| \ Politecnico
/di Bari

Repository Istituzionale dei Prodotti della Ricerca del Politecnico di Bari

Nonlinear Schrddinger equation with bounded magnetic field

This is a post print of the following article

Original Citation:

Nonlinear Schrdodinger equation with bounded magnetic field / Devillanova, Giuseppe; Tintarev, Cyril. - In: JOURNAL OF
DIFFERENTIAL EQUATIONS. - ISSN 0022-0396. - STAMPA. - 269:10(2020), pp. 8998-9025.
[10.1016/).jde.2020.06.010]

Availability:
This version is available at http://hdl.handle.net/11589/203265 since: 2020-09-03

Published version
DOI:10.1016/j.jde.2020.06.010

Publisher:

Terms of use:

(Article begins on next page)

18 December 2024



NONLINEAR SCHRODINGER EQUATION WITH
BOUNDED MAGNETIC FIELD

GIUSEPPE DEVILLANOVA AND CYRIL TINTAREV

ABSTRACT. The paper studies existence of solutions for the nonlinear
Schrdinger equation

(0.1) — (V+iA@) u+ V(@)u = f(jul)u

with a general bounded external magnetic field. In particular, no lattice
periodicity of the magnetic field or presence of external electric field
is required. Solutions are obtained by means of a general structural
statement about bounded sequences in the magnetic Sobolev space.

1. INTRODUCTION

The present paper studies existence of solutions for the nonlinear Schrdinger
equation with bounded external magnetic field B on RY without additional
assumptions, such as lattice periodicity. External magnetic field enters
Schrodinger equation, as well as other equations of quantum mechanics, by
addition of a real-valued covector field A, called the magnetic potential to
the momentum operator ?d. Magnetic field, which is a measurable quantity,
is a differential 2-form B = dA, while the magnetic potential is defined up
to an arbitrary additive term dyp, where ¢ : RN — R is an arbitrary scalar
function. Magnetic momentum Thd + A has the following gauge invariance

property:
h ; N
ﬁd+Axe%o:é%ﬁd+A+d@w

In this paper we follow the convention that normalizes the mass of the
particle and sets the Planck constant & to be equal to 1 (which is always
possible by rescaling the time and space variables).

Up to our knowledge, the earliest existence result for nonlinear magnetic
Schrodinger equation is the paper by Esteban and Lions [I8] where the
magnetic field is assumed to be constant. Their approach was generalized
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2 G. DEVILLANOVA AND C. TINTAREV

to periodic magnetic field by Arioli and Szulkin [2] (see also [22], [10], [4]).
In addition to that, there is a number of important existence results for qua-
siclassical solutions, that is, solutions of the nonlinear magnetic Schrédinger
equation that exist if & is sufficiently small. The earliest study of quasiclassi-
cal solutions known to us is due to Kurata [17], where existence was obtained
under assumptions that involved both electric and magnetic potential, and it
was followed by a number of other results concerning quasiclassical solutions
by Cingolani, Jeanjean, Secchi, Tanaka and several others, see [8 6, [9] and
references therein. In most of these works existence of solutions is connected
to concentration at critical points of the electric potential as the Planck con-
stant tends to zero. Several other papers studied critical nonlinearities in
the scalar field term, [5 [7], and the Aharonov-Bohm field, related to critical
nonlinear growth, in [I1]. The main technical difficulty in proving existence
results for the magnetic Schrédinger equation is the lack of compactness of
Sobolev embeddings in the whole RY, and it is overcome by the use of a
concentration-compactness argument. For instance, in [2], one controls the
loss of compactness in problems with a periodic magnetic field by means of
energy-preserving operators

(1.1) gy = urs POy —y), yez,

(where ¢, is a suitable re-phasing function (see (2.10) below)), known as
magnetic shifts with their inverse

gyt = v e Wy 4y, y ez,

Another concentration mechanism applies to quasiclassical asymptotics and
is not considered here. The present paper aims to extend the approach of
[18] and [2] to problems with a generic bounded magnetic field, without
any periodicity assumption. This is achieved by a refined concentration-
compactness analysis (see Theorem and Theorem that uses a suit-
able non-isometric counterpart of magnetic shifts (see Definition . This
analysis allows to prove a variety of existence results which are beyond the
scope of the present paper. Our objective here is to describe the concentra-
tion mechanism in the non-periodic case and give a sample existence result
which, in particular, includes existence of solutions in absence of an electric
field.

