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The understanding of the dynamical properties of skyrmions is a fundamental aspect for the realization of
a competitive skyrmion based technology beyond complementary metal-oxide semiconductors. Most of the
theoretical approaches are based on the approximation of a rigid skyrmion. However, thermal fluctuations can
drive a continuous change of the skyrmion size via the excitation of thermal modes. Here, by taking advantage
of the Hilbert-Huang transform, we demonstrate that at least two thermal modes can be excited which are
nonstationary in time. In addition, one limit of the rigid skyrmion approximation is that this hypothesis does
not allow for correctly describing the recent experimental evidence of skyrmion Hall angle dependence on the
amplitude of the driving force, which is proportional to the injected current. In this paper, we show that, in
an ideal sample, the combined effect of fieldlike and dampinglike torques on a breathing skyrmion can indeed
give rise to such a current dependent skyrmion Hall angle. While here we design and control the breathing
mode of the skyrmion, our results can be linked to the experiments by considering that the thermal fluctuations
and/or disorder can excite the breathing mode. We also develop a generalized Thiele equation and propose an
experiment to validate our findings.
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I. INTRODUCTION

Magnetic skyrmions are localized swirling perturbations
of the uniform magnetization texture [1–3] which can be
stabilized by a sufficiently large Dzyaloshinskii-Moriya in-
teraction (DMI) [4,5]. The DMI arises in systems with bro-
ken inversion symmetry, such as noncentrosymmetric bulk
magnetic compounds (bulk DMI) [6–8], multilayered het-
erostructures where a thin ferromagnet is in contact with a
nonmagnetic heavy metal with strong spin-orbit interaction
[interfacial DMI (IDMI)] [9–14], or Heusler materials with
tetragonal inverse structure (DMI in D2d structures) [15–17].
According to the kind of DMI, different types of skyrmions
can be stabilized: Bloch skyrmions (vortexlike configura-
tion) for bulk DMI materials, Néel skyrmions (hedgehog
configuration) in IDMI systems, and antiskyrmions in D2d

structures.
Skyrmions can be very small (diameters of the order of

nanometers), energetically stable, and topologically protected
[2,3] because they are characterized by an integer winding
number S [18]. Owing to these features, together with the
fact that they can be manipulated (nucleated, moved, and
annihilated) by electrical currents [9,11,14,19], skyrmions are
becoming attractive candidates to be used in low-power mi-
croelectronic applications, as building blocks of storage and
programmable logic, as well as in alternative computational

paradigms, such as probabilistic computing and skyrmion
fabrics [20].

Recently, intense research efforts have led to the identifica-
tion of multilayer heterostructures where Néel skyrmions are
stable at room temperature and can be shifted by spin-orbit
torque (SOT) [12–14]. To study the skyrmion stability, we
have previously introduced a nonlinear ansatz [21] that can be
used, together with proper scaling relations of the magnetic
parameters, to analyze skyrmion stability and average size
(diameter) as a function of the external field and tempera-
ture. In addition, it has been also shown that the thermal
effects induce internal distortions of the skyrmion, which then
loses its circular symmetry [21], expansion and shrinking of
the skyrmion core (thermal breathing mode), and a thermal
drift [22] (gyrotropic motion). The first result of this paper
concerns the identification of the nonstationary origin of the
skyrmion modes excited by thermal fluctuations.

Skyrmion motion can be driven by the spin-transfer torque
(STT) [9,10,23] from an in-plane current flowing in the
ferromagnets [24], or, more efficiently [9,10], by the SOT
due to the spin-Hall effect (SHE) [25] and to the inverse
spin-Galvanic effect [26], originating from a current flowing
via a heavy metal with large spin-orbit coupling in contact
with a ferromagnet. The skyrmion shifting is characterized
by an in-plane angle with respect to the direction of the
applied current, i.e., the skyrmion Hall angle (SHA) [27–29].
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The control of the SHA is crucial for racetrack memory
applications where skyrmions, coding the information, would
be inevitably driven towards the sample edges where they
could either bounce back or be annihilated. This aspect also
limits the maximum applicable current and hence the max-
imum velocity achievable for the skyrmion. One strategy to
overcome this issue is to suppress the SHA by balancing
the Magnus force in two coupled skyrmions with opposite
topological charge, resulting in zero net topological charge,
in ferrimagnets [30], synthetic antiferromagnets [31,32], or
antiferromagnets [33].

