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Abstract

CrossMark

We study the following nonlinear Schrodinger equation with a fourth-order dis-

persion term
A’u—BAu=g(u) inRY

in the positive and zero mass regimes: in the former, N > 2 and 8 > —2+/m,
where m > 0 depends on g; in the latter, N > 3 and [ > 0. In either regimes, we
find an infinite sequence of solutions under rather generic assumptions about
g; if N =2 in the positive mass case, or N =4 in the zero mass case, we need

to strengthen such assumptions. Our approach is variational.
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1. Introduction

Let N > 2 and consider the following nonlinear Schrodinger equation with a fourth-order dis-
persion term

A’u—BAu=g(u) inRY, (1.1)

where g: R — R satisfies

(gl) g is continuous and odd;

(g2) —0 < liminf@ < limsup@ = -—m<0;
s—0 N s—0 N
(€3) lim % —0ifN>5, lim g(sf =0 for every o> 0 if N = 4, with
s—4o00 § - s——4o00 s
N
T ifN>s,
= N—4 |

+oo  f2<N<4

(g4) there exists so # 0 such that G(sg) > 0, where G(s) := / g(n)dt;
0

and

B> —2y/m.

This kind of assumptions has been introduced in [2, 3] for the study of the equation —Au =
g(u). In particular, hypothesis (g2) corresponds to the so-called positive mass case.
For N > 3, we consider also the zero mass case, i.e. when

lim @ =0.

s—0 8
Nevertheless, unlike [2, 3], the presence of two differential operators in (1.1) makes the
assumptions about the behaviour of g at the origin non-univocal, therefore we consider two
sub-cases in place of (g2):

o g(s) . g(s) .
(g2") —co < llgn_g(l)lfm < hrsn_f(l)lp PR — <0
or
1 . g(s)
2 ) lim——— =0
(g2 ) lim T =

with 2* = 2N/(N —2).

Observe that in this case m =0 and so we are requiring 3 > 0.

We remark also that in both the positive and the zero mass case, there is no growth assump-
tion about g at infinity whenever N < 4.

Let us spend a few words about classical motivations to deal with (1.1).

In the study of the nonlinear Schrédinger equation

100+ A+ [ =0, ¥: RxRY = C, (1.2)
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results concerning blow-up vs. global existence and instability vs. stability appear and they
depend strongly on the dimension and the nonlinearity (see, for example, [12]).

To enlarge the range of N and o for the solutions to exist globally in time, in [24-26] an
additional fourth-order term is proposed in (1.2), obtaining the nonlinear mixed dispersion
Schrodinger equation

10) — yAMY + A+ |[9[*p =0, ¢: RxR¥ = C (1.3)

with v > 0.

Results in this direction can be found in [10, 18, 35].

If standing wave solutions to (1.3), i.e. solutions of the form v(x,) = e"*'u(x) for some
=0 and u: RY — R, are looked for, then one obtains (1.1) with 3 =1/ and g(s) =
(|s|??s — us) /~y. We recall that standing wave solutions are usually called waveguide solutions
in nonlinear optics, a major field of application of (1.2) and (1.3).

A different physical derivation for (1.3) appears in [ 18]. In nonlinear optics, it is well known
that equation (1.2) can be drawn from the nonlinear Helmholtz equation separating the fast
oscillations from the slowly varying amplitude, changing the nondimensional variables, and
using the paraxial approximation, which consists of neglecting some small terms.

The aforementioned blow-up results for (1.2), together with the fact that numerical simula-
tions and asymptotic analysis of the nonlinear Helmholtz equation suggest that nonparaxiality
arrests the blow-up, lead to taking into account the neglected terms. Following the standard
numerical approach, a biharmonic term appears as part of the nonparaxial correction. In the
end, we obtain (1.3). For more details, see [18, section 2].

This regularizing effect of the additional term yAZy appears clearly also in the Bopp—
Podolsky theory (see [9, 36]). In this context, if §¢ is the Dirac delta function centred at the
origin, the Poisson equation in R3

—A’(ﬂ = 47T(5()
becomes
YAR) — Avp = 4ré.

The fundamental solution to the former is JF (x) := |x|~!, which is singular at 0 and
/ |VFi|*dx = 400,
R3

while the fundamental solution to the latter, instead, is F>(x) := |x| ' (1 —e~/v7), which
satisfies lim, o F>(x) = 1/,/7 and

/ ['y(A]—"z)z + |V.7:2|2} dx < 400
R3

(see e.g. [14, section 3] for details).
Solutions to (1.1) can be found as critical points of the C' functional

I(M):% /R [(AwpP + 5V / G(u)dx,

RN
with I: H*(RY) — R in the positive mass case, I: D*(RY) — R in the zero mass case, where
D*(RY) is the completion of C>°(RY) with respect to the norm

leellpe = (11 Aull3+ [[Vul3)*
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Since (1.1) is set in the whole R, we consider some symmetries in order to recover com-
pactness. To this aim, let us recall from [43, definition 1.22] (see also [1, 28]) that a subgroup
O C O(N) is called compatible with RY if and only if there exists » > 0 such that

lim m(y,r) = +oo,
Iyl =00

where O(N) is the orthogonal group of order N over R and
m(y,r) :=sup{n>1:3{g;}}_; C O such thati#j= B(giy,r) N B(gy.r) =0}.

For example, if N= "/ | N; for some n > 1 and N; > 2 integers, then O :=[[_, O(N,) is
compatible with R, In particular, one can take n= 1 and N; = N and obtain O = O(N); one
can also take n=2 and Ny =N, =N/2 if N> 4 is even, or n=3, Ny =N, < N/2—1, and
N3 =N —2N, if N > 6.

If O is a subgroup of O(N) compatible with R, we define H2,(R") (resp. D% (R") when
N > 3) as the subspace of H*(RY) (resp. D*(R")) of O-invariant functions.

In order to find non-radial solutions when N =4 or N > 6, according to the notations above
we consider n =2 and

. 2 (MmN . _
X:= {uGD (RY) s (X1, XN 2, XN /2415 -+ 5 XN) = —u(xN/2+1,...,xN,xl,..‘,xN/z)}
if N is even, or n =3 and
u(xy,. ..., xn, X e XN X X
X = MGDZ(RN)Z ( 1, y AN s AN 415 3y A2N s A2N 415 ) N)
:_u(le-‘rla'-'7-x2N1)x17"'7xN17x2N1+la'-'axN)

if N> 6, and define Hx(R") := H2,(RV)NX (resp. D¥(RY) := D% (RY) N X), where O =
O(N/2) x O(N/2) in the former case and O = O(N;) x O(N;) x O(N3) in the latter. It is
clear that X N D¢, ) (RY) = {0}.
For simplicity, when there is no risk of misunderstanding, we introduce the notations
H = H%Q(N) (RN) or H = H%((RN)
and
D =Dy (RY) or D:=Di(R"),
the right-hand ones provided N =4 or N > 6. This means that, whenever a statement is made
for H (resp. D), it holds both for Hé(N) (RN) (resp. D%(N) (RM)) and, if N=4 or N > 6, for
Hy(RY) (resp. D3(RY)).
As it is well known, we can work in such subspaces of H?>(RY) or D?>(R") and still find

solutions to (1.1) in virtue of the principle of symmetric criticality [34].
Now we state our results, beginning with the positive mass regime.

Theorem 1.1. Assume that N > 3 and (g1)—(g4) hold. Then there exists a sequence {u,} C H
of solutions to (1.1) such that I(u,) — +00 as n — +oo.

In the two dimensional case we have to require stronger assumptions about g. More precisely
we have what follows.

Proposition 1.2. Let N=2. Assume that (g1)—(g4) hold and that
there exists v > 2 such that g(s)s +ms* > (G(s) + %sz) for every s € R. (1.4)

Then there exists a sequence {u,} C H%o(z) (R?) of solutions to (1.1) such that I(u,) — +oc as
n— +o0.
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We point out that (1.4) holds, for example, if g(s) = a|s|*?s — ms for some o, > 0.
In the zero mass regime (when N > 3), taking into account the two different subcases men-

tioned above, we have the following results.

Theorem 1.3. Let N > 3. Assume that (gl), (g2”) or (g2'), (g3), and (g4) hold. Then there
exists a sequence {u,} C Dé(N) (RN) of solutions to (1.1) such that I(u,) — +00 as n — +oo.

If, moreover, N > 6, then there exists a sequence {u, } C D%(RY) of solutions to (1.1) such
that I(u,) — +00 as n — +oo.

