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Abstract Complex network theory (CNT) is an emerging topic based on the paradigm that quite all the
natural and man-made physical systems work as networks, namely, their features derive from the

internal connectivity among vertices exchanging information through edges. Water distribution
infrastructures are networked systems connecting the vertices named nodes, by edges named pipes, and
transferring water to customers. Therefore, water distribution networks (WDNs) fall into CNT and
belongs to the class of spatial networks due to their urban constraints. CNT proposed several centrality
metrics for quantifying the importance of vertex and, sometime, edges. Those metrics can be potentially very
useful for analyzing the key features of the physical domain (i.e., the network) where WDN hydraulics
occurs, but they need to be tailored to consider that (i) pipes/edges are the relevant physical components of
the WDN:, (ii) some nodes/vertices (reservoirs and tanks) play a completely different hydraulic role from the
majority of nodes (demand and connection nodes), and (iii) pipes/edges have different characteristics
(length, diameter, hydraulic resistance, etc.). Accordingly, this work presents and discusses the need of
tailoring the most suitable centrality metrics for spatial networks: betweenness, closeness, and degree. Then
the capacity of the WDN-tailored edge betweenness is demonstrated and discussed using two real WDNs,
showing that it can extract useful information from the domain, that is, the emerging hydraulic behavior
due to the network connectivity structure. Therefore, the WDN-tailored edge betweenness can assist
analysis, planning, and management actions before and after the hydraulic analysis.

Plain Language Summary The aim of the work is to develop a water distribution network
(WDN)-tailored centrality metric from complex network theory for the analysis of the domain of the
WDN hydraulics. The WDN-tailored edge betweenness is, then, developed. Tailoring is performed
considering three specific WDN features: (1) The pipes are the relevant components of such infrastructure
systems. This is in contrast with standard complex network theory centrality metrics that generally focus on
nodes because they represent the objects exchanging information. (2) Pipes are material components
characterized by asset features such as length, diameter, and hydraulic resistance. (3) Each node can
represent a different system component. It can be a source of water, a connection among pipes, or a water
outflow. Accordingly, the work defines source of water, connection, and demand nodes, respectively.

1. Introduction

Comprehensive asset management of water distribution networks (WDNSs) is becoming a relevant issue for the
scientific community because water companies urge for solutions to novel tasks. During the last century, the main
task of water companies was the construction of WDNS to deliver water extending the percentage of customers
reached by the service. Starting the new millennium, aging of the hydraulic systems, demographic pressure in
urban areas, increased sensibility of the customers to the service quality versus the tariffs, etc., are moving the tech-
nical needs toward an effective analysis, planning, and management of such networked hydraulic systems.

The studies carried out in the last decades about the complex network theory (CNT) can make a crucial con-
tribution to addressing and solving these new technical needs. WDNs belong to a specific class of complex
networks, the so-called spatial networks (Barthelemy, 2014; Barthélemy & Flammini, 2008) whose charac-
teristics are conditioned by spatial constraints (Barthélemy, 2011; Giustolisi et al., 2017); that is, the geodesic
distance among nodes is relevant information. The spatiality of WDNSs is mainly related to the urban texture,
for example, streets and buildings, constraining the pipe installation and influencing the layout. Giustolisi
etal. (2017) noted that this fact limits the maximum nodal degree for WDN5, narrowing the range of possible
values for nodal degree. For this reason, they introduced the neighborhood degree, which is an extension of
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the nodal degree concept to the adjacent nodes. Also, spatial constrains affect the temporal evolution of spa-
tial networks (Barthelemy, 2014; Barthélemy & Flammini, 2008), as recently highlighted by Giustolisi et al.
(2017) for the WDN classification.

During the last decade, several researchers used CNT for WDN analysis. Yazdani and Jeffrey (2010, 2011,
2012a, 2012b) were the first to apply CNT metrics to study WDN features such connectivity, robustness,
redundancy, fault tolerance, and vulnerability in order to assess structural performance. Their conclusion
was that the CNT metrics are useful but insufficient for WDN analysis because of spatial constraints.
Giustolisi et al. (2017) demonstrated that spatial constraints explain why the model network structure of
WDNs is Poisson-like. This fact means that the domain has random features increasing the size (i.e., the
number of nodes), that is, a good structural resistance. The work did not consider reservoirs, tanks, and
directional devices; therefore, the structural analysis captured the network domain features on average.

Furthermore, Yazdani and Jeffrey (2012a, 2012b) proposed the use of weighted and directed graph represen-
tations for WDN analysis, offering an illustrative novel metric based on the nature of the specific network in
terms of both connectivity and physical features.

The contributions of Perelman and Ostfeld (2011), Scibetta et al. (2013), Diao et al. (2013), Giustolisi and
Ridolfi (2014a, 2014b), and Laucelli et al. (2017) aimed at using the CNT studies for WDN domain segmen-
tation. The Newman's modularity index (Newman, 2004) was generally used, and the technical task referred
to district metering area (DMA) design. Perelman and Ostfeld (2011) developed a graph theory connectivity-
based algorithm for WDN segmentation based on connectivity analysis; Scibetta et al. (2013) and Diao et al.
(2013) were the first to apply modularity index for the WDN segmentation, and Giustolisi and Ridolfi (2014a,
2014b) tailored the modularity index obtaining a WDN-oriented modularity metric to consider that devices
(flowmeters and closed gates) are installed closed to ending nodes of pipes. Finally, Laucelli et al. (2017) inte-
grated the segmentation with the hydraulic analysis in a two-step strategy for DMA planning.

Instead, Simone et al. (2016) extended the modularity index to sampling design, defining the pressure
districts/segments and using the overlapping community concept and the connectivity matrix of edges, that
is, the line graph. Nazempour et al. (2016) also referred to CNT concepts for system monitoring and control,
for example, metering water consumption and early contaminant detection.

Finally, CNT centrality metrics were adopted to assess vulnerability analysis (Agathokleous et al., 2017; Diao
et al., 2014; Gutiérrez-Pérez et al., 2013; Hawick, 2012; Shuang et al., 2014), reliability assessment (Ostfeld,
2012; Trifunovic, 2012; Yannopoulos & Spiliotis, 2013), and as indicators of WDNs resilience (Pandit &
Crittenden, 2016; Yazdani & Jeffrey, 2011; Yazdani et al., 2011; Zhao et al., 2015).

The novel WDN-tailored topology presented in this work can be useful to improve the previous efforts,
which were based on the standard network connectivity structure.