The paper is organized as follows. Section 2 is dedicated to notation, as
well as to conventions for magnetic shifts in the lattice-periodic case. In Sec-
tion 3 we provide the generalization of magnetic shifts for the non-periodic
case, as well as the notions of the magnetic field and of the corresponding en-
ergy functional at infinity. In Section 4 we prove a “vanishing lemma”, that
asserts, in terms of generalized magnetic shifts, a property of the Sobolev
embedding similar to cocompactness. In Section 5 we employ generalized
magnetic shifts to express the defect of compactness (i.e. the difference be-
tween the weak limit (modulo subsequence) of a bounded sequence (ug)gen
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and a particular profile decomposition (i.e. a sum of terms with asymptot-
ically disjoint supports, each of them having the form of suitable magnetic
shifts (determined by mutually diverging sequences of points) applied to a
fized function). In Section 6 we apply the profile decomposition obtained in
Section 5 to show the existence of nontrivial solutions to under assump-
tion that the magnetic field is bounded and vanishes at infinity. Finally, in
the Appendix, we give some details about the set of magnetic shifts in the
lattice periodic case and show that it generates a group modulo re-phasings.

Main results of this paper are Theorem and Theorem concerning
profile decompositions in magnetic Sobolev space and Theorems [6.5] and [6.6]
providing some representative existence results. It should be noted, that
while most existence results in literature pose conditions on the magnetic
potential which is not a measurable quantity and is not uniquely defined by
the magnetic field, this paper provides existence of solution at a specified
energy level using simple conditions on the magnetic field itself: a uniform
bound and the vanishing at infinity.

2. NOTATION AND BASIC PROPERTIES

In this paper the set N of natural numbers is fixed as starting with zero.
Given a magnetic potential A as a real-valued linear form, we define

(2.1) Valu) € (V+id)u,

and the scalar product

(u,v) 4 def /]RN Vau(z)V qv(z)de,

(the symbol of the scalar product on RY will be neglected throughout the
paper). Then, we introduce the (Dirichlet-type) energy functional

(2.2) Ea(u) /R V(o).
Note that the following relation holds true.
IV qul? = |Vul|? +iAuVa — aVu) + | AP ul?
> |Vul® — 4| AlJu||Vu| + [AP]ul*.

Indeed, by applying Cauchy-Schwarz and triangle inequality, the real num-
ber

(2.3)

iA(uVi — aVu) = 2i2A(R(u) VS (u) — S(u) VR(u))
—2[A[([R(w)[ [VS(u)| + [S(u)] [VR(u))])
—4|A] |u] |Vul.

(2.4) >
>

Moreover, by taking into account the trivial relation (|Vu|—4|A| |u|)? > 0,
we deduce

1
(2.5) 41A] |u| [Vu| < 5\Vu|2 + 8| A% |ul?.
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Then, by combining (2.5) and ({2.3]), we get
1
(2.6) IV qul? > §\Vu|2 —7)AP |u)?,
or, conversely,
(2.7) |Vul? < 2|V qul? + 14| A]? u)?.

As far as no ambiguity arises, we will not distinguish, in notation, between
the magnetic field and the skew-symmetric N x N matrix-valued function
that represents it in the Euclidean space, and, respectively, between the
magnetic potential and its representation as a vector field. In this context we
also allow differentiation of scalar functions to be denoted, interchangeably
as V and as d, depending if we view the resulting value as a vector field or
as a 1-form.