Observe that these two last theorems do not deal with the non-radial setting whenever N = 4.
The reason is that assumptions (g1), (g2”) or (g2'), and (g3) seem to be sufficient to prove that
the energy functional I is well defined (and of class C') only over Dé( 4 (R*), as a consequence
of a new Adams-type inequality proved in lemma 3.2 and corollary 3.3. However, we do not
know if this holds in the whole space D*(R*). Thus, we strengthen (g3) and the following
holds.

Theorem 1.4. Let N=4 and assume that (g1), (gZH) or (g2'), (g4), and

(g3') lim 80 =0, for every a >0

s——+o0 6(154/3

hold. Then there exists a sequence {u, } C D¥(R*) of solutions to (1.1) such that 1(u,) — +00
as n — —+o00.

Recently many authors focused their attention on the nonlinear Schrédinger equation with a
fourth-order dispersion term in all of RV. Here we recall just some of them. Existence and prop-
erties of ground states, multiplicity of solutions, normalized solutions, and (in)stability have
been considered in [4-6, 8, 11, 16, 17, 27], while [7, 30, 33, 41, 44-46] studied the mixed dis-
persion nonlinear Schrédinger equation in the non-autonomous case and with different types
of nonlinearities.

Nevertheless, up to our knowledge, this is the first work where this problem is tackled in
presence of very general nonlinearities and, in particular, it seems that the zero mass case has
not been considered so far. Furthermore, since our nonlinearity satisfies very general assump-
tions, we cannot adapt easily the strategies of the aforementioned papers. For example, in [8],
to find a least-energy solution, the authors minimize the energy functional over the set

{uEHZ(RN) o (uax = 1},

RN

scaling the obtained minimizer u — Ou for a suitable § > 0. However, the inhomogeneity of
our nonlinearity makes it impossible to use such an approach. In addition, the presence of two
differential terms of different orders (unless S =0 in the positive mass regime) prevents us
also from using internal scaling u +— u(6-).

Furthermore, it is hard to prove the boundedness of Palais—Smale sequences. In order to
overcome such a difficulty, inspired by [22], we introduce a two-variable functional: this allows
to construct a suitable Palais—Smale sequence which, in addition, a/most satisfies a Pohozaev-
type identity. When dealing with such a particular bounded sequence, we also need to over-
come the lack of compactness. In the radial setting, this is usually done using the well known
Radial Strauss Lemma [2, 39]. However, since we are also interested in non-radial solutions,
we develop a unified approach, inspired by [31, 32], which holds in both cases and is only
based on the symmetry structure introduced before.
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Moreover, since we are interested in multiplicity results, we also have to find a sequence
of mini—max levels that diverges positively. To this aim, we follow two strategies according
to the different assumptions. More precisely, for the positive mass case and for the zero mass
case when (g2”) holds, we adapt an argument of [19] introducing a comparison functional.
Under the assumption (g2’), instead, we proceed in a way similar to [13, 20, 21], proving a
suitable deformation lemma exploiting, once again, the two-variable functional.

The paper is organized as follows: we deal with the positive mass case in section 2 and
the zero mass case in section 3; in particular, in both sections we start with the functional
framework, then we show some compactness results, and finally we prove the main theorems.
We conclude with some open questions in section 4.

Notation. For 1 < p < +oc, we denote the usual L (RY) norm by || - ||,..

For y € RN and > 0, we denote B(y,r) := {x € RV : |x —y| < r} and B, := B(0,r).

For every integer k > 1, B* C R¥ is the closed unit ball centred at the origin, while
Sk=1.= OB~

If wy_ denotes the (N — 1)-dimensional measure of S¥~!, then we recall that w3 = 272,

The letters ¢ and C denote positive constants that may change after an inequality sign and
whose precise value is not relevant.

2. The positive mass case

2.1. The functional framework

As observed in [8], if § > —2+/m, then fixing m' € (0,m) such that § > —2v/m’,

1
el = (| Aull3 + B Vull3 +m'[]3)*

defines a norm in H?(R"), which is equivalent to the standard one. Concerning D?>(R"), by
[14] we know that

D*(RY) ={ueD"*(R")| Aue L*(R")}.
In particular, D?(R") is continuously embedded in D'-?(RY).
Proposition 2.1. For any N > 3, D*(R") is continuously embedded into W'?" (RV).

Proof. Let u € C°(RY). By Sobolev inequality, there exists C > 0 such that

2 S C|[Vull; (|0

lu 2 < C||VOul|, foranyi=1,...,N.

Moreover, being

Z/ |8iju|2dx:/ | Aul*dx,
7 JRY RN

we deduce that
[Vull2- < Cl|Aull>.

Therefore, for any u € C2°(R") we have

*

N A\ 1/2
lullr = (190l + JulB) ™ < C(laulz + [ Val2). @.1)
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Now let u € D*(RY) and {u,} be a sequence in C>°(RY) such that u, — u in D*(R"). Then,
using also the continuous embedding of D?(RY) into D'?(RY) we get that, up to a sub-
sequence, u, — u and |Vu,| — |Vu| a.e. in RY. Moreover, by (2.1) and using Fatou’s Lemma,
we deduce that

[lullwrzs < Cllul|p2,
and so D?(RN) < W2 (RV). O
As an immediate consequence we have the following
Corollary 2.2. The following continuous embeddings hold.
(a) IfN > 5, then D*(RN) — L*(RYN), for any s € [2*,2**].

(b) D*(R*) — L*(R%), for any s € [4,+00).
(c) D*(R?) < L*(R?), for any s € [6,+00).

Proof. We already know that, by proposition 2.1, D*(RY) < W™ (RY).
If N> 5, since 2** = (2*)*, and so W'?" (RV) < L*" (RY), we can conclude.
The cases N =3 and N =4 follow immediately. 0

We remark that the case N = 3 has been already proved in [14, lemma 3.1].
When N =4, let us recall the following sharp result (i.e. [38, theorem 1.4]), which we write
explicitly for H2(R?).

Lemma 2.3. There exists C > 0 such that

327m2u?
sup (e‘ — l) dx < C.
u€H? (R4), |lul| <1 /R

As a consequence of lemma 2.3 we have

Corollary 2.4. Let 0 > 2, M > 0, and o > 0 such that aM? < 3272, Then there exists C>0
such that for every T € (1,327r2/(aM2)} and u € H*(R*) with ||u|| < M,

/ uf” (e = 1) dx < Clu %=,
R4 T—1

Proof. First, observe that,if s >0andt> 1,
(ef—1)<e"—1. (2.2)
Let u € H*(R*). By Holder inequality and (2.2) we have that, for every 7 > 1,

2 2 T /T
|u|” (ea“ - 1) dx < ||ul|%-= (e“” — 1) dx
R4 71 R4
) /7
< e[ %= (/ (ew —1>dx> .
T—1 R

Moreover, if 7 € (1,327?/(aM?)] and |[u|| < M, by lemma 2.3,

/ (earuz _ l) dx :/ <eoz‘r\|u\|2(u/||MH)2 _ 1) dx < / (eaé‘l'Mz(u/HuH)2 _ 1) dx
R4 R4 R4

. / <e327r2(u/\|u|\)2 _ 1) dx<C
RA

and we conclude. O
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Remark. Corollary 2.4 remains valid for 0 < ¢ < 2 provided % > 2.

2.2. Some compactness results

In this section, we prove some useful compactness results that we will apply later.
We begin with the following variant of Lions’s lemma [29, lemma I.1].

Lemma 2.6. Let N > 2, and F: R — R be a continuous function such that

. F(s)
iy £ =0 e
and
F
i @ -0 ifN =5, 2.4)
|s|]——+o0 |S
F
im ) o foraia>0 ifN=4 (2.5)

|s|—>+o0 €257
Assume that {u,} C H*(R") is bounded and there exists r > 0 such that
lim sup / u?dx = 0.
" yERVJB(y,r)
Then

lim/ |F(uy)|dx = 0.
n RN

Proof. First, let us consider the case N > 5.
By (2.3) and (2.4), for every p € (2,2**) and ¢ > 0 there exists ¢ > 0 such that, for all
seR,

[F(s)| < e+ [sP) +cels).

Since {u, } is bounded in L*(R"), and, by Sobolev embeddings, it is also bounded in L>*~ (R),
there exists C > 0 such that, for every n € N,

|F(un) ] dx < Ce + ¢ || [5
RN

Thus it suffices to prove that u,, — 0 in L7 (R") at least for one p € (2,2**).

Let us take p =2(1+4/N).

