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Abstract

In this short paper, some analytical results found in “Double-diffusive Soret convection
phenomenon in porous media: effect of Vadasz inertia term” by F. Capone, R. De Luca,
M. Vitiello, Ricerche Mat. 68, 581-595 (2019), are recalled in order to better explore
the dynamic of thermosolutal convection in a horizontal porous layer with the influence
of Vadasz and Soret terms.
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1 Introduction

In this note we recall the results on the onset of thermosolutal convection in a horizontal
porous layer, uniformly heated and salted from below, with Soret and inertia effects,
investigated in [1], with particular regard to analyze the kind of instability arising when
the rest state is no longer observable. Denoting by Iy,, I2,, I3, the principal invariants
of the linear operator governing the evolution of the nth component of perturbation,
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the spectral equation is found to be
23— 102+ Toph — I3, = 0. 1)

The Routh—Hurwitz conditions, necessary and sufficient to guarantee that all the roots
of (1) have negative real part, are

I3, <0, I1pI2,—13,<0 ()

since, for the problem under consideration, I, < 0. These conditions are necessary
and sufficient to guarantee that the thermal conduction solution is stable. Convection
arises via a steady or oscillatory state if (1) admits the null root or a pure imaginary
root: the lowest positive Rayleigh thermal number vanishing I3, is the Rayleigh ther-
mal number Rg for marginal steady state while the lowest positive Rayleigh thermal
number such that I1,I,, — I3, = 0, is the Rayleigh thermal number R for marginal
oscillatory state. The instability threshold is given by Rj,s:q = min{Rg, Rp}. On
comparing these two numbers, in [1], sufficient conditions guaranteeing the onset of
steady and Hopf convection have been found. In this short paper we reconsider the
problem in [1] and perform the linear instability analysis of the thermal conduction
solution of model (1) of [1] by using a different methodology. In this way, we are able
to better state the results found in Theorem 1. Precisely, we are able to find conditions
guaranteeing that oscillatory convection can not occur because Rp does not exist or
because Rp exists and Rp > Rg.

2 Linear instability analysis

The linearized version of (4) in [1] is

1 ou A N Rc -~
— 2 G =—VA+ Rk — STk
v, ot Le
V-au=0
N 3
0 ) 3)
— =w+ A0
ot
o _ b+ 1Aﬁ+SAé
@ ar v Le ’
The third component of the double curl of (3); gives
1 0AW R ~ R N
=Y A = Ry — AP, @)
Vv, ot Le
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where G = (i, 0, w) and A is the two-dimensional Laplacian operator in the hori-
zontal plane.

Looking for normal type solutions, in view of the periodicity in the horizontal
directions, we set

w _ w(z)
9}\ — eat+taxx+ayy 0_(2) , (5)
r I'(z)

with o € C. Hence, in view of the boundary conditions

Ww=60=I=0, on z=0,1, (6)
one can choose
AN
0 | =6 |sinnwz, neN @)
r Iy

with wy, 6p, Iy constants and (4), (3)3—(3)4 become

&no

Rc
—wo + Ewy = RTaZQO — —azl—'o,
# Le

®)

o0y = wo — &,00
wo Iy =wo — i—';l"o — Sr&u0

being a* = a)% + a%, £, = a® 4+ n*n?. Requiring the vanishing of the determinant of
the coefficient matrix in (8), one has

Ry = O =Sk Gt o) Vot o)
&, +owle a’v,

©)

2.1 Rayleigh number for a steady marginal state

The Rayleigh number for a steady marginal state, is obtained by (9) on substituting
o = 0 and looking for the minimum with respect to (7, az) € N x R*. Then, it is
given by

2

Rs=({1—-S,)Rc + min gi, (10)
(n,a2)eNxR+ a2

i.e.

Rs = (1—S.)Rc +4n>. (11)
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2.2 Rayleigh number for an oscillatory marginal state

In order to determine Rp, letus seto = ioq, o1 € R\{0} (i being the imaginary unit)
in (9). Then

R7 = Re(R7) + io1Im(Rt), (12)
with
EX(1—S,) +olwLe En(EVa — o)
Re(R7) = R — s 1
e(RT) g2 +012a)2Lez + 27, (13)
and
Im(Ry) = & — wle&;, (1 — Sr)R n Ea(Vy + %_n) (14)

é,% + 012sz6‘2 ¢ a2\7a
Requiring Im(R7) = 0, it follows that 012 has to verify
W’ Le* (Vo + &0t + [1 — wLe(1 — S)]a’VaRe + & (Vo + £) =0.  (15)

Remark 1 Equation (15) has no real solution if

wLe — 1
> s 16
"7 wle (16)
orif
Le — 1
S < @ eL

wLle _ _

£2(Va + &) a7

€= @2V, (wle(1 —8) — 11

Hence, in the cases (16) or (17), Rp does not exist and only steady convection can
occur.