When dealing with a magnetic potential A we shall define Hi’Z(RN ) as
the completion of C§° with respect to the norm |ul4 = (EA(u))% (note
that Hi"z(RN ) is a space of measurable functions whenever N > 2 or N = 2
and dA # 0, see e.g. [16]), and the space Hi’Q(RN) as the intersection
HA’Q(RN )N L2(RY) (equipped with the standard intersection norm). Note
that |u|? in this model has the meaning of the probability distribution of
a particle in the space, and it doesn’t change if u is also affected by the
multiplication with ¢l (on the other side, as already remarked, the magnetic
potential A and A+ V give rise to the same magnetic field). Note also that,
when A = 0, we obtain the corresponding usual Sobolev spaces H'2(RN)
and H“2(R") respectively. Moreover, in such a case, the re-phasing function
Py in can be set to be constant for all y. We shall later normalize the

magnetic shifts g, (see (6.22) and (6.23) below) in such a way that they
reduce to Euclidean shifts when the magnetic field is zero.

2N
oz, N>2
00, N =2

have the following continuous embeddings H'?(R™) — LP(RY) for every
p € [2,2), and HY2(RY) — HY2(RY) — L? (RY) when N > 2. Further-
more, from the well-known diamagnetic inequality

(2.8) Vau(@)| = |Viu(@)]],

we deduce that

Setting, as usual, 2* = the critical Sobolev exponent, we

Ea(u) > Eo(lul) > Cllull3., if N >2,
and, as a consequence, the continuous embeddings
HP®RY) = L ®RY)  and  HYPARY) — LP(RY) vp € [2,2"),

(the latter one extends by analogous argument to the case N = 2).
Note that, when the magnetic field B is lattice periodic, i.e. when

(2.9) B(-—vy) = B(") for all y € ZV,
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we have, in terms of a fixed magnetic potential A,
d(A(-—y) — A(-)) =0 for all y € ZV.
Therefore,
(2.10) vy € ZN Jp, st A(-—y) = A() + Vo (-).
From this we can derive the following relation which will be used in the
Appendix. Namely for any y;, y2 € Z" there exists a constant y(y1,y2) € R
such that
(2.11) Pyr+ys = Py (- — Y2) + Py + (Y1, Y2),

(indeed, derivatives of the left and of the right hand side coincide by (2.10))).
Thus, for every y € Z~, we can define, by , a suitable magnetic shift g,
such that, (still denoting by g, its extension to vector valued functions) we
have the following commutation law

VA(gyu) = gy(VAU),
where, actually, for all z € RV,

9y(Vau)(z) & @O yu(z — y) = 9O (Vu(e — y) +1A(z - y)u(z —y)).

Indeed, by taking into account ((|1.1)), (2.1) and) (2.10]), we have
Valgyuw) (@) = €0 (Vu( — y) +1(Vey (@) + Ax))Ju(z — y))
(2.12) — ) (T — y) + 1Al - y)u( — y)
= gy(Vau)(z).

As a consequence, we have that the magnetic shifts g, (given by (1.1) where
¢, satisfies (2.10)) are, for all y € Z", isometries on HA’Q(RN ), indeed, for
all u,v € Hi’2(RN), we have
(2.13) {gyu, gyv)a = (u,v) A
Indeed, by taking into account ({2.12)) and since ¢, is a real valued function,
we get that

<gyuagyU>A = /RN VA(gyU)VA(gyU)dx
(2.14) — [ (a5, (Vao)da

R

=/ Vau(x —y) Vav(z —y)de = (u,v) 4.
R

As a consequence of (2.13) we have
(2.15) Ea(gyu) = Ea(e¥vOu(- — y)) = Ea(u) for all y € ZV.

The following lemma can be found elsewhere in literature (e.g. [2, 27])
but we include our version here for the consistency of the paper.
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Lemma 2.1. Let Q C RY be an open bounded set with piecewise C-
boundary and let A € C(Q,Ay). Then, for any X\ > 0, there exist positive
constants Cy and Cy such that for all u € Hi"2(RN):

(2.16)

cl/qwu (uf2)de < /(]VAu]2+/\|u]2)dx < cg/uwm (uf2)da.
Q Q Q

Proof. First note that there exist positive constants A, C; and Cs such that
(2.17)

Cl/(|Vu\2+ luf2)de < /(\vAu\2+Ayu2)dx < 02/(yvu\2+ [uf2)der
Q Q Q

for all u € HA’Q(RN ). Indeed, the right inequality is elementary and the left
one easily follows by . Let us now recall that by compactness of local
Sobolev embeddings, for any € > 0 there exists a subspace E. > 0 of finite
codimension such that

/ lu|?dz < e/ (|IVul® + |u/*)dz, u € E..
Q Q

Then (2.16]) restricted to E, is immediate from (2.17)). Furthermore, since
all norms are equivalent on finite-dimensional spaces, (2.16]) holds also on
a complement of E., and then, by the triangle inequality, it holds for all

ue Hy*(RN). O
Corollary 2.2. For any A € Cloe(RY, A1) the Fréchet spaces Hi’%OC(RN)
and HI{)’S(RN) coincide.

