ladder.

garded. The positive solution, which is a finite value, rep-

resents the equivalent resistance of the ladder network,

even though the ladder extends infinitely. For instance,

when for R, =2 Q and R, = 4 Q, (3) yields R, = 4 Q.

For an overhead power line, we can map the resistanc-
es R, and R, as follows:

e R;: resistance of the conductor spans between two
pylons. These resistances are linearly distributed and
represent the resistance encountered by current as it
flows along the conductor.

e R,: Resistance of the grounding path provided by
pylons, which includes the pylon’s structure and the
grounding electrode resistance. The resistance R, pro-
vides a parallel path for the current, akin to the lad-
der’s shunt resistances.

For a comprehensive analysis, the ladder network
should be extended to include additional parameters,
such as inductance and capacitance, to capture the
dynamic behavior of power lines during faults. The afore-
mentioned description provides an intuitive way to relate
the idealized infinite line model to a real-world scenario.

This modeling demonstrates that the concept of an
infinitely long line is a valuable tool in electrical engineer-
ing, simplifying complex problems and providing insights
into the behavior of practical networks.

Short-Circuits and Open-Circuits

Short-circuits and open-circuits are fundamental concepts
in electrical systems, often idealized to represent extreme
cases of electrical behavior. These conditions are deeply
tied to the theoretical notion of infinity, which serves as a
tool for simplifying their analysis and application.

An ideal short circuit is characterized by infinite
conductivity, corresponding to zero resistance and an
unrestricted current flow under any finite voltage. This
scenario implies an infinite current magnitude, which
is a direct manifestation of the infinity concept. In prac-
tice, this idealization aids in fault current calculations by
simplifying complex interactions into a single dominant
parameter. The I-V characteristic of a short circuit is repre-
sented by a vertical line at V= 0.

However, the infinite current assumption diverges
from reality, where conductors possess finite conductivity,
and resistance or impedance in arcs during faults limits
the achievable current. According to [6], short circuits are
defined as unintended or intentional conductive links
between two or more conductive parts, causing their volt-
age differences to become equal or nearly zero. Only the
theoretical zero potential difference allows the infinite
short-circuit current.

Short-circuit conditions can arise in industrial and
commercial power systems due to faults, such as phase-
to-phase or phase-to-ground short circuits. In these
situations, it is essential to evaluate the resulting cur-
rents and their impact on protective devices and system
stability. Traditionally, power systems analysis has taken
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a conservative approach by assuming short-circuit paths
have infinite conductivity (i.e., bolted short circuits).
However, the advent of arc-flash studies has highlighted
the potential consequences of this assumption, particu-
larly regarding safety [7]. Arc-flashes are hazardous events
characterized by the release of incident energy due to an
electric arc [8]. When a short circuit has noninfinite con-
ductivity, there is a possibility of reduced fault currents,
which may lead to increased arc-flash incident energy.
The rise of incident energy depends on how the clearing
time of overcurrent protection devices is affected.

For open circuits, the concept of infinite impedance
similarly eliminates current flow regardless of the volt-
age applied. This idealization simplifies the analysis of
disconnected components or isolation in power sys-
tems. For instance, the representation of disconnected
equipment as an open-circuit with infinite impedance
enables engineers to model the network without con-
sidering negligible leakage currents. This results in
an I-V curve represented as a horizontal line at 7 = 0.
Although true infinite impedance is unattainable in
real-world applications, open-circuit approximations
are achieved in certain conditions. From an engineer-
ing perspective, an open circuit occurs when there
is no continuous electrical connection between two
terminals, preventing current from flowing between
them [9]. The article in [9] also acknowledges that
open-circuits may exhibit finite, albeit extremely high,
impedance, similar to the resistance offered by air or
a vacuum. Open-circuit conditions can arise when cir-
cuits are deliberately or accidentally disconnected from
a network. Real-world components, however, deviate
from this ideal due to parasitic effects, such as insula-
tion resistance or stray capacitance.

The concept of infinity in these cases provides a valu-
able boundary condition for theoretical analysis. For
example, the infinite resistance in an open circuit or
infinite current in a short circuit serves as a limiting case,
streamlining fault analysis, load-flow studies, and protec-
tive device coordination. While these idealizations may
not precisely match physical systems, their use facilitates
the development of models that closely approximate prac-
tical behavior, especially under extreme conditions.

