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VENTTSEL BOUNDARY VALUE PROBLEMS WITH
DISCONTINUOUS DATA

DARYA E. APUSHKINSKAYA, ALEXANDER I. NAZAROV, DIAN K. PALAGACHEV,
AND LUBOMIRA G. SOFTOVA

ABSTRACT. We study linear and quasilinear Venttsel boundary value problems
involving elliptic operators with discontinuous coefficients. On the base of
the a priori estimates obtained, maximal regularity and strong solvability in
Sobolev spaces are proved.

Dedicated to Nina N. Uraltseva with admiration

1. INTRODUCTION

The paper deals with discontinuous Venttsel boundary value problems for lin-
ear and quasilinear second-order elliptic equations. The discontinuity regards the
coeflicients of the differential operators acting inside and on the boundary of the
underlying domain, and is expressed in terms of appurtenance of the principal co-
efficients to the class of functions with vanishing mean oscillation (VMO), while
optimal Lebesgue integrability requirements are imposed on the lower-order co-
efficients. We consider strong solutions belonging to Sobolev spaces with optimal
exponent ranges and develop LP-regularity and solvability theory for such problems.

The history of the Venttsel BVPs goes back to the pioneering work [59] where,
given an elliptic operator £ in a bounded domain 2 C R™, A.D. Venttsel found
general boundary conditions, given in terms of a second-order integro-differential
operator, which restrict £ to an infinitesimal generator of a Markov process in ).
From a probabilistic point of view, the Venttsel conditionsﬂ are the most general
admissible boundary conditions, where the differential terms describe the phenom-
ena of diffusion along the boundary, absorption, reflection and viscosity, while the
non-local integral terms represent jumps of the process along 02 and inward jumps
from 99 into Q (see also [27] and [60]).

We consider here the pure local case when the Venttsel conditions are given by
a combination of second-order differential operator along the boundary and a full
gradient term. Even in such settings, the Venttsel conditions include as particu-
lar cases the Dirichlet, Neumann, oblique derivative and mixed (Robin) boundary
conditions.
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INotice that Venttsel conditions are known in the literature also as Wentzell or Ventcel’ condi-
tions. We mention also that Venttsel type conditions occur for all types of second-order equations
— elliptic, parabolic and hyperbolic; we discuss here only the elliptic case.
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The Venttsel problems describe many physical processes in media surrounded
by a thin film, and appear in various branches of science, technology and industry:
e.g. in water wave theory ([56]), electromagnetic and phase-transition phenomena
(B3] and [26]), elasticity theory problems ([41]), engineering problems of hydraulic
fracturing ([13]), models of fluid diffusion ([45]), as well as in some climate models
or non-isothermal phase separation in a confined container ([21},22]), and in various
aspects of financial mathematics ([57, Chapter 8]). Some simple physical models
leading to problems with Venttsel boundary conditions can be also found in [6], [36]
and [25]. Moreover, the Venttsel problem is the simplest case of systems connected
on manifolds of different dimensions (cf. [45]), and it also provides an example of
problems on stratified sets (see, for instance, [52]).

There is a vast literature devoted to linear and semilinear Venttsel problems
in both local and non-local settings, see e.g. [38], [10], [23], [33], [34], [16], [44],
[T7] and the references therein. The study of quasilinear problems with Venttsel
boundary conditions was initiated by Y. Luo in [37] and continued later in a series
of publications by D.E. Apushkinskaya and A.I. Nazarov. A detailed survey on the
“quasilinear” results obtained up to 1999 can be found in [§]. We mention also
a series of papers dealing with two-phase quasilinear Venttsel problems ([9, [11])
where the Venttsel condition is given on an interface separating the domain in two
parts, and degenerate quasilinear Venttsel problems (6l [7, 42]) where the thickness
of the surrounding film can become zero on a subset of the boundary.

Notice that all the results mentioned above concern equations and boundary
conditions with leading terms that depend at least continuously on the independent
variable x.

The first relevant W7 -theory of linear elliptic operators a* (x)D;D; with dis-
continuous coefficients is due to F. Chiarenza, M. Frasca and P. Longo. In their
pioneer works [I4, [15] the authors allowed discontinuity of a*s, taking these in
the Sarason class VMO, that contains only as a proper subset the space of uni-
formly continuous functions (see Section [2f for more details). It is proved in [14] [15]
that a® € VMO ensures the validity of the Calderén—Zygmund property for any
p > 1. Namely, if u € qu(ﬂ) with ¢ € (1,p) and v = 0 on 99 in the sense of
traces, then a(x)D; Dju € LP(Q) implies v € W7} (). This is a crucial point in
the LP-theory of PDEs allowing to extend the results for operators with contin-
uous coefficients (cf. [31], 24]) to discontinuous ones. Moreover, since the space
WL(Q) and the fractional Sobolev space Wg/ﬁ (©), ¥ € (0,1), are both contained in
VMO, the VMO-discontinuity of the coefficients makes these results more general
then those obtained before (see [15] and [40, Chapter 1] for more references). The
technique in [I4] I5] is based on an explicit representation formula for the deriva-
tives D; Dju via Calderéon—-Zygmund singular integrals Kf and their commutators
Cla¥,D;D;] = a”KD;D; — K(a"” D;Dy), and the vanishing property of the VMO-
moduli of a¥s permits to make the commutator norm small enough and hence
to obtain an a priori estimate for the strong solutions. Combining this estimate
with a fixed point theorem arguments, the authors of [I4, [I5] obtain unique strong
solvability of the Dirichlet problem

a’(x)D;Dju = f(x) ae. in Q, u=0 on dQ

in Wg(ﬂ) for every f € LP(Q2) provided p € (1,00).
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Similar regularity and strong solvability theory have been developed in [19] and
[39] for linear oblique derivative problem for uniformly elliptic operators with VMO
principal coefficients.

Combining the results of [14] [15] with the Aleksandrov—Bakel’'man maximum
principle, suitable a priori gradient estimates have been obtained in [46] for the
strong solutions to quasilinear elliptic equations with VMO principal coefficients.
As consequence, W2-solvability of the quasilinear Dirichlet problem was proved in
[46). In [19] similar results were obtained for the oblique derivative problem.

In the present paper we develop a strong solvability theory for linear and quasilin-
ear elliptic Venttsel problems with discontinuous coefficients. We deal with strong
solutions lying in the space V, 4(Q) = W2 () N W2(9Q) that satisfy the interior
and the boundary equations almost everywhere.

For the linear case, the exponents p and ¢ vary in the full range (1, c0), restricted
only by a natural requirement (cf. ) ensuring trace compatibility. The prin-
cipal coefficients of both the domain and boundary operators are taken in VMO,
while optimal integrability in Lebesgue or Orlicz spaces is assumed for the lower-
order coefficients. The analytic core here is Theorem that provides a coercive
a priori estimate in V), 4(Q2) for any solution to the linear Venttsel problem. The
proof relies on the results of [14] [15], fine interpolation between various Sobolev
spaces, depending on the admissible combinations of p and ¢, and Wg—bounds for
suitable extension operators (see Theorem . The coercive estimate implies the
Fredholm property, which, in turn, provides the improving of integrability property
for the linear Venttsel problem (Theorem [3.5). Finally, a comparison principle of
Aleksandrov-Bakel’man type (Theorem allows to derive unique strong solv-
ability for all admissible values of p and gq.

The natural functional framework for the solutions of the quasilinear Venttsel
problem is the space V,, ,—1(€2). Due to technical difficulties, we restrict ourselves
to the case when the principal coeflicients both of the equation and the boundary
condition are independent of the gradient of solution. However, these depend on the
solution itself and exhibit discontinuities in the independent variable z, measured
in terms of VMO. The lower-order terms support quadratic gradient growth and
may have unbounded singularities in = with a proper control of the Lebesgue or
Orlicz integrability. The existence approach relies on the Leray—Schauder fixed
point theorem that reduces the solvability to suitable a priori estimates for all
possible solutions to a family of Venttsel problems. In our case these are bounds
for the L2 (2)-norm of the full gradient and the L2~ (9Q)-norm of the tangential
gradient (Theorem [4.2). To get such estimates, we adapt to the specific Venttsel
situation a homotopy-type machinery of Amann and Crandall [3] which reveals
very useful when dealing with discontinuous quasilinear operators. This approach
requires also estimates for the L> and the Holder norms of the solution. The first
is obtained in Lemma[4.8] while the second one follows for free from [4]. As a result,
strong solvability of the quasilinear Venttsel problem (Theorem does follow.

The paper is organized as follows. In Section 2] we provide the necessary notation,
collect the basic facts about VMO spaces, and prove an auxiliary result about
extension operators in Sobolev spaces. In Sections [3| and [4] we deal with linear and
quasilinear Venttsel problems, respectively, and we assume here that the dimension
of the underlying domain €2 is at least 3. The 2D case is more simple, and we
briefly discuss it in Section [5} Some remarks about possible generalizations of our
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results are also given there, together with several open problems and indications
for further research.