3. ENERGY AT INFINITY

Let N > 2 and let Ay and Ay denote the linear spaces, respectively,
of 1-forms on RY and of antisymmetric 2-forms on RY x RY. Let, for
a € (0,1], C%* and C1® denote, respectively, the space of Holder-continuous
functions and the space of functions with Holder-continuous first derivative,
with Holder exponent a. Given a magnetic field B € C%*(RY, Ay), we will
say that A € C(RY, A1) is a magnetic potential of B if B = dA in the sense
of weak differentiation. Note that, when B is bounded, we can assume that
A(z) = O(|z|) near infinity (we are using the Landau O symbol to denote
functions of the same order). In particular, when B is a constant magnetic
field, A is linear in x. Therefore, generally, we cannot define, for a given
function u € Hi’Q(RN ), the limit of the magnetic energy functional
when the function u is shifted at infinity like in the non-magnetic case (e.g.
[19]), by taking limy, o Eo(u(- +y)). This difficulty is easily overcome in
the case of a lattice-periodic magnetic field. Indeed, by (2.15)), the functional
E 4 o gy, remains equal to E4 for any sequence y;, € Z".

Below, in Lemma we construct a re-phasing function ¢,, y € RN,
such that the corrected magnetic potential

(3.1) Ay =A+ Vo,
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which still corresponds to the same magnetic field B = dA, is bounded
on balls B,(y) by a constant which is dependent on r but is uniform in
y. Without periodicity assumptions on B, ¢, will not satisfy , but
the difference between the left and right hand side of (2.10)) will be still
controlled. This allows us to define magnetic shifts as in and to give
a definition of the limit value of the energy of a function u subjected to a
sequence of magnetic shifts related to a diverging sequence of points in R¥.

In the next lemma we shall make use of the following notation: Vx €
RN,z = (z1,...,2y) and Vi € {1,..., N} we shall set

Xi= (z1,...,z;) € R"  and Xi— (zi,...,xn) € RN7IHL
so that, for alli € {1,..., N — 1},
KN = }1 =T = (£i7}i+1)7

while
g&l =7 and }N =IN.

Lemma 3.1. Let A := (A1,...,An) € Cioc(RY,A1). Then, for all y =
(Y1,-..,yn) € RN, there exists a function ¢, € C(RN) such that for all
x = (z1,...,xN) the following N partial derivatives of ¢, exist and are
expressed by means of the coordinate functions of the magnetic potential as
follows:

o gy (X1) = (XY,
By, (Y 1, X2) = ~As(¥ 1, X7),
(3.2) 050y (Y 2. X°) = —A3(Y 2, X?),

N @y(¥Y N-1, ?N) = —AN(XN—L?N)-
In particular
(3.3) Vy(y) = —A(y).

Proof. To any fixed z = (z1,...,2x) € RY we shall assign a unique real
number, to be denoted as 1 (x), first by arbitrarily fixing the value ¥ (y) at
y = (y1,-..,yn), then allowing successively to vary, in the descending order,
each of the variables y;, i = N, N —1,...,1.

Westart with ¢ (y1,...,yn—1,ZN):

V(Y N-1, YN) = (Y N—1,yN) + /IN AN(Y n-1,t)dt,

YN

we can recursively define, for decreasing m =N —1,...,2,

U ot X7 = 0 s X+ [ A (Y et R

m
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Finally, for m = 1, we set

V(@) = d(e1, X2) = d(yr, X2) + /Il Ai(t, X2)dt.