From the interpolation inequality for Lebesgue spaces and Sobolev inequality we have that,
for every y € R and r > 0 as in the statement,

1-A A 1-A A
”unHU’(B(y,r)) < ||un||L2(B(y7r))Hu"||L2**(B(y7r)) < CH”n”LZ(B(yJ))||”n||HZ(B(y,r))7
where C > 0 does not depend ony € RY and A =2/p = N/(N+4). Hence

2 2
IZZ(B(y,r)) [|4n ”Hl(B(yJ))'

L. < Clun

(|24

Then, covering R" with balls of radius r such that each point is contained in at most N + 1
balls we obtain

(p—2)/2
a2 < Csup e [* sup / a2 dx Lo
k yERN B(y,r)
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If N =4, by (2.3) and (2.5), for every € > 0, a > 0, and o > 2 there exists c. > 0 such that, for
all s € R,

IF(s)| < es® + ce|s|” (e —1).

Then, applying corollary 2.4, the boundedness of {u,} implies that for >0 and 7 > 1 such
that a7 sup, [|u,||* < 3272

/ ()| d < Ce + e | %=
R T

and so it suffices to prove that u, — 0 in L7=1 (R") at least for one couple (o, 7) with o > 2
and 7 > 1. For example, to simplify the computations, we take o =3 and 7 =5.
Arguing as before, by interpolation we have that for every y € R,

1-X A

1—X A
letall, 35 gy iy S Nnll 2oy letnl|Zio oy < Clltnll sy o lotn 23,

where C >0 does not depend on y € RV and A = 8/15, which allows us to conclude that
Jutalls = 0.
Finally, if N € {2,3}, by (2.3), using the boundedness of {u, }, we can write

|F(s)| <es®+c.|s]® foralls € |—sup|u|oo,sup ||tn]oo| ;
n n

and so

. |F(up)|dx < CE—&—cEHuan.

To prove that u, — 0 in L*(R") we apply again the interpolation inequality, obtaining that, for
every y € RV,
””nHU(B(y,r)) < ||un||2;(§(y7r))Hu”||[>,\4(3(y,r)) < C|\Mn||£?(§(y,,))||Mn||1§2(3(y,r)),

where ¢ > 0 does not depend on y € RNand A =2 /3, and we conclude as before. O

Remark 2.7. The condition lim sup / u? dx = 0 holds if lim sup / |un|?dx =0 for
™ yeRN J B(y,r) T yeRN J B(y,r)
some g € [2,2*).

The next lemma shows when the condition lim, sup, .y /, ) u2 dx = 0 can occur.

Lemma 2.8. Let O C O(N) be a subgroup compatible with RN, with r > 0 as in the definition
of compatibility. Let (Y, || - ||y) be a normed space such that Y — L2, (RN) compactly and Y —

loc

L1(RN) for some q € [2,+00). If {u,} C Y is bounded, u, — 0 a.e. in RY, and each u, is O-
invariant, then

lim sup / udx = 0.
" yeRN J B(y,r)

Proof. Since each u,, is O-invariant, for every n we have

q

2
() / 2dx| < Cm(y,r) / a9 dx < Cllu] < Clluall$ < C.
B(y,r) B(y,r)

where C > 0 does not depend on y.
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Let £ > 0. Since O is compatible with RY, there exists R > 0 such that for every n

sup / uﬁ dx < e.
[YI>RJB(y,r)
2

Moreover, from the compact embedding Y — Lj
convergence u,, — 0, for every sufficiently large n

sup / uﬁdxé/ uidxga.
[VI<RJB(y,r) B(0,R+r)

(RM) and the almost everywhere pointwise

O

Remark 2.9. Observe that, for instance, we will apply lemma 2.8 when ¥ = D*(R") and
g=2*(if N>3),orY=H*R") and ¢ =2.
Now we prove the following compactness result (see [31, 32]).

Proposition 2.10. Let F € C'(RY) be such that F(0) = 0 and

e if N > 5, there exists C > 0 such that
|F'(s)|<C (|s| + s 2**_1) forall s € R;
o if N=4, for every a > 0 there exist 0 > 2 and C > 0 such that
IF/(s)| < C (|s| + (e — 1)|s|‘f*1) forall s € R;
e if N € {2,3}, there exists C > 0 such that
|F'(s)| < Cls| forallse[-1,1].

Let {u,} C H*(RY) be bounded and such that u, — ug a.e. in RN for some ug € H*(RV).
Then

lim [ (F(uy) — F(uy — uo)) dx = / F(up) dx. (2.6)
o JRY RN
If; in addition,
F F
lim ﬂ = lim (s)* =0 when N > 5,
s—0 S2 |s|]——+o0 |S 2
F F
im 28— im (s) =0 forall >0 when N = 4,
s—0 § |s| =400 €%
. F(s)
A!E)I(I)ST = when N € {2,3}7

and ug and all the u,, are O-invariant for a suitable subgroup O C O(N) compatible with RY,
then

lim F(u,l)dx:/ F(ug)dx.
n RN RN

Proof. Let us begin with the case N > 5.
Note preliminarily that for every measurable 2 C RY and every 7 € [0, 1]

/ |F" (un + (£ — 1)ug) ug | dx < C/ (Jun + (£ — L)uo| + |un + (1 — 1)u0|2**_1)|u0|dx
Q Q

<C (Hlunl + luo 12wl 20 + 14l + o] |13 " o]

< C(Jluoll 2@ + luo

LZ**(Q))

(@)
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for some C > 0 that does not depend on 7 or 2. Therefore using Vitali’s Theorem we obtain
1
/ (F(un) — F(up —uo)) dx = / / F' (uy + (t — Dug ) uodt dx
RN rY Jo

1
—>/ / F’(tuo)uodtdx:/ F(up) dx,
rY Jo RN
and so (2.6) is proved.

If N =4, for every measurable Q C RY, every t € [0,1], @« >0, and for o > 2 as in the
assumptions, there holds

/Q’F/(“n‘f' (t— 1)uo)uo | dx
< C/Q <|un| + |uo| + (e“(luﬂlﬂuul)2 _ 1) (|uta] + |u0|)0—1) g lx.
Obviously
| Gl ol < €l

for some C > 0 that does not depend on n or 2. Moreover, let us write v, := |u,| + |ug| and let
M >0 be such that ||v,|| < M. We can choose o >0 and p;,ps,p3 > 1 such that 1/p, +1/p, +
1/ps =1, apiM? <3272, p > 2/(0 — 1), and p3 > 2, so that, from lemma 2.3, the sequence
{e°P"s — 1} is bounded in L' (R*), obtaining

1/
(eavi—1)v"—1|u |dx < (eavi— 1)”' i) vallZ=0 0 oo
o n 0 X - nll(e—1)p, 1H011L73 (2)
) 1/p1 |
(/R4 (eori — l)dx) Vil (5~ 1), [0

< C'uoll s o)

N

3 (Q)

for some C’ > 0 not depending on n and concluding as before. Note that such a choice of
a,p1,p2,p3 is possible by taking « sufficiently small, p; sufficiently close to 1, and p;,p3
sufficiently large.

Finally, if N € {2,3}, in view of the embedding H?(R") — L>(RY), there exists T >0
such that sup, ||uy||oc < T and C = C(T) > 0 such that

|F'(s)| < Cls| forall s e [—2T,27].

Hence, in a similar way as above, for every measurable 2 C R" and every ¢ € [0, 1], we get
/ |F/ (un + (l— l)uo)uo| dx < CH”O”E(Q)
Q

for some C > 0 that does not depend on n or {2 and conclude as before.
Now let us move to the second part, assuming that all the u, and uy are O-invariant.
Since (2.6) holds, it is enough to prove that
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/ F(u, —up)dx — 0,
RN

but this is true in virtue of lemmas 2.6 and 2.8.

Applying proposition 2.10 to the function F(s) = |s|P, we get

Corollary 2.11. Let N>2 and O C O(N) a subgroup compatible with RY. Then
Ho(RV) s LP(RY) for every p € (2,2*%).