In an ideal ferromagnet/heavy metal bilayer, micromag-
netic simulations and the theoretical approaches based on the
Thiele formalism including the dampinglike torque (DLT)
and the rigid skyrmion approximation predict a constant
SHA that is independent of the value of the applied current
[10,27–29]. In particular, with our set of parameters [10], such
a motion is characterized by a current-independent SHA φSkH

equal to ∼ − 90◦ with respect to the direction of a positive
current along a positive x direction (the SHA can be computed
by the skyrmion velocity components as arctan(vy/vx )). In
other words, the skyrmion moves mainly along the negative y

direction with a small negative x component of the velocity
[10], and vice versa for negative currents.

In contrast, recent experimental observations have shown
a current dependence of the SHA. Jiang et al. [27] attributed
such dependence to the presence of random pinning potentials
in their materials. Basically, at low currents in the so-called
creep regime, the skyrmion motion is strongly affected by
pinning from defects and its SHA is current dependent,
whereas, at high currents, the skyrmion is characterized by
a steady-flow regime where its SHA is independent of the
current. Differently, Litzius et al. [28] claimed that the current
dependence of the SHA results from the combination of the
SHE fieldlike torque (FLT) [34] and the internal deformations
of the skyrmion. In order to add our contribution to this
debate, we performed micromagnetic simulations where FLT
and DLT are simultaneously applied to a breathing skyrmion.
Our results show the qualitative picture that fundamentally
explains the current dependent SHA. The paper is organized
as follows. Section II presents the details of the micromagnetic
framework. Section III shows the results of this paper, with
particular focus on the identification of the thermal breath-
ing modes and on the control of the skyrmion Hall angle.
Section IV is dedicated to the discussion of our results, where
we also propose a generalized Thiele equation to qualitatively
confirm our achievements as well as an experiment to quantify
the effect of the FLT. The conclusions are reported in Sec. V.

II. MICROMAGNETIC MODEL

We analyze a square sample where a thin ferromagnetic
layer is in contact with a platinum underlayer in order
to obtain the IDMI and SHE. The micromagnetic study
is performed by means of state-of-the-art processing tools
and home-made micromagnetic solver GPMagnet [35,36]
which numerically integrates the Landau-Lifshitz-Gilbert-
Slonczewski equation by applying the time solver scheme
Adams-Bashforth, where the SHE-FLT and SHE-DLT are

taken into account:

dm
dτ

= −(m × heff ) − α

(
m × dm

dτ

)
− dj {m × [m × (ẑ × jHM)]}
− νdj [m × (ẑ × jHM)] (1)

where m = M/Ms is the normalized magnetization of the
ferromagnet and τ = γ0Mst is the dimensionless time, with
γ0 being the gyromagnetic ratio and Ms the saturation magne-
tization. heff is the normalized effective field, which includes
the exchange, IDMI, magnetostatic, anisotropy, and external
fields. α is the Gilbert damping. dj = gμBθSH

2γ0eM
2
S tFM

where g is the

Landé factor, μB is the Bohr magneton, θSH is the spin-Hall
angle, e is the electron charge, and tFM is the thickness of the
ferromagnetic layer. ẑ is the unit vector along the out-of-plane
direction, and jHM is the electrical current density flowing
into the Pt heavy metal which gives rise to the SHE. ν is a
coefficient linking the magnitude of the FLT to the one of the
DLT [34].

The lateral dimension of the square sample under investi-
gation is 1.6 μm, while the ferromagnet thickness is tFM =
1 nm. The discretization cell used in the simulations is 2.0 ×
2.0 × 1.0 nm3. We introduce a Cartesian coordinate system
with the x and y axes lying in the plane of the sample, whereas
the z axis is oriented along the out-of-plane direction. We
consider typical parameters for CoFeB/Pt bilayers [10]: MS =
1000 kA/m, exchange constant A = 20 pJ/m, perpendicular
anisotropy constant ku = 0.80 MJ/m3, D = 2.0 mJ/m2, α =
0.03, and θSH = 0.1. The current jHM flows in the x direction,
thus the spin current inside the heavy metal is polarized along
the y direction. We apply an out-of-plane external field Hz =
25 mT in all the simulations to have a metastable skyrmion
[21] and to reduce the transient breathing mode. The SHE-
FLT has the direction of the spin polarization (y axis). In
order to deeply understand the role of the SHE-FLT and the
physics underlying the SHA current dependence, we consider,
in the first part of the paper, a constant FLT |νdj jHMMs | =
|HFLT| = 50 mT, while, in the second part, we fix the DLT
and we change the FLT.

