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Abstract

Designing adhesive interfaces in soft viscoelastic solids remains a significant challenge,
as accurate prediction of surface forces requires a comprehensive understanding of
bulk dissipation, loading rate, and contact geometry. At the same time, an open
question is whether data-driven models can learn from high-fidelity simulations
while preserving the physical structure imposed by mechanics and enabling real-time
prediction. This thesis addresses both challenges by developing a predictive framework
for the normal detachment of smooth rigid indenters from soft viscoelastic substrates,
integrating analytical modeling, Boundary Element Method (BEM) simulations, and
physics-guided machine learning.

Analytically, crack-propagation theory is extended to flat-punch detachment from
finite viscoelastic layers, establishing three thickness-dependent regimes and showing
that geometric confinement bounds adhesion amplification below the semi-infinite
limit. For Hertzian contact, a four-parameter modified power-law constitutive model
is introduced. Closed-form relations are derived in the time and frequency domains
and coupled with Persson–Brener-type fracture mechanics to obtain an explicit
scaling relation between unloading rate and crack speed at pull-off. These predictions
are compared with adhesion experiments on PDMS at variable unloading rates to
investigate the regime of validity of linear viscoelastic theory.

BEM simulations over a broad parameter space (Tabor parameter, material
exponent, preload, viscoelastic spectrum, and layer thickness) confirm the analytical
trends and identify a threshold contact radius below which finite-size effects suppress
adhesion amplification. The results further show that the transition between DMT-
like and JKR-like detachment depends jointly on the Tabor parameter and indentation
depth.

Physics-augmented learning models trained on the simulation data predict pull-off
force, effective surface energy, work to pull-off, and reduced descriptors of unloading
trajectories. The use of learning models enables rapid prediction, reducing inference
time from hours (required for numerical simulations) to milliseconds. Furthermore,
embedding analytical descriptors as inputs improves physical consistency and reduces
prediction error by 60% compared to purely data-driven models. The thesis establishes
a predictive, mechanics-consistent hierarchy for fast and physically grounded analysis
and design of soft adhesive interfaces.
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Chapter 1

Introduction

This chapter introduces soft viscoelastic adhesion as the central mechanics
problem of the thesis and defines the scope of the work. It states the
main research question, outlines the analytical, numerical, and data-driven
strategy adopted in the dissertation, and maps the role of the chapters that
follow.

1
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1.1 Background and Motivation

Soft adhesive interfaces made of elastomers, gels, and other compliant polymers
play a central role in many modern engineering systems. Their ability to undergo
large deformations, conform to counter-surfaces, and sustain significant interfacial
forces makes them relevant to gripping technologies, switchable adhesion, tactile
interfaces, soft robotics, biomechanics, and frictional applications [1–4]. In such
systems, adhesion is not merely a small correction to classical contact mechanics. It
is often one of the main physical mechanisms governing attachment, load transfer,
detachment resistance, and functional reliability.

Figure 1.1: Adhesive interfaces from natural systems to engineering applications (adapted
from [5] under a Creative Commons license): (a) Reversible handling of delicate items such
as silicon wafers using buckling instability for release at INM. (b) Pick-and-place of curved
objects via pneumatic actuation. (c) Gecko adhesion as a natural example, enabled by
a hierarchy of keratinous, hair-like structures with submicron thickness. (d) Laboratory
specimens of mushroom-shaped fibril arrays that mimic gecko adhesion and their use in a
pick-and-place device.

Representative examples of these applications are shown in Figure 1.1, ranging
from reversible handling of delicate technological components to bioinspired gripping
strategies based on microstructures. These examples illustrate why adhesive contact
in soft materials must be understood not only as a fundamental mechanics problem,
but also as an enabling mechanism for controlled attachment and release in engineering
systems.

The mechanical description of these interfaces begins with classical contact
mechanics. In the absence of adhesion, the local interaction between smooth non-
conforming elastic bodies can be approximated by the contact of an equivalent
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paraboloid with an elastic half-space, as established by Hertz [6, 7]. At sufficiently
small separations, the existence of adhesion is not in itself surprising; where in-
termolecular interactions generate attractive and repulsive tractions, commonly
represented through force–separation laws associated with van der Waals interac-
tions and, in many numerical formulations, approximated by Lennard-Jones-type
relations [8]. In soft solids, these tractions interact strongly with bulk deformation,
so that detachment resembles a fracture process rather than a purely geometric
loss of contact. The balance between surface forces and elastic restoring stresses is
commonly characterized by the Tabor parameter µ, which governs the transition
from the so called DMT limit to the JKR limit. For the DMT-like behavior adhesion
acts outside the contact zone on essentially undeformed profiles, while for the JKR
limit, adhesion produces a crack-like singularity at the contact edge [9, 10].

The adhesion problem becomes more challenging when the substrate is viscoelastic.
In that case, the response depends not only on geometry and work of adhesion, but also
on the loading/unloading rate, the relaxation spectrum of the material, the loading
history, and the finite size of the contacting bodies or layers [11–19]. The problem
is, also multiscale: in geometrical terms, real contacting surfaces contain asperities
spanning several orders of magnitude; in material terms, viscoelastic dissipation is
distributed across a broad spectrum of relaxation times rather than concentrated
at one characteristic time. These features make real-time predictive modeling and
design of soft adhesive contacts particularly demanding [5]. Analytical models have
limitations for identifying governing parameters, scaling laws, and limiting regimes,
as they necessarily rely on simplifying assumptions. Numerical models can resolve
the nonlinear, transient mechanics of detachment in much greater detail, yet they
are computationally expensive. Data-driven models are therefore needed, not as
replacements for mechanics-based approaches, but as efficient surrogates built upon
them for design, rapid evaluation, and parametric exploration.

The present thesis is built around this hierarchy of models. The central idea is
that analytical modeling, numerical simulation, and data-driven prediction should not
be treated as disconnected methodologies, but combined into a coherent framework in
which simplified mechanics provides interpretation, high-fidelity simulation provides
reference data, and physics-guided machine learning delivers computationally efficient
predictive capability. As will be shown in chapter 3 and chapter 4, unloading rate,
constitutive broadness, and geometric confinement are the dominant drivers of
detachment amplification. A central premise of the dissertation is therefore that
the key challenge is not simply to include many physical ingredients, but to identify
which of them control detachment in practice and how they can be retained in
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predictive tools of progressively lower computational cost.

1.2 Problem Statement and Scope

The scientific problem addressed in this thesis is the prediction of adhesive detachment
in soft viscoelastic interfaces when adhesion, bulk dissipation, unloading rate, and
geometric confinement act simultaneously. The problem is not only mechanical but
also methodological: analytical theories provide interpretation but remain restricted
to simplified constitutive behavior, limiting geometries, or asymptotic regimes; high-
fidelity numerical models can resolve the coupled problem, but at a computational
cost too high for rapid parametric exploration, design, or control; and purely data-
driven surrogates offer speed, yet do not automatically preserve the limiting structure
imposed by contact mechanics and fracture-based interpretations of detachment.

1.2.1 Central research question

Can predictive models for soft viscoelastic adhesive contact be constructed that learn
from high-fidelity simulations, retain the physical structure identified by analytical
contact and fracture mechanics, and at the same time avoid the computational cost
associated with multi-scale changes in material properties, loading conditions, and
geometry?

1.2.2 Scope and limitations

The analysis is restricted to contacts between rigid indenters and soft viscoelastic
substrates under normal loading and unloading, with particular emphasis on flat-
punch and Hertzian geometries. The constitutive setting is linear viscoelasticity, and
the experimental comparison is limited to a representative PDMS-based Hertzian
contact system for which linear theory is shown to be sufficient up to unloading
rates of approximately 100 µm/s [20, 21]. Roughness, multiasperity interactions,
tangential loading, compliant counter-bodies, and fully nonlinear constitutive effects
lie outside the present scope.

Within this setting, the main quantities of interest are the pull-off force, the
average detachment stress, the effective surface energy, the work to pull-off, and
finally a reduced but physically informative representation of the adhesive-force
evolution during unloading.
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1.3 Modeling Approach

Addressing the shortcomings of existing analytical and numerical models requires a
unified predictive framework in which analytical, numerical, and data-driven models
play distinct but complementary roles.

Analytically, the thesis builds on classical JKR and DMT theories and on
Greenwood-type and Persson–Brener crack-propagation formulations [9, 12–15, 22,
23]. These approaches provide the interpretive structure of the problem: they identify
governing parameters, clarify limiting regimes, and motivate reduced relations for
finite-thickness detachment, broad-band viscoelastic scaling, and effective surface
energy. Their value in the present work is therefore not only explanatory but also
constructive, since the resulting descriptors are subsequently used as physical features
to augment surrogate modeling.

Numerically, high-fidelity simulations based on the Boundary Element Method
(BEM) are used to resolve the aspects that analytical theory cannot capture in
sufficient detail, namely nonlinear traction–separation behavior, transient viscoelastic
response, finite-size effects, and loading-history dependence [24, 25]. By discretizing
only the contact interface through surface Green functions, the BEM provides a robust
route to high-fidelity reference solutions and a systematic database for validation
and parametric study. Its main limitation is computational cost, which remains
substantial, typically ranging from ∼102 to ∼104 seconds per simulation for a single
high fidelity contact model of an asperity.

Data-driven models are introduced to bridge this gap between mechanical fidelity
and predictive speed [26]. Rather than treating machine learning as a replacement
for mechanics, the thesis uses it as a surrogate layer built on top of the analytical
and numerical framework. In particular, analytical descriptors derived from contact
and fracture mechanics are embedded as guidance so that the learned models remain
anchored to known scaling laws and limiting behaviors. The objective is therefore
twofold: to achieve millisecond-level prediction and to determine whether physics
augmentation genuinely improves robustness, extrapolation, and interpretability.

1.4 Research Gap

Despite the substantial progress, three specific gaps remain open. First, the finite-size
limits on adhesion amplification in viscoelastic contacts, particularly for thin confined
layers, have not been quantified systematically, and existing crack-propagation
theories have not been extended to account for geometric confinement. Second,
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most analytical and numerical studies of rate-dependent adhesion rely on single-
relaxation-time constitutive models, whereas real engineering polymers display broad-
band viscoelastic spectra that require a more general description. Third, although
machine-learning surrogates have been applied to related contact-mechanics problems,
they remain largely restricted to flat-to-flat configurations. Furthermore, their
systematic combination with physics-augmented features derived from viscoelastic
crack-propagation theory has not yet been established, and no surrogate framework
has been proposed for predicting full unloading trajectories rather than scalar
endpoints alone. These gaps are further substantiated through the detailed literature
analysis presented in Chapter 2.

1.5 Thesis Objectives

The overall objective of the thesis is to develop a coherent predictive framework for
soft viscoelastic adhesive interfaces that combines physical interpretability, numerical
fidelity, and computational efficiency. More specifically, the dissertation pursues four
objectives:

1. To clarify how fracture-mechanics scaling, unloading rate, layer thickness, and
constitutive broadness govern adhesive detachment in soft viscoelastic systems,
and to establish the analytical bounds on adhesion amplification.

2. To develop and validate a Boundary Element framework with Lennard-Jones
interfacial tractions and viscoelastic response that resolves transient adhesive
contact over the relevant ranges of Tabor parameter, preload, unloading rate,
and broad-band constitutive spectrum, and to assess its consistency against
analytical limits and representative Hertzian experiments within the linear-
viscoelastic regime.

3. To quantify, through systematic parametric analysis, how contact geometry,
preload, unloading rate, Tabor parameter, and constitutive spectrum control
pull-off force, average detachment stress, effective surface energy, work to pull-
off, and the evolution of the unloading curve, and to identify the conditions
under which finite-size effects suppress the semi-infinite amplification limits.

4. To construct physics-augmented supervised-learning surrogates for both scalar
detachment metrics and reduced-order unloading trajectories that retain the
fidelity of high-fidelity BEM simulations while reducing prediction time by
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orders of magnitude, and to determine whether analytical augmentation im-
proves accuracy, extrapolation, and interpretability relative to non-augmented
baselines.

1.6 Main Contributions

The thesis contributes new mechanical understanding, constitutive and analytical
developments, numerical validation tools, and physics-augmented predictive models
for soft viscoelastic adhesion:

• Mechanical: Identification of the finite-size limits of viscoelastic detachment,
showing that geometric confinement governs the attainable adhesion amplifi-
cation: in flat-punch contact through finite layer thickness, and in Hertzian
contact through the threshold contact radius required to avoid finite-size effects.

• Constitutive and analytical: Introduction of a four-parameter modified power-
law framework for broad-band viscoelasticity and its coupling with Persson–
Brener crack-propagation theory, yielding reduced rate-dependent relations for
effective surface energy, work to pull-off, and crack-speed scaling.

• Numerical and validation: Construction of a Boundary Element framework for
adhesive viscoelastic contact with Lennard-Jones interfacial tractions and hered-
itary response, and use of that framework to assess analytical limits, explore
the roles of preload and Tabor parameter, and validate the linear-viscoelastic
predictions against representative PDMS-based Hertzian experiments.

• Data-driven and methodological: Development of physics-augmented supervised-
learning surrogates for pull-off force, effective surface energy, and work to pull-
off, together with a reduced-order neural-network representation of unloading
trajectories based on a six-key-point description of the force–displacement
curve, thereby extending the framework from scalar quantities to compact
trajectory-level prediction.

The chapter-by-chapter results show how these contributions translate into spe-
cific mechanical findings, quantitative predictive performance, and experimentally
delimited validity ranges; these outcomes are provided in Chapter 6.
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1.7 Thesis Organization

The thesis is organized so the chapters follow a progressive development of models,
both in physical complexity and in predictive scope:

• chapter 2 provides the literature review underlying the thesis, summarizing the
main theories for adhesive contact and discussing the influence of viscoelasticity
and recent data-driven approaches.

• chapter 3 addresses the detachment of a rigid flat punch from an adhesive
viscoelastic layer of finite thickness, investigating the boundary element method-
ology against analytical limits and clarifying how layer thickness, unloading
rate, and loading history influence the detachment stress and the effective
adhesive energy.

• chapter 4 extends the analysis to Hertzian contact in broad-band viscoelastic
materials, introducing the modified power-law constitutive framework, studying
the respective roles of bulk dissipation and fracture-process-zone effects, and
combining analytical, numerical, and experimental evidence to assess the
validity and limitations of linear viscoelastic adhesion theories.

• chapter 5 develops physics-augmented machine-learning models for scalar quan-
tities of engineering interest (pull-off force, effective surface energy, work to
pull-off), clarifying the regimes in which analytical augmentation is effective,
and then generalizes the data-driven framework to reduced-order prediction of
unloading trajectories, moving from endpoint quantities to a compact represen-
tation of the adhesive-force evolution.

• chapter 6 summarizes the main findings and outlines directions for future work.



Chapter 2

Literature Review

This chapter supports the research problem stated in Chapter 1 by estab-
lishing the specific literature background needed for predictive modelling of
soft viscoelastic adhesive detachment. Its task is to identify which parts of
the field are structurally necessary for the thesis and which limitations in
the existing literature motivate the developments of Chapters 3–5. Three
foundations are required. First, an elastic adhesive reference model is needed
to interpret detachment as an edge-controlled energetic problem; this role
is played by JKR, DMT, and Maugis used to define the relevant asymp-
totic regimes. Second, viscoelastic crack-propagation theories are needed
to explain rate-dependent enhancement of the effective surface energy and
to clarify what remains unresolved for finite-size and broad-band materials.
Third, because the numerical models required to resolve these effects are
computationally demanding, the chapter reviews the state of data-driven
and physics-guided surrogate modelling in adhesion and adjacent areas.

9
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2.1 Theoretical background

This thesis concerns the normal approach and detachment of a single asperity
in adhesive viscoelastic contact. The central theoretical problem is therefore not
contact mechanics in general, but the selection of an elastic reference model that
can be extended toward rate-dependent detachment in soft polymers and elastomers
[1–4, 27–33].

For single-asperity contact, the natural elastic baseline is the Hertz solution
for two smooth, non-adhesive bodies with locally quadratic geometry [6, 7]. The
contact between two spheres of radii R1 and R2, characterized by Young’s moduli
{E1, E2} and Poisson’s ratios {ν1, ν2}, can be reduced to an equivalent problem
involving a sphere of radius R, defined by 1/R = 1/R1 +1/R2, in contact with a rigid
half-space with effective modulus E∗ such that 1/E∗ = (1 − ν2

1)/E1 + (1 − ν2
2)/E2. In

this framework, the contact response is governed entirely by compressive elasticity:
Hertz provides the load–indentation relation, contact radius, and pressure field for a
non-adhesive interface, and therefore serves as the reference problem against which
adhesive effects must be assessed.

That reference is, however, fundamentally unable to describe the phenomena
of interest in this thesis. A purely Hertzian contact cannot sustain tensile edge
tractions, cannot predict a finite pull-off force, and cannot represent detachment
instability during unloading. Once separation is no longer a negligible perturbation
of a compressive contact, intermolecular forces must be incorporated explicitly. At
nanometric separations these interactions are commonly represented through a force–
separation law of van der Waals type, often idealized by a Lennard–Jones potential.
For two nominally planar surfaces separated by a gap h, the corresponding normal
stress can be written as follows [8]:

σ(h) = 8∆γ0

3h0

[︄
h3

0
h3 − h9

0
h9

]︄
, (2.1)

where ∆γ0 =
∫︁+∞

h0
σ(h)dh is the thermodynamic work of separation per unit area.

The existence of a tensile branch in Eq. (2.1) is precisely what makes adhesion
mechanically relevant: once the interface can support attraction outside the purely
compressive Hertz regime, detachment must be described by a model that couples
elastic deformation and surface forces.

For compliant solids with short-range adhesion, the most important such model
is the theory developed by Johnson et al. [22]. The JKR framework incorporates
elastic deformation and interfacial energy in a single asymptotic description, and it
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can be reinterpreted through the Griffith energy balance as the propagation of an
“external” crack at the edge of the contact [34, 35]. A useful complementary limit
is the rigid Bradley result [36], for which the pull-off force is 2πR∆γ0, but for soft
materials the relevant elastic adhesive reference is JKR rather than a rigid-body
description.

The transition between adhesive regimes is commonly characterized by the Tabor
parameter [37],

µ = 3

⌜⃓⃓⎷R∆γ2
0

E∗2h3
0

(2.2)

which measures the relative importance of elastic deformation at the contact edge
compared with the interaction range h0. Large values of µ correspond to short-range
adhesion and strong deformation at the edge, which is the regime in which JKR
becomes the appropriate elastic asymptote. Small values of µ instead lead toward
DMT-like behavior. Other mechanisms such as roughness, shear, and externally
induced vibrations may also affect adhesion [27, 38–58], but they are not the primary
focus here.

2.2 JKR contact model and short range adhesion

In the present context, the JKR model is not introduced merely as a classical result,
but as the elastic reference problem from which the later viscoelastic developments
of the thesis depart. Its underlying assumptions should therefore be stated clearly:
linear elasticity, small strains, smooth surfaces, short-range adhesion, and quasi-static
loading of bodies that can be approximated locally as elastic half-spaces. Under these
conditions, the contact between a rigid sphere of radius R and an elastic substrate
can be determined by minimizing the total potential energy

Π = U + Ω − Γ,

where U is the elastic strain energy, Ω is the potential of the external load, and
Γ = A∆γ0 is the interfacial energy associated with the contact area A = πa2 [22].

The equilibrium condition is obtained from ∂Π/∂A = 0. Under displacement
control this gives

∂U

∂A
= ∂Γ

∂A
= ∆γ0,

which reveals the essential content of the model: the adhesive contact edge is governed
by an energy balance of Griffith type [34]. In other words, JKR turns the loss of
contact into a crack-like event. That point is more important for this thesis than the
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derivation itself, because it provides the conceptual bridge to viscoelastic detachment
developed later.

By imposing G = ∆γ0, where G = ∂U/∂A is the energy release rate, one obtains
the classical JKR relations between the external load P (positive in compression),
the indentation δ, and the contact radius a [22]:

P = 4E∗a3

3R
−
√︂

8πE∗a3∆γ0 , (2.3)

δ = a2

R
−
√︄

2πa∆γ0

E∗ , (2.4)

Setting ∆γ0 = 0 recovers the non-adhesive Hertz solution, which makes explicit the
role of JKR as its short-range adhesive extension. The same equilibrium condition
may also be written in stress-intensity-factor form by using the Irwin relation between
G and KI [59]. The mode-I stress intensity factor is defined as

KI = lim
ρ→0

σyy(x, 0)
√

2πx, (2.5)

where y is normal to the crack plane and x is the distance from the crack tip. Using
G = K2

I /(2E∗), equilibrium follows from KI = KIc with KIc =
√

2E∗∆γ0.
For later use, it is convenient to introduce the dimensionless quantities

ˆ︁P = P

πR∆γ0
; ˆ︁a =

(︄
E∗R

∆γ0

)︄1/3
a

R
; ˆ︁δ =

(︄
E∗R

∆γ0

)︄2/3
δ

R
, (2.6)

so that the JKR relations become

ˆ︁P = 4ˆ︁a3

3π
− 4ˆ︁a3/2

√
2π

, (2.7)

ˆ︁δ = ˆ︁a2 −
√

2πˆ︁a . (2.8)

The physical content of these relations is well known: compared with Hertz,
adhesion enlarges the contact area at fixed load and permits tensile loads before
detachment. Within JKR the contact pressure distribution p(r) can be written as
the superposition of the Hertzian pressure and a flat-punch contribution,

p (r) = p1 + p2 = 2E∗
√

a2 − r2

πR
−
√︄

2E∗a∆γ0

π (a2 − r2) . (2.9)

so that the stress becomes singular at the contact edge. This is precisely why
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fracture-mechanics concepts become natural in adhesive detachment problems: the
edge, rather than the interior of the contact, controls the loss of adhesion.

Figure 2.1: Schematic illustration comparing Hertzian and JKR contact models under
identical indentation δ. (a) Vertical displacement fields and (b) pressure distributions
are shown for both cases. For the same indentation, the resulting external load P differs
between the two models. The contact radii aH and aJKR correspond to the Hertz and
JKR solutions, respectively.

Figure 2.1 provides a schematic comparison between the Hertz and JKR solutions
under the same imposed indentation. The key point is that adhesion modifies both
the displacement field and the pressure distribution at the edge of the contact,
producing a larger contact radius and allowing tensile loads before detachment.
When the system is analyzed under load control, the maximum pull-off force occurs
at ˆ︁Ppo = −3/2, corresponding to ˆ︁a = (9π/8)1/3 and ˆ︁δ = −π2/331/3/4.

The importance of JKR extends beyond spherical contact. The same Griffith-type
logic has been used to treat a variety of adhesive geometries, including sinusoidal
contacts, dimpled surfaces, power-law indenters, and thin elastic layers [27, 60–65].
This breadth is relevant here only in a limited sense: it shows that JKR is not
a narrow historical model, but a transferable energetic framework for short-range
adhesive contacts. A particularly useful consequence is that, if the corresponding
non-adhesive solution is known, the adhesive response can often be generated directly
from it [64, 66]. In terms of the adhesiveless force–indentation relation P (δ) and
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contact area A(δ), the generalized JKR correction takes the form

δ2 = δ1 −

⌜⃓⃓⎷2∆γ0
∂A1

∂δ1

/︄
∂2P1

∂δ1
2 , (2.10)

P2 = P1 −
(︄

∂P1

∂δ1

)︄ ⌜⃓⃓⎷2∆γ0
∂A1

∂δ1

/︄
∂2P1

∂δ1
2 , (2.11)

where the subscript “2” denotes the adhesive solution to be determined, whereas the
subscript “1” corresponds to the known adhesiveless solution.

It is useful to note that finite-size effects are already present in non-adhesive
contact of elastic layers [7, 67]. When the contact size becomes comparable with
the layer thickness, the substrate compliance and pressure distribution deviate from
the half-space solution because the lower boundary participates in the load transfer.
In adhesive viscoelastic detachment this bulk confinement effect interacts with, but
is distinct from, the crack-tip or cohesive-zone length scale. The former modifies
the elastic energy available during unloading, whereas the latter controls whether
separation proceeds as edge crack propagation or as nearly uniform decohesion. This
distinction motivates the finite-thickness analysis developed in Chapter 3.

2.3 From short-range to long-range adhesion

For the purposes of this thesis, DMT and Maugis are important mainly because they
delimit the range of validity of JKR. The DMT family of models corresponds to
the opposite asymptotic idea: adhesive interactions are treated as a perturbation of
the non-adhesive Hertzian gap, and the deformation produced by adhesive tractions
is neglected [23]. This description is appropriate when the interaction range is
large compared with the elastic necking scale at the edge, that is, for small Tabor
parameter. In that limit adhesion acts primarily outside the contact area and the
interface remains close to the Hertz geometry.

For spherical contact it is common to use the simplified DMT-M approximation
proposed by Maugis [9], in which the Hertzian compressive load is supplemented by
a constant adhesive contribution equal to the rigid pull-off force Ppo = −2πR∆γ0.
The corresponding dimensionless relations are

ˆ︁P = 4ˆ︁a3

3π
− 2 , (2.12)

ˆ︁δ = ˆ︁a2 . (2.13)
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The transition between the DMT and JKR limits is continuous rather than
abrupt [10]. For this reason, Maugis [9] introduced a cohesive-zone model based
on a Dugdale traction law, which regularizes the edge singularity and interpolates
smoothly between the two asymptotic regimes. In practical terms, the Maugis
framework introduces a finite cohesive region surrounding the true contact and
shows how the response moves continuously from the long-range DMT side to the
short-range JKR side as the Tabor parameter increases. Figure 2.2 summarizes this
transition and compares the cohesive-zone prediction with numerical calculations
based on Lennard–Jones interactions and BEM [8, 24, 68, 69].

Figure 2.2: Asperity contact adhesion: (a) the adhesion map obtained by Johnson
and Greenwood [70] for the contact of elastic spheres, adapted with minor modifications
from Ciavarella et al. [8] (used with permission). (b) Dimensionless normal load ˆ︁P as a
function of dimensionless indentation ˆ︁δ, comparing the predictions of the JKR model, the
DMT-M model, and the cohesive-zone model of Maugis [71] for various Tabor parameters
(µ = 0.01, 0.1, 0.5, 1, 5). The adhesiveless Hertzian solution is shown as a black dashed
line for reference, and in panel (b), the dot-dashed line indicates the condition ˆ︁a = 0.

