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The interaction of a localized parametric pumping with spin waves of different amplitudes,
propagating in a ferromagnetic nanowire, is studied analytically and by micromagnetic simulations.
It is shown that parametric amplification of spin waves by localized pumping becomes less efficient
with an increase in the spin wave amplitude due to the influence of nonlinear 4-magnon processes. In
a certain range of spin wave amplitudes, the parametric amplifier acts as a stabilizer of the spin wave
amplitude, as its action significantly reduces the spread of the spin wave amplitude in the vicinity of
a certain mean value. The stabilization effect becomes more pronounced for higher pumping strength
and larger relative lengths of the pumping localization region, compared to the spin wave mean free
path. In contrast, the use of relatively short pumping localization regions allows one to efficiently
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amplify large-amplitude nonlinear spin waves. Published by AIP Publishing.
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Recent experimental and theoretical investigations'™®

have shown that spin waves (SWs) in magnetic micro- and
nano-structures can be successfully used in microwave signal
processing. These SWs have high frequencies (up to tens of
gigahertz) and short wavelengths (down to several nano-
meters), and their dispersion characteristic can be effectively
controlled by the structure sizes, as well as by the magnitude
and direction of the applied bias magnetic field. The discov-
ery of the interfacial Dzyaloshinskii-Moriya interaction,
which can lead to SW nonreciprocity at the nanoscale,””
and studies of the effect of voltage-controlled magnetic
anisotropy (VCMA),'®!'" which enables low-loss excitation
and manipulation of SWs using electric fields,'*™" create
additional advantages for signal processing by means of
microwave SWs.

To build a practical SW-based signal processing circuit,
one should find a way to perform several basic operations
with SWs, such as SW excitation and reception, controllable
modification of the SW amplitude and phase, and logic oper-
ations. One of such necessary basic operations is the amplifi-
cation of a propagating SW, which is required to compensate
the SW propagation losses as well as the SW processing
losses. Another basic operation that could be critically
important in signal processing is the stabilization of the SW
amplitude, i.e., the operation that could make the amplitude
of an output SW almost the same in a certain range of input
SW amplitudes. The operation of the amplitude stabilization
is especially important in the SW-based signal processing
circuits where phase modulation is used to code the transmit-
ted information and the SW interference is used to perform
signal-processing operations.”>'®'” Indeed, the result of
interference of two or more SWs is sensitive to their phases
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only if the SW amplitudes are almost the same. Otherwise,
the result of the SW interference may substantially depend
on the relative amplitudes of input SWs, while the SW phase
information may be lost completely.

In this work, we will show that both amplification and
amplitude stabilization of a SW-coded signal can be realized
by localized parametric pumping—i.e., by the interaction of
a propagating SW with a localized magnetic field (external
or effective) of approximately double SW frequency. The
parametric pumping is a well-known experimental method
for the frequency-selective amplification of linear (small
amplitude) propagating SWs.'®>2 However, in ferromag-
netic nanowires it is possible and, in order to increase the
signal-to-noise ratio, often desirable to have relatively large-
amplitude SWs.?* Below, we will specifically study the influ-
ence of the amplitude of a propagating SW on the process of
its parametric interaction with pumping and will clarify
when the pumping could be used for effective SW amplifica-
tion and when this pumping can work as a SW amplitude
stabilizer.

A sketch of the studied system is shown in Fig. 1. Itis a
ferromagnetic nanowire of width w,, and thickness 4, having
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FIG. 1. A sketch of the parametric amplifier showing regions where excita-
tion and amplification of the propagating spin waves take place. The refer-
ence points A-D used in the micromagnetic simulations are also shown.
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the in-plane static magnetization due to the nanowire shape
anisotropy. We considered the VCMA-based parametric
pumping which is realized by variation of the perpendicular
anisotropy at a ferromagnetic—dielectric interface at the
microwave voltage applied across the interface. Our previous
work?* showed that in this geometry, microwave anisotropy
couples parametrically to the propagating SWs, and it can be
used for the efficient excitation or/and amplification of SWs.
Note, also, that all the results presented below are rather gen-
eral and could be used in a case when pumping is provided
by other means (e.g., by a localized microwave magnetic
field) and when other nanowire geometry and direction of
the static magnetization are used.