In a similar way to proposition 2.10, the following further compactness result for F” holds.
Proposition 2.12. Let F € C'(RY) be such that F(0) = 0 and
F F
6)_ . PO

=0 when N > 5,

s—0 |S| N |s] =00 |S -l
F F
lim ﬁ = lim (SZ) =0 foralla >0 when N = 4,
s—0 |S| [s| =400 €S
F/
lim (s) =0 when N € {2,3},
s—0 |S|

and let {u,} be a bounded sequence of O-invariant functions in H*(R"), for a suitable sub-
group O C O(N) compatible with RY, such that u, — ug a.e. in RN for some uy € H*(RY).
Then

lim F’(un)u,,dx:/ F' (uo)uo dx.
n RN RN
Proof. As in the proof of proposition 2.10, from Vitali’s Theorem

/ (F' (un)un — F' (o) o) dx é/ |F' (u,) — F' (uo)||uo| dx
RV RV

+/ |F' ()| | — w0 dx
RN

=o,(1)+ /N |F' () ||y, — uo] dx.
R

Fix p € (2,2**). Since ug and all the u,, are O-invariant, from corollary 2.11 we deduce that
limy, ||u, — uol|, = 0.
Assume first that N > 5 and let € > 0. There exists c¢. > 0 such that for every s € R

[F ()] < elsl 4 [sP* 1) 4 el

Whence there exists C > 0 not depending on € such that for every sufficiently large n

/ P ()|t — wo| dx < (||t l2llutn — wol|2 + [t [3+- " |ttn — o] 2++)
]RN
"‘CEHMnHZ_l |4 — ”OHP <Ce

and so we conclude.
If N =4, for every e,a >0 and o > 2 there exists c. = c.(«,0) > 0 such that for every
seR

IF'(5)| < els| +c- (ea - 1) Is]7 1.
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Then, taking M > 0 such that ||u, || < M for every n and o < 3272 /M?, arguing again as in the
proof of proposition 2.10 we obtain

2
[ (65 1) bl — ol <l
]RN

with p3 > 2 and C > 0 not depending on n, whence for every sufficiently large n
/ |F (un) |1t — w0 dix < €l fan|2][n — wt0]|2 + ce Cllutn — uo |, < Ce.
RN

Finally, if N € {2,3}, fix p > 2. For every € >0 there exists ¢, > 0 such that for every s €
[7Ta T]

[F(s)| < els| +ce s,

where T > 0 is such that ||u, || < T, and we conclude as in the case N > 5.

2.3. Proofs of theorem 1.1 and proposition 1.2

Following [19], we fix m’ € (0,m) such that 8 > —2+/m’, where m is defined in (g2), g €

(2,2**), and introduce the functions #: R - Rand h: R — R as

h(1)
=T

q—1 LAUR
s977SUPy 1 ifs>0

h(s):=(m's+g(s)), and h(s):= {0 om0

for s > 0, extending them oddly for s < 0. Let us define

H(s) := / h(t)dt and H(s) := / h(t)dt.
0 0
In a similar way to [19, lemma 2.1, corollary 2.2] we can prove as follows.

Lemma 2.13. The following properties hold.

(a) There exists 69 > 0 such that H(s) = h(s) = H(s) = h(s) = 0 for every s € [y, d)-
(b) The functions h and h satisfy (g3). Moreover, if N > 5, then

H H
fim 78— HO) g,
s—+o0 _5‘2 s——+o0o S2

if N=4, then for every o> 0

H H
fim 2O g B9 g,
s——+oo eXs s—+oo e

(c) For every s>0, we have that h(s) = h(s) > g(s)+m’s and H(s) > H(s) > G(s) +
m's*/2.

(d) The function s+ h(s)/s?~" is non-decreasing on (0,+00) and h(s)s > qH(s) > 0 for all
seR
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Note that, in view of lemma 2.13, & and H are well defined and there holds

3C > O such that 2(s) < Cs* ' fors >0,  if N>5, (2.7a)
Yo > 0,0 > 23C > 0 such that A(s) < C(eo‘s2 — 1)5"*1 fors >0, ifN=4, (2.7b)

VT > 0,0 > 23C > 0 such that &(s) < Cs° ! for s € [0,T], iftNe{2,3}, (2.7¢)

and
3C > 0 such that H(s) < C|s]*” forseR,  ifN>5, (2.8a)
Vo > 0,0 >23C > 0 such that H(s) < C(e(“2 - 1) |s|7 for s € R, ifN=4, (2.8b)
VT > 0,0 >23C > 0 such that H(s) < Cls|” for s € [T, T], if Ne {2,3}. (2.8¢)

The very same estimates hold for 4 and H respectively.
We then introduce a comparison C' functional 7: H?(RY) — R as

T(u) = % /]R (@0r 4 BVuP el s [ Awas

Now we can prove the following (cf [19, lemmas 2.4 and 2.5]).

Proposition 2.14. The functionals I and I satisfy:

(a) I<I;

(b) there exist p,p > 0 such that I(u) = I(u) > p for every ||u|| = p and I(u) > I(u) > 0 for
every [ull < p; ]

(c) for every integer k > 1 there exists an odd map v, € C(S*=', 1) such that To~y, < ITovy; <
0,

(d) 1 satisfies the Palais—Smale condition if restricted to H.

Proof. (a) It follows from lemma 2.13(c).
(b) In virtue of point (a), it suffices to prove the statement for 1.
Assume first N > 5. From (2.7a) there exists C > 0 such that, for every u € H*(R"),

o**

- 1 B m'
1) > 31l + 219713 + 2 3 -

so the statement follows from the classical Sobolev embedding.
Now let N=4. If o € (0,327%) and & > 2, then from corollary 2.4 and (2.7b) there exists
C > 0 such that for every u € H*(RV) with ||u|| < 1

7 1 2 [3 2 ’nl 2 o’ o
1) = S| Aully + 5[ Vully + —-llull; = C [ (™ —1)|ul” dx
2 2 2 oy

1 B m’ o
> EIIAuH% + gllwlli + 7||MH% = Cllu| %=,

for some fixed 7 € (1,327%/a]. So again the statement follows from the Sobolev embedding.
Finally, let N € {2,3} and fix T > O such that ||u|| o, < T forevery u € H*(R") with ||u|| < 1.
From (2.7¢) with o = 3, there exists C > 0 such that, for every u € H>(RY) with ||lu]| < 1,

< >1 Aull? B o, m 2 3
1(u) = S| Aulls + 5 | Vullz + - [lull; — Cllulls
2 2 2
and we conclude as before.
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(c) Again, in view of point (a), it is enough to prove the statement for /. Arguing in a
similar way* to [3, proof of theorem 10] (if H := Hé(N) (RM)) or [23, proof of lemma 3.4]
(f H = H2 2(RN)), for every integer k > 1 there exists an odd map 7, € C(S*~!,H) such that
Jev G(m(€)) dx > 1 for every £ € S*='. Let A > 0 and define v, (§) := m(€)(-/A). We have

N—4 N—-2
X lan+ 25—

)\N4 51\/2
[Am(E)]5+

() = IV [ G(m(©)ds

V(€3 =AY,

thus the statement holds for sufﬁmently large A.
(d) Owing to lemma 2.13(d), every Palais—Smale sequence for I is bounded, hence the

assertion follows from proposition 2.12.
O

Let
I':={y € C(B" H) :~isodd and v|sp = W},
where ;: S¥~! — # is given in proposition 2.14(c). Observe that I'; # () because 7; € I',

where
5 .
(€)= {lm () irero
0 if €=0.

Define

o := inf sup/ , cy:= inf supl
Inf sup Iy () Inf supT(y (v(9)-
Using proposition 2.14 we check that o > ¢, > p for every k > 1.
We will prove that each oy is a critical value of 1.
In order to have that lim; o, = 400 we use the following result.

Proposition 2.15. We have that limy ¢;, = +oc.
Proof. For every integer k > 1 consider the family of subsets of H given by
Y= {yB"\Y):y€Ty,m>kR"\ {0} DY=Y=—Y,g(Y) <m—k},

where g is the Krasnosel’skij genus (cf e.g. [40, chapter II, section 5]). Then we define the
sequence of values
di:= inf I
AR, supl(u).
Itis clear that {d;} is nondecreasing. Moreover, since (B*) € ¥; for every « € Tk (i.e. taking
m=k and Y = ()), there holds ¢ > dy. Finally, in view of proposition 2.14(d), one can adapt
the argument of [37, proof of theorem 9.12] and obtain that lim; dy = 400, concluding the
proof. O

Following [19], we introduce an auxiliary functional J € C' (R x H*(R"),R) given by

N—4) [363 (N=2)

2+ 5 v [ G @9)

s(
J(s,u) = ¢

4 In particular, one can smooth the piecewise affine functions considered therein so that they belong to H2(RY).
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For all (s,u) € R x H*(RV),

J(0,u) = I(u),

J(s,u) =I{u(e™")).
We equip R x H?(R") with the standard product norm || (s, u) ||z x s vy = (|s|* 4 [|u/[*)'/? and
define a sequence of minimax values for J as

oy := inf maxJ(¥(§)),
k oF, eoB (7(9)
Iy == {7 = (51,%) € C(B*,R x ) : J1is even, ,is odd, and 7| gp = (0,7%) },
~¢ being given in proposition 2.14(c). Arguing as in [19, section 4] we have that 7, = oy for
every k > 1 and the following properties hold.