Adhesion maps provide a compact summary of this regime selection [70]. At
large compressive loads the adhesive correction becomes negligible and Hertz is
sufficient; at small Tabor parameter the response approaches the Bradley/DMT side;
at intermediate values a cohesive-zone transition is needed; and for sufficiently large
µ the short-range JKR limit becomes appropriate.

2.4 Adhesion enhancement via viscoelasticity

The JKR framework becomes especially valuable once the contacting material is
soft. However, polymers and elastomers, which are widely used in robotic gripping,
switchable adhesion, and biomechanical interfaces [2, 4, 27–33], exhibit rate-dependent
constitutive behavior. During unloading, the crack-like contact edge identified by
JKR no longer responds with a rate-independent work of separation; instead, the
apparent resistance to detachment is modified by bulk dissipation and fracture-
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process-zone effects. For this reason, viscoelastic adhesive detachment can often be
analyzed as the propagation of an external crack in a viscoelastic medium, provided
that the limitations of this analogy are kept in mind.

2.4.1 Constitutive framework

The mechanical behavior of viscoelastic materials depends strongly on the excita-
tion frequency ω [11]. At low frequencies, the material response is predominantly
elastic and characterized by a relaxed Young’s modulus E0. At high frequencies,
the response remains elastic but is governed by a higher, so-called instantaneous
modulus E∞, which can be several orders of magnitude larger than E0 [18]. In
the intermediate frequency range, where E0 < E(ω) < E∞, the material exhibits
significant energy dissipation. In the frequency domain, the viscoelastic constitutive
behavior can be described through a complex Young’s modulus E(ω). The ratio
tan(δ) = Im

(︂
E(ω)

)︂
/ Re

(︂
E(ω)

)︂
provides a quantitative measure of the dissipative

characteristics of the material.
An immediate consequence of viscoelastic dissipation is that the stress and

strain fields at a given time t depend on the entire loading history of the system.
Nevertheless, owing to the linearity of the constitutive behavior, the principle of
superposition remains applicable. For instance, in the case of uniaxial loading, the
stress σ(t) and strain ε(t) can be expressed through convolution integrals:

ε (t) = σ (0) C (t) +
∫︂ t

−∞
C (t − τ) dσ (τ)

dτ
dτ , (2.14)

σ (t) = ε (0) R (t) +
∫︂ t

−∞
R (t − τ) dε (τ)

dτ
dτ , (2.15)

where C(t) denotes the creep compliance function, which characterizes the strain
response to a unit increment in stress σ(t), and R(t) is the relaxation function
describing the stress response to a unit increment in strain ε(t). Several mechanical
analog models, all qualitatively similar, have been proposed to represent viscoelastic
behavior. These models are constructed using combinations of springs and dashpots
arranged in series and/or parallel configurations (e.g., the Wiechert model, the Kelvin
model, or modified power-law formulations; see [11, 19, 72]).

Among these, the simplest model capable of capturing viscoelastic effects qual-
itatively is the Standard Linear Solid (SLS), characterized by a single relaxation
time τ . Although useful analytically, the SLS model is usually too narrow-band to
describe real elastomers, for which dissipation is distributed over a broad spectrum
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of time scales. More accurate descriptions can be obtained through multi-mode
viscoelastic models such as the Wiechert representation, at the cost of a large number
of parameters [11]. Power-law formulations were introduced precisely to obtain
compact broad-band descriptions through an effective continuous distribution of
relaxation times [72].

In this context, it is useful to introduce an “effective” or “apparent” surface
energy ∆γeff , which accounts not only for the intrinsic surface energy ∆γ0 required
to create new surfaces (typically assumed to be rate-independent), but also for the
additional energy dissipated within the bulk material during deformation.

Given this rate dependence, the key objective is to relate the external loading to
the velocity of the receding contact edge. Two main theoretical routes have been
followed. The first relies on cohesive-zone models for the fracture process near the
edge [12, 73–76]. The second extends Griffith-type energy balance to viscoelastic
media [13–15, 77, 78]. Both routes inherit their physical relevance from the crack-like
interpretation already introduced by JKR.

2.4.2 Cohesive-zone route

A fundamental aspect of viscoelastic crack propagation is the necessity of introducing
a characteristic length scale. Indeed, in the framework of LEFM, a propagating
crack is associated with a moving stress singularity that excites the material over
the entire frequency spectrum, regardless of the crack velocity or applied load [79].
The viscoelastic crack propagation problem was first addressed by Schapery [73, 74]
and Knauss [80] in the 1970s. In their formulation, it was assumed that bond
rupture occurs within a finite region of length l0 near the crack tip, referred to as
the process zone. This characteristic length is expected to depend on the crack
propagation velocity, since the material in the vicinity of the crack tip is subjected
to an effective excitation frequency of the order ω ∼ vc/l0, where vc denotes the
crack speed. Building on this framework, Greenwood [12] employed a Dugdale-type
cohesive zone model to evaluate the viscous contribution to the effective surface
energy as a function of crack velocity. For the case of an SLS material, Greenwood
[12] derived a closed-form expression for the dependence of the effective surface
energy on the crack propagation velocity, ∆γeff (vc), given by:
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∆γeff = ∆γ0

[︄
k + (1 − k)

2
d

vcτ
k
∫︂ 1

0
H (ξ) exp

(︄
− d

vcτ
k (1 − ξ)

)︄
dξ

]︄−1

, (2.16)

H (ξ) = 2ξ1/2 − (1 − ξ) ln
(︄

1 + ξ1/2

1 − ξ1/2

)︄
, (2.17)

where l0 = πE0∆γ
4σ2

0
denotes the characteristic length of the process zone.

2.4.3 Energy-balance route

An alternative formulation based on energetic considerations was first introduced by
Persson and Brener [13] and subsequently refined by Persson and co-authors [14, 15].
In this approach, the classical Griffith [34] energy balance is extended to account for
viscoelastic dissipation. Specifically, under steady-state crack propagation, the power
supplied to the system per unit area by the external loading is assumed to be equal
to the sum of the power required to create new surfaces and the power dissipated
within the bulk due to viscoelastic effects.

To evaluate the bulk dissipation, Persson and Brener [13] adopted the classical
mode-I singular stress field from LEFM. However, in order to regularize the singularity,
a threshold stress σc is introduced, representing the stress level at which molecular
bonds break. Based on this assumption, a characteristic length scale aP is defined
as the effective radius of the crack tip, such that σc = KI/

√
2πaP , where KI is the

mode-I stress intensity factor.
The viscoelastic energy dissipation is then computed by integrating over a finite

frequency range, from zero up to a cut-off frequency ωc = 2πvc/aP , where vc denotes
the crack propagation velocity (see [13–15]). Following this procedure, Persson and
Brener [13] derived an implicit relation for the effective surface energy ∆γeff (vc):

∆γeff = ∆γ0

[︄
1 − E0

2
π

∫︂ 1

0

√
1 − x2

x
Im

(︄
1

E (xωc)

)︄
dx

]︄−1

, (2.18)

where ωc = 2πvc

a0

∆γ0
∆γeff

denotes the cut-off frequency, and a0 = E0∆γ0/ (2πσ2
c ).1

2.4.4 Comparison and thesis relevance

For a semi-infinite body, both cohesive-zone formulations and energy-based ap-
proaches predict a monotonic increase of the effective surface energy ∆γeff with
increasing crack propagation velocity vc, up to the theoretical high-frequency limit

1In defining a0, the sphere is assumed to be rigid, so that G = K2
I /(2E∗

0 ) (see [13, 81]).



Chapter 2. Literature Review 19

∆γeff/∆γ0 = E∞/E0 [82]. In LEFM terms, this follows because the far-field stress
intensity required for propagation must increase as the relevant modulus shifts from
the relaxed to the high-frequency response, so that ∆γeff scales with E∗(ω)/E∗

0 . For
real elastomeric materials such as PDMS, the ratio E∞/E0 can reach values on the
order of 103, which explains why the apparent work of separation can exceed the
thermodynamic surface energy by orders of magnitude [19].

The two routes nevertheless encode different assumptions and therefore serve
different purposes in this thesis. Greenwood-type cohesive-zone theories retain an
explicit process-zone description and are consequently better suited to problems in
which the fracture length and geometric confinement must be tracked directly; this is
the logic adopted in Chapter 3, where Greenwood’s theory is extended to finite-size
viscoelastic layers. Persson–Brener-type theories instead absorb the near-tip physics
into an energy-balance formulation written in terms of the bulk viscoelastic spectrum
and a stress-based length scale; this makes them more convenient to be extended
to the broad-band viscoelasticiy, and Hertzian analysis developed in Chapter 4 and
for the analytical descriptor later embedded in the surrogate-modeling framework
of Chapter 5. The thesis therefore does not rely on a single crack-propagation
model for all geometries: it uses Greenwood-type reasoning when confinement is the
central variable, and Persson–Brener-type reasoning when the objective is a tractable
broad-band description of spherical detachment.

2.4.5 Empirical scaling and open questions

Moreover, both the cohesive-zone approach [12] and the energy-based formulation
[13] predict that, within an intermediate range of crack velocities, the effective surface
energy follows a power-law dependence on the crack tip velocity. This behavior is
consistent with the empirical relation proposed by Gent and Schultz [83]:

∆γeff (vc)
∆γ0

= 1 +
(︄

vc

vref

)︄n

, (2.19)

where vref = (kGSan
GS)−1 and {kGS, n} are the material constants introduced by

Gent and Schultz [83], with 0 < n < 1, while aGS is the Williams–Landel–Ferry
(WLF) shift factor used to account for the temperature dependence of the viscoelastic
modulus [84].

Although the Gent–Schulz relation is phenomenological in nature, it remains
widely adopted in engineering practice due to its strong agreement with a large body
of experimental observations dating back to the 1970s [19, 83, 85–88]. In the present
thesis its role is limited but definite: in Chapter 4 it is used as an empirical fit to
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experimentally inferred effective surface energies, thereby exposing the part of the
rate dependence that is not captured by the linear viscoelastic BEM/Persson–Brener
framework.

Despite this progress, some key aspects of viscoelastic adhesion remain insuffi-
ciently clarified. Most available formulations and experiments have been developed
for semi-infinite bodies, so the effect of finite layer thickness on the detachment
stress, on the transition between crack-like and nearly uniform decohesion, and on
the maximum attainable adhesion amplification is still not available in a general
predictive form. At the same time, phenomenological laws such as Gent–Schulz are
useful for correlating data, but they do not explain how the amplification parameters
depend on geometry, confinement, preload history, or intrinsic material length scales,
nor do they clearly delimit the range over which a simple power-law increase in ∆γeff

remains meaningful. A further unresolved point concerns broad-band viscoelastic
materials, for which the respective contributions of bulk dissipation and fracture-
process-zone dissipation are difficult to separate quantitatively: standard linear
solid models are too narrow-band to represent real elastomers faithfully, whereas
full spectral descriptions are often too case-specific to permit general conclusions.
These unresolved mechanics issues are not separate from the computational problem
discussed next; rather, they are the reason why the thesis combines analytical crack-
propagation theory with high-fidelity simulations and, subsequently, with surrogate
models.

2.5 Data driven modelling and Machine Learning in adhesion

Numerical modeling of viscoelastic adhesive contacts requires defining a relaxation
function and integrating it via time-marching schemes [19], which involve iterative
solvers for the nonlinear contact problem at each time step [24, 25, 89]. Because
the computational cost of these simulations depends on material bandwidth, mesh
density, loading history, and the number of time increments needed to resolve the
underlying physics [90], the wall-clock time can vary by orders of magnitude across
parameter combinations. This poses a practical barrier to embedding adhesive-
contact analyses in design-optimization loops or in real-time monitoring, where a
fixed and low evaluation cost per query is essential.

In response to this computational bottleneck, machine learning (ML) has increas-
ingly been adopted as a surrogate-modeling strategy in engineering mechanics [91, 92].
A purely data-driven approach, however, often struggles to generalize outside its
training domain when data are scarce and physical consistency is mandatory. A
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taxonomy of informed machine learning is being used [93], showing that incorpo-
rating prior physical knowledge systematically improves accuracy, interpretability,
and extrapolation capability. This incorporation could be applied through input
descriptors, architectural constraints, physics-based loss terms, or hybrid training
data. Within soft-material mechanics, this idea has been realized concretely by
Zhu et al. [94], who embedded governing equations and constitutive relations in a
transfer-learning-enhanced physics-informed neural network for inverse parameter
identification, and by Eshkofti and Hosseini [95], who applied a modified physics-
informed neural network to coupled thermoelastic wave propagation. Comparable
physics-informed operator-learning strategies have also been explored in other con-
tinuum settings, such as nonlinear wave-field reconstruction [96], confirming the
methodological reach of embedded-physics learning while remaining mechanically
remote from adhesive contact. Taken together, these studies show that physics-guided
learning can stabilize predictions under sparse-data conditions, even in problems far
from adhesion.

The adjacent fields of fracture mechanics, contact mechanics, and tribology have
already absorbed ML tools at a mature level. In fracture, neural networks and decision-
tree methods have been used to predict toughness [97, 98], to improve cross-geometry
transferability via graph neural networks and transfer learning [99], to characterize
indentation-driven instabilities through hybrid simulation–experiment–ML workflows
[100], and to discover interpretable fracture relations via mechanics-informed symbolic
regression [101]. In contact mechanics, Kalliorinne et al. [102] trained neural networks
on surface-topography descriptors to bypass repeated numerical contact computations,
while Goodbrake et al. [103] and Motiwale et al. [104] developed neural-network
finite-element methods that embed equilibrium directly in the learning architecture.
Most notably, Sahin et al. [105, 106] formulated physics-informed neural networks
for forward and inverse elastic contact problems including Hertzian benchmarks,
enforcing complementarity and boundary conditions within the training loop. Parallel
developments in tribology [107–110], constitutive reconstruction [111], and material-
characterization surrogates [112, 113] further confirm the broad penetration of ML
in mechanics-related disciplines. Critically, however, all of these contributions either
omit adhesive interactions entirely or treat non-adhesive elastic contacts, leaving
viscoelastic adhesive detachment unaddressed.

Within adhesion itself, a distinct and rapidly growing literature applies ML
not as a physics-augmented surrogate but either as an inverse-design engine for
structured dry-adhesive systems or as a rapid predictor of bonded-joint strength.
Kim et al. [114] pioneered the design-oriented direction by using deep-learning opti-
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mization to discover adhesive pillar shapes that improve stress uniformity beyond
what parametric families can achieve. Subsequent studies extended this approach to
experimentally validated fibril design on PDMS and elastomers [115], composite-pillar
architecture with tunability objectives [116], directional adhesion enhancement [117],
fabrication-aware shear optimization of microstructures [118], functionally graded
fibrillar adhesives [119], and, more recently, reinforcement-learning-based exploration
of high-dimensional pillar-shape spaces [120]. A related but mechanically different
line uses supervised regression to estimate global failure metrics in adhesively bonded
structures, as illustrated by the prediction of single-lap-joint failure loads from hetero-
geneous datasets spanning metallic and composite adherends [121]. Although these
contributions demonstrate significant integration of ML into adhesive engineering,
they target either geometry optimization or joint-strength prediction rather than the
continuum mechanics of contact formation and separation; none of them constructs a
surrogate for the force–displacement–contact-area trajectory of a detaching interface.

Despite the breadth of these developments, a clear gap remains. The general
informed-ML literature provides the methodological vocabulary but does not special-
ize it to adhesive contact. Fracture-ML studies predict crack-level quantities without
entering the contact–adhesion domain. Contact-ML methods, including the most
advanced physics-informed formulations, operate in elastic, non-adhesive settings.
Adhesion-related ML studies focus on microstructure optimization or bonded-joint
strength prediction rather than continuum surrogate modeling. No existing work
addresses physics-guided surrogate modeling for curved single-asperity viscoelastic
adhesive contact. Specifically, Hertzian detachment with unloading-rate dependence,
broad-band viscoelasticity, and trajectory-level prediction of force, displacement, and
contact radius despite their importance, gained less attention. Closing this gap is
the objective of the remaining chapters of this thesis.

2.6 Summary and positioning of the thesis

The literature reviewed above defines a three-part problem. First, existing viscoelastic
adhesion theories do not yet provide a general predictive account of how finite size
and confinement cap the attainable amplification of pull-off force or effective surface
energy. Second, much of the analytical literature remains tied to single-relaxation-
time constitutive models, whereas the broad-band spectra of real elastomers require
reduced descriptions that remain interpretable while extending beyond SLS behavior.
Third, although machine learning is now widespread in mechanics and adhesive
engineering, no prior work has developed a physics-guided surrogate for curved
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single-asperity viscoelastic adhesive contact that predicts both scalar detachment
metrics and reduced unloading trajectories. Taken together, these gaps show that
the unresolved problem is not merely one of adding more data or more computation,
but of connecting fracture-based interpretation, numerical fidelity, and predictive
efficiency within a single framework.

These gaps map directly onto the objectives stated in Chapter 1. The first
objective is addressed by clarifying how fracture-mechanics scaling, unloading rate,
and geometric confinement govern detachment; the second by constructing and
validating a BEM framework with Lennard–Jones tractions and viscoelastic hereditary
effects; the third by quantifying how preload, constitutive broadness, and geometry
control both scalar and trajectory-level responses; and the fourth by embedding
physically motivated descriptors in learning-based surrogates. The remainder of
the thesis follows this logic. Chapter 3 studies the detachment of a rigid flat
punch and extends Greenwood-type crack-propagation ideas to finite-size layers.
Chapter 4 develops the Hertzian problem for broad-band viscoelastic materials
through Persson–Brener-type scaling, BEM simulations, and experiment. Chapter 5
then translates that mechanics framework into physics-augmented surrogate models
for scalar quantities and reduced unloading trajectories.





Chapter 3

Pull-Off of a Flat Rigid Punch from
Viscoelastic Layers

Publication note. The work presented in this chapter led to the peer-reviewed paper
published in Engineering Fracture Mechanics [18].

This chapter establishes the flat-punch problem as the first mechanics bench-
mark of the thesis and uses it to clarify how confinement alters viscoelastic
detachment. It combines analytical arguments and boundary element sim-
ulations to trace the transition from fracture-controlled pull-off to nearly
uniform decohesion as the layer thickness decreases. The chapter therefore
defines the finite-size limits of adhesion amplification before the analysis
moves to Hertzian contact.

25
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3.1 Introduction

Adhesive contact involving thin viscoelastic layers is central to many engineering
systems, including tapes, coatings, gaskets, soft grippers and layered polymeric
interfaces, where the bond strength is governed not only by the material properties
but also by geometric confinement. In such systems, the relevant quantity is often
the detachment stress, namely the maximum tensile stress required to separate the
interface. While viscoelastic adhesion has been studied extensively for semi-infinite
substrates [122–124], a predictive understanding of how finite layer thickness modifies
the pull-off stress is still missing. This gap is mechanically important because
confinement can change the mode of failure, promote a transition from crack-like
propagation to nearly uniform decohesion, and strongly alter the maximum adhesion
amplification attainable during unloading.

This issue is also relevant from an experimental and design standpoint. Thin
layer configurations are routinely employed in applications such as those shown in
Figure 3.1, and they are equally attractive as test geometries for extracting interfacial
and cohesive properties, as suggested for instance by Peng et al. [125]. A rigorous
treatment of flat-punch detachment from a viscoelastic layer is therefore needed both
to interpret measurements correctly and to identify how thickness and unloading
rate can be exploited to enhance interfacial strength.

(a)

(b)

(c)

(d)

Figure 3.1: Practical engineering applications where thin polymeric layers are used: (a)
rubber tape, (b) polymeric carpet, (c) gasket, (d) soft gripper for delicate handling and
manipulation (UCSD Jacobs School of Eng., CC BY-NC-SA 4.0). (From Ref. [18])

In this chapter, we study the detachment of a rigid flat punch from an adhesive
viscoelastic layer of finite thickness b under plane-strain conditions. The objective
is to establish how confinement and rate effects act together in setting the pull-off



Chapter 3. Pull-Off of a Flat Rigid Punch from Viscoelastic Layers 27

stress and the effective adhesive energy, and to determine the conditions under which
very thin layers may approach the theoretical interfacial strength. To this end,
Section 3.2 recalls the reference half-plane solution, while Section 3.3 develops the
thin-layer elastic limits using Johnson’s “thin strip” approximation [126] and the
Griffith energy balance, thereby identifying the relevant detachment regimes and
the bounds of the viscoelastic response. Section 3.4 then introduces the boundary
element formulation, combining a standard linear viscoelastic model for the layer
with a rate-independent Lennard-Jones force-separation law at the interface. Section
3.5 presents the numerical results and compares them with Greenwood’s theory for
viscoelastic crack propagation [12], which is here extended to account for finite-size
effects. Particular attention is devoted to the role of loading history, layer thickness
and unloading velocity in controlling pull-off stress amplification.

3.2 Detachment from a halfplane

Let us consider the plane contact problem of a flat punch of semi-width a indenting
an elastic adhesive frictionless halfplane with Young modulus E and Poisson ratio ν.
By applying the Griffith energy balance, the pull-off force [127, 128] is given by

Ppo = L
√︂

2πE∗∆γ0a , (3.1)

where L is the layer width, E∗ = E/ (1 − ν2) is the plane strain elastic modulus.
Hence the mean interfacial stress at pull-off is

σpo =
√︄

πE∗∆γ0

2a
, (3.2)

which has the classical Linear Elastic Fracture Mechanics (LEFM) square-root
dependence with respect to the punch semiwidth a. Overbar indicates here the mean
value. This implies that smaller punches have a higher pull-off stress, potentially
reaching the theoretical strength (or the cohesive strength) of the interface, denoted
as σ0. This is typically observed for punches with a semi-width less than the following
typical fracture length

a0 = π

2
E∗∆γ0

σ2
0

. (3.3)

In what follows in the paper we shall assume that the punch size is a >> a0 as
we are interested in the transitions due to the finite size of the layer rather than the
size of the punch. For the latter effect the reader is referred to Ref. [122].

Hence, in dimensionless form, we have the following relations
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ˆ︁σpo = σpo

σ0
= 1√︂

a/a0
, (3.4)

a0

h0
= 9

√
3π

32Σ0
≈ 1.53

Σ0
, (3.5)

where we have assumed a Lennard-Jones force-separation law, for which ∆γ0 =
αLJh0σ0, where h0 is the range of interaction and αLJ = 9

√
3

16 is a constant, ˆ︁a = a/h0,
Σ0 = σ0/E∗ is usually in the range of [0.1 ÷ 1] for soft polymers [128–130], implying
a0 to be 1 to 10 times higher than the range of attractive forces. For a true crystal,
this would imply a range of few nanometers, but for soft materials, the range of
adhesive forces may be larger. If a viscoelastic material with relaxed modulus E0

and instantaneous modulus E∞ is considered, then in the limit of very slow and very
fast unloading rate we will have

⎧⎪⎪⎨⎪⎪⎩
ˆ︁σpo =

√︃
9
√

3π
32Σ0ˆ︁a = 1√

a/a0
; slow limit E = E0 ,

ˆ︁σpo =
√︃

9
√

3π
32Σ0kˆ︁a = 1√

ka/a0
; fast limit E = E∞ ,

(3.6)

where k = E0/E∞ and ˆ︁a = a/h0.

3.3 Detachment from a thin layer

If the substrate has a finite thickness, it is necessary to consider the effect of thickness
in the analysis. Hence, here we focus on the plane contact problem of a flat punch
with a semi-width of a indenting an adhesive layer with a thickness of b (Fig. 3.2).
We first focus on the linear elastic solution, and then we will provide the limiting
solutions for the viscoelastic problem based on the elastic formulation.

3.3.1 Elastic layer

Let us consider the layer in plane strain and supported by a rigid foundation. In the
following the case of frictionless contact between the layer and the rigid substrate
is considered while the correction due to the Poisson effect for the case of a layer
perfectly bonded to the substrate is shown in Appendix I.

Following Johnson [126], we assume that plane sections remain plane upon loading.
Hence for the case of no friction between the layer and the rigid substrate, the load
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Figure 3.2: On the left is a sketch of a flat punch being loaded on a viscoelastic adhesive
layer of thickness b. The numerical implementation employs the Lennard-Jones force-
separation law, while the viscoelastic material is represented using a standard linear model,
as depicted in the lower-right panel. (From Ref. [18])

P and the corresponding elastic strain energy UE stored in the layer are

P = −2aLE∗ δ

b
, (3.7)

UE = aLE∗ δ2

b
, (3.8)

where δ is the indentation considered positive when the flat punch is approaching
the substrate, consequently, P is positive when tensile. At unloading, the Griffith
energy balance requires the elastic strain energy released per unit area to be equal
to the surface energy. Hence, assuming detachment occurs immediately, we have the
following relations

1
2L

∂UE

∂a
= ∆γ →

⎧⎨⎩ δpo = −
√︂

2b∆γ
E∗ ,

σpo =
√︂

2E∗∆γ
b

,
(3.9)

where, δpo and σpo are the indentation and the average interfacial stress at pull-
off respectively. Notice that the pull-off stress depends on the layer thickness as
σpo ∝ b−1/2, hence it is possible to define a characteristic thickness b0 of the substrate
where σpo reaches the theoretical interfacial strength σ0, i.e.

b0 = 2E∗∆γ

σ2
0

= 4
π

a0 ≈ 1.27a0 , (3.10)

which is of the same order of magnitude of a0. Experiments with PDMS elastomers
in Peng et al. [125], show that this b0 is of the order of 0.1 mm, where clearly their
loading rate corresponds to a certain effective elastic modulus. On the other hand,
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in the limit of a very thick layer, we should obtain the half-plane solution, for which
we can utilize Eq. (3.2) and Eq. (3.9) to determine a length scale

b1 = 4a

π
, (3.11)

with the meaning that for substrates thicker than b1 one should anticipate the half-
plane behaviour. Notice that, while b0 is a characteristic lengthscale that depends on
the material and interfacial properties, b1 depends on the punch semi-width. Overall
as indicated by Eq. (3.10) and Eq. (3.11), and as illustrated in Fig 3.3, we identify
the following three regimes

⎧⎪⎪⎪⎨⎪⎪⎪⎩
σpo = σ0 , b < b0

σpo =
√︂

2E∗∆γ
b

, b0 ≤ b ≤ b1

σpo =
√︂

πE∗∆γ
2a

, b > b1

(3.12)

or, in dimensionless form,
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ˆ︁σpo = 1 , b/a0 < 4
πˆ︁σpo =

√︃
9
√

3
8Σ0ˆ︁b =

√︂
4

(b/a0)π , 4
π

≤ b/a0 ≤ 4
π

a
a0ˆ︁σpo =

√︃
9
√

3π
32Σ0ˆ︁a = 1√

a/a0
. b/a0 > 4

π
a
a0

(3.13)

The boundaries between these regimes should be interpreted as asymptotic
crossovers rather than sharp physical discontinuities. In the real cohesive-zone
problem, the transition from confined-layer behaviour to half-plane behaviour is
smooth: as b/a increases, the influence of the rigid lower boundary progressively
disappears and the stored elastic energy becomes controlled by the contact edge
rather than by the through-thickness deformation of the layer. Thus, b1 = 4a/π is not
a strict material threshold, but the thickness at which the thin-layer energy-release
estimate becomes comparable with the half-plane Griffith estimate. The piecewise
form above is therefore best understood as an engineering envelope identifying the
dominant mechanism in each limit.

