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Abstract
Background  Main desired features of biaxial tests are: uniformity of stresses and strains; high strain levels in gauge areas; 
reliable constitutive parameters identification. Despite cruciform specimen suitability to modern tensile devices, standard 
testing techniques are still debated because of difficulties in matching these demands.
Objective  This work aims at providing rational performance objectives and efficient cruciform specimens shapes in view 
of constitutive characterization.
Methods  Objective performance is evaluated along particular lines lying on principal directions in equibiaxial tensile tests. 
A rich specimen profile geometry is purposely optimized via finite elements analysis by varying cost function and material 
compressibility. Experimental tests, monitored via digital image correlation, are carried out for validation.
Results  New shapes are designed and tested in a biaxial tensile apparatus and show to perform better than existing ones. 
Elastic parameter identification is efficiently performed by only exploiting full field strain measurements along statically 
significant lines.
Conclusions  Small gauge areas and small fillet radii cruciform specimens approach the ideal deformation behaviour. For 
the constitutive parameters identification in planar tensile experiments, it suffices to monitor strains along the gauge lines.

Keywords  Biaxial testing · Shape optimization · Cruciform specimen · Uniform strain · Gauge area · Load transmission · 
FEM based design

Introduction

An ideal biaxial tensile experiment would reproduce an 
homogeneous specimen deformation, so that predictions of 
constitutive models could be promptly tested on a range of 
deformation classes minimizing the need of ad hoc numeri-
cal tools and inverse analysis. Nevertheless available experi-
mental data are scarce. For instance, in the recent work [1], 
neural networks have been developed for rubberlike constitu-
tive model discovery. The most recent biaxial dataset used 
as database in that paper is [2], which dates back to 1962.

Traditionally, the difficulty in obtaining reliable data have 
been due to lack of equipment in common research facili-
ties. Nowadays, despite a broader availability of biaxial ten-
sile machines, the experimental mechanics literature is still 

flourishing about the design of specimens which satisfy cer-
tain kinematic and static constraints upon loading since no 
universally accepted shapes for biaxial test exist [3]. Already 
in the work [4], conceptual criteria were introduced to delin-
eate the expected behavior of an ideal cruciform specimen 
for extracting precise constitutive information from biaxial 
tests. They can be summarized as obtaining, in a large test 
zone: a homogeneous deformation; a high strain level. The 
homogeneity is required for easily comparing predictions 
to experiments; the high strain level allows exploring large 
material deformations without incurring into failure outside 
the test zone. Both goals are hard to achieve, because gauge 
areas boundary conditions are affected by the substructures 
transferring loads from the device grips.

A range of topological solutions have been proposed, 
based on which of the two aforementioned objectives an 
improvement is sought for (e.g. see reviews in [4–6]). 
Clearly, boundary conditions affect strain distributions 
within the gauge area [7]. Although linear guides, by let-
ting the clamping zone expand without shear, have been 
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utilized in the past (e.g. [2, 8]), this system requires multi-
ple connections, personnel interaction during tests and can 
not provide real time data. Clamping, on the other hand, is 
the standard and most widely adopted gripping method, but 
it induces shear which affects biaxiality in the tested zone 
[9]. As a remedy, long or slotted arms have been tested. In 
this way, the specimen arms result more compliant and the 
gauge strain level decreases [10]. As an alternative, simple 
or double hinges and sutures or hooks have been engineered, 
but such discretization of load application heavily localizes 
strains with possible failure around holes [7]. On the con-
trary, stiffer load transfer, obtained by reducing thickness in 
the test area [11–13], stiffening or enlarging the arms end 
up worsening biaxiality [14].

With this work, we aim at contributing toward an experimen-
tal approach which: can be both easily reproduced with common 
mechanical laboratory tools; tested by means of widely adopted 
tensile machines and grips; requires minimal specimen machin-
ing for common materials usually supplied as sheets; can return 
useful information to be promptly compared with theoretical pre-
dictions. To this end, we deal with constant thickness, compact 
thin cruciform specimens, i.e. without holes or slots, whose arms 
are clamped in the device grips. As design variable, only the 
specimen profile shape is considered, by adopting a five degrees 
of freedom smooth single curve, in order to avoid profile discon-
tinuity at the source of strain concentration [15].

High biaxiality has been the goal of, among others, the 
shape optimizations conducted in [14, 16, 17]. Mixed speci-
men quality criteria, also including high strain levels, have 
been adopted by [10, 18–21]. Both these performance objec-
tives are examined also in the present work. The main nov-
elty with respect to existing literature consists in the simulta-
neous adoption of: a weighted multi-objective cost function 
which enables investigating the extent by which either of the 
two objectives influences the optimized shape and perfor-
mance; a systematic optimization procedure which is based 
on measurable, material independent errors, expressed in 
terms of strain invariants; the computation of errors along 
a line, rather than in significative points or across whole 
surfaces. This line-evaluated error enables the establishment 
of a direct relationship between immeasurable stresses and 
forces through equilibrium. Error integration along lines 
has already been adopted by [10], but the considered lines 
did not statically isolate the specimen portion and the load 
cells from the remaining structure. As shown hereinafter, 
our choice, independent of the reference frame, significantly 
simplifies constitutive parameters identification, without the 
need for computationally costly numerical simulations.