In the reported scientific literature review of efforts to adopt tools of CNT, the present work focuses on the
centrality metrics, aiming at tailoring for analyzing the domain structure of WDNs. Network centrality
metrics represent a specific field of CNT devoted to study indicators to quantify the importance of vertices
(sometime edges) of a network from different standpoints, classically for assessing system reliability and vul-
nerability. Several centrality metrics have been proposed in the scientific literature (Newman, 2010a), as
eigenvector centrality (Bonacich, 1972), Katz centrality (Katz, 1953), PageRank (Page et al., 1998), and
Hub and Authorities (Kleinberg, 1999). Despite this variety of metrics, Borgatti (2005) indicated three cen-
tralities that are more suited for infrastructure networks: betweenness, closeness, and degree. The between-
ness (Freeman, 1977) quantifies the importance of a vertex for the communication inside the network, that
is, the number of shortest paths passing through vertices. The closeness (Freeman, 1977) measures the cen-
trality as the importance of a vertex in spreading information to the other vertices through minimum dis-
tance paths. Finally, the degree (Freeman, 1977; Nieminen, 1974) is the most intuitive centrality metric
and it is based on the number of edges connecting to each vertex (i.e., the number of adjacent vertices):
the vertex with the highest degree is the most important. The neighborhood degree proposed by Giustolisi
et al. (2017) corresponds to tailoring the degree centrality concept for WDNs by involving adjacent nodes
belonging to neighborhoods at different topological or geodesic distance.

Centrality metrics are generally used to rank the importance of network vertices regardless of the specific
values of centrality (Bonacich, 1987). To this purpose, Freeman (1979) introduced the concept of
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centralization for measuring the different level of importance of vertices in the network, that is, how much a
vertex is central in relation to how central all the other vertices are. From this point of view, several authors
(Cadini et al., 2008; Ding et al., 2004; Furlan Ronqui & Travieso, 2015; Lee, 2006; Mihail & Papadimitriou,
2002) noted that different centrality metrics provide generally highly correlated rankings, although it is
impossible to know in advance if two or more metrics provide similar rankings for a given network (Benzi
& Klymco, 2015).

Note that centrality metrics are application-oriented, and the specific choice is driven by the network fea-
tures to analyze, meaning that the metric selection is not a trivial task (Benzi & Klymco, 2015). For example,
centrality metrics based on the concept of shortest paths are relevant to characterize the behavior of spatial
networks with respect to the flux of information. This is the reason why this class of centralities is suitable for
WDN hydraulic domain characterization, where water flowing into pipes correspond to the information flux
on the network.

Therefore, not all metrics are suitable for WDN domain characterization and, more importantly, they have
not to be applied uncritically. In this sense, the aims of this work are (i) to present and discuss the standard
centrality metrics of CNT that are more suited for WDNs and (ii) to develop a WDN-tailored centrality
metric. Tailoring will be performed considering three specific features of WDNs:

1. The edges, that is, pipes, are the relevant components of such infrastructure systems. This is in contrast
with standard CNT centrality metrics that generally focus on nodes (vertices) because they represent the
objects exchanging information.

2. Pipes are material components characterized by asset features such as length, diameter, and hydraulic
resistance.

3. Each node can represent a different system component. It can be a source of water, a connection among
pipes, or a water outflow, as discussed in Giustolisi et al. (2017). Accordingly, we will define nodes as
source nodes, connection nodes, and demand nodes, respectively.

Considering these points, we will propose modifications of the standard centrality metrics based on the
following:

1. computing the edge relevance instead of vertex one;

2. adding weights to edges to account for the specific asset characteristics of pipes, that is, the hydraulic
characteristics of the domain (e.g., dissipations); and

3. modifying the connectivity structure of the network to distinguish source, connection, and demand
nodes. To this aim, we will introduce fictitious nodes (whose number depends on the number of demand
nodes) connected to the source nodes. In this way, the topological relevance of the source nodes will be
emphasized by generating fictitious water paths that embed the different hydraulic role played by source
nodes. In other words, fictitious nodes allow weighting topologically source nodes with respect to the
demand nodes.

The paper is organized as follows. The next section recalls the standard topological centrality metrics pro-
posed in the CNT that are more suitable for the spatial networks. In the third section, we begin to tailor them
by focusing on the pipe component relevance in hydraulic systems. Moreover, a specific subsection shows
that the hydraulic status variables can be interpreted as hydraulic centrality metrics, which measure the
pipes relevance with respect to the flow, velocity, leakage, etc. In this way, we set a common framework
for topology- and hydraulic-based centrality metrics. In the fourth section, we continue the WDN-tailoring
and propose a novel connectivity structure of the network to face up the different hydraulic meaning of
nodes in WDNS. Finally, in the fifth section, two case studies allow us to demonstrate and discuss the novel
WDN-tailored edge betweenness centrality metric. Concluding remarks are drawn in the last section, where
the perspective of using the novel WDN-tailored metric as complementary tool for WDN analysis, planning,
and management tasks is indicated.

2. Complex Network Approach for WDN Domain Characterization

The hydraulic behavior of WDNs is mathematically described by three components: (i) the one-
dimensional mass and momentum balance equations; (ii) the domain where equations are solved, that
is the pipe network with its topological and hydraulic characteristics; and (iii) the boundary
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conditions, that is, demands, water tank levels, devices state, etc. The latter are usually assumed slowly
time-varying in order to neglect fast transient effects, and demands are modeled as point sinks spatially
distributed as Poisson pulses. The WDN hydraulics is then simulated as a sequence of steady-state snap-
shots representing the movie of the hydraulic system behavior over time, where the frame rate of several
minutes is intended to capture the slow (with respect to the response time of the hydraulic behavior of
the network) change of the network boundary conditions (Giustolisi & Walski, 2012).

In this picture, we aim at highlighting the role played by the domain features in determining the network
hydraulics. Obviously, as in any mathematical problem, all the previously listed three components contri-
bute, but the topology of the network and the most important pipes characteristics (like length and con-
ductance or resistance) play a relevant role and we argue that the domain features drive the
emerging/typical behavior of the WDN hydraulics. In other words, although different boundary condi-
tions can alter the single values of discharges and heads, the internal connectivity structure of the net-
work, the topological position of the reservoirs, the pipes resistance/conductance, etc.—that is, the
domain of the problem—give the main traits of the hydraulic behavior of a WDN and greatly determine
the system state over time.

In section 1, we recalled that in the recent years CNT is providing several refined tools to study the connec-
tivity structure of networks and to capture its relevant characteristics. Therefore, it appears very reasonable,
even if challenging, to use CNT studies and tools to investigate how the domain features affect the WDN
hydraulics. The bridge is not trivial because CNT tools need to be tailored in order to capture the specificity
of the hydraulic system domain. For instance, the position of reservoirs and tanks, the hydraulic features of
pipes, and the presence of unidirectional devices (that correspond to pipes having null conductance in one
direction) play a relevant role in determining the hydraulic state and they must be carefully considered.
However, once tools have been suitably adapted, we think that CNT is a powerful way to extract and under-
stand the role of the domain in the emerging hydraulic behavior of WDNs. The aim of the present work is
then to propose this idea, to explore it, and to show some examples that demonstrate the importance of
the domain in the hydraulic problem.