3.3.2 Limiting solutions for a viscoelastic layer

Let us assume that the layer is constituted by a viscoelastic material with relaxed
Young modulus E0 and instantaneous Young modulus E∞ so that k = E0/E∞. In
the limit of very slow/very fast unloading rate the substrate behaves as elastic. Thus,
for the case of no friction between the substrate and the layer, according to Eq. (3.9),
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one can anticipate the following two scenarios
⎧⎨⎩ σpo =

√︂
2E∗

0 ∆γ

b
, “very slow”

σpo =
√︂

2E∗
∞∆γ
b

, “very fast”
(3.14)

or in dimensionless form⎧⎨⎩ ˆ︁σpo =
√︂

4
(b/a0)π , “very slow”ˆ︁σpo =

√︂
4

k(b/a0)π , “very fast”
(3.15)

where, one should notice that for rapid unloading (very fast scenario) the pull-off
stress will reach the cohesive strength by the following value of the substrate thickness:

b0∞ = 4a0

kπ
, (3.16)

However, for a thick layer, the halfplane limit will be always obtained at b1 = 4a/π,

irrespective of the unloading rate. Figure 3.3 schematically displays the elastic
limits at low and high retraction speed that constitute the bounds for the possible
viscoelastic solutions.

Form Eq.s (3.11) and (3.16) it follows that if a/a0 < E∞/E0 then b0∞ > b1.
In other words, if a < a0/k at a high enough retraction velocity, it is possible to
reach the adhesive strength of the interface. It is easy to find elastomers with
E∞/E0 ≃ 103 ÷ 104 [131]. This implies that punches with semiwidth a much larger
than a0 can still reach the theoretical interfacial strength if unloading is performed
fast enough. Also, this holds for layer thickness. If we assume that the experiments
with PDMS in Peng et al. [125] were conducted relatively slowly, when b0 was of the
order of 0.1 mm, then clearly b0∞ could reach very large values, provided the punch
is also large enough. This peculiarity may be exploited in the future as a technique
to improve/enhance interfacial adhesion in micro-structured interfaces by optimizing
not only the micro-pillar geometry, but also the unloading protocols.

3.4 Numerical implementation of the adhesive viscoelastic
contact problem

In this section, the numerical scheme used to solve the adhesive viscoelastic contact
problem is introduced. We utilized the boundary element method, which necessitates
the discretization solely of the interface. A similar code has been used in previous
works for solving both adhesive elastic [132] and viscoelastic [122] axisymmetric
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Figure 3.3: Schematic representation of the three possible detachment regimes. (From
Ref. [18])

contact problems, therefore, in this section, we will focus on the essential adaptations
required to tailor the implementation for a plane viscoelastic strip.

The flat punch interacts with the viscoelastic layer according to the Lennard-Jones
3-9 force-separation law defined as

σ (h) = 8∆γ

3h0

⎡⎣(︄h0

h

)︄3

−
(︄

h0

h

)︄9
⎤⎦ , (3.17)

where σ is the traction (σ > 0, when it is tensile), h is the interfacial gap and h0 is
the equilibrium distance. The theoretical strength of the interface (maximum tensile
stress) is then equal to σ0 = ∆γ/(αLJh0) and takes place at a separation equal to
h = 31/6h0. The gap is a function of the in-plane coordinate x as

h(x) = −δ + h0 + v (x) , (3.18)

where, v (x) is the deflection of the viscoelastic layer with respect to the origin (0, 0)
(v (x) is positive as shown in Fig. 3.2). Here, Eq. (3.18) is solved numerically in a
discrete manner at the N = M + 1 nodes, being M the number of equally spaced
elements with the length of c = 2a/M . Following Bentall and Johnson [133] we
implemented the method of overlapping triangles, i.e. for the n-th node the pressure
is 0 at node xn−1, rises linearly to pn at node xn and then falls linearly to 0 at
node xn+1, which gives overall a linear variation of the contact pressure p (x) over
the considered domain. With respect to the case of constant pressure elements, a
piecewise-linear distribution of normal tractions produces a displacement field which
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is everywhere smooth and continuous. Hence, according to Bentall and Johnson
[133] the vertical deflection at node m of an elastic layer relatively to the origin
(x, y) = (0, 0) due to a triangular distribution of pressure centered in xn is

vm = aB
4

πE∗ [IA0 + IA [m − n] + 4zIAR [m − n]] pn , (3.19)

where {m, n} are integers numbers, pn is the pressure acting on the n-th node
determined using Eq. 3.17 ( pn > 0 when it is tensile), B = b/a, z = c/4b = 1/2BM

and IA0, IA, IAR are the following integral functions1

IA0 = 2
z

∫︂ ∞

0

(︄
1 − cosh β

β + sinh β

)︄
sin2 (βz)

β3 dβ , (3.20)

IA [m − n] = −4
z

∫︂ ∞

0

(︄
1 + 1 − cosh β

β + sinh β

)︄
sin2 (βz)

β3 sin2 (βz (m − n)) dβ , (3.21)

IAR [m − n] =
∫︂ ∞

0

sin2 (η) sin2 (η (m − n))
η3 dη, η = βz . (3.22)

By applying the superposition principle, the normal deflection vm at node m due to
a piecewise linear distribution of pressure can be written as

vm = 1
E∗

N∑︂
n=1

Gmnpn, (3.23)

where each column of the compliance matrix {(1/E∗)G}NxN corresponds to the
displacement field due to a unity triangular pressure centered at node n being all
the other nodes unloaded. Therefore, the displacement field and, correspondingly,
the compliance matrix can be readily computed using Eq. (3.19). Once the elastic
solution is obtained, the displacement field of the viscoelastic layer v (x, t), can
be determined by the elastic-viscoelastic correspondence principle in the form of
Boltzmann integrals [134] as

v (x, t) = 1
E∗

0

∫︂
G(x, s)

∫︂ t

−∞
c(t − τ)dp(s, τ)

dτ
dτds , (3.24)

where c(t) is the dimensionless creep compliance function, the strain variation after
an application of a constant unit stress, and, in our discrete formulation, the Green
function G(x, s) is replaced by the appropriate tensor {G}NxN , so that the viscoelastic

1Care should be taken when integrating IA0 which converges slowly. The Appendix 3 of Bentall
and Johnson [133] suggests a convenient integration strategy we have also adopted. Notice that
Bentall and Johnson [133] contains a misprint as the second part in which IA0 is split up should be
integrated over the interval [δ, +∞].
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nodal displacements {v(t)}Nx1 at time t are

{v(t)}Nx1 = {G}NxN ∗
{︄

1
E∗

0

∫︂ t

−∞
c(t − τ)dp

dτ
dτ

}︄
Nx1

, (3.25)

where the symbol “∗” stands for the row by column product. For the linear viscoelastic
material, the standard model is assumed with a single relaxation time τ , composed
by a spring placed in series with an element constituted by a dashpot and a spring
in parallel (see Fig. 3.2), for which the dimensionless creep compliance function is as
follows

c(t) =
[︃
1 + (k − 1) exp

(︃
− t

τ

)︃]︃
. (3.26)

being τ the relaxation time of the material. Hence, by using a sequential time-
marching continuation, we solved Eq.s (3.17,3.18,3.25), where at each time step an
iterative scheme is used to determine the equilibrium solution.

3.5 Results

Here the results of the numerical investigations are shown by using the following
dimensionless parameters

ˆ︁a = a

h0
; ˆ︁σ(x) = σ(x)

σ0
; ˆ︁σ = P

2aLσ0
; ˆ︁δ = δ

h0
; ˆ︁t = t

τ
, (3.27)

and ˆ︁σpo is the (dimensionless) average stress at pull-off and is defined as ˆ︁σpo = max(ˆ︁σ).
If not stated differently, in our simulations we considered M = 200, Σ0 = 0.05, and
k = 0.1.

3.5.1 History dependence

Viscoelastic materials typically exhibit a “history-dependent” response and this
tremendously affects the detachment force in Hertzian indenters [135, 136]. Hence,
first we aimed to explore how different loading scenarios affect the detachment
characteristics of the flat indenter we considered, while keeping the unloading rate
constant. The simulations were carried out under displacement control using a
trapezoidal function (see inset in Fig. 3.4.a) which main parameters are shown
in Table 3.1. We define the dwell time as ˆ︁tdwell = ˆ︁t2 − ˆ︁t1, the unloading rateˆ︁r = (ˆ︁δload − ˆ︁δunload)/(ˆ︁t3 − ˆ︁t2), and the loading rate as ˆ︁rload = (ˆ︁δload − ˆ︁δ0)/(ˆ︁t1) with
reference to the the inset of Figure 3.4.a. We endeavored to investigate the impact
of different loading protocols meticulously although the unloading curves presented
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Table 3.1: Description of parameters governing the loading protocols for the curves
presented in Figs. 3.4 and 3.5 .

Loading protocol ˆ︁δ0
ˆ︁δload ˆ︁rload ˆ︁r ˆ︁tdwell

# 1 1 1 very fast 10 0
# 2 1 1 very slow 10 0
# 3 0 1 5 10 0
# 4 2 2 very fast 10 0
# 5 2 2 very slow 10 0
# 6 0 2 5 10 0

in Figure 3.4 are restricted to the six different protocols described in Table 3.1.
These loading scenarios included: (i) Unloading from a fully relaxed substrate

after a slow loading process, indicated by the black curves (2,5). (ii) Unloading
following rapid loading, causing the substrate to exhibit an elastic response with
E(t = 0) = E∞, as denoted by the blue curves (1,4). (iii) Unloading after indenting
the substrate at a constant loading rate ˆ︁rload = 5, represented by the red curves (3,6).
It’s important to note that while the loading phase is not shown for curves (1, 2,
4, 5), we accounted for the pre-loading effect in our simulations. Furthermore, the
maximum indentation depth ˆ︁δload was kept at ˆ︁δload = 1 for curves (1, 2, 3) (solid lines)
and set to ˆ︁δload = 2 for curves [4, 5, 6] (dashed lines). The punch has a/a0 = 64.85,
and the viscoelastic layer’s (dimensionless) thickness is B = b/a = 0.005 which is
equivalent to ˆ︁b/ˆ︂a0 = 0.3242.

The primary result from Fig. 3.4 is that, regardless of the significant variations
in loading conditions, the magnitude of the pull-off stress remains consistent across
various loading histories. Indeed, one can conclude that the pull-off stress remains
nearly unaffected by the loading history. In Figure 3.4.b, we present the same
curves as in Fig. 3.4.a, but with a shift in the horizontal axis by δP . This shift
corresponds to the indentation depth at which the normal load vanishes during
unloading. It helps to better observe the slight changes in the unloading trajectories.
Furthermore a comprehensive investigation on the effect of the different loading
scenario was conducted for various layer thicknesses. In Figure 3.5, we illustrateˆ︁σpo versus the variation in thickness b/a0. The legend in Figure 3.5 clarifies that
the plot presents results derived from all the loading conditions in Table 3.1, all
with the same unloading rate. Remarkably, these plots closely overlap, indicating
very similar values across the various simulations for all the thicknesses tested. To
further quantify the distinctions between these loading cases, we examined the
relative changes in pull-off stress with respect to one specific case that serves as the
foundation for our subsequent investigations. The results are plotted in the inset of
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(a)
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Figure 3.4: (a) Unloading curves for Σ0 = 0.05, k = 0.1 and punch of radius ˆ︁a/ˆ︁a0 = 64.85
from a fully relaxed viscoelastic surface with different loading protocols. (b) The identical
curves displayed in (a) are reiterated here subsequent to a horizontal axis shift equal toˆ︁δP =0. (From Ref. [18])
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Figure 3.5: Normalized pull-off stress as a function versus the normalized layer’s thickness
for different loading protocols. (From Ref. [18])

Figure 3.5 as a relative change for various thickness values. It’s evident that within
a certain accuracy we can state that the detachment force of a flat indenter from a
viscoelastic adhesive strip is negligibly influenced by the loading history of the contact.
For the remainder of the paper we will consider unloading the viscoelastic strip from
a fully relaxed condition, unless explicitly stated otherwise, we assume ˆ︁δ0 = ˆ︁δload = 1,ˆ︁tdwell = 0.

3.5.2 Dependence on the unloading rate

After establishing that the loading history does not influence the pull-off stress ˆ︁σpo, we
examine how ˆ︁σpo varies with respect to the layer thickness for four different unloading
rates: ˆ︁r = [0.1, 1, 10, 100] represented in Fig. 3.6 by black diamonds, green circles,
red squares, and pink triangles, respectively. Figure 3.6 shows a comprehensive
analyses for the punch semi-width ˆ︁a/ˆ︁a0 = 64.85. The results are obtained starting
from a fully relaxed substrate. For b < b0 ≃ 1.27a0, we reach the cohesive limit,
where the pull-off stress remains independent on both the unloading rate and the
layer thickness, approaching the theoretical value ˆ︁σpo = 1. Most importantly, for
b0 < b < b1, the curves align well with the LEFM (Linear Elastic Fracture Mechanics)
solution we have derived in Section 3.3 showing a scaling of ∝ b−1/2. Here, the
pull-off stress increases with the unloading rate, and the pull-off data consistently
stay well by the “slow” and “fast” limits we derived, represented by the blue dashed
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Figure 3.6: Normalized pull-off stress as a function of the normalized layer’s thickness for
different unloading rates of a punch with ˆ︁a/ˆ︁a0 = 64.85. (From Ref. [18])

and solid black lines, respectively. For a thickness larger than b1 the curves align with
the half-plane solution and, for a given unloading rate, the pull-off stress remains
constant independently on the layer thickness.

Notice that in the theoretical elastic solution the detachment happens with no
propagation (ac = a, being ac the semi-width of the crack ligament). Clearly, this
condition is never achieved in a more refined cohesive zone model, as it is the one we
have implemented numerically. This accounts for the small deviations we found in the
limiting case of very fast and very slow unloading between numerical and theoretical
results. Nevertheless, to ascertain the correctness of the numerical viscoelastic results,
the plots also include the curves obtained unloading an elastic strip with modulus
E0 (filled blue stars) and E∞ (empty blue stars). One easily recognizes that the
viscoelastic solutions are perfectly bounded between the two limiting elastic cases.

To support our conclusion we focus on the mechanism of crack propagation and
stress distribution at the interface from the unloading onset up to pull-off. Figures
3.7 show the stress distribution for three specific cases out of the 120 cases shown in
Fig. 3.6. All the cases are for unloading rate ˆ︁r = 100. The punch radius in Figure
3.7 is ˆ︁a/ˆ︁a0 = 64.85. The corresponding points for these three cases are highlighted
with red squares in Fig. 3.6. According to Fig. 3.7, during unloading, the crack
propagates at the interface hence the semi-width of the crack ligament ac is smaller
than the punch semi-width a when pull-off happens. This explains the difference
between the expected pull-off stress from the analytical limits and the actual pull-off
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stress.
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Figure 3.7: Gap function (the right plots) and the stress distribution (the left plots) on
the surface of a layer with parameters Σ0 = 0.05, k = 0.1, and ˆ︁a/ˆ︁a0 = 64.85 are presented
for various geometries: (a) B = 0.001, (b) B = 0.25, and (c) B = 10, all under an unloading
rate of ˆ︁r = 100. Each plot displays results for three different moments, with pull-off data
highlighted in red. (From Ref. [18])

Figure 3.7 displays three distinct cases with different values of B (0.001, 0.25, and
10), denoted as Figures 3.7a, 3.7b, and 3.7c, respectively. Figure 3.7a pertains to the
cohesive zone, where the detachment occurs at ac ≃ a and with a uniform distribution
of tensile tractions at the interface. For a more comprehensive understanding of
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crack propagation and the detachment process, we have included gap plots on the
right side of Figure 3.7. These plots represent the gap H(x) = h(x)/h0 − 1 between
the rigid punch and the viscoelastic layer as a function of the in plane coordinate x.
Figure 3.7a illustrates that in the cohesive region the gap is uniformly distributed
at the interface, with no crack formation. This is, in fact, the reason why we can
achieve ˆ︁σpo numerically with the same results as the expected analytical results (see
Figure 3.6 for B = 0.001). In contrast, for the other two cases, as depicted in Figures
3.7b and 3.7c, we observe crack propagation, with detachment occurring at ac < a.
Notably, for larger values of B, a reduction in the ratio ac/a is evident, resulting in
the small deviation observed in Fig. 3.6 between the numerical and the analytical
results.

The finite-thickness effect can be interpreted mechanically as a change in how
elastic energy and viscoelastic dissipation are distributed during unloading. For thick
layers, deformation is concentrated near the receding contact edge and detachment
remains crack-like, so the response approaches the half-plane fracture-mechanics
picture. When the layer becomes thinner, the rigid backing constrains the deformation
field through the thickness and the tensile stress becomes more spatially uniform
below the punch. In this limit, the detachment tends toward nearly simultaneous
decohesion over the contact area, as it is shown in Fig. 3.7. This explains why the
pull-off stress may approach the cohesive strength while the effective surface-energy
amplification remains bounded by geometry.

A more detailed view on the dependence of the pull-off stress on rate effects is
shown in Fig. 3.8 that shows ˆ︁σpo as a function of the crack speed at pull-off, defined
as

Vc = −dac/dt , (3.28)

where ac represents the crack ligament semi-width, which decreases as the crack
propagates at the interface. The results are closely related to the interaction between
adhesion and viscoelastic dissipation in the strip (see also [137]), indeed it represents
one of the major objective of viscoelastic crack propagation theories [138–144].
Consequently, we conducted additional analyses to examine this effect. We selected
four different cases with a punch radius of ˆ︁a/ˆ︁a0 = 64.85 and the corresponding
thickness ratios of ˆ︁b/ˆ︁a0 = [3.24, 6.48, 12.97, 32.42], corresponding to the blue, orange,
yellow, and purple curves, respectively. We conducted numerical experiments with
20 different unloading rates ranging from ˆ︁r = 0.1 to ˆ︁r = 100 to obtain curves
representing a wide range of the dimensionless crack velocity ˆ︁Vc = Vcτ/h0 at pull-off.
The analysis of Fig. 3.8 illustrates clearly the trend: thin layers and high retraction
velocity favour high pull-off stress. Nevertheless, this effect is mitigated when the
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Figure 3.8: Normalized pull-off stress as a function of the normalized crack velocity at
pull-off for four different values of b/a0 for a punch with ˆ︁a/ˆ︁a0 = 64.85 unloaded from a
fully relaxed viscoelastic surface at different unloading rates. (From Ref. [18])

b ≈ a0 ≈ b0 as, in the cohesive region, the detachment tends to happen at a uniform
stress.

Although, the pull-off force reduces increasing the layer thickness the enhancement
in terms of effective surface energy remains the same when moving from low to high
unloading rates, provided that b > b0. Based on the thin layer elastic solution Eq.
(3.9) we define the effective surface energy as

∆γeff =
σ2

pob

2E∗
0

(︃
a

ac

)︃2
(3.29)

where we considered that in general the detachment happens at ac < a. Hence,
in dimensionless form,

ˆ︃∆γeff = ∆γeff

∆γ0
=
ˆ︁σ2

poΣ0
ˆ︁b

2αLJ

(︃ ˆ︁aˆ︁ac

)︃2
. (3.30)

Fig. 3.9 shows that the normalized effective surface energy ˆ︃∆γeff increases
monotonically with respect to the crack velocity ˆ︁Vc at pull-off up to a certain plateau
value. In the case of b/a0 = 32.42, the normalized effective surface energy reaches its
theoretical upper limit ˆ︃∆γeff = 1/k (all our simulations are for k=0.1). Notice that
for any thickness of the layer larger than b0∞ one would get the maximum possible
enhancement 1/k. Care should be taken when interpreting the data using Eq. 3.30
as, if the latter is used for b > b1 this may lead to unrealistic enhancements ˆ︃∆γeff ,
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Figure 3.9: Normalized effective surface energy as a function of the crack velocity at
pull-off for four different values of b/a0 for a punch with ˆ︁a/ˆ︁a0 = 64.85 unloaded from a
fully relaxed viscoelastic surface at different unloading rates. Dashed lies are obtained
with Eq. (3.35). Maximum enhancement for the dimensionless effective surface energy as a
function of b/a0. Inset: maximum enhancement of the effective surface energy obtained
numerically at very high unloading rates for a/a0 = [32.42, 64.84, 129.69], respectively red
circles, green stars, blue triangles. The solid black line shows the prediction of Eq. (3.31).
(From Ref. [18])

which is due to the fact that for b > b1 the halfplane solution should be considered.
It’s important to note that, due to the finite size effect, for cases with b < b0∞,

we observe the maximum enhancement of the normalized effective surface energy
to be lower than 1/k. This happens because, for the very thin layer, the cohesive
region is approached, namely the DMT-type failure rather than the JKR-type, in the
Peng et al. [125] terminology. In the latter case, if we assume ˆ︁σpo = 1, and ˆ︁a = ˆ︁ac,
and with the acquisition of Eq. (3.5), one can obtain the following relation for the
maximum enhancement that can be reached at high retraction rates

ˆ︃∆γeff |max =
(︃

π

4

)︃(︄
b

a0

)︄
, (3.31)

which turns out to be solely dependent on the ratio b/a0. In order to validate our
upper bound enhancement factor (Eq. (3.31)), we considered three distinct values
of punch semi-width a/a0, on fully relaxed viscoelastic substrate with varying b/a0

ratios, unloaded at a high unloading rate ˆ︁r = 100. The inset of Fig. 3.9 shows
that the maximum enhancement obtained numerically compared very well with Eq.
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(3.31).
We incorporated this correction in Greenwood (2004) theory [12] for crack propa-

gation in viscoelastic semi-infinite media, which, in its original form gives

ˆ︃∆γeff =
[︃
k + (1 − k) α

2

∫︂ 1

0
H (ξ) exp (−α (1 − ξ)) dξ

]︃−1
(3.32)

where

H (ξ) = 2ξ1/2 − (1 − ξ) ln
(︄

1 + ξ1/2

1 − ξ1/2

)︄
(3.33)

α = π

4Σ0

ˆ︃∆γeffαLJˆ︁Vc

(3.34)

Equation (3.32) for very slow propagation gives ˆ︃∆γeff = 1, while at high speed
provides the maximum enhancement ˆ︃∆γeff

⃓⃓⃓
max

= 1/k. This picture, on which all
present theories agree, is valid for semi-infinite solids, nevertheless, in agreement
with recent results [122, 135, 136], we have found that due to finite size effects the
maximum enhancement may be consistently reduced. For the present problem, if
b < b0∞, the maximum enhancement will be given by ˆ︃∆γeff

⃓⃓⃓
max

= (π/4) (b/a0), so
we propose here a generalization of Eq. (3.32) for b0 < b < b0∞

ˆ︃∆γeff

(︄ˆ︁Vc,
b

a0

)︄
=
[︄

4
π (b/a0)

+
(︄

1 − 4
π (b/a0)

)︄
α

2

∫︂ 1

0
H (ξ) exp (−α (1 − ξ)) dξ

]︄−1

(3.35)
where we have explicitly indicated that now the velocity dependent effective surface
energy depends not only on the crack speed, but also on the ratio between the
layer thickness and the fracture length a0. Notice that for b > b0∞ Eq. (3.32)
remains valid, while for b < b0 the effective energy is velocity independent and equal
to ˆ︃∆γeff

⃓⃓⃓
max

= (π/4) (b/a0). Figure 3.9 compares the predictions obtained with
the finite size Greenwood model (Eq. (3.35)) against the numerical results, which
are found in fairly good agreement. This result (Eq. (3.31)), obtained with the
more general cohesive-based theory, could also be used to correct the theory of
Persson-Brener (2005) [142] and Persson (2017) [143], as we shall do in Appendix II.

One important parameter to examine is the work of separation, which is defined
as ˆ︁wsep = wsep

2aL∆γ0
=
∫︂ ∞ˆ︁δP

ˆ︁σ dˆ︁δ . (3.36)

which indicates the energy spent during the unloading phase to separate the contact.
We calculated this parameter for four different layer thicknesses, specifically b/a0 =



Chapter 3. Pull-Off of a Flat Rigid Punch from Viscoelastic Layers 44

[3.24, 6.48, 12.97, 32.42], which corresponds to the blue, orange, yellow, and purple
curves in Fig. 3.10. Similarly to previous research works [122, 135, 136] the ˆ︁wsep has
a typical bell shape; at low and high velocity there is little energy expenditure to
separate the contact as the material behaves essentially as elastic, but for intermediate
regimes ˆ︁wsep presents a maximum related to the dissipative phenomena happening
in the viscoelastic layer.
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Figure 3.10: Normalized work of separation as a function of the crack velocity at pull-off
for four different values of b/a0 for a punch with ˆ︁a/ˆ︁a0 = 64.85 unloaded from a fully relaxed
viscoelastic surface at different unloading rates. (From Ref. [18])

3.6 Summary of findings

The plane problem of the detachment of a large flat punch from an adhesive viscoelas-
tic layer of finite thickness b has been studied. First, we have derived an elastic model
based on the “thin strip” assumption by Johnson [126]. It was found that the pull-off
stress decays as ∝ 1/

√
b. Nevertheless, this functional dependence is bounded (i) for

very thin layer by the cohesive limit where the pull-off stress equals the theoretical
stress of the material, (ii) for very thick layer by the halfplane limiting solution.
The elastic model provided the bounds for the viscoelastic analysis. We found that
if the layer is thin, particularly at high enough retraction velocity, the theoretical
limit of the material could be reached. This turns particularly interesting as for soft
polymers E∞/E0 may easily be of the order of 103 ÷ 104 and this amplifies the layer
thickness for which the theoretical strength can be observed. Clearly, this behavior
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will be hindered by the fact that during unloading the crack starts to propagate
at the interface hence, at pull-off, the actual crack ligament ac is smaller than the
punch semi-width.