As a case study, the proposed criteria are applied, in the 
framework of infinitesimal strain theory, for designing cru-
ciform samples and identifying their elastic constants. Our 
optimization based design is carried out by means of the 
finite element method (FEM) and it prospects a set of optimal 

shapes depending on objectives weights and material param-
eters. These novel shapes are cut from a polymeric material 
and tested in equibiaxial experiments together with specimens 
borrowed from literature. The gauge area strain field is recon-
structed by digital image correlation (DIC), as this is a very 
versatile and cost effective strain monitoring technique [22, 
23]. The performance of different shapes is analyzed in terms 
of: efficiency according to the newly proposed error measures; 
effectiveness in parameter identification [24].

Theory

Hereafter, the ideal deformation state of a cruciform speci-
men subject to a biaxial test is described, in the particu-
lar case of equibiaxiality. Keeping this goal in mind, the 
discrepancy between actual kinematics and performance 
objectives can be quantified so that a set of FEM optimized 
shapes can be designed. Achieving this involves modulating 
a highly flexible smooth profile geometry and modelling 
its mechanical response in linear theory. Finally, parameter 
identification procedures are established.

Performance Objectives

Attaining perfect equibiaxiality in large areas of clamped 
specimens proves challenging. An intuitive explanation is that 
an equibiaxial deformation is a homothetic transformation. 
Clamping, though, prevents transversal expansion of cruci-
form sample arms and this induces shear. In order to quantify 
a specimen suitability for equibiaxial tensile tests, measures 
of the discrepancy between an ideal and the experimental 
case need to be introduced. In an equibiaxial tensile test on an 
ideal specimen, the experimenter would impose a macroscopic 
stretch 𝜀̄ and obtain an equibiaxial deformation in a known 
specimen area. It is convenient to deal with principal strains, 
since they are independent on reference frame. Thus, in every 
point x , the infinitesimal strain tensor, expressed in the planar 
principal frame, would thus take the matrix form:

where the subscript 1 and 2 refer to the first and second 
strain principal directions and ei are the principal strains, 
with e1 > e2 . As a result, once defined the maximum planar 
shearing strain Δ(x) and the average principal strain Σ(x) , 
one would aim at: 

(1)
[
e1(x) 0

0 e2(x)

]
=

[
𝜀̄ 0

0 𝜀̄

]
∀x ∈ tested zone,

(2a)Δ(x) ∶=
e1(x) − e2(x)

2
= 0.
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Accordingly, we introduce two integral errors based on 
these quantities. Namely, the first one measures the loss of 
equibiaxiality and the second one quantifies the loss of strain 
as follows: 

It is noteworthy that these two errors can be interpreted 
as standard deviations from the expected (ideal) performance 
and are computed on the whole gauge line OC, (see Fig. 1). 
Whereas in previous works similar norms have already been 
used (e.g. [13, 24]), here it is proposed the selection of a geo-
metric entity, for the integrals in equation (3), which allows 
for statically isolating a part of the structure. In two dimen-
sional settings, such an entity should be a line, since surfaces or 
points do not allow to directly extract resulting forces. In other 
words, the external force F measured at the clamps level can 
be directly related to the average stress state � along the whole 
gauge line. This is important in view of constitutive investiga-
tions, given that, while deformations can be estimated by full 
field measurements, stresses can only be inferred in an integral 
sense from the machine load cell. Furthermore, if the strain 
field is known along a line, it would be computationally inex-
pensive to assign such a state to elements on that line and to 
retrieve the total exerted force instead of simulating the whole 
structure behavior for deducing material parameters. Other 
scholars have preferred obtaining uniform stress rather than 
strain state (e.g. [14]), but this: complicates the mathematical 

(2b)Σ(x) ∶=
e1(x) + e2(x)

2
= 𝜀̄,

(3a)𝜂Δ =
1

𝜀̄

√∫
OC

Δ2(s) ds

OC
,

(3b)𝜂Σ =
1

𝜀̄

√∫
OC

(Σ(s) − 𝜀̄)2 ds

OC
.

treatment, since constitutive equations are usually expressed 
in the form of stress as a function of strain; requires a device 
controlled in force, which is unusual.

Generally, the pursuit of low �Δ and �Σ may lead to con-
flicting solutions. For this reason, in view of an optimized 
design, we finally group them into one indicator

where the parameter � ∈ [0, 1] is used to build a weighted sum 
multi-objective function. Here, a value of � = 0 or 1 shifts all 
the objective towards a low �Δ or low �Σ , respectively.

Specimen Shape

For the sake of manufacturing simplicity, we restrict our geom-
etry to a simply connected surface, i.e. without holes, and 
constant thickness, as most materials are produced in sheets. 
Furthermore, the introduction of slots causes the arms to elon-
gate more than the gauge area, thus lowering �Σ . Cross-shaped 
specimens are widely used in biaxial tests because of their suit-
ability to modern tensile machines. These, indeed, have four 
controllable arms where to clamp the material. As the specimen 
extremities are usually constrained to rectilinear segments, the 
only aspect requiring design is its profile.

In theory, various choices could be considered for the para-
metrization of the sample profile. It has however been noted 
that the profile should be as continuous as possible in order 
to avoid stress concentrations from where cracks could nucle-
ate (e.g. see [25] and literature therein). A family of functions 
which guarantees smoothness and flexibility is splines and in 
particular we opt for third degree B-splines, since B-splines 
are: optimal in a mathematical sense from the point of view of 
support and smoothness; ubiquitous in computer-aided design 
which is the main tool for technical drawing (e.g. [26]).

