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Abstract

Turbulent flows are characterised by a marvellous phenomenology combining chaos and order,
fluctuations on multiple scales and recurrent patterns named coherent structures. This thesis aims
to elucidate certain physical processes involving coherent structures in the turbulent channel flow.
Different numerical techniques are implemented towards this aim, with a common ground: investigate
how coherent structures become unstable and, eventually, generate new coherent structures on different
scales. This investigation is divided into three parts.

In the first part, the generation of extreme dissipation events is considered. Nonlinear optimal
perturbations are computed with respect to a fully turbulent snapshot, and the dynamics induced by
these perturbations are analysed and compared to the dynamics of naturally occurring extreme events,
establishing a connection between the two. Interestingly, the nonlinear optimal perturbation works
towards a destabilisation of near-wall streaks, suggesting that an instability of streaks is a possible
cause of extreme events.

In the second part, the instability of streaks is addressed more directly but in a different direction.
A linear stability analysis is performed on an array of periodic streaks to show that these structures
undergo sub-harmonic or detuned instabilities with unstable modes characterised by large wavelengths
(several times larger than the streak’s wavelength). These instabilities are related to the large-scale
motions (LSMs) observed in experiments and direct numerical simulations of high-Reynolds number
flows.

In the third part, the large-scale linear instability of streaks is revisited at low Reynolds number
in order to capture the wavelengths and the critical Reynolds number of the instability leading to
laminar-turbulent patterns. The thesis concludes with the development of a nonlinear model for
laminar-turbulent pattern formation. Ideas, limitations and possible directions to improve this model
are tested and discussed.

Keywords: Instabilities, coherent structures, pattern formation, wall-bounded turbulence.
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Chapter 1

Introduction

1.1 General Context

Most environmental processes and industrial applications involve turbulent flows. Some intrinsic
characteristics of turbulent flows have important practical implications. On the one hand, enhanced
diffusivity due to turbulent fluctuations can be desirable in certain situations. On the other hand, it
is the main cause of aerodynamic drag on aeroplanes, of wall friction in channels and pipes and of
power losses in turbomachinery. Consequently, scientists and engineers need to deal with the complex
dynamics that turbulence entails and try to control it. However, the rich multiscale nature of these
flows makes this task one of the toughest endeavours of current scientific research.

Turbulence is an open problem in many ways. A general mathematical theory based on the
governing equations is lacking (Gallavotti, 2013). Physical theories encompass only a limited part of
the phenomenology (Landau and Lifshitz, 1987; Frisch, 1995). The direct numerical simulation (DNS)
approach is not viable in most applications. Turbulence research is an effort towards the solution of
these problems with the idea that an improved general understanding of the phenomenon will point
the way towards better reduced models and more effective control strategies.

This thesis is concerned with the particularly difficult case of wall-bounded turbulent flows. These
flows are highly anisotropic and intrinsically multiscale (Jiménez, 2012). For this reason, scale inter-
actions need to be studied carefully to improve the current understanding of the physical processes
involved. In this thesis, we offer a new perspective on such scale interactions, modelling them as
instabilities of coherent structures which engender new coherent structures on a different scale. While
instabilities are often thought to produce smaller scales with respect to the base flow, in this work, it is
shown that they can also produce larger scales, contributing to the production of large-scale coherent
structures.

The subject of the thesis is the study of coherent structures and their multiscale dynamics in
the turbulent channel flow. These mechanisms will be investigated first at moderately high Reynolds
numbers (Re). Then, we will focus on the low Re regimes in which laminar and turbulent flow coexist.
Different phenomena will be analysed with an innovative use of techniques which stem from the realm
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1.2. STATE OF THE ART

of hydrodynamic stability theory. Before we start, however, a short review of the current state of the
art on wall-bounded turbulent flows is required.

1.2 State of the Art

1.2.1 Wall-bounded turbulence
1.2.1.1 The self-sustaining process

Since the first experimental observations, wall-bounded turbulence has been characterised by the
coherent structures that populate the flow. In particular, Kline et al. (1967) observed elongated low-
momentum zones in turbulent boundary layers and introduced the term streaks to denote them (figure
1.1 (a)). These structures are localised near the wall and display a spanwise spacing of ~ 100 wall
units. One wall unit is the length scale obtained from the kinematic viscosity of the fluid and the mean
wall shear stress. It is the characteristic scale of near-wall processes at all Re and in every turbulent
wall-bounded flow.

Similar structures were also observed in the first direct numerical simulations of turbulent chan-
nel flow by Kim et al. (1987). Many other experimental and numerical studies reported observations
about these structures (Robinson, 1991). Jiménez and Moin (1991) were able to isolate them using the
concept of minimal flow unit, namely the smallest computational domain in which turbulence can be
sustained. These authors performed several simulations of turbulent channel flow, gradually reducing
the streamwise and spanwise size of the domain until the turbulent flow relaminarised. Interestingly,
they noted that the minimal spanwise size is almost constant when expressed in wall units and cor-
responds to the spanwise size of the streaks (=~ 100 wall units). In contrast, the minimal streamwise
size is between 300 and 600 wall units depending on Re. The concept of the minimal flow unit proved
extremely useful to study the detailed dynamics of near-wall structures. Jiménez and Moin (1991)
describe an intermittent bursting cycle in which the shear layer formed by the streak rolls up and
generates streamwise vorticity, which in turn leads to the formation of a new streak.

This quasi-periodic dynamics was further examined in another seminal paper by Hamilton et al.
(1995), who considered minimal flow units of turbulent Couette flow. These authors conjectured
the existence of a self-sustaining process (SSP) involving three stages and analysed each of these
stages separately. In the first stage, streaks are generated by streamwise vortices! through the lift-up
effect. Through this mechanism, a strong streamwise perturbation is produced by a small wall-normal
perturbation thanks to the amplification provided by the mean shear. The lift-up effect was first
described by Ellingsen and Palm (1975) and Landahl (1980) and further studied in numerous other
contexts, especially transition to turbulence (Brandt, 2014). Hamilton et al. (1995) demonstrated
the importance of this mechanism in wall-bounded turbulence, showing that streamwise elongated
streaks were produced in a simulation with frozen streamwise vortices. Streaks are amplified up to a
saturation amplitude. Then, the second stage of the process consists of the breakdown of saturated

! Also termed rolls by some authors.
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C
( ) Streaks
Streak formation Breakdown
(linear (instability)
advection)
Streamwise xAdeﬁendent
vortices ow

~
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Figure 1.1: (a) Velocity streaks visualised in a turbulent flat plate boundary layer at ~ 3 wall units from the
wall (adapted from Kline et al. (1967)). (b) Contour of the streamwise velocity component of an exact travelling
wave solution in plane Couette flow at Re = 163.4 (adapted from Waleffe (2003)). (c¢) Schematic illustration of
the SSP (adapted from Hamilton et al. (1995)).

streaks through a modal instability. Hamilton et al. (1995) test this idea by perturbing a frozen streak
field and showing that the perturbation increases exponentially. Finally, in the last stage, streamwise
vortices are regenerated thanks to nonlinear interactions between the streak instability modes. Note
that streak instability modes are characterised by a finite streamwise wavelength. The streamwise
dependence of these modes makes the streak wavy (figure 1.1 (b)), making the SSP an inherently
three-dimensional process. A schematic representation of the three-stage SSP is displayed in figure
1.1 (c). Certain aspects of this cycle were anticipated by Hall and Smith (1991) in their vortex-wave
interaction theory.

Soon after, Waleffe (1997) used the physical insights provided in Hamilton et al. (1995) to formulate
a reduced model of the SSP. In this study, the author introduces a free-slip wall-bounded flow driven
by a sinusoidal forcing, the Waleffe flow. This flow is an idealised wall-bounded flow: it does not
feature proper walls, but it has both the confinement effect due to the non-penetration condition at
the vertical boundaries and the shear induced by the forcing. Importantly, the boundary conditions
and the sinusoidal shape of the forcing allow a Galerkin decomposition of the flow based on Fourier
modes. In this way, it is possible to retain only the modes which are essential to the existence of a
non-laminar solution. At the end, Waleffe (1997) arrives at a four-equation model exhibiting a stable
limit cycle. In the model, consistently with the SSP, the variable representing the streak instability
produces a feedback on the variable representing the streamwise vortices (rolls).

Another corroboration of the SSP theory came from exact invariant solutions of the Navier-Stokes
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1.2. STATE OF THE ART

(NS) equations: steady state equilibria, travelling waves and periodic orbits. The first non-trivial
steady state solution was found by Nagata (1990) in Couette flow using continuation from steady
solutions of Taylor-Couette flow. Other solutions were reported by Clever and Busse (1992, 1997). In
a series of articles (Waleffe, 1998, 2001, 2003), Waleffe used different continuation strategies to find
equilibria and travelling waves in Couette and channel flow, both with free-slip and no-slip wall condi-
tions in minimal domains. The term ezact coherent structures (ECS) was introduced in Waleffe (2003)
to denote such solutions. Indeed, these solutions are always made up of a wavy streak combined with
shorter streamwise vortices (figure 1.1 (b)). Therefore, they can be seen as “frozen” proxies of the SSP:
the vortices sustain the streak, and the waviness of the streak feeds energy back to the vortices. Again,
it is important to highlight that these solutions are inherently three-dimensional. Indeed, a purely
two-dimensional (streamwise uniform) streak-roll system can not be sustained because no feedback
is possible from transverse to streamwise velocity components. This is argued and demonstrated by
Moffatt (1989).

In the following years, other ECS have been found in pipe flow, Couette flow and channel flow
(Kawahara and Kida, 2001; Toh and Itano, 2003; Wedin and Kerswell, 2004; Faisst and Eckhardst,
2003; Gibson et al., 2008, 2009; Duguet et al., 2008). In general, they all feature wavy streaks and
short-length streamwise vortices. Localised ECS have also been found (Schneider et al., 2010; Brand
and Gibson, 2014; Zammert and Eckhardt, 2014, 2016; Paranjape et al., 2020), proving that the SSP
can act as a local mechanism. This is relevant for transitional regimes, in which localised turbulence
is observed (see Subsection 1.2.2). Related ECS have been found by Doohan et al. (2019) in a shear
stress-driven flow. This model flow has been introduced by these authors as a minimal model of
near-wall turbulence which does not depend on the Reynolds number.

Other numerical studies of the SSP corroborated its main features (e.g. Jiménez and Pinelli
(1999)). However, the regeneration of streamwise vortices through streak instability and subsequent
nonlinear interaction proved a little controversial. Schoppa and Hussain (2002) investigated in detail
this aspect by performing DNS of turbulent channel flow. They performed linearised simulations of the
perturbation around a streamwise-uniform streak, both with frozen and freely evolving base flow. With
the frozen base flow, an exponential instability is observed if the streak is strong enough. However,
in agreement with the argument of Moffatt (1989), the streak is rapidly dissipated when it is left free
to evolve. Consequently, the perturbation is amplified only transiently in the linearised simulation
with the freely evolving base flow. Moreover, these authors report that ~ 80% of near-wall streaks
detected in their DNS have an insufficient amplitude to be unstable. Therefore, they conjecture that
linear transient growth rather than modal instability is responsible for the regeneration of streamwise
vortices (for an introduction to the concepts of modal instability and transient growth, see Schmid
and Henningson (2012)). Moreover, they point out that purely nonlinear mechanisms may also be
responsible for the feedback of energy from the streak to the vortices. All these mechanisms involve the
interaction of a sinuous streamwise-dependent perturbation with the spanwise shear-layer produced by
the streak. This point of view has been supported by Cossu et al. (2011), who found different streak
breakdown scenarios for different amplitudes of the streak and different amplitudes of the sinuous
perturbation. More recently, Lozano-Durén et al. (2021) and Oxley and Kerswell (2025) supported
the transient growth scenario based on the push-over mechanism, i.e. the transient amplification of a
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spanwise velocity perturbation induced by the spanwise gradient of the streak field.

Furthermore, Cassinelli et al. (2017) and de Giovanetti et al. (2017) have retrieved the perturbations
inducing streak breakdown in the channel flow using Dynamic Mode Decomposition (DMD). They have
found that the leading DMD modes have a sinuous structure and other characteristics reminiscent of
the streak modal instability. Moreover, Liu et al. (2024) have recently supported the relation between
streak waviness and vortex regeneration using PIV measurements of Couette-Poiseuille flow.

1.2.1.2 High— Re effects

The most relevant definition of Re in wall-bounded flows is the friction Reynolds number, based
on the channel half-gap h* (or, equivalently, the pipe radius, the boundary layer thickness, etc...)
and the friction velocity u* = /7% /p*: Re; = u*h*/v*, where v* is the kinematic viscosity of the
fluid, p* the density and 7} the mean wall shear stress?>. The importance of this adimensional ratio
stems from the fact that it represents the ratio between two length scales: the channel half-gap h*,
which is the maximum size turbulent eddies can achieve in these flows, and the viscous length (or
wall unit) 8 = v*/uk. Near-wall structures (like the streaks observed by Kline et al. (1967)) have a
size proportional to this length, whereas the largest eddies of the flow have a size proportional to the
macrosopic length (channel half-gap, pipe radius, etc...). Classical studies on the SSP and ECS are
performed at Re,; < 300. At these Reynolds numbers, the separation between the two length scales is
moderate. Moreover, the limited size of minimal flow units further constrains the size achievable by
turbulent eddies. Therefore, the classical SSP represents a one-scale process.

As Re is increased, the shear becomes more localised near the wall, and the two characteristic length
scales of the flow differ by several orders of magnitude. As a consequence, the flow becomes populated
by self-similar eddies developing on a wide range of scales (Townsend, 1976). These self-similar eddies
form the logarithmic layer of wall-bounded turbulent flows. For increasing Reynolds number, the
contribution of the logarithmic layer to the total turbulence production becomes increasingly important
(Smits et al., 2011). For this reason, most of the literature on high— Re wall-bounded flows focuses on
these self-similar structures.

By the end of the nineties, several experimental studies had described structures characterised
by larger scales with respect to the streaks involved in the near-wall SSP. Kim and Adrian (1999)
performed experiments on the turbulent pipe flow and reported the presence of structures having
streamwise length between 12 and 14 times the pipe radius. The taxonomy of such structures in the
pipe was improved by the work of Guala et al. (2006), who made a distinction between very-large-
scale motions (VLSMs), having streamwise size between 8 and 16 pipe radii, and large-scale motions
(LSMs), having streamwise length of 2-3 pipe radii. Balakumar and Adrian (2007) extended these
results to turbulent channels and zero-pressure-gradient boundary layers. Balakumar and Adrian
(2007) observed that boundary layer flows typically have shorter VLSMs with respect to channels and
pipes. Similar remarks on the structural differences between LSMs and VLSMs in turbulent pipe,
channel and boundary layer flows were made by Monty et al. (2007, 2009). Both Guala et al. (2006)

2Here, for consistency with the rest of the manuscript, an asterisk is used to denote dimensional quantities.
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_ Re,=7,30

Figure 1.2: (a) Contours of one-dimensional premultiplied spectra as a function of streamwise wavenumber
and wall-normal position for a turbulent boundary layer at two Reynolds numbers (adapted from Smits et al.
(2011)). An inner and an outer peak are noted at the higher Reynolds number. (b) Contours of instantaneous
streamwise velocity fluctuations in a turbulent boundary layer at Re, ~ 2000 and conceptual representation of
a superstructure (adapted from Deshpande et al. (2023)).

and Balakumar and Adrian (2007) show that LSMs and VLSMSs carry a large fraction of the turbulent
kinetic energy (TKE) and most of the turbulent shear stress. As a consequence, they are the main
responsible for wall friction drag (Abe et al., 2004; de Giovanetti et al., 2016).

Simultaneously, the experimental work of Hutchins and Marusic (2007) on turbulent boundary
layers showed that, at large Re (Re, 2 5000), there are two well-separated peaks in the pre-multiplied
streamwise fluctuation spectrum (figure 1.2 (a)). The inner peak is localised near the wall and
associated with the near-wall SSP and an outer peak which appears only at high Re. These authors
introduce the term superstructures to denote the motions associated with the outer peak. Figure 1.2
(b) shows a superstructure in a recent experiment on turbulent boundary layers (Deshpande et al.,
2023). In principle, superstructures should correspond to VLSMs. We note that the double-peaked
spectrum was observed only recently in numerical simulations of turbulent channel (Lee and Moser,
2015; Hoyas et al., 2022), due to the high computational cost of DNS at such high Re.

Furthermore, consistently with the attached eddy theory of Townsend (1976), LSMs extend to
the wall and influence the near-wall region. Hutchins and Marusic (2007) report the existence of a
footprint of the large-scale structure near the wall. Moreover, Hutchins and Marusic (2007) and Mathis
et al. (2009) describe a modulation effect that large-scale structures exert on near-wall fluctuations.
This effect is the result of nonlinear interactions (Andreolli et al., 2023).