Theoretical predictions have been compared with boundary element numerical
simulations for a standard linear viscoelastic material and using a Lennard-Jones
force-interaction law. We have shown that the loading conditions have a negligible
effect on the pull-off force, in contrast with what was shown for a Hertzian geometry.
Instead, the pull-off force consistently increases with the unloading rate up to a
certain plateau given by the cohesive strength of the interface.

Finally, we have shown that when the data are represented in terms of effective
surface energy, at high velocity the theoretical enhancement given by E∞/E0 is
reached only when the layer thickness is larger than a characteristic lengthscale b0∞.
For b0 < b < b0∞ the maximum adhesion enhancement is limited by finite size effect
and in particular we found ˆ︃∆γeff |max = (π/4) (b/a0). Hence, we have proposed an
extension of Greenwood and Persson crack propagation theories accounting for finite
size effects which we found in good agreement with numerical results.





Chapter 4

Adhesion in Broad-Band Viscoelas-
tic Hertzian Contacts

Publication note. The work presented in this chapter led to the peer-reviewed paper
published in Journal of the Mechanics and Physics of Solids [19].

This chapter extends the thesis from flat-punch detachment to Hertzian
contact in broad-band viscoelastic materials, where geometry, pre-load effect,
bulk dissipation, and crack-like separation interact more. It introduces the
modified power-law constitutive model, develops analytical and numerical
descriptions of rate-dependent adhesion, and tests their validity against
experiments. The chapter thereby establishes the main mechanics framework
on which the later surrogate models are built.

47
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4.1 Introduction

To precisely assess adhesion in soft polymers (silicone, rubber), the properties of the
viscoelastic material need to be characterized. Several numerical and experimental
works have tried to accurately determine the viscoelastic material response in the time
domain [145–148], in the frequency domain [149, 150] or using big data analysis and
machine learning algorithms [151, 152]. All the approaches reveal that real rubbers
and elastomers have to be characterized over a very wide range of frequencies which
typically spans many orders of magnitude of the exciting frequency (broad-band
behavior). This behavior plays a crucial role in determining the bulk dissipation,
hence the interfacial adherence force.

Here we shall consider the problem of a rigid sphere of radius R that is unloaded
from a fully relaxed broad-band viscoelastic adhesive half-space (see Fig. 4.1) pre-
senting and comparing numerical, analytical and experimental results. A few recent
works [16, 153, 154] have focused on the problem of the adhesion of a rigid Hertzian
indenter unloaded from a viscoelastic substrate describing the material either by
using (i) the classical three-element solid, also known as the Standard Linear Solid
"SLS" (a spring in series with an element constituted by a dashpot and a spring in
parallel), [16, 154, 155] or (ii) by considering the measured response spectrum of the
viscoelastic material used in the experimental campaign [21, 153, 154]. The limitation
of the first approach is that the SLS has a narrow-band behavior, hence, although
providing valuable insights, it will be rarely useful for modeling the behavior of a real
material. The limitation of the second approach is that the results obtained solve
only the specific problem considered and it is difficult to draw general conclusions.

The objectives of this chapter are: (i) to define a material model which may be
effectively and efficiently used for describing a real material viscoelastic behavior
with a minimal number of constants in both the time and frequency domain, (ii) to
determine, for the case of rigid Hertzian indenter-viscoelastic halfspace contact (see
Fig. 4.1), how the broad-band material behavior influences the maximum adherence
force as a function of the unloading rate (which is not the speed of the contact radius
change, as we shall see) and of the preload, (iii) to provide closed form results for the
effective surface energy ∆γeff based on the Persson and Brener [13] theory which
allows to faithfully reproduce the numerical results together with their region of
validity, (iv) to validate the proposed approach by comparing the numerical results
with experimental data.

The remainder of the chapter is structured to address each objective outlined
earlier: Section 4.2 provides a detailed description of the modified power law model
used to characterize the viscoelastic material response; Section 4.3 presents, the
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Figure 4.1: (a) The displacement-based loading protocol (pre-loading, dwelling, and
unloading); (b) indentation phase (dashed) and unloading phase at a constant retraction
rate; (c) Lennard-Jones adhesive stress σ(h) as a function of the interfacial gap h; (d)
geometric components of the gap function h(r, t): indentation δ, equilibrium distance h0,
parabolic indenter profile r2/(2R), and viscoelastic deflection uz(r, t). From Ref. (From
Ref. [19])

Boundary Element Model developed for analyzing the adhesive contact problem
along with extensive numerical results; Section 4.5 introduces the developed analyt-
ical solution and demonstrates its applicability in characterizing adhesive contact
problems; Section 4.6 focuses on the validation of the numerical results based on
experimental outcomes; Section 4.7 discusses the presented results in light of the
recent Literature; the chapter closes with the “Conclusions", Section 4.8.

4.2 Modified power law model

The challenge behind the mechanical modeling of viscoelastic materials arises because
the mechanical response at time t depends on the contact history. Viscoelastic
materials can be characterized in the frequency domain. If a sinusoidal stress σ (ω)
at frequency ω is applied to a viscoelastic specimen the resulting harmonic strain
ε (ω) will be delayed by a certain amount δ, hence the so-called complex modulus
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E (ω) = σ (ω) /ε (ω) can be defined in the complex plane. Alternatively, in place of
E (ω) one may define its reciprocal, the C (ω) = ε (ω) /σ (ω) which is the complex
compliance.

One approach to reproduce the broad-band response spectrum of a real viscoelastic
material [21, 156] is to move from a SLS material model, which is constituted by a
spring in parallel with a single Maxwell element (a spring in series with a dashpot),
to the so-called Wiechert model constituted by a spring in parallel with many
Maxwell elements [11], so that several relaxation times can be included in the
material representation. Very often the number of elements needed for a faithful
representation gets large enough so that the model returns a very good representation
of the material viscoelastic behaviour, but at the same time it makes it difficult to
extract general conclusions, due to the large number of fitting parameters determined.

One option to overcome this difficulty is to rely on power law material models
[13, 73, 147, 157, 158], which assume a certain power law function for the distribution
of the relaxation times. For example Popov [157] proposes a model that is fully
defined by 5 constants: the relaxed and glassy moduli, two characteristic times, and
one exponent. Schapery [73] uses an approximation for the creep compliance function
C (t) = (Me + M1t

−p)−1 which includes only three material constants {Me, M1, p}
and can describe well the behavior for very long times while being less accurate
in describing the short-time material behavior. Furthermore, Persson and Brener
[13] consider a model where the retardation times are distributed as a power law in
between two characteristic times and vanishes elsewhere.

In the following, we will consider and extend the Modified Power Law (MPL)
material model introduced by Williams [72], which is fully defined by a minimal set
of four parameters: the glassy E∞ and the rubbery E0 moduli, a single characteristic
time τ0 and one exponent n. Closed-form results in both time and frequency domains
that can be readily used for real viscoelastic material characterization or as input in
viscoelastic crack propagation theories are provided in Appendix III, while in the
following the main results are reported.

The MPL model is used here as a reduced constitutive representation rather than
as a replacement for a full generalized Maxwell fit when exact material identification
over the entire frequency range is required. This concept has been used in different
ways to characterize viscoelasticity [73, 147, 157, 158]. Its advantage is that it
preserves the correct relaxed and glassy limits while introducing a single exponent
n that controls the breadth of the relaxation spectrum. This makes it suitable
for parametric mechanical interpretation and for coupling with crack-propagation
theory. Its limitations should also be kept in mind: the formulation remains linear
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viscoelastic, assumes thermorheological simplicity, and cannot by itself describe
nonlinear damage, cavitation, chain pull-out, or other rate-dependent processes
localized inside the fracture process zone.

For the MPL material, the following relaxation spectrum H(τ) is assumed,

H (τ) =
(︄

E∞ − E0

Γ (n)

)︄(︃
τ0

τ

)︃n

exp
(︃

−τ0

τ

)︃
, (4.1)

where {τ0, n} are constants to be determined and Γ(n) is the Gamma function.
The substitution of Eq. (4.1) into Eq. (7) gives the complex modulus E (ω) =
E ′ (ω) + iE ′′ (ω):

E (ω) = E0 + (E∞ − E0) iωτ0 exp (iωτ0) En (iωτ0) , (4.2)

where En (x) is the exponential integral function of order n > 0. Appendix III
provides closed-form results for both the real E ′ (ω) and the imaginary parts E ′′ (ω)
of the complex modulus.

The relaxation function R (t) is given by [72]:

R (t) = E0 +
∫︂ ∞

0
τ−1H (τ) exp (−t/τ) dτ , (4.3)

which, upon substitution of Eq. (4.1) gives a very simple form:

R (t) = E0 + E∞ − E0

(1 + t/τ0)n (4.4)

or in dimensionless form

ˆ︁R (︂ˆ︁t)︂ = 1 + 1/k − 1(︂
1 + ˆ︁t)︂n (4.5)

being ˆ︁R = R (t) /E0, ˆ︁t = t/τ0 and k = E0/E∞, which shows that at a given
dimensionless time ˆ︁t the material relaxation depends only on the parameters {n, k}.

Similarly, we can assume a modified power law distribution for the retardation
spectrum, as:

L (τ) =
(︄

C0 − C∞

Γ (n)

)︄(︃
τ

τ0

)︃n

exp
(︃

− τ

τ0

)︃
, (4.6)

where {τ0, n} are constants to be determined. Hence the complex compliance is
(substitute Eq. (4.6) into Eq. (17)):

C (ω) = C∞ + (C0 − C∞)
iωτ0

exp
(︄

− i

ωτ0

)︄
En

(︄
− i

ωτ0

)︄
, (4.7)
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where En (x) is the exponential integral function of order n > 0, C0 = 1/E0 is the
creep compliance in the rubbery limit and C∞ = 1/E∞ is the creep compliance in
the glassy limit. Notice that once C (ω) is obtained, the complex modulus is also
obtained as E (ω) = 1/C (ω) and vice-versa. Appendix III reports closed form results
for both the real C ′ (ω) and the imaginary part C ′′ (ω) of C (ω).

The creep compliance function C (t) is given by (Williams, 1964):

C (t) = C∞ +
∫︂ ∞

0
τ−1L (τ) (1 − exp (−t/τ)) dτ , (4.8)

which, upon substitution of Eq. (4.6) into Eq. (4.8) gives:

C (t) = C0 − 2(C0 − C∞)
Γ (n)

(︃
t

τ0

)︃n/2
Kn

(︄
2
√︄

t

τ0

)︄
, (4.9)

where Kn (x) is the modified Bessel function of the second kind. The dimensionless
creep compliance function ˆ︁C = C/C0 is

ˆ︁C (︂ˆ︁t)︂ = 1 − 2(1 − k)
Γ (n)

ˆ︁tn/2Kn

(︃
2
√︂ˆ︁t)︃ , (4.10)

which shows that at a given dimensionless time ˆ︁t the material creep depends only
on the parameters {n, k}.

In Section 4.6, we will show that Polydimethylsiloxane (PDMS, 10:1 resin to
curing agent ratio) one of the most common silicone-based polymers used in soft
contact mechanics [2, 159, 160] has a characteristic exponent at room temperature
of n ≃ 0.22, which is close to what Williams [72] found for unfilled HC rubber. In
Fig. 4.2, we illustrate the time evolution of the relaxation and creep compliance
functions of MPL for different exponents n (solid black lines) alongside a comparison
of the SLS viscoelastic behaviour (blue dashed lines). Fig. 4.2 shows that in order to
obtain a behavior close to a standard material, we should set n ≈ 1.6, which implies
PDMS has a much broader spectrum with respect to the SLS. It is recalled that for
a SLS the dimensionless creep compliance function is ˆ︁C(ˆ︁t) = [1 + (k − 1) exp (−ˆ︁t)].

4.3 The numerical model

Let us consider the problem of a rigid sphere of radius R that is unloaded from a
fully relaxed viscoelastic adhesive half-space (see Fig. 3.2). To model the adhesive
contact problem a numerical scheme based on the Boundary Element Method was
implemented in the software MATLAB, together with a time marching algorithm,
which follows the implementation by Papangelo and Ciavarella [24, 25]. In the
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Figure 4.2: Time evolution of (a) the relaxation function R (t) (Eq. 4.4), (b) the creep
compliance function C(t) (Eq. 4.9) for n = [0.2, 0.4, 1.6] (solid black line) and a comparison
with the behaviour of a SLS viscoelastic material (dashed blue line). From Ref. (From Ref.
[19])

numerical model, it is assumed that the interaction between the sphere and the
substrate is governed by a Lennard-Jones force-separation law 1:

σ (h) = −8∆γ0

3h0

⎡⎣(︄h0

h

)︄3

−
(︄

h0

h

)︄9
⎤⎦ , (4.11)

where σ is the interfacial stress (σ > 0, when compressive), h the local gap, h0 the
equilibrium distance with the surface energy ∆γ0 = 9

√
3

16 σ0h0. The gap function is
then written as:

h(r, t) = −δ + h0 + r2

2R
+ uz (r, t) , (4.12)

where δ > 0 when the sphere approaches the viscoelastic half-space, the sphere
profile is approximated by a parabola, and uz (r, t) is the deflection of the viscoelastic
half-space, which depends on the loading history (we have explicitly shown the
dependence of uz on time t). The vertical deflections of the halfspace for an elastic
axisymmetric problem are obtained as [68, 69]:

uz (r) = 1
E∗

0

∫︂
σ (s) G (r, s) sds , (4.13)

where G (r, s) is the Kernel function:
1Strictly speaking Eq. (4.11) would hold for infinite parallel planes, nevertheless in adhesive

contact mechanics it is often assumed that Eq. (4.11) holds also for slightly inclined surfaces, which
is the so-called "Derjaguin approximation", see [69].
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G (r, s) =

⎧⎨⎩
4

πr
K
(︂

s
r

)︂
, s < r

4
πs

K
(︂

r
s

)︂
, s > r

(4.14)

K (k) is the complete elliptic integral of the first kind of modulus k and E∗
0 =

E0/(1 − ν2) is the composite elastic modulus (the sphere is rigid) being ν the Poisson
ratio considered independent on the excitation frequency ω. Hence, according to the
elastic-viscoelastic correspondence principle in the form of Boltzmann integrals [11],
the normal displacements of the viscoelastic half-space uz(r, t) at time t, at position
r will depend on the contact history as:

uz(r, t) =
∫︂

G (r, s) s
∫︂ t

−∞
C(t − τ)dσ(s, τ)

dτ
dτds . (4.15)

where the moduli in the creep compliance function C(t) should be consider in
the plane strain conditions, i.e. C∗

0 = 1/E∗
0 . The gap function Eq. (4.12) is solved

through a Newton-Raphson scheme on N = M + 1 equally-spaced nodes, being M

the number of interfacial elements so that Eq.s (4.11,4.12,4.15) are satisfied. To
determine the half-space deflections Eq. (4.15) was discretized in time and space.
In time, we used a time marching algorithm with a time step ∆t. In space, we
assumed the pressure distribution has a triangular shape over each element, i.e. for
the element j-th the pressure is pj at r = rj and falls linearly to 0 at r = rj−1 and
r = rj+1, which is usually referred as the “method of the overlapping triangles" [161].
Further details of the numerical implementation can be found in Ref.s [24, 25].

The numerical prediction of pull-off in adhesive Hertzian contact is especially
sensitive to spatial and temporal resolution, because the detachment instability is
governed by a small cohesive zone near the contact edge and becomes increasingly
demanding as the JKR limit is approached. For this reason, the numerical results
should be interpreted together with the analytical consistency checks used throughout
the chapter: recovery of the elastic limiting response, bounded behaviour between
relaxed and glassy viscoelastic limits, agreement with Persson–Brener scaling in
the range where its assumptions apply, and systematic trends with preload and
unloading rate. Although a systematic full convergence map is not shown here, we
conducted several numerical tests to ensure the accuracy of the numerical results as
the parameter combination changes.
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Elastic Behavior

Elastic Behavior

Elastic Behavior

Figure 4.3: Dimensionless load ˆ︁P versus the dimensionless contact radius ˆ︁a. (a) Material
exponent n = 0.8, initial contact radius ˆ︁a0 = 3.61, unloading rates ˆ︁r = [102, 102.5, 103, 106];
(b) initial contact radius ˆ︁a0 = 3.61, unloading rate of ˆ︁r = 102.5 for different material
exponents n = [0.6, 0.8, 1.6]; (c) initial contact radii ˆ︁a0 = [1.71, 2.47, 3.61], with a constant
unloading rate of ˆ︁r = 102.5 and material exponent n = 1.6. For all the panels unloading
starts from a fully relaxed substrate with k = 0.1 and µ = 3.24. (From Ref. [19])
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4.4 Numerical results

In the rest of the paper, unless differently stated, the numerical results will be
presented in dimensionless notation, as follows:

ˆ︁δ = δ

(π2∆γ2
0R/E∗

0
2)1/3 ; ˆ︁a = a

(πR2∆γ0/E∗
0)1/3 ; ˆ︁P = P

π∆γ0R
, (4.16)

being ˆ︁δ the dimensionless indentation, ˆ︁a the dimensionless contact radius, ˆ︁P the
dimensionless normal load, ˆ︁Ppo = | min

(︂ ˆ︁P)︂ | the maximum detachment force, i.e.
the pull-off force. Unless specified otherwise, our simulations employ N = 500 nodes.
Let’s consider a sphere with an initial contact radius of a0 is unloaded from a fully
relaxed viscoelastic substrate, with various unloading rates r. This unloading process
mimics experimental conditions: (i) indenting the viscoelastic substrate to a specified
depth (δload), (ii) allowing dwell time for substrate relaxation, then (iii) unloading at
a constant velocity r. The corresponding dimensionless unloading rate is defined asˆ︁r = rτ0/h0. Unless differently stated, the results provided in the following will refer

to the Tabor parameter [37] µ =
(︃

R∆γ0
2

E∗
0

2h0
3

)︃1/3
= 3.24 and k = E0/E∞ = 0.1.

4.4.1 Dependence of the detachment force upon the loading protocol
details

As it was discussed, the unloading rate r has a crucial role in the mechanical response
of viscoelastic materials. We examined our model for different unloading rates while
Fig. 4.3 (a) reports only four different unloading rates of ˆ︁r = [102, 102.5, 103, 106].
The sphere is unloaded from a fully relaxed substrate with the exponent material
of n = 0.8 and all the unloading curves in Fig. 4.3 start from the initial contact
radius of ˆ︁a0 = 3.61. As anticipated in viscoelastic contact problems, the unloading
rate significantly affects the unloading trajectory. Fast unloading boosts viscoelastic
dissipation at the crack tip which in turn gives a high pull-off load at detachment.
Note that the elastic behavior observed in Fig. 4.3 corresponds to the initial state of
the relaxed substrate.

For the same unloading rate ˆ︁r = 102.5, and starting from the same initial contact
radius ˆ︁a0 = 3.61 the unloading trajectory will be influenced by the response spectrum
of the material. In particular, by using the MPL formulation for simulating a
broad-band material (see Fig. 4.2), Fig. 4.3 (b) shows the unloading curves for
n = [0.6, 0.8, 1.6], showing that for a given unloading rate the pull-off force generally
increases by increasing n. As we will show later, this happens because the more
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Figure 4.4: Normalized pull-off force as a function of the normalized crack velocity for a
material with power law exponent n = 0.8 and starting the unloading phase from a fully
relaxed substrate with initial contact radii ˆ︁a0 = [1.94, 2.50, 3.61, 5.28]. (From Ref. [19])

narrow-band the material response spectrum is, the faster the theoretical amplification
(∆γeff/∆γ0 = E∞/E0) is reached as a function of the retraction rate.

Here, the results of a comprehensive numerical campaign specifically designed
for providing, at a given unloading rate, the minimal initial contact radius (or
preload) needed to maximize adhesion in a rigid sphere/soft substrate contact are
provided. Figure 4.5 (a) shows the pull-off force obtained unloading the substrate
at a given unloading rate ˆ︁r = 100.5 as a function of the initial contact radius ˆ︁a0 for
n = [0.4, 0.6, 0.8, 1.6] (respectively triangle, star, diamond and square markers). The
results show that as ˆ︁a0 increases the pull-off force converges to a certain plateau and
that in general, at a given ˆ︁r, broad-band materials (low n) will need a smaller initial
contact radius to reach convergence of the pull-off force. Hence, in experiments, if
the maximum adhesion is sought one must first perform a convergence study on
the pre-loading conditions. In Fig. 4.5 (a) we have used a spline to interpolate the
simulated points (markers), then we have computed the derivative d ˆ︁Ppo/dˆ︁a0 and set
the condition d ˆ︁Ppo/dˆ︁a0 < 0.1 to determine a threshold contact radius indicated byˆ︁a0t, above which we considered the pull-off force is converged. In Fig. 4.5 (a) the
black curves change from dotted to solid when the contact radius is greater than ˆ︁a0t.

The results in Fig. 4.5 (a) refer to a particular unloading rate taken as a referenceˆ︁r = 100.5. A convergence study was performed over about 5 orders of magnitude in
terms of unloading rate, as shown in the inset of Fig. 4.5 (b), where every marker
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Figure 4.5: Threshold contact radius: (a) Dimensionless pull-off force ˆ︁Ppo with respect
to the normalized initial contact radius ˆ︁a0 with the same unloading rate of ˆ︁r = 100.5 for
different material exponents n = [0.4, 0.6, 0.8, 1.6], and k = 0.1; (b, inset) Dimensionless
threshold contact radius ˆ︁a0t with respect to the normalized unloading rate ˆ︁r for different
material exponents n = [0.4, 0.6, 0.8, 1.6] and k = 0.1. (b, main figure) The same data
reported in the inset are shown as dimensionless pull-off force ˆ︁Ppo with respect to the
normalized threshold contact radius ˆ︁a0t. In all the panels triangle, star, diamond and
square markers correspond respectively to n = [0.4, 0.6, 0.8, 1.6]. (From Ref. [19])

shown corresponds to the threshold contact radius ˆ︁a0t obtained for that material
exponent n and at that given normalized unloading rate ˆ︁r ∈ [100, 106]. The inset
of Fig. 4.5 (b) explicitly shows a dependence on the viscoelastic material spectrum
broadness (i.e. the exponent n). Nevertheless if the data are represented by the
normalized pull-off force at convergence as a function of ˆ︁a0t they collapse for all
the exponents n into a single power law curve that we find to be ˆ︁Ppo = 0.3ˆ︁a2.7

0t

(black dashed line in Fig. 4.5 (b)), which clearly saturates when the maximum
enhancement ˆ︁Ppo = ˆ︁PJKR/k = 1.5/k is reached. Notice that, the smallest unloading
rate considered in our analysis is ˆ︁r ≈ 3 (see Fig. 4.5 (b), inset) as for quasi-static
unloading the elastic solution is retrieved and ˆ︁Ppo will not depend on ˆ︁a0.

Furthermore, Fig. 4.5 (b) shows that the transition from the power-law behaviour
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to the plateau is faster for materials with large material exponent n than for those
characterized by low values of n, as a consequence of their narrow spectrum. Hence
Fig. 4.5 (b) shows that regardless of the material model, the key parameter that
determines the minimum contact radius ˆ︁a0t is the maximum amplification of the
pull-off force that has to be reached.

4.5 Persson and Brener crack propagation theory for broad-
band viscoelastic materials

In the previous sections, we have shown how the pull-off force depends on the
unloading rate and on the initial contact area for various exponent n that characterize
the broadness of the viscoelastic material response spectrum. Here, closed-form
solutions are obtained for the effective surface energy ∆γeff based on Persson and
Brener [13] crack propagation theory. It is useful to recall that for a Hertzian indenter,
in the case of soft materials, the JKR model [22] applies, which provides the pull-off
force depends only on the sphere radius and surface energy PJKR = 3

2πR∆γ0, hence,
in the following, the normalized effective surface energy will be simply defined asˆ︁Γeff = ∆γeff/∆γ0 ≃ Ppo/PJKR.

We note that our crack propagation formulation is the extension of Persson and
Brener [13] idea of equating the input power from the remote load to the power that
is dissipated due to the generation of new surfaces and due to viscoelastic dissipation,
so one can obtain the effective surface energy ∆γeff as [13]:

∆γeff

∆γ0
=
[︄
1 −

(︃
1 − E0

E∞

)︃ ∫︂ +∞

0

L (τ)
(1/E0 − 1/E∞) τ

{︃√︂
1 + b−2 (τ) − b−1 (τ)

}︃
dτ

]︄−1

,

(4.17)

b (τ) = 2πvτ

l0

(︄
∆γ0

∆γeff

)︄
. (4.18)

Introducing the dimensionless parameters:

ˆ︁v = vτ0

l0
; ˆ︁τ = τ

τ0
, (4.19)

and substituting the retardation spectrum defined for the MPL material model in
Eq. (4.6) into Eq. (4.17) one gets
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Figure 4.6: Normalized effective surface energy ˆ︁Γeff with respect to the normalized crack
velocity ˆ︁v for different power law material exponent n = [0.4, 0.6, 0.8, 1.6], respectively
triangle, star, diamond and square markers, and k = 0.1. The blue circle markers in the
plot correspond to the SLS material. Solid lines stand for the PB model (Eq. 4.21) for
n = [0.2, 0.4, 0.6, 0.8, 1.6]. The blue dashed line is a guide to the eye, showing the power
law behaviour of the function ˆ︁Γeff (ˆ︁v) = βˆ︁vm in the intermediate velocity range. The inset
depicts the fitting parameters {β, m} for the values of n shown. (From Ref. [19])

ˆ︁Γeff =

⎡⎢⎣1 − (1 − k)
∫︂ +∞

0

ˆ︁τn−1 exp (−ˆ︁τ)
Γ (n)

⎡⎢⎣
⌜⃓⃓⎷1 +

(︄ ˆ︁Γeff

2πˆ︁v 1ˆ︁τ
)︄2

−
(︄ ˆ︁Γeff

2πˆ︁v 1ˆ︁τ
)︄⎤⎥⎦ dˆ︁τ

⎤⎥⎦
−1

,

(4.20)
which can be written as

ˆ︁Γeff =
[︂
1 − (1 − k) I

(︂
n, ˆ︁v, ˆ︁Γeff

)︂]︂−1
, (4.21)

where I(n, ˆ︁v, ˆ︁Γeff) stands for the integral in Eq. 4.20 whose expression is given in
closed form in Appendix IV. Following Persson and Brener [13] original arguments,
we determine the lengthscale l0 equating the linear elastic fracture mechanics stress
field to the critical stress σc required to break the atomic bonds. Hence:

σc = KI√
2πl0

; K2
I = 2E∗

0∆γ0 , (4.22)

l0 = E
∗
0∆γ0

πσ2
c

= E
∗
0∆γ0

π (ασ0)2 , (4.23)
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where E
∗
0 = E0

1−ν2 is the rubbery plain strain elastic modulus of the halfspace, KI is
the stress intensity factor in mode I and the “2" in its expression takes into account
that one of the contacting bodies is rigid, while α in Eq. (4.23) is a coefficient of
order unity to relate the critical stress σc in PB theory to the σ0 we are using in the
numerical simulations that are based on the LJ force-separation law. Notice that
for soft polymers l0/h0 ≈ 1 hence l0 should physically be of the same order of the
intermolecular distance.