The process of parametric pumping of small-amplitude
SWs has been studied in detail in Refs. 18 and 25 and refer-
ences therein. The parametric pumping, which in our case is
created by microwave-frequency modulation of perpendicu-
lar magnetic anisotropy, couples with two propagating SWs
having wave vectors k and kK’ and can pump energy into these
waves. In particular, if a propagating SW having wave vector
k and frequency w; passes through the region of pumping
localization, the parametric interaction results in the partial
compensation of the propagation losses or in the amplifica-
tion of this SW and in the simultaneous creation of an idler
SW having the wave vector k" and frequency wy . The para-
metric interaction is the most efficient if &’ =~ —k and the
pumping frequency w, = wi + wy, i.e., if the conservation
laws for the linear momentum and energy are fulfilled. In the
simplest case of a reciprocal SW spectrum w; = w_; leading
to the parametric resonance condition w, = 2wy, the fre-
quency of parametric pumping should be twice larger than
the frequency of the propagating SW. In this case, the ampli-
fication rate (the ratio of the signal SW amplitude after and
before the interaction with pumping) is equal to*°

. \ ‘pr|2 - F/% 1

Iy . -
K= |coskl, +—LsinkL,| . x=Y—"" "k
VK v

and is determined by the SW group velocity v, damping rate
I, length of the pumping localization region L,, and the effi-
ciency of the parametric interaction V=V, which in our
case is equal to Vi =ymy /(4my ), where my, and m . are
the dynamic magnetization components of SW.** The ampli-
fication rate increases with the pumping strength b, (effective
magnetic field of the pumping) and, at a certain value of
b, = by, becomes infinite, K — oo, meaning that two counter-
propagating SWs are excited spontaneously by parametric
pumping. Of course, for the purpose of the SW amplification,
the pumping should be always below this critical value,
b, < by

When the condition of the parametric resonance w,, = 2wy
is not satisfied exactly, the amplification rate decreases rapidly
at the frequency scale proportional to the SW damping rate I,
resulting in the amplification that is strongly frequency-
selective. Equation (1) uses the assumption of the adiabatic
pumping, meaning that the pumping localization length L,
is larger than the SW wavelength (strictly speaking, if
|sinc[kL,]| < 1). Otherwise, the amplification rate becomes
dependent on the SW phase®®?” that is undesirable in a general
case (but could have its own specific applications®).
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Equation (1) is valid for moderate amplification rates K,
when the amplitudes of both incident and amplified SWs, as
well as the amplitude of the idler SW, are sufficiently small
to neglect the nonlinear SW interaction.

To study effects of nonlinear interaction on the paramet-
ric amplification of SW, we, first of all, performed micro-
magnetic simulations using the GPMagnet solver.”*** In the
simulations, the SWs were excited linearly by microwave
magnetic field b = by(t)e, applied at the excitation gate
of the length L,=30nm. The excitation frequency was
8.23 GHz, which corresponds to the SW wavelength of
100 nm. The microwave parametric pumping in the form of a
perpendicular anisotropy AK, = b,M; cos[w,t] modulated
with the frequency w,/(2n) = 16.46 GHz was applied at the
amplification gate of the length L, = 500 nm, separated from
the excitation gate by the distance of Lag =400nm. The
transmission characteristic of the amplifier defined as the
ratio of the SW amplitude at the amplification gate output
(point C) to the SW amplitude at the amplification gate input
(point B) was calculated for different magnitudes of the
pumping strength (points B and C are shown in Fig. 1).

To avoid the incorrect determination of the SW amplitude
due to the presence of the idler wave, the amplitude of the
incident SW was obtained at a given excitation field and zero
pumping, while the amplitude of the output SW at x = xc was
retrieved from the amplitude at point D (separated from point
C by the distance Lcp =400 nm), where the idler wave is defi-
nitely absent, provided that the propagation losses are known.
The following material parameters of the Fe/MgO structure
(common for VCMA experiments) were used: saturation mag-
netization puoM;=2.1T, exchange length 1., =3.4nm, sur-
face perpendicular anisotropy energy K,=1.36 mJ/m?, and
effective Gilbert damping (including non-uniform broadening
for a given SW frequency) o = 0.02. The nanowire thickness
was set to 4= 1nm and width w=20nm, and the bias mag-
netic field was absent. For such a width of a nanowire, all the
SW modes, except the one that is uniform across the nanowire
width, have the frequencies that are much higher than the
studied one and, therefore, can be disregarded.

The simulated transmission characteristics calculated at
the different values of the pumping strength are shown in
Fig. 2. For the chosen parameters, the threshold of paramet-
ric excitation is equal to b, =64 mT, corresponding to the
pumping electric field of 0.53 V/nm in the VCMA Fe/MgO
structure. As one can see, in the interval of sufficiently small
SW amplitudes, the transmission characteristics are linear,
demonstrating that the amplification rate K is constant and is
determined solely by the pumping amplitude. Then, the
transmission characteristics demonstrate saturation, which
corresponds to the decrease in the amplification rate. The sat-
uration appears at different amplitudes of the incident SW
for different magnitudes of the pumping strength: for a
smaller pumping, the linear amplification regime is realized
in a wider range of incident SW amplitudes. With a further
increase in the incident SW amplitude, the parametric ampli-
fication becomes less and less efficient, and, finally, the out-
put SW signal becomes almost insensitive to the presence of
the parametric pumping (see below). If the pumping is
switched off, SW decays at the pumping length with the rate
K =exp[—L,/lt|, where I, =v/T'; is the SW mean free
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FIG. 2. Transmission characteristics of the parametric amplifier: symbols—
micromagnetic simulations and lines—analytical model. The dashed line
corresponds to the amplification rate K= 1 (m, oy = m, ;). The SW ampli-
tudes are shown as a dimensionless dynamic magnetization component
my=M,/M.