Large-scale structures are affected by the presence of the walls. Experiments in zero-pressure-
gradient boundary layers (Vincenti et al., 2013) and turbulent pipes (Vallikivi et al., 2015) showed that
the wall-normal location of the peak at large wavelength of the pre-multiplied streamwise fluctuation
spectrum scales with the square root of the friction Reynolds number. As argued by Hwang (2016),

18



1.2. STATE OF THE ART

this means that viscous effects are non-negligible even at large wavelengths.

1.2.1.3 Multiscale dynamics

Given their important role in high— Re wall turbulence, it is important to understand the origin
of large-scale structures. In the first experimental studies (Kim and Adrian, 1999; Adrian et al.,
2000; Adrian, 2007), it was conjectured that such structures are the result of the concatenation of
smaller structures and subsequent vortex reconnection. The concatenation hypothesis has been further
underpinned by Lee and Sung (2011) and Dennis and Nickels (2011) in boundary layers and by Baltzer
et al. (2013) in turbulent pipes. More recently, it was supported by Lee et al. (2019) and Deshpande
et al. (2023), who analysed, respectively, DNS data of pipe flow and experimental measurements of
turbulent boundary layers. The conceptual representation of a VLSM as a concatenation of smaller
structures proposed by Deshpande et al. (2023) is reproduced in figure 1.2 (b). This hypothesis,
however, was questioned by Mizuno and Jiménez (2013), who showed that LSMs exist even without
a wall, and Zhou et al. (2022), who showed that the merging of near-wall streaks is weakly correlated
with LSMs.

An important development was the contribution of Hwang and Cossu (2010c). These authors
performed large eddy simulations (LES) of turbulent channel flow at Re, = 550 using a Smagorinsky
eddy viscosity model for the subgrid scale fluctuations. They progressively increased the Smagorinsky
constant, thereby augmenting the dissipation provided by the model. In this way, all the small-scale
fluctuations were progressively filtered out, and the dynamics of the large-scale motions were isolated.
The remarkable result is that, even if all the small scales are heavily damped, the dynamics of the
LSMs are almost unaffected and, in particular, LSMs are always sustained in the over-damped flow. In
conclusion, LSMs do not need smaller-scale fluctuations to “survive”, as they can be directly amplified
by the mean shear. Hwang and Cossu (2010c) remark that the isolated LSMs seem to undergo a
self-sustaining cycle similar to the SSP of near-wall structures.

These results have been extended to higher Re (Re, = 1000) and different domain sizes in Hwang
and Cossu (2011), where the same authors were able to isolate different LSMs and their SSP at different
scales. It was shown in this paper that these motions correspond to the self-similar eddies constituting
the logarithmic layer of the turbulent channel flow. In light of these results, the authors postulate a
hierarchy of self-similar SSP which act independently of each other at different scales. This hypothesis
represents a multiscale extension of the SSP classic theory.

In subsequent studies, Hwang (2013, 2015) and Hwang and Bengana (2016) have investigated the
dynamics of isolated attached eddies (still using overdamped LES) stressing the self-similarity of these
structures near the wall (figure 1.3 (a)), their contribution to the wall shear stress and the various
elements that consitute the SSP. In particular, Hwang (2015) compares the isolated attached eddies to
the theoretical predictions of Townsend (1976). Figure 1.3 (b) shows the streamwise velocity streak of
one of the isolated attached eddies. The author also comments on the role of the lift-up mechanisms
in generating the streaks, pointing out how, in linear theories, vortices and streaks do not coexist
(the vortices generate the streaks transiently and then die out), whereas, in the nonlinear dynamics,
both vortices and streaks seem to coexist, such that streaks are continuously forced by the vortices.
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Figure 1.3: (a) Conceptual representation of self-similar attached eddies (Hwang, 2015). (b) Isosurface of
negative streamwise velocity fluctuation of a self-sustained large-scale attached eddy at Re, = 950 (adapted
from Hwang (2015)). (c-f) Visualisations of the various SSP steps of an isolated attached eddy at Re, = 950.
The blue and red isosurfaces denote, respectively, a negative streamwise velocity fluctuation and a positive
wall-normal velocity fluctuation (adapted from Hwang and Bengana (2016)).

As we will see in the following chapters, this fact implies that, in linear models of wall turbulence,
the vortices must be modelled as a steady “external” forcing (external because the nonlinearity does
not belong to a linear model). Hwang and Bengana (2016) measured the characteristic time scales
of the process using temporal auto- and cross-correlations of the velocity components. Importantly,
the temporal correlation curves are superposed when the time is scaled with the spanwise size of the
isolated structure and the friction velocity. This supports the theory of self-similar SSP at all scales
(figure 1.3 (c)).

As for the near-wall SSP, further evidence for the multiscale SSP came from invariant solutions of
the NS (and LES) equations (multiscale ECS). Rawat et al. (2015) and Hwang et al. (2016) compute
such solutions (equilibria and travelling waves) in, respectively, Couette and channel flow using the
overdamped LES system. Then, they perform continuation with respect to the damping parameter
and, in some cases, they find exact solutions of the NS equations. These ECS feature wavy streaks
and short vortices as the isolated attached eddies of the previously mentioned studies. Additional
self-similar travelling waves are reported by Yang et al. (2019). Doohan et al. (2022) employed their
shear-stress-driven flow model to search for two-scale ECS. The presence of only two scales in their
model flow is imposed by the choice of the computational box lengths. However, the travelling waves
that they have identified are characterised only by one prominent wavelength. The authors argue
that a purely two-scale solution would be characterised by two different time scales and, therefore,
should be a periodic orbit or a quasi-periodic solution. Nevertheless, they find an interesting small-
scale travelling wave solution that consistently feeds energy to the larger scale through a sub-harmonic
streak instability.
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Another group of numerical studies have tried to elucidate inter-scale interactions. Jiménez and
Simens (2001) performed DNS of turbulent channel flow both in minimal domains and in longer
domains, damping the fluctuations at the channel centre. When the domains are minimal and the
damping acts on a large part of the channel bulk, they observe travelling waves. As the domain size is
increased and the damping region reduced, the dynamics become more complex (two-frequency torus,
intermittent bursting and finally chaotic dynamics). This behaviour is explained by suggesting that
the streaks emit vorticity towards the channel centre, which then comes back to perturb the streaks.
This inner-outer interaction is probably the first example of bottom-up interaction in the literature.
A similar mechanism is described in Jiménez et al. (2005), who speculate that bursts® in the buffer
layer can generate LSMSs in the logarithmic layer. The study of Toh and Itano (2005) investigates this
bottom-up mechanism more explicitly with DNS of turbulent channel flow at moderate Re (Re, = 137
and Re; = 349) in a domain wider than minimal flow units. They find that conglomerations of near-
wall streaks correspond to large-scale structures farther from the wall. Therefore, they conjecture the
existence of a co-supporting cycle that involves LSMs and near-wall streaks. However, the evidence
brought forward in this study is limited in several aspects: (i) the considered Re are quite low with
respect to other observations of LSMs and, as a consequence, the computational domains are only
slightly larger than minimal flow units; (ii) no causal relation is established between the formation of
LSMs and the observed conglomerations of near-wall streaks. The fact that LSMs and conglomerations
of near-wall streaks are correlated may simply be due to the modulation effect that LSMs exert on
the wall (Mathis et al., 2009) and, therefore, does not automatically imply that LSMs are generated
by near-wall streaks. In this thesis, we will try to establish this lacking causal relation, showing that
near-wall streaks can lead to an amplification of LSMs through an instability.

Instabilities of large-scale streaks have been investigated by Park et al. (2011). Large-scale streaks
are computed using the two-dimensional Reynolds-Averaged Navier-Stokes equations (RANS) con-
taining the Cess (1958) eddy viscosity. Streamwise uniform streaks are computed using an optimal
initial condition?. The modal linear stability of frozen saturated streaks is investigated. Park et al.
(2011) find that the streaks become unstable if their amplitude is sufficiently high, with the unstable
mode having a streamwise wavelength compatible with LSMs. These results have been extended to
higher Re by Alizard (2015). Interestingly, he found self-similar unstable modes varying the span-
wise wavelength of the base flow streaks. Both Park et al. (2011) and Alizard (2015) focus only on
fundamental instabilities, i.e. they consider only perturbations which have the same fundamental
wavelength as the base flow. Therefore, their eigenmodes have the same spanwise wavelength as the
base flow streaks and a smaller streamwise wavelength (which is infinite for their streaks and finite
for the eigenmode). This type of instability can be seen as a step of the multiscale SSP (Hwang and
Cossu, 2010c, 2011). Indeed, the self-similar attached eddies isolated by Hwang (2013, 2015) and
Hwang and Bengana (2016) feature vortices that are shorter than the streak. Therefore, an instability
that breaks the streak in smaller vortices is coherent with the SSP of these structures.

3See the next subsection for an explication of this term.

41t is known from the studies on transient growth and nonmodal transition to turbulence that streaks are generated
by initial conditions that maximise the perturbation kinetic energy at a given finite time. Therefore, streaks can be
computed by formulating a variational problem, see e.g. Butler and Farrell (1992).
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Figure 1.4: (a) Instantaneous visualisation of an attached ejection event (axes are scaled in wall units, and the
colour denotes the distance from the wall, adapted from Lozano-Durdn et al. (2012)). (b) Conceptual evolution
of an Orr’s burst for the streamwise, wall-normal and spanwise velocity components (from top to bottom).
Adapted from Encinar and Jiménez (2020).

The recent works of Doohan et al. (2021, 2022) in the shear-stress-driven flow model suggest a
different mechanism (feeding) that resembles the bottom-up scenario. As mentioned before, this model
flow is characterised by two scales imposed by the computational box size. It is found that energy
is driven from the smaller to the larger scale through a sub-harmonic streak instability. This finding
suggests that an extension of the results of Park et al. (2011) and Alizard (2015) to sub-harmonic
instabilities is needed.

Other recent works have used fully nonlinear analyses to investigate multiscale interactions. For
example, Cho et al. (2018) have performed a spectral energy transfer analysis of LES data at Re, =
1672 using spanwise wavelengths to distinguish between small scales and large scales. Among the
several important findings of this study, the authors discuss the importance of the pressure strain
term to close the SSP and report a consistent transfer of energy from small scales to large scales in
the wall region. Lee and Moser (2019), performed a more comprehensive spectral analysis involving
both streamwise and spanwise wavelengths, using their DNS data at Re,; = 5200. They also stress the
importance of the pressure strain term in transferring energy from the streamwise to the transverse
velocity components and confirm, in part, the transfer of energy from small to large scales near the
wall.

1.2.1.4 Bursts and optimal perturbations

Kim et al. (1971) have introduced the term bursts to denote the intermittent events associated with
an instantaneous high production of Reynolds shear stress. If v’ is the streamwise velocity fluctuation
and v’ the wall-normal velocity fluctuation, the Reynolds shear stress in typical wall-bounded flows
is given by the long-time average u/v’. Wallace et al. (1972) introduced the quadrant analysis to
investigate the production of Reynolds shear stress, which consists of plotting the joint probability
density function of ' and v’. Using this analysis, they were able to identify two types of events that

contribute to u/v’: the sweeps characterized by v’ > 0 and v' < 0 and the ejections characterized by
v’ < 0 and v > 0. Further experimental evidence of the intermittent nature of the Reynolds shear
stress has been provided by Willmarth and Lu (1972) and Lu and Willmarth (1973). There has been
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Figure 1.5: Nonlinear optimal perturbation of the turbulent channel flow (with respect to the mean flow) at
Re; = 180 at (a) initial and (b) target time T = 305. Isosurfaces of negative streamwise velocity (green) and
of the Q criterion (blue/red for positive/negative streamwise vorticity). Adapted from Farano et al. (2017).

some controversy about the meaning of the term bursts, as the one-point measurements of these early
experiments are consistent with permanently advecting objects which are not intermittent in time.
Recent advances in numerical simulations have lifted this ambiguity and, nowadays, the term denotes
intermittent events that are localised both in time and in space (Jiménez, 2013).

Bursts have been investigated in DNS of turbulent channel flow by Flores and Jiménez (2010)

and Lozano-Durédn et al. (2012). In particular, Lozano-Duran et al. (2012) have used a percolation
analysis to isolate eddies that are associated with intense production of the Reynolds shear stress. They
have found that self-similar attached eddies carry a significant part of the Reynolds stress (figure 1.4
(a)). Detached eddies are also identified at the channel centre, but their global contribution to the
Reynolds shear stress is negligible. These detached eddies form a background turbulence which could
be interpreted as a byproduct of other dynamical processes. More recently, shear stress bursts in
the turbulent channel flow have been the object of causal analyses. Jiménez (2023) used the Perron-
Frobenius operator to isolate the conditionally averaged dynamics of these events and investigate
their regeneration cycle. He finds that the bursts are generated after a phase of low wall shear. Osawa
and Jiménez (2024) have performed interventional experiments by realising a huge amount of slightly
perturbed simulations. They find that the perturbation is causally significant if it is localised over a
sweep, whereas perturbations of ejections are classified as causally irrelevant.
A different type of intermittent events was investigated by Hack and Schmidt (2021), who focused on
instantaneous dissipation. They have isolated the structures correlated with highly dissipative events
using a Conditional Space-Time POD (Schmidt and Schmid, 2019) on a DNS dataset of turbulent
channel flow at Re, = 2000. They report that these events are associated with strong gradients
forming at the interface between two opposite-sign velocity structures.

The dynamics of bursts have been linked both to linear and nonlinear optimal perturbations.
Jiménez (2013, 2015) have associated the bursts with the transient dynamics of the linear Orr’s mech-
anism (Orr, 1907). Encinar and Jiménez (2020) have substantiated this theory by looking for Orr-like
bursts in turbulent channel flow DNS data using wavelet-based filters (figure 1.4 (b)). Bursts have
also been linked to nonlinear optimal perturbations (NLOPs). These perturbations have been intro-
duced in the context of subcritical transition to turbulence (Pringle and Kerswell, 2010; Cherubini
et al., 2010, 2011; Monokrousos et al., 2011; Pringle et al., 2012; Duguet et al., 2013; Cherubini and
De Palma, 2015; Cherubini et al., 2015) and are computed using a direct-adjoint looping technique
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(see section 2.4). For a given initial energy, these perturbations lead to the maximisation of an inte-
gral observable (global kinetic energy or dissipation) in a given target time. Cherubini and De Palma
(2013) have computed NLOPs in laminar Couette flow and, varying the target time and the initial
energy, they have found that some perturbations lead to highly dissipative paths and resemble the
bursts observed in turbulent flows. These results have been extended to the channel flow by Farano
et al. (2015, 2016). Moreover, to link more explicitly NLOPs to turbulent bursts, Farano et al. (2017,
2018) have computed NLOPs with respect to the turbulent channel mean profile (figure 1.5). They
have compared the Reynolds stress statistics of the NLOPs with those of DNS using quadrant analysis
and pre-multiplied spectra, and they concluded that the dynamics of the NLOPs are representative of
typical bursting events in turbulent channel flow DNS. One of the objectives of this thesis is to extend
the results of Farano et al. (2017), aiming at a more direct comparison with the structures extracted
from DNS (see section 1.3).

1.2.2 Laminar-turbulent pattern formation

This section is an introduction to the phenomenology and related theories of wall-bounded plane
shear flows in transitional regimes. This is the topic of the last part of the thesis (Chapters 5 and 6).
Fundamental concepts of subcritical transition are introduced with a short description of transitional
pipe flow (Eckhardt et al., 2007; Avila et al., 2023). Then, the phenomenology of transitional plane
shear flows is presented (Tuckerman et al., 2020). Lastly, the theoretical efforts to explain these
phenomena are summarised. Currently, these theoretical efforts follow two main directions: directed
percolation theory and linear instability theory. These theories stem from two different points of view.
Directed percolation theory considers that localised turbulence arises from fully laminar flow (the
critical point is between laminar and laminar-turbulent flow). Linear instability theory considers that
the laminar-turbulent patterns arise from fully turbulent flow (the critical point is between turbulent
and laminar-turbulent flow). The two are not necessarily in contrast.