Five parameters are selected for drawing the specimen 
profile, as illustrated in Fig. 1, and these are the degrees of 
freedom of the B-spline control points A,B,T,C, where A 
and C have triple multiplicity. Specifically, yA represents the 
clamping length, xc identifies the coordinate of point C along 
the � /4 bisector, xT governs the curvature in C, and the coor-
dinates of point B (xB, yB) determine the slope and curva-
ture in A, introducing the possibility of a point of inflection 
along AC. Note that line CT is orthogonal to OC to preserve 
smoothness across the diagonal symmetry. Therefore, only 
one of xT or yT can be chosen independently. This way, the 
profile shape is defined by the vector

with the constraint that the control points polygonal CTBA 
stays inscribed in the isosceles right rectangle OLO′ of uni-
tary catheters.

(4)� = (1 − �)�Δ + ��Σ,

(5)� =
[
yA, xC, xT , xB, yB

]
,Fig. 1   Geometry definition of the cruciform specimen and mechani-

cal problem. One eighth of the specimen and its symmetry axes are 
represented under equibiaxial loading. Its profile is determined by 
cubic B-splines whose control points are A, B, T, C. The profile 
shape parameters are the coordinates yA , xB , yB , xT and xC
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Mechanical Model

The thickness of the investigated flat cruciform specimen 
is small relative to the gauge area dimension. Given that 
the specimen is stretched by the machine in its plane, we 
assume the validity of the classical plane stress hypothe-
sis. The applied boundary conditions are of Dirichlet type 
on the clamps, meaning that clamping imposes a constant 
displacement in the machine arms axial direction and zero 
displacement in the arms transverse direction. This is repre-
sentative of a typical experimental setting, where the arms 
are clamped inside rigidly translating grips. Displacements 
are imposed at the grips level, in an attempt to cause an 
equibiaxial state in the inner specimen area. The problem 
symmetries can be exploited from a computational stand-
point since they allow for simulating only one-eight of the 
area by introducing sliding constraints along the lines OC 
and OL (see Fig. 1).

In this work, the material is considered isotropic and 
linearly elastic. Therefore, its constitutive behavior can be 
fully described by two material parameters only: the Young’s 
modulus and the Poisson’s ratio �.

Optimized Specimen Design

Finally, in the quest for the most suitable specimen profile 
shapes, we utilize the shape degrees of freedom described 
above and formulate the following constrained optimization 
problem:

where 0 and 1 are the null and all-ones vectors, respectively, 
of the same size as � . These linear inequality constraints are 
introduced to inscribe the specimen eighth in the triangle 
OLO′ as motivated in the previous paragraph. The sym-
bol � collects material properties which are introduced in 
order to investigate the effect of constitutive features onto 
the specimen shape design. In this way, the solution of equa-
tion (6) is able to return the optimal specimen geometry as 
a function of the objective weights and material properties, 
i.e. � = �(�,�).

Considering deformation variables only, under imposed 
Dirichlet conditions, the Young’s modulus does not play any 
role, as it only scales stresses and forces. Conversely, Pois-
son’s ratio clearly affects strain inhomogeneity in biaxial 
tests, as it represents interactions between orthogonal fibres. 
Only its influence is consequently explored, so that in equa-
tion (6) � = �.

(6)

min
�

𝜂(�, 𝛼,�) = (1 − 𝛼)𝜂Δ(�,�) + 𝛼𝜂Σ(�,�),

with 0 < � < 1,

xC < xT < 2xC,

xT , yB < xB,

In terms of software, both geometry and domain decom-
position (meshing) were accomplished using the open source 
package Gmsh [27]. The mesh was created using the stand-
ard Delaunay triangulation algorithm with curvature based 
mesh refinement and comprised about two thousands trian-
gular linear finite elements.

The elasticity equations were solved by using the open 
source FEM software Elmer [28] through its wrapper 
Pyelmer [29]. The plane stress settings allowed overcoming 
the volumetric locking associated with high Poisson’s ratios. 
The geometry and FEM software was interfaced via Python. 
In this way, we were able to conduct the multi-objective 
constrained optimization above. In particular, we adopted 
the trust region algorithm trust-constr, available via 
Scipy [30].

During the constrained multi-objective optimization 
process, the errors �Δ and �Σ were computed for each sim-
ulation in order to reach the optimum. To this purpose, a 
Python script was developed which can extract the FEM 
data along the line OC and compute the strain invariants 
and the integrals needed for evaluating the objective func-
tion equation (6).

Constitutive Parameters Identification

The central task associated to extension tests is the iden-
tification of material properties. Ideal tests would set a 
straightforward correspondence between load cell data 
and stress versus strain curves. However ideal biaxial 
tests are challenging to perform. Here a novel procedure 
is proposed which exploits equilibrium considerations 
and full field deformation measurements. These measure-
ments are nowadays commonly obtained by analysing the 
test footage, for example as described later in the experi-
mental section. This way, the extension test output are 
the load cell forces F(𝜀̄) and typically the displacement 
field u(x, 𝜀̄) for every timestep or macrostrain 𝜀̄ . Given 
the displacement field, the planar strain tensor E(x, 𝜀̄) is 
reconstructed together with the displacement gradient. A 
particular strain tensor, e.g. infinitesimal, Cauchy-Green, 
Green-Lagrange, etc., is selected based on the investigated 
constitutive model. It is furthermore commonplace that 
constitutive models are expressed in terms of strain tensor 
invariants, which in the planar case are just two, I1 and I2 . 
In this study, these two latter fields are interpolated along 
the gauge line OC via the local coordinate s running along 
OC, i.e. one obtains I1(s, 𝜀̄) and I2(s, 𝜀̄).