Remark 2 Simple calculation shows that (17), is satisfied V(n, a®) € N x Rt iff

L
\%
Re< min  oaYatE) (18)
(n,a2)eNxR+ a2Va [wLe(1 — §,) — 1]

ie. iff

@4 ) Vet at+7?)
a2V, [wle(l — S,) — 1]

Re < Re - (19)
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Fig.1 Asymptotic behaviour of Rg for Le = 20; w = 0.2; S, = 0.5; R¢ = 30 (continuous line); Dotted
line denotes R for V;, — oo

with a2 unique positive solution of
263 4+ (V, 4+ 2222 —2*(V, + 15 = 0. (20)
In view of (16)—(17) and Remark 1, the condition

wlLe — 1 _
S, < —, Rc > Rc, 21
wlLe

is necessary for the occurrence of Hopf convection. When (21) holds, (15) admits the
solution

2 loLe = 5) — 11a®VaRe = &1(Va + &)
L L (Vy + &) |

(22)

Substituting (22) into (13) and looking for the minimum, with respect to (n, a®) e
N x RT, one has

Ro= min g(n,a?), (23)
(n,a%2)eNxR+
with
o(n.a) = £,(1 + Ser~e) + V,wLe Re %wLe +1 i ci)Le +1 o9
w2Le*(V, + &) a- wle a’ V,w?Le?
The instability threshold is given by
Rinsta = min{RS’ RO} (25)

and coincides with that one found in [1].
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Fig.2 Asymptotic behaviour of Ro

Ro versus V, for -

Le=20; @ =02; Rc =30 nor

and S, = 0.5 (continuous line);

Sy = 0.6 (dashed line); S, = 0.7 L

(dotted line) 69
68
67|
66
65

Remark 3 We remark that, since

i @AV Vata® 470 @+ (V43 +72)

b e P (26)
with a2 positive solution of (20), then
Rc < Re,, 27)
with Rc, (determined in [1]) given by
@+ 72V, + a® + 72)
= — @ ) (28)

a2V, [wLe(1 — S;) — 1]

In view of Remarks 1, 3 and Theorem 1 in [1], one can conclude that when R7 < R,
convection can arise only via a steady state. In particular:

Rr < Rc = #Ro,

Rc < Rt < Rc; = 3Rp > Rs. (29)

3 Discussion

In this short paper, we reconsider the onset of thermosolutal convection in a horizontal
porous layer, uniformly heated and salted from below, with Soret and Vadasz inertia
terms effect, investigated in [1]. Via a different methodology, some analytical results
to perform the linear instability analysis of the rest state, found in [1], have been
deeply examined. In particular, we have better explored the analytical results found
in Theorem 1 of [1]. Precisely, we have been able to specify that, when R < Rc,,
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Fig.3 Asymptotic behaviour of 22
2 i [

wave number a; versus Vg for

Le =20;  =0.2; Rc =30 i

and S, = 0.5 (continuous line);

Sy = 0.6 (dashed line); S, = 0.7 L

(dotted line)

Table 1 Oscillatory Rayleigh =~ 2 0

critical numbers in the presence Sr “ Le Va e Ro Ro

and in the absence of Vadasz 05 25 1 12 53779 752698  386.271

inertia term for R¢c = 50
0.5 2.5 1 10 7.0557 75.2698 114.066
0.5 2.5 1 100 9.2539 75.2698 79.2383

0.7 2.3 1.5 10 7.4030 65.4142 92.4059
0.5 2.3 1.5 10 7.4480 65.4142 90.5693
0.5 2 1.5 10 7.2781 65.3046 99.5709
0.5 2.3 1.5 10 7.48758 64.5776 88.6800

thermosolutal convection can arise only via a steady state since or Rp does not exist
or Rp exists but Rp > Rg. In view of the obtained results, the numerical simulations
given in Section 6 of [1] have to be restated. We write in the following, the right
version.

R reverts to the critical Rayleigh number for the onset of Hopf convection in the
absence of Vadasz inertia term as illustrated in Fig. 1.

The behaviour of Ro versus V, is illustrated in Fig. 2 on fixing Le = 20; v =
0.2, R¢c = 30 and letting S, vary. The numerical simulations show that R decreases
with respect to V, and increases with respect to S,.

Figure 3 shows the wave number for Hopf convection behaviour versus V, on
fixing Le = 20; w = 0.2, R¢c = 30 and letting S, vary. In Table 1 the critical Rayleigh
numbers for the onset of oscillatory convection in the absence and in the presence of
Vadasz inertia term denoted respectively by R(()) and R and the wave number ag, are
collected for R¢c = 50 and for different values of Le, w, S, Va. R decreases with Va
(lines 1-3) while increases with S, (lines 4-5). Lines 5—-6 show that, as one is expected,
Ro decreases with w. In fact, @ is proportional to the porosity of the medium and,
the larger the pores, the more convection is inhibited (i.e. increasing in porosity has a
stabilizing effect). Lines 5, 7 concern the behaviour of R versus Le and, in particular,
one can remark that Le has a stabilizing effect on the onset of oscillatory convection.
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