1.2.2.1 Subcritical transition - the case of pipe flow

Since the seminal experiments of Reynolds (1883), the transition to turbulence of the parabolic flow
in a circular pipe has been an open problem for fluid dynamics. As it is well known, Reynolds (1883)
observed the dispersion of a scalar tracer injected in the flow. He understood that the behaviour
of the flow was uniquely determined by an adimensional control parameter formed with the bulk
velocity of the pipe, the pipe diameter and the viscosity of the fluid. This parameter was termed in his
honour the Reynolds number Re, which we have introduced before. Varying this parameter, Reynolds
identified a regime of stable laminar motion at low Re, a regime of chaotic fully turbulent motion
at high Re and, for intermediate values of Re, a transitional regime characterised by intermittent
turbulent regions surrounded by laminar flow that he called flashes. The transitional regime was
further studied experimentally in the 20th century by Lindgren (1969), Wygnanski and Champagne
(1973) and Wygnanski et al. (1975) who classified intermittent turbulent regions in two categories: the
puffs are short arrow-like turbulent structures which are triggered at some point in the flow and then
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Figure 1.6: (a) Experimental visualisations of an equilibrium puff at Re = 2200 from Darbyshire and Mullin
(1995). (b) Contours of the axial vorticity field of a puff computed using an edge-tracking algorithm at Re = 2000
(adapted from Duguet et al. (2010b)). (c) Contours of the axial vorticity field of a slug at Re = 3000 (DNS,
adapted from Duguet et al. (2010b)).

advected downstream (figure 1.6 (a) and (b)); the slugs are longer turbulent regions which feature a
sharp upstream end and a smooth or sharp downstream end according to the regime (figure 1.6 (c)).
The puffs were described as equilibrium structures in these early experiments, but, as we will see, they
can actually split or decay. Slugs are expanding structures that tend to fill the pipe with turbulent
flow while they are advected downstream. Since these early experiments, it was clear that the shear
near the upstream edge of a puff or slug is instrumental for the turbulence production that sustains
the structure. For example, Bandyopadhyay (1986) describes the roll-up of vortices near the upstream
edge of puffs and how these entrain laminar flow, feeding energy to the turbulent dissipation inside
the puff.

The major theoretical problem with these observations was that the laminar flow in a circular
pipe is linearly stable at all Re (Salwen et al., 1980; Meseguer and Trefethen, 2003). Therefore, the
transition to turbulence is due to the amplification of finite amplitude disturbances. This type of
transition is termed subcritical because the flow becomes turbulent for values of Re lower than the
critical one. In the case of the pipe, the critical value is infinite, so the transition is always subcritical.
Other shear flows, such as the channel flow or boundary layer flows, have a finite critical Re at which
the laminar flow becomes linearly unstable, but they can still undergo a subcritical transition at Re
lower than the critical values. Darbyshire and Mullin (1995) and Hof et al. (2003) investigated this
problem, performing experiments in which the laminar flow was impulsively perturbed. Looking for
critical disturbance amplitudes beyond which turbulence is triggered and sustained, Darbyshire and
Mullin (1995) tried to plot a critical curve in the amplitude— Re plane, but the data showed a significant
scatter. The idea of a critical disturbance amplitude was undermined by Faisst and Eckhardt (2004).
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These authors performed simulations of periodic pipe flow for Re < 2300 using a synthetic disturbance
as a trigger. They found that eventually all perturbations decay. Some decay almost immediately,
others after a long turbulent transient. Importantly, they found that the turbulence lifetime does
not increase monotonically with the disturbance amplitude but, rather, oscillates abruptly with this
parameter. These findings led them to conjecture that the turbulent attractor is a chaotic saddle at
the considered values of Re (Eckhardt et al., 2007) and that the edge between rapidly decaying initial
conditions and long-lived turbulent transients has a fractal nature, which prevents any definition of a
critical amplitude. After these developments, research focused on turbulence lifetimes and the critical
Re beyond which the turbulent flow is indefinitely sustained. It was shown that turbulence lifetimes
are exponentially distributed and that the characteristic time-scale extracted from the distribution
fit increases with Re. Peixinho and Mullin (2006) and Willis and Kerswell (2007) measured these
characteristic lifetimes using, respectively, experiments and DNS data and conjectured the existence
of a finite value of Re at which the turbulence lifetime diverges. This would represent a critical Re for
the onset of turbulence in pipe flow. In contrast, Hof et al. (2006, 2008) showed that the turbulence
characteristic lifetime increases super-exponentially with Re but never diverges at finite Re. Therefore,
they argued that there is no critical Re for transition in pipe flow. This super-exponential scaling of
turbulence lifetime was confirmed with DNS by Avila et al. (2010) and theoretically corroborated by
Goldenfeld et al. (2010). All these investigations concern the decay of a single puff.

In the meantime, a new series of phenomenological studies was performed by several groups. Nishi
et al. (2008) have performed experiments of puffs and observed that they eventually split, forming new
puffs. Shimizu and Kida (2009) and Duguet et al. (2010b) have investigated the dynamics of puffs and
slugs using numerical simulations and edge state computations (Skufca et al., 2006; Schneider et al.,
2007) and van Doorne and Westerweel (2009) and Hof et al. (2010) performed further experiments.
All these authors stressed the importance of the instabilities which are generated at the upstream end
of puffs.

Moxey and Barkley (2010) were the first to identify a regime in which several puffs randomly
split and decay, but turbulence is globally sustained. This key idea was developed by Avila et al.
(2011), who showed that the characteristic time scale of puff splitting decreases with Re, while the
characteristic lifetime of puff decay increases with Re (as was already known). Therefore, the two
time scales will cross over at a well-defined Re, which can be considered the critical Re for sustained
turbulence in pipe flow. This solved a long-standing problem of fluid mechanics.

Another important idea about the dynamics of puffs and slugs was introduced by Barkley (2011a),
who linked these phenomena to ezxcitable media (Winfree, 1991; Barkley, 1991) through a phenomeno-
logical analogy. The author proposes a stochastic two-equation model that is able to reproduce the for-
mation of puffs and slugs, their decay and splitting statistics and their interaction dynamics (Samanta
et al., 2011; Barkley et al., 2015). Barkley (2016) discussed in more detail the principles underlying the
model and the dynamics of fronts. Comparisons with DNS measurements of front advection speeds
reported by Holzner et al. (2013) and Song et al. (2017) are also made. Interestingly, this pipe flow
model has prompted new statistical analyses of transitional pipe flow (Nemoto and Alexakis, 2018;
Rolland, 2018).
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There are important lessons to be learned from these developments in the case of pipe flow. The
first one is that the transition in shear flows is a complex mix of nonlinear phenomena. The second
one is that localised patches of turbulence at very low Re can split or decay, and that the time
scales of these two mechanisms determine whether turbulence is sustained or not. We will see that
similar arguments have been used for plane shear flows. The last one is that a phenomenological
model, which can reproduce the fundamental behaviour of the system, can be useful to improve the
theoretical understanding of the problem and test new ideas.

1.2.2.2 Phenomenology of patterns in shear flows

Coexistence of laminar and turbulent regions characterises the transition of other wall-bounded
shear flows as well. The first observations of this phenomenon were made by Coles and Van Atta (1966)
in Taylor-Couette flow (the flow between two rotating cylinders). They found a regime of counter-
rotating cylinders featuring a spiral of turbulent flow (spiral turbulence). The visualisation of their
turbulent spiral is reproduced in figure 1.7 (a). Already in this early experimental study, the presence
of a large-scale flow at the interface between laminar and turbulent regions was highlighted. The
existence of this spiral turbulence regime was confirmed at different radius ratios (the ratio between
the inner and the outer radius) and aspect ratios (the ratio between the cylinders’ length and gap)
by later experimental studies (Andereck et al., 1986; Hegseth et al., 1989; Goharzadeh and Mutabazi,
2001), which also investigated the transition between adjacent regimes.

In the meantime, a series of experiments on the transition to turbulence in plane Couette flow were
performed by the CEA Saclay group (Daviaud et al., 1992; Bottin et al., 1997, 1998; Bottin and Chaté,
1998). In these experiments, turbulent spots are triggered by using finite-amplitude localised pertur-
bations. It is observed that if Re is beyond a certain threshold, the spot spreads and a heterogeneous
mix of turbulent and laminar flow fills the experimental domain. This coexistence of laminar and
turbulent flow is related in these studies to a similar phenomenology observed in numerical simulation
of map-lattice models (Kaneko, 1985) and Kuramoto-Sivashinsky equation (Chaté and Manneville,
1987), and is termed spatio-temporal intermittency.

Plane Couette flow can be obtained from Taylor-Couette flow in the limit of the radius ratio
approaching one. As such, it can be expected that the turbulent spiral in Taylor-Couette flow and
spatio-temporal intermittency in plane Couette flow are related phenomena, with differences arising
from curvature effects. Prigent et al. (2002, 2003) studied the two flows experimentally and showed that
the same oblique pattern of turbulent bands characterises the transitional regimes of both (see figure 1.7
(b) for a visualisation of the pattern in plane Couette flow). To investigate how the patterned regime
arises from uniform turbulence, they employed experimental observations to tune the parameters of
a Ginzburg-Landau model with noise. Accordingly, they postulate that the pattern arises through a
linear instability of the uniform turbulent flow.

Up to this point, patterns were numerically simulated only using simple models like the Ginzburg-
Landau equation or map-lattice models. The first Navier-Stokes DNS of laminar-turbulent patterns
appeared in the early 2000s. One of the reasons is that most of the DNS of shear flows at the time
focused on minimal flow units, as we have seen in previous sections, whereas large domains are required
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Figure 1.7: Laminar-turbulent patterns in shear flows. (a) Early experimental visualisation in Taylor-Couette
flow of spiral turbulence by Coles and Van Atta (1966). (b) Experimental visualisation of patterns in plane
Couette flow by Prigent et al. (2002). (c¢) DNS of spiral turbulence by Meseguer et al. (2009). (d) DNS of
oblique patterns in plane Couette flow by Duguet et al. (2010a).

to observe the patterns. Barkley and Tuckerman (2005) performed the first DNS of laminar-turbulent
patterns in plane Couette flow, introducing the concept of minimal band unit. They consider a domain
which is inclined with respect to the streamwise direction of an angle 6 which is chosen to match the
angle of inclination of the turbulent bands. In this way, the spanwise direction of the tilted domain
corresponds to the direction perpendicular to the turbulent band (figure 1.8). They consider a domain
which is wide in the spanwise direction (to accommodate the pattern wavelength) and relatively
short in the (tilted) streamwise direction (to accommodate the size of turbulent streaks and vortices).
Varying Re, three different regimes were identified between the laminar and fully turbulent regimes:
isolated band, periodic pattern and an intermittent regime which features laminar holes without a clear
periodicity. The analysis of the patterned regime was further developed in Barkley and Tuckerman
(2007) with the computation of the mean flow surrounding the pattern, which revealed a large-scale
flow structure similar to the one reported by Coles and Van Atta (1966). At the same time, the first
DNS of laminar-turbulent patterns in the channel flow was reported by Tsukahara et al. (2005). In
contrast to Couette flow, in which the pattern is approximately steady, the pattern in the channel flow
is advected with a group velocity approximately equal to the bulk velocity of the channel. In fact, the
pattern advection velocity decreases with Re, as reported more precisely by Tuckerman et al. (2014).

DNS of turbulent spirals in Taylor-Couette flow were performed by Dong (2009), Meseguer et al.
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Streamwise

Spanwise

Figure 1.8: Schematic representation of a minimal band unit containing two wavelengths of the pattern (adapted
from Gomsé et al. (2020)).

(2009) and, more recently, by Berghout et al. (2020). Duguet et al. (2010a) performed DNS of
transitional plane Couette flow in extended domains, studying the transition from localised spots
to oblique self-sustained laminar-turbulent patterns. Some visualisations of the patterns from these
numerical simulations are displayed in figure 1.7 (c) and (d). It can be seen that they match well the
early experimental observations by Coles and Van Atta (1966) and Prigent et al. (2002) (panels (a) and
(b) of the same figure). Duguet and Schlatter (2013) explained the oblique character of the pattern
with the advection of small-scale fluctuations exerted by the large-scale flow (figure 1.9), which is itself
oblique due to the continuity constraint. The presence of the large-scale flow was also documented by
the experimental PIV measurements of Lemoult et al. (2013, 2014) in transitional channel flow.

Other simulation campaigns of laminar-turbulent patterns in Couette flow were conducted by
Manneville (2011) and Manneville and Rolland (2011), who performed under-resolved simulations and
found that the pattern is relatively robust with respect to a coarse graining of the numerical grid
in the three spatial directions. Rolland and Manneville (2011a,b) also compared the under-resolved
simulations to the Ginzburg-Landau model with noise. Rolland and Manneville (2011b) also noted
that the double-well potential of the Ginzburg-Landau system is relevant to model the change of
orientation that the turbulent bands experience. Finally, Philip and Manneville (2011) investigated
through DNS the effect of the computational domain size on the bifurcation diagram of plane Couette
flow.

More recently, the increasing power of supercomputers has allowed researchers to perform simula-
tions in bigger domains and for longer simulation times, leading to a thorough statistical characterisa-
tion of the patterned regime. Shimizu and Manneville (2019) performed DNS of transitional channel
flow, characterising the various regimes that are observed for Re spanning the entire transitional range
(from stable laminar flow to uniform featureless turbulence). A “catalogue” of their results is shown in
figure 1.10. Kashyap et al. (2020) have performed similar simulations, reporting various statistics of
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Figure 1.9: Illustrations of the large-scale flow in plane Couette flow. Panels adapted from (a) Duguet and
Schlatter (2013) and (b) Tuckerman et al. (2020).

the flow in these regimes. Both Shimizu and Manneville (2019) and Kashyap et al. (2020) note that
the friction factor c; = 27%/p*U*? (77 is the mean wall shear stress and U;* the channel bulk velocity)
is almost constant and approximately equal to 0.01 in the transitional regime. An explication for this
behaviour is currently unknown. Kashyap et al. (2020) also noted that the probability distribution of
the wall shear stress is not bimodal even at very low Re, when the laminar and turbulent flows are
visually distinct. Moreover, they showed that there is an almost perfect correlation between the kur-
tosis and the squared skewness of the local Re, distributions, which works all across the transitional
regime and even beyond (Jovanovi¢ et al., 1993). Gomé et al. (2023a,b) have statistically characterised
the emergence of the patterns in plane Couette flow using tilted domains. In the first paper, they
analysed the energy transfer between small and large scales and the mean flow. In the second one,
they reported several statistics on laminar gap nucleation and wavelength selection, and also a friction
factor near 0.01 (which makes it an interesting universal constant for plane shear flows).

Other studies focused specifically on very low-Re cases, which feature individual bands rather than
patterns (figure 1.11). Xiong et al. (2015) used DNS of channel flow to show that isolated bands (at
the low Re end of the transitional regime) are decaying, whereas, when the bands start to interact
and split, turbulence is sustained. This calls for an immediate analogy with puffs in pipe flow. Indeed,
analogously to puffs in pipe flow, the cross-over between the characteristic splitting time and the
characteristic decay time of isolated bands has been used to define a critical Re for self-sustained
turbulence in plane Couette flow (Shi et al., 2013) and plane channel flow (Gomé et al., 2020). Lu
et al. (2019) have shown in Couette flow that during the decay, the band orientation and thickness
remain constant while its length decreases. Liu et al. (2020) and Xiao and Song (2020) demonstrated,
by using PIV measurements, DNS and local stability analysis of plane channel flow, that fluctuations
are generated at the downstream end of the band by a local destabilisation of the velocity profile.
Parente et al. (2022a,b) investigated how a single band grows from a localised nonlinear optimal
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Figure 1.10: (a) Bifurcation diagram for the transitional range of plane channel flow. (b-e) Contours of the
wall-normal velocity fluctuation at the channel centre for (b) one-sided stripes, (c) two-sided stripes, (d) tight
pattern and (e) featureless turbulence. Panels adapted from Shimizu and Manneville (2019).

perturbation and how the large-scale flow is formed and stretches the band in one direction. Still
in channel flow, Mukund et al. (2025) have shown that the band decay process is not memoryless
(lifetime distributions are not exponentials) because there is an ageing process associated with the
decay of the large-scale flow, which means that long survival times are less probable with respect to a
memoryless process. Nevertheless, Wu and Song (2025) argue that the decay of a single band becomes
a memoryless process beyond a certain threshold in Re. Recently, Marensi et al. (2023) investigated
through DNS the differences between isolated bands in Couette and channel flow. They showed that,
while in channel flow, streaks are created at the downstream end consistently with Liu et al. (2020)
and Xiao and Song (2020), in Couette flow, streaks nucleate randomly inside the band.

Due to their different peculiarities, isolated bands and patterns can be seen as different regimes even
if there is no sharp transition between the two (Shimizu and Manneville, 2019; Kashyap et al., 2025).