Solving Eq. (4.21) for n = [0.2, 0.4, 0.6, 0.8, 1.6], k = 0.1 and for varying crack
velocity ˆ︁v one easily find the results shown in Fig. 4.6 (black solid lines). So, for a given
effective energy, broad-band materials would require a much higher crack speed than
for narrow-band materials. The numerical results from the same set of parameters
are shown in Fig. 4.6 as markers (n = [0.4, 0.6, 0.8, 1.6], respectively triangle, star,
diamond and square markers), where we find an excellent agreement with the
analytical results by using α = π/9 ≃ 0.3491. It is reminded that the numerical
results shown in Fig. 4.6 have been obtained unloading a fully relaxed halfspace and
are related to an initial contact radius exceeding the threshold value, i.e ˆ︁a0 > ˆ︁a0t

(see Fig. 4.5). Numerical simulations conducted for k = E0/E∞ = [0.01, 0.05, 0.1]
confirmed that α ≃ π/9 independently on the ratio rubbery to glassy modulus k.

It is worth mentioning that the SLS is very often used as a paradigmatic model
for a polymer viscoelastic behavior. As a comparison, Fig. 4.6 reports the results
obtained for the SLS as blue circles, which confirms the case of the SLS is close to
n = 1.6 and shows a notably large amplification of interfacial adhesion at relatively
low crack speed if it is compared with broad-spectrum viscoelastic material. Our
experimental results will show in Section 4.6 that 10:1 PDMS silicone has an exponent
n ≃ 0.22, which implies the maximum adhesion amplification may be observed only
at unloading rates which are orders of magnitude larger than that needed for the
SLS, which poses also questions about the practical feasibility of reaching so large
retraction rates and possible nonlinear effects that may come into play, which will
be discussed in the Discussion section. For a more convenient use of Eq. (4.21), the
power law scaling of the effective surface energy in the intermediate velocity range is
reported here as ˆ︁Γeff = βˆ︁vm (see blue dashed line in Fig. 4.6), where the parameters
β, m can be found in Fig. 4.6 inset.

The applicability of Eq. (4.21) for the prediction of the effective surface energy
would remain limited by the fact that in all the viscoelastic crack propagation theories,
including Eq. (4.21), the enhancement of the surface energy is a function of the
crack velocity at pull-off which is generally not an input parameter in experiments
and would be anyway difficult to control. Nevertheless, Fig. 4.7 shows in the inset
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Figure 4.7: Normalized effective surface energy ˆ︁Γeff = Ppo/PJKR based on the numerical
BEM simulations versus the normalized effective surface energy predicted by using the
Eq.s (4.21,4.24). (inset) Normalized crack velocity ˆ︁v versus the normalized unloading rate
(ˆ︁rP B). In both the main figure and the inset the same numerical results are shown, in
particular for different power law material exponent n = [0.4, 0.6, 0.8, 1.6], respectively
triangle, star, diamond and square markers, and k = [0.01, 0.05, 0.1] respectively markers
with a blue contour line, with a black contour line and without contour line. Blue circles
stand for the SLS with k = 0.1. (From Ref. [19])

that the crack velocity at pull-off ˆ︁v scales approximately as:

ˆ︁v = 2.887ˆ︁r1.171
P B , (4.24)

over about 10 orders of magnitude in terms of unloading rate ˆ︁rP B, where ˆ︁rP B =
rτ0/l0. Figure 4.7 shows the numerical results obtained for the material exponents
n = [0.4, 0.6, 0.8, 1.6], respectively triangles, stars, diamonds, squares (circles stand
for the SLS material) and for k = [0.01, 0.05, 0.1] respectively markers with a blue
contour line, with a black contour line and without contour line. Filled blue circles
stand for the SLS with k = 0.1. Hence, after using Eq. (4.24) to estimate the crack
speed at pull-off as a function of the retraction rate, we have used Eq. (4.21) to
predict the effective surface energy and compared with the numerical BEM results,
using the same symbols as in the inset, which are shown in the main Fig. 4.7. The
solid black line represents the condition of the perfect match between prediction and
actual numerical results, while as a guide to the eye, we have drawn also two dashed
lines representing ±15% error. Although the scaling may be improved by using more
refined models, the use of Eq.s (4.21,4.24) makes the estimate of the pull-off force
straightforward based only on the material parameters and on the unloading rate. It
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is recalled that all the numerical results have been obtained for the Tabor parameter
µ = 3.24, hence we expect Eq. (4.24) to be valid in the limit of short-range adhesion
also referred to as the "JKR limit" [22].

4.6 Experimental adhesion tests

In the previous sections we have developed a general MPL material model capable
of describing the viscoelastic behaviour of both narrow and broad band materials,
then we have compared BEM numerical results with PB theory finding an excellent
agreement. Finally, in this section, the numerical predictions will be validated against
experimental results.

A series of adhesion tests were performed using a smooth spherical lens loaded
and unloaded from a soft viscoelastic substrate at various unloading velocities. The
spherical lens was made of borosilicate crown glass (SLB-05-10P, Sigma Koki) with a
nominal radius of R = 5.19 mm and the substrates were made of polydimethylsiloxane
(PDMS, Sylgard 184, DowCorning Corporation) with resin to curing agent weight
ratio of 10:1. PDMS is a silicone elastomer well known to exhibit viscoelastic proper-
ties, as confirmed in several previous studies [21, 153, 156, 162]. For the substrate
material characterization, a classical dog-bone shaped specimen was fabricated and
used for dynamic mechanical analysis (DMA). All the samples were cured at 70 ◦C
for two hours on a heating table and then followed by natural cooling.

4.6.1 Material characterization

The DMA test was performed using a DMA850 (TA Instruments) to characterize
the viscoelastic properties of the PDMS. The dog-bone-shaped specimen had cross-
sectional dimensions of 3.86 mm in width and 0.75 mm in thickness. Temperature
sweeps were conducted at a fixed frequency of f = 1 Hz and a strain amplitude of
ϵ = 0.1%. The temperature runs from −130 ◦C to 20 ◦C with 10 ◦C step size. To
move from temperature to frequency domain we used the WLF time-temperature
superposition [84], hence the shift factor is defined as

log10 aT = log10
fTg

fT

= −17.44 (T − Tg)
51.6 + T − Tg

, (4.25)

where fT is the frequency at the temperature T and Tg is the glass transition
temperature. For the PDMS substrate, we assumed Tg = −115◦C, which agrees well
with the results reported in Ref. [21] for the same material. Furthermore, we note
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Figure 4.8: (a) Real part of the complex elastic modulus E′ in the frequency domain
at Tamb = 20 ◦C. (b) Imaginary part E′′ of the complex elastic modulus in the frequency
domain at Tamb = 20 ◦C. In both panels: the black curve with circle markers stands for
the experimental data, the blue curve for the fitted MPL material model and the red curve
for the fitted GMM model with 18 arms (see Fig. A.2). (From Ref. [19])

that using Tg = −115◦C our measurements of the complex modulus E also satisfy
the Kramers-Kronig (KK) relation [163]

E ′′ (ω) = −2ω

π

∫︂ +∞

0

E ′ (u)
ω2 − u2 du , (4.26)

where ω = 2πf is the angular frequency and the integral should be intended as its
Principal Value [163].

The experimental data for the complex modulus were shifted to Tamb = 20 ◦C
by using Eq. (4.25) and fitted using Eq. (4.7), which is written in terms of the
complex compliance C(ω) as that is the function needed in the numerical BEM
implementation (see Eq. (4.15)). Figure 4.8, panels (a)-(b), shows the complex
modulus E (ω) = 1/C (ω) = E ′ (ω) + iE ′′ (ω) as obtained experimentally (black solid
curve with circle markers) and as fitted by the MPL material model (blue solid
curve). For PDMS we found

E0 = 1.458 MPa
E∞ = 3.089 ∗ 103 MPa

n = 0.2207
τ0 = 0.01876 s

(4.27)

For comparison purposes, the result that would have been obtained by fitting
the experimental data using a Generalized Maxwell Model (GMM, also known as



Chapter 4. Adhesion in Broad-Band Viscoelastic Hertzian Contacts 65

the "Wiechert model") with 18 arms, hence 37 constants, is also shown in Fig. 4.8
as a dashed red curve. One realizes that both the GMM and the MPL models give
a fair representation of the material behavior, although the MPL model is simpler
to use, and the four parameters used in the fitting procedure {E0, E∞, n, τ0} have a
straightforward physical interpretation.

4.6.2 Experimental setup and comparison

A custom-designed adhesion test instrument, based on the tribometer platform
(NTR2, CSM Instruments), was constructed to measure the pull-off force. As
illustrated in Fig. 4.9 (a), the lens was rigidly fixed to the force sensor. The PDMS
substrate was positioned above a transparent rigid box, with the contact interface
observable through a camera via a prism mounted inside the box. The pull-off tests
comprised three sequential steps: loading, dwelling, and unloading. Initially, the
lens was gradually loaded against the PDMS substrate with a preload force denoted
as P , followed by a dwell period of 60 seconds to ensure complete relaxation of
adhesive contact. Subsequently, the lens was pulled out at a fixed unloading rate,
r. Throughout the entire process, the normal force was recorded and the pull-off
force represents the absolute minimum normal force. Firstly, we measured the
variation of the normal force with the contact radius, a, at a very low unloading rate
r = 0.98µm/s to determine the interfacial parameters, as shown in Fig. 4.9 (b). By
fitting the relationship between the normal force and contact radius using Carpick’s
method [164], we estimated the intrinsic work of adhesion ∆γ0 = 0.152 J/m2 and the
Tabor parameter µ = 2.05. Next, we conducted tests by varying the unloading rate r.
The lens is brought into contact with the PDMS substrate and loaded to the preset
preload P0 = 1.5 mN. After a 60-second dwell period, the lens is moved upward until
the contact is broken and the lens is pulled off from the substrate. We used our
numerical BEM code, using the MPL material model for the viscoelastic substrate,
to predict the pull-off force during the unloading process. The comparison with
experiments leads to the result shown in Fig. 4.10, where the pull-off force, Ppo [mN],
is plotted as a function of the unloading rate, r [µm/s] (the red squares stand for the
experimental data, the black solid line for the numerical results). According to Fig.
4.10, the experimental results confirm an increase in the pull-off force with increasing
unloading rates. While there is good agreement between numerical and experimental
results in the range of retraction rates r = [1, 100] µm/s, the experimental data
exhibit marked higher values than the numerical predictions for high values of the
unloading rate r > 100 µm/s, which agrees well with other published experimental
results [20, 21]. For having a good fit of the low speed experimental results, we set
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Figure 4.9: (a) Schematic of the experimental setup for adhesion tests; (b) Variations of
normal force with contact radius a at a very low unloading rate to determine the interfacial
parameters. (From Ref. [19])

h0 = 30.8 nm, which is discussed in detail in the Discussion section.

4.7 Discussion

4.7.1 On the possibility of reaching the maximum adhesion enhancement

According to viscoelastic crack propagation theories [13, 73, 74] the maximum
enhancement of the pull-off force is ˆ︁Ppo = ˆ︁PJKR/k, hence based on the results
reported in Section 4.4, one can estimate that for a PDMS material with k ≃
4.73 ∗ 10−4 the maximum amplification of the pull-off force will be reached forˆ︁a0t ≃ 30.9. Using the interfacial and material properties we have found for PDMS
(∆γ0 = 152.3 mJ/m2, ν = 0.5, E∗

0 ≃ 1.94 MPa) and for R = 5.19 mm gives an initial
contact radius of a0t = 5.8 mm, which is larger than the sphere radius and even
considering a parabolic (Hertzian) profile certainly outside the limit of validity of the
hypothesis of small deformations, which raises doubts about the practical feasibility of
reaching the maximum amplification factor predicted by crack propagation theories.

Another consideration to be made is related to the unloading rate that would
be needed to reach the maximum adhesion amplification. By using the results
reported in Section 4.6, one estimates that to reach the maximum amplification
for a PDMS substrate one would need to unload the substrate at ˆ︁v ≈ 109 (see Fig.
4.6), which using l0 = 30.0 nm and τ0 = 0.01876 s together with Eq. (4.24) gives
the dimensional unloading rate of about r ≈ 31.4 m/s, which is about 4 orders of
magnitude larger than the maximum unloading velocity usually used in adhesion
experiments [20, 21], provided also the limitations introduced by the inertia of the
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Figure 4.10: (a) Pull-off force as a function of the unloading rate: comparison between
numerical (from the BEM code, solid black line, labelled (Ppo)lin) and experimental results
(red square markers) for preload P0 = 1.5 mN, R = 5.19 ∗ 10−3 m, ∆γ0 = 152.3 mJ/m2,
h0 = 30.8 nm. The green dashed line was obtained using the effective surface energy
fitted on the experimental results labelled as (∆γeff )GS and shown in panel (b). (b,
left y-axis) Effective surface energy from: the experimental results (red squares, labelled
(∆γeff )exp), the fit of the experimental data using a Gent and Schulz power law model (Eq.
(4.28), where v0 = 213.5 µm/s and ξ = 0.4154, dashed green line, labelled (∆γeff )GS), the
prediction obtained for the PDMS substrate using the linear numerical BEM model (solid
black line, labelled (∆γeff )lin). In this respect we used our approximate Eq. (4.24) to
determine the crack velocity at pull-off starting from the experimental retraction rate. (b,
right y-axis) The ratio between (∆γeff )GS/(∆γeff )lin for which a power law fit is provided
(∆γeff )GS

(∆γeff )lin
= 1 + ( v

v1
)1/2 where v1 = 104µm/s (dashed pale blue curve). (From Ref. [19])
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motorized linear stages. Hence, insufficient preload and unloading rates used in
experiments may partially explain why, in Literature, measurements of very large
enhancement factors, even close to 1/k, are missing (see for example Tiwari et al.
[20], VanDonselaar et al. [21]).

Our numerical and experimental results seem to be in agreement with the experi-
mental adhesion tests reported in Refs. [20, 21] for a similar PDMS material, where
they also found that PB theory agreed well with experimental observations only
up to about r ≈ 100 µm/s. This may suggest that both numerical and theoretical
models are lacking essential phenomena to describe the detachment process at high
retraction rates. At present, a few hypotheses have been formulated, ranging from
the possibility of nonlinear dissipative phenomena, happening within the process
zone, like (i) cavitation and stringing, (ii) extraction of non-cross linked polymeric
chains from the substrate, (iii) temperature dependence of the material behaviour
at the crack tip, (iv) the nonlinear behaviour of the material at the large strains
(≈ 10%) experienced close to the crack tip [20, 21], of course not included into the
(linear) theoretical and numerical models, which is discussed in the next subsection.

4.7.2 Energy dissipation within the process zone

To obtain a satisfactory fit of the experimental data at low unloading rates we set
h0 = 30.8 nm. Notice that from quasi-static experiments, using the definition of
the Tabor parameter we would have obtained a much larger equilibrium distance
h0 = 1.55 µm, which is close to what can be obtained for the same PDMS material
using the parameters in Oliver et al. [160]. This calls for further investigations in
the future.

For the PDMS material we have characterized, using h0 = 30.8 nm, one obtains
that the size of the process zone that fits the experimental data in Fig. 4.10a is
l0 ≃ 30.0 nm. Indeed, determining the length of the process zone in viscoelastic
crack propagation is still an open question. In the de Gennes [165] and Saulnier et al.
[166] theories, the size of the “nonlinear” zone is assumed to be a constant, and the
fracture energy has its maximum amplification at intermediate speeds. In PB theory
this size is not constant and is directly proportional to the applied energy release
rate G, which results in a model practically coincident with the cohesive zone model
of Knauss and Schapery (see Knauss [167]). However, in fitting experimental data
of fracture Hui et al. [168] consider two examples, a styrene-butadiene co-polymer
from Gent and Lai [169], where they don’t have independent estimate of the cohesive
strength, but simply fit the fracture energy vs speed data, obtaining a process zone
size at low speed of a nonphysical size of 0.1 nm, consistent with Gent and Lai [169].
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In the second example, they consider a polyurethane elastomer called Solithane
113 of Knauss [167], and obtain by the same process a size of 1 nm. Hence, Hui
et al. [168] conclude that this size cannot realistically represent a dissipation zone
for which a lower bound should be the length of the monomer unit ≈ 46 nm [170]. 2

Notice that nonlinear crack propagation theories have been developed by Schapery
using cohesive models [172], and have provided a fracture process zone at low speeds
of approximately 10 nm, much more realistic than the 0.1 nm found by Knauss
[167] and Schapery [74] for Solithane rubber. In fitting crack propagation data in
rubbers, Schapery [173] (Tab. 1) found a jump in propagation speed at a certain
applied load which seems to suggest a sharp change of cohesive zone fracture energy
as a function of speed. He found a low speed fracture energy which is higher than
the fast propagation speed fracture energy of a factor of about 6. In our adhesion
experiments, our theory is linear and hence we cannot exclude that a nonlinear theory
would explain this apparent continuous change of cohesive zone fracture energy with
the speed of the linear theory, which is an increase with speed rather than a decrease
and hence gives no instability.

Barthel [174] reports post mortem experimental measurements of the process
zone length from damage that occurred at the crack tip and shows this should be of
a physically reasonable size of the order of microns. Also, it clearly increases with
size as PB and Schapery suggest, but contrary to the original DeGennes and Sauliner
theories. Furthermore, linear theories seem to work better for very viscoelastic solids,
namely when the glass transition temperature is above ambient temperature, perhaps
because for very viscoelastic materials the dissipation in the bulk becomes dominant
[174].

We have estimated the experimental effective surface energy ∆γeff (v) (Fig. 4.10b,
left y-axis) as obtained from experiments (red squares), fitted by a Gent-Schultz [83]
power law equation (green dashed curve)

∆γeff = ∆γ0

(︄
1 +

(︃
v

v0

)︃ξ
)︄

, (4.28)

and estimated from our linear BEM numerical scheme (black solid line), respectively
{(∆γeff )exp,

(∆γeff )GS, (∆γeff )lin} in Fig. 4.10b. To estimate the crack velocity at pull-off from
the retraction rates used in the experiments we used the approximate relationship
in Eq. (4.24), and this shows that a linear theory would fit the data much better

2Recent literature contributions have started to question the validity of classical linear elastic
fracture mechanics for unfilled plastics and elastomers suggesting that fracture initiates at a critical
tensile strength, see Wang et al. [171].
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(see dashed green line in Fig. 4.10) if we assume a rate-dependent surface energy.
Notice that PDMS (10:1) elastic behavior (quasi-static loading, room temperature)
has been well characterized and it shows a very neat linear behavior up to ≈ 50%
strain [175], hence, in principle, one would expect PB theory should work, unless
other causes of dissipation are at play.

Indeed, even considering that l0 ≃ 30.0 nm is a more realistic estimate of the
length of the fracture process zone, still we have shown that above v = 100 µm/s
the linear theory largely underestimates the effective surface energy as shown in Fig.
4.10b. Hence, other rate-dependent causes of dissipation seem to be at play which
consistently contribute to determine the overall energy to be spent for the crack to
propagate.

As we have demonstrated numerically, linear theories such as PB theory, suc-
cessfully estimate the dissipation happening within the bulk material, but they
fail to account for the rate-dependent nonlinear dissipative processes taking place
within the process zone. Clearly, the assumption of constant intrinsic fracture energy
and cohesive stress in the cohesive zone where large strain, high strain rate and
nonlinear deformations (including damage) happen, is questionable as noticed by a
very recent contribution by Barthel [174]. Introducing the dissipative contribution
coming from the nonlinear phenomena happening within the process zone would
ultimately require additional constants to be determined from actual measurements,
unless one aims at describing all the nonlinear processes happening within the process
zone. Unfortunately, the way the effective surface energy ∆γeff increases with speed
would require a separate investigation as this is a completely different contribution
than the one coming from viscoelastic bulk dissipation and, at present, the scientific
community has not agreed on a good model for it [176–179].

Given the considerable effort in the theory in characterizing the viscoelastic linear
properties, these recent models are trying mostly to understand how much of the
fracture energy amplification comes from the bulk dissipation and how much from the
cohesive zone process rate-dependence. In this respect, the estimate we gave in Fig.
4.10b suggests that in our experiments at v = 104µm/s the nonlinear rate-dependent
dissipative contribution originated within the process zone (∆γeff)GS − (∆γeff)lin

equals the one coming from the dissipation in the bulk (∆γeff )lin (blue curve).

4.8 Summary of findings

We have studied the adhesive contact between a rigid Hertzian indenter and a
substrate constituted by a broad spectrum viscoelastic halfspace. For the material
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we have adopted a Modified Power-Law (MPL) material model, originally proposed
by Williams [72], that we have extended to provide closed-form results for the creep
compliance function and for the relaxation function in the time domain, and also for
the complex modulus and the complex compliance in the frequency domain. Notably,
the MPL model is a function of only 4 parameters, the two moduli, a characteristic
exponent n and a characteristic time τ0. In particular, by changing the exponent
n, we have shown that it is possible to have a realistic description of a broad-band
viscoelastic material, which we have demonstrated by fitting the complex modulus
measured for a PDMS sample.

By using a numerical model based on the Boundary Element Method (BEM),
extensive numerical studies have been performed in a wide range of the unloading rate,
spanning about 8 orders of magnitude. We have shown that due to viscoelasticity, the
effective surface energy can be strongly enhanced with respect to the thermodynamic
surface energy, nevertheless to avoid finite size effects a certain minimum contact
radius has to be reached, which we named a “threshold contact radius” a0t. Our
numerical simulations have shown that a0t is independent of the material exponent,
but it depends on the pull-off enhancement that has to be reached at high unloading
velocity.

Provided that finite size effects are avoided (a0 > a0t), the theory of Persson and
Brener [13] can be used to determine the pull-off force of the spherical indenter
as a function of the crack speed at pull-off with high accuracy, but only within
the assumptions of the linear theory and rate-independent fracture process zone
parameters. Relating the numerical results based on a Lennard-Jones force-separation
law to the theory of Persson and Brener [13] required to define a parameter α = 0.3491
of order unity that relates the critical stress σc in PB theory to the maximum stress
used in the LJ law σ0, which was found independent on the ratio k = E0/E∞.
Adhesion experiments are usually run in displacement control, and the crack speed
at pull-off is certainly not a control parameter, nevertheless, we have shown that the
velocity of the crack at pull-off ˆ︁v scales as ˆ︁v ≃ 2.887ˆ︁r1.171

P B over more than 8 orders
of magnitude, which provides an extremely simple relation to roughly estimate the
pull-off force starting only from the material model parameters and the unloading
rate with about ±15% confidence.

Finally, by using the MPL for the viscoelastic material and the developed BEM
code, we have attempted a comparison between the numerical and the experimental
results, which turned out to be satisfactorily accurate up to unloading rates r = 100
µm/s, while for faster unloading the numerical results predict lower enhancement
with respect to what is measured by our experiments. This observation turns out to
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be in good agreement with previous Literature results Refs. [20, 21], where similar
experiments were conducted.

A nonlinear description of the material behaviour must be necessarily a better
description than linear, so perhaps the J integral approach of Schapery [180] could
improve our results. However, as in classical nonlinear fracture mechanics, we ulti-
mately need to measure experimentally the critical value of the fracture energy, which
cannot be found reliably from other material properties, in viscoelastic adhesion even
if some progress is made by the linear theories, the estimate of the bulk dissipation
contribution to fracture energy enhancement is not sufficient, and, ultimately, the
fracture process zone rate-dependency must be measured experimentally. Hence,
at present, the measurement of the ∆γeff(v) curve remains the only engineering
approach, resulting in the phenomenological Gent and Schultz [83] law. Notice that
if we use the measured Gent-Schultz law with a power ξ = 0.41 and assume the
far field material is elastic with relaxed modulus, we can solve the adhesive contact
problem using the Muller solution as corrected in Ciavarella [181]. This results in a
pull-off force that doesn’t scale with the same power law of the Gent-Schulz law, but
with power 0.27 in this case, so also the Muller solution is misleading.





Chapter 5

Data-driven surrogate models for
viscoelastic adhesion

Publication note. The work presented in this chapter led to the peer-reviewed paper
published in International Journal of Solids and Structures [81].

This chapter translates the Hertzian mechanics framework into fast surrogate
models for viscoelastic adhesion. The first part compares standard machine-
learning regressors with physics-augmented variants for predicting pull-off
force, effective surface energy, and work to pull-off across the simulated
parameter space, showing how analytical descriptors improve generaliza-
tion and interpretability without sacrificing predictive speed. The second
part extends the surrogate framework from scalar outputs to reduced-order
prediction of unloading trajectories through feed-forward neural networks,
moving from endpoint prediction toward time-resolved surrogate modelling.

74
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5.1 Introduction

Real-time prediction of viscoelastic adhesion is essential for applications requiring
reliable handling, adaptive contact, and rapid design optimization, yet conventional
numerical simulations remain too computationally demanding for such use because
they depend strongly on material behavior, loading history, and iterative time-
marching schemes. In this context, machine learning offers a computationally efficient
alternative, since once trained it can provide fast predictions even for complex, high-
dimensional problems. Although ML has already shown strong potential across
materials science, fracture, contact mechanics, tribology, and adhesion-related design,
most existing studies focus on simplified geometries or purely data-driven surrogates
that sacrifice physical interpretability.

a = a0

δl

R

Prelaxed

rigid
sphere

(b)(a)

a < a0

δ

P(δ, t)

R

rigid
sphere

Figure 5.1: Schematic representation of the contact interaction between a rigid sphere
and a viscoelastic surface: (a) viscoelastic surface in the fully relaxed state under contact,
(b) unloading phase at a constant unloading rate. (From Ref. [81])

In this chapter, we address the problem of a rigid sphere with radius R being
unloaded from a relaxed broad-band viscoelastic adhesive half-space (see Fig. 5.1).
We aim to present ML-based models, both classical (ML) and physics-augmented
(PA-ML), that predict the pull-off force and the work to pull-off as a function of five
parameters: the Tabor parameter µ, the exponent n characterizing the broadness
of the material spectrum, the modulus ratio k, the normalized indentation depth
reached during the quasi-static loading phase, and the normalized unloading rate. A
detailed comparative analysis will be conducted to evaluate the accuracy of different
ML algorithms (Linear Regression, Regression Tree, Random Forest, and XGBoost
will be considered) and to compare the performance of a pure data-driven approach
(ML) against that of a physics-augmented ML model (PA-ML).