Proposition 2.16. For every integer k > 1 there exists a sequence {(s,,u,)} C R x H such
that

(1) lim, s, =0;

(2) lim, J(s,,u,) = 0%;

(3) lim, O5J (s, u,) = 0;

(4) lim, 0,J (s, u,) =0 in H*.

We now prove some fundamental properties of the sequence found in proposition 2.16.

Lemma 2.17. If N > 3 or (1.4) is satisfied, then {u,} is bounded, where {u,} C H is given in
proposition 2.16.

Proof. Let us begin with the case N > 3. Since (2) and (3) of proposition 2.16 read explicitly

(N—4)s (N=2)s,
€ [
I8+ B = [ Glunds— o,
R

N-2
2

N—4
B e [ 4 22 e 2 Vi N [ Gl e 0,
RN

we have

269 || A |3 + BN D% |V, |13 — Nog (2.10)

and so, taking into account (1) of proposition 2.16, { || Au,||2}, {[|Vu,||2},and { [on G(un)dx}
are bounded.

Now we prove {u,} is bounded in L?(RY) as well.

Assume first that N > 4. By contradiction, let us suppose that, up to a subsequence, t, :=
||un|\§/N — 400 and define v, (x) := u,(t,x). Then

lvall3 =1, (1Vvallz = 57 IVaal3, 1 Avall3 = 67| Ay I3

Hence {v,} is bounded in H?(RY). Since |Vv,| — 0 in L*(R"), v, — 0 in H*(R").
Moreover

o

T R e LRl AR
R

ey -+ 5 T e [ ]

= 0ud (51, ttn) [tn] | < €[] :5n\/t£lV74HAVnH% +5#,,V*2||an|\§+m't{;’
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where €, := ||0,J(sn, us)||« — O (due to proposition 2.16(4)) and || - || is the norm in H*
induced by || - ||, obtaining

Op 1= e(N_4)S"tn_4||AvnH% + ﬁe(N_z)‘Y”t,TZHanH% — el / g(vp)vpdx — 0.
RN

Hence, in view of proposition 2.12 with F’ = h, lemma 2.13, and (g1), for n large we have

m/

5 <M A5+ BN 2 Vv |3 4 e

=l / [m'v: + g(v,)va]dx + 6,
RN
< eNS"/ h(vy)vudx+ 6, — 0,
RN
which is a contradiction.

If N =3, since D*(R?) — L>°(R?) from corollary 2.2, there exists 7 > 0 such that ||, so <
T for every n. From lemma 2.13 (c¢) and (2.7¢), there exists C > 0 such that

m/
" el + / Glup)dr < / H(uy) dx < Cllug |8 < Clual[5
2 RN RN

and so, in particular, ||uy||, is bounded.
Finally, let us consider the case when (1.4) holds. Observe that

g(s)s—vG(s) =m (% — 1) s =m (% - 1) 52,
hence (1.4) still holds with m’ instead of m. Thus, for every sufficiently large n, there holds
1
or+ 1+ ||un|| P J(Snaun) - ;auj(snaun)[un]

1 1 C(N— sn(N— 5
- ( B 7) [ Aty 13+ BVt [ + e ]

+ ; /]RN etV [g(”n)”n —vG(uy) — m’ (% - 1) ulﬂ dx

and we conclude. O

Lemma 2.18. If N > 3 or (1.4) is satisfied, then {u,} contains a convergent subsequence,
where {u,} C H is given in proposition 2.16.

Proof. Since {u,} is bounded in H*(RY) from lemma 2.17, there exists uy € H*(R") such
that, up to a subsequence, u, — ug in H*(R") and u,(x) — uo(x) for a.e. x € RY. Moreover,
from (1) and (4) of proposition 2.16, we easily see that u is a solution to (1.1); in particular,

HMOHZZ/N (m'ug + g(uo)uo) dx. @2.11)
R
Again from (4) of proposition 2.16 and the boundedness of {u, } we obtain
e Aty |3+ BN ity |3 — e / 8ty dx — 0,
RN
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whence

NN | Ay |13 + B2Vt |3 + ey |

:eNS"/ [m'ui—i—g(un)un} dx+0,(1) (2.12)
RV ‘
= e / h(u,)u, dx — e / [A(uy)uy — m'ufl — g(uy)uyldx+ 0,(1).
RN RN

From proposition 2.12 with F’ = h,

/ h(up)updx — [ h(ug)uodx, (2.13)

RN RV

while from Fatou’s lemma and lemma 2.13(c),

liminf/ (h(un )y — m'u? — g(un)uy) dx > / (h(uo)uo — m'u} — g(uo)ug) dx. (2.14)
n RN RN

Therefore, in virtue of (2.11), (2.12), (2.13), and (2.14), limsup,, ||u,|| < ||uo|| and we conclude
that u, — ug in H>(RY). O

Now we are ready to conclude this section.

Proofs of theorem 1.1 and proposition 1.2. Fix k > 1: we prove that o, = oy is a critical
value of I. Let {(sn,u,)} C R x H be the sequence from proposition 2.16: from lemma 2.18,
there exists uy € H such that u,, — uy along a subsequence. Recalling that s, — 0, there holds

](u()) = J(O,u()) = O and I/(u()) = 6,4.](0,140) =0.
0

Remark 2.19. Under the assumption (1.4), we do not need the comparison functional I,
because we can prove directly that the sequence {oy } diverges positively.

3. The zero mass case

We recall that, throughout this section, N > 3.

3.1 The functional framework

Let us start recalling the well-known radial lemma.

Lemma 3.1 ([2, radial lemma A.Il]). Ifu € D'>(R*) is radially symmetric, then
L[ Vull

We have the following property.

, for a.e. x € R*.

Lemma 3.2. There exists C > 0 such that for every u € D%?(“) (R*) with |Ju]|p> < 1,
/ (e —1-327%? ) ax < C.
R4
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Proof. Fix u € D2, ,,(R*), with ||u||p: < 1. For R >0 we have

4)

/ (e””zuz - 32772u2> dx
]R4
— / (632”2”2 —1— 327T2u2> dx+/
Bgr B

C
R

<e32”2”2 —-1- 327r2u2) dx.

I
Let us start with I;. We define a radial function v(x) = v(|x|) as

v([xl) == u(lx]) —u(R),

for |x| <R.

L

Observe that v € W»2(Bg) N W(l)’z(BR). Following [38, Page 655] and using lemma 3.1, we

have
L |[Vull3 L[ Vul3
2 2 2 2
u(XI)<v(|x|)<1+27T2 2 )t It 53 g ), forO<P<R.
Setting
: L |[Vull3 . L |[Vul3
dR) =1+ 5 52 and wilx]) = v(a)y/ 1+ 535 g 2

we have that w € W>2(Bg) N Wy (Bg) and
u?(|x]) < w(|x|) +4d(R), for 0 < |x| <R.
Since ||u||p: < 1 and so ||Aul|z < 1, being

[lAw

for R sufficiently large, we deduce that ||Aw

1280 = AR AV 5,y = dR) [ Au] 72 5,

2(8r) < 1. So we can apply [38, Theorem 3.1]

(see also [42]) deducing the existence of C = C(R) > 0 such that

2.2
/ e dx < C.
Br

A

and this concludes the estimate of /;.

Hence

2.2 2 2.2
e3271' “dx < e327r d(R)/ 63277 W dx < C,

Bg

Now we focus our attention on /,. Using the power series expansion we have

—+oo

L=>)"

k=2

(3272)k
k!

where I j 1=
By

IZ,ka

For any k > 3, using again lemma 3.1, we have

L [[Vul3 [V 3¢

dx =

|u|*dx.

dp Va3t R

+o0o
/R

‘X‘Zk

Ly S/ =
5 2m)k (221
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Therefore, since ||u||p: < 1, there exists C > 0 independent of u such that

+oo 2\k 2k pd—2k +oo 27k
9_4y, 114 (3277) HV““z R 9 4y, (4 24 1 [16]|Vull3
Pl ) T g ST MR TR [T | <€
This proves our claim. O

Corollary 3.3. Let 0 >4, M > 0, and o > 0 such that aM? < 3272, Then there exists C> 0
such that for every T € (1,327% /(aM?)] and every u € Dé@) (R*) with ||ul|p < M,
/ 7 (e — 1 - ) die < Cllu %,
R4 T
Proof. First observe that,if s >0andt> 1,
(e —1—s)<e’"—1—st

Then, by Holder inequality

- /7
/ |u|® (eo‘”2 —1- auz) dx < ||u||%-= (/ (e‘“‘2 -1 —auz) dx)
R¢ R

1/7
o aTi? 2
<|u||m(/ (e —l—aTu)dx)
T—1 R4
Now the arguments are similar to those of the proof of corollary 2.4, using lemma 3.2. O
Remark. Corollary 3.3 remains valid for 0 < o < 4 provided % >4,
3.2. Some compactness results
Lemma 3.5. Let N > 3, and F: R — R be a continuous function such that
_F(s)
1 - 1
fny e = G
and
F
(zs)* =0 ifN =35, (3.2)
|s|]—+o0 |S
F
im 9 _0foraias0  ifN—a4 (3.3)

|s| =400 eas’
Assume that {u,} C D*(R") is bounded and there exists r > 0 such that
lim sup / udx = 0.
" yeRVJB(y,r)
If N=4, assume additionally that {u,} C Dé@) (R%).
Then
lim [ |F(u,)|dx=0.
n gy
Proof. First, let us consider the case N > 5.