For stochastic simulations, the thermal fluctuations
are added to the deterministic effective magnetic
field as a random term in each computational hth =
(χ/MS )

√
2(αKBT/μ0γ0�V Ms �t ), with KB being the

Boltzmann constant, �V the volume of the computational
cubic cell, �t the simulation time step, T the temperature
of the sample, and χ a three-dimensional white Gaussian
noise with zero mean and unit variance [37,38]. The noise is
assumed to be uncorrelated for each computational cell.

III. RESULTS

A. Nonstationary behavior of thermal breathing modes

Thermal fluctuations can drive both a drift of the skyrmion,
which has been also experimentally observed [39], and ther-
mal modes, the presence of which has been only shown by
micromagnetic simulations [21] up to date. In this paper,
we have developed a technique that identifies such thermal
modes from the time domain evolution of the skyrmion area
as computed by micromagnetic simulations. For this purpose,
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FIG. 1. (a) Time evolution of the skyrmion area (magenta curve)
when Hz = 25 mT and T = 300 K and corresponding most signifi-
cant IMFs (blue and red curves), as obtained by HHT analysis. (b,
c) Wavelet results of IMF4 and IMF5, respectively, where the color
scale indicates the amplitude of the signal.

we combine the Hilbert-Huang transform [40–42] (HHT; see
Supplemental Material [43], note 1) and the wavelet transform
[44,45]. The former aims at decomposing the signal into inde-
pendent oscillatory components, also known as intrinsic mode
functions (IMFs), in order to identify the time domain traces
of the thermal modes. The latter studies the nonstationary
behavior of those modes. We consider the data computed
in our previous work [21]. In particular, the magenta curve
in Fig. 1(a) represents an example of the time trace of the
skyrmion area at T = 300 K and Hz = 25 mT (similar results
are obtained for each combination of temperature and external
field, where temperature ranges from 50 to 300 K with steps
of 50 K and the field is 0, 25, and 50 mT; see Supplemental
Material [43], movie 1). The skyrmion area is considered as
the area of the region where the magnetization of the skyrmion
core (negative z component) is smaller than zero [21].

The HHT based computations show the existence of two
IMFs that are correlated to the time domain trace of the
skyrmion area. In Fig. 1(a), those two IMFs (IMF4 in blue and
IMF5 in red) are represented as a function of time. Although
the HHT is a powerful tool for analyzing complex datasets,
many irrelevant IMFs may appear in the decomposition. A
statistical significance of IMFs [46,47] uses a statistically
based threshold to discriminate between relevant and irrele-
vant IMFs. However, it has been shown how, for very noisy
signals, both of these methods perform poorly [48]. Here, the
criterion used for the classification of the IMFs in terms of
significance is based on the evaluation of the normalized cross
correlations (CC) at a lag of zero [49,50] between the signal
of the skyrmion area, x, and each IMF component (a complete
description of the method is provided in Supplemental Mate-
rial [43], note 1). In detail, the HHT decomposes the signal,

TABLE I. Results of HHT for the skyrmion area signal as
investigated in Fig. 1. Cross-correlation (CC) of corresponding IMFs
and peak frequency values (fpeak), respectively.

IMF number |CC| fpeak (GHz)

IMF1 0.029 58.86
IMF2 0.020 27.56
IMF3 0.046 7.41
IMF4 0.128 5.33
IMF5 0.154 3.54
IMF6 0.117 2.04
IMF7 0.101 1.07
IMF8 0.077 0.115
IMF9 0.041 0.142
IMF10 0.0911 0.121
IMF11 0.171 0.079
IMF12 0.083 0.031
IMF13 0.061 0.021
IMF14 0.039 0.010
IMF15 0.331 0.005

x(t ), into a finite number N of different IMFs yi = yi (t ) (for
i = 1, . . . , N ), such that x ∼= ∑N

i=1 yi . For the ith IMF, the
cross correlation with x, R̂x,yi

, can be defined as [50]