Continuity of State Variables in

Networks and Infinity

The principle of continuity of state variables in electri-
cal systems reflects the inherent limitation that state
variables, such as capacitor voltage or inductor current,
cannot change instantaneously. Any discontinuity in
these variables would theoretically require infinite rates
of energy transfer, invoking the concept of infinity. For
capacitors, the voltage (f) must be a continuous func-
tion over time because a discontinuity would result
in an infinite derivative. The corresponding power
pc® = C-dvc(D)/dt ve(t) would then become infinite,

requiring an instantaneous transfer of energy, a scenario
that is physically unattainable without violating conser-
vation laws. Similarly, in inductors, a discontinuity in
current #;(#) would require an infinite induced voltage
vr(¥) = Ldi(8)/dt, which again is impossible in real-world
conditions.

A discontinuity for a function of time occurs when its
limit from the left and the limit from the right at a par-
ticular time f, (e.g., time zero) are both defined but differ
in value. In simpler terms, the function exhibits a sudden
jump at that point, indicating a finite change in its value
across time.

In the context of voltage across a capacitor, continu-
ity requires that the voltage v.(07) must equal the volt-
age v(0"). This principle states that the voltage across a
capacitor cannot change at an infinite rate or experience
an instantaneous jump in value at time zero.

The continuity of state variables can be examined
through energy considerations, specifically focusing
on capacitors while leaving inductors as an exercise
for the reader. Consider the voltage v (#) as a func-
tion that is not continuous over time. A discontinuity
in the voltage indicates that the energy stored in the
capacitor, represented as w,(t) = Y%wv,2C, also becomes
noncontinuous. Figure 4 illustrates this discontinuity
in w/(#) as the time ¢ approaches zero. Consequently,
the power p.(H) = dw.(¥)/dt increases, while the area
under the power curve remains constant for both 7,
and #,/2.

When #, = 0, the power p.(H) approaches a distribution
that is highly concentrated at the origin, resulting in an
infinite value at that point, with zero elsewhere. The area
under this curve still corresponds to the energy stored
in the capacitor. This type of distribution, often normal-
ized to have an integral equal to one, is referred to as
the Dirac delta function. Thus, for a capacitor to exhibit
such a power profile, an impulse generator would be

AGN
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FIGURE 4. Energy and power in a capacitor as functions of time.
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necessary within the power system. In the absence of
such a generator, the voltage across the capacitor cannot
display discontinuities over time.

In real-world power systems, the Dirac delta function,
which represents infinite magnitudes and instantaneous
events, does not physically occur. Instead, it serves as a
mathematical tool used to facilitate the comprehension
and analysis of state variables and transient behaviors in
power systems.

Degenerate Circuits

The principle of continuity for state variables, such as
the voltage across a capacitor and the current through an
inductor, generally holds. However, certain special circuits
reveal exceptions to this principle.

To illustrate, consider two ideal capacitors, C; and C,,
with different initial voltages, where vci1(07) # v2(07), as
shown in Figure 5.

When switch S is closed at time ¢ = 0, the voltages
across the two capacitors in parallel must comply with the
condition vc1(0") # v2(07). This constraint forces at least
one capacitor to experience a discontinuity in its voltage.

Since the circuit in Figure 5 represents an isolated sys-
tem, the law of charge conservation must hold, meaning
Qot(07) = Qt(0). As a result, both v,,(07) and v.,(0)
undergo changes during the switching process, governed
by the following equations:

Qwt(0) =Cir va0)+ C2va2(0) (€9)
Qi (0" = Cr-va (0N + Ca- ve2(07) )
Qtot (07) = Qtol (O+) (6)
S
Ci c2
Veq (0_) Ve2 (0_)

FIGURE 5. Capacitors with vc1 (07) # v2(07) ; at £ = 0, the switch
S closes.

A
R
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FIGURE 6. Real voltage source as an infinite bus.

By substituting (4) and (5) into (6), and considering
the condition v¢1 (07) = v (0"), we arrive at the following

expression:
- n_ Civa0)+Cva(0)
va1(07) =va2(07) = it e,
-G 0y C2 -
=i+ G va(07) + Cit G va2(07). @

From (7), three notable scenarios emerge:

1) when C; = C,, the common voltage immediately
after the switch is closed at t = 0" will be the average
of v,4(0) and v,(07), that is, vc1(0") = ve2(0h) =
(vc1(07) = vc2(07)) /2

2) when C1 > C2,v¢1(0") = v¢2(07) = ve1(07)

3) for C1 € C2,vc1(07) = vc2(0") = ve2(0).

In all cases, the voltage at ¢+ = 0" will differ from at least
one of the voltages at ¢ = 07, and it typically differs from both.