By (3.1) and (3.2), for every p € (2*,2**) and ¢ > 0 there exists c. > 0 such that, for all
seER,

[F(s)| < ellsl® + /) +celsp. (3.4)
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Since {u, } is bounded in D?(RN), by corollary 2.2, itis also bounded in L?" (RY) and L>"~ (RY).
Then, there exists C > 0 such that for every n,

|F(un)| dx < Ce + cc ||un|[}.
RN
Thus, arguing as in lemma 2.6, it suffices to prove that u, — 0 in L7(R") at least for one
p € (2*,2**). Let us take p = 2(N+2) /(N — 2).
From the interpolation inequality for Lebesgue spaces we have that, for every y € RV,
A
letallr 83,73y < N1t 230000y Nt 1225+ (00
with A =2*/p=N/(N+2).
As in corollary 2.2, since 2** = (2*)*, by the Sobolev embeddings, we get
||uﬂHL2**(B(y,r)) S SAWES (B(y,r))»

where C > 0 does not depend on y € RY.
Hence

Vit 53 < €l 0 10 50 5.

Then, covering R" with balls of radius r such that each point is contained in at most N + 1
balls and using proposition 2.1 we obtain

(p—2%)/2
”uan Csup||uk\|D2 sup / uﬁdx — 0.
YERN B(y,r)

If N=4,by (3.1) and (3.3), for every € >0, a > 0, and o > 4 there exists c. > 0 such that, for
all s € R,

IF(s)| < es* +cels|7 (e — 1 —as?).

Then, applying Corollaries 2.2 and 3.3, the boundedness of {u, } C Dé ) (R*) implies that for
a>0and 7> 1 such that arsup, ||u,|* < 3272

[P v < €= ol %=,
R4

and so it suffices to prove that u, — 0 in L7=1 (R") at least for one couple (o, 7) with o > 4
and 7 > 1. Let us take, for instance, 7 =5 and o =4. Arguing as before, by interpolation we
have that for every y € R",

||"‘nHL5 B(y,r) S ||”11||L2(3(yr))”’4n||L8B(y,r)) CH”n” yr))||“n|‘1>>vlv4(3(y,r))7

where C >0 does not depend on y and A=4/5, which allows us to conclude that
([tn| 2z, = [|un]5s — O.

Fmally, if N=3, by (3.1) , if p > 6, using the boundedness of {u,} and corollary 2.2, we
can write

|F(s)| <es®4c.|s]P foralls € |—sup||un|ocssup ||tn]|oo | »
n n

and so

. |F(uy,)|dx < Ce+ c5||un||
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Let us take, for instance, p = 8. Arguing as before, by interpolation we have that for every
y € RN,

[N A DN A
el 22 B30y < et 2 Gy N2 o3 < Clltnll 2y, 0y 100 sy

where C > 0 does not depend on y and A = 3 /4, which allows us to conclude that ||u,||s — 0.
O

Now we present the analogues of propositions 2.10, 2.12, and corollary 2.11 for D*(RN).
Proposition 3.6. Let N > 3 and F € C'(R") be such that F(0) = 0 and

e if N > 5, then there exists C > 0 such that
|F'(s)|<C (|s|2*_1 + |s|2**_1) forall s € R;
o if N=4, then for every o > 0 there exist o > 4 and C > 0 such that
|F'(s)|<C (|s|3 + (e(”2 —1- as2)|s\"_1) forall s € R;
o if N=23, then there exists C > 0 such that
|F'(s)| < Cl|s]° forallse[-1,1].

Let {u,} C D*(RN) bounded such that u, — ug a.e. in RN for some uy € D*(RY). IfN=4,
assume additionally that {u,} C D% ) (R*). Then

lim [ (F(u,) — F(uy — uo))dx = / F(up)dx. (3.5)
n RN RN
1If, in addition,
F F
1m(—s,?: lim leO when N > 5,
s—0 |S|2 |s|] =400 |S 2
F F
@ = lim (Sz) =0 forallao >0 when N = 4,
s—=0 § |s|—=>+oco €45
F
limgz when N =3,
s—0 §

and ug and all the u, are O-invariant for a suitable’® subgroup O C O(N) compatible with RY,
then
lim [ F(u,)dx= / F(up)dx. (3.6)
n RN RN
Proof. The proof is similar to that of proposition 2.10, hence we only highlight the differences.
If N > 5, likewise we prove that there exists C > 0 such that for every measurable ) C RY,
every 1 € [0,1], and every n

/Q |F' (un + (£ — D)ug) uo| dx < C ([[uoll 2+ () + [[uoll 2+ () -

If N =4, then taking M > 0 such that |||u,| + |uo|||p> < M forevery n,0 < a < 3272 /M?, o >
4, p1,p2,p3 > 1 such that 1/p; + 1/py+ 1/ps = 1, aM?p; <3272, py > 4/(0— 1), and p3 >

5 If N =4, then necessarily O = (O(4) due to the first part.
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4, and using lemma 3.2 instead of lemma 2.3, we prove similarly that there exists C > 0 such
that for every measurable Q2 C RY, every ¢ € [0, 1], and every n

/ I (s + (1 — Do) o dx < € (o) + 1o
Q

(@) -

If N =3, then again we prove in a similar way that there exist T > 0 such that sup,, ||u,||cc < T
and C = C(T) > 0 such that |F’(s)| < C|s|’ for all s € [-2T,27] and, consequently, that there
exists C > 0 such that for every measurable 2 C R, every ¢ € [0, 1], and every n

/Q |F/ (un + (tf l)uo)uo|dx < CHM()”L(J(Q).

Regardless of the dimension, we prove the first statement using Vitali’s Theorem and the
second one using lemmas 3.5 and 2.8. O

Remark 3.7. In subsection 3.5, we will see that, when N =4, if F(s) is controlled by e‘”w3 at

infinity, similar results hold also in D% (R*), with O C O(4) compatible with R*.

Corollary 3.8. Let N > 3 and O C O(N) a subgroup compatible with RN, Then D% (RY) <<
LP(RN), for every p € (2*,2**).

Proof. Letting F(s) = |s|?, the statement follows from (3.5) and (3.6) provided that N # 4 or
O = O(N). Now assume N =4 and O # O(4). Then there exists C > 0 such that

/|F’(un+(t—1)uo)u0|dx:(p—l)/|u,,—|—(t—l)uo\”_]|u0\dx<CHuo Q)
Q Q

for every measurable €2 C R4, every t € [0,1], and every n, hence we conclude as before. [

Finally, arguing in a similar way to the proofs of propositions 2.12 and 3.6 and using corol-
lary 3.8, we obtain the following.

Proposition 3.10. Let N > 3 and F € C'(R") be such that F(0) = 0 and

F F
im (S) = lim (f ) =0 when N > 5,
s—0 |S 2x—1 |s|——+o0 |S 2% —1
F F
lim (s) = lim (sz) =0foralla>0 when N =4,
s—0 |S‘3 |s|>+oco €95
Fl
im7 _o whenN=3,
s—0 |S‘5

and let {u,} be a bounded sequence of O-invariant functions in D*(RY), for a suitable sub-
group O C O(N) compatible with RN, such that u, — ug a.e. in RN for some ug € D*(RN). If
N =4, assume additionally that O = O(4).

Then

lim F’(un)u,,dx:/ F' (uo)uo dx.
n RN RN
3.3. Proof of theorem 1.3 under assumption (g2” )

The procedure is similar to the one in the positive mass case, therefore we skip some details.
We recall that, in this subsection, we assume (g3), hence we consider D = D%(R") only when
N> 6 and that 8 >m =0.
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Fix ¢ € (2*,2**) and define
0 5
h(s) := (s2 -1 +g(s)) fors >0,
2 +

extending it oddly for s <0, and &, H,H: R — R as before. Then a result similar to lemma
2.13 holds.