To conclude this section, it must be mentioned that laminar-turbulent patterns have also been
observed in less-canonical shear flows. For example, Chantry et al. (2016, 2017) have shown that
they also exist in Waleffe flow and that they are very similar to the patterns of plane Couette and
channel flow. Thanks to the absence of boundary layers near the free-slip boundaries, this flow is
simpler to simulate and can be seen as a model of other plane shear flows. Laminar-turbulent patterns
have also been shown to exist in the presence of rotation, stratification or magnetic fields (Tsukahara
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Figure 1.11: (a) Flow visualisation of an isolated turbulent band in channel flow at Re = 750 from the experi-
ments of Mukund et al. (2025). (b) Streamwise velocity contours of an isolated turbulent band in channel flow
at Re = 750 from the DNS of Xiao and Song (2020). Re based on the laminar centreline velocity.

et al., 2010; Brethouwer et al., 2012; Deusebio et al., 2015). In these cases, there are body forces
that stabilise the laminar flow to higher Re. Therefore, the patterns appear later and feature a more
pronounced separation of scales with respect to turbulence fluctuations. Interestingly, Brethouwer
et al. (2012) and Deusebio et al. (2015) have also found that patterns can be localised only near the
walls while the bulk of the flow is turbulent. Takeishi et al. (2015) and Kohyama et al. (2022) have
investigated the transition in duct flows with various aspect ratios. This flow is similar to pipe flow
for low aspect ratios and similar to channel flow for high aspect ratios. For intermediate aspect ratios,
they find a snake-like regime induced by the turbulent band reflections on the side walls (figure 1.12
(a)). Similarly, Ishida et al. (2016, 2017a) have considered annular Poiseuille flow and have found
regimes characterised by helical patterns and helical puffs (figure 1.12 (b)). On the other hand, Ishida
et al. (2017b) have considered plane Couette flow with wall roughness and found that patterns are not
observed for large values of the roughness parameter. Finally, Khapko et al. (2016) have searched for
a patterned regime in the asymptotic suction boundary layer (ASBL) without finding it (they only
found a transient pattern). They argue that the absence of an upper boundary affects the development
of the large-scale flow.

1.2.2.3 Directed percolation theory

In a highly influential paper, Pomeau (1986) drew an analogy between subcritical transition to
turbulence and propagating fronts in reaction-diffusion systems. Therefore, he speculated that the
subcritical transition process could belong to the directed percolation (DP) universality class. DP
is a stochastic process in which two states (or phases) are possible: an inactive state and an active
state. This process is defined on n + 1-dimensional lattices, where the +1 denotes the temporal
dimension. The active nodes can contaminate neighbouring nodes with a finite probability. They
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Figure 1.12: Laminar-turbulent patterns in less-canonical shear flows. (a) Turbulent band reflecting on the
sidewalls in rectangular duct flow with aspect ratio 48 and Re, = 46.5 (contours of the wall-normal velocity
fluctuation at the channel centre, adapted from Kohyama et al. (2022)). (b) Spiral turbulence in annular
Poiseuille flow at Re, = 56 (isosurfaces of azimuthal velocity fluctuations, adapted from Ishida et al. (2016)).

can also spontaneously decay to the inactive state. The contamination is unidirectional in time (the
contamination takes place at the next time-step), hence the adjective directed. Inactive nodes can not
contaminate neighbouring nodes. These rules imply that an inactive node surrounded only by other
inactive nodes will not become active at the next time-step (the inactive state is an absorbing phase).
Therefore, the active phase spreads through propagating fronts. The interesting feature of this class
of models is that they undergo a continuous (second-order) phase transition at a critical value of the
contamination probability. The critical value depends on the details of the lattice, but the scaling
exponent of the active state fraction near the critical point depends only on the number of dimensions
of the lattice (and other scaling exponents as well). For a given number of dimensions, the scaling
exponents do not depend on the physical details of the system. Hence, DP constitutes an universality
class. Pomeau (1986) suggested that these scaling exponents could be used to experimentally assess
whether the subcritical transition to turbulence belongs to this universality class.

However, it was only after almost thirty years that Pomeau’s project was put into practice. The
first experimental validation of the theory (for shear flows) is due to Lemoult et al. (2016). They
performed experiments and DNS of plane Couette flow and showed that the turbulent fraction in-
creases continuously from zero with the same power-law predicted by DP theory. The distributions
of spatial and temporal laminar gaps match the theoretical prediction as well. An analogous experi-

33



1.2. STATE OF THE ART

mental endeavour was undertaken by Sano and Tamai (2016) in channel flow. Their data corroborate
a continuous phase transition of the DP class. However, turbulence was continuously forced at their
channel inlet, and they considered small domains and short observation times. Therefore, their ev-
idence was questioned in later publications. Chantry et al. (2017) considered the Waleffe flow and
were able to perform very long simulations in very large domains thanks to a severe truncation of the
number of Fourier modes in the wall-normal direction. They also reported good agreement with DP
scalings of turbulent fraction and laminar gaps. Lastly, Klotz et al. (2022) performed experiments in a
Taylor-Couette system with a very large aspect-ratio and also found good agreement with DP critical
exponents.

To understand the challenge involved in the experimental validation of DP theory, it is important
to note that, near the critical point, a very long time is needed to converge the statistical results.
This timescale has been estimated to be of the order of 4 - 10* advective time units for Couette flow,
2-10% advective time units for channel flow (Klotz et al., 2022) and 107 advective time units for pipe
flow (Mukund and Hof, 2018). Likewise, spatial scales must be very large to avoid finite-size effects,
which may alter the nature of the transition. This fact explains why controversies easily arise in the
literature around the subject of phase transitions, with different studies claiming different types of
transition for a given system. Demonstrating DP scaling laws in pipe flow experimentally is still a
challenge today. However, Barkley (2011a, 2016) found DP scalings with his pipe flow model.

The applicability of DP theory to wall-bounded shear flow has been questioned by Pomeau himself
(Pomeau, 2016), Tao et al. (2018) and Shimizu and Manneville (2019) due to the presence of coherent
structures even at very low Re. Indeed, a second-order phase transition implies scale-invariance near
the critical point, which, according to these authors, would not be compatible with the presence of
spots and oblique bands near the critical point. However, Gomé et al. (2024) show that plane Couette
flow transitions via expanding fronts when the large-scale flow is filtered out. The transition, however,
is not necessarily continuous.

Recently, new stochastic models, belonging to the DP universality class, have been proposed in
order to explain the apparent regularity of puff and band spacings. Manneville and Shimizu (2020)
developed a stochastic model designed to mimic the splitting dynamics of isolated bands in channel
flow. Lemoult et al. (2024) proposed a model for pipe flow based on puff interaction and jamming
and compared the resulting phase transition of the model to DP theory. Lastly, Ayats et al. (2025)
constructed a similar model for plane shear flows based on the interaction between different turbulent
bands. An important difference with respect to Manneville and Shimizu (2020) is that they consider
as an active phase a pattern element (i.e. a mix of turbulent and laminar flow) because, according to
their argument, isolated turbulent flow is not a stable state and can not constitute an active phase on
its own. However, these models remain purely phenomenological and, as such, do not involve any link
to first principle physics, i.e. the Navier-Stokes equations (Duguet, 2024).

1.2.2.4 Linear instability of turbulent channel flow

Most of the DP theory is concerned with the critical point at which the turbulent fraction grows
from zero. However, the work of Prigent et al. (2002) suggested that pattern formation may be
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explained by looking at the other critical point: the one at which the laminar fraction grows from
zero, i.e., how the pattern emerges from uniform turbulence. By definition, a pattern is characterised
by well-defined wavelengths. This contrasts with the divergence of spatial correlations near the critical
point of a continuous phase transition. For this reason, Prigent et al. (2002) suggest that pattern
formation may be better explained with a linear instability, which is usually characterised by critical
wavelengths. They demonstrate the idea using the Ginzburg-Landau model, which features pattern-
forming instabilities, as is well-known (Tuckerman and Barkley, 1990).

Similar to the DP theory, the instability hypothesis has been revisited over the years by several
authors. Tuckerman et al. (2010) performed a stability analysis of plane Couette turbulent mean
flow using the k — w RANS model, but did not find any instability, and the wavelengths of the least
stable mode were not consistent with the wavelengths and angles of the patterns observed in DNS.
Manneville (2012) derived a reaction-diffusion model starting from the Waleffe model (Waleffe, 1997)
to demonstrate the existence of a pattern-forming Turing instability. Reetz et al. (2019) have shown
that an exact invariant solution of plane Couette flow featuring a pattern very similar to those observed
in DNS bifurcates from the Nagata (1990) solution. This means that a pattern can emerge from a
linear instability of another invariant solution.

However, only recently, the linear instability hypothesis was addressed using DNS by Kashyap
et al. (2022). In this study, the authors propose a protocol to compute a statistical dispersion relation
for the turbulent channel flow. They perturb the turbulent flow with white noise and trace the
temporal evolution of the energy at large scales. They repeat the numerical experiment and ensemble
average the evolution curve over 40 realisations. Interestingly, they find that the averaged curve has
an exponential section that can be used to compute a decay rate. Tracing the evolution of the decay
rate with respect to Re, they conclude that the decay rate crosses zero at Re, = 95, which they define
as the critical Re for the emergence of the pattern. The authors were also able to identify a critical
wavenumber couple corresponding to {k;, k. } = {0.18,0.42}° in units of one over the channel half-gap.

Importantly, linear instability is advocated by Kashyap et al. (2022) to explain the emergence of
the modulations that anticipate the pattern in a top-down approach (descending Re). Such precursive
modulations do not seem to exist in Couette flow (Gomé et al., 2023b; Manneville and Shimizu, 2025).
Therefore, the linear instability hypothesis may not apply to this flow.

Anyway, the finding of Kashyap et al. (2022) revived the quest for models featuring a linear
instability. Kashyap et al. (2024) tried to retrieve the instability by linearising the equations around
the mean profile of the turbulent channel. They tested several closures for the Reynolds stresses, but
they did not find any instability. In particular, using this model, it was not possible to define any
critical Re, because the growth rates were approximately independent of this parameter, and it was not
possible to infer anything about wavelength selection, because the most unstable wavenumber couple
was always the {0,0} one. So these authors validated, extending the computations to low Re, the
claim of Reynolds and Hussain (1972) that the turbulent mean profile of the channel flow is linearly
stable.

Better results have been achieved using a simpler model based on Waleffe flow by Benavides and

S5k, and k. are, respectively, the streamwise and the spanwise wavenumber.
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Barkley (2025). In this study, a heavily truncated Galerkin expansion in the wall-normal direction
and a closure for the Reynolds stresses were combined to derive a six-equation model with variables
depending on time and wall-parallel directions. The model has a “turbulent” fixed point which, lowering
Re, becomes unstable. The instability leads to steady patterns. Meanwhile, Kashyap et al. (2025)
revisited the work of Manneville (2012) on the Waleffe model undergoing a Turing instability. With
this model, they studied the pattern wavelength selection throughout the whole transitional range,
from the linear instability of the turbulent flow to the emergence of solitary solutions (isolated bands).

1.2.3 Linear and quasi-linear models of wall-bounded flows

In the previous sections, we have presented phenomenological and theoretical works on turbulent
wall-bounded flows, relevant to the subject of this thesis. We now present a short review of studies
which are relevant to the methodological aspects of this thesis. As we will see, one of the major
difficulties in our work is the formulation of a linear stability problem in a turbulent environment.
Here, we review a number of (mostly recent) studies that cope with this problem in one way or
another.

Turbulence is inherently nonlinear. Nonlinearity transfers energy to the small scales where it is
dissipated (Symon et al., 2021; Ding et al., 2025). Moreover, in wall-bounded turbulence, nonlinearity
is needed to close the SSP (Waleffe, 1997). However, individual energy growth mechanisms can be
linear. Since the original problem is nonlinear, linear mechanisms are defined by introducing a flow
decomposition which partitions the flow into two (or more) parts. A linear mechanism can be seen
as the interaction between the two parts, while the self-interaction of the parts with themselves is
neglected. For example, the lift-up effect (Ellingsen and Palm, 1975; Landahl, 1980) is the interaction
of streamwise vortices on a given scale with the mean flow. Linear mechanisms can be analysed
and modelled using the linearised Navier-Stokes equations (LNS). LNS benefit of a greater range of
properties with respect to the nonlinear equations and lead to simpler theories. For this reason, they
have been the object of increasing interest from the turbulence research community.

Butler and Farrell (1993) conducted the first linear study of a turbulent channel flow. Extending
their previous result on laminar flow (Butler and Farrell, 1992), they found that streaks with a span-
wise wavelength of 100 wall units result from an optimal perturbation of the mean profile when the
optimisation time is constrained by the typical eddy turnover time at ~ 30 wall units from the wall
(buffer layer). Butler and Farrell (1993) used the Cess (1958) eddy viscosity (as reported by Reynolds
and Tiederman (1967)) for the computation of the mean profile, but they used only the molecular
viscosity in the linear operator applied to the perturbation (we will call this approach a quasi-laminar
approximation). Del Alamo and Jimenez (2006) extended their results by including the eddy viscosity
in the perturbation equation as well. The results of Del Alamo and Jimenez (2006) were revised shortly
later by Pujals et al. (2009) to amend an inconsistency present in their equations. Moreover, a simi-
lar computation is presented for the zero-pressure-gradient turbulent boundary layer by Cossu et al.
(2009). All these studies show that optimal perturbations of the mean flow in a turbulent environment
lead to streaks and that, at sufficiently high Re, there are two peaks in the amplification curve with
respect to the spanwise wavelength. One peak scales in inner units and corresponds to the ~ 100 wall
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units spacing, whereas the other scales with the channel half-gap (or boundary layer thickness). This
feature is consistent with the presence of LSM at high Re and has led to the formulation of the mul-
tiscale SSP (see sections 1.2.1.2 and 1.2.1.3 above). Equivalent results are obtained if, instead of the
initial value problem, the forced LNS are considered. This was shown by Hwang and Cossu (2010a,b)
in channel flow and plane Couette flow. They considered both optimal and stochastic forcing.

Streak breakdown has been interpreted as a linear mechanism as well. Both modal instabilities (Hamil-
ton et al., 1995; Park et al., 2011; Alizard, 2015) and transient growth over the streaks (Schoppa and
Hussain, 2002; Cossu et al., 2007) have been advocated to explain this step of the SSP. In this case,
the linear mechanism is an interaction between the mean flow plus streaks base flow and a streamwise-
dependent mode.

We have already mentioned the connection between Orr’s mechanism and near-wall bursts, which was
investigated using a linear model by Jiménez (2013). The different role of all these linear mechanisms
was recently reviewed by Lozano-Durédn et al. (2021) using an interventional causality analysis.

This prominent role of linear mechanisms in wall-bounded flows and the desirable properties of
linear systems have led McKeon and Sharma (2010) to perform a systematic study on the response
to forcing of the NS operator linearised around the mean flow (resolvent operator). They found,
considering turbulent pipe flow, that highly amplified modes are either localised near the wall or
near the critical layer, i.e. near the point at which the mode phase velocity equals the mean flow
velocity. These modes have been used in a later study (Sharma and McKeon, 2013) as a basis to build
coherent packets of hairpin vortices. Moarref et al. (2013) performed the analysis of the resolvent
operator for the turbulent channel flow. They found that for a wide range of streamwise and spanwise
wavelengths, the resolvent is of low rank. Therefore, they used the leading resolvent response modes
to build an approximation of the streamwise turbulence intensity profile. Modes with different phase
velocities are weighted in the model, optimising the weights to fit DNS data at low Re. Resolvent
modes proved to be a good basis to build low-rank models of wall-bounded flows. Sharma et al. (2016)
consider invariant solutions of pipe and channel flow, compute the resolvent modes linearising the NS
equations around the mean profile of these solutions and demonstrate that a good approximation of
the invariant solutions can be obtained with a minimal number of modes. Other applications of these
ideas can be found in McKeon (2017).

The resolvent operator has also been considered, in different ways, to address the problem of
spectral estimation of turbulent flows. This task consists of predicting the pre-multiplied energy spectra
of a turbulent flow with no or partial prior information from experiments or DNS. The forerunners
have been Farrell and Ioannou (1998), who used the linearised NS equations forced by stochastic
delta-correlated white noise to estimate the spatio-temporal power spectrum of turbulent channel
flow. More recently, Zare et al. (2017) have considered coloured in time stochastic forcing, optimising
the forcing to match one-point statistics of DNS data and then used the model to predict spectra
and wall-normal two-point correlations. Still, for the channel flow, Illingworth et al. (2018) and
Madhusudanan et al. (2019) have formulated an input-output operator based on the resolvent operator,
which takes as input the streamwise velocity at a given wall-parallel plane and estimates the streamwise
velocity at other planes. They showed that the inclusion of the eddy viscosity in the LNS operator
ameliorates the estimation sensibly. Similar conclusions are reached by Morra et al. (2019), who used
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the resolvent operator and both delta-correlated and coloured in time stochastic forcing to estimate
the space-time power spectral density of the turbulent channel flow. Towne et al. (2020) considered
the same estimation problem and used a few leading modes of the resolvent operator to build low-
rank approximations of the estimator. Moreover, they optimised the model using one-point probe
measurements. At this point, it was realised that elements like the forcing and the eddy viscosity
compensate for the neglected nonlinearities. For example, the eddy viscosity introduces an additional
dissipation which plays the role of the nonlinear energy transfer towards the small scales (Gupta et al.,
2021; Symon et al., 2021). Consequently, linear models have been sophisticated, optimising the eddy
viscosity profile or introducing a scale-dependent eddy viscosity to target this role explicitly (Gupta
et al., 2021; Symon et al., 2023; Abootorabi and Zare, 2023; Ying et al., 2025).