2. AUXILIARY RESULTS

2.1. Notation and conventions. Throughout the paper we use the following
notation:

x=(2',z,) = (21,...,Zn_1,%,) is a vector in R™ with Euclidean norm |z;

R? ={z € R" : z, > 0};

Q) is a bounded domain in R™ with compact closure  and (n — 1)-dimensional
boundary 0%);

I'(Q) is the part of 99 lying on the hyperplane {z, = 0};

n = n(z) is the unit vector of the outward normal to 9 at the point z;

B,.(2°) is the open ball in R™ with center 2° and radius r; B, = B,.(0); B.(2°) =
B, (z°) N {x, = 0}; B;. = B;(0);

The indices ¢ and j run from 1 to n and we adopt the standard convention
regarding summation with respect to repeated indices;

D; denotes the operator of (weak) differentiation with respect to x;;

Du = (D'u, Dpu) = (D1, ..., Dp_qu, Dyu) is the gradient of w;

d; denotes the tangential differential operator on 01, i.e.,

di = Dl — IliIlij;

du = (d;u) is the tangential gradient of u on 9€2; in particular, we have du = (D'u, 0)
on I'(Q);

|l - lp,o denotes the norm in LP(£2);

W, (Q) and W2(Q) are the Sobolev space with norms

lullwz ) = [[Dullpa + [lullp.e  and [ullwz@) = [D(Dv)lp.e + lullpo

respectively; similarly, the symbols W) (9Q) and W7 (%) stand for the Sobolev
spaces of functions defined on 992 and equipped with the corresponding norms

lullwi o) = lldullp.oo + llullp.oa,  llullwzee) = ld(du)llpo0 + llullp.o0;

We also define V}, 4(92) as the subspace of W2(Q) consisting of all functions u
that have traces in W7 (09), with the norm

[ullv, .2 = llullwz@) + lullwz@o)-

We denote by C(Q) and C(€) the spaces of continuous and continuously differ-
entiable functions, respectively. In a similar way, we introduce the spaces C(0f2)
and C1(99).

CO*(Q) is the space of Holder continuous functions with exponent A € (0, 1], and

with norm
|u(z) — u(y)|

Ul|pox@y = SUpP |U| + Sup ————~—.

” ||C0 AQ) P | | ryeQ |x—y|/\
CYA(Q) is the space of functions with first-order derivatives belonging to C%*(€2).

For a functional space X, we understand the notation 02 € X" as follows. There

is a positive Ry such that for every 20 € 9Q the set 9Q N Bg, (2°) is (in a suitable
Cartesian coordinate system) a graph y, = f(y') of a function f € X. When
saying that a given constant depends on “the properties of 02" we simply mean
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dependence on the X-norms of the diffeomorphisms that flatten locally 92, and on
the area of 0€).
By p* we denote the Sobolev conjugate of the exponent p, that is,
np
pri=Kn—p
00 if p>n.

if p <mn,

We use the letters C' and N (with or without indices) to denote various con-
stants. To indicate that C' depends on some parameters, we list these in parenthe-
ses: C(...). Finally, we set % = 0, if such an uncertainty occurs.

2.2. VMO functions. We will deal here with differential operators with discon-
tinuous principal coefficients belonging to the Sarason class of functions with mean
oscillation that vanishes over shrinking balls. In [28] John and Nirenberg intro-
duced the space of functions with bounded mean oscillation (BMO). Their paper
has been followed by various works exhibiting the importance of the BMO functions
in the harmonic analysis (see [54] and the references therein). Later, Sarason [54]
attracted the attention to a natural subspace of BMO, called VMO, consisting of
the functions with vanishing mean oscillation. Let us give a precise definition of
these spaces.

Definition 2.1. ([28, [54]) A locally integrable function f defined on R™ lies in
BMO if its integral oscillation is bounded, that is, if

11 = sup ]{3 1£(2) — fa| da < oo,

where B varies in the class of all balls in R™ and fp stands for the integral average
|B|™! [ f(x) dz. Modulo constant functions, BMO becomes a Banach space under
the norm || f||..

For a function f € BMO, define

(2.1) wy(r) = sup ]{3 1£(2) — fs,| dr,

p<r
where B, varies now in the class of all balls of radius p. Then f € VMO if
}1_1% wr(r)=0

and we refer to wy(r) as VMO-modulus of f.

For a bounded domain € C R™, the spaces BMO () and VMO () are defined
in the same manner, replacing B and B, above by the respective intersections with
Q. Similarly, if 99 is smooth, the spaces BMO (992) and VMO (0f2) are defined in
a natural way by surface integral oscillations over B N d€) and B, N 0f2 with balls
centered at points of 9.

Having a function f € VMO(Q) given on a Lipschitz domain, it is possible to
extend it to the whole R™ by preserving the VM O-modulus as follows by results of
Acquistapace [1J.

It is worth to mention some examples that illustrate the embeddings between
VMO/BMO and some classical function spaces. Note that BMO functions are not
necessarily bounded but the space of the bounded uniformly continuous functions
belongs to VMO and we can take as VMO-modulus the corresponding modulus of
continuity. Further on, W!(R") is a proper subset of VMO as it follows by the
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Poincaré inequality. However, if f € W{(R") with a gradient belonging to the
Marcinkiewicz space Ly, then f belongs to BMO but not necessarily to VMO.
This can be seen also by the following examples (cf. [28], [40, Section 2.1]).
Let f(x) =log|z| and set fo(z) = |log|x||* with o > 0. Then
e f € BMO\ VMO, sin(f) € BMON L*;
e fo € VMO for each o € (0,1), but f, € W(R") only if a € (0,1 — L.
In [54] Sarason gave alternative descriptions of VMO which explain the wide
application of this function space not only in the harmonic analysis but also in the
theory of PDEs, stochastic theory, etc.

Proposition 2.1. ([54]) For f € BMO, the following conditions are equivalent:
(1) fe VMO,
(2) f is in the BMO-closure of bounded uniformly continuous functions;
(3) limy o [[f(- —y) = f()« = 0.

Let us note that the last circumstance in Proposition [2.1] guarantees the good
behavior of the mollifiers of VMO functions. Moreover, we are able to approximate
the VMO functions with C§° functions.

2.3. An extension result. The next statement is a modification of Theorem 6.1
in [B] and allows to extend Sobolev functions defined on 9 to Sobolev functions
in the whole Q.

Theorem 2.2. Let the exponents q and p be chosen such that
1§p§£ and q>1,
n—1

and let 02 € CLL,
Then there exists an extension operator
) 2 2
I W, (092) — W;(Q)
such that
(2.2) ITTullwz(q) < Nollullwz(a0)
where No depends only on p, q and the properties of OS).

Proof. It is easy to see that it suffices to prove the theorem when p = 4.
Step 1. We start with a procedure constructing an extension operator from a

flat boundary surface to a boundary strip that acts continuously from the space
IX/?(B}%) into the space W2(Bj x (0, R)). Here V?/g(B}%) stands for the closure of
C5°(B%) with respect to the norm in Wq2, and we assume that the function u is
extended as zero to the whole R" 1.

Now successive application of some statements from [58] yields the following

[58, formula (2.8.1/18)]:  W2(R"™') — By, /P(R*™!)  (embedding),
[58, Theorem 2.9.3 (a)]: Bf,;l/p(R"_l) — W2 (R™) (extension).

(Here the notation B of the Besov spaces corresponds to the book [58]).
Note that multiplying by a suitable cut-off function, the following properties can
be ensured

(1) the extended function is equal to 0 for |z,| > R/2;
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(2) if the initial function is equal to 0 for |z’| > R/2, then the extended one is
equal to 0 for |z'| > 3R/4.

Moreover, the norm of the extension operator is bounded in terms of n, ¢, p and R.

Step 2. The condition 09 € C1! implies that for each point 20 € O there exists
a Cartesian coordinate system with origin at 2° satisfying the following conditions

(1) the surface 952 is tangent to the hyperplane {z, = 0} at the point x°;
(2) the intersection of 9Q with the neighborhood Ur = {(2/,,): [2/| <
R, |zn| < R} can be given by an equation z,, = w(z’) with w € W2 (B}).

Moreover, the radius R of the above neighborhood can be chosen one and the same
for all points 2° € 9. The change of variables y' = 2, y,, = x,, — w(2’) then maps
00 N Ug into the ball of radius R lying on the hyperplane {y, = 0}.

This change of the variables induces the “transplantation” operator u(x) — u(y)
acting continuously from W2 (92N Ug) to WZ(Bg).

Step 3. Using the results of Steps 1 and 2 above, one can construct local exten-
sion operators that map qu (0Q)-functions with sufficiently small z-support into
W2 (R™)-functions vanishing for |z,| > R/2, |2/| > 3R/4. Finally, the desired oper-
ator IT can be glued from the local operators via appropriate partition of unity. [

3. THE LINEAR VENTTSEL PROBLEM

In the sequel we suppose that n > 3. Assume 02 € C!'! and let the exponents
q and p be chosen such that (see Fig. [1)

(3.1) 1<p§ﬂ1<p* and g > 1.
n—
ql
bLLiLii
el
 (n)p P e e e e e
7 "op R
CLu=1- e
B T 4 <
1% --- 777777777% 7777777777777777
o | -
1" n P

FIGURE 1. The exponents p and ¢
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We introduce a linear elliptic operator L,

(3.2) L=—-a"(z)D;D; + b'(z)D; + c(x),

(L1) a'l(x) = al'(x) x€Q, a'l € VMO (%),
(L2) V€] <a¥gé <vTHEP VEER", v =const >0,
and a linear boundary operator B,

(3:3) B = —a"(z)did; + B (z)D; +~(z),

(B1) a"(z) = (x) x €09, 'l e VMO (09),
(B2) Vg <algre <vTUE?, VETER”, € Ln(x).