Lemma 3.10. The following properties are satisfied.

(a) There exists 6y > 0 such that H(s) = h(s) = H(s) = h(s) = 0 for every s € [—0o, do].
(b) The functions h and h satisfy (g3). Moreover, if N > 5, then

) . HE)

A—I}—Igloo 52** o s—+o0 SZ** - O;
if N=4, then for every a >0
H H
im 26 B

2
s—+oo eas” s—+oo eas’

(c) For every s >0, we have that h(s) > h(s) > g(s) +£s* ~'/2 and H(s) > H(s) > G(s) +
0¥ /(22%). ~
(d) The function s+ h(s)/s?~" is non-decreasing on (0,+00) and h(s)s > qH(s) > 0 for all
seR
Consequently, conditions similar to (2.7a)—(2.7¢) and (2.7a)—(2.7¢) are satisfied, i.e.
3C > O such that i(s) < Cs* ' fors >0,  ifN>5,
Yo > 0,0 > 43C > 0 such that A(s) < c(ewz —1—as?)s” " fors >0, ifN=4,
VT > 0,0 > 63C > 0 such that h(s) < Cs” ! fors € [0,7],  ifN=3,

and
3C > 0 such that H(s) < C|s|* forseR,  ifN>5,
Va > 0,0 > 43C > 0 such that H(s) < C(eo‘s2 —1—as?)|s|? fors € R, if N=4,
VYT > 0,0 > 63C > 0 such that H(s) < Cls|? for s € [-T,T], ifN=3.
The very same estimates hold for 4 and H respectively. If we define I: D*(RY) — R as
I(u) := %/RN {(Au)2 + BIVul* + 2{|u|2] dx — RNﬁ(u)dx,

then the following result holds.

Proposition 3.11. The functionals I and I satisfy:

(a) I<I;

(b) there exist p,jn > 0 such that I(u) > I(u) > p for every ||ul| = p and 1(u) > I(u) >0 for
every [ull < p; ]

(c) for every integer k > 1 there exists an odd map ~y, € C(S¥=! D) such that To~y;, < Ioy; <
0,

(d) 1 satisfies the Palais—Smale condition if restricted to D.
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Proof. We can argue as in proposition 2.14. In particular, we use corollary 3.3 instead of
corollary 2.4 in point (b) when N = 4 and proposition 3.10 instead of proposition 2.12 in point
(d), while concerning point (c), we simply observe that H < D and so we can consider the
same -y, given in proposition 2.14. 0

For every integer k > 1 we define

IV := {v € C(B*,D) : ~is odd and |gpc = 7} D Tk # 0, 3.7
where 7, is given in point (c¢) of proposition 3.11.
We also define
:= inf max/ , ¢ := inf max/ . 3.8
o= inf, ma (v(9) = inf, max (v(9) (3.8)

Observe that oy > ¢ > 1, where > 0 has been introduced in point (b) of proposition 3.11,
and the analogous of proposition 2.15 still holds. Therefore limy oy = +oc.
Next, we define J € C' (R x D*(RY),R) as in (2.9) equipping R x D*(R") with the stand-

ard product norm ||(s, u) ||gxp> = (s> + ||u|[%,)"/* and

oy := inf maxJ(7(§)),

k ST ceb (’Y(f))

Y= {A=0(17) € C(B*,R x D) : 7yis even, F,is odd, and 7| ype = (0,7%)},

thus still 5, = oy and proposition 2.16 holds, except now {u,} C D and 9,J(s,,u,) — 0in D*.

Proof of theorem 1.3 under assumption (g2'). Fix k> 1 and consider the corresponding
sequence {(s,,u,)} C R x D given in the zero-mass-regime analogous of proposition 2.16.
We check that the sequence {u,} is bounded in D?(R") with the same proof as in lemma 2.17
when N > 3 (in fact, the proof is easier because we do not prove that ||u,||, is bounded) and
that, up to a subsequence, there exists uo € D such that u, — ug in D*(RY) arguing as in the
proof of lemma 2.18 with ¢|u|?>" /2 instead of m'u®. Then

I(uo) =J(0,up) =0 and [I'(ug) = 9,J(0,up) =0,

and so we conclude. O

3.4. Proof of theorem 1.3 under assumption (g2’)

Also in this subsection, we assume (g3) and so we consider D = D%(R") only when N > 6.

The main difference bejween (g2’) and (g2 ) is that, when the former holds, we can no
longer define the function A, which in turn is used to prove that the sequence of critical values
{0} defined in (3.8) diverges positively. We follow the approach of [13] (see also [20, 21]).

Let us consider the functional P: D*(RY) — R defined as

N—-4 N-2
Pl = "2l + 572 VulP - [ Gluas
RN

Let b € R. We say that [ restricted to D satisfies the Palais—Smale—PohoZaev condition at the
level b, (PSP),, for short, if and only if every sequence {u,} C D such that

limI(u,) =b, limP(u,)=0, Lim| (u,)|p+=0

has a (strongly) convergent subsequence, where we recall that || - || p . is the dual norm in D*
induced by || - || p2. We also define

Kp:={u€eD:1(u) =b,P(u) =0, ||I'(u)||p.=0}.
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Let us recall the functional J: R x D?(RY) — R given by (2.9). By explicit computations we
obtain the following result.

Lemma 3.12. For every s,t € R and every u,v € D*(RY) there holds:
o OyJ(s,u) =P(u(e™"));

o O, J(s,u)[v] = I’(u(e*s~)) [v(ie™)];
o J(s+tu(e")) =J(s,u).

In particular, P(«) = 9;J(0,u). Then, arguing in a similar way to lemmas 2.17 and 2.18 with
s, = 0, without the term m'u?, and g instead of A, see also proof of theorem 1.3 under assump-
tion (g2 ), we obtain the following.

Proposition 3.13. For every b € R, the functional I, restricted to D, satisfies (PSP),.

In fact, taking into account (2.10), we observe that sequences {u, } such that /(u,) — b and
P(u,) — 0 exist only if b > 0.

Now let us focus on J. We consider M :=R x D as a Hilbert manifold and define the
equivalent norm

—4)s ) 1/2
1@ v)ls = 11E ey = (’2+€(N Do Av]f3 + e IIVV||§)

for every (1,v) € T(;u)M, (s,u) € M. The corresponding dual norm on 77, M will be
denoted by || - [|;,«. Moreover, for every 7 € R, every (s,u) € M, and every (t,v) € T(;,y) M

(v ) gy, = 1) (3.9)

Given (s,u), (t,v) € M, we define the distance between them as

1
o((s0.(19) = inf [ 130l
where

I:={yeC'([0,1], M) : 7(0) = (s,u) and v(1) = (1,v) } .
In virtue of (3.9), we obtain that, for every 7 € R and every (s,u), (t,v) € M,

o((s,u),(1,v)) = D((s—i— Tu(e”)), (1+ T,V(CT'))). (3.10)
As usual, if (s,u) € M and A C M, then

o((s,u),A) = (tjvl}gAO((s,u), (t,v)).

From lemma 3.12, for every (s,u) € M
I (5,) 2. = (P(u(e™))” + |7 (™)) [,
For b € R, let
Ky := {(s,u) € M :J(s,u) = band |/ (s,u)|[s.. = 0} = { (s,u(e™")) :u € K and s € R}.

We say that J satisfies (PS), if and only if every sequence {(s,,u,)} C M such that

limJ(sy,u,) =b and  Lm||J'(sn, )]s, « =0
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has a subsequence (still denoted (s,,,u,)) such that
limb((sn, un),IN(;,) =0.

Using proposition 3.13 and arguing as in [13, proposition 4.6], we have the following.

Proposition 3.14. The functional J satisfies the (PS), condition at every level b € R.
Fora,b € Rwitha<b,r>0,A C D, and B C M, we denote

P={uecD:I(u) <b}, L={uel :1(u)>a},

P i={(s,u) € M J(s,u) <b},  Jo={(s,u) €I’ J(s,u) >a},

N/(A) == {ueD:dist(u,A) <r}, N.(B):={(s,u) € M:0((s,u),B) <r},
where

dist(u,A) := ir€1£ llu—v||pe.
Vi

Note that N,(0) = () and N,(0)) = (). The next property is a consequence of proposition 3.14.
Corollary 3.15. For every p > 0 there exists 6 = 0(p) > 0 such that

(s.) € AN (Ky) = I/ (s.0)] > 6.
Using corollary 3.15 and arguing as in [13, proof of theorem 7.2], we obtain the following.