The remainder of the chapter is structured as follows: Section 5.2 provides a
detailed description of our physical model, including the normalization approach that
enables comparison with analytical models. This section also includes a discussion
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on the scaling of input parameters and their impact on the computational cost of
the numerical model; Section 5.3 presents the range of exploration as well as the
background on ML and describes the ML models and PA-ML models employed in this
study; Section 5.4 provides the results of ML and PA-Ml models; Section 5.5 extends
the framework to trajectory-level prediction of adhesive forces through feed-forward
neural networks. Finally, Section 5.6 summarizes the main findings and presents
concluding remarks.

5.2 Physical background and simulation framework

The simulation framework employed here was established in full in Chapter 4 (Sec-
tions 4.2–4.3) and is not repeated here. Briefly, a rigid sphere of radius R is unloaded
from a fully relaxed viscoelastic adhesive halfspace at constant rate ru (see Fig. 5.1).
The interface is governed by the Lennard-Jones force-separation law (Eq. 4.11);
the gap at radial position r and time t is given by Eq. (4.12); the time-dependent
half-space deflection follows from the elastic–viscoelastic correspondence principle
(Eq. 4.15); and the MPL creep compliance is Eq. (4.9) [19, 81]. The full BEM
implementation and normalisation are in Appendix V.

In normalised form, the five inputs to the model are: the Tabor parameter µ,
the viscoelastic parameters {k = E0/E∞, n}, the normalised initial indentationˆ︁δl = δl/h0, and the normalised unloading rate ˆ︂ru = ru/τ0h0. The output of the
numerical model includes the interfacial gap h, the pressure distribution, the normal
force P , the indentation δ as a function of time. Figure 5.2 shows the dimensionless
normal force ˆ︁P = P

1.5π∆γ0R
as a function of the dimensionless indentation ˆ︁δ for different

combinations of the input parameters {ˆ︁δl, n,ˆ︂ru} for µ = 3.24 and k = 0.1. These
curves illustrate the relationship between the applied load and the indentation depth
under various input conditions. One can observe the influence of the normalized
input parameters, such as the unloading rate (Figure 5.2(a)), the power law exponent
(Figure 5.2(b)), and the indentation-depth (Figure 5.2(c) and (d)), on the force-
displacement behavior and its effect on key parameters such as the maximum
adherence force reached during unloading ˆ︃Ppo = | min( ˆ︁P )| (known as pull-off force)
and work to pull-off which is defined as wpo =

∫︁ δpo
δon P (δ, t) dδ = ˆ︁wpo(1.5π∆γ0Rh0),

where δon denotes the displacement at which the normal force first becomes zero
during unloading (i.e., the onset of tensile loading), and δpo is the displacement at
pull-off [17]. This quantity represents the area under the unloading curve in the
tensile regime and captures the energy dissipated during detachment, including both
adhesive and viscoelastic contributions as it is highlighted in Figure 5.2(a).
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elastic behavior

elastic behavior

elastic behavior

Figure 5.2: Load vs. indentation curves demonstrating adhesive interactions (with
negative load values indicating tensile forces) between a Hertzian indenter and a viscoelastic
substrate. All panels correspond to a fixed Tabor parameter of µ = 3.24 and dimensionless
modulus ratio of k = 0.1. (a) Effect of unloading rate on the adhesive response, for a
fixed initial indentation depth of ˆ︁δl = 73.0 and material power-law exponent n = 0.8;
(b) Influence of the material’s power-law exponent n = [0.6, 0.8, 1.6], under fixed initial
indentation depth of ˆ︁δl = 73.0 and unloading rate of ˆ︁ru = 102.5; (c) Effect of different initial
indentation depths, ˆ︁δl = [10.0, 40.0, 73.0], with constant material exponent of n = 0.8 and
unloading rate of ˆ︁ru = 102.5; (d) Observation of saturation behavior for ˆ︁ru = 100.5, n = 0.8,
and ˆ︁δl = [16.7, 27.6, 40.7], where the pull-off force approaches a limiting value beyond a
critical indentation depth, indicating the presence of a threshold in the adhesive response.
(From Ref. [81])
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While the BEM model provides detailed insight into the adhesive response
under a wide range of conditions, its nonlinear and history-dependent nature results
in significant computational demands. Specifically, the total computational cost
scales with the product of spatial discretization size, number of time steps, and
convergence iterations per step—making real-time prediction across large parameter
spaces challenging. To complement these simulations, we employ the extended
Persson–Brener (XPB) model derived in Section 4.5 of Chapter 4 [19]. In normalised
form, the effective surface energy ˆ︁Γeff = ∆γeff/∆γ0 ≈ ˆ︁Ppo (where ˆ︁Ppo is the normalised
pull-off force) is expressed as a function of crack velocity v and viscoelastic material
parameters through the integral:

ˆ︁Γeff =

⎡⎢⎣1 − (1 − k)
∫︂ +∞

0

ˆ︁τn−1 exp (−ˆ︁τ)
Γ(n)

⎡⎢⎣
⌜⃓⃓⎷1 +

(︄ ˆ︁Γeff

2πˆ︁v 1ˆ︁τ
)︄2

−
(︄ ˆ︁Γeff

2πˆ︁v 1ˆ︁τ
)︄⎤⎥⎦ dˆ︁τ

⎤⎥⎦
−1

,

(5.1)
with the normalized parameters defined as ˆ︁v = vτ0

l0
, ˆ︁τ = τ

τ0
, where l0 = E∗

0 ∆γ0
πσ2

c
is a

stress-based characteristic length and the critical stress σc = ασ0 is related to the
peak tensile stress σ0 from the Lennard-Jones interaction through a proportionality
factor α ≈ π/9, as shown in [19]. Furthermore, it was shown in Ref [19] that the crack
speed ˆ︁v is approximately related to ˆ︁ru as ˆ︁v = 2.887ˆ︁r1.171

u . Hence, in the following,
we will use this approximation to determine the effective surface energy predicted
by XPB as a function of k, n, and ˆ︁ru . We note that the implicit equation (5.1) is
solved very efficiently using fixed-point iteration [19].

5.3 Machine learning for generalization beyond analytical
models

5.3.1 Range of exploration beyond analytical models

Figure 5.3 schematically visualizes the parameter space explored in this work as
three-dimensional cubes. The left cuboid spans the power-law exponent n, the
Tabor parameter µ, and the normalized initial indentation depth ˆ︁δl. In this study,
the exponent n ranges from wide band behavior of n = 0.2 encompassing the
range commonly observed in silicone-based polymers at room temperature (e.g.,
PDMS, as reported in [2, 159]) to values around 2.0 related to a very narrow banded
behavior. The Tabor parameter µ ranges from 0.04 related to DMT-like to 3.24
JKR-like behavior, while ˆ︁δl extends up to 100. The color gradient in this cuboid
qualitatively encodes computational cost, with deeper red tones indicating higher
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Figure 5.3: Visualization of the material exploration space represented schematically
through cuboid shapes in a multi-dimensional parameter space (minimum values of ˆ︁δl

and ˆ︁ru are 10−2.2 and 10−1.5 respectively). The figure highlights specific regions: the
glassy-like and rubbery-like regions (checkered pattern), the XPB analytical model region
(hatched plane), and the analytical models based on Standard Linear Solid (SLS shown
as blue line). The space is color-coded to qualitatively indicate computational cost, with
intense color representing high computational expense and lighter shades indicating easily
computable configurations: (a) Hypercuboid in the (n, µ, ˆ︁δl) space and (b) hypercuboid in
the (n, µ, ˆ︁ru) space. (From Ref. [81])

expense, particularly for large ˆ︁δl and large µ which implies fine spatial and temporal
discretization as well as an extended time span. The blue vertical line at n ≈ 1.6
identifies the region where SLS analytical models remain valid. The hatched surface
indicates the domain in which the XPB model is applicable, specifically in the
saturated indentation regime. The right cuboid in Figure 5.3 spans n, µ, and the
normalized unloading rate ˆ︁ru, which varies from very slow unloading (ˆ︁ru = 10−1.5),
close to pure rubbery-like behavior, to extremely rapid unloading (ˆ︁ru = 1010) to
capture the glassy behavior. As detailed in Appendix VII, the minimum indentation
value in the samples, ˆ︁δl, is 10−2.2. The hatched plane face marks the validity of the
XPB model [19] when ˆ︁δl is sufficiently large (not shown in this projection), and the
blue vertical line again indicates where the SLS approximation holds across all values
of µ and ˆ︁ru. However, substantial portions of the parameter space remain outside
the validity limits of XPB [19].

5.3.2 Machine learning framework for tabular data

ML for tabular data applies algorithms to structured datasets organized in rows
(samples) and columns (features) to analyze and predict outcomes. In supervised
learning, models trained on labeled data map inputs to outputs, predicting continuous
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values for regression tasks by minimizing errors, often using Mean Squared Error
(MSE) loss. Data is split into training, validation, and test sets: the training set is
used for model parameter optimization, validation set ensures overfitting preventions.
Finally, the test set evaluates the model’s performance on unseen data, providing
an unbiased assessment of its predictive capabilities. This structured approach
promotes effective learning and reliable performance in practical applications. The
data processing and modeling workflow employed in this study is outlined in Figure
5.4.

ML model

XPB

features target

features

physic's guidance

sa
m

pl
es

sa
m

pl
es

Xtrain Ytrain

randomly
split into train

and test set

randomly
split into train

and test set

use for
training

use for
testing

Xtest Ytest

Xtrain Ytrain

Xtest Ytest

... ... ... ... ...

... ... ... ... ...

... ... ... ... ...

...

...
...

... ... ... ... ... ...

...
.....................

... ... ... ... ... ...

target

...

Xtrain Ytrain
^

YtestXtest

arg min(          ||Ytrain - Ytrain||)

trained ML
model

MSE
score

use for
training

use for
testing

Xtrain Ytrain

YtestXtest

MSE
score

physic
augmented
ML model

trained
physic

augmented
ML model

ru^ k nδl̂ μ Γeff

ru^ k nμ Γeff

� train

1__ ^

(          ||Ytest - Ytest||)� test

1__ ^

(          ||Ytest - Ytest||)� test

1__ ^

arg min(          ||Ytrain - Ytrain||)� train

1__

^

^

^

^

δl̂ ^

Γeff, xpb
^

Machine learning (ML)

Phyisc augmented Machine learning (PA-ML)

Figure 5.4: Schematic representation of the data processing and modeling workflow. The
tabular data are partitioned into train and test datasets. The standard model is trained
using the training set by minimizing the MSE objective function. The physics-augmented
model incorporates the analytical XPB framework during training to enhance model
accuracy and generalization. The performance of each model is evaluated on the test set
using MSE as the scoring metric. (From Ref. [81])

The work at hand is characterized by tabular data, as described in Section 5.2
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where one can see the inputs as the Tabor parameter µ, material exponent n, modulus
ratio k, normalized indentation depth ˆ︁δl, normalized unloading rate ˆ︁ru and output
parameters would be the key characteristics of pull-off (ˆ︁Γeff or ˆ︁wpo). Moreover, our
work faces the challenge of small and sparse data due to the computational efforts
related to obtaining numerical solutions in regimes where the XPB model is valid.
The total number of data samples used in this work does not exceed 8505, making
the use of classical ML models efficient and practical. The descriptive statistics of the
dataset, including measures of central tendency, variability, and data transformations,
are provided in Appendix VII.

In this section, for the prediction of effective surface energy and the work to
pull-off, we utilize a linear regression model as a trivial baseline and tree-based
ensemble methods for building the data-driven predictive models. Specifically, we
compare regression trees, random forest regressors, and Extreme Gradient Boosting
(XGBoost) models using k-fold cross-validation. See Appendix VI for more details
on each of the ML models. We note that physical augmentation can be achieved in
various ways [93]. In this work, we use the analytical XPB model to make predictions
based on the parameters k, n, and ˆ︁ru. These analytical results are fed as an additional
input to the data-driven model. As shown in Figure 5.3, the XPB predictions are
only valid at the edges of the variable space, where the hypotheses of short-range
adhesion hold and the initial indentation depth is large enough to prevent finite-size
effects. Nonetheless, they can still serve as a rough estimate of the effective surface
energy. In our physics-augmented model, we denote this XPB estimate as ˆ︁Γeff,xpb.
This quantity is derived from Equation 5.1 and introduced as an auxiliary variable
representing a coarse approximation of the effective surface energy. Thereby, the
model has to learn to compensate for the error of the analytical formulation in
regimes where the XPB is inadequate. The training process of the physics-augmented
model, incorporating data augmentation through XPB, is depicted in Figure 5.4.

5.4 Results

5.4.1 Results for effective surface energy prediction

This section compares two model families for predicting viscoelastic behavior. The
first is a data-driven model with five input parameters (denoted as ML), while the
second incorporates an additional input from the analytical XPB model, making it a
physics-augmented (denoted by PA-ML) model with six inputs. Both models are
trained using Linear Regression, Regression Tree, Random Forest, and XGBoost.
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Their performance is assessed via 5-fold cross-validation, and the best model is tested
on unseen data. The subsections cover the data-driven model first, followed by the
physics-augmented model.

Table 5.1 summarizes the performance of various ML models in terms of MSE
and R2 values (mean ± standard deviation), with MSE scaled by 10−3, along with
model sizes, i.e. number of trainable parameters. The results in Table 5.1 highlight
the trade-offs between performance and model complexity across the four ML models.
Linear Regression exhibits the highest MSE and the lowest R2 under cross-validation,
indicating limited predictive accuracy. In contrast, ensemble-based models, such as
Random Forest and XGBoost, achieve significantly lower MSEs and higher R2 values,
with XGBoost showing the best performance. We note that this superior performance
comes with increased model complexity. However, XGBoost has a smaller model size
compared to Random Forest, despite its excellent predictive capability. More details
on the performance of the data-driven models are given in Appendix VI. From now
on, references to ML for ˆ︁Γeff prediction will specifically refer to the XGBoost model.

Table 5.1: Performance of ML approaches for the prediction of effective energy surfaces:
MSE and R2 values (mean ± std. deviation), with MSE reported as ·10−3 obtained from
5-fold cross-validation model and model sizes as number of trainable parameters included.

MSE (·10−3) R2 model size train time (s)

Linear Regression 19.1948 ± 0.7166 0.8384 ± 0.0047 6 0.0026
Regression Tree 0.3502 ± 0.0996 0.9970 ± 0.0008 6457 0.0217
Random Forest 0.2155 ± 0.0874 0.9982 ± 0.0007 416700 1.5508
XGBoost 0.1449 ± 0.0411 0.9988 ± 0.0003 4993 0.9959

The best-performed model (XGBoost) is utilized to predict the effective surface
energy within the training data regime, but also outside that regime. This approach
aims to evaluate the model’s out-of-sample generalization. As discussed in Section 5.2,
the computational costs of obtaining numerical samples for high values of indentation
depth and large Tabor parameter are substantial. Additionally, the numerical model
is sensitive to low values of n. For instance, when n ≤ 0.2, our computational
model fails to determine the pull-off force for cases where ˆ︁δl ≥ 73 and µ ≥ 3.24 at a
reasonable computational cost. Figure 5.5(a) displays the ML-predicted results for
effective surface energy (represented by circle dots) compared with the XPB model
solution (depicted with dashed lines). Notably, Figure 5.5 represents a specific subset
of the parameter space, specifically for δ̂load = 73 and µ = 3.24. The data-driven
model predictions closely resemble those of the analytical model, even for n = 0.2,
despite the absence of training data in this parameter range. However, a closer look
at the results for n = 0.2 reveals deviations from the analytical predictions provided
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by XPB. This indicates that while the ML model generalizes to unseen data, its
accuracy weakens in regions where no prior information is available. In fact, this
observation motivated us to incorporate physics-based augmentation to enhance the
model’s reliability in extrapolated scenarios.

Table 5.2 summarizes the performance of ML model on the physics augmented
data for four algorithms, where XPB outputs are used as additional input features.
The MSE and R2 are evaluated as summarized in Table 5.2. The results demonstrate
that tree-based models significantly outperform linear regression in terms of both
accuracy (lower MSE and higher R2) and robustness (lower standard deviation).
This time, Random Forest achieves the best performance. XGBoost and Regression
Tree models also show comparable performance, with only marginal differences in
MSE and R2 values, though the Random Forest exhibits substantially larger model
sizes. The results in Table 5.2 are further supported by Figure A.5 in Appendix VI.

Comparing Table 5.2, which presents the performance of the PA-ML approach,
with the pure data-driven ML results in Table 5.1 reveals a significant reduction of
60.3% in the mean of MSE across the folds. However, note that the primary goal
of physics augmentation is not merely to reduce error on seen data but to enhance
generalization beyond unseen data, as illustrated in Fig. 5.5(a) and (b). The best
ML model in Table 5.1 is XGBoost with a size of 4993, while the corresponding
PA-ML approach in Table 5.2 has a size of 4636, resulting in a 7.15% reduction.
This trend is also observed in Regression Tree model, which shows size reductions of
0.22%. However, for the PA-ML models the best performance is achieved by Random
Forest, while this performance is achieved at the cost of the increase in the model
size. Hence, all subsequent references to PA-ML for ˆ︁Γeff prediction will specifically
refer to the Random Forest model.

The key aspect of Figure 5.5 is that the XPB model remains valid in this region,
enabling a meaningful comparison between the purely data-driven ML approach
and the PA-ML approach. This comparison is illustrated in Figures 5.5(a) and (b),
where the circular data points represent ML predictions, and the dashed points
correspond to XPB results. In regions with sufficient training data (n = 0.6 and n =
1.6, particularly at high unloading rates), both models align well with XPB. However,
deviations become more pronounced in areas with data scarcity. Notably, the red
data points correspond to n = 0.2, a region where no training data is available ;
yet, the ML model gives a fairly good representation of system behavior. In this
challenging regime, the purely data-driven model (Figures 5.5(a)) exhibits deviations
from XPB, while the PA-ML model (Figures 5.5(b)) produces smoother and more
accurate predictions, demonstrating its superior generalization beyond the training
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Figure 5.5: Comparison of the predictions from the purely data-driven machine learning
(ML) approach (XGBoost) and the physics-augmented machine learning (PA-ML) approach
(Random Forest) for the relationship between normalized surface energy and unloading
rate. The dashed lines represent the XPB solution, triangle markers indicate the training
data, and circles denote the predictions from the ML models. The models are evaluated
for the parameters µ = 3.24, ˆ︁δload = 73, k = 0.1, and for three values of n = [0.2, 0.6, 1.6]:
(a) results from the purely data-driven ML model (XGBoost had the best performance)
and (b) results from the PA-ML model (Random Forest had the best performance). (From
Ref. [81])

set. The PA-ML model predictions closely align with the XPB analytical solution
at k = 0.1, the most representative value in the training set (see Appendix VII).
We further evaluated the model against XPB across the range k = 0.5 to k = 0.02;
nevertheless, it reliably captures the overall trend down to k = 0.02.

To gain insights into how variations in physical parameters influence the compu-
tational cost of numerical simulations, and highlight the computational efficiency
offered by ML models, we present details of computational costs from the dataset.
Using our BEM-based numerical simulations implemented in MATLAB 2023b on a
desktop computer equipped with Windows 11 pro, a 12th Gen Intel(R) Core(TM)
i9-12900K, 3200 Mhz, 16 Cores, and 96 GB RAM, the CPU computation time
exhibits significant variability depending on the complexity of the physical inputs.
Throughout 8505 simulations, the average simulation time was 1.76 × 103 s, with
a skewed distribution. The total computational time is ≈ 1.66 × 107 s, which cor-
responds to approximately 12 days of parallel runtime on a 16-core machine. The
normalized maximum-to-minimum simulation time ratio was ≈ 1.06 × 105, indicating
a substantial variability in computational cost. This variability is strongly influenced
by the input parameters. In particular, an increase in either µ or ˆ︁δl, or a decrease
in n, k, or ˆ︁ru, tends to result in longer simulation times. In contrast, predictions
generated by our trained PA-ML models, evaluated in Python 3.12 on a laptop with
an Intel i7-6700HQ CPU, 16 GB RAM, running Windows 10, remained consistently
below 5 milliseconds per inference across all explored parameter combinations. This
demonstrates that ML models provide nearly instantaneous predictions. Hence, ML-
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based models offer computational efficiency independent of the complexity inherent
in the input parameters.

Table 5.2: Performance of PA-ML approaches for the prediction of effective energy surface:
MSE values (scaled by 10−3) are presented as mean ± standard deviation, along with R2

values obtained from 5-fold cross-validation and model sizes.

MSE (·10−3) R2 model size train time (s)

Linear Regression 16.7658 ± 1.0776 0.8586 ± 0.0102 7 0.0029
Regression Tree 0.1355 ± 0.0796 0.9989 ± 0.0007 6443 0.0282
XGBoost 0.0977 ± 0.0824 0.9992 ± 0.0007 4636 0.1204
Random Forest 0.0575 ± 0.0247 0.9995 ± 0.0002 417800 2.0387

Figure 5.6: Impact of indentation depth on rate-dependent effective surface energy,
evaluated at a fixed Tabor parameter (µ = 3.0), material modulus ratio (k = 0.1), and for
three values of the power-law exponent n = [0.2, 0.6, 1.6]. Predictions from the PA-ML
model are shown as circular markers, XPB analytical results as dashed lines, and test BEM
results are represented by triangular markers. Subplots correspond to: (a) ˆ︁δl = 60; (b)ˆ︁δl = 30; (c) ˆ︁δl = 15; and (d) ˆ︁δl = 7.5. (From Ref. [81])

What we have accomplished so far is the development of a model that performs
relatively well in regions where numerical results are unavailable. Note that BEM
results are shown as black diamonds in Figure 5.5, and BEM results are displayed
only for the range n ∈ [0.6, 1.6], as lower values become numerically demanding.
Exponents close to n = 0.2 are typical of broadband materials such as PDMS,
commonly used in soft contact mechanics studies [19]. The parameter set illustrated
in Figure 5.5 features both a large Tabor parameter and a large indentation. In this
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regime, the XPB model accurately reproduces the numerical results; thus, XPB can
be reliably used as a proxy for the ground truth. To understand the advantages of the
ML models over the XPB model, one should examine its results in regions where XPB
does not apply, particularly where µ and ˆ︁δl are low. According to Figure 5.6, XPB is
only valid for high values of the Tabor parameter and high indentation depth (as seen
in Figure 5.6(a)). In contrast, Figure 5.6(b), (c) and (d) clearly indicate that XPB
fails at higher unloading rates, whereas the PA-ML results remain well-aligned with
test data (triangular nodes obtained through BEM). By comparing Figures 5.6(a) to
(d), where the indentation depth decreases from ˆ︁δl = 60 to ˆ︁δl = 7.5, it is evident that
the maximum viscoelastic amplification decreases as the indentation depth is reduced.
Consequently, ML models serve as a valuable intermediary, particularly in regimes
where analytical models (XPB) prove inadequate and numerical models (BEM)
become computationally prohibitive. While XPB becomes not accurate outside its
valid range, BEM, despite its accuracy, becomes excessively expensive and impractical
in certain parameter regimes due to exponential increases in computational cost and
numerical instabilities at extreme unloading rates or indentation depths.

Figure 5.7: The transition from JKR to DMT behavior captured by the PA-ML model for
varying Tabor parameter values material modulus ratio (k = 0.1), and for three values of
the power-law exponent n = [0.2, 0.6, 1.6]. Circular dots represent the PA-ML predictions,
the dashed lines are the XPB solution, and the triangular markers denote the test BEM
results. Subplots correspond to: (a) µ = 2.56, ˆ︁δl = 75; (b) µ = 0.16 ˆ︁δl = 75; (c) µ = 0.16
and ˆ︁δl = 15; and (d) µ = 0.16, ˆ︁δl = 7.5. (From Ref. [81])

We investigate the effect of varying the Tabor parameter on effective surface energy
as a function of ˆ︁ru for a constant indentation depth to evaluate the performance of
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PA-ML and compare its results with those of XPB, as shown in Figure 5.7. The
XPB predictions is represented by dashed lines, and the BEM results are shown
by triangular nodes as test data. For an indentation depth of ˆ︁δl = 75 and Tabor
parameter values ranging from µ = 2.56 to µ = 0.16 in Figures 5.7(a) to (b), a
transition from JKR to DMT behavior is observed. This transition is not captured
by the XPB model but is accurately detected by the PA-ML model. Also, Figures
5.7(c) and (d) show that the model could consider the indentation depth effect in
the DMT regime. Nevertheless, deviations appear in the region of low unloading
rate. This is due to the scarcity of training data available at a low unloading rate.

Furthermore, we leveraged our PA-ML model to provide more insight into the
interdependence of indentation depth (ˆ︁δl) and the Tabor parameter (µ), as illustrated
in Figure 5.8. In Figure 5.8, the black dashed-dotted line represents the upper bound
for DMT-like behavior, which is equal to 4

3k
= 40/3 [26, 182], while the JKR-like limit

(1/k = 10) is indicated by the mild brown dashed-dotted line. The XPB prediction
is depicted by the dashed gray line, demonstrating its independence from variations
in µ and ˆ︁δl. We present the results for a very high unloading rate (ˆ︁ru = 109) and a
specific value of the material power law exponent (n = 0.6) in Figure 5.8(a), which
illustrates the highest achievable adhesion as a function of indentation depth and µ.
This point was briefly addressed in our previous study [19], where it was noted that
achieving adhesion is not solely a function of the unloading rate; the indentation
depth also plays a significant role in determining the effective surface energy and,
consequently, the adhesion. Here, we demonstrate the interdependence of ˆ︁δl and µ

through our PA-ML predictions. It is important to note that for all cases similar to
Figure 5.8(a), where k = 0.1, n = 0.6, and the unloading rate is ˆ︁ru = 109, the XPB
model consistently predicts a value equal to the JKR limit of 1/k = 10.

From Figure 5.8(a), it can also be deduced that for lower values of indentation
depth, an increase in µ results in a growth in the effective surface energy. Conversely,
for higher values of indentation depth, an increase in the µ parameter leads to a
reduction in the effective surface energy, transitioning from a DMT-like limit to a
JKR-like limit. Hence, one can deduce that the Tabor’s effect is not uniform, which
means the depth-dependent Tabor effect on adhesion.