Commonly, the constitutive model predicts normal 
stresses �n as a function of strain invariants [1, 31, 32], 
whereas the selection of OC along a symmetry axis, in 
the case of isotropy, guarantees zero tangential stress 
�n(s) = 0 . The stress vs strain relation is mediated by a set 
of material constants � as
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Finally, by looking at Fig. 1, the equilibrium can be enforced 
as

at every macrostrain level 𝜀̄ . The latter is a–in general non-
linear–equation in the unknowns � . The proposed material 
characterization procedure is summarized in Fig. 2.

As a remark, equation (8) requires isotropy, which leads 
to symmetries and zero tangential strains along OC, but 
not linearity in the constitutive model and can therefore 
be applied to finite strain theory. Moreover, notice that the 
equilibrium equation equation (8) would not necessitate 
full-field displacement measurements if an ideal equibi-
axial deformation state were achieved in the neighbour-
hood of any point x lying along OC, i.e. for homotetic 
transformations. In this ideal case, 𝜀̄ would just be imposed 
at the clamps level.

As a first application, in this study mechanical param-
eters identification is limited to isotropy and small strains, 
so that only linear theory is used. This naturally leads to 
use the infinitesimal strain tensor as the deformation meas-
ure. The two considered invariants are Δ and Σ as defined 
in equation (2). Moreover, linearity allows to account for 

(7)𝜎n = 𝜎n(I1(s, 𝜀̄), I2(s, 𝜀̄),�).

(8)
F(𝜀̄)

2
=

1√
2
∫
OC

𝜎n(s, 𝜀̄,�) ds

only one macrostrain 𝜀̄ , which is thus dropped from the 
following formulae. In plane stress isotropic elasticity, the 
maximum and minimum principal stresses therefore result

From Fig.1, the specimen eighth equilibrium to horizontal 
translation equation (8) can easily be written as

where �max is given in equation (9), F is the force read by 
the load cell and h is the sample thickness. The symbol ⟨⋅⟩ 
denotes averaging along the gauge line.

When utilizing only extension machine data, the strain 
distribution information is limited, except for the aver-
age stretch 𝜀̄ of the horizontal and vertical central lines 
in Fig. 1. Therefore, assuming Σ = 𝜀̄ and Δ = 0 along the 
gauge line and substituting these values into equations (9)-
(10), yields the Young modulus estimate

For a slightly more informed estimate, an extensometer 
can be placed in the specimen middle, since, as confirmed 
by DIC analysis, in that point (of coordinate s = 0 ) the 
tangential strain is null. Instead of placing such a physical 
device, the specimen center point DIC data were used. 
For doing so, Σ(0) can directly substitute 𝜀̄ into equation 
(11) to obtain

Applying the superposition principle to equation (10), due to 
small strains, the average principal stress can be computed 
by summation of the contributions of average areal strain 
and average tangential strain from equation (9). This leads to

Experimental Procedure

To assess the effectiveness of the present approach in generating 
suitable shapes and serving as a practical tool for elastic proper-
ties identification, an experimental investigation on rubberlike 
specimens was conducted. The specimens were hand cut from 

(9)�max∕min =
E

1 − �2
(Σ(1 + �) ± Δ(1 − �)).

(10)

F

2
= h sin

�

4 ∫
xC

cos
�

4

0

�max(Σ,Δ, s) ds

= h sin
�

4
⟨�max⟩

xC

cos
�

4

= hxC⟨�max⟩,

(11)machine → Ẽ =
1 − 𝜈

2hxC

F

𝜀̄
.

(12)DIC(0,0) → Ẽ =
1 − 𝜈

2hxC

F

Σ(0)
.

(13)DICΔ,Σ → Ẽ =
1 − 𝜈2

2hxC

F

⟨Σ⟩(1 + 𝜈) + ⟨Δ⟩(1 − 𝜈)
.

Fig. 2   Equilibrium motivated material characterization via DIC 
assisted biaxial extension test. The key concept is the equilibrium 
based comparison between load cell forces F and normal stresses �n 
predicted by the constitutive model in order to identify the material 
properties � . This operation is made possible by the DIC analysis and 
its post-processing, which return the two planar strain tensor invari-
ants Ii along the gauge line OC
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a 1.4mm thick EPDM sheet with a clamp-to-clamp distance of 
110mm. The biaxial tensile machine, produced by Damo Srl, was 
controlled in displacement on four independent motors and the 
forces, measured by the four load cells, were monitored. A square 
area of side 2xc in the specimen center was painted in white dots 
for creating a suitable speckle pattern in view of DIC analysis. 
The extension velocity was set as to provide a low machine strain 
rate of 4 ⋅ 10−4s−1 for dissipating viscosity.

The tests were filmed with a Basler acA1920-155um cam-
era with a Sony IMX174 CMOS sensor at 2.3 MP resolution 
on 1920×1200 pixels. The camera was positioned so that the 
samples center of mass appeared approximately in the frame 
middle. The vertical distance between lens and object plane 
was fixed at about 220mm.