R̂x,yi
[m] =

{∑L−m−1
n=0 x[n + m]y∗

i [n] m > 0

R̂∗
yi ,x

[−m] m < 0
(2)

where yi
∗ is the complex conjugate of yi . The value CCi =

R̂x,yi
[0]

‖x‖·‖yi‖ represents the normalized cross correlation at a lag of
zero (−1 � CCi � 1). The correlation is computed according
to Eq. (2) and the results of the computation for all the IMFs
are reported in Table I for the case under investigation (Hz =
25 mT, T = 300 K). The relevance of IMFs is established by
evaluating the corresponding CC values and peak frequency
values (fpeak). For example, for the case investigated in Fig. 1,
the most relevant IMFs are IMF4 and IMF5, although there are
other modes with high CC, but with relatively low-frequency
fluctuations (such as the sub-gigahertz modes indicated with
IMF11 and IMF15), which are far from the frequencies ob-
tained by deterministic micromagnetic simulations (see be-
low).

In addition to the fast Fourier transform that shows a main
frequency component of 5.45 GHz for IMF4 and of 3.54 GHz
for IMF5, we perform a wavelet analysis (see Supplemental
Material [43], note 2). Figures 1(b) and 1(c) show the wavelet
scalogram [51] that clearly brings the conclusion of the non-
stationary feature of those two thermal modes.

To show that those excitations are linked to the skyrmion
breathing, we carried out deterministic micromagnetic sim-
ulations by using the value of the physical parameters as
calculated by scaling relations [21,52] (see Supplemental
Material [43], note 3 and movie 2). We observe that the
FMR frequency of the skyrmion breathing mode lies inside
the frequency range identified by the most significant IMFs’
frequencies. For instance, for the case shown in Fig. 1 (Hz =
25 mT, T = 300 K), the FMR frequency is 5.0 GHz and it is
comprised between 3.54 GHz (IMF5) and 5.45 GHz (IMF4).
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FIG. 2. FMR frequency as a function of temperature and external
field, where the symbols represent the results as obtained by mi-
cromagnetic simulations by using scaling relations of the physical
parameters, while the two dashed indicate the frequency of the two
most significant IMFs.

This achievement, that is the first main result of this paper,
is robust for each field-temperature combination, as can be
observed in Fig. 2, which displays the FMR frequencies
(symbols in the figure) and the thermal modes frequencies
(dashes in the figure) as a function of temperature (50–300 K)
at three different fields (0, 25, and 50 mT).

B. Study of the skyrmion Hall angle

The computations discussed in the previous paragraph
show that thermal fluctuations excite nonstationary breathing
modes. It is also well known that disorder physical parameters
can give rise to a continuous change of the skyrmion size [53],
hence we conclude that the nonstationary breathing mode
should have a role in the explanation of the SHA current de-
pendence found in the experiments [27,28]. In addition, it has
been already shown that the combination of an in-plane field
and a breathing mode induces a Bloch skyrmion shift [54].
With this in mind, we have designed a numerical experiment
to investigate the dynamical properties of a breathing Néel
skyrmion driven by the FLT and DLT. In order to excite the
skyrmion breathing mode by means of an ac perpendicular
spin-polarized current [see sketch in Fig. 3(a)] to resemble
the effect of thermal fluctuations and/or disordered physical
parameters, we add to Eq. (1) the following STT term [55]:

− gμBjP

γ0eM
2
S tFM

εMTJ(m, mp)[m × (m × mp)] (3)

where jP = JAMP sin(2πf t ) is the ac current density, with
JAMP and f being its amplitude and frequency, respec-
tively. εMTJ(m, mp) = 2η

[1+η2(m·mp )] is the polarization function
[56,57], where η = 0.66 is the spin-polarization factor and
mp is the magnetization of the polarizer, which is consid-
ered fixed along the out-of-plane direction, thus generating a
perpendicularly polarized spin current.