path; for the studied case, /g, ~ 440 nm and is almost indepen-
dent of the SW amplitude within the studied range (Fig. 2).

Figure 2 illustrates, also, another interesting feature of
the nonlinear parametric amplification. It can be seen that at
a certain incident SW amplitude m,, which depends on the
pumping strength, the amplification rate is equal to K=1,
which corresponds to the situation when the amplitudes of
the incident and the output SWs are equal. Note that the
derivative of the transmission characteristics dm,,/dm;, at
this point is less than 1. Then, if the incident SW near this
point has an average amplitude m, with a certain amplitude
spread Amy,, m;, = mg + Amy,, the output SW will also have
the same mean amplitude m,, but a smaller amplitude
spread: Mgy = mg + Amgy, where Amgy = Amiyy, (dmey/dmy,)
< Amy,. Consequently, the parametric amplifier in this
regime can be used for the stabilization of the output SW
amplitude, which is a necessary operation for the processing
of SW signals with phase modulation.

To give a further insight into the nonlinear parametric
amplification process, we consider SW dynamics within
a simplified analytical model. We wuse the so-called
Bloembergen system of equations (see e.g., Ref. 26) which
describes the evolution of envelope amplitudes of SW a,
(signal wave) and a, (idler wave), which are related to the
real magnetization by the equation (M,), , = CM,a;(t,x)
exp [i(=kx — wyt)], where the coefficient C is dependent on
the SW vector structure.>>?® Then, the system of the
Bloembergen equations can be written as

0 0 . w
(5 + va_x + F)al = _lpr(x)aZ — 1(T|a1 |2 + 2S|a2|2)a1.
(2)

The second equation for the envelope amplitude a, can be
obtained by the index replacement 1 < 2 and the change
v — —v. This system includes the effects of the SW propaga-
tion, damping, and interaction with pumping. The solution of
Eq. (2) in the linear approximation (7'=S =0) with natural
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boundary conditions a(xg) = ag, a>(xc) =0 gives the ampli-
fication rate Eq. (1).

In Eq. (2), we also include two nonlinear terms. The first
one describes the nonlinear SW frequency shift o = wyg
—|—T|ck|2 (cy is the SW amplitude), which is a result of
4-wave interaction of a SW with itself (corresponding
Hamiltonian H = (1/2) Y, Ti|ex[*). The second term
describes the 4-wave interaction of the SW pairs with oppo-
site wave vectors k and —k (signal and idler SWs in
our case), which is described by the Hamiltonian
H =", St|el*|c x> The S-term is known to be often the
most important nonlinear term for the processes of paramet-
ric wave interaction, as it is responsible for the deviation of
the phase relation between the SWs and the parametric
pumping from the optimum, and, consequently, in a less effi-
cient energy transfer from the pumping to the SWs.'® The
coefficients T =T, and S = S can be calculated using the for-
malism presented in Ref. 31 (also see Ref. 23).

The general analytical solution of Eq. (2) is not known,
and before solving it numerically, it is useful to make one
additional transformation of this equation. If one introduces

new variables a; = ayexp[—i(T/v) [*__(lai * + |az)?)dx],
ay = asexp|[—i(T/v) Jioo(|al|2 + |az|*)dx'], it is possible to
get an equation for ay, a, in the form similar to Eq. (2) but
with T = 0 and § = § — T/2. This new equation is invariant

with respect to the substitution Ez’\/? =aV/$, i.e., the coef-
ficient S only defines the amplitude scale, while the solution
remains the same (except in the case S — 0, when the cur-
rently ignored higher-order nonlinear interaction terms
should be taken into account).

The transmission characteristics, calculated from the
numerical solution of Eq. (2), are shown in Fig. 2. It is clear
that they almost perfectly match the results of the previously
performed micromagnetic simulations but with the coeffi-
cient S that is different from the analytically calculated one.
The nonlinear coefficients calculated using Ref. 31 are
T/2n)=-8.06 GHz and S/(2m)=-1.46 GHz, resulting in
S/(2n) = 2.57GHz, while the good agreement with the
micromagnetic results is achieved for S/(2n) ~ 4.75 GHz
(85% higher value). We believe that this discrepancy is
mainly related to the influence of the nonresonant 3-wave
interaction processes between different SW branches, which
leads to the renormalization of the 4-magnon coefficients T
and S. Note that these 3-magnon processes do not result in
any qualitative difference but only in a weak quantitative
difference.