The obtained images were DIC analyzed by means of 
Ncorr, a common DIC package for Matlab [33]. For the sake 
of simplicity in phase of data analysis, square regions of inter-
est (ROI) were drawn over the gauge area.

The DIC output, which included the infinitesimal strain 
tensor components for every pixel, allowed for retrieving the 
strain invariants, trace and determinant, and from there Σ and 
Δ . These were linearly interpolated along the gauge line and 
used to determine the experimental performance losses �Δ and 
�Σ as defined in equation (3).

The specimens arms were gripped between two anti-slip 
aluminium surfaces (see Fig. 3(a)). These were blocked by 
three bolts for a depth of 15mm each behind the unsupported 
area. In order to check the validity of the boundary condi-
tions imposed in the FEM simulations, a monotonic equibi-
axial extension test was realized up to a 15% macrostrain. The 
boundary conditions discrepancy is quantified by means of 
two slippage errors, measuring slippage parallel and perpen-
dicular to the pulling direction (direction y and x in Fig. 3(a)). 
These errors, calculated along the bottom line of the trapezoi-
dal region of interest in figure, are defined as follows:

Here, ū is the clamp displacement and x runs along the clamped 
boundary line. In Fig. 3(b), it is shown that both errors stay 
below 5% during the whole biaxial extension test. This vali-
dates the no-slip condition assumed in the mechanical model.

A material mechanical characterization independent on 
equibiaxial testing was carried out for validation purposes. A 
rectangular strip of 10×110mm2 was slowly elongated up to a 
1% strain. The DIC analysis was carried out on a square area 
of 10 × 10mm2 in the specimen middle. The Young modulus 
was estimated as 7.61MPa from the force-elongation data at 
the machine level. The same modulus was identified by com-
puting the average principal strain along the sample symmetry 

(14)
err∥(x) =

‖‖‖‖‖

u∥(x)

ū

‖‖‖‖‖
,

err
⟂
(x) =

‖‖‖‖
u
⟂
(x)

ū
− 1

‖‖‖‖
. line transversal to loading. When measured in this way, the 

modulus resulted 7.88MPa, i.e. the gap between the two meth-
ods was only about 3.5%. This served as validation for the 
DIC analysis. Moreover, this difference is justifiable from a 
mechanical point of view. Clamping does not indeed produce 
an exactly uniform uniaxial strain on rectangular strips and 
therefore reading only load cells data might lead to small 
errors for a planar aspect ratio of 10.

Subsequently, the EPDM Poisson’s ratio was inferred 
by DIC assisted full field strain measurement of the same 
uniaxial test. The average ratio of the strain parallel and 
perpendicular to the loading axis was measured along the 
symmetry line perpendicular to loading and it returned a 
Poisson’s ratio of � = 0.39.

Fig. 3   Slippage at clamps. Equibiaxial extension up to 15% mac-
rostrain. a DIC analysis, map of the horizontal displacements near 
the clamps at 10% macrostrain. b Clamping error. Normalized slip-
page in the direction parallel and perpendicular to the pull vs normal-
ized clamping line coordinate. The clamping line lies at the bottom 
of trapezoidal region of interest. Both errors stay below 5% for the 
whole extension range
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Results

The FEM based optimization equation (6) was carried out 
by letting vary both the Poisson’s ratio � ∈ {0.1, 0.3, 0.5} 
and the objective function weight � ∈ {0, 0.5, 1} in order to 
explore the influence of these parameters onto the obtained 
shapes. The 3 × 3 resulting profiles are shown in Fig. 4, 
where the computed maximum tangential strain Δ and half 
aerial strain Σ are also depicted.

It is clear that a high � worsens both equibiaxiality degree 
and transmission of strain from the clamps toward the gauge 
area. The simulations show indeed that the biaxiality and 
strain losses can greatly grow when � increases from 0.1 to 
0.5 (see Table 1). Next, optimal shapes depend on material 
behavior via � . Nevertheless, by keeping fixed � , the optimal 
shapes do not change dramatically, as it can be noticed by 

visually inspecting the rows of Fig. 4. The design variable 
which shows the highest correlation with � is the coordinate 
xB , whose linear regression returns a negative slope of 0.242 
(slope p-value 0.062). A significant correlation is found also 
for the distance of B from the origin, with a negative slope of 
0.403 (slope p-value 0.032). In words, simulations prospect 
that high Poisson’s ratio specimens should be designed with 
small curvatures in the tract near the clamps.

The multi-objective weight � , as expected, also affects 
optimal strain transmission and biaxiality. High � appear 
to concentrate Σ in the specimen center. From a geometric 
point of view, a high � requires small fillet radii and large 
clamping length yA . This can be interpreted as follows: if 
the arms are large in comparison with the gauge area, they 
result stiffer, thus allowing for a higher deformation level 
in the specimen middle, similarly to reinforced arms speci-
mens. For low � instead, the optimization algorithm picks 
large fillet radii with the effect of shifting the areas of high 
tangential strain far from the gauge line and towards the 
decentralized fillets. Quantitatively, for same � , �Δ is far less 
adjustable than �Σ.