For this paper, we consider the same parameters already
used in Ref. [10] for a direct comparison. The features of
the skyrmion dynamics are described in terms of SHA and
x and y components of the skyrmion velocity. To this aim,
we introduce a Cartesian coordinate reference system, as

FIG. 3. (a) Sketch of the device under investigation to study the
FMR response of the skyrmion, where the ac perpendicular current
is locally injected via a nanocontact. (b) FMR frequency response
driven by the ac perpendicular current when Hz = 25 mT and T =
0 K, for different values of JAMP as indicated in the legend.

indicated in the inset of Fig. 5(a), where also the SHA is
represented.

1. Characterization of the breathing modes

The skyrmion dynamics in the presence of a persistent
breathing mode are studied at T = 0 K and Hz = 25 mT, in
order to obtain some simple and fundamental achievements.
Figure 3(b) shows the FMR response of the skyrmion, where
the peak-to-peak amplitude of 〈mz〉 is plotted as a function of
the ac current frequency f . For the range of JAMP plotted, the
response is linear with a FMR frequency equal to 2.9 GHz, in
qualitative agreement with previous studies [55,58]. However,
the presence of Hz introduces an upper threshold for the
applied current (in our case 2.0 MA/cm2) over which the
skyrmion is annihilated for frequencies near the FMR one.
This occurs because, during a half period of the current, Hz

favors the skyrmion shrinking, which becomes critical over a
certain value of the current amplitude.

For the current-driven dynamics of the skyrmion, to avoid
skyrmion annihilation, we consider ac currents with frequen-
cies larger than the FMR one, i.e., f � 3.0 GHz, and we
will focus on two cases: the small breathing mode, where the
perpendicular current amplitude JAMP is 2 MA/cm2, and the
large breathing mode, with JAMP equal to 6 MA/cm2 (note
that far from the resonant frequency the skyrmion does not
annihilate at this current density).
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FIG. 4. Average y component of the magnetization of the
skyrmion as a function of the in-plane field. Inset: Spatial distribution
of the magnetization displaying the skyrmion for HFLT = 0, 20, and
50 mT. The left panel represents the z component of the magneti-
zation, while the right panel represents the y component. The same
color scale for both components is also indicated.

2. Effect of the fieldlike torque

When considering a rigid skyrmion, its motion driven by
the DLT is not affected by the FLT (see Supplemental Material
[43], movie 3). In particular, the role of the FLT is to elongate
the skyrmion along the direction of the in-plane field [54,59]
leading to a noncircular skyrmion, without modifying the
skyrmion velocity and SHA, but only the maximum applica-
ble current. This result is in agreement with previous works on
Bloch skyrmions [59]. Figure 4 displays such a deformation
along the field direction, where the main panel shows the
spatial-averaged y component of the skyrmion magnetization
〈my_sk〉 as a function of the in-plane field. As expected,
〈my_sk〉 is almost zero at zero field because the skyrmion is

symmetric and circular, while it increases linearly with the
field. This result is confirmed by the spatial distribution of
the skyrmion magnetization (insets in Fig. 4), where we can
observe how the skyrmion becomes noncircular as the field
increases.

3. Effect of the breathing mode

Now, we consider a breathing skyrmion. Its motion driven
by the DLT in the term of SHA does not differ from the
rigid one, because the periodic change of the skyrmion radios
has a null effect on average (not shown, see Supplemental
Material [43], movie 3). In contrast, the FLT gives rise to
a skyrmion shift along the x direction (same direction of
the electrical current) because the in-plane field breaks the
skyrmion symmetry, as already predicted for Bloch skyrmions
[54]. Therefore, the breathing skyrmion undergoes two antag-
onistic effects: from one side, the DLT moves it mainly along
the y direction; from the other side, the FLT moves it along
the x direction. This aspect will allow us to control the SHA,
as it will be shown in the next paragraph.

4. Dynamics driven by SHE-DLT and SHE-FLT in the
presence of the breathing mode

In this paragraph, we show the results obtained when
SHE-DLT and SHE-FLT act simultaneously on a breathing
skyrmion. We fix the current jHM flowing into the heavy
metal to −5 MA/cm2 and we use two values of FLT that
correspond to HFLT = ±50 mT. Figures 5(a)–5(c) show the
results for small breathing. Although there is a slight variation
of φSkH, vx , and vy , this can be considered negligible. In
contrast, when the breathing becomes larger [Figs. 5(d)–5(f)],
we observe that the x component of the velocity is negative
for all the frequencies for negative values of the in-plane field.
In other words, as expected, the FLT affects mainly vx , pro-
moting a skyrmion displacement along the positive (negative)