Lemma3.16. Letb,z,r > 0andU := N,(K,). Then there exist ¢ € (0,&) and 7j: [0,1] x M —
M continuous such that:

o 7(t,s,u) = (s,u), ift=0o0r J(s,u) <b—¢;
J(7(tr,8,u)) = J(1(12,8,u)) if 1y < 1oy

o (1,007 \U) C I~ and {(JPTE) € JmE UU;
e 7] is even in s and odd in u.

Define p: M —Dandi: D — M by

p(s,u):=u(e™) and i(u)=(0,u).
An immediate consequence is that

poi=idp, J=Iop, I=Joi, p(K,)=K,.
Moreover, the following holds.

Lemma 3.17. Let b > 0. For every p > 0 there exists R = R(p) > 0 such that

p(N,(Kp)) C Nr(Kp), (.11a)

i{(Nr(Kp)¢) C N (Kp)". (3.11b)
Moreover,

plgg}(p) =0.

Proof. Let (s,u) € N,(K}) and note that (3.11a) reads explicitly
o((s,u),Kp) < p = dist(p(s,u),Kp) <R. (3.12)
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Note also that, if s =0, then (3.12) becomes
D((O,u),IN(;,) < p = dist(u,K,) <R,

which is equivalent to (3.11b) and so it is enough to prove (3.12).
Observe that, by (3.10),

2((s,1),Kp) = 0((0,p(s,)), Ky).
To simplify notations, we relabel p(s,u) as u. So there exists y € C'([0,1], M) such that
~(0) = (0,u), (1) € Kp, and

I
| B0lhgdi<p.
With a small abuse of notation, let us write y(t) = (s(t),u(r)), which yields s(0) =0 and
u(0) = u. Since (s(1),u(1)) € Ky, we have p(s(1),u(1)) € K, therefore
dist(1t,K3) <l — p(s(1) (1)) e < lu— (1) + (1) = p(s((D) e Gu13)

11 12

Note preliminarily that, since s(0) = 0, for all z € [0, 1] we have

1 1

s < [ B0l [0 d <o
Therefore

(N=2)s(f)+Np>0, te]0,1].
We claim that

(N—4)s(f)+Np>0, te]0,1].
Indeed, if N > 5, we argue as above; if N =4, the claim is obvious; if N = 3, we simply observe
that s(r) < p < 3p. Then

1 1
. . . 1/2
11</0 Hu(t)||Dzdt:/O (12i(e) |2 + | Vie(r)|2) " de

| 1/2
<ol / (((0)" + ™0 xa(r) 3 + 2O Va(n)3) * dr
0

1
= [0 dr <,
At the same time,

L= Hp( —s(l),p(s(l),u(l))) - p(s(l)m(l)) llp> <sup{|lp(#,v) —v||p: |f| <pandv eEK,}.
Combining (3.13) with the inequalities for /| and I, we infer

Np/2

dist(u,Kp) < pe"P'= +sup{||p(t,v) = v||p2 : |f| < pand v € K;,} =: R(p)

and R(p) — 0 as p — 07 thanks to the compactness of K.
0

Using Lemmas 3.16 and 3.17 and arguing as in [13, proof of theorem 7.1], we obtain the
following.
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Lemma 3.18. Let b,& > 0 and U C D a neighbourhood of Kp. Then there exists € € (0,&) and
n: [0,1] x D — D such that:

o n(t,u)=uift=0o0rI(u) <b—§g

o I(n(ti,u)) = I1(n(t2,u)) if i <1,
o n(1,PT\U) C IP=¢ and n(1,I°F¢) C P2 U,
e 1 isodd in u.

Proof of theorem 1.3 under assumption (g2’). For every integer k > 1 consider the family
of subsets of D given by

o - {’y(IB%’”\Y):'yGF?n,m}k,Rm\{O}DY:?:fY,g(Y)<mfk},

where I'Y is defined in (3.7), and g is the Krasnosel’skij genus. Moreover we define the values

di := inf supl(u).

AESY yeA

Then, using lemma 3.18, the compactness of K}, and arguing in a similar way to in [37, proof
of theorem 9.12], we obtain that each d is a critical value of / and d;, — +ocoask — +oo. [

3.5. Proof of theorem 1.4

We conclude this section looking for non-radial solutions in D%(R*). To this aim we
have to consider stronger assumptions about the nonlinearity g in order that the functional
I: D*(R*) — Ris of class C' (or even well defined). In particular, we assume (g3’) instead of

(g3).
Lemma 3.19 ([15, lemma 1]). For any u € W'*(R*) and o > 0, we have

2
/ <ealu““ —1—alu*? - a|u8/3) dx < +00.
- 2

Moreover, if | Vul|s < 1,
such that

s <A < +o0, and o < 4w31/3, then there exists C = C(a,A) >0

2
/ <ealu““ —1—afu*? - 0‘|u8/3) dx < C(a,A).
R4 2

Corollary 3.20. Let 0 >4, M >0, and o > 0 such that aM*/? < 4w31/3. There exists C>0
such that for every T € (1 ,4w§/3/(aM4/3)) and every u € WHW4(R*) with |Jul|yrs <M

2
|u|o' ea|u\4/3_1_a|u|4/3_ai|u‘8/3 dngHMHUoif
5 ) 1

Proof. First observe that,if s >0and¢>1,

2\ 2
s (s1)
S los— D) ety B
(e s 2> e s 5
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Then, by Holder inequality

/ lu|® (ealu\“” 1 —au? - 9|u|8/3) dx
e 2
4/3 052 T 1T
< |ul| %z (/ (eo‘”l —1—au*? - |u|8/3> dx)
=\ 2
4/3 a3 (@1) g v
< Jluaf| %z, (/ (e‘””l —1—aru*? - T|u| / )a’x) .
7\ s

Now the arguments are similar to those of the proof of corollary 2.4, using lemma 3.19 with
A=1.
O

Proof of theorem 1.4. Using lemma 3.19 and corollary 3.20, the analogous of the compact-
ness results in Subsection 3.2 holds for D%(IR*) under the stronger assumption at infinity com-
ing from (g3’). Therefore, the arguments are similar to those in Subsections 2.3 and 3.3 or
Subsection 3.4 adapted to D%(R?). O

4. Open problems and related remarks

Question: can we extend lemma 3.2 to all the functions in D*(R*)? That is, does C > 0 exist
such that

/ (e”’fz“z 11— 32772u2> dx< C
R4

for every u € D*(R*) with ||u|p> < 1?

A version of lemma 3.2 valid in all of D?(R*) but where the constant 3272 is replaced with
1, which is still sufficient for 7 to be of class C' in D?(R*), is satisfied provided the following
condition holds:

k

+ Cz

2k
(qD) E o < 400,
k=2

where, for p > 4, C, > 0 is the best constant in the inequality of Gagliardo—Nirenberg-type
lullp < Collully™ " lul[3"” for every u € D*(RY).

Note that we do not need the formula above to hold for every u € {ve L*(R*): Ave
L*(R*)} D D?*(R*) as it would be for the classical Gagliardo-Nirenberg inequality.

Theorem 4.1. If (q1) holds, then there exists C > 0 such that for every M > 0 and every u €
D*(R*) with max{||ul|, || Aull2} <M

2
/ <e”2/M2 11— ;‘42) dx < C.
R4

Notice that taking M = 1 we obtain the version of lemma 3.2 mentioned before.
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Proof. We can assume u # 0. Observe preliminarily that

/| Aull; _ ) / e 3%
€
/R< IIA I3 R4Zk' A3 Ek‘ IIAMH%"

\ZCZ’;E lull _ - lluli
KfAullllAulz

where C:= 3",7% C3k/k! < co. Next, since ||Aull, < M,

e R R B WP 1 X1
e —1—-—= =Ty = — — — —
| k 4 | k—4 S pg4 | 2k—4
M? k:2k k:zk M2 M k:2k | Aul|
+o0 .
VR = ||Au||a*( T )
MY = A M (| Auli3

thus, since ||u||s < M,

2 4 2 4
/M w dx < ([ Aulf3 /1 Aull; _ u dx < CHMH“ <cC.
R4 M2 M4 R4 ||AMH% M4

Arguing as in corollary 3.3, but using theorem 4.1 instead of lemma 3.2, we obtain the follow-
ing result, which suffices to use the machinery of the previous sections.

Corollary. If(ql) holds, then for every o > 4, o> 0, and M > 0 such that aM?* < 1 there exists
C > 0 such that for every 7 € (1,1/(aM?)] and every u € D*(R*) with max{|[ul|s, || Aul|2} <

M
/ 7 (eo‘”2 -1- auz) dx < C||u| %= .
R 71
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