To conclude this section, we mention a slightly different approach: the quasi-linear approximation
(QLA). In this approach, the flow is still partitioned into mean flow plus fluctuation, but the nonlinear
feedback of the fluctuations to the mean flow is retained. Therefore, the two parts are solved simulta-
neously with two different equations. Early quasi-linear models of wall-bounded flows were formulated
to study the SSP. Gayme et al. (2010, 2011), Farrell and Ioannou (2012), Thomas et al. (2014) and
Bretheim et al. (2015) all consider the channel or plane Couette flow and study the feedback of stream-
wise dependent modes (which represent streak instabilities) on the streamwise averaged flow (which
is made of the mean profile plus streaks and rolls). Gayme et al. (2010, 2011) replaced streamwise
dependent modes with stochastic forcing, whereas Bretheim et al. (2015) showed that even a single
streamwise dependent mode is sufficient to sustain turbulence (without forcing) and, interestingly, to
obtain a fairly correct mean profile. Pausch et al. (2019) used a quasi-linear model to approximate
invariant solutions of channel and plane Couette flow. Hwang and Eckhardt (2020) and Skouloudis
and Hwang (2021) implemented the eddy viscosity in the equation for the fluctuations to improve the
QLA predictions. A thorough analysis of the quasi-linear models augmented with eddy viscosity and
an optimisation of these models using DNS data is treated in the recent works of Holford et al. (2023,
2024a,b). Lastly, the concept of quasi-linearity can be pushed further with the generalised quasi-linear
approximation (GQL) proposed by Marston et al. (2016). In this approach, the fluctuations are par-
titioned into two parts (usually, using a cutoff wavelength). One part behaves fully nonlinearly, while
in the equations for the second part, nonlinear interactions are truncated according to some rules that
preserve the energy conservation property of the nonlinearity. Tobias and Marston (2017) apply the
GQL approach to the turbulent rotating plane Couette flow and find that even the addition of a small
number of large-wavelength modes in the fully nonlinear part improves the predictions with respect to
the standard QLA. GQL is useful to study the role of multiscale interactions in turbulence dynamics.
A recent work in this direction on the turbulent channel flow is the one of Herndndez et al. (2022a,b).

In this section, we have given a short review of recent developments in linear models of wall-
bounded turbulent flows. We have seen that the lack of nonlinearity in the models is compensated by
introducing closure terms, such as the eddy viscosity term and harmonic or stochastic forcings. This
short review is useful since, in the course of the thesis, we will use linear stability models and we will
introduce the same elements in our equations.
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1.3 Objectives of this work

This thesis addresses three main research themes in the channel flow:

1. Bursts and extreme events. The objective of our work is to artificially generate such highly
dissipative events with a nonlinear optimal perturbation (Farano et al., 2017), prove that the
resulting dynamics are similar to those of natural ones and investigate the features of the per-
turbation. The aim is to provide a link between intermittent dissipation and the instability of
coherent structures towards small scales (Hack and Schmidt, 2021).

2. Large-scale motions. In principle, these motions have an autonomous self-sustaining process
(SSP) (Hwang and Cossu, 2010c) and can be generated by the transient amplification of stream-
wise perturbations due to the mean shear (Hwang and Cossu, 2010a). However, SSP at different
scales can interact when structures become unstable (Doohan et al., 2021). Our study will aim to
assess the bottom-up generation of large-scale motions (Toh and Itano, 2005) through a detuned
linear stability analysis (Schmid et al., 2017; Jouin et al., 2024). In this way, we will describe an
alternative process for the generation of large-scale motions in wall-bounded turbulent flows.

3. Modulations and pattern formation. We have seen that, in the channel flow, the precursors of
laminar-turbulent patterns are modulations and that these modulations arise from an instability
of the turbulent flow (Kashyap et al., 2022). We aim to model this instability with an eigenvalue
problem, similarly to classic laminar flow instabilities. This will provide eigenmodes that can be
analysed to give further physical insights. After the work of Kashyap et al. (2024), the pending
question is whether linear stability analysis can be applied to predict the modulation, and if
yes, starting from which simple enough base flow. Once the linear instability is found, we will
address whether the problem of the nonlinear development of the instability can be addressed

with an ad-hoc model.

In general, the thesis aims to model scale interaction phenomena as instabilities of coherent struc-
tures. Coherent structures characterised by a certain spatial scale become unstable and generate
other coherent structures on different scales. This idea is the common ground on which our numerical
investigations are based.

1.4 Organisation of the Manuscript

Chapter 2 sets the mathematical framework of our work: it describes the channel flow, the equations
of motion, stability theory and introduces the notation used throughout the thesis. Part of this
information is repeated at the beginning of each chapter for clarity. In Chapter 2, we also describe

the numerical methods employed and their validation.

Chapter 3 deals with the study of extreme events in the channel flow. The nonlinear optimal
perturbation and its related temporal evolution are described. It is demonstrated that it generates
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extreme dissipation events and that these artificial events have the same local structure as natural
ones. The mechanisms activated by the perturbation are investigated and discussed.

In Chapter 4 we present our investigation on large-scale motions at high Re. We describe a strategy
to compute the base flow using Proper Orthogonal Decomposition (POD) and formulate the secondary
stability problem for the detuned instability. We present the results of the instability and compare
them with DNS and experimental observations.

In Chapter 5 we present a similar investigation at lower Re in order to retrieve turbulence modu-
lations (Kashyap et al., 2022) with a modal stability analysis. We discuss two different strategies to
compute the base flow (both different from the POD of Chapter 4) and several possible closures for
incoherent fluctuations. Results of the stability analysis are presented and analysed with an energy
budget equation. Moreover, it is argued that this model is not adequate to represent nonlinearly
saturated laminar-turbulent patterns, which motivates the next chapter.

In Chapter 6 we present some ideas on a nonlinear model of pattern formation. The model is
analysed at different levels: uniform nullclines and fixed points, linear instability of the turbulent fixed

point, and nonlinear development of the unstable wave towards a pattern.

At the end of each of these chapters limitations of the approach and key takeaways are critically
discussed. Overall conclusions are drawn in Chapter 7. This chapter concludes with perspectives and
outlooks according to the author’s point of view.
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Chapter 2

Mathematical Framework and Numerical
Methods

2.1 The channel flow

In Chapter 1, we have given an overview of past and recent works on wall-bounded shear flows.
Most studies focus on canonical flows: plane channel flow, plane Couette flow, Taylor-Couette flow,
flat plate boundary layers, etc... We have seen that there may be some differences between the phe-
nomenologies of these flows. However, many of the fundamental questions are common to all of them.
In this thesis, we choose to focus solely on the channel flow, which is probably the most studied
one. This Chapter aims to introduce the problem under consideration, its mathematical formalisation
and the numerical methods that we have employed throughout the thesis. Part of the information
reported here is partially repeated at the beginning of each of the following chapters to make them
self-contained.

We consider a “theoretical” channel flow characterised by periodic boundary conditions in the
streamwise and spanwise directions. This theoretical channel is an idealisation of real channels, which
have finite streamwise and spanwise size and, therefore, feature an inlet, an outlet and spanwise end
walls. No-slip boundary conditions are imposed in the wall-normal direction to model the presence of
walls.

We now introduce some general notation. The streamwise, wall-normal and spanwise directions
are denoted, respectively, by z, y and z or z1, x2 and x3 when using index notation. Similarly,
the streamwise, wall-normal and spanwise velocity components are denoted, respectively, by wu, v
and w or uy, uz and u3. We will consider a periodic domain with dimensions [L,, Ly, L.] (L, and L,
representing the streamwise and the spanwise periods of the flow). Dimensional quantities are denoted
by an asterisk. Quantities without any superscript are made dimensionless with the channel half-gap
h* (such that L, = 2 and 0 < y < 2) and the bulk velocity U} = Sg §o7 u* dydz/2L. (outer units).
Quantities with a + superscript are made dimensionless with the viscous length 6} = v*/u¥* and the
friction velocity u® = /7% /p* (inner or wall units), where p* is the fluid density, »* the kinematic

viscosity and 7,5 the measured mean wall shear stress.
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2.2 The Navier-Stokes equations

The instantaneous flow is governed by the Navier-Stokes (NS) equations for incompressible flows

ou 1
E+u~Vu=—Vp+—

V- -u=0,

Viu + f,
ReV wt o (2.1)

where w is the velocity vector field, p is the hydrodynamic pressure field and Re = U h*/v* is the
Reynolds number. The flow in the channel is pressure-driven, which, in the real world, means that
there is a pressure head between the inlet and the outlet of the channel. In our theoretical channel
flow, we can replace the pressure head by a uniform volume forcing in the streamwise direction (f;, in
(2.1)). Moreover, we consider a time-varying forcing which adapts to the flow to keep the flow rate
constant. This is implemented by adding the constraint SS Sé “wdydz/2L, =1 to (2.1) and using the
value of the forcing as an additional unknown that enforces the constraint (i.e. a Lagrange multiplier).

Direct numerical simulations (DNS) of (2.1), which resolve all the scales of motion and their
interactions, will be considered as the reference physics. Throughout the thesis, we will introduce
stability analyses and other models which rely on linearised and/or modified versions of (2.1). They
do not resolve all the scales of motion and their interactions and, therefore, need stronger assumptions.
The results of these analyses will usually be compared to DNS results for a posterior: validation of
the assumptions involved.

2.3 Direct Numerical Simulations

DNS is performed throughout the thesis using the channelflow 2.0 code by Gibson et al. (2021).
Here, we give a short description of the numerical method used in the solver and a quick validation of
our DNS data with previous studies.

2.3.1 The channelflow DNS code

The most efficient approach to solving flows in simple geometries, like the plane channel flow,
is spectral methods. Spectral methods represent the numerical solution of the problem relying on
particular functional bases which have desirable properties like orthogonality of the basis elements
(Quarteroni et al., 2006). The choice of the basis depends on the geometry and the boundary condi-
tions. The code channelflow 2.0 has been conceived to solve the flows in plane periodic channels (like
Couette flow and pressure-driven channel flow). To comply with the periodic boundary conditions in
the streamwise and spanwise directions, Fourier modes are used in these directions. Chebyshev poly-
nomials are used in the wall-normal direction to comply with the no-slip boundary conditions. The
advantage of these bases is that the Fourier and Chebyshev coefficients can be efficiently computed
using a Fast Fourier Transform (FFT) library (Peyret, 2002), which is what channelflow does.
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The velocity field is represented in spectral space as’

Nz/2 Nz/2 . B
wz, )= Y D '&mnmz(y,t)ezm( o)
me=—2L 41 m=—Tz4+1
Nz/2 Ny—1 Nz/2 i | maz
SN Y b (0T, (),

me=—22 41my=0pp =Nz 41

(2.2)

where Ty, is the m,-th order Chebyshev polynomial. A similar expression applies to the pressure field
and any other field. The N, x Ny x N,/2 complex Fourier-Chebyshev coefficients needed to represent
a real scalar field correspond to N, x Ny, x IV, collocation points on which the field is sampled. Fourier
collocation points are equispaced along the periodic directions, whereas Chebyshev collocation points
in the wall-normal direction correspond to the Chebyshev-Gauss-Lobatto points y; = cos(mi/(IN, —1))
for i = 0,1,..., Ny — 1. We denote by ¢, the n—th time step and by wu(x;,t,) the velocity field on
the i—th collocation point at the n—th time step. The FFTW3 library (Frigo and Johnson, 2005)
provides the routines to pass from w(x;, t,) to @(y;, t,) and u(t,) and vice versa.

The numerical method consists of the formulation of a linear algebraic system for the coefficients
Wiy m, (Yi, tn) for each m, and m,. Inserting (2.2) in (2.1) and simplifying the common terms, the
following system is obtained:

0. . . 1 0%\ .
aumzymz = _Nm:mmz - mem,mz + E <_k2 + 6y2> ’u’manmz + fb6m1706m2707 (23)
Vo, m, =0,

where V and V- are the gradient and divergence operators in Fourier space, k? = (27rmgC/Lw)2 +
(27m./L,)* and §&;; the Kronecker delta. The nonlinear term gives the coefficient N,,_ . whose
direct evaluation involves a costly convolution sum. Therefore, the direct evaluation in spectral space
is avoided, as we will see. The bulk forcing f, acts only on the g coefficient and is determined from
the bulk velocity constraint. This implies a slight modification of the algebraic system for the {0,0}
wavenumber couple. Otherwise, we can forget about this term in the following.

The problem is discretised in time using a third-order Semi-Implicit Backwards Differentiation
scheme (SBDF3). The nonlinear term is treated explicitly, i.e., it is computed using the velocity fields
of previous time steps. The pressure, the continuity constraint and the diffusion term are treated
implicitly, i.e. they are evaluated at the current time step. The scheme reads:

2 2
14 artl oot —wpntl = § Ygn—i § BN
2 Mg ,my Mg, Mz Mg, My Mg, Mz J Mz, My
Re dy = At = (2.4)
\val ,an-i—l =0
My, Mz )

where At is the time step. The scheme coefficients are A = 11/6At + k?/Re, ag = —3, a1 = 3/2,
ag =—1/3, o =3, 1 =3 and [ = 1.

'Here and throughout the thesis, ¢ denotes the imaginary unit.
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Since N m.,m, is treated explicitly, this term can be computed with the following strategy: the
gradient of the velocity field is computed in the spectral space, then the velocity and its gradient are
transformed to physical space and their product is computed, finally the result is transformed back
to the spectral space to obtain N m.,m,- Lhis procedure is convenient because it allows the use of
the FFT, whose cost scales as N log N, instead of the convolution sum, whose cost scales as N2 (N
being the number of collocation points). However, the direct transform from physical to spectral space
introduces an aliasing error (Peyret, 2002). To avoid this error, the Orzasag’s two-thirds rule is used,
which consists of discarding the last one-third of the high-wavenumber Fourier coefficients in x and z.

With this expedient, the right-hand side of the first equation in (2.4) is known at the time step n.
. . N . .
We will denote this term by R,, . The pressure can be decoupled from the velocity by taking the
divergence of the first equation and using continuity:

d? £ an
sn+l k2An+1 =_V- (25)

dy2pm:v7mz pm:mmz Mg, Mz "

This equation, however, is not equipped with boundary conditions. Therefore, the pressure equation
needs to be solved together with the wall-normal velocity equation using the influence matriz method.
For the details of this method, we refer to specialised texts (Canuto et al., 1988). Once pressure is
computed, each velocity component can be retrieved by solving equations having the same form as
(2.5) (which is called Helmholtz equation). Using a Chebyshev transform in the wall-normal direction,
the Helmholtz equation can be reworked in a tridiagonal linear system for the Chebyshev coefficients
Uy my,m. (Chebyshev-tau method, see Canuto et al. (1988) for the details). At the end, the numerical
integration of (2.1) is reduced to the solution of oc N, N,/2 complex-valued tridiagonal systems.

Of course, this numerical method was already implemented in the original code, which is available
online (Gibson et al., 2021). However, the code was customised during the thesis to include, e.g., the
eddy viscosity (which is implemented as an explicit term similarly to treatment of the nonlinear term)
or an additional scalar equation coupled to the velocity-pressure system for the models of Chapter 6
(again, the coupling term was treated explicitly).

2.3.2 DNS validation

The channelflow code has been employed on a number of previous studies by several groups. The
code itself does not need to be validated. Here, we validate the reliability of our data. For Re, = 180,
we compare in figure 2.1 our profiles of mean flow, Reynolds shear stress, velocity fluctuations root
mean square (r.m.s.) and vorticity fluctuations r.m.s. to those reported by Kim et al. (1987). We
used the same number of collocation points as the reference. The agreement is excellent for all the
variables.

Moreover, in figure 2.2, we compare with previous literature our mean flow and streamwise velocity
fluctuation r.m.s. profiles obtained from the minimal flow unit data of the DNS computed for Chapter
4 at Re; = [590,1000,2000] in domains of size L, x L, = 7/2 x w/4. The numerical resolution of
these simulations is comparable to the reference studies (see also table 4.1). It can be seen that the
two profiles are well computed near the wall, whereas minor differences arise towards the channel
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Figure 2.1: Validation of DNS data at Re, = 180. (a) Mean flow, (b) Reynolds shear stress, (¢) r.m.s. of the
three velocity components fluctuations and (d) r.m.s. of the three vorticity components fluctuations. Open
circles are reference data by Kim et al. (1987).

centre due to the use of very small domains. We note that these small-size effects influence the flow
only for y 2 L,/3 ~ 0.25h (Flores and Jiménez, 2010), so that the considered minimal flow units are
appropriate to extract near-wall coherent structures for the purposes of Chapter 4.

