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AMANN-ZEHNDER TYPE RESULTS FOR p-LAPLACE PROBLEMS
SILVIA CINGOLANI, MARCO DEGIOVANNI, AND GIUSEPPINA VANNELLA

ABSTRACT. The existence of a nontrivial solution is proved for a class of quasilinear
elliptic equations involving, as principal part, either the p-Laplace operator or the oper-
ator related to the p-area functional, and a nonlinearity with p-linear growth at infinity.
To this aim, Morse theory techniques are combined with critical groups estimates.

1. INTRODUCTION

In 1980, Amann and Zehnder [4] studied the asymptotically linear elliptic problem

{—Au:g(u) in Q,

1.1
(1.1) u=>0 on 052,

where Q is a bounded domain in RY with smooth boundary, ¢ : R — R is a C'*-function
such that g(0) = 0 and there exists A € R such that

lim ¢'(s) = \.

|s|—o0
They proved that problem (1.1) admits a nontrivial solution u, supposing that A is not
an eigenvalue of —A, the so-called nonresonance condition at infinity, and that there
exists some eigenvalue of —A between A and ¢’(0). The same result was obtained by
Chang [9] in 1981, using Morse theory for manifolds with boundary, and by Lazer and
Solimini [37] in 1988, combining mini-max characterization of the critical point and Morse
index estimates. More precisely, the basic idea in [37] is to recognize that the energy
functional associated to the asymptotically linear problem (1.1) has a saddle geometry,
which implies that a suitable Poincaré polynomial is not trivial, and also to show that a
certain critical group at zero is trivial, to ensure the existence of a solution u # 0 of (1.1).

In the present work, we are interested in finding nontrivial solutions u for the quasilinear

elliptic problem

p—

“div [(82 + |Vu?)'T vu] = g(u) inQ,
u=>0 on 0f),

(1.2)

where ) is a bounded open subset of RN, N > 1, with 99 of class C1® for some « €0, 1],
while k > 0, p > 1 are real numbers, and g : R — R is a C'-function such that:
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2 SILVIA CINGOLANI, MARCO DEGIOVANNI, AND GIUSEPPINA VANNELLA

(a) g(0) =0 and there exists A € R such that

9(s)

|s]—=o0 |5’p*23 N

About the principal part of the equation, the reference cases are k = 0, which yields the
p-Laplace operator, and k = 1, which yields the operator related to the p-area functional.
In the case p = 2 the value of k is irrelevant.

It is standard that weak solutions u of (1.2) correspond to critical points of the C'-
functional f : W, () — R defined as

(1.3) Flu) = /Q U, (Vu) dr — / Glu) de,

Q

where
W) =3 (41D -w] . 6= [ atar

With reference to the approach of [37], when p # 2 the new difficulties that one has
to face are related to both the main ingredients of the argument, namely to recognize a
saddle structure, with a related information on a suitable Poincaré polynomial, and to
provide an estimate of the critical groups at zero by some Hessian type notion.

Concerning the first aspect, the spectral properties of —A,, are not yet well understood.
We say that the real number ) is an eigenvalue of —A,, if the equation —A,u = Au|P~2u
admits a nontrivial solution u € W,"*(Q) and we denote by o(—A,) the set of such
eigenvalues. It is known that there exists a first eigenvalue \; > 0, which is simple,
and a second eigenvalue Ay > \;, both possessing several equivalent characterizations
(see [5, 6, 22, 26, 39]). Moreover, one can define in at least three different ways a diverging
sequence (\,,) of eigenvalues of —A,, (see [13, 26, 41]), but it is not known if they agree for
m > 3 and if the whole set o(—A,) is covered. Therefore it is not standard to recognize
a saddle type geometry for the energy functional associated to the quasilinear problem.

On the other hand, for functionals defined on Banach spaces, serious difficulties arise in
extending Morse theory (see [48, 47, 10, 11, 12]). More precisely, by standard deformation
results, which hold also in general Banach spaces, one can prove the so-called Morse
relations, which can be written as

D Cnt™ =D But™ + (1+1)Q(),
m=0 m=0

where (5,,) is the sequence of the Betti numbers of a pair of sublevels ({f < b}, {f < a})
and (C,,) is a sequence related to the critical groups of the critical points u of f with
a < f(u) < b (see e.g. the next Definition 2.1 and [11, Theorem 1.4.3]). The problem,
in the extension from Hilbert to Banach spaces, concerns the estimate of (C),), hence
of critical groups, by the Hessian of f or some related concept. In a Hilbert setting,
the classical Morse lemma and the generalized Morse lemma [30] provide a satisfactory
answer. For Banach spaces, a similar general result is so far not known, also due to the
lack of Fredholm properties of the second derivative of the functional.

The first difficulty has been overcome by the first two authors in [13] for a problem
quite similar to (1.2). By generalizing from [11] the notion of homological linking, in [13,
Theorem 3.6] an abstract result has been proved which allows to produce a pair of sublevels
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({f < b},{f < a}) with a nontrivial homology group. In order to describe its dimension
in terms of A in the setting of problem (1.2), it is then convenient to set, whenever m > 1,

Am = inf {supg : AC M, A is symmetric and Index (A4) > m} :
A

where
M:{UGW&’p(Q): /|u]pd3::1} , S(u):/]Vu]pdx
Q Q

and Index denotes the Zy-cohomological index of Fadell and Rabinowitz [27, 28]. For a
matter of convenience, we also set A\ = —oo. It is well known that (A,,) is a nondecreasing
divergent sequence. The arguments of [13] apply for any p > 1.

For the second difficulty, the value of p becomes relevant. In [16] the first and the last
author have proved, for p > 2 and k > 0, an extension of the Morse Lemma and established
a connection between the critical groups and the Morse index, taking advantage of the
fact that, under suitable assumptions on g, the functional f is actually of class C? on
Wy P(9) and that

Uy ()€ > vpkl€)? with 1, > 0.

Related results in the line of Morse theory have been proved by the first and the last
author, in the case p > 2, in [17, 18, 19]. By means of the results of [19], an Amann-
Zehnder type result has been proved in [13] for a problem quite similar to (1.2), provided
that p > 2.

In this work we are first of all interested in a corresponding result in the case 1 < p < 2,
which amounts to establish a relation between critical groups and Hessian type notions
also in this case. Since our argument recovers also the case p > 2 with less assumptions
on g, we provide an Amann-Zehnder type result for any p > 1.

Let us point out that, if 1 < p < 2, the functional f is not of class C* on W,(€2). For
k =0, even the function ¥, is not of class C* on RY.

If Kk >0 or p > 2 let us denote by m(f,0) the supremum of the dimensions of the

linear subspaces where the quadratic form Qg : Wy () — R defined as

Kp_2/|Vu|2da:—g'(0)/u2da: if k>0o0rp>2,
Q Q

Qo(u) =
/|Vu|2dx—g’(0)/u2dx if k=0and p=2,
0 0

is negative definite. Let us also denote by m*(f,0) the supremum of the dimensions of
the linear subspaces where the quadratic form @)y is negative semidefinite. If x = 0 and
1 <p<2, weset m(f,0)=m*(f,0)=0.

Our first result is the following:

Theorem 1.1. Assume 1 < p < 0o, k > 0 and hypothesis (a) on g. Suppose also that
A& o(—A,) and denote by my the integer such that Ay, < A\ < Ao 41-
If
Mmoo & [m(f,0),m"(f,0)],

then there exists a nontrivial solution uw of (1.2).

It is easily seen that, if p = 2, the assumption that there exists some eigenvalue of —A
between A\ and ¢'(0) is equivalent to me, & [m(f,0), m*(f,0)].
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Differently from [13], we aim also to deal with the resonant case, namely A € o(—A4,).
This is not motivated by the pure wish of facing a more complicated situation. To our
knowledge, nobody has so far excluded the possibility that o(—A,) = {A\1} U [\, +00].
In such a case, the restriction A € o(—A,) would be quite severe. Taking into account
Theorem 1.1, the next result has interest if A € o(—A,).

Theorem 1.2. Assume hypothesis (a) on g and one of the following:

(b_) we have
lim [pG(s) — g(s)s] = —o0;

|s| =00

then we denote by my, the integer such that

(by) we have
lim [pG(s) — g(s)s] = 400

|s| =00
and, moreover, either 1 < p < 2 with k > 0 or p > 2 with kK = 0; then we denote
by myo the integer such that
Aroe A< A1 -
If
Moo & [m(f,0),m"(f,0)],
then there exists a nontrivial solution u of (1.2).

Remark 1.3. Concerning the lower order term, examples of g satisfying (a) and (b, ) or
(b_) are given by

Q(S)ZA(1+SQ)Z)2;25+M(1+32)¥S with p #0and 0 < ¢ <p < 2,
g(s) = Als[P™%s + pls|"%s with p #0and 2 < ¢ <p,
so that, respectively,
A [ q
G(s):_ [(1+S2)2 _1] +H [(1+S2)2 _1} :
p q
Gls) = 2ol + L sl
p q

Remark 1.4. Let p = 4, so that

1 1
N _ Ded o212
€)= 7 €1 + o w2162,
and let
g(8) = A\ns® + s
with m > 1 and p > 0, so that
lim [4G(s) — g(s)s] = 400,

|s]—o00
while

1 1
fu) = —/ [[Vul* = Ay |ul*] dz+ —/ [£*|Vul® — plul?] dz.
4 Jq 2 Jq
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It is clear that we cannot describe the geometry of the functional f, if we have no infor-
mation concerning x* and p. For this reason in (b, ) only the case kK = 0 is considered,
when p > 2.