Set b(z) = (b*(z),...,b"(x)) and assume that the lower-order coefficients of the
operator L satisfy the following integrability conditions

bl € Lm{pm) (@), it pAn,

(L3)
[b| (log (14 [b))' /" € L"(Q), if p=n,
and
ce mexion/) (), it p#n/2,
» (@) /

c(log(1+ )" Y" e L"?(Q), if p=n/2.

The assumptions on the lower-order coefficients of the operator B are as follows.
Most of the results obtained require the vector field B(z) = (8(z),...,8"(z)) to
be an exterior field on 0f), that is,

(B) Bo(z) := B (x)n;(x) >0, x € 0N

We denote by 8%(x) := B(z) — So(z)n(z) the tangential component of B(z) and
assume

187 € Lm0 (90), £ gAn—1,
87| (log (1 + B°) Y™V e L"=1(9Q), if q=n—1,
together with
y € Lt =h/2 (9, it q#(n—1)/2,
7 (log (1+ ) ™YY e LO-V/2(00), if g=(n—1)/2.
Finally, the normal component Sy of the field 3 is supposed to satisfy
B € LI(09), i pon
(B5) Bo € L™/ =an/(n=D) (5, if p<mn,
Bo (log (1 +[Bo])) /™ € LUOQ), it p=n.

Our first result provides an a priori estimate for any strong solution to the linear
Venttsel problem in terms of the data of the problem.

(B3)

(B4)

Theorem 3.1. Let the exponents p and q be chosen in accordance with (3.1)),

00 € CYY and assume that conditions f and (B1)—(B5) are verified.

If a function u € V,, 4(2) satisfies the equation
(3.4) Lu(z) = f(x) a.e inQ
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and the boundary condition

(3.5) Bu(z) = g(z) a.e. on N
with f € LP(Q) and g € L9(09), then
(3.6) lullv, o < C1 (I Ip + lglla.on + Nullpe + lulloo0)

with a constant Cy depending on n, v, p, q, diam(Q, the properties of 0L, on the
VMO-moduli of the coefficients a* (z) and o' (z), and on the moduli of continuity
of the functions |b|, c, ||, v, and By in the corresponding functional spaces defined

by conditions f and (B3])-(B5)), respectivelyﬁ
Proof. If By = 0 then B%(x)D;u = B*i(x)diu on 92 and (3.5)) can be considered as
autonomous equation on 0 :

—a¥(z)didju+ B (x)dyu + v(x)u = g(x) a.c. on IN.

Using the standard procedure of finite covering of 02 by balls, local flattening of
00 and employing there the coercive estimates from [I4] [I5], and putting finally
these together with the aid of partition of unity, we get

lullwon) < C(lulgon + liglaon)-
The function u € W7 (£2) solves the equation
—a"(z)D;Dju+ b (x)Diu + c(x)u = f(z) a.e. in Q

and, according to Theorem it assumes the boundary value u|sq in the sense of
W, . Then we apply once again the global LP-theory of [15] in order to conclude

lullwaey < € (llullpo + 11l + lullwzon)

that gives the claim (3.6). Actually, it is to be noted that the estimates in [17]
regard second-order operators without lower-order terms, but appropriate use of
interpolation inequalities leads to the same result for general second-order opera-
tors.

In the general case By # 0, we apply the so-called Munchhausen trick ([53], [17
Theorem 2.1], see also [B Sect. 2]) and estimate the directional derivative dpu in
terms of itself. The procedure consists of three steps.

Step 1. Making use of
B (2)Dyu = 8" (2)d;u + Bo(z)dnu,
we rewrite the boundary condition in the form
(3.7) —a(z)d;dju = g(x) — Bo(w)Onu — B (x)dsu — y(z)u
=:¢1(z) a.e. on ON.

Now we consider as an elliptic equation on 92. As above, the standard
procedure of finite covering of 92 by balls, local flattening of 9Q2 and employing
there the coercive estimates from [I4] [I5], putting these together via a partition of
unity, implies that any solution u of satisfies the bound

lullwzion < N1 (llgillgon + lullg.o0)-

21t is to be noted that the vector field B is not required to be exterior to 02 for the validity
of Theorem |3.1
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Here N7 is determined by n, ¢, v, the properties of 92 and by the VMO-moduli of
the coefficients a7,
Employing (3.7) in the last inequality, it takes on the form

(3-8) lullwzae) < Nl(llgllq,an + llullg.00 + 1Bodnull, 50

+ 18" dsull o0 + o).

We proceed now to estimate the last two terms in the right-hand of (3.8). Take an
arbitrary € > 0 and consider ||3*"d;u||q,00. The argument falls naturally into three
possible cases.

Case 1la. Let ¢ >n — 1. Since W2(9Q) is compactly embedded into C'(9Q2), we
have the estimate
(3.9) 18" diullq.00 < [1B"[lq.00lldulls,o0

< el|B" llg.oellullwza0) + N2(e)18%(|q.00ullq.o0;

where N(e) depends also on n, ¢, diam ) and the properties of 9.

Case 1b. Let ¢ <n — 1. Now |3*| € L"1(99Q) and we use the well-known idea
(see, for example, [31, Ch. III, §8, Remark 8.2]) to decompose |3”| into the sum

8% () = ¢1(2) + p2(2),

where ||¢1]|n—1,00 < § with a small positive § to be chosen later, and g € L (09).
Notice that ||¢2]/e0,00 is also determined by ¢ and by the moduli of continuity of
|B8%| in L"~1(0€). An application of the Hélder inequality yields
(3.10) 18" dsullg.00 < ll1]ln-1,00l1dulq- 00 + [[92]lc,00 [ dulq00,

where ¢* = g(n —1)/(n — 1 — ¢). The first term in is estimated from above
with the help of the Sobolev embedding on 92, while the upper bound for the
second term follows from the compact embedding of WZ(9Q) into W, (0%). Thus,
choosing ¢ small enough, we obtain

(3.11)  ||8*"dsul

g.00 < € (14 [[¢2]l00,00) [[ullwza0) + Na(e)llp2llso,00llullq,00,
where N3(¢) depends on the same parameters as Na(e).

Case Ic. If ¢ =n — 1 we argue in the same manner as in Case 1b. What is the
difference now is that we use the Yudovich—Pohozhaev embedding theorem into the
Orlicz space

(n=1)/(n—2)
= eltl -1

Wi_1(09) = Ly(0) with (t)

(see, e.g., [12, Sec. 10.5-10.6]). Therefore,

(3.12) ldu["! € Ly(0Q) with W(t) =" 1,
and we observe that in the considered case the assumption (B3] ensures that |3*|" !
belongs to the Orlicz space Ly-(9€2) dual to Ly (0), see [29, Sec. 14]. As a result
we get again the estimate (3.11f), but now ||¢2||e0,00 is determined by the moduli
of continuity of |3*| in the Orlicz space related to (B3)) E|

3Actually, the estimate (3.11) shows that w — B*'d;u is a compact operator acting from
I/Vq2 (092) into L9(0%2), and further estimates of the lower-order terms can be interpreted in a
similar way.
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Summarizing, for sufficiently small ¢, we have

(3.13) 18* diu

1 N
lg,00 < TMIIung(aQ) + Nillullg,00

in the all three cases, where N; is the constant from , while ]Vl is determined
by n, g, diamQ, the properties of dQ and on the moduli of continuity of |3*| in
corresponding functional spaces defined by conditions .

Arguing in the same way as in deriving of , we conclude that

(3.14) lvullg.00

lullwz(a0) + Nallullq,00,

1
<
T~ 4N,

where NQ depends on n, ¢, diam {2, the properties of 92 and on the moduli of
continuity of v in corresponding functional spaces defined by conditions (B4)).

Substituting (3.13)) and (3.14)) into the right-hand side of (3.8]), we obtain

(3.15) lullwaom < Vi (lgllgon + ullg00 + 1500atl, 00)

where Ny = 2N (1+ Ny + &),
Step 2. Consider in ) the function
(3.16) v(x) = u(z) — u(zx)
with w = H(u’ c’m)’ where II is the extension operator constructed in Theorem

It is evident that v solves the boundary value problem

(3.17) {_aij(x)DiDjU = fi(z)  ae inQ,

v=20 a.e. on 0,

where f(z) := f(z) — b'(z)Diu — c(z)u + a (x) D; Dju.
It follows from Theorem 4.2 in [I5] that the solution of (3.17) satisfies the bound

lellwzce) < Na(I1£1

where N5 depends only on n, p, v, on the properties of 92 and on the VMO-
moduli of the coefficients a*. In view of (3.16)), (2.2]) and the definition of f;, one
can transform the last inequality into

po+ [olpa);

(318)  lulwzo) < No(Ilf

p.2 + ullpo + llullwzon)

+ [|b' Diullp,0 + [lcu

p,ﬂ)

and Ng depends on the same quantities as N5. Repeating the arguments used in
deriving (3.15]), we estimate the last two terms on the right-hand side of (3.18)) and
arrive finally at

(3.19) lullwae < Ne(Ifllp + lullpe + lelwzon )

Here N7 is determined by the same parameters as N5 and, in addition, it depends
also on the moduli of continuity of |b| and ¢ in the corresponding functional spaces

given by (L3)) and (L4)), respectively
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Combining (3.15)) with (3.19)), we get

(3200 llullwz < Ns(Iflpe + lglg.o0 + u

|p7Q

+ el 00 + 1Bodntl, o0 )-

where Ng = N7 (1 + Ny).