2.4 Nonlinear Optimal Perturbations

In this section, the procedure to compute nonlinear optimal perturbations (NLOP) is outlined. We
consider a baseline flow wu, (x,t) which is perturbed at time ¢ty with a perturbation @(x,ty) = @y. For
t = tg, the flow can be decomposed such that

) )7 (26&)

up(x,t) = uy(x,t) + a(x,t
+ bz, t). (2.6b)

pp(wv t) = pu(ma t)
u,, is obtained solving (2.1) from the initial condition w,(x,?y) + @ and the perturbation @(x,t) can
be obtained by subtracting w,(,t) from wu,(x,t) for every ¢t > to. Therefore, the only undetermined

variable is @g. In principle, the flow can be perturbed arbitrarily under the constraints imposed by
continuity (V - @y = 0) and boundary conditions.
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Figure 2.2: Validation of DNS data at Re, = [590,1000,2000]. (a) Mean flow and (b) r.m.s. of the streamwise
velocity fluctuation. Open circles are reference data: respectively Moser et al. (1999), Del Alamo et al. (2004)
and Hoyas and Jiménez (2006) for Re, = 590, Re, = 1000 and Re, = 2000.

The NLOP problem is

find @ such that J[ag] = max J [up] under constraints. (2.7)
0

J is an objective functional which depends on the perturbed solution w,(x,t). Hence, it depends
on g through the NS equations, which must be included in the problem as constraints. Another
constraint which is usually employed is the initial energy of the perturbation (Ej).

2.4.1 Numerical method

To specify further the problem and the method, we introduce some additional notation. We
consider the NS equations in index notation:

ou; ou;  Op 1 %

5 " Yoz, " om  Reowjom; 2.4
u; 0 .
al‘i 7

where summation is implied over the repeated indices. Both w,(x,t) and u,(x,t) are subject to
these equations by definition. To ease the notation, hereafter, we will denote u, by u, and it will be
implicitly assumed that it depends on the perturbation @ according to (2.6). We consider a rectangular
three-dimensional domain V having dimensions L; for each direction j = 1,2,3. Its frontier surface
will be denoted by S, while S]Q will denote the surface at x; = 0 and S} the surface at x; = Lj.

In this section, we consider a general objective functional of the form:

to+T ou; 8uz
J (6% , Uiy T, ) dvdt. (2.9)

The problem (2.7) can be solved using the calculus of variations. The constraints are introduced in
the problem using the Lagrange multiplier method (Kochenderfer and Wheeler, 2019). Therefore, the
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following augmented functional is considered:

to+T . . 1 2,,.
E=j+f Juz[ﬁw+uj6ul+8p 0us ]dth
t v ot

oxj  Ox; - E&xjé’xj
to+T
L
to v

pl and A are the Lagrange multipliers or adjoint variables. The augmented functional

(2.10)

Ui it + A (f Lt dy — E0> ,
afL'i v 2

i

where u;,
depends on u;, p, u;r and pf. To make the functional stationary, the first variation of £ with respect
to these variables must be zero for every du;, op, (5ul-L and dpf. The derivative of £ with respect to
A is simply set to zero by imposing the energy constraint with a projection method (Foures et al.,
2013). Note that the bulk flow rate constraint is not introduced in this functional for conciseness, but
its treatment is straightforward. It will also be used to nullify certain surface terms in the derivation

below.

The variation of £ with respect to p’ and uI is:

50— L ript 4 esyt T gy
o - t 2.11
L= = [p+ep]€:0 LJ an Vit, 2.11)
0, 1L = iﬁ [UT + eéuT] =
i Oe .,
to+T ou; ou; op 1 aQUi ;
o " Re ; 2.12
L’ L [ o 0z i Jdr; Re 6xj(3xj] Ou; dvdi, (2.12)

which, on posing the integrands equal to zero, gives the direct equations (2.8) as desired.

The variation with respect to p is:

P to+T a5p
SpL = —L[p' + e = 1= dvat. 2.13
p Oe [p +e p] o J;fo JV uz (3513'1 v ( )
Using integration by parts, it can be recast as:
to+T to+T to+T a0
SpL = J uldp dS}dt — f J uldp dSPdt — f Lop dVdt. (2.14)
to S} to 89 to v 0x;

Zeroing the last term for every dp, the incompressibility constraint for the adjoint velocity is obtained.
The surface terms are zero if the adjoint velocity verifies homogeneous boundary conditions, e.g. at
walls, or periodic boundary conditions. In addition, when a flow is forced with a constant flow rate in
the direction 4, the adjoint velocity must have zero net flux in that direction (Kerswell, 2018). Indeed,
in that case, dp (SZQ ’1> will have a periodic and a constant contribution: J&p (S? ’1> = 0pp + Spdt.
i

Therefore, assuming u,; periodic along the 7 direction, u;(épp will also be periodic, and its surface

integrals will cancel out. The constant contribution will give:

to+T to+1T
f J ulopl dS} — J ul6p2dS? | dt = J (opt — 6p2) f ul dS}| dt.
to s} S0 to s}
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Then, it is clear that this contribution vanishes if the surface integral of uI vanishes for every t.

Lastly, the variation of £ with respect to w; is:

0u, L = E,C [u; + edu;] =0y, J +
Oe o
to+T a(su o0du; ou: 1 52(511, @5
¢ ¢ e 7 +
Lo f |: < at J a * 5UJ a$j Re 83@85@‘) + axz ] dth + (215)

1%

to

Again, some integration by parts is needed:

to+1
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to

to
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to+T oou to+T to+T
j JT Zdth—f f plou; dS}dt — f f plou; dSPdt —
to v 0 to to
to+T i
J ap 3, V. (2.19)
to

The surface terms cancel out if uj verifies the same periodicity or homogeneity boundary conditions
as u;. Concerning the pressure terms, the surface integrals are zero where du; is identically zero (at
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Figure 2.3: Schematic visualisation of the direct-adjoint loop.

walls) and at boundaries where pl and du; are both periodic. When the pressure p' can be decomposed
into periodic and constant contributions, the surface terms are zero if the integral of du; is zero, which
is verified because the flow rate of the direct velocity is fixed.

Therefore, the first variation of £ with respect to u; is:

- J;} (uj — )\ﬂi> ou; dV

Surl = 0unT + f ulSu; v
%

to+T to ( )
2.20
o+ 1 o] ou oul opt 1 %]
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LO fv [ or o0x; U oz * ox; * Re 0xjox; ui dVd.
The variation d,,J is, in general, the sum of three terms:
to+T
5u1j = f gl(ui)éui dy + J go(ui)éui dy +J f h(uz)éuz dVdt. (2.21)
% to+T 1% to to v

Hence, to have 6,,L be zero for every du;, the following equations must be satisfied in addition to the

direct equations:

i. the adjoint equation:

oul i Ouj ou) op' 1 62u;-r

i, T 0% e — — h(u;) = 0; 2.22
ot Y 0x; o 0x; * ox; * Re 0xjox; () ’ ( )

ii. the compatibility condition:
(vl +oa(w)|, =0 (2.23)
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Figure 2.4: Visualisation of the hairpin-like optimal perturbation found by Farano et al. (2015). Q criterion
coloured with streamwise vorticity (yellow/green for positive/negative) at (a) initial time ¢¢ (Q = 0.03) and (b)
target time to + T (Q = 2.0).

iii. the optimality condition:

(uj — \; — go(ui))

—0. (2.24)

to

The standard numerical approach for this problem is direct-adjoint looping: the direct equations
are solved starting from an initial guess for @, the compatibility condition is used to initialise uz, the
adjoint equations are solved backwards in time to give uZT(tO). At this point, the optimality condition
will not be satisfied, but the expression G; = uj — A; — go(u;) will give the direction of the gradient
along which @y must be updated. The unknown A, due to the energy constraint, is handled with the
gradient rotation method (Foures et al., 2013). This method consists of rescaling the perturbation to
the desired energy after the update. The direct-adjoint loop is outlined in figure 2.3. The iteration is
stopped when the norm of the solution update is below a given tolerance.

An important detail which impacts the implementation of the method is the presence of the direct
solution in the adjoint equation. This implies that the solution needs to be stored in memory for every
time step during the direct integration. Especially for large T', a checkpointing strategy can be used
to relax the memory requirements.

The adjoint equations and the direct-adjoint looping were implemented in channelflow in previous

PhD works (Parente, 2021; Farano, 2018). In this thesis, the code was modified to work with unsteady
turbulent baseline flows.

2.4.2 NLOP validation

The nonlinear optimisation procedure was validated at the very beginning of the thesis, reproducing
previously known NLOPs in the channel flow. For example, figure 2.4 shows the hairpin-like NLOP
found by Farano et al. (2015) perturbing the limanar solution at Re, = 4000 (based on the laminar
flow centreline velocity) in a domain of size [Ly x L, x L] = [2m x 2 x 7] with target time T' = 10
and initial energy Ey = 2.0 - 1076,
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2.5 Proper Orthogonal Decomposition

This section aims to introduce various Proper Orthogonal Decomposition (POD) methods. The
classical approach, introduced in turbulence research by Lumley (1967), is described first. Then, we
briefly describe the variant that is used in Chapter 3. The idea behind these techniques is to search
for a set of modes (eigenvectors) which can optimally represent physical data. Usually, the aim is to
approximate well enough the important dynamics of the system under consideration with a limited
number of modes (dimensionality reduction). In the most widely used version, spatial POD, the
orthogonal modes take into account the spatial structure of the flow, while the temporal dynamics are
retained in the amplitude coefficients.

2.5.1 Standard formulation

The following description is adapted from Holmes et al. (2012). For simplicity, the method is
presented on a scalar field g(x, t). Let us assume that the field can be written as a Galerkin expansion:

0

N
qg(@,1) = ) a;(t)¢; (@) ~ > a;(t)d;(x). (2.25)
j=1

j=1
The functions ¢; constitute a functional basis for the spatial variation of ¢(x,t). They are referred to
as the spatial modes.
An approximation is done when the sum is truncated. This approximation is useful if the discarded
modes play a negligible role in the dynamics of g. POD aims to find a set of orthogonal modes such
that the relevant information is contained in the least possible number of modes.

The orthogonality property can be expressed by {(¢;, ¢;) = d;; if the functional inner product
S0 = | st@0f(@1) do (2.26)

is introduced (V is the spatial domain). The induced functional norm is || f||* = (f, .

Owing to the orthogonality property, the expansion coeflicients are given by the projection of g on
the modes:

aj(t) = {q(z,1), ¢;(x)) . (2.27)
The POD mode is defined by

find ¢;(x) such that M = max M, (2.28)

;1 ! ik

where F [] is the expected value operator. If the system is ergodic in time, the expected value operator
can be taken as the temporal average.

Again, this is a variational problem. The POD mode can be found as the field that maximises the

<L q(x)p(x) dw)2] ) (H¢||2 3 1) ' 2.39)
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The first variation of the functional is

0
0L = 2 L6+ cdg)]

e=0

_E [2 L o(2)06(x) d L o(2) o) dac’] 9 L 6()56(x) d

2.30
_ 9 L <E [q(@ Lq () 6 (') dx'} _ )x(b(:c)) so(x) dz -
_» L ( L E[q@)q (/)] 6 («!) da’ — Agb(m)) sé(@) da.
Therefore, in order to make 6 zero for every 8¢,
L C (2,2) 6 () da’ = Ab(e), (2.31)

where C (x,2') = E[q(x)q(x’)] is the two-point correlation function of ¢. This gives an integral
equation for ¢ called Fredholm eigenvalue problem. Note that ¢ is defined up to an arbitrary norm.
The Hilbert-Schmidt theorem, a theorem on integral equations (Riley et al. (2006)), states that there
are infinite solutions (\;, ¢j(x)) to (2.31) and the positive-semi-definiteness of C (x,«) ensures that
Aj is always non-negative. The theory is valid for vector fields as well as for complex-valued fields.

POD has the following important property:
Elai(t)a;(t)] = 6ijA;, (2.32)

i.e. the temporal coefficients corresponding to different modes are uncorrelated. If ¢ = j, it turns out
that )\? =F [ajz]. Hence, the j —th eigenvalue is a measure of the energy contained in the j —th mode.
Therefore, a hierarchy of modes is obtained from (2.31): the most energetic modes are statistically
important for the dynamics of the system, while the less energetic ones can be neglected in a reduced
order model. Note, however, that this empirical argument may fail.

2.5.2 POD variants

Despite some shortcomings, POD is still used to investigate the dynamics of coherent structures,
with different variants that have been proposed. Among these variants, the Conditional Space-Time
POD, proposed by Schmidt and Schmid (2019) for the analysis of short transient events, is employed
in Chapter 3.

In this variant, an ensemble of short transient events £ = {qi(x,t), g2(x,t), ...} is considered. The
expected value operator is the average over the ensemble £. A space-time inner product is considered:

{f,9) = JT Jv g(x,t) f(x,t)dedt, (2.33)

where V is the spatial domain and T" the temporal duration of the event.
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With these definitions, the eigenvalue problem that solves (2.28) is:

f J C (a:,t, a:’,t’) 10) (a:’,t’) de'dt’ = X\ (x, 1), (2.34)
TJVY

where C (x,t,x',t') = E [q(x,t)q(x’,t')] is the spatio-temporal two-point correlation function.

2.5.3 Numerical implementation

In principle, the integral eigenvalue problems (2.31,2.34) can be discretised to give matrix-based
eigenvalue problems:

QQ"W¢ = \o. (2.35)

The matrix Q contains M columns of dimension N and its arrangement depends on the variant
considered, while the matrix W is a diagonal matrix containing the (positive) quadrature weights. In
spatial POD, a column is a snapshot of the flow at a certain instant of time, N is the number of spatial
points, and M is the number of temporal snapshots. In CST-POD, M is the number of events, and
N is the number of spatial points times the number of time steps considered for each event. Usually,
N » M. The matrix in (2.35) is of size N x N. Therefore, it is inconvenient to compute the modes
through (2.35).

Luckily, (2.35) is equivalent to the Singular Value Decomposition (SVD) of WY2Q. This decom-
position can be written as:

w'2Q = uzv7, (2.36)

where U and V are the unitary matrices and X is a rectangular matrix containing the non zero \/)\7
on its diagonal. Moreover, U contains the eigenvectors ¢ as its columns. Numerically, the SVD-based
method is the best conditioned one (Taira et al., 2017). Therefore, we choose this approach, which is
implemented in some in-house python codes using the scipy linalg library.

2.5.4 POD validation

The POD code is validated with the results of Moin and Moser (1989) on the turbulent channel
flow at Re; = 180. In the first part of their paper, Moin and Moser (1989) cosidered the POD
decomposition of the 1D two-point correlation matrix C(y,y’) defined by C; ;(y,y") = {ui(y)u;(y'))
with () denoting the average in x, z and t. Therefore, the POD is perfomed tiling the wall-normal
profiles of the instantaneous velocity components as columns of the matrix Q for each z, z and t.
Only half of the channel is considered. Due to the channel symmetries, the fields reflected in the wall-
normal direction (changing the sign of the wall-normal velocity component) are added to the statistical
ensemble. The computation was performed using 400 and 800 DNS snapshots with minimal changes
in the results. We obtain as energy fraction of the first three leading modes (X\;/ >, A;) 31.4 £ 0.1%,
15.4 + 0.1% and 8.4 + 0.1%, in good agreement with the reference, which reports, respectively, 32%,
16% and 8%. The first four leading modes ¢* are compared to the reference data in figure 2.5. It
can be seen that the modes agree very well, validating our POD code.
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Figure 2.5: Validation of the POD code on the turbulent channel flow at Re, = 180. The leading four POD
modes of the 1D two-point correlation matrix C(y,y’) are shown from (a) to (d) for decreasing contribution to
the total energy. Open circles are reference data by Moin and Moser (1989).

2.6 Linear Stability Analysis

2.6.1 Generalities

Linear stability analysis (LSA) is concerned with the behaviour of small perturbations added to
invariant solutions of (2.1). The unperturbed solution is called the base flow and will be denoted by
{U, P} in this section and, generally, throughout the thesis.

We consider the most usual case where the base flow is a steady state. This means that the base flow
verifies the following equations:

U-VU +VP —
V.U =0.

1
— VU =0,
Re (2.37)

The perturbation, denoted by {w/,p’} in this section, is assumed to have a vanishing amplitude.
Since the total flow verifies (2.1), the perturbation equations can be obtained by subtracting (2.37)
from (2.1). Moreover, the quadratic term u'Vu/, being a second-order term in perturbation amplitude,
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can be neglected. As a result, the following system is obtained:

ou’ / / o / 1 2,/
V-du =0

Clearly, the equations are linear with respect to u’'.

This thesis is concerned with LSA of coherent structures in turbulent flows. Therefore, the question
arises of how to model the effect of incoherent fluctuations on the base flow plus perturbation system.
Following Reynolds and Hussain (1972), an eddy viscosity term is included in the system:

ou 1
— +u-Vu=-Vp+ —Vu+V. [y (V Vu)l
5 TuVu p—I—Rev u+ V[ (Vu+ (Vu)')], (2.39)
V-u =0.
which can be linearised around the base flow to give:
LUV VU = VY VR 4V [ve (V' + (Vu/)T)]
ot Re ¢ ’ (2.40)
V.-u' =0.