Y1

Then, the claim follows by setting ¢, def —1). Functions ¢, y € RYN | satisfy
the required properties by construction. Each of them is, of course, defined
up to the arbitrary chosen initial value ¢, (y) = —w(XN) = —(y). O

Note that, by (3.3), no correction is needed in the point y, i.e. the value
of the corrected potential A, defined by (3.1) is zero at y, i.e.

(3-4) Ay(y) = A(y) + Ve (y) = 0.
Moreover, by taking into account (3.1)) and (3.2)), we deduce that
(3.5)

(Ay)n(anla ) = An(anl, ) + Bngoy(Xn—l, ) = 0, Vn € {1, ey N},
(where we use the convention Xo = () so that the above relation means, for
n=1, (4,1 =0).

Remark 3.2. In what follows the corrected magnetic potential A, is defined
by where ¢, is the function provided by Lemma if y # 0, while for
y = 0 we set 9 = 0, so that Ag, defined by , equals A. Consequently,
the magnetic shift gg in the definition below becomes the identity operator.

We now define magnetic shifts (with approximate re-phasing) as follows.

Definition 3.3. Let B = dA be a magnetic field with A € CL_(RY, Ay).
Any map

(3.6) gy = u— Ou(-—y) Yue CHRY), y e RY,

where the C1(RY) function ¢, is provided by Lemma when y # 0 or is

the null function when y = 0 (see Remark , is called @ magnetic shift
(relative to the magnetic field B) determined by the vector y.

Arguing as in (2.12)), we get, by using (3.1]) (instead of (2.10])), that
(3.7)

Valgyu) = gy(vAy(-er)u) and (gy)il(vAu) = VAy(.er)((gy)ilu)-
So, arguing as in (2.14)), we get

(gyts gyv)a = (U, ) a4y and  ((gy) ", () 7 0) A, (c4y) = (1, 0) 4,
and, in particular, that
(3.8) Ea(gyu) = Ea 4y (u) and  Ex(u) = Eq (4y)((g9) ).

In next lemma we prove that, given a bounded continuous magnetic field B,
all corrected magnetic potentials A, (which vanish at y) satisfy a bound of
linear type.
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Lemma 3.4. Let B = dA be a bounded magnetic field with A € C’fOC(RN, Ay).
Let the functions @y, y € RY be as in Remark and let Ay be the corrected

potential defined by (3.1). Then for all y € RY,

(3.9) |4y(@)| < |Blls |z —y| ¥z RV,
where
N
(3.10) 1B €SS 1 Bamlls
n=1m<n
and
(3.11) B = OpAm — OA, VYm,ne{l,...,N}.

Proof. Consider, for a fixed y € RY, the form A, given by and
Lemma We shall prove by showing first that (with the con-
vention that the sum over an empty set of indices is zero) the following
estimate holds true

n—1

(3.12) (Apn(@)] < D I1Bmnllooltm = yml, = € RY.

m=1

By using (3.5)) (with n replaced by n — 1) and (3.11f), we have

(A o2 1) = (Ao (Y X + [ T 00 (A (Y et Xt

Yn—1

= /mnl anfl(Ay)n(Xn*% tv Yn)dt

Yn—1

< / - anAnfl(an%tv Yn)dt

Yn—1
+ ||Bn71 n”oo‘xnfl - yn71|

= Hanl n”oo|$n71 - ynfly-

This argument can be repeated for —(Ay)n(gn_l,?”) yielding the same
upper bound for |(Ay)n(gn_17 }”)|

Repeating the same argument for (Ay)n(xn,g, ?”_2) while using inte-
gration with respect to x,_s, we get

(An (Y3 X)) < 1Al Yne1. X)) + [Bocz nllocln—z — yns|

< ||an2 n||oo|33n72 - yn72| + ”an1 nHoo|fEn71 - yn71|-

Iterating the same estimate n—1 times one gets (3.12)) and then (3.10)) follows

def

from Cauchy inequality. Indeed, setting a,, def | —Yn| and bypn = || Bmn | oo,
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wegetbym,
PIZEREED o Do I ol Do o)

m<n m<n <n

. (Z) SS = b yPIBIE

n=1m<n

O

In what follows C*(R™) denotes the space of functions with uniformly

bounded derivatives and C%'(RY) denotes the space of functions satisfying
[f(2) = f(y)] < Cla —y| for all 2,y € RV,

Remark 3.5. Let Y = (yp)ren be a diverging sequence in RN. If A ¢
CY(RN, A1), then applying Arzela-Ascoli theorem to the sequence (Ay, (- +
Yk))ken, we get a renamed subsequence such that (Ay, (- + yr))keny and
(dAy, (-+yr))ken converges, uniformly on bounded sets, respectively to some
Lipschitz function AY) € COY(RN,Ay) and a bounded function BY) =
dAY) € L2 RV Ay).