Step 8. We are in a position now to estlmate the term [|BoOnull, 5. We argue
along the same lines as above when derived (| and - For p > n we use
the embedding W2(Q) — C'(Q), for p <n and p = n we use the trace embeddings
of W) (Q) into Lp*("_l)/”(aﬂ) and into the Orlicz space, respectively (see [12
Sec. 10.5-10.6]). Thus, in the all three cases we have

1
200 < N o lullwzo) + Nllullp.0,

where Ng is the constant from (3.20), and Ng is determined by n, p, diam (2, the
properties of 9Q and on the moduli of continuity of |Sp| in corresponding functional
spaces defined by conditions (B5)).

Substituting (3.20) into (3.21), we finalize the Munchhausen trick and arrive at

(3.21) [[BoOnul

1B00ntel o0 < (1+285) (Il + g0 + lellpe + el 00)-

Finally, 1nsert1ng the last inequality into the right-hand sides of (3 - and -
gives the claim and this completes the proof.

For the sake of further application of Theorem [3.] to the study of quasilinear
Venttsel problems, we need its variant concerning sequences of differential operators.

Remark 3.2. Let the sequence of operators
Ly = —azj(x)DiDj + b (2)D; + cx(x), B, = —azj(x)didj + Bi(z)D; + (),

satisfy the assumptions (L1)-(L2), (B1)-(B2). Suppose that the principal coeffi-
cients a;) and o}’ are VMO functions uniformly in k, that is,

gl_r)% S]}ip W,is (r) = }1_1}}) Sip Wy (r) =0.

Define further B () := Bi(z)n;(z) and assume that
bl <Pl fexl <lel, 1B <1871, Il <hl,  [Boxl <1bol,

where the functions |b|, ¢, |3%|,7 and fy satisfy the assumptions , , (B3),
(B4) and (B5]), respectively. Then the solutions of the boundary value problems

Lirug(x) = fr(z) ae. inQ, Brug(x) = gp(x) a.e. on 09
satisfy the estimate
el o) < Ca (I fellpo + Ngellgon + el + il 00)
with a constant C; which is independent of k.

In the case when uniqueness theorem holds for the linear Venttsel problem ((3.4))—
(3.5), the lower-order terms ||lu|/p.o and ||u||q,00 can be dropped from the right-hand

side of (3.6).
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Corollary 3.3. Let the domain Q and the operators L and B in (3.4)—(3.5) satisfy
all the assumptions of Theorem[3.1] Assume also that the homogeneous problem

(3.22) Lu=0 a.e in, Bu=0 a.e ondQ

admits only the trivial solution in V), 4(£2).

Then a solution u € V,, () of (3.4)—(3.5) satisfies the estimate
(3.23) lullv, o < C1 (I I + llgllg.00)

with a constant 51 independent of .

Proof. The proof is quite standard (see [24, Lemma 9.17] and the proof of Lemma 5.1
[35] for a more general result). We argue by contradiction. If (3.23) is false, then
there is a sequence uy such that

fr=Lup — 0 in LP(Q), gr:=DBux—0 in LYIQ), |uklv,, o =1

Without loss of generality we may assume that u — uw in LP(Q2) and up — v in
L1(99). The estimate (3.6) applied to pairwise differences uy, — u,, yields

lur — umllv, (@ =0 as k,m — oo,

and therefore ur, — w in V, 4(Q), v = u|pq. This, in turn, implies Lu = 0 and
Bu = 0, whence u = 0 by the uniqueness, which is a contradiction. ([l

Standard arguments, based on the parameter continuation and the coercive es-
timate (3.6)), lead to the following existence theorem.

Theorem 3.4. Under the hypotheses of Corollary[3-3] the non-homogeneous prob-
lem (3.4)-(3.5) admits a unique solution w € V, 4(2) for all f € LP(Q) and
g € L1(0Q).

Using this result we can prove that the couple (£, B) supports the classical elliptic
regqularization property: if the data of (3.4)—(3.5)) allow the solution to have better
integrability, then the solution does gain it indeed.

Theorem 3.5. Let the domain Q) and the operators L and B satisfy all the as-
sumptions of Theorem . Suppose that the exponents p < p, ¢ < q verify (3.1).

If u € V5 4(Q) is a solution of (3.4)—(3.5) with f € LP(Q) and g € LI(0N) then
u €V, 4(2).

Proof. In case the homogeneous problem admits only the trivial solution in
V5,5(€2), then uniqueness in Vj 4(€Q) implies uniqueness in V; 4(Q2) for all p € [p, p]
and ¢ € [g, q] that satisfy . Therefore, Theoremgives the claim u € V, 4(Q).

Otherwise, if the kernel of the couple (£, B) in Vj 5(12) is non-trivial, then we hope
to get at least the Fredholm property in Vj 4(€2). Unfortunately, the hypotheses
of Theorem ensure it in V), 4(€2), but generally not in Vj; ;5(£2). The reason is
that the requirement , in contrast to the other assumptions on the lower-order
terms in 7, becomes stronger when p decreases. To bypass that obstacle,

4In Lemma below we give a more general result which regards sequences of differential
operators.



14 D.E. APUSHKINSKAYA, A.I. NAZAROV, D.K. PALAGACHEV, L.G. SOFTOVA

we transfer the “bad” term from the left-hand side into the right one and rewrite

the problem (3.4)—(3.5) as follows

Lu = (L+Nu=f+Iu=f a.e. in Q;
Bu = —aijdidju + 5*idiu +yu =g — BoOpu =: § a.e. on Jf2.

The operator B has zero normal derivative component, and our hypotheses ensure
the Fredholm property in Vj 5(£2). Choosing A in a way to avoid the discrete spec-

trum of the couple (£, B), the above problem results uniquely solvable in Vj 5(£2) for
any f € LP(Q) and g € LI(09). Again, uniqueness in V; 5(£2) implies uniqueness
in V5 4(Q) for all p € [p,p] and G € [g, q] that satisty (3.1.

q

FIGURE 2. The passage from (p, ) to (p, q)

In general, the assumption does not guarantee Bydpu € L1(9Q) for arbitrary
u € V;.4(9). Nevertheless, since all terms of Bu belong to LI(8), we conclude
g € L1(99). Moreover, f € LP(2) with p = min{p, (5*)*}, and since j and § satisfy
(3-1), we have (p*)* > n”jl. At that point Theorem yields u € V,, 4(Q) with
p = min{p, n"—jl} (the horizontal tract of the thick line on Fig. .

Now we move back the normal derivative term in the left-hand side and rewrite

B BEHas
Lyu=f ae. in Bu =g a.e. on 0f.

For this problem, the assumptions ensure the Fredholm property in Vj ;(€2) for
any p € [p,p], ¢ = (1 — 1)p, and in V, 4(Q) for any ¢ € [(1— 2)p,q] . So, we can
choose again A in a way that this problem is uniquely solvable in V, ;(£2) for any
felLp () and g € L1(09). Repeating the previous arguments, we get successively
u €V, 1-1),() and u € V;, 4(€2) (the oblique and vertical tracts on Fig. . O

Theorem shows that uniqueness is a sufficient condition guaranteeing ex-
istence of strong solutions to the linear Venttsel problem f. There are
various types of additional requirements to impose on the coefficients of £ and B
that ensure the validity of global maximum principle, and hence triviality of the
kernel of . For instance, the following statement holds true.
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Theorem 3.6. Let 0Q € W72 and let the operators L and B be defined by the
formulas (3.2)) and (3.3)), respectively. Suppose that {a*} and {a'} are symmetric
matrices and that hypotheses , (B2) and are fulfilled.

Assume also that
bleLh@), |87 e L (09)

and
(3.24) c>0 ae inQ, Y>v a.e ondfd, 9= const> 0.

If u eV, n—1(Q) satisfies

Lu<0 a.e inf, Bu <0 a.e ondf,

then v < 0 in Q. In particular, the problem admits only the trivial solution
in the space Vi, n—1(Q).

Proof. We argue by contradiction. Note that u € V;, ,—1(2) implies u € C(Q) and
let M := maxgu > 0. By the Aleksandrov-Bakel'man maximum principle ([2],
see also Theorem 1.5 in the survey paper [43]), the maximum of u is achieved at a
point 20 € 9Q. We take a coordinate system centered at the point z° and flatten
09 in a neighborhood of 2%, so that QN Br C R? for some R > 0. It is worth
noting that all the assumptions of Theorem are invariant with respect to this
coordinate transformation.
Further, we put C' = v~'/n — 1 and introduce the set

O,={zeR": |2/|<p, 0<az, <C 'p}

and the function

ue(z) =ulr) —M+e¢ (1

|2'|?  C%x2  2Cux,
Tt )
p p p
where p < R and € < M are positive parameters to be chosen later.

