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VARIATIONAL PROBLEMS FOR FOPPL-VON KARMAN PLATES*
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Abstract. Some variational problems for a Foppl-von Karmén plate subject to general equi-
librated loads are studied. The existence of global minimizers is proved under the assumption that
the out-of-plane displacement fulfils homogeneous Dirichlet condition on the whole boundary while
the in-plane displacement fulfils nonhomogeneous Neumann condition. If the Dirichlet condition is
prescribed only on a subset of the boundary, then the energy may be unbounded from below over
the set of admissible configurations, as shown by several explicit conterexamples: in these cases the
analysis of critical points is addressed through an asymptotic development of the energy functional
in a neighborhood of the flat configuration. By a I'-convergence approach we show that critical
points of the Foppl-von Karméan energy can be strongly approximated by uniform Palais—Smale se-
quences of suitable functionals: this property leads to identifying relevant features for critical points
of approximating functionals, e.g., buckled configurations of the plate. The analysis for rescaled
thickness is performed by assuming that the plate-like structure is initially prestressed, so that the
energy functional depends only on the out-of-plane displacement and exhibits asymptotic oscillating
minimizers as a mechanism to relax compressive states.
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1. Introduction. The Foéppl-von Karman model is widely used as a relevant
theoretical tool in the study of the mechanical behavior of thin elastic plates, for its
ability to capture the interplay between membrane and bending effects (see [1], [3]
[18], [19], [20]). This interplay constitutes the source of a rich phenomenology affecting
not only the macroscopic behavior but also the occurrence of local microinstabilities
which are crucial also in the behavior of soft solids, biological tissues, and gels [30]. A
relevant problem consists in detecting a precise geometric description of such creased
equilibrium configurations in dependance of the geometric and constitutive properties
of the plate.

Despite its long and controversial history, a rigorous analysis of the well posed-
ness for variational problems associated to the Foppl-von Karméan functional under
general boundary conditions is still far from complete. In particular, the minimization
problem under general load conditions is quite subtle. The rigorous derivation of the
Foppl-von Kdrmén plate model from three-dimensional (3D) nonlinear elasticity was
proved by Friesecke, James, and Miiller in the seminal paper [23] under the assump-
tion of normal forces, while in [29] the authors carefully analyze the validity of such
a theory under in-plane compressive forces and study in detail the instability issue
under suitable coercivity hypotheses [29, Theorem 4].
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In this paper we study the existence of minimizers for the Foppl-von Karman
energy, under general load conditions. In particular, we deal with Dirichlet and Neu-
mann conditions for the out-of-plane displacement on the whole boundary while the
in-plane displacement fulfils nonhomogeneous Neumann condition, corresponding to
general assumptions on the forces acting on the plate. The existence of minimizers is
achieved in several cases by improving the techniques introduced in [4], [15] to circum-
vent the lack of coerciveness appearing in related nonconvex minimization problems
and by taking advantage of some properties of the Monge—Ampere equation (see [25],
[46]): in addition to the abstract setting of [4], [15], which leads to the existence of
at least one compact sequence after suitable manipulations, in the present context we
show that every minimizing sequence has a compact subsequence; moreover here the
framework is not limited to a fixed functional but also to sequences of functionals and
we skip the technical task of computing explicitly the recession functional.

We exhibit also examples where the energy of admissible configurations is not
bounded from below, so that existence of minimizers fails and we turn our attention
to the critical points by performing singular perturbation analysis of the functional in a
neighborhood of a flat configuration. This analysis leads to detecting critical points of
the Foppl-von Karman energy by suitable approximations of Palais-Smale sequences
associated to approximating functionals. Our procedure allows us to single out global
buckling configurations, in cases when the plate has a rectangular shape. As is well
known, wrinkling type phenomena and other microinstabilities (see [17], [21], [22],
[24], [26], [45]) manifest themselves in sheets with very small thickness; therefore we
focus our analysis on the behavior as thickness tends to 0 and highlight the energetic
competition of oscillating configurations versus flat equilibrium configurations.

The detailed outline of the paper is as follows.

In section 2 we prove existence of minimizers for the Foppl-von Karmén energy
(2.11) corresponding to a plate of prescribed thickness h > 0 under the action of
balanced loads in three relevant cases:

(i) the plate is free at the boundary of a generic Lipschitz open set, while in plane
uniform normal traction or mild uniform normal compression is prescribed on the
whole boundary (Theorems 2.1,2.3);

(ii) the plate is simply supported on the whole boundary of a convex set (Theo-
rem 2.8);

(iii) the plate is clamped on the whole boundary of a generic Lipschitz open set
(Theorem 2.11).

Moreover we focus the analysis on the cases when these conditions at the boundary
are loosened, by showing explicit counterexamples where the energy is not bounded
from below and minimizers do not exist, even for balanced loads and fixed thickness
h > 0.

Section 3 is devoted to study asymptotic behavior of the energy near a flat con-
figuration; this is achieved by scaling the out-of-plane displacements: in Theorem 3.3
we show that every critical point of a simpler limit functional (in the sense of T'-
convergence) can be approximated by a uniform Palais-Smale sequence (see Defini-
tion 3.2) whose construction is detailed in the statement of the same theorem. Despite
the results proved in the present paper, the existence of nonminimizing critical points
for the Foppl-von Karmén functional remains an open problem in the general case,
at least at our knowledge; nevertheless uniform Palais—Smale sequences can be con-
sidered a surrogate of critical points in a small neighborhood of the flat configuration
and Theorem 3.3 allows us to recover them starting from critical points of the limit
functional. Moreover the analysis of the related Euler-Lagrange equations highlights
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buckled configurations, whose shape can be detailed in some explicit examples (see
Examples 3.8, 3.9).

In section 4, given a plate with thickness s =: hsg (h > 0 is an adimensional
parameter), we study the limit as h — 0 of scaled Foppl-von Kdrmén energy Fj
when in-plane forces scale as f;, = h*f in functional (2.11).

If @ > 2 and (u}, w}) are minimizers, then (h~%uj, h~*/?wj) are weakly compact
in H' x H? and the corresponding energies, rescaled by h~'72%, converge to a limit
energy (see Theorem 4.1 and formula (4.2) therein). It is not surprising that for
« = 2 the limit energy is again the Féppl-von Karmén energy of a plate of thickness
s0, since h™° is exactly the scaling factor in the hierarchy of [23] in order to obtain
the Féppl-von Karman plate model.

If a« € [0,2), then the rescaled energies may be unbounded from below as h — 0
for all cases: free, simply supported, and clamped plate (see Counterexample 4.4 and
Remark 4.5).

The results obtained in sections 2—4 lead us to examine also the case o € [0,2),
by studying the equilibrium configurations of the plate as A — 0 through relaxation
arguments applied to an energetic functional which takes into account a prestressed
state of the plate. Precisely, in section 5 we perform the analysis of corresponding
asymptotic sequence of minimizers; we show a competition between oscillating and
flat equilibria and highlight how this competition is ruled by the mechanical and geo-
metrical parameters: oscillating equilibria act as a mechanism to release compression
states in the limit.

Eventually we exhibit a list of creased and noncreased equilibrium configurations
of an annular plate (Examples 5.5-5.8), together with a general strategy (Remark 5.9)
to build these examples: if both eigenvalues in the stress tensor of the prestressed
state are strictly positive almost everywhere, then we can expect only the flat min-
imizer, whereas possible occurrence of oscillating configurations requires the pres-
ence of a compressive state on a region of positive measure (Proposition 5.3, Remark
5.4).

The issues involved in the present article are closely related with a large class of
instabilities, according to recent studies [5], [6], [7], [8], [9], [11], [12], [13], [16], [17],
[28], [31], [32], [33], [35], [36], [37], [38], [39], [40], [42], [43], [44], [45].

Notation. Sym, ,(R) denotes 2 x 2 real symmetric matrices; a ® b denotes the
matrix with entries a;b;, a©b = 3 (a®b+a®b) and |a|? = 3, a? for every a,b € R™;
moreover |A|? = D Afj and A:B =3, ~A;;Byj, for every A, B € Sym, ,(R) with
entries, respectively, A;;, Bi;.

H*(2) denotes the Sobolev space of functions in the open set Q C R? whose
distributional derivatives up to the order k belong to L%(); HE(Q) denotes the
completion of compactly supported functions in the Sobolev H* norm; and H*'(Q, R?)
denotes the vector fields with components in H!(Q). While notation H! refers to the
Hilbertian case, W1P(Q) denotes the Sobolev space of functions with first derivatives
in LP(Q) with p > 1.

f,vdx = |A|7! [, vdx for all measurable set A and every integrable function v
defined on A. 14(x) =1 ifx € A, 14(x) =0 ifx & A, xy(v) =0 if v € U, and
xu(v) = +o0 ifv g U.

2. Minimization of Féppl-von Karman functional. Let Q@ C R? be a
bounded open connected set with Lipschitz boundary 99; x = (x1,x2) denotes the
coordinates of points in ) referring to the canonical reference frame in R?, and s > 0
is the thickness of a thin plate-like region whose reference configuration is 2x (-3, 5).
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Moreover set s := hsg, where h is an nondimensional scale factor which remains fixed
throughout this section.