In Section 2 we state some results about the critical groups estimates for a large class
of functionals including (1.3). We refer to Theorems 2.2, 2.3, 2.4 for £ > 0 and to
Theorems 2.6 and 2.7 for £ = 0 and 1 < p < 2 (such results have been announced,
without proof, in [15]). Moreover, in a more particular situation which is however enough
for the proof of Theorems 1.1 and 1.2, we extend Theorem 2.2 toany x > 0and 1 < p < 00
(see Theorem 2.8).

Sections 3, 4, 5 and 6 are devoted to the proof, by a finite dimensional reduction
introduced in a different setting in [36], of the results stated in Section 2, while Section 7
contains the proof of Theorems 1.1 and 1.2.

2. CRITICAL GROUPS ESTIMATES

In this section we consider a class of functionals including (1.3). More precisely, let €2
be a bounded open subset of RV, N > 1, with 99 of class C* for some « €]0, 1], and let
f: WyP(Q) = R be the functional defined as

(2.1) F(u) :/Q\I’(Vu) dm—/QG(:U,u) da

where G(z, s) fo x,t)dt. We assume that:

(U;) the function ¥ : RY — R is of class C* with ¥(0) = 0 and V¥(0) = 0; moreover,
there exist 1 < p < 00, k > 0 and 0 < v < C such that the functions (¥ — v ¥,, )
and (C'V, , — V) are both convex; such a p is clearly unique;

(Uy) if k =0 and 1 < p < 2, then V¥ is of class C? on RY \ {0}; otherwise, ¥ is of
class C? on RY;

(g1) the function g : 2 x R — R is such that ¢(-, s) is measurable for every s € R and
g(z,-) is of class C*! for a.e. x € §2; moreover, we suppose that

— if p < N, there exist C,q > 0 such that ¢ <p* —1= % — 1 and

lg(x,5)] < C(1+s]9) for a.e. x € Q and every s € ]R;
— if p = N, there exist C,q > 0 such that
lg(z,8)] <C(1+|s]?)  for ae. x € Q and every s € R;
— if p > N, for every S > 0 there exists C's > 0 such that
lg(x, s)] < Cs for a.e. x € Q and every s € R with |s| < S;
(g2) for every S > 0 there exists Cs > 0 such that
|Dsg(,5)| < Cy for a.e. z € Q and every s € R with [s| < 5.

From (W) it follows that W is strictly convex. Moreover, under these assumptions, it is
casily seen that f : Wy ?(Q) — R is of class C", while it is of class C? if p > max{N, 2}.
Finally, even in the case g = 0, f is never of class C? for 1 < p < 2 and is of class C? in
the case p = 2 iff ¥ is a quadratic form on RY (see [1, Proposition 3.2]).
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Now, let ug € I/VO1 () be a critical point of the functional f, namely a weak solution
of

u=0 on Jf).

According to [31, 25, 38, 45, 46], ug € CH#(Q) for some 8 €]0,1] (see also the next
Theorems 3.1 and 3.2).
Let us recall the first ingredient we need from [11, 23, 40].

{ —div [VU(Vu)] = g(z,u) in Q,

Definition 2.1. Let G be an abelian group, ¢ = f(ug) and f¢ = {u € Wy (Q): f(u) < c}.
The m-th critical group of f at ug with coefficients in G is defined by

Con(f,u0;G) = H™ (f%, [\ {uo}; G)

where H* stands for Alexander-Spanier cohomology [44]. We will simply write C,,(f, uo),
if no confusion can arise.

In general, it may happen that C,,(f, uo) is not finitely generated for some m and that
Con(f,ug) # {0} for infinitely many m’s. If however ug is an isolated critical point, under
assumptions (Vy) and (g1) it follows from [14, Theorem 1.1] and [3, Theorem 3.4] that
C.(f,up) is of finite type.

The other ingredient is a notion of Morse index, which is not standard, as the func-
tional f is not in general of class C2.

In the case Kk > 0 and 1 < p < oo, observe that

: p=2
v min{(p —1),1} (" + [n|*) = [¢]* < 9"(n)[¢]*
< Cmax{(p—1),1} (& + )% [¢*  for any 5,€ € RY,
as (W —v V¥, ,) and (C'¥,, — V) are both convex. Therefore, there exists # > 0 such that

PP < U (Vuo(2)) (€] < % €2 forany zc Qand & c RV,

as Vug is bounded. Moreover, Dg(z,uy) € L>(£2), as ug is bounded. Thus, we can define
a smooth quadratic form Q,, : W,(Q2) — R by

Quo(v) = /Q U (V) [Vo]* do — /Q Dyg(z,up)v? da

and define the Morse index of f at ug (denoted by m(f,ug)) as the supremum of the
dimensions of the linear subspaces of W,?(Q) where Q,, is negative definite and the
large Morse index of f at ug (denoted by m*(f,ug)) as the supremum of the dimensions
of the linear subspaces of VVO1 2(9) where (), is negative semidefinite. We clearly have
m(f,up) < m*(f,ug) < 4+oco. Let us point out that Q,, is well behaved on Wy?(€),
while f is naturally defined on W, ?(Q).

In the case k = 0 and p > 2, we still have

U (Vuo(z)) [€]2 < % €2 forany € Qand £ € RY,

so that Qu, : Wy?(Q) — R, m(f,ug) and m*(f,ug) can be defined as before and
m(f,ug) < m*(f,up). However, m(f,ug) and m*(f, uy) might take the value 4oo.
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Finally, in the case Kk = 0 and 1 < p < 2 observe that

(p_ 1)” 1 C
Nl €7 < v (n)[€]* < R

1€ for any n,¢ € RY with n #0,

whence
U (Vug(x)) [€)* > 0|62 for any o € Q with Vug(z) # 0 and € € RY.
Set
Zyy ={x €Q: Vug(x) =0},
[Vol?

Xy = {v e Wy?(Q): Vu(z) =0 ae. in Z,, and Vuolr

€ L'(Q\ Zuo)} :
Then
(V|w)y, = / V" (Vug) [V, Vw| dx
O\ Zug

is a scalar product on X,, which makes X,, a Hilbert space continuously embedded
in Wy?(€2). Moreover, we can define a smooth quadratic form Q,, : X,, — R by

o " 2 o 2
Qu, (V) = /Q\ZUO U (Vug) [Vl dx /QDsg(x,uo)v dx

and denote again by m(f,ug) the supremum of the dimensions of the linear subspaces of
Xy, where @, is negative definite and by m*(f,uo) the supremum of the dimensions of
the linear subspaces of X,,, where (), is negative semidefinite. Since the derivative of @),
is a compact perturbation of the Riesz isomorphism, we have m(f,u) < m*(f,ug) < +oc.
For a sake of uniformity, let us set X,,, = Wol’z(Q) when k£ > 0 and 1 < p < oc.

Now we can state the results concerning the critical groups estimates for the func-
tional (2.1).

Theorem 2.2. Let k > 0 and 1 < p < oo. Let ug € WyP(Q) be a critical point of the
functional f defined in (2.1).

Then we have
Con(f,up) = {0} whenever m < m(f,up) orm >m*(f,ug).

When the quadratic form @, has no kernel, we can provide a complete description of
the critical groups.

Theorem 2.3. Let k > 0 and 1 < p < oo. Let ug € WyP(Q) be a critical point of the
functional f defined in (2.1) with m(f,up) = m*(f, uo).
Then ug is an isolated critical point of f and we have
Cm(fauﬂ)z(@ ifm:m(fau0)a

If ug is an isolated critical point of f, then a sharper form of Theorem 2.2 can be proved.
Taking into account Theorem 2.3, only the case m(f,ug) < m*(f,up) is interesting.

Theorem 2.4. Let k > 0 and 1 < p < co. Let ug € Wy*(Q) be an isolated critical point
of the functional f defined in (2.1) with m(f,ug) < m*(f,up).
Then one and only one of the following facts holds:
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(a) we have
Cm(fauﬂ)%G ifm:m(f7u0)7
Cn(f,uo) =10} if m # m(f,uo);
(b) we have

Cm(fauO) %G Z.an:7n>k<f7u0)a
Co(fiuo) = {0} if m # m*(f,uo);

(¢) we have
Co(f,ug) = {0} whenever m < m(f,ug) or m > m*(f, up).

Remark 2.5. Since the value of k is irrelevant in the case p = 2, Theorems 2.2, 2.3
and 2.4 cover also the case k = 0 with p = 2.

In the case k = 0 and p # 2, we cannot provide such a complete description. Let us
mention, however, that critical groups estimates have been obtained in [2] when ) is a
ball centered at the origin, and the critical point ug is a positive and radial function such
that [Vug(x)| # 0 for x # 0.

Apart from the radial case, if p > 2 and g is subjected to assumptions that imply f to
be of class C? on Wy (1), it has been proved in [36, Theorem 3.1] that C,,(f, uo) = {0}
whenever m < m(f,ug). On the contrary, there is no information, in general, when p > 2
and m > m*(f, up).