It is important to clarify that the analysis of the WDN hydraulics domain cannot substitute the hydraulic
simulations, because the information about the continuity and momentum equations is not contained in
the domain. In fact, domain characteristics can reveal the main features of the hydraulic system helping,
for example, the engineering judgment for WDN analysis, design, and management tasks (Giustolisi &
Walski, 2012).

To the purpose of a formalization of the above discussion, we report the mathematics of WDN hydrau-
lics. A hydraulic network of n, pipes with unknown flow rates, n, nodes with unknown heads (internal
nodes), and ny nodes with known heads (e.g., reservoir levels) can be analyzed by solving the following
nonlinear mathematical system based on momentum and mass balance equations:

Aprp + Apn H, = - pOHO (1)
Aanp_dn(Hn) = on

where Q,, = [1,,1] column vector of unknown pipe flow rates, H,, = [n,,,1] column vector of unknown nodal

heads, Hy = [n,1] column vector of known nodal heads, d,, = [n,,1] column vector of nodal demands,

0,, = [n,,,1] column vector of null values, and A, = diagonal matrix of size [n,,n,], whose elements are based

on pipes resistance and flow.

The domain of the equations, that is, the network, is represented by A, = ATnp and A, = topological inci-
dence submatrices of size [np,n,] and [n,,n,], respectively, which are derived from the general topological
matrix Apn = [Apn | Apol, that is, excluding the signs the structure of the edge-vertex (incidence) matrix from
the graph theory standpoint, of size [np,n, + nyl. In other words, the general topological matrix is an inci-
dence matrix, which includes the information for the conventional positive directions of pipes using nega-
tive or positive signs to unit values.

The solution of the system (1), that is, the computation of the unknowns (Qp; H,), requires the always pre-
sent boundary conditions (d,;; Hy) and of the pumps curve or devices status over time if present.

GIUSTOLISI ET AL.



'AND SPACE SCiENCE

Water Resources Research 10.1029/2018WR023966

R, or C,, = [np,1] column vector of pipe resistances or conductance complete the characteristics of domain,
(Apn)- Ry, or C,, plays a similar role of terrain slopes of the shallow water equations domain, meaning that the
water searches for the lower resistance or higher conductance paths. The difference resides in the fact that in
pressurized systems the flow direction of pipes in not known in advance and the demands acts as sinks or
water wells that sources fill at varying levels over time.

It is worth noting that the matrix multiplication of the transpose of general topological matrix and itself (A,
x Ap,) provides the Laplace matrix, which is the difference between the degree matrix and the adjacency
matrix, of the graph referred to the WDN domain.

Furthermore, the global gradient algorithm for WDN hydraulics is (Giustolisi & Walski, 2012)

. . . -1 . . . -1 . . . .
ter __ 1 1 i i{ 1 i i 1 1
Fi — —A,, (Q;ff— (Djer) A ;,ef) + Anp (D) ApoHo -+ di" (H) -+ DisHL

-1
. . -1 . .

i = (A (D) " Ap-Dly ) EE ®

Q})tel'+1 _ (Qlijter_ (Dg;r) _1Ag§r Lter) _ (Dg;r) -1 (APOH() 4 Aanir:eH»l)

where iter is a counter of the iterative solving algorithm, D,, and D,,,, are diagonal matrix derivatives head
loss function with respect to Q, and d,,"*" with respect to H,,.

The global gradient algorithm involves the iterative solution of a linear nodal system of equations to com-
pute H"" * ! and a nodal mass balance correction obtained by n, independent equations to compute
Q™" * 1 based on H™ * . It is to note that the matrix A, (D) "A,, plays a relevant role for the nodal
solutions, and it is a Laplace like matrix integrated with the information of pipes resistance R,, being the
diagonal elements, referring to the kth pipe, Dy = Dyx (R, |Ql) of Dpp,.

This fact together with the presence of the term A, (Dpp)_1 in the first of equation (2) better shows and
demonstrates the mathematical fundamentals of studying the WDN hydraulic domain.

3. Centrality Metrics Suitable for WDNs

Previous researchers (e.g., Barthélemy, 2018; Borgatti, 2005) stated that betweenness, closeness, and degree
are the most suitable metrics for studying the centrality problem in spatial networks. In this section we start
from this state and we recall and discuss these three metrics to the purpose of tailoring them for WDNSs. To
show some numerical examples, we will use the Apulian WDN whose layout is reported in Figure 1 (see
Giustolisi et al., 2008, for hydraulic details). This network has 23 nodes, 34 pipes, and one reservoir.

3.1. Betweenness

The Betweenness centrality was introduced by Freeman (1977, 1979), although the first formal definition
was proposed by Anthonisse (1971), but his work was never published. Given a node i, and two nodes s
and t, m topological shortest paths exist between s and ¢ (i.e., more than one path connecting s and ¢ and tra-
versing the minimum number of nodes), and a fraction of those shortest paths traverse the node i. The sum
of those fractions for all the couples of nodes (s, ) in the network is the betweenness centrality of node i. In
other words, the metric is equal to the summation of the fraction of shortest paths traversing the node i. The
node with the highest betweenness centrality is the most relevant. The formulation of the betweenness is

Us‘[(i)
Os,t

C? = Zs#i#:teV (3)
where C;2 is the betweenness centrality of node i, o5 (i) is the number of shortest paths from node s to node ¢
passing through the node i, o, is the number of all shortest paths from node s to node ¢, and V'is the set of
nodes belonging to the network.

We here report the steps for the calculation of the betweenness centrality for the Apulian network to exem-
plify the features of the metric. The starting point is the identification of the shortest paths between each cou-
ple of nodes in the network. For example, let us consider the node couple (s,f) = (1.14). There are four
shortest paths that link node 1 to node 14: {1, 19, 23, 21, 20, 14}, {1, 5, 6, 16, 15, 14}, {1, 5, 6, 7, 15, 14}, and
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Figure 1. Apulian layout. The bold and plain numbers refer to node and pipe numbering, respectively. The node 24 is the
reservoir.

{1, 5, 6, 7, 8, 14}. The length of these four shortest paths (i.e., the minimum number of topological walks) is
equal to 5, and the number of nodes contained in the path equal to 6. For example, {1, 5, 6, 7, 8, 14} means
that a shortest path starts from node 1 and transverses the nodes 5-8 to reach the node 14 (Table Al). Only
three of these shortest paths pass through node 6, as shown in Figure 2. Therefore, considering that the total
number of shortest paths between nodes 1 and 14 is 4 and that three of these traverse the node 6, equation (3)
states that the contribution of node couple (1.14) to the betweenness centrality of node 6 is

_ a(6) 3
coo _0mil0) 3 o @
O1-14 4

It is important noting that a path is a walk not passing two times from a vertex initial and final excluded
in the case of a loop path, see Diestel (2005) for the definition. The initial identification of the shortest
paths requires a computational runtime increasing as O(N®), where N is the number of vertices/nodes.
Several approximated algorithms have been proposed to reduce the computational burden when the net-
work size increases; the Dijkstra (1959) is the most successful when the entries of the adjacency matrix
are positive.