Let u: Q — R? and w : @ — R be, respectively, the in-plane and out-of-plane
displacements. In the geometrical linear setting the stretching tensor D is given by

(2.1) D(u,w) = E(u) + % Dw ® Dw,
where
(2.2) E(u) = % (Du+ Du")

denotes the linearized strain tensor.
The kernel of E, which is the set of infinitesimal rigid displacements in €2, is
denoted by

(2.3) R :={u:E(u) =0}

and R(u) denotes the projection of u € H' (2, R?) on R. The elastic energy of a plate
of thickness hsg > 0 is the sum of a membrane energy

(2.4) F (w, w) = hso / J(D(u, w)) dx
Q
and a bending energy
h3s3
(2.5) F(w) = O/J(DQw) dx.
12 Jq

We assume that for every A € Sym, 5(R) the energy density J is given by
(2.6)

J(A) = (| Te(A)|? — 2(1 — v)det A) = Al + I TrAf?,

2(1+v) 2(1 —v?)

where E > 0 is the Young modulus and v is the Poisson ratio, —1 < v < 1/2.
A straightforward consequence of (2.6) which will be exploited in subsequent
computations is

201 — 12)

E E

where 0 < ¢, ;= min{(1-v)"1, (1+v)"'} < O, ;== max{(1-v)" L, (1+v)} < +c.
By denoting the unit outer normal to 92 by n, we define

AY = {wEHz(Qﬂwgz OonF},
(28) Al :={we H*(Q)|w=0onT},

A? = H?(Q),

where spaces A° = A°(T), A' = AY(T) do depend on the set I'. We assume in general
that

(2.9) I COQ isaBorelsetst. HY(T)>0.
Let
(2.10) f, € L?(00,R?), g5 € L*(Q)

be, respectively, the densities of a given in-plane load distribution and of a given
out-of-plane load distribution.
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By taking into account the work of external loads and different types of boundary
conditions, we define the Féoppl-von Kdrmdn functional (FvK) in what follows,

Fr(u,w) = hsg [ J(D(u,w)) dx
(2.11) /Q

343
+ R SO/J(D2w)dx— hso/ghw dx — hso/ f, - udH'.

12 Jg Q B!

Throughout the paper we choose units of measurement such that so = 1.

About the various parameters issue we notice that FvK energies are derived ex-
plicitly in [23] only when the measure units are chosen such that s := hsg = 1;
nevertheless, by a careful inspection of the proof, we claim that an analogous scaling
argument leads to the same result for a generic s, say, to functional (2.11): indeed
it is enough starting from a 3D cylinder of thickness (—thso/2,thsg/2) (where sq is
a fixed thickness, h,t > 0 are adimensional parameters) and letting ¢ — 0 in the
3D energies scaled by ¢t~°. Concerning this issue we refer also to the analysis about
energy bounds available in [10], [9].

Equilibrium configurations of the plate under prescribed loads f, and g, are
obtained by minimizing the functional (2.11) over H'(Q,R?) x A*, i = 0,1,2, cor-
responding, respectively, to clamped, simply supported, and free plate. The present
section focuses on issues related to existence and nonexistence of these minimizers:
we study in detail the existence of such minimizers according to the various choices
i =0, 1,2 of boundary conditions and loads and we exhibit some counterexamples in
which the functional is unbounded from below, and hence global minimizers do not
exist.

The main obstruction in applying the direct methods of the calculus of variations
to this problem relies in the possible lack of coerciveness of the functional (2.11):
indeed the kernel of the membrane energy density, which in general is a subset of the
set of solutions of the Monge-Ampere equation in Q (see Lemma 2.5 below), may
be too large to allow balancing of the internal membrane energy versus the effect of
external forces, in order to achieve an equilibrium configuration. Notwithstanding
this difficulty, an existence theorem can be proved either assuming a sign condition
on boundary forces, or an homogeneous Dirichlet condition on the transverse dis-
placement. In the first case the work of the external forces is bounded away from
zero on the kernel of the membrane energy density, thus allowing the global energy
to be bounded from below; in the second one a uniqueness result in the theory of
Monge-Ampere equation implies that the kernel of bending energy reduces to the
null transverse displacement (see also [31], [32], [33]). These settings together with a
tuning of some techniques introduced in [4] and [15] yield compactness of minimizing
sequences, and hence the existence of minimizers via the direct method.

Assuming f}, = f,n, we prove the existence of minimizers for F;, in H'(Q, R?) x
H?(Q), first under the assumption that f, is a nonnegative constant (Theorem 2.1),
and second under the assumption that f3 is a small negative constant (Theorem 2.3).

THEOREM 2.1 (uniform boundary tension of a free plate). Assume that Q C R?
is a bounded connected Lipschitz open set and

(2.12) /ghdx:/xlghdx:/xgghdx:(),
Q Q Q

(2.13) f;, = fum on 092, frn >0 is a constant.
Then, for every fized h > 0, F, achieves a minimum over H'(Q,R?) x H?().
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Proof. In order to achieve the proof it will be enough to show a minimizing
sequence equibounded in H'(Q, R?)x H?(12), since F}, is sequentially L.s.c. with respect
to the weak convergence in such space. Due to infgyiyg2 Fr < Fp(0,0) < 0, if
Frn(un, w,) — inf g1 g2 Fr, we may suppose Fp(u,,w,) < 1 so, by the divergence
theorem, (2.13), and (2.7) we also get

W3 E hE
D2w, e, [ Dy, w,)? < Ay / div u,+h / Grton+1.
Q Q Q

(2.14) ¢,——
24 J, 2

Set A, := ||E(u,)||r2 and suppose by contradiction that sup \,, = 400, and hence (up
to subsequences without relabeling) A,, — +oo. Let ¢, := A;lﬂwn, V, = )\,_Llun
and xg is the center of mass of 2. Possibly different constants denoted by C' actually
depend only on Q. Then by substituting in (2.14) and dividing times \,,, we get via
(2.12) and Poincaré inequality

hE hE
Y D2n2 An vV TS D n n 2
o5 [ 1D+ de 5 [ DG
§hfh/div vn+A;1/2h/ghCn+)\;1

Q Q

:hfh/ﬂdiv vn+A;1/2h/Qgh (cn— ]{zcn—(x—XQ)]éDCn) +,0

< hfh/ div iy + A2 1| gnl s +A,;1/2c/ D26+ AL
Q Q

(2.15)

The above inequality together with ||E(v,)||L2 = 1 entails

h3 E

2.16 -—
(2.16) vy

hE
[ 106 4 e, 557 [ D) <€
Q 2 Ja
for large n. Exploiting |E(v,)||z = 1, once more, we get that D¢, are then equi-
bounded in H'(2,R?), and, up to subsequences, ¢, — fQ Cn — ¢ weakly in H2(Q),
D¢, — D¢ in L*(£2,R?) due to the Rellich theorem and v,, — v weakly in H*(£, R?).

By taking into account (2.12) we get
(2.17)

hin / div vt A 20 / I =hfn / div vt AT Y20 / gh (c][ cn) S / div v.
Q Q Q Q Q Q

By sequential lower semicontinuity together with (2.17), (2.15) we get

(2.18)
3E 3E
c L/ |D*¢|? gliminfcyL/ | D¢, |2
24 Jq 24 Jq
< liminf{hfh/ div v, +A;1/2h/ an (cn][ <n> +/\n1}
Q Q Q
= hfh/ div v.
Q
Moreover, by taking into account that A\, — +oo,
(2.19)
hE
Mmes T [ DGO <t [ divva 40X 20 [ gy (cn—]/ <n) <c
2 Ja Q Q Q

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/12/18 to 131.175.161.12. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

FOPPL-VON KARMAN PLATES 257
and by D¢, — D¢ in L*(Q,R?), we have also
E E
(2.20) ¢ %/ ID(v,¢)* < liminfe, %/ ID(Vp, Co)? < Climinf At = 0.
Q Q

Hence D(vy, () — D(v,¢) = O, E(v,) — E(v) both in L?(Q,Sym, ,(R)) and
2div v = —|D(|?.
Therefore by (2.18)

h*E 9.9 1 9
D + — D <
“ /g| ‘ 2hfh/g‘ et

and by taking into account that fQC =0 we get ( =0 and E(v) = 0, a contradiction
since ||E(vy)|z2 = 1 and E(v,) — E(v) in L?(Q,Sym, 5(R)). So A, < C for some
C > 0 and u,, — R(u,) are equibounded in H' (2, R?) by the Korn inequality, while
equiboundedness of w,, — f;, wy, in H?(Q) follows from (2.14). Existence of minimizers
is then straightforward via direct method. ]

(2.21)

If f < 0, then the analogue of Theorem 2.1 for in-plane compression along the
whole boundary cannot be true, as shown by the next particularly telling Counterex-
ample 2.2. Anyway we can deal also with load corresponding to small negative f, as
shown by Theorem 2.3 below.

COUNTEREXAMPLE 2.2 (uniform boundary compression). Assume

(222) Q= (_272) X (_17 l)a I'= {_2} X [_17 1]7 gn = 07
(2.23) £, = frn on 09, where fy is a given constant s.t.  fp < 706”4E h2.

Then inf Fj, = —oo over both H*(Q,R?) x A and H(Q,R?) x A2. Indeed, let

2 3 2 2
N CREY e, SDZ( + 1) 7

6 2
and u, :=nu, @, = /ne; then 2E(u,) = =Dy, ® Dy,, and by (2.7)

h3C, nE
Fn(Un, on) < 7"/ D22 dx — nhfh/ n-udH!
2 -

h3C,nE
:&/ |D?|? dx — nhfh/divudx

h3C,nE h
= &/ |D?|? dx + r fh/ | Dep|? dx
24 Q Q

2
= %C” (W*E+64 £,C, ") = —o0.

Referring to the bounded connected Lipschitz open set  C R?, denote by K ()
the best constant such that

(2.24) /Q v fJZQV

THEOREM 2.3 (mild uniform boundary compression of a simply supported plate).
Assume that Q C R? is a bounded connected Lipschitz open set, g, € L*(R), and

2

dx < K(Q)/ IDv|* dx  VYveH'(Q,R?).
Q

(225) fh = fhn on 89,
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where fp, is a given constant such that

hc, FE
(2.26) fn > “LE)

Then, for every fized h > 0, F, achieves a minimum over H(Q,R?) x H2(Q)NHZ () .

Proof. Here, by setting I' = 992, we have A! = H2(Q)NH(Q). Let Fp(u,, w,) —
infgiy 41 Fr, and assume by contradiction that ||E(u,)|| — +oco. By arguing as
in the proof of Theorem 2.1 we can build a sequence (v,,(,) — (v,{) weakly in
HY(Q,R?) x H2(Q), |E(v,)] = 1, D(va,(n) — D(v,¢) = O, E(v,) — E(v) both in
L?(Q,Sym, 5(R)), 2div v = —|D¢|* and

hE 1
(2.27) ¢ / D2+ L / IDCP <0
24 Jq 2 Q

we emphasize that ¢, = 0 at 9Q entails 4, D¢, = 0, and therefore | [, gnCn| <
C|lgnll 21| D?¢n| L2 for a suitable constant C' = C(€2), and hence (2.27) can be achieved
even without assuming (2.12).