The three optimized shapes shown in the third column of 
Fig. 4, named A00, A05, A10 hereafter, have been selected 
for experimental testing. The reason for this particular 
choice lies in an attempt to propose design solutions which 
can be adopted regardless of a priori knowledge of consti-
tutive material behavior. Since, from FEM analysis, incom-
pressible materials result the worst performing, the choice 
of shapes obtained with � = 0.5 appear the most conserva-
tive. Furthermore, for comparison with previously proposed 
designs, two more specimens, whose shapes were borrowed 
from [6], were cut from the same EPDM sheet. The five 
specimens were subjected to equibiaxial extension, in dis-
placement control, and their gauge area full field deforma-
tion was inferred by postprocessing the filmed images in 
the square gauge area defined by the vertex C of Fig. 1. The 
DIC analysis allowed returning the strains in the Cartesian 
frame (see Fig. 5). From these measurements, the planar 
strain invariants were reconstructed and our invariant based 
strain measures Δ and Σ were obtained.

Fig. 4   Effect of objective function and Poisson’s ratio on the FEM 
optimized design and strain field. The maximum tangential strain Δ 
and the average principal strain Σ are shown in the specimens upper- 
and lower-halves respectively with the same color mapping. The Pois-
son’s ratio takes the value of 0.1, 0.3 and 0.5 (left to right), the objec-
tive function weight � is 0, 0.5 and 1 (top to bottom)

Table 1   Optimization results. 
Profile shape dependency 
obtained via multi-objective 
optimization for combinations 
of Poisson’s ratio � and 
objective weight �

� � �Δ �Σ yA xC xT xB yB

0.1 0.0 0.31 0.43 0.49 0.33 0.54 0.75 0.32
0.1 0.5 0.34 0.07 0.64 0.33 0.41 0.81 0.71
0.1 1.0 0.35 0.05 0.70 0.29 0.38 0.75 0.64
0.3 0.0 0.35 0.60 0.51 0.36 0.64 0.80 0.34
0.3 0.5 0.45 0.23 0.48 0.41 0.47 0.73 0.50
0.3 1.0 0.45 0.18 0.72 0.45 0.51 0.67 0.55
0.5 0.0 0.51 0.59 0.44 0.33 0.52 0.69 0.32
0.5 0.5 0.57 0.44 0.50 0.38 0.49 0.73 0.39
0.5 1.0 0.71 0.22 0.83 0.23 0.27 0.60 0.54
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These ROI full field data for Δ and Σ were interpolated 
along the gauge line and plotted in Fig. 6. In Fig. 6(a) the 
five Δ(s) curves are compared. The lowest biaxiality loss 
were achieved by our A10 and the tapered specimens with an 
�Δ of 0.23 and 0.29, respectively (see Table 2). Both curves 
departed from the ideal zero Δ at a distance of about 50% the 
gauge line length. Surprisingly, the other three specimens, 
i.e. A00, A05 and the fillet profiles, performed markedly 
worse, reaching a maximum Δ close to 𝜀̄ and departing from 
zero in the vicinity of the gauge area center of mass, even 
though large fillet radii resulted favorable to lower tangential 
strains from FEM simulations.

Also regarding strain transmission, our A10 and the 
tapered specimens resulted the most efficient, with a loss �Σ 
of 0.20 and 0.34. The latter sample was though less constant 
in Σ(s) , with a tendency to grow from the gauge center out-
wards. The other three profiles attained a higher strain loss, 
but all remained approximately constant along the gauge 
line. This result agrees well with the simulations, as it can be 
noticed by comparing the A00, A05 and A10 �Σ of Table 2 
with the �Σ corresponding to � = 0.5 in Table 1.

In an attempt to elucidate the source of high �Δ for the 
three specimens with large fillet radii, Δ and Σ have been 
plotted against each other in Fig. 6(c). There, it can be 
observed that our A10 and the tapered specimens were the 
closest to the global objective of minimizing both strain and 
biaxiality loss. In our tests, the principal directions of maxi-
mum and minimum normal stress are the gauge line and its 
perpendicular, respectively. Consequently, by adopting the 
minus sign in equation (9), it results that all three large fillet 
radii specimens reached very low positive stresses towards 
the fillet and a large portion of the gauge line contracted, 
whereas it would be expected to expand if the gauge area 
were uniformly stretched (grey area Δ < Σ in Fig. 6(c)).

Fig. 5   Equibiaxial tensile tests and full field measurements. Poly-
meric cruciform specimens were gripped in the biaxial tensile 
machine and subjected to equibiaxial tensile tests. The full-field strain 
measurements were obtained by means of DIC. In b to f the shear-
ing strain �xy in the Cartesian frame, as directly obtained by the DIC 
software, is shown. Blue and red zones, concentrated around corners, 
map high absolute values of �xy

Fig. 6   Experimental strains from DIC analysis. The gauge line planar strains Δ and Σ were reconstructed from DIC analyses for the five tested 
specimens. All strains are normalized by the imposed machine strain 𝜀̄ = 1% . a and b Δ and Σ . c Σ versus Δ . The grey and magenta areas mean 
respectively contraction and compression in at least one direction
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Principal stresses are mapped across the ROIs of all sam-
ples in Fig. 7. Very low minimum principal stresses, loosely 
speaking the radial ones, were retrieved for the A00, A05 
and fillet shapes, thus confirming what has been noted along 
the gauge line. The highest minimum gauge stress arose in 
A10, followed by the tapered specimen. This latter showed 
peculiar X-shaped stress isolines, with minimum stress loss 
along its ROI edges rather than in corners. The maximum 
principal stresses, roughly the hoop ones, attained their 
peak around the corners and were not qualitatively different 
across samples. The A10 profile produced the highest mean.