Considering Figure 5.8(b), where we plotted the results for mid values of the
unloading rate, it can be deduced that all scenarios corresponding to different values of
µ for high values of indentation depth converge to a plateau equal to the XPB results,
which is lower than both the JKR-like and DMT-like limits. Additionally, it is evident
that for lower values of indentation depth, the dependency on the Tabor parameter
persists, and for higher values of µ, our PA-ML models predict higher adhesion.
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Figure 5.8: PA-ML model (Random Forest): Normalized surface energy versus indentation
depth for different values of µ = [0.05, 0.2, 0.8, 3.2]. Dash-dotted lines represent the JKR
limit (which is equal to 1

k )[19] and DMT limit (which is 4
3k ) [182], gray dashed line indicates

the XPB results, circular dots correspond to the BEM solution, and the solid lines indicate
the PA-ML predictions for (a) ˆ︁ru = 108, n = 0.6, k = 0.1; (b) ˆ︁ru = 103, n = 0.6, k = 0.1;
(c) ˆ︁ru = 101, n = 0.6, k = 0.1 . The results indicate that the JKR and DMT limits were
only achieved with high indentation depth values and very high unloading rates. (From
Ref. [81])

Furthermore, Figure 5.8(c) shows that at low unloading rates (here, ˆ︁ru = 10), the
effective surface energy remains almost independent of indentation depth and the
Tabor parameter, yielding results aligned with the XPB model predictions.

5.4.2 Results for prediction of work to pull-off

To gain insight into the energy required to detach a sphere from a viscoelastic
surface, one can refer to the concept of work to pull-off wpo =

∫︁ δpo
δon P (δ, t) dδ =ˆ︁wpo(1.5π∆γ0Rh0), where δon is the displacement at which the normal force first

becomes zero during unloading, and δpo denotes the displacement at pull-off [17]
as shown in Figure 5.2. We employed the same approach and architecture of
surrogate ML models used for predicting effective surface energy, but adapted it
for the prediction of normalized work to pull-off. For the pure data-driven ML
approach, we again utilized five inputs, as outlined in Figure 5.4, but with ˆ︁wpo as
the output representing the work to pull-off, and for PA-ML, we followed a similar
approach to the previous PA-ML implementation, but with a different output target.
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The performance results of the ML and PA-ML are presented in Tables 5.3 and
5.4. Consistent with the findings in Tables 5.2, Random Forest exhibits the best
performance among the algorithms for predicting the work to pull-off, achieving R2

of 0.9945 ± 0.0025 across five folds. Consequently, we illustrate the prediction results
of the work to pull-off through Random Forest for a wide range of unloading rates
and power law exponents in Figure 5.9, and all subsequent references to ML and
PA-ML for ˆ︁wpo prediction imply the use of Random Forest.

Table 5.3: Performance of ML approaches for the prediction of work to pull-off ( ˆ︁wpo):
MSE and R2 values (mean ± std. deviation) obtained from 5-fold cross-validation, with
MSE reported as ·10−3 and model sizes included.

MSE (·10−3) R2 model size train time (s)

Linear Regression 51.4637 ± 12.5943 0.9062 ± 0.0227 6 0.0019
Regression Tree 4.6163 ± 2.0924 0.9916 ± 0.0038 6503 0.0241
XGBoost 3.1094 ± 1.8688 0.9943 ± 0.0035 4766 0.1184
Random Forest 2.9948 ± 1.3544 0.9945 ± 0.0025 419700 1.4867

Table 5.4: Performance of PA-ML approaches for the prediction of work to pull-off ( ˆ︁wpo):
MSE and R2 values (mean ± std. deviation) obtained from 5-fold cross-validation, with
MSE reported as ·10−3 and model sizes included.

MSE (·10−3) R2 model size train time (s)

Linear Regression 51.1512 ± 12.5556 0.9067 ± 0.0226 7 0.0017
Regression Tree 4.0330 ± 2.0619 0.9926 ± 0.0037 6493 0.0285
XGBoost 2.9248 ± 1.8478 0.9946 ± 0.0034 4954 0.1267
Random Forest 2.4197 ± 1.2864 0.9956 ± 0.0023 419400 2.0190

Figure 5.9 demonstrates that the work to pull-off versus the unloading rate
exhibits a different behavior compared to the effective surface energy. Unlike the
effective surface energy, the work to pull-off follows a bell-shaped curve as a function
of the unloading rate as also have been shown in a work by full numerical modeling
[17]. The results in Figure 5.9 reveal an interacting effect between the unloading
rate and the power law exponent on the work to pull-off, which was not observed in
the results for the effective surface energy. Specifically, for relatively lower values
of the unloading rate, an increase in the power law exponent leads to a rise in the
work to pull-off, whereas for higher values of the unloading rate, our PA-ML model
predictions indicate that an increase in the power law exponent results in a decrease
in the work to pull-off.

It is important to note that, to date, there has been no analytical model capable
of describing the work to pull-off the concept across any range of material variables.
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Therefore, for physical augmentation in our PA-ML and the prediction of work to
pull-off, we decided to utilize the XPB model’s output. In the following results, we
aim to evaluate the effect of incorporating the outputs of the XPB model—specifically,
the effective surface energy—on the prediction of a distinct parameter, as the effective
surface energy is expected to positively correlate with work to pull-off.

Figure 5.9: Comparison of (a) a purely data-driven ML model (Random Forest) and (b)
a physics-augmented ML model (PA-ML Random Forest) in predicting the relationship
between normalized work to pull-off and unloading rate. Triangle markers represent
the training data, circles denote model predictions. Results are evaluated for µ = 3.24,ˆ︁δload = 73, k = 0.1, and power-law exponents n = [0.4, 0.6, 1.6]. (From Ref. [81])

According to our results, Random Forest performs better than the other algorithms
in terms of MSE, R2. The most notable observation from Table 5.4 is the significant
impact of augmentation through the effective surface energy (ˆ︁Γeff based on XPB) on
the performance of algorithms in predicting the work to pull-off ( ˆ︁wpo). A comparison
between Table 5.4 and Table 5.3 reveals the influence of incorporating this physical
parameter as an additional input into the modeling process. The results indicates
that augmentation consistently reduces prediction errors and enhances performance,
as evidenced by improvements in both MSE and R2. Additionally, the model sizes of
Random Forest reported in Table 5.3 and 5.4 suggest that the integration of XPB
improves predictive accuracy.

To visually assess the effect of XPB for guiding the PA-ML model for prediction
of work to pull-off, we illustrate the predictions of Random Forest across a wide range
of unloading rates and varying values of the power law exponent in Figure 5.9(b).
This figure is structured similarly to Figure 5.9(a), where the circles represent the
PA-ML predictions, and the triangle markers denote the training data. A comparison
between Figures 5.9(a) and 5.9(b) reveals that the PA-ML model provides predictions
that are closer to the BEM solutions and demonstrate smoother behavior.

To gain insight into different slices of the material behavior space and to examine
the effects of input parameters on the material’s behavior, we leveraged our PA-ML
model to explore the effect of the Tabor parameter (µ) in Figure 5.10. The results are
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Figure 5.10: PA-ML model (Random Forest): Normalized work to pull-off as a function
of unloading rate for different values of the Tabor parameter (µ = [0.05, 0.2, 0.8, 3.2]),
at a fixed indentation depth ˆ︁δl = 73.0 and material modulus ratio k = 0.1. Circular
markers represent predictions from the PA-ML model. Results are shown for two power-law
exponents: (a) n = 1.6 and (b) n = 0.6. (From Ref. [81])

presented as a function of unloading rate and two specific values of the material power
law exponent (n = 1.6) in Figure 5.10(a), as well as for n = 0.6 in Figure 5.10(b).
The work to pull-off consistently increases as µ increases in both Figure 5.10(a) and
Figure 5.10(b). To ensure the validity of the ML predictions, we provide analytical
estimations of the upper and lower bounds for the work to pull-off in Appendix VIII
and Appendix IX, respectively.

5.5 Toward prediction of adhesion trajectories through neural
networks

The surrogate models presented so far predict scalar endpoint quantities, including
pull-off force, effective surface energy, work to pull-off. However, many applica-
tions require not just endpoints but the full time-resolved evolution of the adhesive
force during unloading (see Fig. 5.2). Predicting entire trajectories introduces two
additional challenges: (i) unknown and varying end times: each sample detaches
at its own unknown pull-off time, leading to output sequences of different lengths
and sparsity (force becomes zero after pull-off); (ii) extreme temporal resolution
requirements: to capture the fastest detachment events, all trajectories must be
discretized with a very fine time step ∆tmin, resulting in an impractically large output
dimensionality. To address these issues, we develop a feed-forward neural network
model that, rather than predicting every time step, takes as input the displacement
protocol features, geometry, and material properties, and predicts a fixed, prescribed
number of key points along the unloading curve, thus balancing temporal detail with
model efficiency.

Based on our BEM model, we generated a dataset of 8505 samples covering
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a broad range of viscoelastic and adhesive behaviors. The power-law exponent n

spans from 0.2 (wide-band, rubbery behavior typical of PDMS) to 2.0 (narrow-band
response). The Tabor parameter µ ranges from 0.04 (DMT-like) to 3.24 (JKR-
like), while the normalized indentation depth ˆ︁δl reaches up to 100. The normalized
unloading rate ˆ︁ru varies from 10−1.5 (slow, rubbery response) to 1012 (fast, glassy
response).

5.5.1 Feed-forward neural network

The feedforward neural network (FNN) could be considered as a function ŷ = F (x; θ)
[183], where x is the input vector and θ represents the model parameters, including
all weights and biases across layers. Here, the model is trained using the mean
squared error (MSE) loss function, given by

J(θ) = 1
N

N∑︂
i=1

(︂
F (x(i); θ) − y(i)

)︂2

where N is the number of training samples, x(i) is the input, and y(i) is the true
label for the i-th sample. The training objective is to find the optimal parameters θ∗

that minimize the loss:
θ∗ = arg min

θ
J(θ)

This optimization is typically performed using gradient-based methods. In this work,
we use the Adam optimizer. To effectively train the neural network, the dataset is
divided into three subsets: training, validation, and testing, in proportions of 70%,
15%, and 15%, respectively. The training set is used to update the network’s weights,
the validation set assists in hyperparameter tuning and overfitting prevention, and the
test set evaluates the model’s performance on unseen data to assess its generalization
capability. The learning rate, an essential hyperparameter that dictates the step size
for weight updates, was fixed at 0.001 throughout the training process.

5.5.2 Segmented trajectory estimation model

A straightforward approach to modeling the force trajectory is to use a sequential
model that predicts the force at each time step with a small interval, ∆tmin, deter-
mined by the shortest pull-off time in the dataset. However, as the unloading rate
varies over several orders of magnitude across the dataset, the corresponding pull-off
times also span a wide range. This presents two main challenges: (i) the pull-off (de-
tachment) point is not known a priori for each sample, resulting in output sequences
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Figure 5.11: Load-displacement curve during the unloading of a Hertzian indenter from
a viscoelastic substrate. The solid black line represents the JKR solution (elastic solution),
while the orange dots highlight key features extracted from the viscoelastic unloading curve.
These dots serve as the primary outputs for the neural network analysis.

of varying lengths; and (ii) to ensure accuracy, all samples must be discretized at the
finest temporal resolution, leading to highly sparse outputs and a prohibitively large
output dimensionality to accommodate the longest trajectories.

As it is shown in Figure 5.11, we propose a model that does not predict every
time step. Instead, it takes input features from the displacement protocol (ˆ︁δl, andˆ︁ru), geometry (µ), and material properties (k, and n). Then it predicts a fixed
number of key points on the force trajectory. These points include the displacement
until pull-off (ˆ︁δl − ˆ︁δpo), where ˆ︁δpo denotes the normalized indentation at the pull-off
(detachment) point, and force values at 25% ( ˆ︁P0.25), 50% ( ˆ︁P0.5), 75% ( ˆ︁P0.75), 87.5%
( ˆ︁P0.875), and 100% ( ˆ︁Ppo) of the trajectory (see Figure 5.11). This method reduces
complexity while still capturing essential unloading behavior. Other points can also
be added to adjust the level of detail if needed.

5.5.3 Data preprocessing

A critical component of training the deep neural networks is the normalization and
scaling of both inputs and outputs. All features and targets were standardized
using the training set’s mean and variance to ensure consistency and prevent data
leakage during evaluation. Additionally, inspired by Maugis [9], indentation depth
values were normalized by the Tabor parameter µ to maintain physical consistency
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Figure 5.12: Cross-validation MSE by architecture and activation function (From Ref.
[81])

with contact mechanics. A modified logarithmic transformation was also applied to
parameters such as k, ˆ︁ru, and the output forces to manage wide dynamic ranges and
preserve the shape of the loading trajectory.

5.5.4 Results for trajectory prediction

The architecture of the neural network is a critical factor influencing model per-
formance, particularly its ability to learn and generalize from data. In this study,
we evaluated several architectures and selected the optimal configuration based on
performance metrics. To prevent overfitting and ensure reliable model assessment, we
employed k-fold cross-validation and monitored the MSE of training and validation
during hyperparameter tuning. We use the MSE and its standard deviation across
folds to identify the best combination of layers, neurons per layer, and activation
functions as it is shown in Figure 5.12.

To evaluate the performance of our FNN in predicting sequential results, we
plotted the load and indentation depth for different scenarios in Figures 5.13. The
results are related to the (100,100,100) architecture shown in Figure 5.11. In
Figures 5.13, the continuous solid curves represent the sequential solutions obtained
through the BEM, while the dots correspond to the predictions from our FNN model.
Figures 5.13(a) and 5.13(b) illustrate the relationship between load and indentation
depth, whereas Figures 5.13(c) and 5.13(d) depict the evolution of load over time.
Specifically, the scenarios in Figures 5.13(a) and 5.13(c) are identical, and the same
applies to Figures 5.13(b) and 5.13(d).

We note that the predicted results through FNN are related to the load vs.
displacement curve; however, time can be easily derived from the corresponding dis-
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Figure 5.13: Sequential predictions of the FNN model across varying parameters: (a)
Unloading trajectories on Load vs. indentation curves for ˆ︁ru = 105, n = 1.6, µ = 3.24, and
indentation depths ˆ︁δl = [2.5, 4, 6, 8, 10.5, 13]µπ2/3; (b) Unloading trajectories for ˆ︁ru = 102,ˆ︁δl = 10.5µπ2/3, µ = 3.24, and power law exponents n = [0.6, 0.8, 1.6]; (c) Load vs. time
for the same conditions as (a); (d) Load vs. time for the same conditions as (b); (e)
Indentation depth vs. time for conditions matching (a) and (c); (f) Indentation depth vs.
time for conditions matching (b) and (d). The solid black line represents the JKR solution,
colored solid lines denote the BEM results used for training data, and dots indicate FNN
predictions.
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placement based on the unloading rate, as demonstrated in Figures 5.13(c) and 5.13(d).
It is important to emphasize that the sequential results obtained through the FNN
are generated instantly, unlike classical numerical solutions, which require continuous
computing points along the trajectory one by one. This distinction highlights the
efficiency and computational advantage of the FNN approach in predicting sequential
behaviors. According to the plots in Figure 5.13, it can be observed that the shortest
simulation time in the plots is less than 0.005 (as shown in Figure 5.13(c)), while the
longest simulation time in the depicted plots exceeds 0.4 (as seen in Figure 5.13(d)).
This indicates a significant difference in the timescales of the simulations. Despite
this disproportionality in the dataset, our proposed model is capable of handling
such variability, learning from the data, and making proper predictions.

5.6 Summary and conclusions

We introduced two ML-based approaches for predicting the pull-off force and work
to pull-off of relaxed viscoelastic adhesive Hertzian contacts as a function of five
input parameters of Tabor parameter µ, material power exponent n, modulus ratio k,
unloading rate ˆ︁ru, and the inidentation depth ˆ︁δl. Based on 8505 samples generated
through our BEM numerical framework, the pure data-driven ML models efficiently
provide predictions in regions where computational costs are high. Notably, their
strong agreement with our previously developed analytical model further validates
their reliability and effectiveness. This confirms that the proposed approach could
be seen as a bridge between analytical models and numerical methods. Through a
systematic comparison, the study demonstrates that ML-based approaches, particu-
larly tree-based methods like Random Forest, excel in predicting tabular data with
low MSE and high R2 values. The integration of ML with physics-based insights,
particularly guided by the XPB model, developed by Maghami et al [19], enables
the creation of efficient and accurate surrogate models for predicting key adhesion-
related quantities, including effective surface energy and work to pull-off, especially
where analytical models fail and numerical simulations become costly. Notably, the
PA-ML models not only improve prediction accuracy but also, help generalization.
Despite the distinct relationship between the work to pull-off quantity and effective
surface energy, integrating XPB guidance, which provides the latter in a valid region,
enhanced the prediction accuracy of the former overall. The PA-ML framework
helped us to reveal interesting insights into the adhesion mechanics of viscoelastic
materials. Particularly, the interplay between the Tabor parameter and indentation
depth was clarified, showing a transition between DMT-like and JKR-like behaviors
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under different conditions. A depth-dependent Tabor effect on adhesion is detected
by our PA-ML. For low indentation depths, increasing the Tabor parameter led to a
rise in effective surface energy. Conversely, at large indentation depths, low Tabor
parameters result in a higher adhesion enhancement (see also Ref. [26]). PA-ML
prediction showed that the work-to-pull-off exhibited different behavior from the
effective surface energy, following a bell-shaped curve as a function of the unloading
rate. The interacting effects of the unloading rate and the power-law exponent were
observed, revealing that the work-to-pull-off increases with the power-law exponent
at lower unloading rates but decreases at higher unloading rates. Overall, the re-
sults demonstrate that the PA-ML framework serves as a valuable intermediary
between analytical and numerical methods, addressing limitations in generalization,
computational cost, and numerical instability. While analytical models like XPB
provide theoretical consistency and numerical methods like BEM offer precision,
the PA-ML approach combines the strengths of both to offer interpretable and
computationally efficient predictions. The presented framework lays the foundation
for further advancements in data-driven approaches to model visco-adhesive contact
problems.

The chapter also introduced a data-driven framework for predicting the time-
resolved evolution of adhesive forces. Using the same BEM methodology, a compre-
hensive trajectory dataset of 8505 samples was generated spanning a wide range of
material properties, unloading rates, and geometric parameters. To overcome the
challenges of unknown pull-off times and extreme temporal resolution, we proposed
a segmented trajectory estimation model that predicts a fixed number of physically
meaningful key points along the unloading curve rather than every time step. The
resulting FNN provides a compact yet informative representation of the unloading
process and demonstrates strong performance in capturing non-linear viscoelastic
behavior.



Chapter 6

Summary, Conclusions and Future
Perspectives

This concluding chapter consolidates the thesis by relating the main analyti-
cal, numerical, experimental, and data-driven results back to the original
research objectives. It synthesizes the principal contributions, clarifies the
validity range and limitations of the proposed framework, and identifies the
most relevant directions for future work.
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This thesis addressed the prediction of adhesive detachment in soft viscoelastic
interfaces, where interfacial adhesion, bulk viscoelastic dissipation, loading history,
and geometry are strongly coupled. The scientific question was twofold: how to
identify the governing mechanics of rate-dependent detachment, and how to con-
struct predictive tools that remain consistent with those mechanics while reducing
computational cost by several orders of magnitude. Four objectives were pursued: (i)
to clarify detachment mechanisms analytically through crack-propagation arguments
and a four-parameter modified power-law constitutive model; (ii) to resolve adhe-
sive viscoelastic contact numerically through a Boundary Element Method (BEM)
framework with Lennard-Jones traction and Boltzmann hereditary integrals; (iii) to
quantify the influence of geometry, preload, unloading rate, Tabor parameter, and
material spectrum across both flat-punch and Hertzian configurations; and (iv) to
develop physics-augmented machine-learning surrogates (Random Forest, XGBoost,
feed-forward neural network) that preserve mechanical structure while achieving
millisecond-level inference. The objectives were met within the scope of smooth rigid
indenters in contact with soft substrates in the linear viscoelastic regime.

6.1 Closure of the Thesis Objectives

Objective 1 (Analytical mechanisms): For flat-punch detachment from finite vis-
coelastic layers, the analysis established three thickness-dependent regimes (cohe-
sive, intermediate, and half-plane) and showed that geometric confinement bounds
the maximum achievable adhesion enhancement to ˆ︃∆γeff |max = (π/4)(b/a0). For
Hertzian contact, the modified power-law constitutive model provided a compact
four-parameter broad-band representation with closed-form relaxation, creep, and
frequency-response expressions, and its coupling with Persson-Brener fracture me-
chanics yielded the crack-speed–unloading-rate relation ˆ︁v = 2.887 ˆ︁r1.171

P B and reduced
expressions linking unloading rate to effective surface energy.

Objective 2 (High-fidelity simulation): The BEM framework resolved adhesive
viscoelastic contact with nonlinear traction-separation behavior and viscoelastic
constitutive response. For flat-punch contact, the simulations confirmed that pull-off
increases with unloading rate up to a cohesive plateau and that loading history has
only minor influence (within ∼2% variability). For Hertzian contact, the simulations
clarified the coupled roles of unloading rate, preload, Tabor parameter, viscoelastic
contrast, and spectral broadness, and identified threshold contact conditions required
to avoid finite-size limitations.

Objective 3 (Parameter-effect quantification): By combining analytical and nu-
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merical results, the thesis determined when semi-infinite predictions remain valid
and when geometry imposes strict limits on adhesion amplification. In the Hertzian
configuration, the threshold pull-off force was found to scale as ˆ︁Ppo = 0.3 ˆ︁a2.7

0t , and the
maximum theoretical amplification associated with the modulus ratio 1/k was shown
to be often unattainable in practice because of preload and kinematic constraints.
Comparison with experiments on PDMS (R = 5.19 mm, ∆γ0 = 0.152 J/m2, µ = 2.05)
confirmed good agreement up to ∼100 µm/s.

Objective 4 (Physics-consistent fast prediction): For scalar quantities (pull-off
force, effective surface energy, work to pull-off), the physics-augmented Random
Forest reduced the mean squared prediction error by 60.3% relative to the best
purely data-driven model (XGBoost) and achieved R2 ≈0.9995, while also improving
extrapolation to unseen material exponents. For trajectory-level prediction, a feed-
forward neural network (100-100-100 architecture) using six key points on the
unloading curve provided compact descriptions of the full adhesive-force evolution.
In both cases, inference time was reduced from ∼103 s per BEM case to below 5 ms.

6.2 Original Contributions and Main Findings

6.2.1 Cross-cutting synthesis

A unifying result across the thesis is that finite-size effects impose hard limits on
adhesion amplification in both contact geometries. In the flat-punch configuration,
the layer thickness bounds the pull-off enhancement below the semi-infinite prediction.
In the Hertzian configuration, insufficient preload prevents the contact from reaching
the threshold size needed for full amplification. In both cases, linear viscoelastic
theory describes the mechanics accurately within a well-defined validity window, and
beyond that window (most clearly at high unloading rates in the PDMS experiments)
additional nonlinear dissipation in the fracture process zone is required.

6.2.2 Contribution 1 (Mechanical): Finite-size effects in viscoelastic
adhesion

The results in this thesis demonstrate that geometric confinement is not a sec-
ondary correction but a central mechanism governing the attainable pull-off re-
sponse in viscoelastic detachment. For flat-punch contact, a finite-size extension of
Greenwood-type crack-propagation arguments was developed, yielding the upper
bound ˆ︃∆γeff |max = (π/4)(b/a0) and a clear interpretation of the cohesive–intermediate–
half-plane regime transitions. For Hertzian contact, the threshold contact radius
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below which the maximum amplification is suppressed was quantified, with pull-off
scaling as ˆ︁Ppo = 0.3 ˆ︁a2.7

0t .

6.2.3 Contribution 2 (Constitutive and analytical): Modified power-law
framework

The thesis introduces the coupling of a four-parameter modified power-law constitutive
model with Persson-Brener crack-propagation theory for adhesive contact. This
combination is new: while the power-law model and the Persson-Brener framework
existed separately, the thesis provides their analytical integration, yielding the scaling
relation ˆ︁v = 2.887 ˆ︁r1.171

P B fitted across eight orders of magnitude of unloading rate.
The process-zone parameter was determined as α ≈ π/9 ≈ 0.349 (independent of
k), and the corresponding process-zone length was estimated at l0 ≈ 30 nm from
low-speed PDMS data.

6.2.4 Contribution 3 (Numerical): BEM exploration and experimental
validation

The BEM framework developed in the thesis is, to the author’s knowledge, a novel
numerical model to resolve adhesive viscoelastic contact with Lennard-Jones trac-
tion, and broad-band viscoelasticity response over only five input parameters of
viscoelasticity. Across the full parameter space, the simulations established that
semi-infinite predictions are recovered only above threshold geometric conditions and
that linear viscoelastic theory agrees with PDMS adhesion experiments (borosilicate
glass sphere, R = 5.19 mm) up to ∼100 µm/s, beyond which measured pull-off forces
exceed linear predictions. At the highest tested rates, the nonlinear fracture-process-
zone contribution to effective surface energy was found to be comparable to the bulk
linear-viscoelastic contribution.

6.2.5 Contribution 4 (Methodological): Physics-augmented machine
learning

The thesis demonstrates, for the first time, that physics-augmented supervised learn-
ing through embedding an analytical crack-propagation prediction as an additional
input feature, can substantially improve accuracy, interpretability, and extrapolation
in viscoelastic adhesion prediction. The physics-augmented Random Forest reduced
the mean squared error by 60.3% relative to the best purely data-driven model,
and the approach naturally maintained analytical limiting behavior where the em-
bedded descriptor is valid. The extension from scalar prediction to trajectory-level



Chapter 6. Summary, Conclusions and Future Perspectives 102

prediction via a six-key-point feed-forward neural network represents a further novel
step, moving from endpoint prediction to compact time-resolved representation of
detachment.

6.2.6 Answer to the central scientific question

Taken together, these results answer the central question of the thesis: predictive
models of viscoelastic adhesive contact can learn from high-fidelity data guided with
mechanics, provided that the analytical and numerical structure of the problem is
preserved before being transferred to the learning stage.

6.3 Positioning Within the Broader Field

Within adhesive contact mechanics, the dissertation positions itself between two
traditional extremes: analytical models that are physically interpretable but valid only
under restrictive assumptions (single relaxation time, semi-infinite geometry, JKR or
DMT limit), and high-fidelity numerical simulations that are broadly applicable but
computationally expensive (∼103 s per case in the present BEM). Neither extreme
alone is adequate for rapid exploration or design over broad parameter ranges.