In the case 1 < p < 2, the situation turns out to be in some sense reversed. We
will prove a result when m > m*(f, ug), while we have no information, in general, when
m < m(f,up).

Theorem 2.6. Let k =0 and 1 < p < 2. Let ug € Wol’p(Q) be a critical point of the
functional f defined in (2.1).
Then we have
Con(f,ug) = {0} whenever m > m*(f, ug) .

However, in the case ug = 0, we can provide an optimal result in the line of Theorem 2.3.

Theorem 2.7. Let Kk = 0 and 1 < p < 2. Let 0 be a critical point of the functional f
defined in (2.1).

Then we have m(f,0) = m*(f,0) = 0 and 0 is a strict local minimum and an isolated
critical point of f with

Cn(f,0) =10} 4fm #0.

Finally, under more specific assumptions we can extend Theorem 2.2 to any x and p.
This will be enough for the results stated in the Introduction.

Theorem 2.8. Let kK > 0 and 1 < p < oo. Let 0 be an isolated critical point of the
functional f defined in (2.1) and suppose that g is independent of x and satisfies assump-
tion (g1) with ¢ < p* — 1 in the case p < N.

Then we have

Cn(f,0) = {0} whenever m < m(f,0) or m >m*(f,0).
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3. SOME AUXILIARY RESULTS

In the following, for any ¢ € [1, 0o] we will denote by || ||, the usual norm in L(€2). We
also set, for any u € C1*(Q),

Vu(z) =V
|u||cre = sup |u| + sup |Vu| + sup [Vu(z) u(y)| .
Q Q z,y7£€§2 |z — yl®
z#y

Throughout this section, we assume that € is a bounded open subset of R and we suppose
that ¥ and g satisfy assumptions (V;), (¥3) and (g;), without any further restriction on p
and k.

In the first part, we adapt to our setting some regularity results from [31, 25, 38, 45, 46].

Theorem 3.1. For every ug € Wol’p(Q), there ezists r > 0 such that, for any u € Wol’p(Q)
and w € W~12(Q) satisfying

/ V¥ (Vu) - Vo — g(z,u)v] de < (w,v)
Q
for any v € Wy P(Q) with vu > 0 a.e. in Q,
|Vu — Vul|, <7,
we have u € L>*(Q) and
[ulloo < C ([lwllw-r) -

Proof. We only sketch the proof the case 1 < p < N. The case p > N is similar and even
simpler. Since (¥ — v¥,, ) is convex, we have

p—

TU(E) - € = (VU(E) — VU(0)) - € > v (k2 + [€2)T [¢[2 for every € € RY.

Then the argument is the same of [31, Corollary 1.1]. We only have to remark that, for
every Vo € LN/7(Q) and ¢ < oo, there exists 7 > 0 such that, for any v € W,"(Q),
V € LN?(Q) and w € W1°(Q) satisfying

/Q (VU (Vu) - Vo = Vul2uv] de < (w,v)

for any v € W,?(Q) with vu > 0 a.e. in Q,
IV = Vollwp < 7,

we have u € L7(2) and
[ully < C (g, [lu

pes [lwllw 1)

(see, in particular, [31, Proposition 1.2 and Remark 1.1]). The key point is that, for any
€ > 0, there exist r, k such that

k>k — / VNP Az < e
{IVI>k}

whenever ||V —V;||n/p < 7. After removing the dependence on V' in [31, Proposition 1.2],
hence on w in [31, Corollary 1.1], the argument is the same of [31]. O
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Theorem 3.2. Assume that 9 is of class C** for some a €]0,1]. Then there exists
B €]0,1] such that any solution u of

ue Wo(Q),
{ —div [V¥(Vu)] = wy — divuw, in W=H'(Q),
with wy € L>®(Q) and w; € C%*(Q;RYN), belongs also to C*(Q) and we have
[ullers < C (lwollos, [lwr]lcoe) -

Proof. Since WV is strictly convex and

VU(E) - &> v (K + ¢ ) |§|2 for every ¢ € RY,

it is standard that, for every wy € L>®(Q) and w; € C%*(Q;RY), there exists one and
only one u € WyP(€) N L*®(Q) such that — div [V¥(Vu)] = wy — divw,. Moreover, we
have
[ulloo < € (llwollso, [[wr | o)
(see e.g. [35]).
Now, for every N > 1, fix a nonnegative smooth function ¢ with compact support in
the unit ball of RY and unit integral. Then define, for every ® € Ll (R¥) and € > 0,

(RO)E) = [ ow)(E - ep)dy.
It is easily seen that there exist 0 < (N, p) < C(N, p) such that

ﬂu+mw0s/mmu+m—ww*@séu+mW*

loc

A1+ ) < [ o)+ I -y dy < Ca fer?
for every ¢ € [0,1] and € € RY. Then there exist 0 < (N, p) < C(N, p) such that

D(e+r+ ¢ < /@<y><n e —ey)P2dy < Cle + w4 [€])P2

for every k >0, € > 0 and £ € RV,
Observe that W, . € W2 (RY) and

loc

~1
L o (Il el < wp ) < (s + )" Igf?

for every n,¢ € RY with n # 0.

It follows that there exist 0 < (N, p) < C (N, p) such that

P(e+ -+ P IEP < (R,,) ([ < Cle + w + [n)P2I€f*,

for every K > 0, e > 0 and &, € RY. Since (¥ —v¥,,) and (C¥,, — ¥) are both
convex, we infer that R.¥ : RY — R is a smooth function satisfying

(3.1) vir(e + k4 [P IEP < (D) (n)[€]* < CO(e+ ki + nl)P €1,
for every e > 0 and &, € RY.
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Again, from the results of [35], it follows that there exists one and only one u. €
WyP(2) N L®(Q) such that — div [V(R.V)(Vu.)] = wy — divw;. Moreover, we have
[uclloo < € ([lwolloo, [lwrl[cow)

and the estimate is independent of ¢ for, say, 0 < e < 1. _
Then from (3.1) and [38, Theorem 1] we infer that u. € C*#(Q) and

[ucllons < C (llwoloo, 1w [l o)

for some 3 €]0, 1], again with an estimate independent of ¢ €]0, 1].
Therefore (u.) is convergent, as e — 0, to v in C*(€) and the assertion follows. O

From (3.1) we also infer the next result.

Proposition 3.3. We have U € W24(RYN) for some ¢ > N, so that the map V¥ : RN —
R is locally Hélder continuous.

Now let X be a reflexive Banach space. The next concept is taken from [8, 43].

Definition 3.4. Let D C X. A map F : D — X’ is said to be of class (S), if, for every
sequence (ug) in D weakly convergent to w in X with

hmsup <F<uk)7u/€ - ’LL> < 07
k

we have ||uy — u|| — 0.

Proposition 3.5. Let f : X — R be a function of class Ctand let C be a closed and
conver subset of X. Assume that [’ is of class (S); on C.
Then the following facts hold:

(a) f is sequentially lower semicontinuos on C' with respect to the weak topology;
(b) if (ug) is a sequence in C' weakly convergent to u with

limsup f(ug) < f(u),
k

we have ||Jug, — ul| — 0;
(¢) any bounded sequence (ug) in C, with ||f'(ug)|| — 0, admits a convergent subse-
quence.

Proof. Let (uy) be a sequence in C' weakly convergent to u. To prove (a) we may assume,
without loss of generality, that

fmsup () < ().
k
Let tx €]0, 1] be such that
flur) = flu) + (f (vr), ux — u) v = u+ tp(u —u).
Then (vg) also is a sequence in C' weakly convergent to u and
lim sup (f'(vg), ve — u) = limsup tx(f'(v), up — u) = limsup ¢, (f(ux) — f(u)) < 0.
k k k

Since [’ is of class (S), on C, we infer that ||vy — u|| — 0, hence that
lim f (ug) = Tim [f () + (f' (o) we = w)] = f(u)

and assertion (a) follows.
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To prove (b), let 7, € H, 1[ be such that

f(uk)—f(%ukjtéu) :%(f/(wk),uk—u>, wr = u+ T (up —u) .

Observe that (% ug + %u) also is a sequence in ' weakly convergent to u, whence
limint £ =+~ u) > f(u)
im in St 5u) = flu).

It follows

lim sup (f'(wg), u, — u) = lim sup 2 [f(uk) —f (1 uy + 1u)} <0
k k 2 2

whence, as before, ||wy — u|| — 0. Since (%) is bounded away from 0, we conclude that
|lug — u|| — 0.
Finally, to prove (¢) we may assume that (u) is weakly convergent to some u, whence

liin (f'(ug),up —u) =0.
Since f’is of class (S)4 on C, assertion (c) also follows. O

We end the section with a result relating the minimality in the C*-topology and that
in the W, P-topology. When W = W, *(Q) and ¥(¢) = %|§]”, the next theorem has been
proved in [29], which extends to the p-Laplacian the well-known result by Brezis and
Nirenberg [7] for the case p = 2 (see also [32] for p > 2 and [34] in a non-smooth setting).

Theorem 3.6. Assume that O of class CY* and that ug € Wy (Q) N C*(Q) for some
a €]0,1]. Suppose also that WP (Q) =V @ W, where V is a finite dimensional subspace
of Wy P(Q), W is closed in WyP(Q) and the projection Py : WyP(Q) — V., associated
with the direct sum decomposition, is continuous from the topology of L*() to that of V.