Therefore by taking into account that [, D¢ = 0 (due to ¢ € H}), Poincaré
inequality (2.24) and assumption (2.26) altogether entail
(2.28)

W E , 1 ., hE sy 1 )
st Jo 1D+ g [ 1D < e S5 [ 102+ G [ e <o,

so D¢ = 0 and, by D(v,¢) = O, E(v) = O, that is a contradiction since |E(v,)||z2z =1
and E(v,,) = E(v) in L*(2, Sym, »(R)). The claim follows by repeating the last part
of the Theorem 2.1 proof: here transverse load balancing (2.12) is not needed, due to
boundary condition A". d

Remark 2.4. By inspection of the proof of Theorem 2.3 we deduce also exis-
tence theorems for a plate clamped on a possibly proper subset I' of the boundary.
Precisely, assuming  bounded, connected, Lipschitz, (2.9), and (2.25) with f;, >
—(h2¢, E)/(12 K(0,T)), where K (Q,T) is the best constant s.t. Jo V[P de < K(Q,T))
{Jo|Dv|* dx + [ |v|*dH'}, then Fj, achieves a minimum over H'(Q,R?) x A°(T).

Similar claims in H1(Q,R?) x AYT) (for plates supported onT) fail, even by
adding assumption [, z1gpdx = [, xagrdx = 0. Indeed, if Q = (0,1)%, T = {0} x
[0,1], gn = 0, f, = —A2h2n, then inf F;, = —oo, as shown by u,, = —(1/6)(z1 +
m)3er, wy = ((r1 +m)? —m?)/2, m € N.

Concerning the existence of minimizers for 7, in H'(Q,R?) x A® for i = 0,1,
when I' = 02, that is, for clamped and simply supported plates, respectively, at the
whole boundary, in the presence of boundary forces which fulfill neither condition
(2.13) nor conditions (2.25)—(2.26) we need to state first the following lemma (see
also [23, Proposition 9]), which clarifies the link between kerD and the solutions of
the Monge-Ampere equation in €.

LEMMA 2.5. Let Q C R? be an open set and assume that u € H'(Q,R?),p €
H?(Q) satisfy
2E(u) + D @ D =0 in Q2.

Then det D%p = 0 in Q, where det D% is the pointwise hessian of .
Proof. Since E(u) satisfies the compatibility equation

Ei1,22 + Ea2.11 = 2Eq1212
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in the sense of D'(Q), we get

/ Yo(Er2 —Ei21) +¥1(E221 —Ei22)dx =0 Vi € Cp°(9) .
0

Therefore since Dy ® Dy = —2E(u) we get

Eoo1=—p2p12,

1 1
Ei22 = T5P2P12 T S P12,
Eiiog=—p1¥12,

1 1
Ei21 = T5P2P1 T 5 P1PI2.

Summarizing

1
5/ Ya(p11p2 —@1e21) +Y1(p 1022 —pap2)dx=0 Ve C5P(Q),
0

that is Det D?¢ = 0, where Det D?¢ is the distributional hessian of .
Since ¢ € H?(Q) we have det D?¢ = Det D?p = 0 in Q. O

In what follows we state and prove an existence theorem for simply supported
plates whose proof relies on a result by Pakzad [41] for the degenerate Monge—Ampere
equations (see also [25]), which is recalled in the subsequent proposition.

PROPOSITION 2.6 (see [41, Proposition 1.1]). Assume Q C R? is a bounded open
convex set, h € H'(Q,R?) is a map with symmetric gradient, and the determinant of
Dh is vanishing a.e.

Then for every point x € ) there exists either a neighborhood U of x or a segment
with endpoints on OSY and passing through x where h is constant.

The above result entails the next crucial consequence.

LEMMA 2.7. Let Q C R? be a bounded open convex set and ¢ € H*(Q) N H(Q)
be such that det D¢ =0 in Q. Then ¢ =0 in Q.

Proof. We prove first that D is continuous in 2. Indeed, set h. := D({ +
e(—x9,71); then h, € HY(Q,R?) and det Dh. = ¢ > 0. Hence the continuity
of h, in the whole € follows by a result of [47] (see also [34, Theorem 4.4]).

Continuity of D( follows by uniform convergence of h. to D(.

For any pair of points x;, xo € 9Q and ¢ € (0,1) we set x; := tx1 + (1 — t)x2 and
we define

T:={xe€Q:3U open: x € U, D constant in U}
Si={xeQ:3xy, xo€9Q, t€(0,1) s.t. x=xz, D((x;) is constant if ¢ € (0,1)}
By Proposition 2.6 we get Q =T US, ( =0 on SUIN and if either T or S is empty,
the thesis follows easily.

Otherwise, D( is continuous and locally constant in the open set T, and hence

D( is constant on each connected component C' of T. Since C C S U 02 we get
¢ =0 on C and the thesis follows. O

THEOREM 2.8 (simply supported plate). If Q C R? is a bounded, convex open
set and £y, is an equilibrated in-plane load distribution, say,

(2.29) / f, - zdH' =0 VzeR,
oN
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then, for every fized h > 0, the FvK functional Fy, in (2.11) achieves a minimum
over HY(Q,R?) x H?(Q)NH ().

Proof. Here ' = 09 so, referring to (2.8), we look for minimizers of Fj over
HY(Q,R?) x A' = HY(Q,R?) x H*(Q) N H}(2). The proof will be achieved by
showing the existence of a minimizing sequence equibounded in H'(Q, R?) x H?(Q),
since Fj, is sequentially l.s.c. with respect to the weak convergence in this space.
Due to inf g1y 41 Fr < Fp(0,0) < 0, if Frp(up,wy) — inf g1 41 Fr, we may suppose
Fr(un, w,) < 1. So by taking into account (2.29) and (2.7) we get via Korn and
Poincaré inequality

(2.30)

th hE
o B /|D2 W2 4o E /\D W, )|

Sh, fh'un+h/ghwn+1
Q

= h/ £ - R(un) +h/ghwn + 1< |[E(un) ez ([fnllee + 7 [lgnlle | Dwpllcz + 1.

Set A, := ||E(u,)]|12, assume by contradiction \,, — +00, and set v,, := A\ tu, ¢, =
2w, . By substituting in (2.30) and dividing by A, via Poincaré inequality in
H? N HE, we get

hSE E
o5 [ DG+ e 5 [ DG

(2.31) < Hfhum A2 Bllgnl I DGl + Ar
< C+A;”2h/ |DCa|? < C+A;”Qh/ |D?¢?,
Q Q

thus obtaining as in the proof of Theorem 2.1
h3 E hE
(2.32) Cy—m / |D?Col? 4 Ancy — 5 / ID(vi, G)]? < C7
Q

for a suitable C’ > 0. Since ||E(v,)||z> = 1, D¢, are then equibounded in H'(Q2, R?)
so, up to subsequences, ¢, — ¢ weakly in H?(Q), D¢, — D¢ strongly in L*(2,R?),
v, — v weakly in H1(2,R?), and D(v,,,(,) — 0 strongly in L?(£2). Hence

(2.33) 2E(vy,)+D¢,®D¢, — 2E(v)+D(®D¢ = O strongly in L?(£2, Sym, »(R))

and E(v,) — E(v) strongly in L?(£2,Sym, 5(R)). Then by Lemma 2.5 we have
detD2¢ = 0 and by taking into account that € is convex and ¢ = 0 on the whole
0f), by the uniqueness property of Lemma 2.7 we get ( = 0 in Q. This implies
E(v) = —iD( ® D¢ = O, which is a contradiction since ||[E(v,)|z2 = 1. Hence
An < C for suitable C > 0, so u,, — R(u,) are equibounded in H'(2,R?) and equi-
boundedness of w,, in H?(Q2) follows from (2.32). Existence of minimizers is obtained
via direct method. O

Remark 2.9. Concerning Theorem 2.8, at first we stated and proved an existence
theorem for simply supported strictly convex plates, relying on a result by Rauch and
Taylor (see [46, Theorem 5.1]) about the Dirichlet problem for the Monge-Ampere
equation; subsequently an anonymous referee drew our attention to the result by
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/ = 3 \

4

Fic. 1. Counterezample 2.10 : T represented by the thicker part of boundary.

Pakzad [41], which allows us to soften the strict convexity assumption into the plain
convexity assumption of present Theorem 2.8. Here we take the opportunity to thank
the referee for highlighting such issue.

Existence of minimizers may fail when I' £ 0Q: this happens even if the in-
plane load f;, is equilibrated and the plate is strictly convex, as shown by the next
counterexample.

COUNTEREXAMPLE 2.10 (buckling under in-plane shear). Referring to Figure 1,
sety>0,e>0, h? <v/(6EC,),
Qe = {(z1,22) |z <2+e(1—23), |z2| <l4+e(d—2i)},
(2.34) . = 0Q: N {(z1,22) : |21 — 22| > 1},
(2.35) fh =T (122,i - lzl,i) s
where T denotes the counterclockwise oriented unit vector tangent to 9. = XL+ U
¥2+ and
yht = {(ml,xg) dle| <2, x =+ (1 +e (4 — x%))} ,
yiE = {(z1,22) |22 <1, sy =+ (2+e (1 - x%))}
We claim that there exists € such that inf Fj, = —oco over H(Qz,R?) x A! under the
assumptions listed above, notwithstanding the strict convexity of Qz and the fact that
condition (2.29) holds true.
Indeed, let ¢p € CYY(R) be an even function, with spty C [—1,1], ' = —1 in

[1/4,3/4] and [¢"] < 4 in R. We set o(x1,x2) = (21 — x2) and define wy, = /ne
and u, := nu, where

1

X1 —T2
ug (21, 22) = —ur(21,22) = 5/ W”(T)|2d7 .
-1

By setting Qo := (—2,2) x (—1,1) C Q¢, there is C > 0 such that for every 0 < e <1

’/ fh~ud’H,1—/ f, udH'|<Ce,
0. 090
and hence by (2.35) there exists € € (0,1) such that
1 17 _ v
(2.36) / f, - udH Z/ fi, -u dH 7777/ 2E5(u) dx — — .
895 890 2 QO 2
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So
1 1
w1 (21, 22) = —§|1//(x1 —x9)|? = —590,217
1 / 2 1 2
U2,2($1,$2) = —§|1/J (x1 —x2)|* = —§<P,27
UL+ u 11 1
% =3 §W($1 —z)]? + §|¢/($1 — z)[?