3.2. Closeness

The Closeness centrality was introduced by Freeman (1979) to measure the node efficiency in spreading the
information. Given a node i, it depends on the distances from the other nodes, j, of the network, computed as
shortest path, dy;. The formulation is

1
=
' Zjdij

where C,C is the closeness centrality of node i, )d;; is the sum of (i, j) distances. As well as for the between-
ness, the starting point of the closeness calculation is the identification of the shortest paths between each
couple of nodes in the network. Let us consider the Apulian network. Table A2 reported in Appendix A

(5
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Figure 2. The four shortest paths from nodes 1 to 14: {1, 19, 23, 21, 20, 14}, {1, 5, 6, 16, 15, 14}, {1, 5, 6, 7, 15, 14}, and {1, 5, 6, 7, 8, 14}.

shows the (symmetric) 24 X 24 matrix of the distances for this network (N = 24), and the sum of the elements
in the ith row (or column) gives the sum of distances from node i to all other nodes in the network. For
example, if node 6 is chosen, the sum of distances from node 6 to all other nodes is equal to 61 (see the
bold number in the right of the matrix) and, then, equation (5) gives

1 1
Cl=—c— = =00164 (6)
6 Zj:1—24dij 61

As an example, Figure 3 just shows the paths (number of steps) from node 6 to the first eight nodes in the
network. Such paths have from 1 to 2 steps (see bold lines), and it is trivial to observe that the distance of
node 6 from itself is null.

As well as for the betweenness, the starting point of the closeness calculation is the identification of the
shortest paths between each couple of nodes in the network to store them for nodal distances (i.e., the matrix
in Table A2). As for the betweenness, Dijkstra (1959) is an efficient, although approximated, algorithm.

Itisimportant to note that the closeness works for fully connected networks; otherwise, the distance between
two nodes belonging to different components is infinite and, then, the metric of equation (6) is equal to the
null value for each node. In order to avoid this problem, it is possible to define the metric as the summation of
the inverse of each distance, which is the formulation of the harmonic centrality (Rochat, 2009).

3.3. Degree and Neighbor Degree

The degree centrality was introduced by Nieminen (1974). It is the number of edges connected to a node and
describes the local connectivity of the network structure. Node degree is usually indicated with k, but here
we define it with C” to highlight its role as centrality metric and coherently to the other metrics previously
recalled. The degree centrality is very fast to be calculated being equal to the sum on the rows (or on the

s 2 s 2 s 2
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Figure 3. Paths from node 6 to the first eight nodes in the network.
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Figure 4. Standard degree (left) and 1-neighborhood degree (right) for the node 6.

columns) of the elements of the adjacency matrix. For example, C? is equal to 4 in the case of node 6. An
extension of the standard degree is the neighborhood nodal degree (CV) introduced by Giustolisi et al.
(2017) to classify WDNs. The neighborhood degree corresponds to the sum of the degrees of the adjacent
nodes and its formulation is

C?f = kn(i) = ZjeN(i)AijCjD (7

where C/" is the neighborhood degree centrality of node i, k,(i) is the neighborhood degree of node i, Ay are
the elements of the adjacency matrix, and CjD is the standard degree of the node j belonging to the topolo-
gical neighborhood N(i) (adjacent nodes).

Therefore, the n-neighborhood nodal degree centrality measures the connectivity of the network structure
grouping nodes according to the assumed level n. In Appendix A, the vectors of degree and neighborhood
degree centrality for all the nodes of Apulian network are reported in Table A3.

Figure 4 shows the standard degree (equal to 4) and the 1-neighborhood degree (equal to 12) for node 6,
where the edges connected to the single node (left) and to any of the adjacent nodes (right) are in bold.

Note that the extended neighbor degree represents a local centrality metric, while betweenness and close-
ness centralities are global metrics being based on shortest paths involving the entire network connectivity,
that is, each couple of nodes.

In order to compare different metrics, Figure 5 reports betweenness and closeness centrality for the Apulian
network. The centralities are normalized in the range [0, 100]. Figure 5 shows that node 6 exhibits both the
maximum betweenness centrality and the maximum closeness centrality. The importance of the other nodes
is lower and depends on the metric. Therefore, node 6 is the most efficient in spreading the information (clo-
seness) because it is the closest to the others and, furthermore, for the specific network, it is also the most
traversed by the shortest paths (betweenness). However, it is crucial to note that Figure 5 refers to the rele-
vance of nodes in the network, while we are interested in that of pipes, which are the material network com-
ponents characterized by asset features such as length, diameter, and hydraulic resistance. This different
point of view explains why we need to tailor the previously recalled centrality metrics to adapt them to
the analysis of WDN hydraulic domain features.

4. Tailoring Centrality Metrics for WDNs: Node Versus. Edge Centrality

In social, biological, and technological networks, the vertices are typically the objects sharing information
through material or immaterial edges. Consequently, standard centrality metrics looks at ranking the node
relevance. In the case of WDNSs, pipes with their asset features are instead the most important network com-
ponents: they influence the hydraulic behavior, while connection nodes are network elements that transfer
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Figure 5. (left) Betweenness and (right) closeness centrality for the Apulian network. Centralities are normalized in the range [0.100].

the water (i.e., information) among pipes. The water is generally delivered at pipe level, although pipe
demands are often lumped as outflows to their ending nodes for the hydraulic modeling simplification,
generally without impairing the simulation accuracy (Giustolisi, 2010). Therefore, pipes are the most
important asset component of WDNs together with the source nodes. Accordingly, the first step for the
WDN-tailoring of centrality metrics is to move our focus from nodes to pipes. To this aim, the edge
betweenness proposed by Girvan and Newman (2002) is much more consistent for WDN needs than the
standard nodal metric. Similarly, the closeness and extended neighbor degree centrality metrics must be
tailored considering edges.

4.1. Edge Betweenness, Closeness, and Neighbor Degree

The edge betweenness is conceptually like the vertex betweenness centrality described in the previous sec-
tion. Given an edge I and two nodes s and ¢, m shortest paths exist between s and ¢, and a fraction of those
shortest paths traverses the edge I. The sum of those fractions for all the couples of nodes (s,t) in the network
is the betweenness of edge I. In other words, the metric is the summation of the fraction of shortest paths
traversing the edge [ and the formulation is

B __ Ts.t(l)
G = Zs#i;éteV Ost ®)

leE

where CZ is the edge betweenness of edge [, o5 (!) is the number of shortest paths from node s to node ¢ pas-
sing along the edge [, o is the number of all shortest paths from node s to node ¢, and V and E are the set of
node and edges belonging to the network. The calculation of the edge and classical vertex betweenness is per-
formed with the same procedure and algorithm. The difference for the edge version is that the identification
of the shortest paths among each couple of nodes is useful for storing the edge crossings (o5 (1)), and not the
node crossings, to compute equation (8).