If ug is a strict local minimum for the functional f defined in (2.1) along ug + (W N
CY(Q)) for the C(Q)-topology, then g is a strict local minimum of f along ug + W for
the W, P (Q)-topology.

Proof. Define a convex and coercive functional h : I/VO1 P(Q) — R by
h(u) = / [U(Vu) — U(Vug) — VI(Vug) - (Vu — Vup)] do
Q

and observe that v, — wug in Wol’p(Q) if and only if A(vy) — 0. Actually, if vy — up in
WyP(Q), it is clear that h(v,) — 0. Conversely, assume that h(v;) — 0. Since

U (Vo) — ¥ (Vug) — V¥ (Vug) - (Vo — Vug) — 0 in L'(Q),
up to a subsequence we have

U(Vog) — ¥ (Vug) — VU (Vug) - (Vo —Vug) -0 ae. in Q,
hence Vv, — Vug a.e. in Q by the strict convexity of ¥. On the other hand,

U (Vo) — ¥ (Vug) — VI (Vug) - (Vg — V)
> % |Vup[P = V¥ (V) - Vo, —2z  ae. in Q
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for some z € L'(Q). Therefore, (Vuvy,) is convergent to Vug also weakly in LP(Q). If we
apply Fatou’s Lemma to the sequence

(U (Vug) — ¥(Vug) — VU (Vug) - (Vor, — V)] — % |Vop|? + VU (V) - Vo +2 >0,

we find that
limsup/ |Vog|P do < / |Vug|P dx ,
k Q Q

whence the convergence of (v;) to ug in Wy ().
Since h is of class C! with

(W (u), u — ug) = /Q(V\IJ(Vu) — V¥ (Vu)) - (Vu — Vug) dz > 0 for any u # ug,

for every r > 0 the set
{weW: h(uy+w)=r}
is a C'-hypersurface in W. Moreover, if r is small enough, the map f’ is of class (S); on
{ue WyP(Q): hlug+u) <7} .

If W =W, with 1 <p < N, this is proved in [14, Theorem 1.2}, while the general case
follows from [3, Theorem 3.4]. From Proposition 3.5 we infer that {u — f(ug + u)} is
weakly lower semicontinuous on

{we WiP(Q) : hlup+u) <1},
hence on
{weW: hlug+w) <r},

which is weakly compact.
If we argue by contradiction, we find a sequence (wy) in W such that wy, is a minimum
of {w — f(up+w)} on
{we W : h(uyg+w) <r}

with 7, — 0 and wy, # 0, in particular f(ug+wy) < f(uo). Therefore, there exists A\, > 0
such that

(f'(uo + wi) + A\eh'(ug +wy),u) =0 for any u € W,

namely
/ VU (V(up + wy)) - Vudr — / gz, up + wg)udz
Q Q

+ Ak / (V\P(V(uo +wy)) — V\II(VUO)) -Vudz =0 for any u € W,
Q

which is equivalent to

1
14+ Mg

/ VU(V(ug +wg)) - Vudr — / g(x, ug + wy)udx
Q Q

Ak
14+ Mg

/ VU (Vug) - Vudz for any u € W.
Q
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It follows

A
/V\P(V(uo—i-wk))-Vudaj— /g(x,uo—i—wk)uda:: b /V\II(VUO)-Vuda:
Q Q L+ A Jo

14+ A

+ / VU (V(ug +wy)) - VPyude —
Q

14+ Mg

x, ug + wi) Pyudx
14 XM /Qg( 0 k) v

/ VU (Vug) - VPyudz — for any u € WyP(Q).
Q

Since Py is continuous from the topology of L'(2) to that of W, ”(Q), we have

/ V\I/(V(Uo + U)k)) . VPVudx —
Q

1+ M
with (z;) bounded in L>°(£2). It follows

x, ug + wy) Pyudx
14+ M /Qg( 0 k) v

/ V¥ (Vuy) - VPyudr = / zwudr  for any u € W P(Q)
Q Q

(3.2) — div [VU(V(ug+ wy))] — g(x,ug +wg) = 2z, — div L A VU (Vuy)

1+ A + A\

and VU (Vuyg) € CO%(Q;RY) for some 3 €]0, 1], by Proposition 3.3.
If p < N, from (g;) we infer that

1
[9(2, uo + wi)u — g(z,0)] u < |g(x, up +wi) — g(z,0)] |u
1+ M\
x, Uy + wi) — g(x, 0
oo ) —gle 0] L
|up + wg|
C(1 4+ |ug + wplP 1
< ( | 0 k| )(uo+wk)u
|ug + wy|
Ug + W N
= 2" w4 Clug + wel” 2 (uo + wy)u,
|ug + wg|

whenever u(uy + wg) > 0 a.e. in Q. It follows

/ VU (V(ug + wy)) - Vudr — / Cluo + wi P % (ug + wy)u d
Q Q

1 A
< : d U(Vug) - Vud
_/{2[1+/\k9(m,0)+zk+zk]u x+1+)\k /QV (Vup) - Vudx

for any u € W, ?(Q) with u(ug + wi) > 0 a.e. in Q,

where
Ug + Wy,

———  where ug + wy # 0,
2 = |ug + wg|

where ug + w, = 0.

From Theorem 3.1 it follows that (up + wy) is bounded in L>°(£2). Coming back to (3.2),
from Theorem 3.2 we conclude that (ug + wy) is bounded in C1#(Q) for some 3 €]0, 1].
Then (ug + wy,) is convergent to uy in C'(Q) and a contradiction follows.

If p > N, the argument is similar and even simpler. 0
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4. PARAMETRIC MINIMIZATION

Throughout this section, we assume that € is a bounded open subset of RY with 9
of class O for some a €]0,1] and that ¥ and g satisfy assumptions (¥;), (¥5), (1)
and (go) with either k >0 and 1l <p<ocork=0and 1 <p < 2.

Let uy denote a critical point of the functional f defined in (2.1). According to Theo-
rems 3.1 and 3.2, we have ug € C*#(Q) for some 8 €]0, 1].

Given a continuous function ® : RN — R, for any z,v € RY we set

O(y + tw) + Dy — tw) — 20 (y)
t2 ’

" (z)[v]* = ligrl_éxrlf

t—0
w—rv

Then the function {(x,v) — ®"(x)[v]*} is lower semicontinuous. If ® is convex, it is also
clear that ®"(x)[v]? € [0, +o0] and that ®”(x)[0]> = 0. In particular, it is easily seen that

0 if¢=0,

=0and 1 <p<2 = ¥’ (0)[¢* =
m=0and1<p ¥, (0)[¢ {m et

Since (U — vV, ) is convex, we also have

I (1 ife=0,
k=0and 1 <p<2 = ¥ (0)¢]" = .
+o00 itE#£0,

while ¥"(n)[£]? = ¥”(n)[€]? in the other cases. In particular, the function {& — ¥”(n)[¢]*}
is convex for any n € RV:

Proposition 4.1. For every u,v € W, ?(Q), the function
{(:zc, t) = (1 — )" (Vu(z) + t(Vo(z) — Vu(z))) [Vo(z) — Vu(x)]Q}

belongs to L'(Q2x]0,1[) and one has
/ U(Vo)de — / U(Vu)de — / V¥ (Vu) - (Vv — Vu) dz
Q Q Q

1
= / (1—1) {/ V" (Vu(z) + t(Vo(z) — Vu(z))) [Vo(z) — Vu(:c)]2 d:v} dt .
0 Q
Proof. Let us treat the case k = 0 and 1 < p < 2. The case k > 0 and 1 < p < 0 is

similar and even simpler. First of all, {(n, &) — ¥"(n)[¢]*} is a Borel function, being lower
semicontinuous. Moreover, we have

C
' (n)[€]? = W' (n)[¢)? < |77|Tp €7 for any n, & € RN withn #0.

Therefore, for every n,& € RV, the function {t — U(n+ (¢ —n))} belongs to W (R)
and we have

W(E) — W) — V() - (€~ ) = / (1= 09" (5 + 16— ) [€ — ] dt.
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Then, given u,v € W, ?(Q), we have a.e. in

U(Vo(z)) — U (Vu(z)) — V¥ (Vu(x)) - (Vo(z) — Vu(z))

2

_ /0 (1— O (Vu(z) + H(Vo(z) — Vu(@)) [Vo(z) — Vu(z)] dt.

By integrating over ) and applying Fubini’s theorem, the assertion follows. 0

Theorem 4.2. Let (ug) be a sequence in Wy P(Q)NL®(Q) and (vy) a sequence in Wy*(Q)
such that (ug) is bounded in L>°(Q) and convergent to u in WyP(Q), while (vy,) is weakly
convergent to v in W, ().