Definition 3.6. Let Y = (y)ren be a diverging sequence in RV, and con-

sider the renamed subsequence (yx)ren and the associated magnetic poten-

tial AY) € Cloo’g (RN, A1) described in Remark Then, the corresponding

functional F e (see (2.2)) will be called the energy at infinity relative to
the renamed subsequence Y = (yr)ren, corresponding to the magnetic field
at infinity Bg) = dAg).

We end this section by defining sequences without concentrations and, to
this aim, we shall fix a discretization which shall play the role of Z" in the
periodic setting.

Definition 3.7. A set £ C RY is called a discretization of RV if 0 € Z,

inf |z —y| >0,
z,YE€E,x#Y

and if, for some p > 0, {B,(z)}sez is a covering of RY of uniformly finite
multiplicity.

Note that if Z is a discretization of RY then, for any R > p, the covering
{Br(z)}zez is still of uniformly finite multiplicity. A trivial example for a
discretization of RY is ZV.

Definition 3.8. Let Z C RY be a discretization of RY and let

(3.13) G= o {9y ru— e¥vOy(-—y) |y € Z and ¢y as in Remark (3.2)}.
We shall say that a sequence (ug)ren in Hi’Q(RN) G, Xi-converges to zero
or is G, Xi-infinitesimal, writing ug LA 0, if for every sequence (gx)ren C G=,

gy 'up — 0 in HY?(RN).

loc
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Note that, by Corollary the weak convergence above is also in H,ﬁo (RM)
for any A € Cioe(RY, A1) (including A = 0).

Remark 3.9. It is not difficult to show that G=-convergence is independent
of discretization Z (cf. Remark below for the non-magnetic case), but
will not use this property in any subsequent argument.

4. A VANISHING LEMMA OF COCOMPACTNESS TYPE

In order to describe defect of compactness for bounded sequences in
Hi’Q(RN ) we will first characterize the behavior of sequences without con-
centrations, i.e. of G-infinitesimal sequences (see Definition . We start
with a statement about local boundedness.

Lemma 4.1. Let N > 3, A € Cioe(RY, A1), let (up)ren be a bounded se-
quence in Hi’z(]RN). Then, for any sequence (yr)ren in RY, the sequence
(g;kluk)keN is bounded in Hllo’s(RN).

Proof. The local L?-bound follows from the Sobolev inequality and the dia-
magnetic inequality. Indeed, fixed R > 0, there exists a constant S(R), such

that
[ gtufae= [
Br(0) Br(yk)
2
5
< S(R) (/ \uk\Q*de)
(4.1) Br(yk)

< S(R) </RN |uy, Q*dx> :

< 3(R) /RN V|l [2dz < S(R)Ea (u).

Now, by taking into account (3.8]) we get, for any R > 0, that

Ea(t) = B, o 000 = [

V4, ()9 wkl*da,
Br(0) yk(JFf’Jk) Yk

and, by applying (2.6) (with A and u replaced by Ay, (- + yx) and g;cluk
respectively), we deduce that

1
Baw)z g [ Volufdo-7 [ ARl tus
2 BR(0) Yk Br(0) Yk

R
1/ —1 2 —1 2
> vty dx?O(R)/ 07 Vg 2da
2 Jppo) " Br(o) "
1 ~
>5[ g e~ TOR)S(R) Ea(uw).
Br(0)
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where, to get last two inequalities we have used (3.9) and (4.1). So, by
combining the above inequalities, we get that for a suitable positive constant
C(R)

[ Vatude < CREACu).
Br(0)
]

Lemma 4.2. For any bounded sequence (uy)ken in Hi’Q(RN), A € Croe(RN, A7),
the following implication holds true

w0 = up — 0 in LP(RY) for any p € (2,2%).