1 1
= §|¢I($1 - $2)|2 = —5@,190,27

that is, E(u,) = —4 Dw, ® Dw,, and moreover, by (2.7), (2.36), and p,o = —¢,1 we
deduce

(2.37)
fh(unvwn)
h3nE W nE
<O, i |D%p|? dx + C, " |D2<p|2dx—|—hn’y/ go,lgo,gdx—khnl
24 Jq, 24 Joao Qo 2
8h3nE
<c, (|{(:c1,x2) €Qy: Az —aa| <1 or 3 < Alay — o] < 4} + |Qg\90|)

— hny|{(z1,22) € Qo:1 < 4|zy — o] < 3} + hn%

< 3C,Eh*n — hn% — —00

as n — +oo whenever 6EC, h? < v, thus proving the claim. ]

Clearly Theorems 2.1, 2.3, 2.8 hold for the clamped plate too: minimization in
H'(Q,R?) x A°. Even better, in the case of clamped plate we can drop both convexity
assumption on € and equilibrated out-of-plane load (2.12) as is shown by the next
result.

THEOREM 2.11 (clamped plate). If € is a bounded connected Lipschitz open set
and (2.29) holds, then for every fixzed h > 0 the functional Fp, in (2.11) achieves its
minimum over H'(Q,R?) x HZ(S2).

Proof. Again we need only to exhibit an equibounded minimizing sequence. In-
deed, as in the proof of Theorem 2.8 if Fj(u,,w,) — inf g1 gz Fp, we may sup-
pose Fp(u,,w,) < 1. Then, since I' = 9Q entails HZ(Q) = A° C Al by setting
An = [[E(w) |22, v = A My, G o= An?w, and assuming A,, — 400, arguing
as in the previous proofs we achieve the estimates (2.30), (2.31), (2.32). Then the
sequence D¢, is equibounded in H'(2,IR?) so, up to subsequences, ¢,, — ¢ weakly in
H?(Q), D¢, — D¢ in L*(Q,R?), v,, — v weakly in H(Q,R?), and D(v,,,¢,) — O in
L?(Q,Sym, 5(R)). Hence
(2.38)

2E(vy,) + D¢, ® D¢, — 2E(v) + D@ D¢ = O strongly in L*(£2, Sym, »(R)),

E(v,) — E(v) strongly in L2 (Q,Symy 5(R)), and by Lemma 2.5 we have det D¢ = 0
in the whole Q. Since ¢ = %5 = 0 on 99, there exists a disk Q (bounded and convex!)
such that Q C € and the tr1V1a1 extension C of ¢ in Q belongs to HZ (Q) Therefore

det D2¢ = 0 on Q and still by [46, Theorem 5.1] we get ¢ = 0 in €, and hence ¢ = 0
in 2. Then by (2.38) E(v) = O, a contradiction since ||E(v,)||z2 = 1. d
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3. Critical points nearby a flat configuration. When existence of global
minimizers fails because the energy is unbounded from below, it is natural to inves-
tigate the structure of local minimizers or, more in general of critical points. Since
the nonlinearity in the FvK functional relies in the interaction between membrane
and bending contributions, we will focus in this section on the asymptotic analysis
of critical points in the neighborhood of a flat configuration, i.e., we will study the
behavior for small out-of-plane displacements. Throughout this section we assume
that A >0 is fixed and

(3].) gh = 0,

that is, we restrict our analysis to the case of in-plane load acting on a plate of
prescribed thickness. Assume f;, € L?(9Q,R?) and (2.29) holds true. For every
(u,w) € HY(,R?) x H%(Q), referring to (2.1)—(2.11), we enclose boundary conditions
in the functional, by setting

, Fr(u,w) if ue HY(Q,R?), w € A,
(3.2) Fi(a,w) =

(3.3) he(u,w) = Fj (u,ew) Ve>0.

400 otherwise ,

By noticing that Fj, o := .7-',3’0 actually is independent of 7, we also set

(3.4)
gfil,e(u’ w) =¢e7? (‘F;L,E(u7 ’LU) - Hl%ﬁgz)]:hﬁ) ,
(3.5)

£ (u,w) = F(w) + g /QJ'(E(u)) : Dw® Dwdx if (u,w) € {argmin Fj, o} x A’

+ 00 else in H'(Q,R?) x H?(Q),
where
E E

(3.6) J'(A) At —2 (TrA)I

:1+V 1 -2

denotes the derivative of J.
Functionals &, _ and Fj, _ are linked via the following result

PROPOSITION 3.1. & =T lim. o, 5};76 . Precisely, the following relations hold
true:
(i) for every (u.,w.) — (u,w) in w— H* x H? we have

(3.7) lim i(r)lf & (g, we) > & (u,w);
e— ’

(i) for every (u,w) € H' x H? there exists (0., w.) — (w,w) in w— H' x H?
such that

(3.8) lim & (0., w:) = & (u,w).

e—0
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Proof. Let (u.,w.) — (u,w) in w — H! x H?: by convexity of J we have

Fi (uerwe) > 2FY(w) + h / J(E(w.)) da

Q
he? , L
(3.9) +— [ J'(E(u.)) : Dw: ® Dw.dx — h £, - u. dH
2 Q oN
2 b he? / .
> e F)(w) + 3 J'(E(u.)) : Dw. ® Dw, dx + min Fp, o
Q

and by taking into account that Dw,® Dw, — Dw® Dw strongly in L?(£2, Sym, ,(R))
and J'(E(u.)) — J'(E(u)) weakly in L*(£2, Sym, »(R)), we get

e i S gi
hgn_gélfé'h’e(ug,wg) > & (u,w)

and (i) is proven. The proof of (ii) is achieved by taking (u., w:) = (u, w). d

We recall that if 7: X — R is any C' functional defined on a Banach space X,
then T € X is a critical point for Z if Z'(Z) = 0, where Z’ : X — X* denotes the
Gateaux differential of 7.

Due to formula (3.10) below, f,i)s is a C! functional in the Hilbert space
H'(Q,R?) x A% precisely, for every (u,w) € H'(£2,R?) x A? the Gateaux differ-
ential of }'};75 at (u,w) is given by

(Fr.o) (ww)(zw)] = (nww)d], nwl])  Vae H(QR), vwe A,

where
(3.10)

mi(u,w)(z] :==h /QJ’ (]E(u) + %Dw ® Dw) :E(z) — h mfh ‘'z,

3 2
o (u, w)w] = &2 % J (D*w) : D*w + €2 h/J’ <E(u) + %Dw ® Dw) :Dw® Dw .
Q Q

(11(u, w)[z], 72 (u, w)[w]) is replaced by the shorter notation (71[z], m2[w] ), whenever
the dependance on fixed choice for (u,w) is understood. Actually (3.10) provides the
explicit information that (Fj _)'(u,w) depends continuously on (u,w).

Hence the Foppl-von Karméan plate equations in weak form together with bound-
ary conditions can be written as follows:

u, w € HY(Q,R?) x A,
(3.11) 71 (u,w)[z] =0 Vz € H'(Q,R?),
To(w,w)[w] =0 Vw e A'.
Clearly (€] .) (w,w) = e *(F}, )’ (u,w), hence Fj, _ and &}, _ have the same critical
points. Moreover if u, € argmin Fj, o, then 73(u,,0) = 0 and (u.,0) is a critical point
for .7-";;78.
The next definition tunes the standard notion of the Palais—Smale sequence to
the present context.

DEFINITION 3.2. Let X be a Banach space and I, : X — R be a sequence of C'!
functionals. A sequence {x:} C X is a uniform Palais—Smale sequence if there
exists C > 0 such that I.(z:) < C and || Z.(z¢) || x~— 0, as € = 04.
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Notice that the above definition reduces to the usual notion of Palais—Smale
sequences when Z. = Z for every € > 0. Letting u, € argmin 7}, o, we denote by
K}, (u.) the set of critical points in A" of & (u,,-), that is,

(3.12) Ki(u,) ={we A : m(u,,w)w] =0 Vw € A} .

The next result shows that any critical point of &, (uy, ) in A* can be approximated
by a uniform Palais—Smale sequence of 5}175 whose energy converges to the energy of
the critical point itself.

THEOREM 3.3. Let u, € argmin F o, w € K} (u.) and z,, € argmin Q,,(z), where

1
(3.13) Qu(z) := / J (E(Z) + §Dw ®Dw) dx .
Q
Then {(Ws + €224, w) }eso 48 a uniform Palais—Smale sequence for 5275 and

EIE& & o (W 4 %24, w) = & (u,,w) .