A similar situation arises when two ideal inductors, L,
and L,, with i, (07) # #;2(07), are connected in series. Since
the inductors are in series, the current through them is the
same: that is, i71(0") = i;2(0"). This implies that at least
one of the inductors will experience a sudden change in
current, signifying a discontinuity in the inductor current.

To determine the common value of the current at
t = 0%, we apply the law of conservation of magnetic flux.
The total flux linkage in the system remains constant,
leading to the following result (8) for the current:

L in(0) + Lz i2(00)

in(0") =in(h) = Li+1L,
D TN
= Ii+L in(07) + i+ L, i2(07). ®

Based on (8), similar conclusions can be drawn as
those in the case of parallel capacitors.

It is essential to highlight that these degenerate circuits,
where the continuity of state variables is disrupted, rely on
the assumption of ideal components. In real-world applica-
tions, components, such as capacitors and inductors, are
not perfect. For instance, capacitors have equivalent series
resistance and inductors have winding resistance. These
nonidealities prevent instantaneous changes in voltage
or current, ensuring that the continuity of state variables
remains preserved in practical systems.

Infinite Bus

In power system analysis, an infinite bus is a theoretical
concept representing an ideal power source with infinite
capacity, maintaining constant voltage magnitude and
phase angle regardless of any changes in load or system
condition [11], [12]. While this construct does not exist in
reality, it serves as a critical reference point in the study of
interconnected power grids.

Figure 6 shows a purely resistive Thevenin equivalent
circuit, representing a practical voltage source with termi-
nals A and B, commonly used in power system analysis as
a stand-in for an infinite bus.
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By applying Kirchhoff’s Voltage Law, the equation
V—I-R= Vy is obtained. Multiplying both sides of this
equation by the current I, we arrive at the following
expression:

V- I-P R=Vuy I ©)

If the load current I were to increase infinitely while
maintaining a constant terminal voltage V,,, the power
P = Vu,-1I would also theoretically approach infinity.
However, this leads to a paradox in the context of the
left-hand side of (9). The issue arises because as the cur-
rent I becomes infinitely large, the term I*- R grows at
a second-order rate, while the term V-1 grows linearly.
Since the source voltage V remains constant, the I’ R
term, representing resistive losses, would increase much
more rapidly than VI, representing the power supplied
to the load. This situation would imply that the resistive
losses in the system would exceed the total power output
of the generator, leading to a contradiction, an outcome
that is paradoxical. Essentially, as I approaches infinity,
the system would consume more power than the gen-
erator could provide, violating energy conservation and
making the situation absurd.

Therefore, while the concept of the infinite bus serves
as a useful idealization for simplifying various elements
of power system analysis, it is essential to apply it judi-
ciously. This idealization aids in understanding system
behavior under certain conditions but relying on it with-
out considering its limitations can lead to contradictions
and misinterpretations of real-world scenarios. Careful
consideration of the practical implications and the inher-
ent assumptions behind this model is crucial for accurate
analysis and effective system design.

Conclusion

This article, based on [13], delves into the concept of
infinity, which, despite its roots in calculus, holds sig-
nificant importance in power systems and electrical engi-
neering. Infinity serves as a crucial theoretical construct,
enabling engineers to visualize extreme situations, simpli-
fy intricate problems, and enhance problem-solving strate-
gies. Throughout this article, we have examined various
instances demonstrating how infinity can be utilized as
a practical tool, effectively connecting theoretical abstrac-
tions with real-world engineering applications.

The discussion on ground electrodes highlights the
strategic positioning of infinity as a reference point just
beyond their zone of influence. This practical application
facilitates electrical measurements, allowing for standard-
ized evaluations of ground electrodes, including ground
resistance and touch voltages within a facility. Similarly,
the exploration of infinite line lengths illustrates how this
theoretical notion assists engineers in simplifying com-
plex analyses of transmission lines, providing valuable
insights into the behavior of practical systems.

In addressing short circuits, we have emphasized
the significance of idealized components in power sys-
tem analysis. This challenges the traditional assumption
of infinite conductivity during short-circuit conditions,
drawing attention to the implications for safety, par-
ticularly in assessing arc-flash incident energy. Future
research could focus on quantifying the safety consider-
ations arising from noninfinite conductivity in fault cur-
rent scenarios, which could influence arc-flash incident
energy calculations based on more realistic protective
device clearing times.

Continuing to identify new applications where the con-
cept of infinity can yield insights and simplify problems
will solidify its role as a valuable theoretical ally for elec-
trical engineers.
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