It is evident that u.|so,\r,) < 0 and u.(0) = ¢ > 0. Applying the local
Aleksandrov-type estimate for the Venttsel problem [4, Theorem 3] (see also [43]
Theorem 3.1]) to the function u. in O,, we obtain

e < C(n, v, [bllno,, 18" ln-1,r(0,)) X

(o —e)+ 202D By

2eC
xp | ——Ibllno, +
p vp

+ "—17F(op)

2(n—1)
Yop?v

)71, we have

* P)/OMp
(1871 - 222
tlln—1,r(0,)

The first term in the square brackets in (3.25)) tends to zero as p — 0. Therefore,
there exists a value of p such that

* 'YOMP
(m |- M )+

However, the right-hand side of the last inequality tends to zero as e — 0 and the
contradiction obtained gives the claim. [

Thus, for e < 2 (1 +

(3.25) 1<2C | C|[blno, +

1
— <
AC n—1,I'(0,)
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Corollary 3.7. Let the exponents p and q satisfy (3.1), 0Q € CY1, and assume

that conditions f, (B1)—(B2]), and (3.24) are satisfied.

Suppose also that
¢, |bl € LP(92), if p>n,
¢,[b| (log (1+ b)) ™" € L*(Q), if p<m

e |/6*| ELq(aﬂ)v Zf q>n—17
7,18 (log (1 +[87)) V"V e L*Y99), if q<n-—1;

Bo € LI(09), if p>n,

N 1
By € L™/ " —an/(n=1)) (H(y) if p<n, ¢> <1 — ) P,
n

—1/n — . n 1
Bo (log (1+Bo]))' ™" € L7109, if —5 <p<n. q= (1 - n) p.
Then the problem (3.4)~(3.5) is uniquely solvable in V) () for any f € LP(Q?) and
g € LY00N).

Proof. If p > n and ¢ > n — 1, then Theorem ensures triviality of the solution
of (3.22) in V,, ,—1(22) and thus in V, 4(Q) as well, and the claim follows from
Theorem [3.4

Otherwise, the integrability requirements on the lower-order coefficients of £ and
B guarantee that any solution u € V, 4(€2) of in fact belongs to V,, ,—1(Q)
through Theorem Then the desired unique solvability follows once again from

(3.24]) and Theorems and O

4. THE QUASILINEAR VENTTSEL PROBLEM
We aim now to the study of quasilinear elliptic equation
(4.1) —a"(z,u)D;Dju+ a(r,u, Du) =0 a.e. in Q
coupled with the quasilinear Venttsel boundary condition
(4.2) —a (z,u)d;diu + oz, u, Du) =0 a.e. on O

over domains  with C''-smooth boundaries. As in the previous Section, we sup-
pose that n > 3.

Notice that is not an autonomous equation on 92 because it involves not
only tangential derivatives but also the normal component of the gradient Du.

We suppose that the functions a* (x, z) and a(z, z, p) are Carathéodory functions,
i.e., these are measurable in 2 €  for all (2, p) € RxR™ and continuous with respect
to z and p for almost all x € 2. The equation will be assumed to be uniformly
elliptic, that is, for almost all = € 2 and for all z € R we have

(A1) V€] < a(z,2)6& <vHE? VEER™, v=const >0, a" =al".

Regarding the regularity conditions of the coefficients a*/, we suppose that

a’(-,z) € VMO locally uniformly in z, that is,
(A2) lim  sup  wyii(. ) (r) =0,
=0 e [— M, M)



VENTTSEL PROBLEMS WITH DISCONTINUOUS DATA 17

where wgij(. ) is the VMO-modulus of a*/ (-, z) defined by (2.1)) with B, replaced
by B,(x) N, x € Q. Moreover, we need a* to be locally uniformly continuous of
with respect to z, uniformly in z :

la¥(z,2) — a(2,2)| < (|2 — 2]) ace. inQ, V2,2 €[-M,M]

(A3) with a non-decreasing function Tas(t), }irr(l) v (t) = 0.
—

The function a(z, z,p) is assumed to grow quadratically with respect to the
gradient, i.e., for almost all x €  and for all (z,p) € R x R"

() law,2,0)| < 012D (ulpl? + b()lpl + @ (a))
with a constant g > 0 and a non-decreasing function € C(R,.), and where
(A5) b(log (1+ b)) "Y" e L™(Q), & e L™(Q).

Further on, we assume that the boundary condition (4.2)) is a uniformly elliptic
Venttsel condition in the sense that for almost all x € 99 and for all (z,p) € RxR"”
we have:

the function a(z, z,p) is weakly differentiable with respect to p;, and

\%

V) 0 < ap, (.2, )0, (2) < n(|=])Bo (@),
with 7 as above and

(V0) Bo (log (14 Bo]))' /" € L1 (00
and

VIE? <a¥(x, )6 <vTHEP VEr R, € Ln(x),
(V1) B
v =const >0, a% =da'"

In addition, we impose regularity conditions on the coefficients o/ similar to these
required for a*/. Precisely,

a'(-,z) € VMO locally uniformly in z, that is,
(V2) lim  sup  wqii(. 2 (r) =0,
=0 e[— M, M]

where wyij(. ) is the VMO-modulus of A (-, z) defined by (2.1 with 9Q N B,(z),
x € 09, in the place of B,, and

| (2, 2) — & (2,2)| < Tm(|z — 2])  ae. ondQ, Vz,2€[-M,M],
with Tar(t) as in (A3).

The quasilinear term a(x, z,p) of (4.2) is required to support quadratic growth
with respect to the tangential gradient, i.e., for almost all z € 92 and for all z € R

(V3)

(V4) oz, z,p")| < n(IZI)(ulp*|2 + B(x)|p*| + @(x)) Vp* €R", p* L n(z)
with p and 1 as in and where
(V5) Blog(1+18))" "V e Ln1(99), © e L (99).

It is well known (see [46, Lemma 2.1]) that conditions (A2)-(A3) and (V2)-
provide for u(x) € C(Q) the inclusions a¥(z,u(z)) € VMO N L>®(Q) and
a¥(z,u(r)) € VMO N L*(d9) with VMO-moduli bounded in terms of the conti-
nuity modulus of u(z) and supg, |ul.
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The strong solvability of the problem (4.1))—(4.2) will be proved in V;, ,,—1(2) by
the aid of the Leray—-Schauder fixed point theorem. To apply it, we have to derive
a priori estimates in a suitable functional space for any solution to a family of quasi-
linear Venttsel problems. Following the classical approach of O.A. Ladyzhenskaya
and N.N. Ural'tseva [32], we obtain these estimates assuming we already dispose of
a bound for the supremum norm sup, |u| of a solution u € V,, ,—1 ().

We recall, first of all, the a priori estimate for the Holder norm of a solution.

Proposition 4.1 (Theorem 1’ in [IZH Let 00 € W2. Suppose that the function

U € Vino1(Q) is a solutwn of (4.1 1

Assume also that conditions | 1A4)), @, . ) and | are satisfied with

bcpeL”Q BO,B,@GL" 1(39)

Then there exists a constant A > 0 depending only on n, v and the properties of

o, such that
||uHc0A(§) < My,

where My depends only on n, v, u, the properties of 02, My = supq |u|, (M),
12l [©lln-1,00 and on the moduli of continuity of the functions b, By and § in
the corresponding Lebesgue spaces.

The key a priori estimate of our approach is the gradient one.

Theorem 4.2. Let 9Q € CY! and assume that conditions (A1])-(A5), @, IVO)—

(V) are satisfied.
Then any solution u € Vy, ,_1(2) of the problem (4.1)—(4.2) fulfills the estimate

(4.3) [ Dull2n,0 + |dull2(n—1).00 < M1

with a constant My depending on:

n, v, diam Q) and the properties of 0S);

My = supg, |u| and n(Mpy);

the norms ||®||n.q and ||O||n-1,00;

the constant p and the moduli of continuity of the functions b, By and 3 in

the Orlicz spaces defined by conditions , and , respectively;

o the VMO-moduli w.r.t. x and on the moduli of continuity w.r.t. z of the
Carathéodory functions a'(z,z) and o' (z,z), see conditions ([A2)-(A3),

v2)-3).

Proof. The a priori estimate (4.3) will be derived with the aid of a homotopy
technique which goes back to Amann and Crandall [3] and has been used in [40]
and [20] in the study of the Dirichlet and oblique derivative problems for quasilinear
elliptic operators with discontinuous coefficients.

For the sake of brevity, we define hereafter

(4.4) a(z) == a" (x,u(x)),

Pt — a(l‘,U(JT), Du(m))
(4.6) B(2) = bo)a(z) 24
| Du(x)]

(recall that we set § = 0, if such an uncertainty occurs) and note that the assump-
tion (A1) implies immediately the uniform ellipticity condition (L2)) for a®.
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Further, we make use of the hypotheses (A2), and employ [46, Lemma 2.1]
in order to get that the VM O-moduli of @ (x) and &" (x) are controlled in terms of
My = supg, |u| and the modulus of continuity of u. Further, Propositionprovides
estimates the continuity modulus of v in terms of My and therefore &% satisfy .