FIG. 5. Skyrmion dynamics (φSkH, vx , and vy) as a function of the breathing mode frequency for HFLT = 50 mT (blue curve with squares)
and −50 mT (black curve with circles), when Hz = 25 mT, jHM = −5 MA/cm2, and (a–c) JAMP = 2 MA/cm2 and (d–f) JAMP = 6 MA/cm2.
In (a), φSkH is calculated with respect to the positive x axis. In (d), φSkH is calculated with respect to the negative x axis when HFLT = −50 mT.
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FIG. 6. Skyrmion dynamics as a function of SHE-DLT, where φSkH, vx , and vy are represented with regards to the in-plane current jHM, for
HFLT = 50 mT (blue curve with squares) and −50 mT (black curve with circles), when Hz = 25 mT, f = 8 GHz, and (a–c) JAMP = 2 MA/cm2

and (d–f) JAMP = 6 MA/cm2. In (a) and (d), φSkH is calculated with respect to the negative x axis when HFLT = −50 mT.

x direction for positive (negative) values of the field, while
the DLT influences the y component of the velocity. It is im-
portant to notice that, in Fig. 1(d), for HFLT = −50 mT, φSkH

is computed with respect to the negative x axis. In addition,
the small change of the φSkH as a function of frequency is
still negligible. In the rest of the paper, we will focus on a
frequency of 8 GHz to speed up the computations, however
simulations performed at different frequencies do not exhibit
any qualitative difference.

We now study the skyrmion dynamics by changing the
value of jHM (SHE-DLT), at a fixed HFLT = ±50 mT (SHE-
FLT). It is interesting to observe in Fig. 6 that also for jHM =
0 MA/cm2 we obtain the skyrmion motion, but with a major
component along the positive (negative) x direction if the field
is positive (negative). In other words, the combination of only
FLT and breathing mode promotes the skyrmion shift in the
same direction of the electrical current. When we increase
the magnitude of jHM, the DLT, which drives the skyrmion
mainly in the direction perpendicular to the electrical current,
leads φSkH to be almost 90° from very low currents in the
case of small breathing [jHM > 1 MA/cm2 in Fig. 6(a)]. A
smaller frequency of the breathing mode will shift the curve
in Fig. 6(a) to lower current values.

The x component of the velocity [Fig. 6(b)] slightly
changes with current. This is due to the fact that it is of the
same order as the one induced by the DLT. In particular, a
positive (negative) current introduces a vx of the same sign as
the one due to the FLT for negative (positive) fields, hence the
magnitude of vx increases. The y component of the velocity is
not affected by the FLT [Fig. 6(c)] because the blue and black
curves coincide.

If the breathing is larger, φSkH slowly increases with current
and starts to saturate to 76° for currents larger than 5 MA/cm2

[Fig. 6(d)]. This behavior is in qualitative agreement with the
experimental evidences [27,28] [see, for instance, Fig. 3(c) of

Ref. [27]]. In addition, it is more evident that the combination
of FLT and breathing mode introduces a smaller y component
of the velocity. In fact, at zero jHM, φSkH is about 30°. The
larger breathing mode enhances also the effect of the FLT,
i.e., vx is almost constant with current, meaning that the x-axis
skyrmion motion is dominated by the FLT [Fig. 6(e)]. Owing
to the smaller vy induced by the FLT, also the total vy is
affected; in fact the two curves are no longer overlapped
[Fig. 6(f)]. In all the cases, we observe a symmetric skyrmion
dynamics with respect to the sign of the current.

Finally, we study the skyrmion dynamics by changing the
value of HFLT (SHE-FLT), when jHM = ±5 MA/cm2. When
the breathing is small [Figs. 7(a)–7(c)], the FLT slightly
affects only the x component of the velocity, while φSkH and
vy keep constant with fields. In particular, the magnitude of
vx increases with positive (negative) fields when the current is
negative (positive), as explained above for Fig. 6(b).