The deformation out of the gauge area was not monitored 
by DIC analysis. Therefore, for what concerns the specimen 
arms, simulations must be relied upon. The FEM miminum 
principal stresses are depicted in Fig. 8. A10 biaxial exten-
sion produced the starkest contrast between very high and 
very low �min respectively inside and outside the gauge area. 
Low stresses are instead more evenly spread over the whole 
surface for A00 and A05.

Finally, for the sake of validation and comparison, full field 
and load cells data were used to infer the material Young mod-
ulus, which had independently been measured in a uniaxial 
tensile test, as described earlier, together with Poisson’s ratio. 
This estimates were carried out in a range of ways represent-
ing commonly adopted methods, and all of them included the 
knowledge of � = 0.39 and the assumption of plane stress and 
isotropic linear elasticity. The graphical representation of these 
results are depicted in the histogram of Fig. 9.

For all samples, the evaluation of equation (11) assisted 
only by load cells data underestimated the true value of E, as 
measured in simple extension (see Fig. 9, blue bars). Under-
standably, the best so–computed Young modulus estimate 
corresponded to our A10 sample, since this was the closest 
to the blind assumptions of perfect biaxiality and had the 

highest gauge strain level (see Fig. 6(a)). Its estimate error 
was about 15%. All other estimates did not pass 75% of E. 
Again, the large fillet radii samples represented the worst 
case, since they exhibited both a low level of equibiaxiality 
and strain transmission.

The evaluation procedure equation (12), simulating the 
use of an extensometer or biaxial strain gages in the speci-
ment middle, differently from the machine data only exploi-
tation, overestimated the Young modulus (see Fig. 9, purple 
bars). This is expected, since 𝜀̄∕Σ(0) > 1 for all samples, 
thus the higher Σ(0) , the lower this estimate. Therefore, Ẽ 
obtained form our sample A10 produced the closest guess 
with Ẽ∕E = 1.08 , with the second best guess coming from 
the tapered profile with Ẽ∕E = 1.23.

Only the application of equation (13), for all considered 
specimens, allowed matching exactly the Young modulus 
obtained from uniaxial extension within experimental uncer-
tainty (see Fig. 9, red bars). Evidently, this derives from 
exploiting all the available DIC information about the gauge 
line strain field and validates the DIC readings and the linear 
elastic mechanical model.

Table 2   Experimental biaxiality and strain transmission errors

A00 A05 A10 fillet tapered

�Δ 0.39 0.42 0.23 0.50 0.29
�Σ 0.59 0.49 0.20 0.46 0.34

Fig. 7   Minimum and maximum gauge area principal stresses. Values 
normalized by E∕(1 − 𝜈2)𝜀̄

Fig. 8   Minimum principal stress from FEM simulations. From left to 
right: A00, A05, A10. Stress normalized by E∕(1 − 𝜈2)𝜀̄

Fig. 9   Parameter identification. Load cells macrostress and DIC 
strain measurements along the gauge line are used to infer the Young 
modulus already known from the uniaxial test in four different ways
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As a comparison, in Fig. 9, yellow bars, an estimate 
which neglects tangential strains ( DICΔ=0 ) can be com-
puted. In fact, by assuming perfect biaxiality within the 
gauge area, Δ = 0 can be substituted in equation (13). This 
method returns Ẽ similar to equation (12), since Σ is pretty 
constant along the gauge line ( Σ(0) ≈ ⟨Σ⟩ ), except that for 
the tapered specimen. The difference between this latter 
estimate and that of the full equation (13) shows the non 
negligible contribution of the unwanted tangential strain Δ 
to the elastic problem.

Discussion

Biaxial tests are extremely useful for the investigating mate-
rials mechanical behavior. However, achieving accurate 
experimental measurements can be challenging due to the 
discrepancy between the desired deformation state and the 
inevitably inhomogeneous state achievable in testing. A range 
of approaches are usually adopted for overcoming these dif-
ficulties. However, the material science community is still in 
discussion regarding standard testing procedures, encompass-
ing both measurement techniques and specimen shapes.

With this work, we enrich this discussion from differ-
ent points of view: performance objectives measures; newly 
proposed cruciform shapes; simplification of parameters 
identification.

Other authors have already noticed that both biaxiality 
and strain transmission losses must be minimized in order 
to obtain easy-to-handle data and high strain levels in the 
gauge area. Remedies for reducing one of these two losses 
have been repeatedly proposed, but the derived engineering 
solutions do not simultaneously eliminate all the shortcom-
ings. The present multi-objective cost function includes both 
losses. Accordingly, it establishes two metrics along a line 
rather than either in specific points or over all the sample 
surface. This quantification leads to simply but accurately 
interpret relations between stresses and measured forces, as 
it is demonstrated in Fig. 9. This is crucial, since an obstacle 
toward wide adoption of biaxial tests is represented by the 
difficulty of mapping stresses to measured forces.