Moreover, || < n(Mp) in view of (Ad)) while b’ verify (L3) as consequence of (AB).
This way, the equation (4.1]) can be rewritten as

(4.7) —a (2)D;Dju + b'(x) Dyu + pa(z)|Dul® + ®(z)u = f(z) ae. in Q
with
f(x) :=®(x) (u(a:) — ~(a:)) e L™"(Q).

Similarly, we define

(4.8) a"(z) == a¥(x, u(x)),

(+9) M= @ + B@)ldu(z)] T O()
@10) ) = Bl
(4.11) Bo(z) := /0 o, (z,u(z), du(z) + tndyu(z))n,(z) dt

and note that the assumptions (V1)—(V3)) and [46, Lemma 2.1] imply the conditions
(B1)-(B2) for &“. Further on, |a| < n(Mo) by (V4), B*t satisfy (B3]) because of
(V5), while implies 0 < So(z) < n(Mo)Bo(z) for a.a. x € 9N. Moreover,

a(z,u, Du) = a(z, u, du) + Bo(z)dnu
and the boundary equation takes on the form
(4.12) —a" (z)dydju+5* () dsu + Bo(x)Onu
+pé(r)|du(r)|? + O(z)u = G(r) a.e. on 0,
where §(z) := O(z) (u(z) — &(x)) € L"*(62). Having in mind and without

loss of generality we may suppose hereafter that © > 1.
Consider now the one-parameter family of Venttsel problems

(4.13)  —a“D;Djvs + b D;vs + pa|Dvs|?* + dvs = 5f a.e. in ,
(4.14) — o?ijdidjv[; + B*'d;vs + BoOnvs + példvs|® + Ous = 6§ a.e. on N

Following the strategy of [3], we will prove unique solvability of (4.13)—(4.14) in
Van—1(82) for each 6 € [0,1] and will estimate the gradient of vs, in terms of the

gradient of vs, for small enough d9 — 91 > 0. Then we will easily have vy = 0, while

the coincidence of the problem (4.13)—(4.14) with (4.7)—(4.12)) for § = 1 would give
v1 = u, and finite iteration in ¢ will give the desired bound (4.3)).
To realize that plan, we need two lemmata.

Lemma 4.3. Suppose that vs,,vs, € Vi n—1(2) solve (4.13)—(4.14) with §; < ds.
Then

(4.15) [[vs, — Vs, lloo, < (62 — 61) (Mo + n(My)).
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Proof. Setting w = vs, — vs, we obtain the following linear Venttsel problem
Lw = —a¥ D;Djw + (@' + b ) Dyw + dw = (5, — ) f a.e. in O,
Bw := —o?ijdidjw + (5/ + B“)dlw + Boanw + Ow = (01 —d2)g a.e. on 99,

with

al(x) = 2u&($)/0 (tDjw(z) + Djvs, (z))dt,

al(x) = 2/164(1‘)/0 (td;w(z) + djvs, (x))dt.

We recall that |a| < n(My), w,vs, € W2(Q) and therefore a* € L™(2). Similarly,
at e L"1(00).

Using f(x) > ~@(2)(My + n(Mp)) we et
Lw < L((62 — 01)(Mo +n(Mp)))  ae. inQ
and similarly
Bw < B(((Sg — 61) (Mo +n(My))) a.e. on Jf).
It follows from Theorem [B.6] that
w(z) < (62 — 61) (Mo + n(Mo)) in Q.

In the same manner the lower estimate w(z) > —(d2 — d1) (Mo + n(Mo)) follows
and this gives the claim (4.15]). O

It is worth noting that setting d; = d2 in (4.15), we get immediately vs, = vy,
and thus uniqueness of solutions to (4.13)—(4.14). Precisely,

Corollary 4.4. The problem (4.13))-(4.14) cannot have more than one solution in
Van—1(Q) for any § € [0,1].

Lemma 4.5. Under the hypotheses of Lemma[L3] there is a > > 0 such that the
inequality do — 01 < 3¢ implies

(4.16)  [[Dvs, — Dvs, ||l2n,0+|ldvs, — dvs, [l2(n—1),00
< Co(02 = 1) (1+ 1Dvs, llan2 + 1w, lln—1),00 ) -

The constants » and Cy depend on the same quantities as M7 in the statement of
Theorem {21

Proof. We rewrite the problem for w = vs, — vs, as follows:

(4.17) Lw:= — @ D;Djw + b’ Dyw + dw = I a.e. in
(4.18) Bw:= — & d;djw + B d;w 4 BoOaw + Ow =G a.e. on 0§,
with

f= (61— 82)f — pa(|Dvs, |* — |Dus,|*) € L"(%),
g = (01— 82)§ — pa(|dvs, |* — |dvs, ) € L"H(09).
Theorem and Lemma yield
(4.19) [wllv,, .- (@) < No (Hﬂhn + H§Hn—1,asz + (02 - 51)(M0 + U(MO))) ’
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where Ny depends only on n, v, diam), the properties of 992, My, the norms
|®]]n.q and ||©]n—1,60, the moduli of continuity of the functions b, 5y and /5 in the

corresponding Orlicz spaces defined by conditions (A5)), (VO) and (V5)), respectively,
and on the VMO-moduli of the coefficients @/ () and &% (x).

However, as explained before, the VMO-moduli of @/ (z) and &% (x) are con-
trolled in terms of My through [46, Lemma 2.1] and Proposition Thus, the
constant Ny in depends only on data listed in the statement of Lemma

Taking advantage of the bounds

1 Flln.e < @l (Mo +n(Mo)),  [|dlln-1,00 < [Olln-1,00(Mo + n(Mo)),
and of the evident inequalities
[1Dvs, |2 = |Dvs, ||, o < 1Dwl[3,,0 + 2| Dwll2n .l Dvs, |20,
H|dU61|2 - ‘d062|2Hn_1,(‘)Q < ||dw”§(n71),8ﬂ + 2||dw”2(nfl),69|‘dv51||2(n71),6527
we rewrite as follows
(4.20) |wllv,, . () < N1o((52 = 81) + | Dwl3, 0 + lldwl5, 1) 00
+ [[Dwll2n.al Dvs, [l2n.0 + dwll2m-1),00lldvs, H2(n71),8§2>7

where N1g depends on the same quantities as Ny.
We infer now the Gagliardo—Nirenberg interpolation inequality [12] Theorem
15.1] and the estimate (4.15) to get

(4.21) IDwl3n0 < Cn, Q) (ID*w]ng + vl [wlen
< C(n, Q)(d2 — 61) (Mo + n(Mo))[lwllv, .., (),

and similarly
(4.22) [dwll3,—1),00 < C(n,2)(62 — 61) (Mo + n(Mo)) [wllv, ., @)
We substitute these inequalities into (4.20]) and estimate the last two terms by the
Cauchy inequality. This gives

ol < Nax (62 = 80) + (82 = 01+ 59) [wllv, o)
d2 — 01

P

- (I1Dvs, 1302 + 1dvs, [31),00) )

with arbitrary s € (0,1) and where Nj; depends on the same quantities as Ny.

Choosing s = ﬁ we obtain (4.16]) for d2—d; < s, in view of (4.21) and (4.22)). O

Turning back to the proof of Theorem we fix 61 = 0 and d3 = s in (4.16)
and remember that vy = 0 by Corollary [{.4] This gives the a priori estimate

(4.23) [ Dvsell2n.0 + [[dvse]l2n—1),00 < Ca.

The solvability of (4.13)—(4.14) with § = » is a consequence of the Leray—
Schauder fixed point theorem. Indeed, define the nonlinear operator

F o Wa, () N Wy, 1y(09) = Vi1 ()
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which associates to any w € Wy, (2) N Wy, _;,(99) the unique solution v = F(w)
of the linear Venttsel problem

Lv = »f(x) — a(z)|Dw|?> ae. in €,
Buv = sj(z) — a(z)|dw|>  a.e. on 09,

with operators L and B given by and , respectively.

The unique solvability of that problem follows from Theorems [3.4] and [3.6] due to
assumptions of Theorem and w € W3, (Q2) N ng(”_l)(@Q) (recall that © > 1).
Therefore, the nonlinear operator F is well defined. Moreover, the problem (|4.13)—
with § = ¢ is equivalent to the equation v = F(u).

The estimate yields the continuity of F, while the compactness of the
embedding V;, ,—1(Q) — Wi, (2) N Wzl(nfl)(aQ) guarantees the compactness of
F considered as a mapping from Wy, (Q) N Wy, ,(9Q) into itself. Finally, any
solution of the equation v = o F(v), 0 < o < 1, that is,

Lv= a(%f(x) —a(x)|Dv]?) a.e. in Q,
{Ev = o (xg(z) — a(z)|dv[*) a.e. on 09,
satisfies, by , the a priori estimate
[ Dvll2n,0 + |dv|l2(n—1).00 < Cs

with C3 = (U3¢ independent of o. This suffices to combine the Leray—Schauder
theorem (see, e.g., [24, Theorem 11.6]) with Corollary in order to get unique
solvability of f with & = s

To complete the proof of Theorem we take successively 61 = ki, Jo =
k+ 1), k € N, and repeat the above procedure. Finitely many iterations of
4.16|) lead to since v; is nothing else than the solution u of the problem ,
4.12)). O

Based on the a priori gradient estimate derived in Theorem [.2] we can get
solvability of the quasilinear Venttsel problem (4.1)—(4.2) under the hypotheses
listed at the beginning of Section

Theorem 4.6. Let 92 € C1 and let the functions involved in (A.1)—(4.2) satisfy
the conditions (A1)—(A5)), , VO)—(V5).