The work also differs from the increasingly common use of purely data-driven
surrogates in mechanics. In contrast to methods that treat the simulation as an
opaque data source, the thesis embeds an explicit crack-propagation prediction
(the extended Persson-Brener model) as a learned feature, thereby constraining
the surrogate to respect known analytical structure. The key advantage of the
present approach is that it does not require differentiable physics: the analytical
descriptor is computed offline and supplied as an input, which makes it applicable to
non-differentiable or legacy simulation codes without modification.

Finally, by extending the framework from scalar output prediction to reduced
trajectory prediction, the thesis addresses a gap that most surrogate-modeling studies
in contact mechanics have not yet reached. The results are surrogate serving as the
fast front-end for design or control applications.
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6.4 Limitations, Validity Range, and Critical Reflection

6.4.1 Physical-model limitations

The constitutive description is restricted to linear viscoelasticity. This assumption is
adequate over a substantial range of unloading conditions, but the comparison with
PDMS experiments indicates that it becomes insufficient when very fast detachment
(r > 100 µm/s for the system investigated) activates additional nonlinear dissipation
mechanisms in the fracture process zone. The contact problems treated in the
thesis are smooth single-asperity configurations involving rigid indenters and normal
loading only; roughness, multiasperity interactions, tangential loading, and compliant
counter-bodies are outside the present scope. The adhesive interaction was modeled
through a Lennard-Jones 3-9 traction law, which is appropriate as a tractable short-
range model but cannot represent all possible interfacial chemistries or damage
processes.

6.4.2 Data-driven-model limitations

The machine-learning models are trained on a dataset of 8,505 BEM simulations that,
while broad in parameter coverage, represents a finite sampling of a five-dimensional
input space. No built-in uncertainty quantification is provided: the models return
point predictions without confidence bounds, and their reliability outside the training
distribution cannot be guaranteed. The feed-forward neural network architecture
(100-100-100) was selected by cross-validated hyperparameter search, but alternative
architectures or training strategies were not exhaustively explored.

6.4.3 Scope of experimental validation

All experimental comparisons were conducted against a single material system (PDMS
10:1 cross-linked silicone) with a single sphere geometry (R = 5.19 mm) and a single
preload (P0 = 1.5 mN). While the agreement with published data from independent
groups supports the physical consistency of the framework, the generalization to
other soft materials, geometries, or interfacial chemistries remains to be confirmed
experimentally.
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6.5 Future Perspectives

Several extensions follow directly from the results of the dissertation, listed in
approximate order of priority.

Rough and multiasperity interfaces. The computational advantage of physics-
guided surrogates becomes even more important when direct simulations are pro-
hibitively expensive, as is the case for rough or multiasperity contact. Extending the
present BEM and surrogate framework to rough surfaces is a natural first step.

Nonlinear constitutive effects and process-zone calibration. The comparison with
PDMS experiments already indicates that nonlinear dissipation is required to describe
very fast detachment, where linear viscoelasticity alone underestimates measured
adhesion enhancement. Combining the current framework with constitutive models
capable of capturing large-strain effects, additional dissipative processes, and rate-
dependent fracture behavior is a direct continuation of the present work.

Uncertainty quantification. The surrogate models developed in this thesis provide
point predictions only. Embedding uncertainty estimates, for example through
ensemble methods, conformal prediction, or Bayesian extensions, would allow the
user to identify predictions that fall outside the region of reliable inference and to
propagate uncertainty to downstream design decisions.

Direct integration of experimental data. The machine-learning models were trained
on numerical databases and assessed against experiments indirectly through the
underlying mechanics. Including experimental data directly in the learning process,
either through transfer learning or multi-fidelity modeling, would improve robustness
in regimes where numerical or analytical models lose accuracy.

Real-time design and control. The trajectory-level predictors suggest a concrete
route toward real-time prediction and control of soft adhesive interfaces. Once
coupled with experimental calibration and broader contact models, the mechanics-
guided hierarchy could support online parameter identification and control-oriented
optimization in applications such as soft gripping, reversible handling, and adaptive
adhesive systems.

6.6 Final Remarks

The main outcome of this dissertation is the establishment of a predictive hierarchy
for soft viscoelastic adhesive contact in which analytical models supply physical
interpretation, high-fidelity BEM simulations supply quantitative reference data,
and physics-augmented machine learning supplies computational efficiency. At the
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mechanical level, the thesis clarifies how finite thickness, broad-band viscoelastic-
ity, unloading rate, and contact conditions govern detachment, and identifies the
boundaries beyond which classical semi-infinite or linear assumptions fail. At the
methodological level, it demonstrates that first-principles modeling and data-driven
prediction can be integrated without sacrificing physical consistency, provided that
analytical structure is preserved through the modeling chain. The principles un-
derlying this hierarchy, which embed what is known analytically, calibrate what
must be resolved numerically, and learn the residual from data, are not specific to
adhesion and may be applicable to other problems in computational mechanics where
interpretability, fidelity, and speed must be achieved jointly.
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Appendices

Appendix-I. Perfectly bonded layer

For the case of a layer perfectly bonded to the rigid substrate, following Johnson [126],
we only need to correct the previous results for the Poisson effect with ζ = (1−ν)2

1−2ν

(this requires ν ≲ 0.45, [126]), so that we have

δpo =
√︄

2b∆γ

ζE∗ , σpo =
√︄

2ζE∗∆γ

b
(1)

where σpo equals the cohesive strength of the material for the layer thickness

b0 = 2ζE∗∆γ

σ2
0

= 4
π

ζa0 (2)

Appendix-II. More comparison with viscoelastic crack propa-
gation theories

Using Persson and Brener theory [142] for a single relaxation time material gives an
implicit equation for the effective adhesion energy [184]

ˆ︃∆γeff

(︂ ˆ︁Vc
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=
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being β = 64Σ0/
(︂
9
√

3
)︂
. Eq. (3) can be extended to finite size systems by accounting

that for a very thin layer the maximum enhancement will be reduced to ˆ︃∆γeff

⃓⃓⃓
max

=
(π/4) (b/a0), so we propose here a generalization of Eq. (3) in order to take into
account finite size systems, i.e. for b0 < b < b0∞
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where we have explicitly indicated that the normalized effective surface energy
depends not only on the crack speed, but also on the ratio between the layer
thickness and the fracture length a0. A comparison between the numerical results
and Eq. (4) is shown in Fig. A.1.
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Figure A.1: Normalized effective surface energy as a function of the crack velocity at
pull-off for four different values of b/a0 for a punch with ˆ︁a/ˆ︁a0 = 64.85 unloaded from a
fully relaxed viscoelastic layer (k = 0.1). Dashed lines are obtained with Eq. (4).

Appendix-III. Modified power law material model

Relaxation function in time and frequency domain

Let us assume to model a viscoelastic material with a continuous distribution H (τ)
of relaxation times, which is the so-called material relaxation spectrum, in parallel
with a Hookean spring giving the material stiffness for a long time. This coincides
with assuming a Wiechert model (see Fig. A.2) with an infinite number of Maxwell
arms. The general relation for the stress σ (t) at time t is (Eq. (2.34) in Williams
[72])1:

σ (t) =

⎧⎨⎩E0 +
∫︂ ∞

0

H (τ)[︂
d
dt

+ 1/τ
]︂

τ
dτ

d

dt

⎫⎬⎭ ε (t) , (5)

Converting Eq. (5) in the frequency domain, we get:

σ (ω) =
{︄

E0 +
∫︂ ∞

0

H (τ) iω

[iωτ + 1]dτ

}︄
ε (ω) = E (ω) ε (ω) , (6)

1Notice that we are using the notation according to Williams [72]. In Christensen [11] book the
relaxation spectrum is defined as [H(τ)]Christensen = [H(τ)]W illiams/τ
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where, i is the imaginary unit, ω is the angular frequency, and, by definition,
E (ω) = E ′ (ω) + iE ′′ (ω) is the complex modulus, hence:

E (ω) = E0 +
∫︂ ∞

0

H (τ) iω

[iωτ + 1]dτ . (7)

In order to fit the experimental data, one can guess a certain form for the relaxation
spectrum H (τ). As suggested by Williams [72], a broad-band approximation of the
response of the viscoelastic material can be obtained by adopting for the relaxation
spectrum a modified power law:

H (τ) =
(︄

E∞ − E0

Γ (n)

)︄(︃
τ0

τ

)︃n

exp
(︃

−τ0

τ

)︃
, (8)

The complex modulus is E (ω) = E ′ (ω) + iE ′′ (ω) can be written in terms of the
relaxation spectrum:

E (ω) = E0 +
∫︂ ∞

0

H (τ) iω

[iωτ + 1]dτ , (9)
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0
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[1 + ω2τ 2]dτ , (10)

E ′′ (ω) =
∫︂ ∞

0

H (τ) ω

[1 + ω2τ 2]dτ . (11)

By using Eq. (.3) for the relaxation spectrum H (τ) one obtains

E (ω) = E0 + (E∞ − E0) iωτ0 exp (iωτ0) En (iωτ0) , (12)

E ′ (ω) = E0 + (E∞ − E0)
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(13)

E ′′ (ω) = (E∞ − E0)
Γ (n)

⎧⎨⎩ π (τ0ω)n sin
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nπ

2 + τ0ω
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4
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⎫⎬⎭ , (14)

where τ0 is the characteristic time, n > 0 is a characteristic exponent, ω is the
angular frequency, E0 is the relaxed elastic modulus, E∞ is the instantaneous elastic
modulus, pFq[a; b; z] is the generalized hypergeometric function, Γ (x) is the Euler
gamma function.
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Figure A.2: The Kelvin model (left) and the Wiechert model (right) for the representation
of the mechanical behaviour of a viscoelastic material.

Compliance function in time and frequency domain

Let us now consider to model a viscoelastic material with an infinite series of Voigt
elements, in series with a Hookean spring giving the material stiffness for short time,
the so-called Kelvin model (see Fig. A.2). This coincides with assuming a continuous
distribution of retardation times L (τ), which is the so-called material retardation
spectrum. A general relation for the deformation ε (t) at time t is given by (Eq.
(2.42) in Williams [72]):

ε (t) =

⎧⎨⎩C∞ +
∫︂ ∞

0

L (τ)[︂
d
dt

+ 1/τ
]︂

τ 2
dτ

⎫⎬⎭σ (t) , (15)

where C∞ = 1/E∞ is the creep compliance in the glassy limit. Converting Eq. (.3)
in the frequency domain gives:

ε (ω) =
{︄

C∞ +
∫︂ ∞

0

L (τ)
[iω + 1/τ ] τ 2 dτ

}︄
σ (ω) = C (ω) σ (ω) , (16)

where, i is the imaginary unit and, by definition, C (ω) = C ′ (ω) − iC ′′ (ω) is the
complex compliance. Hence, we have:

C (ω) = C∞ +
∫︂ ∞

0

L (τ)
[iω + 1/τ ]

dτ

τ 2 . (17)

We note that to match the experimental data, a specific form for the retardation
spectrum L (τ) could be considered. Following Williams [72] suggestion, a broad-
band approximation of the viscoelastic material response can be achieved by using a
modified power law for the retardation spectrum, such as:

L (τ) =
(︄

C0 − C∞

Γ (n)

)︄(︃
τ

τ0

)︃n

exp
(︃

− τ

τ0

)︃
, (18)



Appendix 130

The complex compliance is defined as follows:

C (ω) = C ′ (ω) − iC ′′ (ω) , (19)

where

C (ω) = C∞ +
∫︂ ∞

0

L (τ)
[iω + 1/τ ]

dτ

τ 2 , (20)

C ′ (ω) = C∞ +
∫︂ ∞

0

L (τ)
[1 + ω2τ 2]

dτ

τ
, (21)

C ′′ (ω) =
∫︂ ∞

0

L (τ) ω

[1 + ω2τ 2]dτ . (22)

By using Eq. (.3) for the retardation spectrum L (τ) one obtains
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exp
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(25)

where τ0 is the characteristic time, n > 0 is a characteristic exponent, ω is the angular
frequency, C0 = 1/E0 is the relaxed compliance, C∞ = 1/E∞ is the instantaneous
compliance, pFq[a; b; z] is the generalized hypergeometric function, Γ (x) is the Euler
gamma function.

Appendix-IV. Details of the PB model for the effective surface
energy

According to PB theory the dimensionless effective surface energy for a MPL vis-
coelastic material model ˆ︁Γeff is obtained as

ˆ︁Γeff =
[︂
1 − (1 − k) I

(︂
n, ˆ︁v, ˆ︁Γeff

)︂]︂−1
, (26)
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where I(n, ˆ︁v, ˆ︁Γeff) stands for the integral in Eq. (4.20), which can be evaluated in
closed form as:

I(n, ˆ︁v, ˆ︁Γeff) = 2(−3−2n)π(−3/2−n)

(n − 1)ˆ︁v
{︄

−4(1+n)π(1/2+n)
[︄ˆ︁Γeff+ (27)
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+
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)︄n
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4πˆ︁v
)︄2]︄]︄}︄

, (28)

where pFq[a, b, z] is the generalized hypergeometric function, pFq|Reg [a, b, z] is
the regularized generalized hypergeometric function and Γ [x] is the gamma function
(we used Wolfram Mathematica© for algebraic manipulation).

To ease the use of Eq. (4.21) we report here, in Fig. A.3, the quantity ˆ︁Γeff − 1,
showing that there exist two power law regimes. The first is a linear scaling where
(ˆ︁Γeff − 1) ≃ q1V

1, with the coefficient q1 = −0.0125 + 3.136n depending on the
material exponent "n". The second instead can be written as (ˆ︁Γeff − 1) ≃ q2V

m2 ,
with the {q2, m2} constants depending on n, which is shown in the inset of Fig. A.3.
Notice that an SLS would have n ≈ 1.6, which provides a scaling of (ˆ︁Γeff −1) ∝ V 0.5,
while broad-band materials provide a much lower exponent m2, as one can see in
Fig. A.3 (inset).

Figure A.3: Fit of the enhancement of the effective surface energy ˆ︁Γeff − 1 obtained
using a MPL material model in PB theory. Two power law scaling have been identified forˆ︁v < 1 and for ˆ︁v > 1, which coefficients are given in the figure and in the inset as a function
of the material exponent n.
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Appendix-V. Details of the boundary element method imple-
mentation as a numerical model

Kernel function

G (r, s) is the so-called Kernel function, defined as:

G (r, s) =

⎧⎨⎩
4

πr
K
(︂

s
r

)︂
, s < r

4
πs

K
(︂

r
s

)︂
, s > r

(29)

where K denotes the complete elliptic integral of the first kind with modulus k.
In this work, the gap function is solved by applying the Boundary Element

Method (BEM) combined with the Newton–Raphson method on N = M + 1 equally
spaced nodes, where M represents the number of interfacial elements. Equation (4.15)
is discretized in both time and space to compute the half-space deflections. A time-
marching algorithm with a time step ∆t is employed for the temporal discretization.
For spatial discretization, the pressure distribution is assumed to have a triangular
shape over each element. Specifically, for the j-th element, the pressure pj is defined
at r = rj and decreases linearly to zero at r = rj−1 and r = rj+1. This approach
is commonly referred to as the method of overlapping triangles [24, 25, 161]. Once
the number of nodes is fixed, the influence matrix Gi,j can be computed so that
the deflection uz[i] of the elastic halfspace at the node i can be found by linear
superposition

uz[i] = 1
E∗

0

N∑︂
j=1

Gi,jσj. (30)

For the problem of a Hertzian rigid indenter on a viscoelastic surface, one can
define the following dimensionless parameters as: ˆ︁h = (h−h0)/h0, ˆ︁δ = δ/h0, ˆ︁r = r/β,ˆ︁σ = σ/(∆γ0

µh0
) , and t = τˆ︁t where

β3 = R2∆γ0

E∗ , µ =
(︄

R∆γ2
0

E∗
0

2h3
0

)︄1/3

, (31)

Equations (4.11), (4.12), and (4.15) are expressed in a discretized form in both
space and time, where i denotes the spatial index and q represents the temporal
index, as follows:

ˆ︁σ[i, q] = −8
3µ

[︄
1

(ˆ︁h[i, q] + 1)3
− 1

(ˆ︁h[i, q] + 1)9

]︄
, (32)
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ˆ︁h[i, q] = −ˆ︁δ[q] + 1
2µˆ︁r[i]2 + ˆ︁uz[i, q] , (33)

ˆ︁uz[i, q] ≈ µ
∑︂ ˆ︁Gij

q∑︂
m=0

ˆ︁C[q − m] (ˆ︁σ[j, m + 1] − ˆ︁σ[j, m])) , (34)

where the dimensionless form of the creep compliance function ˆ︁C = C/C0 in (4.9) is:

ˆ︁C(ˆ︁t) = 1 − 2(1 − k)
Γ(n)

ˆ︁tn/2Kn

(︃
2
√︂ˆ︁t)︃ . (35)

Appendix-VI. Machine Learning Methods

Linear regression

Linear regression is one of the simplest and most widely used statistical methods
for modeling the relationship between a dependent variable and one or more in-
dependent variables. It assumes a linear relationship between inputs and outputs.
Linear regression is particularly effective when the relationship between variables
is approximately linear, but it may struggle with non-linear relationships unless
transformed appropriately [185].

Regression tree

A regression tree is similar to a decision tree that predicts continuous outputs by
recursively partitioning the data space into regions with similar target values. Each
split is chosen to minimize variance in the resulting subsets. Regression trees are
interpretable but prone to overfitting and can be unstable with small data changes
[185].

Random forest

Random Forest is a learning method that constructs multiple decision trees during
training and outputs the mode or mean prediction of these trees for classification or
regression tasks. This technique enhances predictive accuracy and controls overfitting
by averaging out biases from individual trees. Each tree in the forest is built using
a random subset of the data and features, which helps capture diverse patterns
within the dataset. Random Forest is robust to noise and can handle large datasets
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Figure A.4: ML model’s performance: (a) The plot illustrates the performance of linear
regression model; (b) The plot shows the results of the XGBoost model, which demonstrates
stronger performance.

with high dimensionality effectively, making it a popular choice for many practical
applications [185].

Extreme Gradient Boosting (XGBoost)

XGBoost is an advanced implementation of gradient boosting that has gained
popularity due to its high performance in ML competitions. It builds models
sequentially by adding new trees that correct errors made by previous ones, optimizing
for both speed and accuracy through techniques like regularization and parallel
processing [186]. XGBoost is particularly effective for tabular data because it can
handle missing values internally and offers flexibility in model tuning.

Visual comparison of ground truth and predictions

Here, we present two figures that illustrate the performance of different modeling
approaches. Figure A.4 focuses on pure data-driven ML model predictions, while
Figure A.5 shows the performance of a physics-augmented model. Each figure has
two subfigures: the first subfigure depicts the results of linear regression, and the
second represents the results from the XGBoost algorithm.

Appendix-VII. Descriptive Statistics of the Dataset

This section provides the descriptive statistics for the dataset. Table A.1 summarizes
key statistical measures, including central tendency (mean, median), variability
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Figure A.5: PA-ML model’s performance: (a) The plot shows the performance of Random
Forest; (b) The plot illustrates the results of the XGBoost model.

(standard deviation), and extreme values (minimum, maximum) for each parameter.
The variables ˆ︁δl, ˆ︁ru, k, ˆ︁Γeff, and ˆ︁wpo were log10-transformed before model training

and testing. The minimum and maximum values indicate substantial heterogeneity
within the dataset, particularly for ˆ︁ru, which spans multiple orders of magnitude.

Table A.1: Descriptive statistics for the principal parameters in the data set.

Statistic log10(ˆ︁δl) µ log10(ˆ︁ru) log10(k) n

Mean 0.5718 0.7181 4.467 -0.9189 0.8471
Median 0.684 0.3 4.4 -1 0.6
StdDev 0.9359 0.9501 2.75 0.219 0.5635
Min -2.255 0.04 -1.5 -4 0.2
Max 2.738 3.24 10 -0.301 2

Appendix-VIII. Upper-bound approximation of Hertzian work
to pull-off in the glassy Regime

At very high unloading rates, viscoelastic substrates behave as elastic solids charac-
terized by their instantaneous (glassy) modulus. In this regime, adhesive detachment
is dominated by elastic energy storage rather than viscoelastic dissipation. While the
Hertzian geometry exhibits a continuously varying contact area, the stress distribu-
tion near detachment becomes increasingly concentrated toward the edge, resembling
the uniform stress field under a flat punch. Therefore, we approximate the unloading
behavior of an adhesive Hertzian contact at high rates using the flat punch formula-
tion. In the limit of very fast unloading, a viscoelastic substrate responds elastically
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with its glassy modulus E∗
∞. For a rigid axisymmetric flat punch of radius a detaching

from such a substrate, the normal force during unloading is as follows:

P (δ) = 2aE∗
∞δ . (36)

The pull-off load is governed by linear elastic fracture mechanics and given by [25]:

Ppo =
√︂

8πE∗
∞∆γ0a3 . (37)

Substituting this into the force-displacement relation yields the displacement at
pull-off:

δpo = Ppo

2aE∗
∞

=

√︂
8πE∗

∞∆γ0a3

2aE∗
∞

. (38)

The work required to pull-off the punch is defined as the area under the unloading
curve:

wpo =
∫︂ δpo

0
2aE∗

∞δ dδ = aE∗
∞δ2

po , (39)

Substituting for δpo leads to the simplified expression:

wpo = 2πa2∆γ0 , (40)

where it is the work to pull-off related to an axisymmetric flat punch, and for a
Hertzian indenter, one can consider it with a ≈ apo. Considering the contact radius
as a = ˆ︁a(πR2∆γ0/E∗

0)1/3, one can obtain the following relation:

wpo = 2πˆ︁a2
po(πR2∆γ0/E∗

0)2/3∆γ0 . (41)

Normalizing by the characteristic energy scale 1.5π∆γ0Rh0, the dimensionless work
becomes:

ˆ︁wpo = wpo

1.5π∆γ0Rh0
= 4

3
ˆ︁a2

poπ
2/3 R1/3∆γ

2/3
0

E
2/3
0 h0

, (42)

Considering the Tabor parameter, we have the following upper bound approximation:

( ˆ︁wpo)up = 4
3
ˆ︁a2

poπ
2/3µ. (43)

Figure A.6 compares the PA-ML predictions and analytically estimated upper-
bound of glassy behavior for normalized work to pull-off from 43 across different
Tabor parameters.
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Figure A.6: Comparison between the predicted normalized work to pull-off ( ˆ︁wpo) from
the PA-ML model (XGBoost) and the upper bound of glassy behavior values obtained from
equation (43), for different values of the Tabor parameter µ = [0.05, 0.2, 0.8, 3.2] (which
correspond to ˆ︁apo = [6.1377, 3.0689, 1.9564, 2.0139]). The predictions correspond to a fixed
normalized indentation depth ˆ︁δl = 73.0, material modulus ratio k = 0.1, and normalized
unloading rate ˆ︁ru = 105 and n = 1.6. Circular markers indicate PA-ML predictions, and
square markers correspond to values from equation 43.

Appendix-IX. Lower-bound approximation of work to pull-off
in JKR rubbery regime

The Johnson-Kendall-Roberts (JKR) [22] theory is an analytical model describing
the mechanics of adhesive elastic contact. It extends Hertzian contact theory by
considering surface energy, making it particularly applicable to soft materials and sce-
narios where adhesion plays a significant role. Here to have consistent relations with
our numerical results as well as the ML solution, we consider a = ˆ︁a(πR2∆γ0/E∗

0)1/3,
and P = ˆ︁P (1.5π∆γ0Rh0). Hence, the JKR solution for the dimensionless load and
indentation are given by: ˆ︁P = 2ˆ︁a3 − 1.5

√
8ˆ︁a3 , (44)

ˆ︁δ
µπ2/3 = ˆ︁a2 −

√
2ˆ︁a . (45)

The work to pull-off is ˆ︁wpo = |
∫︁ ˆ︁δpoˆ︁δon

ˆ︁P (δ, t) dˆ︁δ| = wpo

1.5π∆γ0Rh0
, where ˆ︁δon is the displace-

ment at which the normal force first becomes zero during unloading, and ˆ︁δpo denotes
the displacement at pull-off. Therefore, the work to pull-off is obtained as follows:

ˆ︁wpo = 0.80182µπ2/3 . (46)

As shown in Figure A.7, the PA-ML model results in the glassy and rubbery
regimes are bounded by the rubbery lower limit derived from Eq. (46) and the glassy
upper limit given by Eq. (43).



Appendix 138

Figure A.7: PA-ML prediction of normalized work to pull-off ( ˆ︁wpo) as a function of
the normalized unloading rate (ˆ︁ru) for µ = 3.2 and n = 1.6, at a fixed indentation depthˆ︁δl = 73.0 and modulus ratio k = 0.1. The blue curve represents the PA-ML model prediction.
A horizontal dashed line marks the JKR-like rubbery lower bound ( ˆ︁wpo = 5.50376 obtained
through (46)), which applies in the low-rate regime. Another dashed line indicates the
glassy upper bound ( ˆ︁wpo = 37.1203 obtained through (43)), relevant at higher unloading
rates (ˆ︁ru ≳ 103).

Figure A.8: XGboost learning curve

Appendix-X. Hyperparameter tuning

For XGBoost, we note that boosting algorithms can overfit if the number of boosting
iterations (trees) is too large. To mitigate this, we employed a validation strategy. We
held out a 15% validation set. During training, we performed a manual grid search
over the learning rate (shrinkage parameter, λ) and tree depth (interaction depth, d).
For each combination, we utilized the native xgb.train API with early stopping,
monitoring the per-round RMSE on the validation set. Our plotting of train versus
validation RMSE over boosting rounds empirically confirmed that validation error
decreased, and then the boosting round stopped at 689, as it is shown for the PA-ML
model in Figure A.8. Early stopping is a common technique to select the optimal
number of trees in boosting to prevent overfitting [187, 188].
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Regarding Random Forest, the dynamics of overfitting, particularly concerning
the number of trees (ntree or B), differ significantly from boosting methods. Random
Forests are inherently robust against overfitting as the number of trees increases.
Unlike boosting, adding more trees to a random forest typically does not lead to
overfitting; instead, the generalization error converges to a certain value, often
reaching a plateau in performance. The primary reason for limiting the number of
trees in RF is usually computational cost, not a risk of overfitting [187, 188]. The
learning curve of Random Forest as the number of trees grows for PA-ML model is
shown in Figure A.9.

Figure A.9: Random forest learning curve
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