Proof. We have to prove the following conditions:
(a) & . (u+e%zy,w) < C <400 Vee(0,1],

(b) (&) (us + €22y, w) — 0 strongly in (H'(Q,R?) x A")*.
(¢) lim & _(wy + %2y, w) = & (u,, w).
E—)0+ ’
We first prove (c), which implies (a) too. Indeed
S,i’s(u* + 52zw,w)

=2 [}"ﬁ(u* + 22y, cw) — ]-"o,h(u*)]

3 2
— 2 KL2 / J(eD*w)dx + h / J (E(u*) +%E(z) + 5 Dw ® Dw) dX}
Q Q

—e2 [h/QJ(]E(u*)) +€2h/agfh . zw}

=¢g? KL;EQ /QJ(Dzw)dx + h/QJ(]E(u*) +54h/QJ (E(zw) + %Dw ® Dw> dx}

42 [EQh/QJ’(E(U*)) : <E(zw) + %Dw ® Dw> dx — h/QJ(]E(u*)) a 52/69
_w

759

+h/QJ’(IE(u*)) : (E(zw)+;Dw®Dw) dx—h/a £, -z

Q

fh . Zw:|

J(D*w) dx + 52h/

J (E(zw) + %Dw ® Dw) dx
Q

hS
12 /g

+ g/J'(E(u*)) : Dw @ Dwdx
Q

J(D*w) dx + szh/

1
J <E(zw) + §Dw ® Dw> dx
Q

since, due to minimality of wu,
/J’(E(u*)) 1 E(zy) dx — / f}, -z, = 0.
Q o0

Hence lim._, 5278 (Ws + €224, w) = &} (u,, w) as claimed.
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Eventually we prove (b). By recalling (3.4) and (3.10), we get for every z €
H'(Q,R?) and w € A*

(52,5)/ (u* + EQZw,w) (z,w)] = g2 (Tl (u* + 52zw,w) [z], 2 (u* + 52zw,w) [w]) .
Since z,, € argmin Q(z), u. € argmin F, 9, and w € K¢ (u.) we get
71(u,,0)[z] =0 Vz € HY(Q,R?), T (s, w)[w] =0 Vw € A”,

e 2 (U, + 22y, w)[w] = &‘2/

Q

1
J (E(Zw) + §Dw ®Dw) :Dw® Dw .

The above relationships imply

sup | (E}'L’E)’(u* + 224, w)[(2, w)] ’ —0 as €—0,
[(z,w)l|<1

where || (z,w)||=||z||g: + ||w]| g2, thus proving (b). 0

Remark 3.4. Despite the results of this section, the problem of the existence of
nonminimizing critical points remains open in the general case, to the best of our
knowledge. Nevertheless as far as uniform Palais—Smale sequences are surrogates of
critical points for (1.11) in a e-neighborhood of the flat configuration at the scale
€2, Theorem 3.3 allows us to recover them starting from critical points of the limit
functional & (see Examples 3.8 and 3.9).

In addition we emphasize that that existence of nonminimizing critical points can-
not be deduced here by applying the asymptotic mini-max of [27, Theorem 4.4], since
its compactness condition can be violated, as we show in Counterexample 3.7 below.

Remark 3.5. Let u, € argmin Fp, 9, w € KZ(u*) and then

3

(3.14) 0= & (s, w)'[(0,w)] = %/QJ’(DwaDzwdx—i—h/QJ’ (E(uy)) : Dw® Dw,

that is, & (u., w) = 0 and &}, _ (W, + €22y, w) = ehmin Q,,.

Remark 3.6. In Theorem 3.3 we have shown that every critical point for & of
the kind (u,,w) with w. € argmin 7, ¢ and w € K} (u.) can be approximated (in
the strong convergence of H'(Q, R?) x H?(Q)) by uniform Palais—Smale sequences of
527 .- Actually the displacement pair sequence can be chosen explicitly of the kind
(u, + €%z, w), say, with fixed out-of-plane component and in-plane displacement
approximated by an infinitesimal correction tuned by the out-of-plane component.
Nevertheless we cannot expect that every uniform Palais—Smale sequence of 5,275 is
equibounded in H*(£2,R?) x A!, as we are going to show in the next counterexample.

COUNTEREXAMPLE 3.7 (a uniform Palais—Smale sequence lacking compactness).
Referring to Figure 2 if Q@ = (0,a) x(0,1), ' = 09, and f;, = vea(L,a)x10}) —
1(0,a)x{1}), where 7y is a suitable constant to be chosen later, then the unboundedness
may develop.

So by Theorem 2.11 (clamped plate), for all h > 0, for all € > 0 there exists
(ue, we) € argmin 5278. Hence (ue,w.) is a uniform Palais—Smale sequence for 52,5’
and moreover we show below that such a sequence must lack weak compactness in
HY(Q,R?) x H?(Q) for big v. Indeed, if compactness were true, we would obtain
(up to subsequences) that (u.,w.) — (u,w) € argmin&), due to Proposition 3.1.
Eventually we show that inf 5,? = —00, thus obtaining a contradiction.
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11111 1111

TTT1? TTT1

F1G. 2. Plates of Counterexample 3.7 (left) and Example 3.8 (right): T' is represented by the
thicker part of the boundary.

Actually, due to Euler equations

(3.15) / J' (E(u)) : E(v) = fp,-v= —’y/ V22 Vv € H'(Q,R?),
Q 0 Q

s0, for every u € argmin F, o, J'(E(u)) = —ye2®ey, u= 2% 11;"3”1, (x1e1+x0€2)+7,
re€R, and by (2.2)
(3.16)

h? 2 hry 2 . . 0

D J(D*w) — 5 |lw2]“dx ifu € argmin Fy, o(+,0),w € A",

E(u,w) = Q 2
+o0 otherwise in H(2) x H(Q).

Hence, if u € argmin Fp, o, w € A%, we get

C,Eh? h
&P (u,w) < /|D2w|2dx— 77/|w2|2dx.
2 27,

Set w(w1,22) = a(z1)B(z2) with o € HZ(0,a) and 3 € HZ(0,1). Then w € HZ(Q)
and

ER3 ! Ashy (1
(3.17) gﬁ(u,w)g(AOC’0+A1C’1+A2)C’VH/ 18”12 day — 227/ |3'|2dxs,
0 0

where
1 1 1
AOZ/ | |2day, A1:2/ |o/|?dxy, A2:/ o?dry,
0 0 0

and Cy, Cy are the best constants such that
1 1 1 1
/ ﬁle‘Q < Co/ |BN|2dl‘2, / |ﬁ/|2d.’L‘2 < Cl/ ‘ﬁ”|2d$2 Vﬁ S Hg(o,l).
0 0 0 0

If € € HZ(0,1) is the eigenfunction fulfilling the equality fol |€'|2dxe = Cy fol |€"12dzo
and

1
v > 6 (A()Co + AlCl + Ag) CUEhQ/(A2C1) y

setting B := n€ € HZ(0,1) and w = af3,, the right-hand side of (3.17) goes to —oo
as n — oo.
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In the previous counterexample we have shown that some uniform Palais—Smale
sequence may be not converging to any critical point, while in the next examples
we show how Theorem 2.3 can be used to detect buckled configurations of the plate
(associated to critical points for FvK) by means of uniform Palais-Smale sequences
for the approximating functionals.

Ezample 3.8 (buckling of a rectangular plate under compressive load). Referring
to Figure 2, set Q = (0,a) % (0,1), f, = ve2(1(0,a)x{0}) —L(0,a)x{1}), and I' = ¥, U _
with ¥4 =1[0,1] x {1}, ¥_ =[0,1] x {0}.

Now I' £ 0Q2: by arguing as the in previous counterexample we find noncompact
uniform Palais-Smale sequences together with energy of admissible configurations
unbounded from below.

In the present case we push forward the analysis: as before we find that if u €
argmin F, o and w € A%, i=0,1,2, then J'(E(u)) = —ve2 ® ey, so that

3

; h h . .
& (u,w) = 5 /QJ(DQw)dX - 77 /Q|w,2|2dx if u € argmin 7, 4(-,0), w € A".

We look for critical points in the form w = w(z2) under the following conditions:
= () w'(1) =0 ifi=0;

= ifi=1:
//(1):w///(0)7w///( ):0 ifi=9.

Since J(e2 ® €2) = ﬁ, we have

i En3 ! hya
Eh(u,w):m/o |w”(a:2)|2dxg——/ |’ (z2)|* dza,

whose nontrivial critical points can be easily computed, via the ODE

" + 12')/@(1 — VQ)

% w” =0.

Theorem 3.3 allows us to recover Palais-Smale sequences for Eh ., 1=0,1,2.
In the clamped case (i = 0) the nontrivial buckled Solutlons occur for discrete
choices of h (e.g., see Figure 3):

ho— 1 12ya (1l —v?)
" 2nr E ’

12 1—12) 1
wn(arg)zl—i—sin( Wh(xg—ﬂ/2)>, n € N;

else, for any other choice of h, w = 0.
The associated Palais—Smale sequence is

(Qﬂ 1+v
E1+3v

(x1e1 + x2€2) + agzwn (21,22) , wy(x2)),

where z,,, (z1,22) = (0, 1/2 [ |w],(t)|?dt ) and wy, is given above.
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Fi1c. 3. One solution (w3) of ODE with it = 0 in Example 3.8.

L L L L
L4 L4 L4 L4
4
7’
. A
7’
7’
4
7’
4
L 4 ’
7’
4
7’
7’
4
’ A
4
7’
7’
4
7’
4
04 ,
7’
& & & &
N N N N

Fic. 4. Exzample 3.9 : T' is represented by the thicker part of the boundary.

Ezample 3.9 (buckling of a rectangular plate under shear load). Referring to
Figure 4, set Q = (—2,2) x (=1,1),i =0, and I = 2%* U £2* | where

St =1-2,0x {1}, 2 =1[0,2] x {-1},2*F = {2} x[-1,1], %%~ = {2} x[-1,1].

Assume fj, = y7(1g2,+ —1g1.+), where §2F = $2+ §L+ = [2 2] x {£1}, v > 0, T is
the counterclockwise oriented tangent unit vector to 9Q = S+ U S>*. See Figure 4.

Since u € argmin Fj o, by exploiting Euler-Lagrange equations as before, we
obtain J'(E(u)) = vy(e1 ® e2 + e2 ® ;) and by (2.2)

h3
EX(u,w) = 5 /QJ(DQw)dx + hy /QwJ w2 dX.

We look for critical points in the form

P(x1 — x2) if (z1,22) €Q, |z1 — 22| <1,
(3.18) w=
0 else in €,

and satisfying ¢(£1) = ¢'(£1) = 0.

By Je1®e; +tes Qe —e; Qe —easQep) = 12_’:3,2 we obtain

hE ! !
) = g [ W ORd—2m [ P

whose nontrivial critical points can be easily computed, via the ODE

6y(1 —v?)