Figure 6 reports the edge betweenness for the Apulian network. It is evident that the edge betweenness is
more meaningful for the analysis of centrality of the WDN because it suggests that the most relevant (tra-
versed) pipes are 4 and 15, which is a different (and hydraulically more revealing) information with respect
to the classic betweenness showing that the node 6 is the most relevant (Figure 5, left). The nodal informa-
tion assesses that the node 6 is strategic for network structure to deliver water. Nevertheless, the network is a
real hydraulic system and failing of node 6 corresponds to failing of pipes 6, 7, 8, and 17 because node 6 is not
a real technical component of the WDN. In other words, a nodal failure is generally unrealistic, while an
interruption of a pipe is a common technical occurrence. Consequently, the edge betweenness is more infor-
mative for flow path disruption. Only a very specific class of node, namely, the water source nodes, repre-
sents the exception to this statement and needs a node-specific analysis, as will be discussed later in the
section referring to the WDN-tailoring of the centrality metrics.
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'AND SPACE SCiENCE

Water Resources Research 10.1029/2018WR023966

100

90

70

60

50

40

Edge Betweenness [%]

30

20

10

0

Figure 6. Normalized edge betweenness for the Apulian network.

The edge closeness is a measure of the edge efficiency in spreading the information, and it consists in con-
sidering the distance between pipes rather than between nodes. To this aim, one can refer to the line graph
or the edge adjacency matrix, which represents the adjacencies between edges of the network (Simone et al.,
2016). Therefore, the formulation is

1
Cf = =—
! Zedl,e

where C/ is the edge closeness of the edge [ and Yd, . is the sum of the steps (path) from edge I to edges e of
the network. To compute C,S, a matrix similar to the Table A3 but referred to edge distances needs to be com-
puted for the specific network. In the case of the Apulian network, this matrix has dimension 34 x 34 (being
the number of pipes equal to 34) and each (I,e) cell reports the path between edge couple (I,e). The matrix is
symmetric for undirected graph, and Dijkstra’s algorithm allows one to compute efficiently the shortest
paths for each couple of pipes in the network using the line graph matrix, that is, the adjacency matrix of
pipes/edges.

©)

Figure 7 reports the edge closeness for the Apulian network and, similarly to the case of Figure 6, it
shows that the most important pipes for spreading information (i.e., for distributing water) are 6, 7, 8,
and 17. In this case, they have in common the most important node selected by the standard closeness
(see the right panel of Figure 5), although the edge closeness clarifies that the four pipes are characterized
by a similar relevance.

Finally, the edge degree centrality is the number of edges connected to one of the two ending nodes of that
edge, that is, the degree computed using the line graph matrix. The extension of the edge degree (n-EN) is
similar to the n-neighborhood degree involving edges at level n. In this case, the rationale beyond n-
neighborhood edge degree is to group pipe features with respect to the neighbor connectivity as discussed
for nodes in Giustolisi et al. (2017).
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Figure 7. Normalized edge closeness for the Apulian network.

4.2. Hydraulic Metrics for WDNs

CNT defines centrality metrics and allows one to assess the pipe relevance based only on the network con-
nectivity structure (i.e., the topology) described as a graph, that is undirected (i.e., the adjacency matrix is
symmetrical) when all the flow path directions are unknown. Otherwise, the graph can be directed for the
pipes, for example, where unidirectional devices are installed, to introduce the prior information about
the known directions. On the other hand, WDN hydraulic modeling allows one to calculate the hydraulic
status of the system, for example, the flow values and paths over time, the nodal pressure, the pipe leakages,
etc. Therefore, the graph used in WDN modeling (see section 2) is undirected because the information is not
a prior. Considering section 2, we can conceive the hydraulic variables as a sort of centrality metrics gener-
ated by coupling WDN domain and the momentum and mass balance equations. Therefore, we can argue
that topological (e.g., edge betweenness) and hydraulic centralities (e.g., pipe discharges) are correlated to
each other; namely, the hydraulic network behavior inherits the structural features of the domain coupled
with the physically based De Saint Venant equations, although simplified. From this perspective, the infor-
mation gained from the topological centralities can be helpful (i) for inferring in advance the emerging
hydraulic behavior without the need of hydraulic simulations independently on the specific boundary con-
ditions and (ii) to compare the real hydraulic behavior with the domain analysis to achieve further informa-
tion about the effect of the boundary conditions driving the specific hydraulic status.

In addition, domain analysis through CNT WDN-tailored metrics can allow understanding in advance the
role of pipes in determining the system hydraulics independently on the specific set of boundary conditions,
which can be, for example, helpful for districtualization tasks (Apulian-T).

The previous parallel between topology-based centralities and hydraulics-based centrality can be very useful
for the WDN analysis. However, some key differences occur. For instance, the pipe flow rate centrality
informs about the most relevant pipes transferring water similarly to the edge betweenness, but this latter
topologic-driven metric lacks information about the source node. Moreover, despite topological edge
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Figure 8. Normalized flow-based centrality considering (left) one and (right) two reservoirs.

betweenness is a global measure as well as the hydraulic metric flow rate, it does not consider pipe features
(e.g., length and hydraulic resistances) that instead are embedded in the hydraulic metric.

To show some examples of hydraulics-based centralities and compare them with the topology-based ones, let
us add in node 10 a second reservoir to the Apulian network having piezometric head equal to the original
one (see Figure 8, right). The internal diameter of pipes 9, 10, and 12 are increased to 0.327 m considering
that the internal diameter of pipe 34 is equal to 0.368 m. Looking at the Apulian network with one reservoir
of Figure 8 (left) it is trivial to note that the flow rate metric informs that pipe 34 is the most relevant.

Figure 8 (right) shows that the flow rate metric for the Apulian network with two reservoirs provides non-
trivial information. In fact, Figure 8 (right) shows that pipe 6 is the most important component because the
presence of the second reservoir that reduces the importance of pipe 34 with respect to the one-reservoir
case. This fact means that the hydraulic metric informs that pipe 6 is relevant for both reservoirs. Another
nontrivial information of the Figure 8 (right) is the fact that each single pipe (9, 10, 12) connected to the
added reservoir is less important than the pipe 34 because they share the relevance. Finally, Figure 8 (right)
highlights the most relevant path of pipes connecting the two reservoirs.