Then we have

/g"(Vu)[Vv]2 dx — / D.g(z,u)v* dz
Q Q
< limkinf (/ U (Vug,) [Vop)? dz — / D.g(z, up)vi d:z;) .
Q Q

Proof. Since (v;) is convergent to v in L*(Q), we clearly have

/Dsg(a:,u)v2 dx = lim/ D,g(x,up)vi d .
Q ko Ja

Then the assertion follows from the Theorem in [33]. O

Proposition 4.3. There exists a direct sum decomposition

LY =Vew
such that:
(@) V C Xy N WeP(Q) N Lo(Q) with dimV = m*(f,u) < +oo, while W is closed
in LY(Q);
(b) we have

/Q V' (Vug) [V (v + w)] dr /Q Dl uo) (v + w)? da
= /Q V" (V) [Vo)* do — /Q Dg(x, uo)v? d
+ /Qi”(Vuo)[Vw]2 dx — /Q D.g(w,up)w? dx
for anyv €V and w € W N Wy2(Q),

/ V" (Vug)[Vo]? da — / Dyg(z, up)v? dz < 0
Q Q
for anyv eV,

/ U (Vo) [Vl d — / Dl ug)u? de > 0
Q Q

for any w € (W Wy () \ {0} .
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Proof. Let us treat in detail the case k = 0 and 1 < p < 2. Since the derivative of the
smooth quadratic form @,, : X,, — R is a compact perturbation of the Riesz isomor-
phism, it is standard that there exists a direct sum decomposition

Xp=VeaW
such that dimV = m*(f, ug) < o0,

—~

W:{weXuO: /vwda::() foranvaV},
Q

Quo (V + W) = Quy (V) + Quy (W) for any v € V and w € W,
Quo(v) <0 for any v € V',
Quo(w) >0 for any w € W\ {0} .

Moreover, either V' = {0} or V = span{ey,..., ey} and each e; € X, \ {0} is a solution
of

/ V" (Vug)[Ve;, Vu] de — / Dsg(z,up)ejudr = \; / e;udr  for any u € X,
O\ Zug Q Q

for some A\; < 0 (which is possible only if |Vug|le > 0).
If ¢ : R — R is a nondecreasing Lipschitz function with ¢(0) = 0, then p(e;) € X,
whence

/ @ywam@w%(m—/jgmmm%w@mx_x/QM@QMSm.
N\ Zu, Q

On the other hand, we have
" (p ) 2 ( ) 2
V'(Vuo(2)) €] 2 =5 €7 = §
" | Vug(z) [~ [ Vuol3?
for any x € Q\ Z,, and £ € RY |
whence

p— v !
L= [ epiVelde — [ Do, wesple;) de <.
IVeals? Jo g

Since Dsg(x,up) € L>(2), it is standard (see e.g. [35]) that e; € L>°(2), whence V C
Xy NL®(Q) € WyP(Q), as p < 2.
If we set

W:{wELl(Q): /vwdx:() foranvaV},
Q

then W is a closed linear subspace of LY (Q) and
L) =VaeW.
Since

/ U (V) [Va]? de — / Dagle, uo)e® do = Quylu)  ifu € Xoy .
Q Q

/Q”(Vuo)[Vu]2 dr — / D,g(x, up)u?® dr = +o0 ifue W01’2(Q) \ X »
Q Q

the other assertions easily follow.
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In the case £ > 0, one has X,,, = W,(Q) and the adaptation of the previous argument
is very simple if 1 < p < 2. If p > 2, one has to remark that U”(Vug) is continuous.
By standard regularity results (see e.g. [42, Theorem 7.6]) it follows that e; € W, (),
whence V' C W, 7(Q). O

In the following, we consider a direct sum decomposition as in the previous proposition.
In particular, the projection Dy LY(Q) — V, associated with the direct sum decomposi-
tion, is continuous with respect to the L'-topology. Since V' C Wy () N L>®°(1) is finite
dimensional, it is equivalent to consider the norm of Wy*(2) N L=(Q) on V.

Then we set W = W N WyP(€), which is a closed linear subspace of W, ”(€), so that

WiPQ) =Vaew

and Py = JSV wie is L'-continuous as well.
0
We also set, for any r > 0,

B, ={ueWyP(Q): [|Vull, <r},
D, ={ueWyP(Q): [|[Vull, <r}.

Lemma 4.4. For any M > 0, there exist r,§ > 0 such that, for every u € (up + D,) N
WL (Q) with ||u]lse + |Vtllee < M and every w € W NW,2(Q), one has

[T~ [ Do et ds 2 [ Vol ds.
Q Q Q

Proof. Assume, for a contradiction, that there exist a sequence (v;) in W, (Q)NW1>(Q),
strongly convergent to ug in W, ?(Q) and bounded in W (Q), and a sequence (wy) in
W N W,?(Q) such that

1
(4.1) /Q”(Vvk)[Vkada:—/Dsg(x,vk)w,%d:c< P / (V| d .
Q Q Q

Without loss of generality, we may assume that ||Vwg||2 = 1. Then, up to a subsequence,

(wy,) is weakly convergent to some w in W, *(Q). In particular, w € W. From Theorem 4.2
we infer that

| v @uw)vuias - [ Dol e <0,
Q Q

whence w = 0.
Coming back to (4.1), now we deduce that

liin/ V" (Vo) [Vwg)* do = 0.
Q

Since (Vwy) is bounded in L>(£2), in both cases k = 0 with 1 < p < 2 and k > 0
with 1 < p < co we infer that Vw, — 0 in L*(Q). Since ||[Vwg|l2 = 1, a contradiction
follows. O
Theorem 4.5. There exist M,r > 0 and 3 €)0, 1] such that:

(a) the map f' is of class (S); on ug+ Da,;
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(b) for every v € VN D,., the derivative of the functional

w - R
w = flug+v+w)

is of class (S)y on W N D,; moreover, if w is a critical point of such a functional
with w € D,, then v+w € CY?(Q) and

v+ wles < M
finally, the functional {w — f(ug+ v+ w)} is strictly convex on
{fweWwnD,: (v+w)e W2 (Q)
and v+ wlleo + V(v 4+ w)|los < M} ;
(¢) ug is a strict local minimum of f along ug + W for the W&’p(ﬂ)—topology.

Proof. As already observed in the proof of Theorem 3.6, there exists r» > 0 such that the
map f’ is of class (S); on ug + Do,. It follows that {w — f(ug+v+w)} is of class (S)4
on W N D, for any v € V N D,. Moreover, if w is a critical point, we have

(f'(uo +v4+w),u—Pyu) =0  for any u € W, (Q),
whence
(f'(uo +v+w),u) = (f'(uo +v+w), Pyu)  for any u € Wy(Q).
Since Py is continuous from the topology of L'(Q2) to that of W, ?(Q) and f’ is bounded

on bounded sets, it follows that

(f'(uo +v+w), Pyu) = /Qzu dz for any u € WOLP(Q)

with z uniformly bounded in L*(2) with respect to v and w, whence

(f’(u0+v+w),u>:/gzudx for any u € Wy (Q).

From Theorems 3.1 and 3.2, possibly by decreasing r, we conclude that ug + v +w, hence
v + w, is uniformly bounded in C*#(Q).
Finally, again by decreasing r, we infer by Lemma 4.4 that

(4.2) /QEH(V(uO +u))[Vw)* do — /QDSg(x,uo + u)w? dw > 5/Q |Vw|* dw

for every u € Dy, N W1°(Q) with ||u]|e + [|[Vu|lee < M and every w € wn WOI’Q(Q).
IfveVnD,,tel01] and wy, wy € WN D, with (v+ w;) € WH(Q) and
v+ willoo + V(v 4+ wj)[lc <M,

we have w; € W,P(Q) N W2(Q), hence w; € W,2(R2), as dQ is smooth enough. By
Proposition 4.1 and (4.2) we easily deduce that

(L =1)f(uo + v +wo) +tf(uo + v+ wi)
5
2f(u0+v+(1—t)wo+tw1)+§t(1—t)/|Vw1—Vw0\2dx.
Q

Therefore {w — f(ug+ v+ w)} is strictly convex.
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In particular, the critical point g is a strict local minimum of f along ug+(WNC* Q)
for the C1(Q)-topology. From Theorem 3.6 we infer that ug is a strict local minimum of f
along ug + W for the W, *(€)-topology. O

Theorem 4.6. There exist M,r > 0, 5 €]0,1] and o €]0,r] such that, for every v €
VN D,, there exists one and only one w € W N D, such that

flup+v+w) < flupg+v+w) for any w e WND,.

Moreover, v+ w € CY3(Q) with |[v +W| s < M, W € B, and W is the unique critical
point of {w — f(up+v+w)} in WND,.
Finally, if we set ¥(v) = w, the map

{v=v+9Y)}
is continuous from V N D, into CY(Q), while the map 1 is continuous from V N D, into
Wy (Q) N L®(Q). Moreover, ¥(0) = 0.
In the case k > 0, the map v is also of class C* from V N B, into WOI’Z(Q) and, for
every z € VN B, and v € V, we have that ¢'(z)v is the minimum point of the functional

{w — % /Q{\IIH(VU)[VUJ]2 — Dyg(z,u)w’} dx

+ /Q (V" (Vu)[Vv, Vo] — Dig(, u)ow) dw}

on W Wy?(Q), where uw = ug + z + ¥(2). Moreover, ¢/(0) = 0.