Other possible models will be considered in Sections 5.3 and 6.4.1. We note that, in our models, U is
not a steady state solution of (2.39), as explained in 2.6.2.

It is also important to note that the system with the eddy viscosity, or any other modelling term,
is not derived from the Navier-Stokes equations (2.1). More precisely, it is not possible to define a
mathematical relation between the solutions of (2.1) and (2.39). Therefore, system (2.39) is conceived
as an empirical model representing a coarse-grained version of the physics of turbulent flows.

At this point, owing to the linearity and the equivariance in x and t of the system, the analysis is
carried out by introducing a normal mode ansatz (modal analysis). The case considered in Chapters
4 and 5 of a two-dimensional baseflow, [U(y, z), V(y, z), W (y, 2)]*, will be specified. We assume that
the eddy viscosity depends only on y, as in most of the cases considered in this thesis. Then, a normal
mode with a complex frequency ¢ and a real streamwise wavenumber k,, namely,

ort A

Gy, z)etFamtoit) e (2.41)

q/ (1"7y) Z7t) =€

can be injected in the linearised equations (2.40) for the perturbation q' = [u’,p']7 and the following

generalized eigenvalue problem is obtained:

0BG = 4. (2.42)



2.6. LINEAR STABILITY ANALYSIS

with:
[ oU dvy oU ]
< —— 4+ thy— - —tky
oy Ty z
1000 0 g NV dwo oV 0
B - 010 0] o = oy  dy dy 0z oy
Tloooft TEL S e awo L, o o
00 0O oy  dy 0z 0z 0z
0 0
ko — — 0
_L oy 0z i
0 0 1 dvy 0
L=tk U~V =W+ | — 24—
‘ oy P (Re —H/t)v * dy oy’
where V2 = —k2 + 5‘3—;2 + % is the laplacian operator.

After discretization, (2.42) becomes an algebraic generalised eigenvalue problem cBq = AqQ. The
matrix B is present because we consider the formulation with primitive variables (velocity and pres-
sure). In the literature, it is called prolongation matriz (Cerqueira and Sipp, 2014). In all the cases
considered in the thesis, differential operators are discretised using a pseudospectral collocation method
implemented in an in-house python code. Fourier collocation is used along the spanwise direction z
and Chebyshev collocation along the wall-normal direction y. The expression of the differentiation
matrices in physical space can be found in standard textbooks on spectral methods (Trefethen, 2000;
Peyret, 2002). The matrices A and B are implemented as sparse matrices to reduce the memory
requirements. Boundary conditions at the walls consist of homogeneous Dirichlet conditions for the
perturbation velocity components and are implemented by modifying the matrices accordingly. The
eigenvalue problem is solved using the scipy linalg library.

2.6.2 Stability of frozen base flows

Coherent structures persistently characterise turbulent flows, but usually, they are not invariant
solutions of the Navier-Stokes equations. Exact coherent structures (ECS) as equilibria, travelling
waves and periodic orbits are reported in the literature (see Section 1.2), but they are far from the
turbulent attractor (Doohan et al., 2019). Instead, we will consider the stability of structures which are
statistically representative of the turbulent flow. They will be computed using different methods, but
they will not be invariant solutions. Therefore, their LSA relies on the frozen base flow assumption,
which means that they will be treated as if they were steady solutions.

To illustrate this assumption, we recall the work of Barkley (2006), who performed the LSA of the
mean flow around a circular cylinder to predict the frequency of the vortex shedding far from the Hopf
bifurcation critical point. Its result is interesting since the LSA of the laminar solution can predict
the frequency of the vortex shedding only at the critical point. However, contrary to the laminar flow,
the mean flow is not a steady solution of the NS equations. Barkley (2006) argues that the mean flow
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verifies the time-averaged NS equations:

I _ _ 1 _
U VU + VP — Ev2U = -V - (du). (2.43)

Therefore, it can be seen as a steady solution of the forced system

a—u—i—u-Vu:—Vp#—i
Re

2
g Vu + f, (2.44)

with f = =V - (v/v/). If f is constant, i.e. is not altered by the perturbation, it cancels out in the
equations for the perturbations. Therefore, the linear equations for the perturbation are identical to
those that would be obtained by perturbing a steady state.

Now, we note that this argument works for any base flow. Indeed, given an arbitrary base flow U,
which verifies the continuity constraint and the appropriate boundary conditions, one can always find
a forcing f which, by definition, makes U verify the equation:

1
Re
It can be assumed, as in the case considered by Barkley (2006), that the perturbation of f is negligible

U-VU+VP - —VU = f. (2.45)

with respect to the perturbation of U. In a turbulent environment, this hypothesis can be partially
relaxed if an eddy viscosity model is introduced such that U verifies the equation

1
U-VU+VP - @V2U — V[ (VU + (VU] = f, (2.46)
and is a steady state of the system
0 1
S tuVu= —Vpt+ = Vu+ V- [u (Va+ (Vo))] + £, (2.47)

In this way, the effects of unresolved fluctuations are modelled by two terms: the 14 term depends
on u and is perturbed, while f is a constant term that models implicitly those effects that sustain
the base flow. Now, if U is perturbed in (2.47), (2.46) is subtracted, and the quadratic perturbation
terms are neglected, equation (2.40) is obtained for the perturbation. Note that in more sophisticated
models, also v; is perturbed. This is not the case here, but will be studied in Chapter 6.

Of course, the introduction of the forcing f is ad hoc and does not change the fact that our LSA
relies on the frozen base flow assumption. However, f helps to justify the assumption because it can be
seen as an additional modelling term. In Section 1.2.3, we have seen that many linear studies employ a
forcing in their model and that this forcing can be seen as a lumped nonlinear term. Specifically to our
case, the forcing is needed to sustain two-dimensional streaks, which are not self-sustained (Moffatt,
1989). Therefore, it can be seen as a simplified model of the nonlinear interactions which are involved
in the SSP.

2.6.3 Stability analysis of periodic systems

In this section, we assume that the baseflow U (y, z) is periodic along the direction z with wave-
length £,. Floquet theory applied to the variable z, allows us to write the perturbation ansatz as

o7
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(Schmid and Henningson, 2012)

q (xv,y,2,t) = eUTtQ(y,z)eLkzZeL(k”+‘”t) + c.c. (2.48)

where §(y, z) is periodic along z with wavelength ¢, and k. is a spanwise wavenumber. In certain

eLkZZ

contexts, 4(y, z) is called a Bloch wave. Taking the Fourier series of §(y, z) with respect to z, the

above expression can be rewritten as

[ee}
q (z,y,2,t) = eOrtetkzrtoit) Z (j(y)e@?(m“)z + c.c. (2.49)

m=—00

where € = k.0, /27 is termed Floquet parameter and is a free parameter of the problem. In principle,
€ can be any real number. However, the sum over m is invariant under the transformation m + € —
m+ e+ k VkeZ. Therefore, without loss of generality, ¢ can be taken in [0,1). For € = 0, the term
e*=% of the Bloch wave is 1, and the eigenmode reduces to q(y, z), which has the same periodicity as
the base flow (wavelength £,). This particular class of eigenmodes are called harmonic modes. On the
other hand, choosing € > 0 is equivalent to choosing k. > 0 and gives the fundamental? wavelength of
the instability A/ = 27/k, = £./e. From the expression of A, we see that € = 1/n with n € N* implies
)\g = nl,. Therefore, in this case, the fundamental wavelength is an integer multiple of the base flow
wavelength. The eigenmodes with this feature are called sub-harmonic modes. Lastly, the remaining
modes, i.e. those which have a fundamental wavelength which is not an integer multiple of the base

flow wavelength, are called detuned modes (Herbert, 1988).

Floquet theory is useful to classify the instabilities which arise on periodic base flows, and it has
also been used to ease the numerical solutions of the LSA eigenvalue problem. Our numerical method,
however, does not implement the Floquet ansatz. In principle, one can consider the simpler ansatz
(2.41) and discretise the problem for g(y, z) in a large domain of spanwise size L, which contains NV,
periods of the base flow, such that L, = N,/,. If Al is contained in L., the corresponding detuned
or sub-harmonic mode will be retrieved. However, a large L, may be needed to capture a certain A/,
and the computation would become very expensive. This problem can be avoided with the method
proposed by Schmid et al. (2017), which is the one that we implement.

This method stems from the fact that, when the problem is discretised for N, repetitions of the
base flow (sub-units), the matrix A in cBq = Aq has a block-circulant structure

Ag Ay - An,1
A |Arer Boee Al (2.50)
A A, - A,

where IV, is the number of periodic units of the system. We assume that each block A; has size M x M
and, therefore, the matrix A has size N, M x N, M.

2Certain authors call fundamental instability the harmonic instability (e = 0). This is not to be confused with our
use of the adjective “fundamental”’, which denotes the longest wavelength of any eigenmode.
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The matrix A can be transformed into block-diagonal form using the unitary transformation®

A =PIAP = _ : (2.51)
Ay, 1

where the H superscript denotes the conjugate-transpose. The matrix P which maps A to A involves
N, roots of unity p; = exp(2miy;) parametrised by the factor v; = j/N,, for j = 0,1,...,N, — 1. In
particular, P is constructed as

P=J®lyxum, (2.52)

where ® is the Kronecker product, lpsxas is the identity matrix of size M and J € CNe*Ne ig the
matrix with elements J;j 1 441 = p;?/«/Nu.

After some algebra, the following relation is established:

Ny—1
A= Z PR (2.53)
k=0

Note that Aj has size M x M.

The following important properties can be proven. The union of the eigenspectra of the matrices
A]- for j =0,1,..., N, — 1 gives the eigenspectrum of the original matrix A. Moreover, let {o},v;} be
a given eigenvalue-eigenvector couple of A;. Then, {Uj,qj} is an eigenvalue-eigenvector couple of A
with the eigenvector given by
Vj
pgvj
q;=| PiVi |. (2.54)

27l
The above expression means that an eigenmode of the original problem is obtained by tiling an
eigenmode v; along the sub-units. At each sub-unit, v; is phase-shifted by the powers of p;. Therefore,
v; will be repeated after the condition p;-V” = 1 is met and NN, defined by this condition, gives the
number of sub-units over which q; is periodic. This allows to find the fundamental wavelength of q;
with the expression A = N,¢, = £, /7. Therefore, v; can be used to fix the fundamental wavelength
of the eigenmode and plays the same role as the Floquet parameter €, the only difference being that
€ can take any real value while ; takes IV, discrete rational values.

In conclusion, the LSA of a large system containing N, repetitions of the base flow is performed
with the following procedure:

1. A large domain of spanwise size L. = N,/, is discretised and the blocks A; are obtained,;

3Concerning B, note that it is a diagonal matrix invariant under this transformation.
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Figure 2.6: Validation of the LSA code with the case of Park et al. (2011) (see text). Re, = 300, A, = 0.23
and k, = 1.3. (a) Base flow obtained from the saturation of a linear optimal perturbation. (b) Absolute value
of the spanwise velocity component of the unstable eigenmode. The dashed line is the critical layer.

2. For each j = 0,1,...,N, — 1, p; = exp(2mty;) is used to compute the M x M matrix Aj using
(2.53) and the problem o;Bgv; = Ajvf‘ is solved resulting in an ensemble of {0}, v;} eigenvalue-
eigenvector couples (for each j).

3. The eigenspectrum of A, {o} is obtained by the union of the eigenspectra of Aj, {o;};

4. The eigenvectors are stored as the ensemble U;V:“J 1{vj}. A given eigenvector of the original

problem belonging to the ensemble {q;} is retrieved when needed using (2.54).

It is apparent from the above procedure that, with this method, the analysis of a system of size
NyM x N,M has been reduced to N, computations on a system of size M x M. This is equivalent
to N, computations with the Floquet ansatz for N, different values of e.

The block-circulant matrix method and Floquet theory give identical results. This is shown in the
next subsection as part of the validation of the numerical code. The block-circulant matrix method
is slightly more flexible, since it can be easily extended to perform nonmodal analyses (Schmid et al.,
2017). The code has been adapted from the code used by Jouin (2023), from which the method is
inherited.

2.6.4 LSA validation

The LSA code for two-dimensional base flows is validated against the results of Park et al. (2011)
at Re; = 300. Their procedure is followed: a linear optimal perturbation is computed linearising the
equations around the mean flow, like in Pujals et al. (2009); the optimal initial vortices are rescaled
with an amplitude A, = 0.1 and evolved nonlinearly using, in our case, the channelflow code; then, the
resulting streaks with amplitude As; = 0.23 are added to the mean flow to form the base flow (figure
2.6 (a)). LSA of this base flow with streamwise wavenumber k; = 1.3 gives an unstable mode, which
is shown in figure 2.6 (b). The absolute value of the spanwise velocity component is shown along with

1By is a B with size M x M.
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Figure 2.7: Validation of the LSA code with the secondary instability of crossflow vortices. (a) Laminar solution
(Falkner-Skan-Cook profiles) for Sz = 0.630 and 6 = 46.9°. (b) Absolute value profiles of primary unstable
eigenmode velocity components at Re = 826 for k2 = 0.0361 and AL = 0.4774. (c) Growth rate of the secondary
disturbance as a function of k, for Ap = 0.0789 for the harmonic and a detuned case. In all panels, the circles
are reference data from Fischer and Dallmann (1991).

the critical layer (the locus of points where the phase velocity of the mode is equal to the streamwise
velocity of the base flow). This figure is identical to figure 4 (b) of Park et al. (2011) and figure 15
(d) of Alizard (2015). The growth rate and the phase velocity of the unstable mode are respectively
o, = 0.021 and ¢/U, = 0.86, which are in excellent agreement with Park et al. (2011) and Alizard
(2015).

The above case validates the code for 2D LSA with eddy viscosity. However, only one period of
the base flow was considered. To validate the block-circulant matrix method, we consider the study
of Fischer and Dallmann (1991). This case was revisited in Jouin et al. (2024) and concerns the
transition to turbulence on a swept boundary layer. The laminar profile is given by the Falkner-Skan-
Cook profiles, which depend on two parameters: the sweep angle # and the Hartree pressure gradient
parameter S. Consistently with Fischer and Dallmann (1991) we consider 6 = 46.9° and Sy = 0.630
(figure 2.7 (a)). This laminar solution is subject to an instability leading to crossflow vortices. The
vortices saturate and undergo a secondary instability before the breakdown to turbulence. Fischer and
Dallmann (1991) computed the secondary instability using spatial Floquet theory and showed that a
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detuned mode is dominant for the secondary instability. Following Fischer and Dallmann (1991), figure
2.7 (b) shows the eigenmode of the primary instability at Re = 826 for the most amplified stationary
disturbance, which is obtained with wavenumbers k2 = 0.0361 and k? = 0.4774 (the p superscript
stands for primary mode). The secondary instability of laminar flow plus this stationary disturbance
rescaled to the amplitude 0.0789 can be studied in a rotated frame (similarly to what is done in
Chapter 4 for inclined streaks). In this rotated frame, the base flow is uniform along a direction T and
periodic along the rotated spanwise direction Z. The secondary disturbance will have the form (2.41)
with k, instead of k, to denote the wavenumber in the T direction. We solve the secondary stability
problem with the block-circulant matrix method, considering N,, = 20 periods of the base flow. The
problem is solved only for the roots of unity which correspond to v = 0 (harmonic disturbances) and
v = 0.35 (detuned disturbances). The curves of the leading growth rate as a function of k, are shown
in figure 2.7 (c) and compared to the results that Fischer and Dallmann (1991) obtained using the
Floquet ansatz with € = 0.00 and ¢ = 0.35 (¢ is o in the original paper). The excellent agreement
between the two curves validates our implementation and demonstrates that Floquet theory and the
block-circulant matrix method give identical results.

2.7 Resolvent Analysis

2.7.1 Optimal Harmonic Forcing

In Section 2.6.2, a forcing was introduced in the NS equations to sustain a certain base flow and
make it a steady state. It was argued that this forcing models turbulent processes which are not
resolved in the LSA model. In the introduction (see Section 1.2.3), it was discussed that the analysis
of the linearised forced equations was introduced in the context of turbulent flows by Hwang and Cossu
(2010a) and McKeon and Sharma (2010), who studied the structures, induced by a harmonic forcing,
that are most amplified by the mean flow. The optimal harmonic forcing (OHF) problem was already
studied in laminar-turbulent transition to explain subcritical transition (Jovanovi¢ and Bamieh, 2005)
and convective instabilities (Alizard et al., 2009). Since Hwang and Cossu (2010a) showed that streaks
are the optimal response of the mean flow to harmonic forcing, we will use OHF as a tool to compute
the streaks for the stability analysis of Chapter 5.