On the contrary, the edge betweenness shown in the Figure 6 does not change adding the second reservoir
and it is not informative about the hydraulic relevance of pipes because the connectivity structure does not
account for water sources. This fact does not mean that CNT centrality metrics cannot support the analysis of
WDNSs but that we need to consider the hydraulic differences among components represented by nodes in
the specific networked system (Giustolisi et al., 2017). In fact, source nodes represent a sort of hubs for
WDNs and the pipes are real network components, which are characterized by length, diameter, hydraulic
resistance, supplied water, etc.

Previous examples show that edge topology-based centralities must be further tailored so that they can be
fully useful for WDN applications. Therefore, in the next section we will propose a hydraulic-oriented tailor-
ing of the topological centralities based (i) on a suitable modification of the connectivity structure of the
WDNs and (ii) on weighting topological centralities, where weights can embed different pipe hydraulic fea-
tures depending on the analysis being performed.

5. Tailoring Centrality Metrics for WDNs: Hydraulic-Based Topology and
Edge Weighting

Giustolisi et al. (2017) proposed a basic classification of the network connectivity structure of WDNs describ-
ing different shapes of the neighborhood degree distribution (random, small world, and scale free) for 22
WDNSs. They demonstrated that the Poisson distribution (random network) generally models WDNs very
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Figure 9. Apulian network modified with stars of fictitious nodes introduced where source nodes occur (nodes 10 and 24).

well and discussed the fact that beyond each node there is a different hydraulic object (water source, demand
outflow, and connectivity of pipes) despite the topological classification findings. Namely, there is the need
of tailoring the connectivity structure of WDNs to account for source, demand, and connection nodes
(according to the node nomenclature recalled in the Introduction section) to make CNT tools really
informative of the emerging hydraulic behavior; otherwise, those tools remain too generic to be useful for
networked hydraulic systems. In this section, we will describe tailoring of the network topology to embed
node hydraulic features. Moreover, we will discuss edge weights to consider that pipes are material
components characterized by different asset features. Notice that the edge betweenness is always the
number of times a pipe is traversed, while the edge weights make different the identified shortest paths.

5.1. Source Nodes

The first issue for tailoring topological edge centralities to WDNS is to represent source nodes in the connec-
tivity structure to obtain a hydraulics-based topology. The strategy is to consider for each source node a star
of Nyconnected fictitious nodes (see Figure 9). The number Nyis assumed a round integer of Ng/M, where Ny
is the number of demand nodes and M is the number of source nodes; notice that rounding to the lower or
greater integer is irrelevant for the result. In this way, the source nodes act as a sort of hubs with respect to
the hydraulic system behavior, assuming the same relevance for each one in supplying water to demand
nodes despite the topological position and other unavailable hydraulic information.

As the shortest paths will pass at least Nytimes across each source node, the proposed approach corresponds
to multiply by Nythe topological relevance of source nodes with respect to the original connectivity structure.
This means that the original source node position relevance with respect to the entire network structure is
preserved although amplified according to Ny. It is worth noting that in absence of source nodes, the connec-
tivity structure degenerates to the original one, which is consistent with the fact that the hydraulic system
and the hydraulics-based topology do not exist without source nodes. Figure 9 exemplifies the described
strategy using the Apulian network with two reservoirs. In this case, Ny = 22 and, then, Ny = 12 for
each reservoir.
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Figure 10. BBLAWN layout composed of five district metering areas (DMAs).

Notice that the repartition of the demand nodes in the same number of fictitious nodes for each source node
is the basic choice if no information is available about the actual influence area of reservoirs. However, if
some data are known (also approximately) about the real reservoir influence area, the strategy can be refined
adopting a different value of Ny for each reservoir depending on its hydraulic relevance.

6. Case Study and Dealing With Tanks and Directional Devices

Without loss of generality, the strategy of tailoring described in the previous section is here applied and dis-
cussed using the edge betweenness centrality and the network BBLAWN (Giustolisi et al., 2016). This WDN
is more complex than the Apulian one and allows us to discuss in more detail the strategy. The network lay-
out is reported in Figure 10, and it is composed of 389 internal nodes, 444 pipes, one reservoir (R), seven
tanks (Tx), 11 pumps (PM), one control valve (CV), one check valve (CH), and five DMAs.

Figure 11 shows the standard and the WDN-tailored edge betweenness, which is computed using the
hydraulic-based topology without pipe weights. The difference between standard and the WDN-tailored
metrics is evident and derives from the attribution of a different relevance to the single reservoir with respect
to internal nodes. The introduction of a star of fictitious nodes (in this case Ny= Ny as M = 1) allows the sin-
gle source node of acting as a topological hub in the networked system. As consequence, the pipes relevance
of the paths starting from the reservoir increases, while the other pipes relevance does not change consider-
ably. Therefore, the tailored metric becomes able to capture through the domain analysis the relevant
hydraulic features of the system with respect to the source nodes, while the standard metric fails in ranking
correctly pipes close to the reservoir.

Attributing weights to the pipes, the WDN-tailored edge betweenness metric can be further refined consid-
ering the other domain features as reported in the section “CNT and study of the WDN hydraulics domain.”
The pipe internal diameter and length are usually known after taking a bearing of the network topology and
of the system components (reservoir, tanks, devices, etc.). The pipe resistance strongly depends on those
asset data as the fifth power of the internal diameter. Figure 12 (left) shows the metric computed using pipes
hydraulic resistance as weights, which makes the analysis closer to the hydraulic of the system because the
resistances drive the water fluxes. In fact, the refining identifies an alternative path (see red circle) with
respect to Figure 11 (right).

Figure 12 (right) reports the pipe centrality based on the average pipe flows of the weekly operating cycle of
the BBLAWN. The comparison of Figure 12 demonstrates that the domain analysis using the WDN-tailored
betweenness is useful to assess the hydraulic pipe relevance. Therefore, (i) the modification of the network
topology considering source nodes and (ii) weighting edge betweenness by pipe resistance allows one to
obtain an effective domain analysis, which captures the emerging hydraulic behavior of the system.
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Figure 11. Normalized standard (left) and water distribution network-tailored (right) edge betweenness.
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However, the topological metric fails close to tanks because, similarly to reservoirs, there is the need of
embedding the domain information about those specific nodal sources in the connectivity structure. In other
words, it is necessary to consider those specific nodal sources which are different from reservoirs because an
emptying/filling process occurs during the operating cycle of the hydraulic system. It follows that another
step is necessary to tailor topological centrality metrics for WDN domain analysis. In addition, the domain
can be modified by the presence of devices allowing water to flow only in one direction: e.g., pumps, pressure
reduction valves, check valves, etc., that is, directional devices.