When the breathing mode becomes larger [Figs. 7(d)–
7(f)], the FLT has a dominant effect. The magnitude of φSkH

increases (decreases) for negative (positive) values of HFLT,
while vx is almost independent of the DLT [Fig. 7(e)]. In
addition, Fig. 7(f) shows that the y component of the velocity,
which is typically due to the DLT, is also affected by the FLT,
that leads to a larger magnitude of vy when the FLT has the
same direction as the DLT (HFLT has the same sing as jHM).
Again, these achievements demonstrate that an appropriate
combination of SHE-DLT, SHE-FLT, and breathing mode
allows one to control the direction of the skyrmion motion.

IV. DISCUSSION

These results clearly show that the key aspect which gives
rise to the experimental current dependence of the SHA
[27,28] is the combination of the breathing mode (due to
thermal fluctuations and/or internal defects) and a sufficiently
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FIG. 7. Skyrmion dynamics as a function of the SHE-FLT, where φSkH, vx , and vy are plotted with regards to the in-plane field HFLT,
for jHM = 5 MA/cm2 (olive curve with squares) and −5 MA/cm2 (magenta curve with triangles), when Hz = 25 mT, f = 8 GHz, and (a–c)
JAMP = 2 MA/cm2 and (d–f) JAMP = 6 MA/cm2. In (a) and (d), φSkH is calculated with respect to the positive x axis.

large SHE-FLT. For the sake of clarity, Table II summa-
rizes the properties of the skyrmion motion by combining
all of those ingredients. As it can be observed, the slope
of the region where φSkH depends on current is smaller
(larger current region) as the amplitude of the breathing
mode increases. In detail, if the breathing is small (re-
sults for JAMP = 2 MA/cm2), the SHA saturates for |jHM| >

2 MA/cm2. When the breathing is large (results for JAMP =
6 MA/cm2), the SHA is still not completely saturated up to
|jHM| > 10 MA/cm2. In other words, the larger the breathing
mode the larger its effect on the skyrmion dynamics and there-
fore on the range of current dependence of the SHA. If we
want to link this result to an experiment, it means that a more
pronounced breathing, i.e., larger disorder and/or temperature,
will lead to a larger region where the φSkH depends on current.
To confirm those conclusions and resolve the debate discussed
in the Introduction, it would be sufficient to characterize
φSkH as a function of an in-plane field for different currents.
When the in-plane field is parallel to the fieldlike torque, φSkH

current dependence should be more evident [smaller slope,
Fig. 6(d) for example], as compared to the case when the
in-plane field partially or totally compensates the FLT, where
such a dependence should be almost absent.

The effect of the FLT on the skyrmion dynamics can
be also analytically demonstrated by including into the
Thiele equation developed in Refs. [54,60] the DLT due to
the SHE. The magnetization distribution of the magnetic
Néel skyrmion can be represented in the form m(r, t ) =
sin θ (ρ, t )ρ̂+ cos θ (ρ, t )ẑ with r = (x, y) and taking into ac-
count a slow dependence on time [54]. Hence, the generalized
Thiele equation reads

G × v − α
↔

D · v+4πd ′
j

↔
R

(
φ0 = π

2

)
· jHM+F = 0. (4)

On the first member, G is the “gyrocoupling vector”
with G = − 4πQ ẑ; Q = −1 is the topological charge;

v = �
R(t ) (“•” denotes the time derivative and t = τ

γ0Ms
is

TABLE II. Summary of the directions of motion of a skyrmion under the effect of different sources. X indicates which source of motion is
active. FLT and DLT are considered for positive field and current.

Breathing mode FLT DLT X direction Y direction

X No motion No motion
X No motion No motion

X Negative (small)a Negative
X X Positive Negative (small)
X X Negative (small)a Negative

X X Negative (small)a Negative
X X X Negative/positive depending on DLT and FLTb Negative

aSee Supplemental Material [43], movie 3.
bSee Supplemental Material [43], movie 4.
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the time) is the drift velocity with R = (X, Y ) the skyrmion
guiding center experiencing the effect of the in-plane bias
field that coincides with the geometric center for a sym-

metric skyrmion;
↔

D = ∫
( ∂〈m0〉

∂r̃α
· ∂〈m0〉

∂r̃β
)dx̃ dỹ is the dissipative

tensor (〈. . . 〉 denotes the time average over a single period
T of the microwave excitation) function of the shape of
the skyrmion expressed in terms of the scaled components
r̃α (r̃β ) → rα