"
VT Enh?

P'=0,  p(£1) =/(£1) =0.
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Fi1a. 5. Ezample 3.9 ws(z1,z2) = ¥5(z1 — z2) .

Therefore even now the nontrivial buckled solutions occur for (different) discrete
choices of h (e.g., see Figure 5):

12 1—-12) 1
W = Wy (21, T2) = Yp(z1 — x2) :== 14 sin < % . (r1 — 2 + 1/2))

_ 1,2
it o= L 2yel=v?) with n e N;
n E

else, we have the flat solution w = 0 for any other choice of h .
The associated Palais-Smale sequence is (u(z1, ¥2) + €22y, (71, 22) , Wy (21, 22) ),
where
1+4+v
E

2o, (1, 72) = <—(1/2)/:1_m|w;(t>|2dt, (1/2)/

u(zy, ) =y (w2,21),

T1—T2

o ar)
Remark 3.10. In Examples 3.8, 3.9, when nontrivial solutions exist the period of
the oscillations has order h. By scaling loads, that is, by taking f;, = h*f, we get
J'(E(u)) = —h*vy(ex ®eq) and J'(E(u)) = h*y(e1 ® e2 + €2 ® ey), respectively, while
related limit functionals become, respectively,

ER3 ! hotl !
) / |w” () |? dzy — %/ |w'(x2)| dza , i=0,1,2,
0 0

0 h3E ! " 2 a+1 ! / 2
&p(u,w) = -9 /), [w” ()" dt — 20"y . [w' ()| dt,

whose nontrivial critical points obviously exhibit oscillation period of order h'=®/2.

Computations in Remark 3.10 prove useful in the next section when studying
asymptotics of the problem as the thickness tends to 0 .

4. Scaling Féppl-von Karman energy. We recall that the thickness of the
plate is s := hsg, where h is an adimensional parameter, sq is a physical dimension,
and we have chosen measure units such that sqg = 1.

Here we focus on the asymptotic analysis of the mechanical problems for FvK
plate as h — 0. To highlight properties of the limit solution we examine the behavior
of suitably scaled energy: all along this section we assume that there is no transverse
load, say, gp = 0, while we refer to a parameter « characterizing different asymptotic
regimes of in-plane load f},, say,

(4.1) f, = h*f, where a >0 and f ¢ L*(0Q,R?).
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The next result and subsequent counterexample show how parameter o may influence
the asymptotic behavior of functionals F;, when h — 0 ; precisely there is a threshold
concerning «: if a > 2, then there is a scaling of displacements weakly convergent in
H(Q,R?) x H?(2) such that related energies (after suitable scaling) are convergent
too (see Theorem 4.1 and formula (4.2) therein); if & € [0, 2), then the rescaled energies
may be unbounded from below as h — 04 for all cases: free, simply supported, and
clamped plate (see Counterexample 4.4 and Remark 4.5).

THEOREM 4.1. Let Q C R? be a bounded connected Lipschitz open set, a > 2,
andt=0,1,2.

If i = 0 (clamped plate), assume (2.29) and T' = 0Q (as in Theorem 2.11) .

If i =1 (simply supported plate), assume (2.29), Q convex, I' = IQ (as in Theo-
rem 2.8 ).

If i =2 (free plate), assume (2.12) and (2.13) (as in Theorem 2.1).

Set

) ]:}(Vv<) if a=2,
(4.2) Fr(v,() = _
Fi(v,¢) + xqp2c=0y(¢) if a>2,
where x{p2¢=0}(¢) = 0 if D% =0, = +co else. ‘
Fizi€{0,1,2} and a sequence (up,wp) in argmin Fj .
Then there exists (v,() € argmin F& such that, up to subsequences,

(4.3) (W™ %up, h™%wy) — (v,¢)  weakly in H'(Q,R?) x H*(Q), as h — 0.

Moreover
(4.4) 2L Fl (g, wp) — Fo(v,€), as h — 04 .
Proof. The case o = 2 is trivial since (up,wp) € argminF} if and only if

(h=2up, h~twy,) € argmin F7 for every h.
Ifa >2,i=0,1and (up,ws) € argmin F}, set vy, := h™%uyp, Cp = h™ 2wy, Ap
IE(vy||L2 and assume by contradiction A\, — 400. Then by taking into account the

a/2

minimality of (up,wp), (2.7), (2.29) and setting pp = )\;1/2(;“ Zp = A,:lvh we get

Wi R FE
21 / ‘D2¢h|2+>\hcy§/ ‘]D)(Zh,gah)|2 S/ f-zp, <C.
Q Q o0

Hence |D?py| — 0 in L?(Q, Sym, 5(R)) and by taking into account that ¢, = 0 on
00 we get ¢, — 0 in H%(Q); therefore E(z,) — O in L?(Q,R?), a contradiction
since ||E(zp)| /L2 = 1. Then Ap is bounded from above and by taking into account the
minimality of (up,wy) , (2.7), (2.29) we get

R~ E
24

which entails D?¢j, — 0 in L?(2) and equiboundedness of D¢, in L*(Q2,R?).

When i = 2 we take again A\, = ||E(vy)||r2 and assume by contradiction A\, —
+00. Then estimate (4.5) continues to hold and as before |D?¢p,| — 0 in L?(Q), which
entails ¢ — f, ¢n — 0 in L?(Q), Dy, — ¢ in L*, and 2E(z,) — —c ® ¢ strongly in
L?(Q, Sym, 5(R)) for a suitable ¢ € R?. Therefore (2.13), (4.5) yield

(4.5) Cy

E
(46) o [D*Cul? + . */ ID(vh, Gr)[* < / fovp < |fan <C,
Q 2 Ja o9

(4.7  0< lim f.-z,= lim f n-z, = lim f/ divzy, = —i\Q||c|2,
=04 Jpq =01 " Joq =04 " Jq 2
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that is, ¢ = 0 so E(z,) — O in L*(2, Sym, »,(R)) as in the previous cases, again a
contradiction. Thus equiboundedness holds in this case too. Since, for 0 < h < 1,
the w.ls.c. functionals 5 fulfill &~ < h=2¢~1F}  the proof can be completed by
a standard argument in I" convergence. 0

Remark 4.2. It is worth noticing that, if & = 2, then the limit energy is still the
FvK energy of a plate of thickness sq; indeed h~° is exactly the scaling factor of the
hierarchy in [23] for the derivation of FvK plate model.

Remark 4.3. We emphasize that, if D?w = O, then

(4.8) Fi(v,w) = Fi(v,0) ifi=0,1,
(4.9)
fl(v,w):fl(v,ﬁ-x):/QJOE(v)—l—;5@5) —/{mfh-v for w=¢& -x ifi=2.

Theorem 4.1 is optimal in the sense that if a < 2, we cannot expect neither that
h=22=1min 4; 7, are bounded from below nor that minimizers are equibounded in
H(Q,R?) x W14(Q) when we let h — 0. This phenomenon may take place even if
Q) is a rectangle as shown by the next counterexample, where we consider a plate with
the same geometry and load of Counterexample 3.7 (see Figure 2, at left); nevertheless
here we push further the analysis of this case.

COUNTEREXAMPLE 4.4. Let a > EC,, a €10,2), £, = h*f with
(4.10)  Q=(0,a)x(0,1), T=0Q, g,=0, f= (1o —1l=1})es.

Then for any sequence (up,wy) € argmin Fy (such sequences do exist due to Theo-
rem 2.11), the scaled sequence (h=*uy,, h=*/?wy,) is not equibounded in H' (2, R?) x
W14(Q) . Moreover, inf h™2*71F) — —oco0 as h — 0.

Indeed we can set vy :=h™%uy, (p:= h_"‘/Qwh, and

(4.11)
Wh(Vh, Cn) i= B~ 722 F (up, wy) = h212a/QJ(ngh)Jr/QJ(]D)(Vh,Ch))/émf,vh,
(4.12)
IH(v,¢) = inf {1inisglp Wavi ) = vi " v gh“’_ﬂ/uc} ,
(4.13) '

T~ (v,() := inf {liminf Wivi, Gn) : va"=E v, ¢ “’LVMC},
h*)0+
(4.14)

B
J(B,n) = )}IBE+]B%T+77®77|2+8(TVV2)|Tr(IB%+IB%T+17®n)}2 :

E
8(1+v
Then by arguing as in [14, Lemma 4.1] we get

(4.15) It (v,0) <A(v,¢) == | JD(v,Q))dx _/a f-vdH'.

Q Q

Then by denoting with QJ the quasiconvex envelope of J, since It is sequentially
Ls.c.inw— H! x w— WY, we obtain

(4.16) It(v,() < /Q QJ (Dv,DC¢) dxf/a f- vdx.

Q
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On the other hand for every vy, —w—H' v, (p —w—wh ¢ we get

liminf h~'72% Fy (h%vy, h*/2¢,) > Qj(Dv,Dg)—/ f-v,
Q o0

h—04

that is,

T (v,0) > /Q QI(Dv.DO) — | f-v.

o0
By

@17 Z.0 = [ Qv D0~ [ £ov 2T > T (ww) > T(v.0
we get

(4.18) I'lim Wy, =

*)04,
Therefore, if (h=%uj, h~*/?w}) were equibounded in H'(Q,R?) x WH4(Q), then
Rt Fy (uf, w)) — minZ = inf A

since A is the relazed functional of Z, and we will show that this leads to a contradic-
tion. Indeed, we choose

(4.19) Gola1) = pln) vn(a). vl = (0.5%)
with
(4.20) ¢:R— R, 1-periodic,p(y) = %(1 — |1 —=2y|) Vy € (0,1),
(4.21) Un(x) = nxlyoi/m)y + L/na—1/n)} — 2T — a)Ll{ja—1/n,a]} -
We get
E(vy) 0 0
Vn) = n ;
0 7
_ i(iﬁ' (@)* (¢(ny))* lw ()¢ (2)(ny)¢’ (ny)
]D)(Vn,Cn) _ X on \Wn p\ny an n\Z)p\ny)p (ny
i S ¥n(@)¢n, (@)@ (ny)¢' (ny) 5(%(%)@/(%9)\2 -1)

and by taking into account (2.6), (2.7) and that 2|o| <1, |¢'| =1, || <1, |P,|<
n, spte), C [0,1/n]U[a—1/n,a], |, =1 on[l/n,a—1/n], a > EC,,

A(vn,Gn)

// D(vn,Cn)) dxdyf/ f-v, dedy
aQ

5/0/0 ESCV(n‘QIw;(w)l“ls@(ny)l‘*+2Iwn(x)2|w;(x)|2|¢(ny)|2|¢(ny)|2

na

b (Rl ) -1)7 ) -

a prl
EC, 2 na _nEC, na
< /O /0 T(n21[0,1/n]u[a71/n,a] +n? (Yi(z) — 1) ) 5 S5 Ty ™

leads to a contradiction.
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So (h=u}, h=*/?w}) are not equibounded in H*(Q,R?) x WH4(Q) and the first
claim follows.