In turbulent flows, OHF is studied with the system linearised around the mean profile:

ou’ 34 / / T7 / 1 20! ! Nt
E__U.Vu_u.VU—Vp+§Vu+V-Vt(VU+(VU))"‘f’ (2.55)
V.-u =0.

The eddy viscosity term is included in some models (Hwang and Cossu, 2010a) but not in others
(McKeon and Sharma, 2010). Recent works, however, suggest that its inclusion ameliorates the model
predictions (Illingworth et al., 2018; Morra et al., 2019; Symon et al., 2023). In the particular case of

62



2.7. RESOLVENT ANALYSIS

the channel flow, the fields can be Fourier transformed in x, z and t¢:

( 5 Y, kz7w J f J IL' Y, 2, t (kIerkzszt) ddedt7
plhz,y, kyw) = f J J (2, y, 2, t)e et th=z=) qo ot (2.56)

}l(kxv Y, kz: OJ) = J J f f(I} Y, z, t)eiL(kIerkZZiUJt) CLTdZdt7
—00 J—00 J—00

where k;, k, and w are the (real) streamwise and spanwise wavenumbers and the (real) temporal
frequency. Substituting (2.56) in (2.55) a linear equation is obtained for each {ks,k.,w} triplet:
wBq = £q + BFf, where § contains the primitive variables {w,p}. For a known forcing, this
equation can be formally inverted to give

q=(wB—L) ' Bf =HT, (2.57)
where H(y; ky, ks, w) = (wB — L)' B is the Resolvent Operator-

OHF is defined as the forcing that gives

R(ky, k., w) = max — IH|?, (2.58)

H H

where the standard functional L? norm has been used. The second equality follows from the definition
of the induced norm of an operator. As a consequence of the definition, the response to OHF is the
fluctuation that is optimally amplified by the system (in this case, by the mean flow).

2.7.2 Numerical method

The linear operators stemming from (2.55) for a one component 1D mean profile are:

[ dU th T
L ——+tkyb— 0 —ik,
dy + ¢ y L
1000 o o dmd o d
B - 010 0], o dy dy dy
10 0 1 0f’ B dvy ’
000 0 0 e L —ik.
d
vk — vk, 0
| dy i
— 1 dl/t d
= —ik, — 24707
L L U+<R6+Vt>v +dydy’
where V2 = —k2 — k2 + % is the laplacian operator. Similarly to LSA, these operators are discretised

using a pseudospectral Chebyshev collocation method. Then, the discretised resolvent operator is
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Figure 2.8: Validation of the resolvent code on the turbulent channel flow mean profile at Re, = 2000 for
ky =0, k, = 2r/3 and w = 0. The figure shows the profiles of the three components of (a) the forcing and (b)
the velocity response. Open circles are reference data by Symon et al. (2018).

obtained by matrix inversion H = (1wB — L)7!B. The optimal gain (2.58) is the algebraic Ls norm
of the matrix W/2HW~/ 2 where W is a diagonal matrix containing the quadrature weights. This
norm is computed by the SVD W'2HW~12 = UEV”. The most amplified harmonic forcing is given
by the first column of V, the corresponding response mode by the first column of U and the energy
amplification factor R by the square of the leading singular value of H, which is the first diagonal
element of . The method is implemented in an in-house python code which employs the scipy linalg
library for matrix inversions and SVD.

2.7.3 OHTF validation

The numerical code for the resolvent analysis was validated by some computations on the turbulent
channel flow mean profile at high Re. The computations in this subsection are performed with 513
Chebyshev collocation points.

Figure 2.8 shows the optimal forcing and response at Re, = 2000 for {k;,k,,w} = {0,27/3,0}.
Following the reference (Symon et al., 2018), this computation is performed without the eddy viscosity.
It can be seen that the forcing and response modes perfectly agree with the reference. As in Symon
et al. (2018), the streamwise component of the forcing and the wall-normal and spanwise components
of the response are zero. This indicates that all the energy contained in the wall-normal and spanwise
components is transferred to the streamwise component, a well-known effect of nonnormality of the
NS operator induced by the shear. With the eddy viscosity and at lower Re, this energy transfer is not
perfect, such that, for example, the response will contain some energy also in the transverse velocity
components.

The above case does not validate the implementation of the eddy viscosity in the resolvent operator.
For this reason, we also reproduce some results from Hwang and Cossu (2010a), which are shown in
figure 2.9. In this figure, we have defined R,,q, = max, R(k;, k,,w). We show the curve for k, = 0,
and we note that the optimal w for this case is always zero. The figure shows that our results match
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Figure 2.9: Validation of the resolvent code on the turbulent channel flow mean profile with eddy viscosity.
Pre-multiplied resolvent norm as a function of spanwise wavenumber at Re, = 10000 for k, = 0. Open circles
are reference data by Hwang and Cossu (2010a).

well with the reference, reproducing the double peak of the amplification factor.
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Chapter 3

Nonlinear Optimal Perturbations and
Extreme Events

3.1 Introduction to the chapter

Turbulent flows are characterised by intermittent dynamics. Highly energetic events known as
bursts (Kim et al., 1971; Lozano-Durédn et al., 2012) occur randomly in the flow alternated by periods
of relatively quiescent dynamics. This intermittent behaviour is evident in minimal flow units (Jiménez
and Moin, 1991; Blonigan et al., 2019) and is typical of the self-sustaining process in these domains
(Hamilton et al., 1995). In larger domains, the multiscale nature of the flow makes the occurrence
of the bursts more unpredictable. Therefore, they can be qualified as extreme events (EEs), i.e.
essentially stochastic events in which a given observable reaches a large deviation from its mean value.
These events are associated with the tail of the probability density function (PDF) of the observable
(Sapsis, 2021).

Hack and Schmidt (2021) have recently investigated this subject using a Conditional Space-Time
Proper Orthogonal Decomposition (CST-POD). They focused on highly dissipative events by sampling
the flow field around intense local peaks of the turbulent dissipation. In this way, they have been able
to identify the flow structure that is more correlated to these events. They have separated symmetric
and antisymmetric structures, and they have found that the symmetric ones are slightly prevalent.
Finally, they have related these structures to the hairpin vortices (Adrian, 2007) and the varicose
streak instability (Andersson et al., 2001; Hack and Moin, 2018). The objective of this chapter is
to link the structures found by Hack and Schmidt (2021) with those found by Farano et al. (2017)
in nonlinear optimal perturbations (NLOPs). However, Farano et al. (2017) computed the optimal
perturbations on the turbulent mean flow, whereas, to highlight the relation between EEs and streak
instability, we extend the method to three-dimensional turbulent instantaneous fields. It will be shown
that the resulting perturbations trigger a large number of EEs locally. Then, the question of whether
these artificial EEs and the natural ones observed in direct numerical simulations (DNS) are equivalent
is addressed using the CST-POD algorithm. Due to the high computational cost of the NLOP, the
present work is limited to one Reynolds number, Re, = 180.
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The chapter is organised as follows. Governing equations and the procedure to compute NLOPs
are recalled in Section 3.2. The resulting NLOPs are described in Section 3.3, while their temporal
evolution is analysed in Section 3.4. The CST-POD analysis is presented in Section 3.5 followed by
a brief discussion of the results in Section 3.6. The exposition in this chapter is adapted from the
published paper Ciola et al. (2023).

3.2 Problem Formulation

The incompressible flow in a channel is considered. Periodic boundary conditions are imposed in
the streamwise (x or z1) and spanwise (z or x3) directions. No-slip conditions are imposed in the
wall-normal direction (y or z2). The periodic domain has dimensions [Ly, Ly, L.]|. Quantities without
any superscript are made dimensionless with the channel half-gap h* (such that L, = 2 and 0 < y < 2)
and the bulk velocity Uy = Sg Sé “u* dydz/2L, (outer units). Quantities with a + superscript are made
dimensionless with the viscous length 0;; = v*/u* and the friction velocity u* = /7%/p* (inner or wall
units), where p* is the fluid density, v* the kinematic viscosity and 7.5 the measured mean wall shear
stress. The streamwise, wall-normal and spanwise velocity components are denoted, respectively, by
u, v and w or uy, ue and uz when using index notation.

The instantaneous flow is governed by the Navier-Stokes equations for incompressible flows

ou 1
E—i—u-VU——V]H—f

V- -u=0,

v?
ReY Ut (3.1)

where Re = Ujh*/v* is the Reynolds number and fj, is a time-varying forcing that keeps the flow
rate constant. The flow can be decomposed in long-time average U = U(y)e, plus instantaneous
fluctuation w’. By integrating the above equations in time from a given initial condition, a DNS of
the turbulent flow is performed.

We can choose an instant to and denote the flow field at ¢y as w,(t9p). This flow field is perturbed,
adding another field @(x,ty) = wg, which only needs to verify the boundary conditions and the
continuity equation. The perturbed flow field at tg gives a new initial condition which can be integrated
in time to give a new DNS trajectory u,(x,t). Extending the notation, the original DNS trajectory is
denoted by w,(x,t) for ¢t > ty. Then, the instantaneous perturbation of the turbulent field is defined
for t > ¢y by:

u(x,t) = up(x,t) — uy(x,t), (3.2)

and similarly for the pressure fields p(x,t) = pp(x,t) — pu(x,t). Note that @ is different from the
turbulent fluctuation u’.

We look for the perturbation &g that maximises the volume-averaged turbulent dissipation in a
given time interval [to, tp + 7'], namely

1 to+1T 1 , ,
= — — : dxdt .
J ), fv <Re Vu':-Vu > xdt, (3.3)
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subject to the constraint:
1 u-u
= | —— dV = Ej. 3.4
V] 2 ‘ (3:4)
A similar objective function was already considered by Monokrousos et al. (2011) and Eaves and

Caulfield (2015) to compute NLOPs of the laminar flow.

The optimisation problem must include as constraints the governing equations for w,(x,t). There-
fore, the objective function must be augmented with the Lagrange multiplier method. The details of
the method can be found in Section 2.4. As explained there, an adjoint equation and a compatibility
condition are obtained by nullifying the first variation of the objective functional. With the chosen
objective function (3.3), the adjoint equation reads':
ou + OUp,j oul opt 1 %] 1 0%

ot Y ox; tlp ox; * ox; * ﬁax]ﬁx]’ + ReT 0x;0x; B

0. (3.5)

The compatibility condition is simply u;((tg +T) = 0. Note that the adjoint equations (3.5) are forced
by the fluctuations due to the form chosen for the objective function (3.3).

The direct and adjoint equations are solved simultaneously with the technique of the direct-adjoint
looping (see also figure 2.3):

i. starting from an initial guess for ug, the direct equations (3.1) are advanced in time up to
to+ T,

t

ii. the compatibility condition u, (to +71') = 0 is used to initialize the adjoint equations;

iii. the adjoint equations (3.5) are solved backward in time from ¢y + 7" to to;

iv. the gradient
oL

ou(to)
is used to update the initial guess towards the optimal. The Lagrange multiplier \ is computed
from the energy constraint (3.4) using the gradient rotation method (Foures et al., 2013). The
new initial guess is used to restart from (i.) until convergence.

= ul(to) — Aaa(to) (3.6)

For a given initial energy Fy and optimisation time 7', the algorithm returns a perturbation field
. This, in turn, brings to a certain perturbed flow evolution uy(x,t). The first nontrivial question
is how to fix Fy and T.

3.3 Nonlinear optimal perturbations

3.3.1 Choice of parameters

The direct and adjoint equations are solved using the channelflow code by Gibson et al. (2021).
For this study, we consider a domain having dimensions [L,, Ly, L. | = [4m, 2, 27| discretised with 288,

!Summation is implied on the repeated indices.

69



3.3. NONLINEAR OPTIMAL PERTURBATIONS

129 and 240 collocation points, respectively, in the streamwise, wall-normal and spanwise directions.
After dealiasing, this choice provides the same resolution as Kim et al. (1987). The time step was
fixed to 0.0025h*/Uy. For a validation of the DNS and of the optimisation procedure, see Sections
2.3.2 and 2.4.2.

The nonlinear optimisation depends on two free parameters: the target time interval 7" and the
initial perturbation energy Ejy. While in the study of laminar-turbulent flow transition, their role is
well understood (Cherubini et al. (2010), Pringle et al. (2012)), when computing perturbations to a
turbulent flow, the choice of these parameters is less clear and must be related to the objectives of the
study. For example, Butler and Farrell (1993) matched the target time with the eddy turnover time
at a given wall-normal distance. Farano et al. (2017) made a similar choice, discussing the influence
of the target time on the resulting optimals thoroughly. Recalling the aim of the present work, here
we should choose a time interval typical of extreme events.

Analysing the results of the DNS, we have found that a typical lifetime for the dissipation peaks
is T =2 (T ~ 23.1), which will be chosen as the target time interval. Note that such a timescale
is not very different from the observation time used by Hack and Schmidt (2021) for their CST-POD
analysis. Moderately changing such a value does not affect the conclusions of this work. Considerably
increasing it leads to very different results, which go beyond our scope.

The fact that we are interested in short target times is also a key aspect for the feasibility of the
optimisation. Indeed, the presence of positive Lyapunov exponents, linked to the chaotic nature of
the turbulent flow, may undermine the convergence of the algorithm (Jahanbakhshi and Zaki, 2019).
Nikitin (2018) reports for the flow under consideration (Re, = 180) a leading Lyapunov exponent of
AT~ 0.021 (\; ~ 0.243), from which we can estimate the characteristic Lyapunov time. The most
restrictive predictability time is given by (Boffetta et al., 1998):

1 A 1 | ET

where log is the natural logarithm, ¢ is a measure of the initial uncertainty and A a tolerance on the
final result. To quantify this time in our context, we use energies rather than amplitudes as indicated
in the right-hand side of equation (3.7). A random perturbation having initial energy 10~* would grow
to an energy of 1073 in an estimated time of 77, ~ 4.73, which is more than twice our chosen target
time. Thus, we are confident that the positive Lyapunov exponents will not hinder the convergence
of the optimisation algorithm.

Concerning the initial perturbation energy, we should choose a value sufficiently large to have a
non-negligible effect on the turbulent flow, but limited to a small fraction of the turbulent kinetic
energy to have physically meaningful results. We tried values in the interval [1076,107%]. In the
following, results are shown only for the largest value, because lower values of energy have very similar
but less noticeable effects. This value is (1.4 +0.1)% of the pre-existing turbulent kinetic energy of the
unperturbed initial snapshots u,(ty) used to compute the optimal. The results will show a posteriori
that the effect of this small perturbation on the flow is consistent with the natural dynamics of the
turbulent flow.
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Figure 3.1: Convergence of the nonlinear turbulent optimisation. The solid line indicates the objective function
(3.3) (right axis); the dashed line indicates tol = (J™ — J"~1)/J™~! and the dotted line the convergence ratio
(3.8) (left axis).

3.3.2 Results

Following previous studies, the convergence of the iterative optimization procedure is measured
by the successive variation of the objective function between two cycles, tol = (J" — J"1)/J" !
(Cherubini et al., 2010), and by the ratio between the component of the gradient normal to @ and
the full gradient (Foures et al., 2013).

_ HGLH G = UT(t(]), GL -G — <Gaﬂ'(t0)>

ER TIOE u(to). (3.8)

The behaviour of these two quantities is plotted in figure 3.1 (left panel) together with 7. It
can be seen that we attain a good convergence on the value of J, with tol decreasing by five orders
of magnitude. The ratio r decreases by three orders of magnitude, which is comparable to the drop
achieved in previous studies (Foures et al., 2013; Kerswell, 2018). Two optimisations have been started
(at the same ty) with two different random fields. They gave essentially the same result, meaning that
they attained the same value of the objective function (within the 10~ tolerance) and the two optimal
perturbations @ differed only by small-scale details. Therefore, the choice of the initial guess does
not impact our conclusions. Moreover, the optimisation procedure converges well for any chosen .

The initial optimal perturbation for Eg = 10~% and 7 = 2 computed with respect to a turbulent
snapshot extracted from the DNS at tg = 300 is provided in figure 3.2, which shows a rather complex
structure. The associated pre-multiplied energy spectra are rather broad and do not show any clearly
leading mode (figure 3.3). Nevertheless, we can note some relevant features, which are common to the
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£
Figure 3.2: Optimal streamwise velocity perturbation isocontours (|@| = 0.02, |@|mar ~ 0.21), red/blue for

positive/negative. (a) Perspective view; (b) & — y view; (c) close-up on the dashed rectangle of the (b) panel.
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Figure 3.3: Contours of the pre-multiplied spectrum of the streamwise component of the perturbation @(ty =
300) at y* = 10 (log scale). The starred point is k7 = 5.56 - 1073, kf = 2.22-1072.

Figure 3.4: Top view of the optimal streamwise velocity perturbation isocontours (as in figure 3.2). The green
lines highlight the romboidal pattern.
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