Proof. Let M,r > 0 and 8 €]0,1] be as in Theorem 4.5. In particular, we may suppose
that f(ug) < f(up + w) for every w € W N D, with w # 0. By Lemma 4.4 we may also
assume that there exists 4 > 0 such that

(4.3) /Qg”(V(uo +u))[Vw]? dz — /QDsg(:c,uo +u)w? dr > 5/9 |Vw|* dx

for every u € Do, N CY3(Q) with ||uf s < M and every w € W N Wy (Q).
We claim that there exists g €]0,r] such that

flup +v) < flup+v+w) for any v € VN D, and any w € W with | Vw]|, = 7.

By contradiction, let (v) be a sequence in V' with vy — 0 and let (wy) be a sequence in
W with ||Vwgl||, = r and f(uo + vx) > f(uo + vi + wy). Up to a subsequence, (wy) is
weakly convergent to some w € W N D,. Then (ug + v + wy) is weakly convergent to
ug + w with

limksup Juo + v +wy) < h]gn fuo + ) = fluo) < fluo +w).

Combining Proposition 3.5 with Theorem 4.5, we deduce that (ug + vy + wy) is strongly
convergent to ug + w, whence f(up + w) = f(up) with [|[Vw||, = r, and a contradiction
follows.

Again from Proposition 3.5 and Theorem 4.5 we know that {w — f(up + v+ w)} is
weakly lower semicontinuous on W N D, for any v € V N D,. Therefore there exists a
minimum point w € W N D, and in fact w € B,. In particular, we have

(f'lup+v+w),wy=0  forany we W.
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From Theorem 4.5 we infer that v +w € CY(Q) with |[v + W||c1s < M. Since
{w— f(uo+v+w)} is strictly convex on

fweWnD,: (v+w)eW"(Q) and |[v+ w|w + [|[V(v+ w)||eo < M},

the minimum is unique. If v = 0, then w = 0.
Finally, if we set ¢(v) = w, the map {v — v+ (v)} is defined from V' N D, into

{uEClB( ) ||ullens <M}

which is a compact subset of C'(€), and has closed graph, as f is continuous. Therefore
it is a continuous map. The continuity of v follows.

In the case x > 0, the function ¥ is of class C? on RY. Therefore, there exists C' > 0
such that

(4.4)

/ U (V(ug + u))[Vuy, Vus] do — / Dyg(x,ug + u)uius dz| < C'|Vuy ||z ||Vuslo
Q 0

for every u € Dy, N CH(Q) with ||ul|crs < M and every uy,uy € Wy *(Q). Moreover, we
have

(4.5)  (f'(uo +v1 4 (v1)),u) — (f'(uo +vo +1(v0)), u)

{qﬂ V) [V (01 — vo + (1) — (o)), Vi

0 JQ

— Dgg(x,v)(v1 —vo + ¥(vy) — w(vo))u} dx dt

for any vg,v; € VN D, and u € Wy*(Q), where

Ve = ug + vo + Y(vo) + t(vr — vo + P (v1) — Y(vo)) -

Now let z € VN B, and let u = uy + z + ¥(z). From (4.3) and (4.4) it follows that, for
every v € V, the functional

{w — % /Q {V"(Vu)[Vw]* = Dyg(z,u)w’} dx
—l—/Q{\I/”(Vu) Vv, Vw| — Dyg(z, u)vw} dx}
admits one and only one minimum point L,v in wn W, ’Z(Q), which satisfies
(4.6) /Q{\I/"(Vu)[V(LZ'U), Vw] — Dyg(z,u)(Lv)w} d
— /Q {U"(Vu)[Vv, Vw] — Dyg(z, u)vw} dz for any w € W N WE(Q).

Moreover, the map L, : V — VVO1 2(Q) is linear and continuous, as V' is finite dimensional.

Since Quy(v + W) = Qug (v) + Quy(w) for any v € V and w € W N Wy (Q), we also have
Lo =0.
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By (4.5) for every vo,v; € VN B, and w € W N Wy%(Q), it holds
0= UO+U1 +¢(’U1)) > <f (UQ—FUO—'—'QD(U())) >

//{‘I/ (V) [V (01 = o + 4 (v1) = ¥ (o)), V]

~ Dagle (o1 — o + lwn) - ¢(Uo))w} e d.

Taking into account (4.6), we deduce that

/01 /Q{‘I’"(W)WWW = ¥(v0)), Vel = Dug(, 7) (¥(v1) — w<vo))w} da dt
_ /Q{\IJ”(Vu)[V(Lz(vl — 1)), Vw] — Dyg(z,u)(L,(v; — vo))w} dr
= /0 1 /Q {[\P’W%) — (V)] [V (01 — vg), Vo]

— [Dsg(z,v) — Dsg(x,u)] (v1 — Uo)w} dx dt .

It follows

[ {0 - v - L - ). val
- Daglo ) lon) = () — Lufon — ) o
—— [ {0 - v (2 - ). vl
— [Dsg(z, 1) — Dsg(z,u)] (L. (v1 — UO))w} dz dt
- [ [{wrw - v e - ). va

— [Dsg(z,v) — Dsg(x,u)] (v1 — vo)w} dx dt.

Since the map {v + v + ¥(v)} is continuous from V N B, into C'(Q), from (4.3) we infer

that
V@) — vl — L =)l
(v0,01) >(2.2) IV (01 = wo)ll2
VoFVL
Therefore 1 is of class C*! from V N B, into W, *(Q) and ¢/(z) = L.. O

5. THE FINITE DIMENSIONAL REDUCTION

Throughout this section we keep the assumptions and the notations of Section 4. We
also define the reduced functional ¢ : V.N B, — R as

o) = flug+v+w)=min{flug+v+w): weWnD,}.
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Theorem 5.1. Let k > 0 with 1 <p < oo or k =0 with 1 < p < 2. Then the functional
@ is of class C' and
(5.1) (¢'(z),v) = (f'(uo+ 2z +9(2)),v)  foranyzeVNB,andveV.
In particular, 0 is a critical point of ¢. Moreover, we have

Cin(9,0) = Cp,(f, uo) for any m > 0.
Finally, O is an isolated critical point of ¢ if and only if ug is an isolated critical point
of f.
Proof. For any vy,v; € V N B,, we have
@(v) = f(uo +v1 + ¥(v1))

= [(uo +vo +(v1)) + (f (uo 4 vo + t(v1 — vo) + ¥ (v1)), v1 — vo)

> f(uo 4 vo + ¥ (vo)) + (f'(uo +vo + t(v1 —vo) + (1)), v1 — vo)

= (vo) + (f'(uo + vo + t(v1 — vo) + P (v1)),v1 — Vo)
for some t €]0, 1[. Since 9 is continuous from V N B, into Wy*(Q), it follows that

liminf o(v1) = ¢(vo) — (f'(up + 2z +¥(2)), v1 — vp)

(v0,01)—(2,2) v — vo]
VoFAV1

>0.

We also have
p(v1) = f(uo +v1 +¥(v1)) < fluo +v1 + 1P (w))
= f(uo + vo + ¥(vo)) + (f'(uo + vo + t(vy — vo) + ¥(vg)), v1 — o)
= p(vo) + (f'(uo 4+ vo + t(vy — vo) + ¥ (vo)), v1 — o)

for some ¢ €]0, 1], whence

<0.

lim sup o(v1) — ¢(vo) — (f'(uo + 2z + ¥(2)), v1 — vp)

(vo,v1)—(2,2) ”Ul - UOH
VoFVL

Therefore ¢ is of class C* with

(©'(2),0) = (f'(uo + 2 + 9(2)),v) .
Since 1(0) = 0, we also have ¢’(0) = 0.
Now consider
Y ={uy+z+9(2): z€VNB,}

endowed with the W,?(Q)-topology. Since {z — ug+ z +(z)} is a homeomorphism
from V N B, onto Y which sends 0 into wuy, it is clear that

Cin(p,0) = Cm(f|y,u0) for any m > 0.

On the other hand, from Proposition 3.5 and Theorem 4.5 we see that the functional
{w +— f(uo+ v+ w)} satisfies the Palais-Smale condition over WN D, for any v € VN B,.
Moreover, ¥ (v) is the unique critical point, in fact the minimum, of such a functional
in W N D,. Arguing as in the Second Deformation Lemma, it is possible to define a
deformation

H:(up+ (VNB,)+(WnND,)) x[0,1 = (ug + (VN B,) + (WnND,))
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such that

H(u’t) —ueW, f(H(u’t)) < f(u),
H(u,1) €Y, H(u,t) =u ifueY,

whence
H™(f f\{w}) = H™(fNY, (f*NY)\ {uo}) -

This is proved in [16, Theorem 5.4] in the case p > 2, but the argument works also for
1 < p < 2. See also [36, Theorem 4.7] in a nonsmooth setting.
Therefore we have

C (907 ~ f‘y? NCm(f,Uo) for anymzo'

Since any critical point u of f in uy + (V N B,) + (W N D,) must be of the form u =
up + 2z +(z) with z € V N B,, from (5.1) we infer that 0 is isolated for ¢ if and only if
ug is isolated for f. O

Theorem 5.2. Let k > 0 with 1 < p < co. Then ¢ is of class C? and
@2)@%dMQ=ZKWWVWW@+¢KQMV—Dg@mMU+W@WV}M
— /{\II”(VU)[VU]2 — Dyg(x, u)vQ} dx
Q
—1L{w%vmnkuawf—J%mauxwwnﬁ}dx

forany z € VN B, and v € V, where u = ug + z + 1(z2) .