FEventually we prove the second claim. By (4.15) there exists (Vi p,Cnn) —
(Viy Cn) weakly in H*(Q,R?) x H2(Q) such that limsup Wi, (Vi n, Cun) < Z(Vi, o) <
—Kn for suitable K > 0, and hence by using a diagonal argument we achieve the
claim.

Remark 4.5. If a > EC,, a €[0,2), f;, = h*f with
(422) Q= (O,a) X (0, 1), gh = 0, f= (l{y:O} - l{yzl}) €o, I'=0Q.

Then h~1722 inf F} — —oc as h — 04 holds true also fori=1,2.
Indeed, though ezistence of minimizers of Fj, (i = 1,2) may fail, nevertheless
inf 7} <inf F? for i = 1,2; hence the claim follows by previous counterezample.

5. Prestressed plates: Oscillating versus flat equilibria. Counterexam-
ple 4.4 and Remark 3.4 show that the Foppl-von Karman functional might not be
suitable for studying equilibria of plates when thickness h — 04, at least in the pres-
ence of in-plane loads scaling as h®, when « € [0,2)) and h is the scale factor for the
plate thickness.

To circumvent this difficulty, as in the case of many practical engineering appli-
cations, we assume that our plate-like structure is initially prestressed and undergoes
a transverse displacement about the prestressed state.

In this section the minimization with respect to the out-of-plane displacement
alone is performed via relaxation techniques (Theorem 5.1, Lemma 5.2, Proposi-
tion 5.3, and Remark 5.4): this approach allows us to clarify the structure of the
asymptotic sequence of minimizers as h vanishes. By subsequent Examples 5.5-5.11
we show a way to recover the geometry of the asymptotic minimizers by studying the
Lamé problem in presence of compressive and tension forces: in particular, whenever
there is a region of positive measure where prestress has at least one negative eigen-
value, the asymptotic sequence of minimizers exhibit oscillations with a period which
can be easily estimated.

Precisely, in this section we fix g, =0, f € L?(0Q,R?), a € [0,2) and we assume
that the prestressed state is caused by the (scaled) force field f;, = h*f and is given
by every u* € H'(Q,R?), u* = h®v*, where v* is a minimizer of the functional

(5.1) F(v) ::/QJ(]E(V))—/an~v.

The transverse displacement w is chosen such that the pair (u*,w) minimizes the
functional Gj, over H'(Q,R?) x A?, defined by

Fr(u,w) if u=u* and w € A,
+00 else.

Gn(u,w) = {

Moreover we have Gp,(u, w) = gh(v,() when setting v := h~%u, ¢ := h~*/?w, and

B ROFP(C) + h2°‘“/ J(D(v,¢)) — h2°‘+1/ f.v if v cargminF, ¢ c A,
gh(v’ C) — Q o0

—+00 else in H'(Q) x A*.

We aim to capture the nature of the transverse minimizer through a detailed study of
the asymptotic behavior of minimizers of G, as h — 0. A first hint in this perspective
is the next result.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/12/18 to 131.175.161.12. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

FOPPL-VON KARMAN PLATES 275

THEOREM 5.1. For every v € argminF, let I3*(x,-) be the convex envelope of
I, (x,.), where I, (x,€) :== J(E(v)(x) + 3£ ® &), and

(5.2) G*(v,¢) = / I:*(x, D¢) dx 7/ f-vdH' V(e Wh(Q).
Q o0
Then, for every «a € [0,2),
(5.3)
N min {G**(v,{): (€ W'(Q), (=0onT} if i=0,1,
p—2a-1 min G, —
A min{G**(v,{): (e WH(Q)} if i=2.

Moreover if (v,(;) € argmin 4 Gn, then ¢ — ¢ weakly in WH4(Q), up to subse-
quences, with (v,() € arg min G**.

Proof. The claim is a straightforward consequence of techniques developed in [14,
Lemma 4.1] and standard relaxation of integral functionals. |

In order to characterize equilibrium configurations of éh, additional information
about minimizers of functional G** is needed: actually a careful use of Theorem 5.1
allows us to show explicit examples capturing the qualitative behavior of minimizers
and their dependence on the thickness h.

To this aim, if A € Sym, 5(R), we denote its ordered eigenvalues by A1 (A) < Ay(A)
and by v1(A), vo(A) their corresponding normalized eigenvectors, which afterward will
be denoted shortly with A1, Ao, vi, vy whenever there is no risk of confusion.

For every v # 1, £ € R? and A€Sym, ,(R) we set

(5.4) g =lA+Ex€’+ (Tra+[¢?)".

v
(1-v)
We notice that there are two possibilities, either tension or compression. Nevertheless
compression is given by condition vy + A1 < 0 and of course if Ay < Ay < 0, then
s + A1 < Vg + Ao <0, due to v > —1: we make explicit the implications of this
algebraic relationship in the next lemma.

LEMMA 5.2. Ifv e (=1,1/2), then

gA(O) if l/)\2 + )\1 2 0,
(5.5) min g, () =
&€ (14 ) (X2(A)?2 if vAy+ A <0.

Proof. We write shortly A1, Ag instead of A1 (A(v)), A2(A(v)). It is worth noticing
that the minimum in (5.5) is achieved since gy € C(R?) and ga(§) — +oo as |€] —
+00. Let M € O(2) be such that MTAM = diag(\1, A2). Then it is readily seen that
by setting x := € - vy, y:= & vy we have

ga(@,y) = ga(€) = (@® + M) + (¥7 + Xo)® + 2277 + % (A + Az + 2 +42)°

and an easy computation shows that if vAy + A\; > 0, then the minimum is attained
at (z,y) = (0,0). Else, if vAg + A\ < 0, then either vX\; + X2 > 0 or vAy + A1 <
VA1 + A < 0.

In the first case Dga (z,y) = (0,0) if and only if (z,y) € {(£v—vrA2 — A1,0),(0,0)}
and ga(z,y) = (1 4+ v)A3 or ga(z,y) = ga(0,0) > (1 + v)A3; in the latter one
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Dga(z,y) = (0,0) also at (x4, &y, ) = (0, =v/—vAa — A1) with ga (2., Tys) = (1+)\2.
Hence
- _ 2
wnin ga(8) = (1 +v)A;

if vAdo + A1 <0< vA; + Ay and

min g4(€) = (1+ 1) min{33, )

£eR?
if vAg + A1 < v 4+ A2 < 0. In the latter case if v € (—=1,0), then A\; < Ao < —v)y,
and hence A\; < Ay < 0 and || > |A2]. If v € [0,1/2), then A\; < 0 and either
A2 > A1l > 0or Ay < Ay < 0. In the first case we get necessarily v > 0 and
IA1] > 711 — v)A2 > Ag, a contradiction. Therefore [A2| < |A1| and

min ga(§) = (1 + )%

whenever vA; + A\ < 0, thus proving the thesis. 0

Lemma 5.2 proves quite useful in the perspective of the next proposition and
the subsequent examples, since the two alternatives in the right-hand side of (5.5)
correspond, respectively, to locally flat or oscillating equilibrium configurations.

PROPOSITION 5.3. Ifv, € argmin F and the ordered eigenvalues A1 < Ao of E(vy)
fulfill vho + A1 > 0 in the whole set ), then

(5.6) Gh(Ve, O) > Gn(vs,0).

If in addition vy + A1 >0 in a set of positive measure, then the inequality in (5.6) is
strict for every ¢ # 0.

Proof. Due to (5.5) in Lemma 5.2, vAs + A1 > 0 entails gog(u,)(§) > g2r(u.)(0),
and moreover vAy + Ay > 0 entails gog(u,)(§) > 92r(u.)(0). Hence

T, Q) =

81+ 928(v,)(Dw) > J(E(v.))

and, for ¢ € A?,

@mm:WW@+WM/

Q

J(D(V*v C)) - h20t+l/ f-v,

o0

J(E(v.)) — h2"‘+1/ fov,

2 haF}Z;(C) +h20¢+1/ -

_ Q
Z gh(v*a 0) .

Moreover the first inequality in the last computation is strict whenever vAs + Ay > 0
in a set of positive measure. ]

Remark 5.4. Notice that s; := 1_—%2(1/)\2 + A1) is the smallest eigenvalue of the
stress tensor T(v) = J'(E(v)), where we write shortly A1 := A1 (E(v)), Az 1= A2 (E(v).
(This notation is used in all subsequent examples too.) Therefore Proposition 5.3
shows that, if the eigenvalues of the stress tensor are both strictly positive almost
everywhere, then we can expect only one flat minimizer (¢ = 0). On the other
hand, the possible occurrence of oscillating configurations requires the presence of a
compressive state on a region of positive measure: that is to say, the stress tensor
must have at least one negative eigenvalue on a set of positive measure.
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_ We show some examples clarifying how the asymptotic behavior of functionals
Gr provides useful information about minimizers when 2 is an annular set. (The
corresponding minimization is also known as the Lamé problem in physics literature
7, 22].)