6.1. Tank Nodes and Directional Devices

The starting point is that a tank is characterized by a volume (V7). It is the maximum volume that can be
supplied to demand nodes during the operating cycle when the emptying process occurs. In this sense,
the hydraulic role played by tanks is similar to source nodes. This fact can be accounted by modifying the
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Figure 12. Water distribution network-tailored edge betweenness using pipes resistance (left) and pipe flow (right).
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Figure 13. Scheme of the water distribution network (WDN)-oriented topology modifications to account reservoirs and tanks.

network topology by a suitable star of Nyconnected fictitious nodes (see Figure 13) depending on the tank
volume and the number of demand nodes because of the emptying/filling process. Therefore, to evaluate
the number of these fictitious nodes we compare the volume V7 (maximum water volume supplied during
the emptying process) with the average water volume supplied during the operating cycle to the demand
nodes (Vp), considering the constraint of Ny fictitious nodes already attributed to reservoirs. It is then possi-
ble to attribute to each tank a star of fictious nodes equal to the minimum integer value between Ny-V1/Vp
and Nj, where Ny is the number of demand nodes. This way, the tanks relevance is linearly depending on the
ratio of the volume and of the required demand volume in the operative cycle.

Note that as the volume V7 increases with respect to Vp, the tank node tends to the source node in the con-
nectivity structure because it has a similar feature toward demand nodes and, possibly, Nyneeds to be itera-
tively determined considering that a tank node acts as a source node. On the other hand, decreasing the
volume V7 the tank node tends to a demand or connectivity node. In any case, as for the reservoirs, we
account for the fact that tanks act as a sort of hubs with respect to the hydraulic system behavior and that
their relevance depends on their specific volume V7. It is important to note that, generally, tanks are less
relevant hubs than reservoirs. The relevance of a tank can be less than or equal to that of a reservoir but
never greater, because the number of their fictitious nodes, can be equal or less to those traversing
the reservoir.

In the same way, the relevance of pipes close to the tanks depends on V7. Figure 13 illustrates the relationship
between pipe relevance and V. If V, is much larger than Vr, pipe 1 is much more relevant than the pipe 2
because it is still the main source of supply for the network. Instead, if V is comparable with Vp, pipe 2
becomes more relevant than the pipe 1 because even in the absence of pipe 1, the pipe 2 is still able to ensure
the supply of the network for an operating cycle, i.e., for the time necessary for repairing/replacing the pipe 1.

Figure 14 (left) shows the same metric of Figure 12 (left) but modifying the connectivity structure of the net-
work in order to account the tank information as above discussed. It is worth to note that the metric account-
ing for tanks increases the domain information about the relevance of pipes connecting the reservoir with
the tank T2, differently from Figure 12 (left) where the tank information was not used. The previous consid-
eration is still valid for the other tanks although they are characterized by lower Vr; that is, they are less rele-
vant hubs with respect to the other tank and the reservoir.

However, the domain analysis with the improved WDN tailored metric does not capture the fact that the
most relevant pipe for WDN hydraulics is the one at next to the single reservoir. Figure 14 (left) shows that
the most important pipes are those that deliver water to DMA2 and DMA3 from tank T2 and the reservoir,
but this domain analysis attributes a lower relevance to the line starting from the main source of water.

This drawback is solved accounting for the directional devices as demonstrated by Figure 14 (right). In fact,
the most relevant pipe from the domain study is now the one next to the single reservoir, while the relevance
of the other pipes does not change although it has a new parametrization referred to the most important one.
Notice that this very good accordance with hydraulic behavior is not strictly related to the presence of the
pump installation close to the single reservoir, but to the fact that the direction of the flow into the pipe next
to reservoir is a prior, assuming that pumps exist, or the water level is sufficient to supply water to the net-
work. Consequently, the previous finding indicates that introducing the flow direction for pipes next to
reservoirs (assuming that the hydraulic condition allows the prior) enhanced the domain analysis. Finally,
it is worth noting for the specific case study that the directional devices and the prior close to the reservoir
play the same role for the domain analysis.
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Figure 14. Water distribution network (WDN)-tailored edge betweenness using pipes resistance and tank information. The right panel considers also information

about directional devices.

7. Domain Analysis of a Large Size WDN: The Apulian-T Case

The WDN-Tailored Edge Betweenness is here applied and discussed using another real hydraulic networked
system. The WDN, that we will name Apulian-T for confidentiality, has a length of 440 km and it is com-
posed of 7,217 nodes, 8,496 pipes, 3 reservoirs, and 5 main suburban pipes. The pressure inside the WDN
is controlled by five pressure reduction valves (see red circles in the Figure 15) installed at the end of the five
suburban pipes. The WDN has several closed gates because DMAs have been planned. In comparison with
the BBLAWN, the Apulian-T is a large size hydraulic system with greater complexity than the BBLAWN due
to the multisources (three reservoirs), the five controlled entries, the internal very looped network, a wide
range of diameters (spanning from 1,200 to 40 mm) and lengths of pipes. Despite the large network size,
the calculation of the proposed tailored metric takes about 60 s on a standard laptop equipped with a CPU
Intel i7, which is very satisfactory for a domain analysis to be performed one time.

Figure 15 (left) shows the most relevant pipes corresponding to the values of edge betweenness that fall in
the highest 5% of the maximum value, while, similarly, Figure 15 (right) highlights the pipes where the flow
is greater than 5% with respect to the maximum value about equal to 500 L/s, that is, the flow metric below
defined, reminding that we refer to the average values of the daily hydraulic simulation. Comparing the two
panels of Figure 15, it is evident that the proposed tailored-metric identifies quite all the most important
pipes as ranked by pipe flows corresponding to the daily hydraulic simulation. Notice that the metric does
not identify the five suburban pipes only, but also the most important internal paths inside the looped part
of Apulian-T.

The comparison of the two panels of Figure 15 is then really positive, taking into account that the proposed
metric focuses only on the domain structure, while the pipe flows obviously depend also on the boundary
conditions and the physical principles contained in the momentum and continuity equations. However,
despite these lacking, the proposed metric, properly tailored and weighted, can capture the emerging
hydraulic behavior due to the connectivity structure of the network. The good performance of the tailored
edge betweenness is confirmed by the Spearman correlation index (Spearman, 1904) between the pipe rank-
ing obtained by the proposed metric and the one corresponding to the pipe flows; this index is equal to 0,60,
which confirms that the information contained in the domain is relevant for the WDN hydraulics. In order
to evaluate in a different way, the importance of information contained in the domain structure, the diagram
in Figure 16 compares the distribution of the pipe flows (ordered from the maximum value) with the corre-
sponding distribution of the tailored edge betweenness. The agreement is very good (see Figure 16, left),
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Figure 15. Water distribution network (WDN)-tailored edge Betweenness of Apulian-T. The values greater than 5% of the maximum values (of edge betweenness or

flow) are reported.

demonstrating also for this large size WDN that the hydraulic behavior is strongly dependent on the domain
features embedded in the proposed metric. The x axis in logarithmic scale (Figure 16, right) better shows the

similar trend of the highest values, that is, it confirms the comparison based on the panels of Figure 15.