If any solution to the one-parameter family of Venttsel problems
(4.24) —a"(z,u)D;Dju+ ga(z,u, Du) = 0 a.e. in Q,
(4.25) — (2, u)d;dju + (1 — o)u + oa(x,u, Du) = 0 a.e. on O
satisfies the a priori estimate
(4.26) sup u] < My
with My independent of w and o € [0,1], then the quasilinear Venttsel problem
7 is solvable in the space V, n—1().

Proof. We again proceed by using the Leray—Schauder theorem. Introduce the
linear space

Unn1(Q) = {v € Wi, () N Wi 1)(09):  dav € Ll(ag)},
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equipped with the natural norm

Ivllo, . i@ = Ivllwa @ +lIvllwe  @a) + 19av]lL100)-

2(n—1)
and define the nonlinear operator
]:1: Un,nfl(Q) = Vn,nfl(Q>

which associates to any u € U, ,—1(€2) the solution v = F7(u) of the linear Venttsel
problem

(4.27) Lv:= —a“D;Djv+ b'Djv = —a(u|Du|? + ) a.e. in Q,
(4.28) Bv:= — ~ijdidjv + 8% d;v 4 BoOnv + v
= —a(uldul® +©) +u a.e. on 082,

where @, @ and b' are defined by ([£.4)-([4.6), while &/, &, 3*' and f, are given by

7, respectively.

By the Morrey embedding theorem, see [24, Theorem 7.17], we have u € C%'/2(€Q).
Similarly to the proof of Theorem |4.2] we establish that the problem 7
satisfies all the hypotheses of Theorems and On the base of Theorems

and we conclude that the problem (4.27)—(4.28]) is uniquely solvable in

Vin—1(82) and therefore the nonlinear operator F; is well defined. Moreover, it is
easy to see that the original quasilinear Venttsel problem (4.1)-(4.2)) is equivalent
to the equation u = Fy(u).

Since u € V,, ,,—1(2) implies Oyu € WH(Q) € L"(99) for all r < o0, see, e.g., [12,
Sec. 10.5], the space V,, ,—1(€2) is embedded into U, ,,—1(2) and the embedding is
compact. This guarantees the compactness of F; considered as a mapping from
Up,n—1(€) into itself.

To prove the continuity of F; in the space U, ,—1(f), we consider a sequence
up € Up n—1(Q) such that up, — w in U, n—1(Q) as h — oo, and set v, = F1(up),
v = Fi(u). Thus, v is the solution of ([#.27)—(4.28)) while vj, solves the problem

(4.29)  Ljpup = — d;fDiDjvh + EZDivh = —ap(u|Dup|? + @) a.e. in €,
(4.30) Bpop (= — dzjdidjvh + Bzidivh + Bojhan’vh + v

= —ap(p|dun|® + ©) + up, a.e. on 05},
where @)/, ap, b, &7, an, Bi' and fo are defined similarly to ([E4)-(&6) and
(4.8)—(4.11)) with u replaced by wy,.

Notice that ||uh||co,1/2(§) is uniformly bounded by the Morrey theorem. So, by
[46, Lemma 2.1] the VMO-moduli of &?(z) and &Zj(x) are uniformly bounded.
Further, by definition we have

b, ()] < n(M)b(), |57 ()] < n(M)B(x), 0 < Foule) < n(M)Bo(z),
where M = supy, |[un||¢(q) while the functions b, 3 and Sy verify the assumptions

, (B3) and (B5]), respectively. It follows from Remark that any solution of
the problem

(4.31) Lywy =F, a.e. in Q, Brw, = Gy, a.e. on 09
satisfies the estimate

(432) Jwnlly,,_ @) < Ca(IFl

w2+ [Grlln-1.00 + lwnllng + llwnll-1.00).
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where the constant Cj is independent of h.
As in Corollary the lower-order terms can be dropped from the right-hand

side of .

Lemma 4.7. For any solution of the problem , the following estimate holds
(4.33) lwnllv, @) < Ca(lFallno + ICnlln-1.00)

with a constant 64 independent of h and wy,.

Proof. As in the proof of Corollary we proceed by contradiction. Assume that
the statement is false. Then there is a sequence

Fr, — 0 in L™(Q), Gp — 0 in L"1(09),

such that the corresponding solutions of (4.31) are bounded away from zero in
Vin—1(2). Without loss of generality we may suppose that [walv, , (@) = 1.
Then, passing if necessary to a subsequence, one has

wp,—= w inV,,—1(Q), w,—w inL*Q), w,—w in L1 (09).
Since the difference wy, ;, := wp, — wy, solves the problem
Lywn, = (@ — a))D;Djwy, + (b, — b)) Dywy, + Fy, —Fy  ace. in Q,
Brwn e = (&) — & )didjwy, + (B — Bi)dywy,
+ (Bok — Bop)Onwy, + Gy — Gy, ae. on IR,
the estimate yields
(430 Jwnklv,, o < Ci( |[@F - @) DiDjwn

n,

+ H (dﬁf - @fcj)didjwan_LaQ +H (iﬁc o Eﬁz)diwan,Q

+ | (8" = Bi) diwi|,._, o +[| (Box = Bo.n) Fnwkl,_, o
+ [|Fn — Filln.a + |Gh — Gilln-1,00

+ lwnillng + lwnillh-100)-

We know that || D; D;jwg||n,o are bounded, while

as h, k — 0o, as consequence of u;, — u in C%'/2(Q) and the hypothesis (A3).
Therefore, the first term on the right-hand side of (4.34) tends to 0 as h, k — 0.
The second term is managed in the same way.

Sii i
ap —

a @™ (-, un) — aij<'7uk)|‘oo,9 —0

Further on,
Jri_ fri— g ( (-, ug, duy) diug (-, un, dup) di”h)
B pldug|?® + Blduy| + © [duy|  pldup|* + Bldun| + © |dus|

tends to zero a.e. on dQ as h,k — oco. Since |Bi(x) — ~,’;Z(aj)‘ < 2n(M)5(z), the
hypothesis (V5| together with the Lebesgue dominated convergence theorem ensure
that

I8

.y - e 1-1/(n—1)
i) = Gi@)[" ) dz =0

B () = Bt ()| (tog (14
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as h,k — oo. This gives
H(~Zi - ~;i)diwk”n_1,ag < H|BZ - anilHL\p*(BQ)HldwkwilHL\p(aQ) —0

as h, k — oo (recall that Lg~(0Q) is the Orlicz space dual to Ly (9€2) introduced in
). The third and the fifth terms on the right-hand side of are managed
in the same manner. The last four terms evidently tend to zero and we conclude
that w, — w in V,, ,—1(2). In particular, |[wl|y, ,_ @) = 1.

Finally, passing to the limit in yields

Lw=0 a.e. in £, Bw =0 a.e. on 012,

whence w = 0 by Theorem[3.6] The contradiction obtained completes the proof. [
Turning back to the proof of Theorem [£.6] we have
lonlvs. v < Can(0) ([l Dunl® + @[], ¢ + [[uldun® +© + sl o)

as consequence of Lemma (recall that |ap(x)| < n(M) by and |ay,(z)] <
n(M) by (V4)). The terms on the right-hand side above are uniformly bounded
because of the boundedness of uy, in U, ,,—1(2). This means that the sequence vy,
is bounded in V;, ,,—1 ().

The difference v — vy, solves the problem

L(v —vy) = (& — ay/)D; Djon + (b}, — b") Dyvy,
+ an (p|Dup* + @) — a(pu|Dul* + )  ace. in €,
B(v—vp) = (& — &) didjvn + (B — B*")divn
+ (Bon — Bo) Onvn, + (u — up)
+ éu, (pldup|* + ©) — & (p|dul® + ©) a.e. on OQ
and the estimate yields
o= vnlvi, @ < Cr (| @ = @) DiDsen|  + [ =) diwnl,
)@ —aiddgen| G =B ],

+ | (Bon — Bo)anvth,lyaQ + [Ju = uplln-1,00
+ p||an| Dup ® —a| Dul?||, o, + g [|@nldun|® —aldul?||

+ [ @n =), o+ |G —&)el,_ og )

We estimate the first five terms on the right-hand side above in the same way as
done for the corresponding terms in (4.34). Further on,

Hdh|Duh|2 - d|Du|2H < Hdh”oo)ﬂ H|Duh|2 — |Du|2H

n,Q —
+ [ (@ = a)[Dul|,, -

n—1,00

n,Q

The first term tends to zero since wj, — w in Uy, ,,—1(€2), while the second one is
infinitesimal by the Lebesgue theorem. All the remaining terms are estimated in a
similar way and we obtain finally v, — v in V}, ,_1(€) that proves the continuity
of the operator Fj.
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In order to apply the Leray—Schauder theorem and to get existence of a fixed
point of Fj, we present a family of continuous, compact nonlinear operators 7 (-, o)
continuously depending on the parameter o € [0,1] such that

T (u,0) = 0; T(u,1) = Fi(u), u € Uy n-1(9Q).