Set 0 < Ry < Ra, p1,p2 € R, Q:= Bg, \ Bg,, and consider uniform in-plane
normal traction/compression at each component of the boundary.

f=—p—1 t a1
= - R, {|x|=R,1} T P2 Ry {|x|=R2}-
Therefore v € argmin Fj o entails

(5.7) v(x) = (a+blx|)x,

and exploiting polar coordinates x = (r cos 8, r sin f) we obtain

b b
a— T—QCOS29 3 sin 26

E(v) =

b b
—— sin 20 a+ —5 €OS 20
r r

By using Neumann boundary condition J'(E(v))n = f on 092, we get

(5:8) pi=E1+v) a(l+v)(1-v)"" —bR?), i=1,2,
that is,

(5.9) pe L=RE—piRY) (L4 0)(p2— p) RERS
. E(R3 - RY) E(RZ— R?)

It is worth noticing that a—br=2, a+br—2 are the eigenvalues of E(v) and (cos , sin §),
(—sinf, cosf) the corresponding normalized eigenvectors for all r € [Ry, Ra]; order
may change according to sign(b).

We examine several different cases which may occur. In the first one we show
occurrence of asymptotic radially oscillating equilibria under compressive forces.

Ezample 5.5 (radially oscillating minimizers). Set I' = 9Q, v € (—=1,1/2), ¢ =0,
and either p; < ps < 0 or po < p; < 0. In the first case we get b > 0 and in the
second one b < 0. However in both cases vAs + A\; < 0 in the whole annular set.

Set also v(x) = (a + b|x|2?)x € argmin Fo 1 , so that (5.9) holds true.

Choose o, = 04, By — +00, ¥y : R = R (Rg — Ry)-periodic such that

(5.10) p(t) = max {0, min{t — Ry — op, Ry — op, — t}}

and set ¢} := 1y, * p, being p;, mollifiers such that sptps C [—op,0p]. Then by
denoting the floor of a real number (maximum integer not exceeding the number)
with |-], setting r = |x| and

. 180) /21 = 1)br=2 = 2a(v + 1) ¥ (Ry + (r — R1)[Bn]) if pr <p2 <0,
Cn(r) =

18n)~12(v — Dbr=2 = 2a(v + 1) ¥} (R + (r — R1)[Br]) if p2 < p1 <0,
G :=0C/0r, DCp = (Ch,1yCh2) = (x1/7,22/7) ¢;, and
cosf) —sinf cos? 6 sin @ cos 6

M(9) = S(6) = = (¢h) " DG @ DG,
sinf  cosé. sin @ cos 0 sin® 0
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So MTSM = e; ® e; and there exists Q, C Q with [Q,| ~ oy, such that |(})| = 1
on 2\ Qp. Then referring to (5.4) and (5.7), for every = € 2\ Q) we have

92E(v) (DCh)
= 2E(v) + D¢y ® DG + ﬁ |2divv + | D¢, 2|
= |2M7 E(v)M + M7 DGy © DGM|” + —— |40 + DG
=[2(a—br)e;®e; +2(a+br ?e; ®es + \C,’IIQMTSM]2 + % |4a + |CL\2|2
= (20— 26 2+ |G + 40+ b2 + a4 (G

If py <p2 <0,wehaveb>0, |¢,|> =2(1—v)br ' —2a(v+1)+O(|Br]~2) on Q\ Q,
and hence

9om(v)(DCr) = 41+ v)(a+br72)? + O(1Bn] ™),
/QIV(X, D¢p)dx = /Q\Qh I,(x, D) dx + / I, (x, D) dx

Szh

E

- a X—22 —1 < o
—2(1,,)/9\%{( +0x|7%)2 + 08, 1)} dx + O(an)

o ﬁ/ﬂ(ﬁmx\—?)?dw

Analogously, if ps < p; <0, thend < 0 and [(},|> = 2(v—1)br—2—2a(v+1)+0(|8n| 1)
on 2\ Qp, and hence

g2r(w) (DGr) = 4(1+v)(a —br=?)> + O(|8n) ),

E
I,(x,D dxﬁi/ a—blx|7?)%dx.
| 1. DG)ax = 577 [ (a—ixl )
By Lemma 5.2 we know that

—_— b|x|72)2 if py < 0
2<1_V)(a+ Ix|7%)% if po <p1 <0,

in I, ) =
pin Iy(2,£) .

——(a—blx|72)?if p; < 0
2(1_1/)(0' |X| ) Ip Sp2 <0,

and therefore in both cases we have proved that
/ I, (x, D¢,) doz — min{G**(v,¢) : ¢ € WH(Q), ¢ =0in 09} .
Q

Moreover

BTG (v, G = TR (G) + / L(z, DG dx — | £-vdH',
Q o

h_a_lF}lZ(Ch) ~ hQ—aﬁho_;l )

Therefore by Theorem 5.1 for every choice of 3, o satisfying the conditions de-
tailed before, (v, () can be viewed as an asymptotically minimizing sequence of Gy,
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Fic. 6. Radially oscillating minimizers in Example 5.5.

whose out-of-plane component exhibits periodic oscillations (period: 5, 1. asymptotic
amplitude: \/2(1 — v)br—2 — 2a(v + 1) if p1 < ps < 0 and /2(v — 1)br—2 — 2a(v + 1)
if po < p1 <0) in the radial direction in the whole annular set. The optimal choice of
Op, can be determined heuristically as follows: previous estimates show that

h_2a_1§(v,§h) —minG** = Ry, ,

where R;, ~ h2_aﬁh0;1 + B, L 4 o1,. So, approximatively, we have to minimize the
last term. A direct calculation shows that the best choice corresponds to 3, 1 ~
h2/3=al3 gy ~ BP/3(2=)  See Figure 6.

Next example shows that, if prestress has both strictly positive eigenvalues, then
the flat configuration is the only admissible asymptotic sequence of minimizers.

Ezample 5.6 (flat minimizer). Assume I' = 09, v € [0,1/2), i = 0 or i =
1, p1 >0, and (5.9), so that R2a > (1 — 2v)b and by Lemma 5.2 we get

min{G**(v,¢): ¢ € W), ¢ =01in 90} = / I, (x,0) dx.
Q

Obviously the minimum is attained at ( = 0, that is, we have a flat minimizer.

Remark 5.7. Assume I' =0Q, v € (-1,1/2),i=0, p; <0 < po, and (5.9).

Hence a > 0, b > 0, vAo + Ay = a — br=2 4+ v(a + br=2) > 0 in the annular
set A1 = {R = /(1—v)Q+v)Tba~! < r < Ry} and < 0 in the annular set
Ay = {R; <r < R}. Then by the same computations performed in previous examples
we can build minimizers which are flat in A; and oscillating in As.

The next example shows the occurrence of asymptotic tangentially oscillating
equilibria under tension forces.

Ezample 5.8 (tangentially oscillating minimizers). LetI' = 0Bg,, v € (—1,1/2),
i =1 and choose p; > 0, po > 0 such that poR3 = p; R?. If v € argmin Fi,0, we find
again v(x) = (a + b|x|~?)x, now with

(5.11) a=0, b=—(1+v)E"'piR? <0.

Hence A\; = br=2 < 0 < —br=2 = X, are the eigenvalues of E(v) and v; = (—sin 6, cos 6),
vy = (cosf,sinf) the corresponding normalized eigenvectors.
Choose o, — 04, By, — 400, ¢p : R = R, 2m-periodic defined by

(5.12) ¢p(t) = max {0, min{t — op, 27 — op, — t}}
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FiG. 7. Tangentially oscillating minimizers in Example 5.8.

and set ¢} := ¢y, * pj, being p;, mollifiers such that spt p, C [—op,04]. Let

Cu(r,0) = /=2b(1 —v) B8] 65 (18n]0) (05 (r = Ri) LRy Ry 460 (7)) + Limy 6,701 (7))

with 05, — 04, [3,215,:1 — 0. Then there exists ), C Q with |Q,| ~ o, such that for
every x € Q\ Q we have [(¢})'| =1 on Q\ Q. Therefore referring to (5.4) and (5.7)
and by setting

—sinf cosf
R.(0) =

cosf sin 0

we get

[ (2B)+ D60 DG + DG dx
O\Qp -V

- / (}ZR*TE(V)R* + RTDG, @ DGR, |* + —— IDChI4> dx
2\ 1—v

_ / AL+ )B2[x| " dx + O(|n) 16 Y) + O(on) + O(6n).
A\,
By using now Lemma 5.2 and by arguing as in Example 5.5 we get

/ I,(x, D) do — / f-vdH' = min{G**(v,¢): ¢ € WH4(Q), ¢ =0 in 90},
Q o0

~ Ev?
h—2a—1g V)Ch - mlng** = —/ X —4 dX— deHl .
(v:G) 2(1+v) n' | o0

Moreover, since h™*"1F}((y) ~ h2~%Bya;, ", we get

h—2a—1§(v,<h):h—“‘lF}i(Ch)Jr/Iv(x,DCh)dx— f-vdH
Q o0

= 17Bhoy " + O(1Bu] 716, ") + Olon) + O6) -

Hence, here the optimal choice is 3, ' ~ h1=/2, §), ~ ﬂ;ln, op ~ hl‘o‘/2ﬂ,1l/2. See
Figure 7.

Remark 5.9. Thanks to Lemma 5.2 and Proposition 5.3, Examples 5.5, 5.6, 5.8
constitute a paradigm for the construction of oscillating versus flat approximated
minimizers.
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Moreover we sketch another technique to devise new ones, by this procedure:
first take a boundary force field, construct the corresponding prestressed state (in two
dimensions there are a lot of significant classical examples; see, for instance, those of
Examples 3.8, 3.9) and look at the eigenvalues of the strain matrix: it is not difficult
to obtain examples according to either vAs + A1 > 0 or vAs + A1 < 0 in the whole

plate.
In

the first case through Lemma 5.2 and Proposition 5.3 we argue that there is

only a flat minimizer, and in the second one a careful use of Lemma 5.2 on the pattern
of Examples 5.5, 5.8 allows an easy construction of oscillating minimizers.
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