The FEM simulations used for the specimen design, 
even though carried out by means of simplified constitu-
tive assumptions, have allowed for a quantitative insight 
into the interplay between shape and behavior thanks to a 
flexible profile geometric parametrization. In particular, 
material compressibility, strain transmission and biaxiality 
optima lead all to different design solutions. The effect of 
Poisson’s ratio, as expected, is to inevitably worsen the per-
formance, based on numerical analysis. On the other hand, 
optimal shapes obtained with different Poisson’s ratios do 
not differ dramatically (see Fig. 4). This is a relief, since 
it is not desirable to adopt shapes that depend sensitively 

on the same material parameters subject to identification, 
whereas an overarching experimental goal should be the 
adoption of standard samples for the same material class. 
Incidentally, this evidence goes hand in hand with that high-
lighted by [34] that elastic and elastoplastic specimens can 
be made in a similar way and still allow for correct param-
eter identification.

Speaking of shapes, high strain levels were achieved in 
our FEM based optimization by small fillet radii and large 
arms with a relatively small gauge area, i.e. with samples 
resembling tapered profiles or the one used in [35, 36], 
where the optimization was although qualitative. This is 
reasonable, since such shapes make the arms stiffer in com-
parison with the gauge area. Biaxiality, instead, could in 
theory be improved by large fillet radii, according to our 
computations. Nevertheless, this improvement has failed 
to realize in experimental tests. ROI stress quantification 
confirmed extremely low minimum stresses associated to 
large fillet radii, which might suggests that, compression 
has induced local buckling. A further insight into this issue, 
i.e. the mismatch in predicted versus experimental biaxiality 
performance, can be retrieved by FEM simulations. A00 and 
A05 presented low stresses over the hole domain, while A10 
only over the arms. This could suggest that A10 performed 
well also in terms of biaxiality because hoop instability in 
the arms is a similar mechanism to the insertion of hooks 
or slots in lowering the gauge area tangential strains: it 
decouples tangential and normal stresses. This issue, whose 
detailed evaluation is out of scope here, raises an alarm in 
terms of experimental interpretation, since local instabil-
ity can hardly be detected by force measurements or top 
view image processing. On the other hand, it also indicates 
one more reason for preferring small fillet radii and small 
gauge areas which have globally performed better within 
our metrics. In this case, indeed, all the gauge area is well 
conditioned in terms of tensile stresses.

Briefly, the presented experimental evidence, has shown 
that maximizing strain levels in the gauge area in the design 
process provides samples with a behavior closer to the ideal 
one than with shapes obtained with the goal of minimizing 
biaxiality losses. Besides, the effectiveness of small radii has 
resulted superior to the introduction of profile singularities, 
in the form of sharp crossroad corners, as it is demonstrated 
by the better behavior of the newly proposed A10 design in 
comparison with tapered ones.

The other novel point of this article regards the material 
characterization procedure, which enables and additional 
equilibrium equation relating gauge line normal stresses, 
which are functions of unknown material properties, to load 
cells measurements (see flowchart Fig. 2). The gauge line is 
selected in such a way that it lies along a principal direction, 
so that no tangential stresses need to be accounted for in the 
equilibrium equation equation (8).
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Is is noteworthy that the proposed characterization: sim-
plifies the full field measurements since it needs only local 
information about the deformation process; mitigates the 
numerical and coding modelling effort in that original con-
stitutive models do not need to be included in finite element 
computations for simulating the mechanical response of the 
whole two-dimensional domain.

In this initial application of equilibrium-based material 
characterization, we focused on the relatively straightfor-
ward linear elastic scenario to demonstrate the feasibility 
of the concept. In linear elasticity is indeed unnecessary to 
perform both uni- and biaxial test for obtaining the material 
properties. On the other hand, knowing the linear elastic 
properties from the uniaxial test has been useful for valida-
tion purposes and showed the robustness of the approach.

Conclusions

The present design procedure relies upon standard deviations 
from ideal objectives along gauge lines. This facilitates a direct 
mapping of average stresses to load cell forces. This approach 
has allowed for the design of shapes that outperform existing 
ones, at least among simply connected surfaces, which are 
straightforward to manufacture in common facilities without 
altering the tested materials. It has not been possible to real-
ize an uniformly equibiaxially stretched gauge area, despite 
a considerable number of geometry degrees of freedom. The 
objective of reading load cell data only for inferring mechani-
cal parameters has not been reached entirely, but at best only 
approached by one new shape. Exclusively the use of full DIC 
information along the gauge line has allowed to retrieve cor-
rectly the material parameters independently measured for all 
samples. This surely underlines the necessity of improving the 
reliability and flexibility of DIC procedures in the realm of 
mechanical characterization [37].

Given the persisting challenges in attaining a sufficiently 
large purely equibiaxial area, sole reliance on load cell data 
introduces significant errors, evident even in the linear 
elastic case. The remaining concern now revolves around 
achieving optimal strain transmission to explore as large 
as possible material deformations. In this context, the A10 
sample emerges as the most suitable design, surpassing the 
performance of the tapered alternative.

In this work, we have exploited the fact that our gauge 
line lies entirely along a principal direction. This allows for 
testing constitutive equations which are mostly expressed 
in terms of strain invariants. Of course, in future studies, 
thinking of anisotropy or general biaxial extension, this line 
might not be straight and should be individuated by analyz-
ing displacement streamlines.

These considerations help towards extensive inves-
tigations into large deformations testing and inelastic, 

anisotropic media, which are important frontiers, especially 
for soft materials, to be pushed for enlarging our knowledge 
of material mechanics. Even though in this study only small 
strains have been considered, it is encouraging that, when 
loading history and inelastic deformations were considered, 
no dramatic differences were found in optimal shapes or 
stress levels [6, 34].
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