The Spearman correlation index was also evaluated for the previous case study—that is, the BBLAWN-
obtaining a value around 0.74. This higher value is expected because it is reasonable that the correlation
index is a function of the network complexity and of the number of water sources. In fact, the relevance
of the suburban pipes of the water sources depends on the hydraulic influence (as portion of the supplied
network) of each one, and such influence region generally varies over time and is not only related to the
topological position. For example, the boundary conditions, such demand values and reservoir levels, affect
the flow into the suburban pipes and they are not information contained in the domain analysis tool. In any
case, we performed this correlation analysis for many real WDNs obtaining values ranging in the interval
[0.55; 0.80]; this confirms that the domain analysis using the WDN-Tailored Edge Betweenness is robust,
and it allows one to capture the core of the hydraulic behavior at a good extend for a wide spectrum of

WDN typologies.
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8. Conclusions

The Betweenness centrality can be used for analyzing the WDN domain if carefully tailored to consider the
hydraulic and topologic characteristics of these spatial networked systems. This way, the use of CNT can
represent a complementary and effective tool for supporting analysis, design, and management tasks and
not only a fashionable (but fruitless) exercise.

The tailoring process proposed in this work consists of three conceptual steps. The first one is to move from a
node-based perspective (typical of usual centrality problems) to an approach where pipes are the right key
brick of the network and; therefore, centralities must concern the edges. The second step is to create a
WDN-tailored network topology to embed the different hydraulic roles of nodes: source nodes, tanks, and
demand nodes. The last step is to evaluate edge centrality in the tailored topology by considering the more
suitable centrality metrics to explore hydraulic networks (betweenness, closeness, and degree) and appropri-
ate weights that contain domain information (e.g., pipe resistance). The last step should involve also the
prior about the flow direction in the pipes where directional devices are installed or for which the hydraulic
condition constrain the flow direction as, for example, next to the reservoirs.

Appendix A

Table Al shows the identification of the shortest paths between each couple of nodes and traversing node 6
for the network reported in Figure 1.

Table Al
All Shortest Paths Passing Through Node 6 and a Column (Bold Number) That Reports the Total Number of Shortest Paths
for Each Couple of Nodes

Shortest paths through node 6 and number of shortest paths from node s to node ¢ (o)

15 6 7 1 4 6 5 18 1
15 7 8 1 46 7 8 14 20 2 8 7 6 5 1 24 1
156 7 8 14 4 4 6 16 17 21 1 9 3 46 7 15 2
156 7 15 2 46 7 8 22 1 9 3 4 6 16 1
15 6 16 1 56 7 1 9 3 4 6 16 17 1
156 7 8 22 1 56 7 8 1 10 9 3 4 6 16 1
2 4 6 7 1 56 7 8 22 13 1 10 9 34 6 16 17 1
2 4 6 7 8 1 56 7 8 14 2 11 9 3 4 6 7 15 6
2 4 6 7 8 14 3 56 7 15 1 11 9 3 4 6 16 1
2 4 6 7 15 2 5 6 16 1 11 9 3 4 6 16 17 1
2 4 6 16 1 56 7 8 22 1 12 11 9 3 4 6 16 3
3.4 6 7 1 76 4 3 9 1 12 11 9 3 4 6 16 17 5
34 6 7 8 1 76 4 3 9 11 3 13 22 87 6 16 1
34 6 7 8 14 3 7 6 16 1 13 22 8 7 6 16 17 2
34 6 7 15 2 7 6 16 17 1 132287 6 5 18 1
3 4 6 16 0 1 76 5 18 1 14 8 76 5 1 24 4
3 4 6 16 17 1 76 5 1 19 2 15 7 6 5 1 24 2
46 5 1 7 6 16 17 21 1 16 6 7 8 22 2
4 6 7 1 76 5 1 19 23 4 16 6 5 1 24 1
4 6 7 8 1 76 5 1 24 1 17 16 6 7 8 22 1
4 6 7 8 14 3 8 7 6 16 1 18 5 6 7 8 22 1
4 6 7 15 2 8 7 6 16 17 1 9 1 56 7 8 22 3
4 6 16 1 8 7 6 5 18 1 2 8 76 5 1 24 1
14 6 16 17 1 87 6 5 1 19 3 |
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Table A2 shows the (symmetric) 24 X 24 matrix of the distances for the network reported in Figure 1
(N = 24). The sum of the elements in the ith row (or column) gives the sum of distances from node i to all
other nodes in the network.

Table A2
Matrix of Distance for Apulian Network

69
70
72
66
69
61
68
71
81
88
95
101
88
78
76
69
78
78
77
84
81
82
85
91 |

H N U1 WA H N W W A UL A R W DR WDNRFEDNDDNDH=H O
LA R WA DR WN RN WDR WA O R DNW WA DN
L O D O L1 L1 YO R E N RO H WA A UWN WA
L O WSO E O HE HE R R WD WA
A NN OO NN R E O E NN WA NN R W R W
A O M U A OO O R WO DN NN WA U PEA W R WV
A W NN B B WD RO WLR WUVPAEB OVGREFENDWDRDPBB O O uv
wm A W W N B WD~ O K & iU L D N W W R~ B b~
AW A D W W N FHF O FFDND WO UL i B W N MH DD W W W
A D U HE DD H O FHF N WO N OO R WD W R RW
W N U D W~ O F N WA AN OO LA WIN F W B W
LN D W = O W W N W N = & i 00 & NN W & b 1 08 1 B
A H B O H N DN FHF N WD AN O O W ks W W b u bW
A L1 ©O A W O L1 LT A W N FH N W N WD W & &~ 1 n
W O U1 = N H NN W & WO N OO0 60 i b 1 b W B B W N

N W U A U D W A WA B B W WD PR WDNNDNDF~R R O
W A A WA DR W DR W WNNRE DR WODNWREORRN
W A B B UW W WD W R DR DR W RN WNDMENDOKRE N
N W R W R N KFEF NN W R O LUBERER WN O N WN =
W A W W A& W NDNMFHDNDWLRBR N & B WN MRS M M NNMNN
AN PR W R W WNEDNWPR U PR DR OMENDDNDWWW
A W UL LU R O DR DBPDWDR N ENDW
N H O NN WO H N W A B OO UV GV PR U PR WD WWND -
©O W O A U1 N W A B UL OB R WD W W N -

Note. The sixth row and column in bold refer to node 6.

Table A3 shows the vectors of degree and neighborhood degree centrality for all the nodes of the network
reported in Figure 1.

Table A3

Vectors of Degree and Neighborhood Degree Centrality for All the Nodes of Apulian Network

#node 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
Degree 4 3 3 3 3 4 3 3 3 3 3 2 3 3 3 3 3 3 3 2 3 2 2 1

Neighborhood 10 9 8 9 11 12 9 8 8 7 6 6 7 8 8 10 10 9 9 7 8 7 7 5
degree
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