Lsc
(

rβ

Lsc
) with α, β = x, y; dj

′ = γ0MsdjLscI with

I = 1
4

∫ ∞
0 dρ̃(sin θcosθ + ρ̃ dθ

dρ̃
) a dimensionless integral in

the dimensionless variable ρ̃ (θ is the polar angle); and
↔
R is

the in-plane rotation matrix depending on the azimuthal angle
φ0 [10]. F is the “force” resulting from the in-plane external
field with Fα = −γ0Lsc

∫ 〈m0〉 · ( ∂〈m0〉
∂r̃α

× 〈m × Heff〉) dx̃dỹ

with α = x, y, where 〈m〉 = 〈m0 + δm〉 with δm 
m0 the
fast time-dependent dynamic part being δm 
m0 [54].

From Eq. (4), by following similar calculation as in
Ref. [10], we can determine the skyrmion velocity compo-
nents: (

vx

vy

)
= −d ′

j

(− αD
1+αG

2D2
1

1+α2D2

− 1
1+α2D2 − αD

1+α2D2

)(
jHM

0

)

−
(− αD

1+α2D2
1

1+α2D2

− 1
1+α2D2 − αD

1+α2D2

)(
F̃x

F̃y

)
,

with D ≈ 1 and F̃α = Fα/4π yielding{
vx = d ′

j
αD

1+α2D2 jHM + αD
1+α2D2 F̃x − 1

1+α2D2 F̃y

vy = d ′
j

1
1+α2D2 jHM + 1

1+α2D2 F̃x + αD
1+α2D2 F̃y

. (5)

Then, the skyrmion Hall angle can be computed:

φSH = arctan

[
d ′

j jHM + αDF̃y + F̃x

d ′
jαDjHM + αDF̃x − F̃y

]
. (6)

We note that, at fixed current density jHM, φSH decreases,
for example, when the total force increases negatively.

For jHM = 0 and for small damping α 
 1, we get vx �
−F̃y and vy � 0 (being F̃x small) in agreement with Ref. [54],
where vx ≈ Fy/(4πQ) with Q = −1. In our analytical study,
a negative F̃y corresponds to a positive applied field and we
obtain that if Fy < 0(Fy > 0) we get vx > 0 (vx < 0). In
other words, when the DLT is absent, the FLT promotes a
prevalent skyrmion motion along the x direction for an applied
field along the y direction. This qualitative discussion on
the analytical approach is consistent with the micromagnetic
simulations shown in Fig. 6 and with the summary in Table II.

Eventually, to quantitatively compare the micromagnetic
simulations with experimental measurements, the following
procedure should be applied.

(1) For each value of the applied current jHM, determine
experimentally the corresponding FLT and DLT, as done in
Ref. [34].

(2) From Eq. (1) ν = ∂FLT
∂DLT ; therefore, from the experimen-

tal data of the previous point, it is possible to obtain the real
dependence ν(jHM) (it can be either linear or nonlinear; see
possible qualitative examples indicated in Fig. 8, where ν can
be either positive or negative due to the fact that DLT and FLT
can have opposite signs [34]).

FIG. 8. Qualitative example of the ν dependence on the DLT and
FLT.

(3) Perform micromagnetic simulations with the real ν to
estimate the skyrmion Hall angle.

In this way, it would be possible to quantitatively determine
the skyrmion Hall angle as a function of jHM.

V. SUMMARY AND CONCLUSIONS

In summary, we have performed a numerical experiment
based on micromagnetic simulations to understand the effect
of SHE-FLT and DLT on a nonrigid (breathing) skyrmion.
We have preliminarily demonstrated that the breathing of
the skyrmion can be originated by thermal fluctuations. We
have also shown that the SHE-FLT and DLT promote two
antagonist skyrmion motions: the former occurs mainly along
the x axis, while the latter occurs mainly along the y direction.
Therefore, the combination of the breathing mode and a suffi-
ciently large SHE-FLT gives rise to the current dependence of
the SHA, as observed in the experiments [27,28]. Our result is
qualitatively confirmed by a generalized Thiele equation and
could be confirmed by an experiment, where the SHA should
be characterized as a function of an in-plane field for different
currents. According to the amplitude of the range where the
SHA exhibits the current dependence, it would be possible to
estimate the effect of the SHE-FLT.
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