In particular, we have

o (0)[v]? = /Q{\I’”(Vuo)[vv]z — D,g(x, uo)vz} dr  foranyv eV .

Proof. By Theorem 4.6, the map v is of class C* from V N B, into W, *(Q) with (0) =
and ¢'(0) = 0. For any z € VN B,, let L, : V. — V' be the linear map defined by

(5.3) (L,v1,v9) = /Q{\I/”(Vu)[Vvl,va] - Dsg(:r,u)vlvg} dx

+ /Q{\IJ"(VU)[V(W(z)Ul), Vus] — Dyg(x, u)(w’(z)vl)vg} dx,
where u = ug + z + ¥ (z). By (4.5), for every vy,v; € VN B, and v € V, we have
(' (v1),v) = (¢ (v0), v) = (f'(uo + v1 + P (v1)),v) — (f'(uo +vo + ¥ (o)), v)

//{‘I’ (V) [V (1 = w0 + 4 (v1) = (o)), V]

—mmaw@rwmwwn—wmm}mw,
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where v, = ug + vo + ¥ (vo) + t(vy — vo + ¥(v1) — ¥(vg)). Taking into account (5.3), we
deduce that

(' (02), ) — (¢ (10), 8) — (L1 — ), )
/ / {\If"w (00 — 00 + (1) — Y(w0), V)

= D) v+ 60n) = ) dod
- /Q{\II”(VU) V(v —vg), Vo] — Dsg(x,u)(vy — vo)v} dx
- [{ v e - w). Vi - Dl )@ @ - o} e

It follows

(' (v1),0) — ;v) = (L (v1 — o), v)

/ /{ [(U"(Vy,) — V" ()] [V(v1 — v), VU]

— [Dsg(z, ) — Dsg(x,u)] (v1 — vo)v} dx dt
[ {w’%wnvwwn ~p(t0) — () vr — w0)), Vo
~ Dagla. 1) (b(0n) — wlve) — /(=) (01 — vo>>v} du di
n / / {W(vw ()] [V ()01 — ), V]

~ [Dygl, %) — Daglar,u)] (' (2) (01 — vo))v} do dt

Since the map {v + v + 1 (v)} is continuous from V N B, into C*(Q), we infer that

L))~ (@ 00).0) — (Lo~ ).0)
(vo,v1)—(2,2) ”V(Ul — ’Uo)HQ

Vo FAU1

=0 for any v € V.

Therefore ¢ is of class C? and

@Ml = [

Q

{\IJ"(VU) [V, Vug| — Dyg(z, u)vlvg} dx

+/Q{‘If"(Vu)[V(W(z)vl),sz)] _Dsg(%u)(iﬂ'(z)vl)vg}da:.
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By Theorem 4.6, we also have

[ AV T0T @ )0, Pl = Deglo (@' oy} da
=— /Q {U"(Vu)[Vv, Vw] — Deg(x,u)vw} dx

for any v € V and w € W N W22(Q),

whence (5.2).
Since (0) = 0 and ¢’(0) = 0, the formula for ¢"(0) follows. O

6. PROOF OF THE RESULTS OF SECTION 2

Proof of Theorems 2.6, 2.7, 2.2, 2.3 and 2.4.
From Theorem 5.1 we know that

Con(f,u0) = Cr(p, 0) for any m > 0.

Since the critical groups are defined using Alexander-Spanier cohomology, it is clear that
Cin(9,0) = {0} whenever m > dim V' = m*(f, ug), both in the case k > 0 with 1 < p < oo
and in the case k =0 with 1 < p < 2.

In the particular case uyp = 0 with x = 0 and 1 < p < 2, we clearly have Z,, = ()
and X,, = {0}, whence m(f,0) = m*(f,0) = 0, V = {0} and W = W,?(Q). From
Theorem 4.6 it follows that 0 is a strict local minimum and an isolated critical point of f.
By the excision property, it follows

Cm(f,0) = H™ ({0},0) ,
whence

Co(f,0) =G ifm=0,

Cm(f,0) ={0} ifm#0.
Now assume that x > 0 with 1 < p < oco. From Theorem 5.2 and Proposition 4.3 we infer
that ¢ is of class C? with

©"(0)[v]* = Quy(v) <0 for any v € V.

Let V_ be a subspace of X,, = Wy*(Q) of dimension m(f,ug) such that @, is negative
definite on V_. Then it is easily seen that @, is negative definite also on Py (V_), which
has the same dimension of V_. Therefore we may assume, without loss of generality, that
V_ CV and we have

©"(0)[v]? = Qu,(v) <0  for any v € V_\ {0}.
It follows (see e.g. [36, Theorem 3.1]) that C),(¢,0) = {0} whenever m < dimV_ =
m(f,up). The proof of Theorems 2.6, 2.7 and 2.2 is complete.

If m(f,up) = m*(f,up), we have V_ = V. Then 0 is a nondegenerate critical point of ¢
with Morse index dim V' = m(f, ug). It follows that 0 is an isolated critical point of ¢ and

Cm(fy UO) ~ Cm(807 0) ~ 5m,m(f,u0)G :

Moreover, ug is an isolated critical point of f by Theorem 5.1 and Theorem 2.3 follows.
Finally, assume that ug is an isolated critical point of f with m(f,ug) < m*(f,ug). By

Theorem 5.1 we infer that 0 is an isolated critical point of ¢ and Theorem 2.4 follows

from [40, Corollary 8.4]. O
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Proof of Theorem 2.8.
By Theorem 2.2, Remark 2.5 and Theorem 2.7, we have only to treat the case k = 0 with
p > 2, so that

Qo) = Qo(v) = / JOPdr Yo e WEQ).

Q

If ¢'(0) = 0, we have m(f,0) =0, m*(f,0) = 400 and the assertion is obvious.
If ¢'(0) < 0, we have m(f,0) = m*(f,0) = 0. On the other hand, it is easily seen that

fWeP(Q)NCHQ) - R

is strictly convex in a neighborhood of 0 for the C*(Q)-topology. In particular, 0 is a strict
local minimum for the C''(Q)-topology. From Theorem 3.6 we infer that 0 is a strict local
minimum of

fWP(Q) = R
for the VVO1 P(Q2)-topology. By the excision property we have
Cim(f,0) = H™ ({0},0)

and the assertion follows.

If ¢'(0) > 0, we have m(f,0) = m*(f,0) = +oo. If p > N, the functional f is of class C*
on W, (Q) with

f"(0)(v)? = — / g de  YueW,P(Q).
Q

From [36, Theorem 3.1] we infer that C,,(f,0) = {0} for any m and the assertion follows.

If p < N, recall that

lg(s)| < C(1+s]%)

with ¢ < p* — 1 if p < N, and consider a C*°-function ¥ : R — [0,1] with J(s) = 1
for |s| < 1 and 9(s) = 0 for |s| > 2. Then define, for every ¢ € [0,1], a C'-functional
fr : WoP(Q) = R as

flw) = [ W(u)de [ Gufwy e,
where ’ ’ .
a(s) = 90(ts)s). Gil) = [ alo)dr.
For any ¢ €]0, 1] the functional f; is of class C* with 0
7(0)(0)? = /Q JOWPdr Vo e WEr(Q).
Again from [36, Theorem 3.1] we infer that C,,(f:,0) = {0} for any ¢ €]0, 1] and any m.
Let » > 0 be such that 0 is the unique critical point of fy = f in
D, ={ueWyP(Q): ||Vull, <r}
and such that the assertion of Theorem 3.1 holds for
g(s) =C|s|" s,

Then the map {t — f;} is continuous from [0, 1] into C*(D,). Moreover from [3, Theo-
rem 3.5] we infer that f] is of class (S), so that f; satisfies the Palais-Smale condition
over D, for any t € [0, 1].
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We claim that there exists ¢ €]0, 1] such that 0 is the unique critical point of f; in D,
whenever 0 < ¢ < {. Assume, for a contradiction, that ¢, — 0 and ux € D, \ {0} is a
critical point of f;,. Then, for every v € W, ?(Q) with vuy, > 0, we have

/V\I/(Vuk) -Vvdr = / gr, (ug)v dx
0

Q

<[ Jo0ttuue)u)] ol do
{ux#0}

:/ |9(19(tkuk)uk)!ukvdl,
{ur#0}

|ug|
C(1+ |ux|?)

< / —————upvdr
{up70} |u|

:/ Cﬂvdl‘—l—/C\uMqlukvdw.
{up70} || Q

/Q (VU (Vuy) - Vo — g(ug)v] de < (g, v) ,

It follows

where

||
0 where u, = 0.
From Theorem 3.1 we infer that (uy) is bounded in L>(€2), so that J(t,uy) = 1 eventually
as k — oco. Then uy, is a critical point of f and a contradiction follows.
From [21, Theorem 5.2] we deduce that Cp,(f,0) ~ C,,.(f;0) (for related results, see
also [11, Theorem 1.5.6], [14, Theorem 3.1] and [40, Theorem 8.8]) and the assertion
follows. 0

N { C 2% where up # 0,
Wg =

7. PROOF OF THE MAIN RESULTS

In this last section we prove the main results stated in the Introduction. Let us recall
some variants of the results of [13] suited for our purposes. We start with a saddle theorem,
where linear subspaces are substituted by symmetric cones.