Namely, given a o € [0, 1], the operator 7 (-, o) associates to any u € Uy, ,—1(€2) the
unique solution v, of the linear Venttsel problem

— dijDiDjva' + UéiDi’UJ = —ad(u|Du\2 + (I)) a.e. in Qv
— dijdidjvg + O'B*idi’()a + O'Boanvo + Vs
= —od(pldul® + ©) + ou a.e. on 0f.

All mentioned properties of the family 7(-,0) follow from the previous argu-
ments, and to apply the Leray—Schauder theorem it remains only to derive the
a priori estimate

(4.35) lullv, mr@) < Cs

for any solution of the equation u = 7T (u,0) in U, ,—1(£2), with a constant Cs
independent of o € [0, 1] and w.
To this end, we notice that the equation u = T (u, o) is equivalent to the Venttsel

problem (4.24)-(4.25). We apply Theorem nd take into account that under
(14.26) (4.3

the assumption the constant M; in (4.3) can be evidently chosen to be
independent of o.

Finally, we rewrite the problem f in the form

—a“D;Dju+ ob'Dju = —oF a.e. in O,

— dijdidju + oﬁ*idiu + UBOBDu +u=—-0G a.e. on 0f,
with

F = a(u|Dul® + @), G = a(p|dul* +©) —u,
and conclude by that [|F |, and |G|ln—1,00 are bounded uniformly with
respect to o and u. Thus, implies
[ullv,,. i) <€

with C' independent of u and o, which immediately implies the desired a priori
estimate (4.35). Application of the Leray—Schauder fixed point theorem completes
the proof of Theorem O

Theorem is of conditional type. It reduces the solvability of the quasilinear
Venttsel problem (4.1))—(4.2) to the a priori estimate (4.26) for any solution u €
Vi,n—1(82) of the problem (4.24)—(4.25), with M, independent of w and o € [0,1].
We provide now a simple sufficient condition ensuring the validity of (4.26)).
Lemma 4.8. Let 92 € W2. Assume that conditions (AT, and (V1) are
satisfied, together with (A4) and (V4) where

b,® € L™(Q); B,0 € L"1(09).
Finally, suppose that for |z| > zo the functions a(z,z,p) and a(x,z,p*) with p* L
n(x) are weakly differentiable with respect to z and

a,(x,z,p) > 0y®(x); a,(x,z,p") > 0 max{l,@(x)}, 0o = const > 0.
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Then any solution u € V,, n_1(Q) of (4.24)—(4.25)) satisfies the bound (4.26) with
My = zp + 96117(20)

Proof. We will get the estimate u < M, the proof of u > —Mj is similar.
Suppose that the set Qt = {u > 2} is non-empty. Then, using (A4) and the
lower bound for a, we can write a.e. in Q N Q7T that

a(x,u, Du) = a(x,z, Du) + /0 a (z, tu(x) + (1 — t)z0, Du(z)) (u — 2o) dt
> —n(z0) (,u|Du(:1@)|2 + b(z)|Du(z)| + <I>(sc)) + 00®(x)(u — 20)-

Therefore, yields

(4.36) Lu(z) := —a“(x)D;Dju + on(zo)b' (z) Diu + 00y ®(z)u
< (n(20) + Oo20) o®(x)
= L6y "'n(z0) + 20),

~ij i i o ] b(z) n
a’(z) == a" (z,u(z)), b'(x) := —Dzu(z)(,u + \Du(m)|> e L"(Q).

Further on, assuming without loss of generality that © > 1, we write a(x, u, Du) =

oz, u, du) + Bo(x)dnu as in the proof of Theorem with Go(z) given by ([.11)).
Using (V4] and the lower bound for o, we obtain a.e. on 92 N QT that

oz, u, Du) = alz, 29, du) + /0 . (z, tu(z) + (1 — t)zo, du(z)) (u — 20) dt

+ Bo(m)@nu
> —1(z0) (ldu(@)? + B()|du(x)| + O() ) + oO(x)(u — 20)
+ Bo(z)Oqu.
This way, implies
(4.37) Bu(z) := — & (x)d;dju+ on(z0) 5" (x)diu + 080 () dau

+ (1 -0+ 06yO(x))u
< (n(20) + b020) 7O(x) < B(0; 'n(20) + 20)
with

’ - ORY
() 1= ol “i(x) == —d; e L"1(09).
@(z) = (@), 5 a) = —drule) (p o ) (00)
It is to be noted that BO > (0 as it follows from , while 1 — 0 4+ 0000(z) >
min{1,60} > 0.
Setting Mo := 0 'n(20) + 20, we have from (@.36) and (£37) that
L(u—My) <0 ae inQNQT, Bu— My) <0 ae. ondQNQF.

To get the claim, we suppose the contrary, that is, let maxg (u—Mg) > 0. Then the
function u(x) — My achieves its maximum at a point 2° € QT and the Aleksandrov—
Bakel’'man maximum principle implies that 2z € 9Q N QF. This leads to a contra-
diction as in Theorem and that completes the proof. [
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It is to be noted that the monotonicity hypotheses on a(z, z,p) and «a(x, z, p*)
in Lemma [4.8| could be replaced with suitable sign-conditions of these terms with
respect to z.

5. CONCLUDING REMARKS AND OPEN PROBLEMS

1. In Sections [3| and |§| we dealt with the multidimensional case n > 3. If n = 2,
then the problem is simpler because the boundary equation is essentially an ordinary
differential equation. So, in this case we can allow ¢ = 1 in . Moreover, for both
linear and quasilinear problems, the principal coefficient in the boundary operator
can be merely measurable. All the results obtained in Sections [3|and [4] remain valid
in the 2D case.

2. The machinery developed in Sections [3| and [4] runs without essential changes
also for two-phase linear and quasilinear Venttsel problems with discontinuous co-
efficients (cf. [0, [10]).

3. Modulo technical details, the results of Section[3|can be extended to operators
with partially VMO principal coeflicients in the spirit of [30]. Moreover, since
all statements in Section [4] use the VMO-hypothesis only via the linear theory,
assumptions and can be weakened in a similar manner.

4. The integrability assumptions , , (B3)—(B5) on the lower-order co-

efficients of the linear operators £ and B are sharp for the validity of the results
obtained in Section [3] The technique employed in the proof of Theorem can be
successfully adopted to Dirichlet or oblique derivative problems for elliptic operator
with VMO coefficients in order to generalize the results in [I4] [I5] and [19] B9].

5. The assumptions and allow not only quadratic gradient growth but
also linear one with an unbounded coefficient. The approach used in the proof of
Theorem [4.2] applied to quasilinear Dirichlet or regular oblique derivative problem,
could give generalization of the results from [46] and [20].

Open problems and directions for further research. The results in Section [4]
regard quasilinear elliptic operators and quasilinear Venttsel boundary conditions
with principal coefficients depending on x and u only. In order to get statements
at the same level of generality as in classical papers of O.A. Ladyzhenskaya and
N.N. Ural’'tseva (see the survey [32]), it is necessary to allow dependence also on
Du and du, respectively, in the principal coefficients, and this is a fascinating open
problem.

Another interesting problem is to extend the results of [11] to the case of dis-
continuous principle coefficients. If the support of the Venttsel condition in the
two-phase problem is the interface meeting transversally the exterior boundary of
the medium, then both parts of the medium are domains with smooth closed edges.
This requires to study the problem in weighted Sobolev spaces where the weight is
a power of the distance from a point to the edge (see [II] for more details).

Very difficult open problems appear in the case where the principal part of the
boundary operator is positively semidefinite. There occur three different types of
degeneracy:

1) Partial, when the matrix {a%/(x)} is not vanishing but has zero as an eigen-
value. There are some results due to Luo and Trudinger [38] regarding the linear
case, but the quasilinear one is completely open.
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2) Complete, where the set D = {z € 9Q: a“(z) = 0} is non-empty, but
Bo # 0 there. Now the boundary value problem is of oblique derivative type on
D, and some satisfactory results are available in [6] [7, [42]. We refer the reader
also to [50, Chapter 6] where similar problems are treated with the machinery of
pseudo-differential operators and Hérmander vector fields. It is a challenging task
to overcome the continuity of the principal coefficients in that case.

3) Over-degeneration, when D # () and Dy = {z € D: Bo(z) = 0} is non-
empty. Now the Venttsel boundary condition is prescribed in terms only of tangen-
tial derivatives, 8**(2)d;u+(z)u, and the corresponding boudary value problem is
no more regular (see [I8) [51} 50} [47] [48] [49]). The properties of the problem, known
as Poincaré problem, depend essentially on the behaviour of the vector field 3* near
the set Dy, and new effects appear such as loss of smoothness, loss of Fredholmness,
etc. Nothing is known, instead, for the quasilinear Poincaré problem.
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