Using the analytical model Eq. (2), it is possible to
investigate how the transmission characteristics change with
the size variation of the amplification gate. The pumping
strength for each gate size L, was chosen in such a way that
the amplification rate in the linear regime is the same. As
one can see from Fig. 3(a), the nonlinear processes, resulting
in a decrease in the amplification efficiency, become pro-
nounced at a smaller amplitude of the incident SW for longer
amplification gates. Such a behavior is expected, as the
strength of the nonlinear SW interaction depends on the
amplitudes of both the incident and idler SWs. In the case of
a smaller gate, the idler wave reaches a smaller amplitude
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FIG. 3. (a) Transmission characteristics of the parametric amplifier calcu-
lated from the numerical solution of Eq. (2) for different lengths of the
pumping localization region; (b) Stabilization ratio defined as a derivative
dagy/da;, at the point aq, = a;, for different pumping localization lengths.
The pumping strength was normalized to the value b, ; at which K =1 in the
linear regime.

(remember that a,(xc) =0), and the overall efficiency of the
4-wave interaction is also smaller. Thus, for the purpose of
the SW amplification, it is desirable to use relatively small
amplification gates with a length that is at least several times
smaller than the SW mean free path /g, = v/T".

In contrast, a better stabilization of the SW amplitude is
achieved for larger gates having the size of the order or
larger than the SW mean free path. The better stabilization
properties correspond to a smaller derivative of the transmis-
sion characteristic at the point a,, =a;,. As one can see
from Fig. 3(b), this amplitude stabilization effect is realized
for a larger length of the pumping localization region and a
higher pumping amplitude. Of course, the pumping ampli-
tude should be smaller than the threshold of parametric exci-
tation of SWs. For example, for L,I'/v =2, the minimum
value of the derivative day,/da;, is dayy/da;, ~0.13, mean-
ing that the amplitude spread in the output SW is 7.7 times
smaller than the amplitude spread of the input SWs. Of
course, in practical devices, the use of such large amplifica-
tion gates is not convenient. A possible solution to this prob-
lem is a local variation of the SW dispersion, e.g., by the
application of a static electric field (in the VCMA devices),
or a variation of the nanowire shape. This dispersion varia-
tion allows one to change locally the SW wave vector and,
therefore, the SW group velocity to satisfy the relation
v<L,I", while the SW mean free path outside of this region
can be substantially larger.

The model Eq. (2) also allows one to estimate the char-
acteristic amplitudes of the incident SW at which different
amplification regimes can be realized. In particular, a linear

amplification regime is realized in the range of |ai,|*
< 1/(S\/{f2(x))), where the function f(x) is f(x) = (K?/
vK) sin[k(xc — x)](cos[k(xc — x)] + I'/(vK) sin[r(xc — x)])
and the symbol (...) denotes the averaging over the pumping
region. In contrast, a SW is almost insensitive to the pump-
ing and simply decays as exp [-I'x/v] in the range of
|ain|* > v/(21“L61)|Vb,,/§|2 exp [2I'L,/v]. The results calcu-
lated from these expressions are in good agreement with the
results of our numerical simulations. The details of the deri-
vation can be found in the supplementary materials.

At the end, we would like to note that the nonlinear
coefficients 7, and S, could significantly depend on the
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nanowire geometry and the static magnetization as well as
on the SW wave vector k. Thus, by choosing a proper geom-
etry and a proper working frequency, it is possible to both
enhance and suppress the nonlinear interactions at a given
SW amplitude, depending on what is desired.

In summary, we have studied a nonlinear stage of ampli-
fication of a propagating SW by a localized parametric
pumping. It was shown that the nonlinear 4-wave interaction
processes result in the decrease in a parametric amplification
efficiency at sufficiently high SW amplitudes. The character-
istic values of the SW amplitudes, at which the nonlinear
interaction becomes important, are determined by 4-wave
interaction efficiency (coefficient S) and are inversely pro-
portional to the ratio of the pumping localization length L, to
the SW mean free path /s, As a result, for the purpose of the
SW amplification, it is desirable to use relatively small
amplification gates, which can efficiently amplify large-
amplitude SWs. In contrast, larger gates (L, = ls,) with the
pumping strength that is close to the parametric excitation
threshold can be used for the stabilization of the SW
amplitude.

See supplementary materials for the details of the esti-
mation of SW amplitudes at which different regimes of the
parametric amplification are realized.
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