Theorem 7.1. Let X be a real Banach space and let X_, X, be two symmetric cones
in X such that X, is closed in X, X_ N X, = {0} and such that

Index(X_ \ {0}) = Index(X \ X|) < 4o0.
Let r > 0 and let

D_={ueX_:|ul<r}, S_={ue X_:|ul|=r}.
Let f: X — R be a function of class C* such that
inf f > —o0, sup f < 400,
X+ D_

if X_ # {0}, we have f(u) < l)?ff whenever u € S_ .
+

Set
a=1inf f, b=supf, m = Index(X_ \ {0})
X+ D_
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and assume that every sequence (uy) in X, with
f(un) = ¢ € [a,0] and (1 + [Jun| )] f(un) | =0,

admits a convergent subsequence (Cerami-Palais-Smale condition) and that f~'([a,b])

contains a finite number of critical points.
Then there exists a critical point u of f with a < f(u) < b and Cp,(f,u) # {0}.

Proof. From [24, Theorems 2.7 and 2.8] we infer that (D_, S_) links X cohomologically in
dimension m over Zy. According to [20, Remark 4.4], the Cerami-Palais-Smale condition
is just the usual Palais-Smale condition with respect to an auxiliary distance function.
Then the assertion follows from [23, Theorem 5.2, Remark 5.3 and Theorem 7.5]. O

Theorem 7.2. Let (\,,) be defined as in the Introduction and let m > 0 be such that
A < Ama1- If we set

X = {uewgf’(m- /|Vu|pdx<)\ /|u|pdx}

ifm>1,
Xy = {u € W,yP(Q) / \Vul? dz > )\m+1/ |ul|? dx}
X =10
{ ip ifm=20,
Xy = Wet(Q)

then X_, X, are two closed symmetric cones in WyP(Q) such that X_ N X, = {0} and
such that

Index(X_ \ {0}) = Index(W,P(Q) \ X,) =

Proof. If m > 1, the result is contained in [24, Theorem 3.2]. The case m = 0 is obvious.
O

Now let f : WyP(€2) — R be the C''-functional defined in (1.3) by setting

Flu) = /Q U, (V) dz — / Glu) da .

Q

Proof of Theorem 1.1.
Let us show that f satisfies the Cerami-Palais-Smale condition. Let (u,) be a sequence

in Wy () with f(u,) bounded and (1 + [|u,|)||f"(un)|| = 0, so that
(7.1) lim (f'(un),v —up) =0 Yo € WP (Q).

First of all, let us show that (up) is bounded in W, ?(Q). By contradiction, assume that
|un|| = oo and set z, = - Up to a subsequence, z, is convergent to some z weakly in

WyP(2), strongly in LP(€) and a.e. in Q. Since (f'(u,), z — 2,) — 0, dividing by ||u,|[P~*
and taking into account (a), we get

p—2

hm/ (H B + ]Vzn|2> Vz, - V(z—2z,)dx =0.
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By the convexity of ¥, ., it follows

2 5
limsup/ |V z,|P de < limsup/ (/1_2 + |Vzn|2> dx

2 5
§lim/ (H—2—|—|Vz|2> d:v:/|Vz\pdx,

so that z, — z strongly in Wol’p(Q) and z # 0.
Given v € W, (), we also have (f'(u,),v) — 0 whence, dividing again by ||u, """,

2 22
lim/ (H—2+|Vzn|2) Vzn-Vv—Mv dr =0.
nJo | \unl [[wn P

Taking again into account (a), we get
/ IVz|P2Vz - Vodr = A / 2P 2z0de Yo € WP(Q),
Q Q

which contradicts the assumption that A ¢ o(—A,). Therefore (u,) is bounded in
W,y (Q), hence convergent, up to a subsequence, to some u weakly in W, (€2).
According to [3, Theorem 3.5], the operator f’ is of class (S);. From (7.1) we infer
that (u,) is strongly convergent to u in W, (Q).
Now define X_, X, according to Theorem 7.2 with m = m,, so that X_, X, are two
symmetric cones in W, () satisfying the assumptions of Theorem 7.1 with Index(X_ \
{0}) = ms. Let us treat the case mo > 1. The case mq, = 0 is similar and simpler. If

A < <" <A< B < B < M1

taking into account assumption (a) we infer that there exists C' > 0 such that

/8// a/
S = C < Wpu(§) < P +C  YEeRY,
p>\moo+1 PAmo
a// !/
— |s|P = C <G(s) <—|[s|P+C Vs e R.
p p
It easily follows that
inf f > —o0, lim f(u) = —o0.
Xy [luf| o0
ueX_

In particular, there exists r > 0 such that

Yu€eS_ : f(u)<i)£_1ff

and, since f is bounded on bounded subsets, we also have sup f < +o0.
D_

If f has infinitely many critical points, we are done. Otherwise, from Theorem 7.1 we
infer that there exists a critical point u of f with C,,__(f,u) # {0}.

Since meo & [m(f,0),m*(f,0)], from Theorem 2.8 we deduce that C,,__(f,0) = {0}.
Therefore u # 0 and the assertion follows. 0J

In order to prove Theorem 1.2, we need an auxiliary result.
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Proposition 7.3. Let v € R and I' : R — R be a function of class C' such that
I'(s) _
|s|—o0 |S|p

lim [pI'(s) — sI"(s)] = +o0.

|s|—o0

Y

Then we have
lim [I'(s) —v|s|’] = +o0.

|s]—o0
Proof. Let H(s) =I'(s) — v|s|?, so that
H
lim () =

|s| =00 |S|p

lim [pH(s)— sH'(s)] = 4+o0.

|s|—o0

b

For every M > 0, there exists § > 0 such that pH(s) — sH'(s) > pM for any s > 5. It
follows

(H(S)_‘M> SLLIOLS O R ZE T

sp o gp+1

which implies that

H(t) M _H(s) M _
——< - — whenever t > s > 3.
tp tp sp sp
Passing to the limit as ¢ — 400, we get
H M
0 () Vs >s,
spP sP
namely

Therefore
lim H(s) =+o0.
S§—+00
The limit as s — —oo can be treated in a similar way. 0

Proof of Theorem 1.2.

Assume (b_). Let us show that f satisfies the Cerami-Palais-Smale condition. Let (u,)
be a sequence in Wy () with f(u,) bounded and (1 + ||u,||)||f'(un)|| — 0. First of all,
let us show that (u,) is bounded in W, ?(Q). By contradiction, assume that ||u,| — oo
and set z, = HZ_:H Up to a subsequence, z, is convergent to some z weakly in VVO1 P(Q),
strongly in LP(Q2) and a.e. in 2. As in the proof of Theorem 1.1, we infer that z, — z
strongly in Wy(Q) and z # 0.

We also have

limsup |pf (un) — (' (un), un)| < +00.

Since B
pwp,n(f) - V\ij,n(g) : 5 = /{2 (/{2 + |£|2)T — P
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is bounded from below, we infer that
lim inf/ PG (un) — g(up)uy,| de > —oo.
" Q
On the other hand, there exists C' > 0 such that
pG(s) —g(s)s<C  VseR
whence, by Fatou’s lemma,

/Q{lim sup [pG(u,) — g(un)un]} dr > —oo .

n

Since we have

li7£n PG (un(x)) — g(un(x))u,(x)] = —o0 for a.e. x € Q with z(x) #0,

we infer that z = 0 a.e. in  and a contradiction follows.

We conclude that the sequence (u,) is bounded, hence convergent, up to a subsequence,
to some u weakly in VVO1 P(€2). As in the proof of Theorem 1.1, we get that (u,,) is strongly
convergent to u in W, ?(Q).

Now let

Mnge <A< A1

and define X | X, as in the proof of Theorem 1.1.

We have
1 1
‘ij,n(g) > - |§’p — — kP V§ S ]RN
p p
and, by Proposition 7.3,

A

lim [G(s) - — ]s\p] = —00.
|s|—o00 p

Therefore, there exists C' > 0 such that
A

G(s) < —|sP+C  VseR.
p

It easily follows that i)?f f > —oo and we conclude as in the proof of Theorem 1.1.
+
Now assume (b, ), so that

)\moo S A< )\moo+1
and either 1 < p <2 with k > 0 or p > 2 with k = 0. It follows that

qup,n(f) - V\ij,n(f) : 5

is even bounded and the Cerami-Palais-Smale condition can be proved as in the previous
case.
Now let us show that

(7.2) lim f(u) = —o0.
frra
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Let u,, € X_ with ||u,|| — oo and let z, = - Up to a subsequence, (2,) is convergent

to some z weakly in W, ?(Q), strongly in LP(Q) and a.e. in Q. Since z, € X_, we also
have z # 0. From Proposition 7.3 we infer that

|s]—o0

lim [G(s) — % |s|p} =400.
In particular, there exists C' > 0 such that

G(S)E%MP—C Vs e R.
From Fatou’s lemma we infer that

lim / {G(un) _2 |un|P] di = +o0.
noJq p

Since
1
\ij,n(g) S 1_3 |€|p vg € RN?

it follows that
1 A
P <3 [ 1900 = Mol o~ [ [G<un>——|un|p} dr,
P Ja Q p

whence (7.2). Now we conclude as in the proof of Theorem 1.1. O
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