Proof. Let p € (2,2*), E be a discretization of RV, and fix y € 2. By com-
bining the Sobolev inequality on an open ball B,(y), with the diamagnetic
inequality (2.8)), we get, with some constant C' > 0 independent of y,

2/p 1-2/p
/ |ug|Pde = (/ \uk|pdx> (/ |uk|pdx>
Bp(y) BP(?J) Bp(y)
1-2/p
< c/ (9 |ull? + |un]?)dz (/ \uk\de>
Bﬂ(y) Bp(y)

1-2/p
< c/ (1Y gus? + [ug|2)dz (/ |uk|de>
B,(v) B,(w)

1-2/p
<C (IV aug]? + Jug|*)dz sup (/ |Uk;|pdl“> :
By (y) z€2 \JB,(z)

Adding over all y € Z, and taking into account that the covering {B,(y) }ye=
has uniform finite multiplicity, we have, for a suitable choice of y;, € E (and
with a change of variable), that

1-2/p
ug[Pdr < Cllug|| 1.2y SUp / uy[Pdz
/R“ | | H H A" (RY) ye= Bp(y)| |

1-2/p
< 20| ugl] 11,2 / |ug|Pde
HAED\ S, )

1-2/p
= 2C|ug|| 1.2 / ug(z + yi)|Pdx .
el ( [ e

Since, by assumption, (g;cluk)kel\r converges weakly to zero in H'%(B,(0))
which is compactly embedded in LP(B,(0)), we get that uy(- + y5) — 0 in
LP(B,(0)) and, by the chain of inequalities above, that (uy)ren vanishes in
LP(RN). a
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Note that, despite Corollary spaces Hi’2(RN ) and Hi"z(RN ) do not
generally coincide, in particular, they are distinct if B = dA = 0. In gen-
eral, unless B is identically zero in RY and N = 2, there exists a positive
function W such that Ea(u) > [pn [ul?W(z)dz (see e.g. [16]), but W
may be not necessarily bounded from below. If dA is lattice-periodic, it is
easy to show, via partition of unity, that Ea(u) > C [pn |u|?dx so that, if
u € HA’Q(]RN), then u € L2(RY), i.e. Hi’Q(RN) = Hfl"Q(]RN). For sequences
bounded in Hi’Q(RN ), but not bounded in L?(R"), one can prove an analog
of Lemma [4.2]

Lemma 4.3. Assume that A € Cioo(RY, A1) and that for some r > 0,
B =dA#0 on any ball B.(x), x € RN (so that there is no sequence of balls
of radius going to infinity where dA = 0). Then, for any p € (2,2%), there
is a positive continuous bounded function W, defined on RN such that

ukgOinHLQ(RN) = u, — 0 in LP(RY, W,dz).

loc
Proof. The proof follows the same argument used for Lemma with the
following elementary modifications. The radius of the balls B,(y), vy €
E, have to be changed to R = max(2p,r), so that Sobolev inequality on
the ball Br(y), y € = (with a constant dependent on y) will follow from
the assumption dA # 0 on B,(y). This constant, after summation over =
(recall that the covering by Bg(y) remains of finite multiplicity) will produce
a piecewise-constant weight in the LP-norm, which can be replaced by a
continuous function W, U

5. PROFILE DECOMPOSITION
The purpose of this section is to prove the profile decomposition stated in
Theorem [5.1] below with the related energy bounds stated in Theorem [5.2]

When we shall deal with sequences Y (™ def (y,in))keN in RN depending
on a parameter n € N, we will abbreviate the notation for the magnetic

(n)
potentials at infinity Ag ) as Aé’.f) (and the corresponding magnetic field
as BC(,Z)). Moreover, for any n and for any k, g,m will represent the magnetic
k

shift defined by (3.6)) with y = y,(cn), and we will use the abbreviated notation

(5.1) g,ﬁ”) o g,m as well as AIE:”) def Ay(”>(' + ylin)) '
k k
We warn the reader that we shall always reserve the index n = 0 to the trivial
= (y;(f))keN = (0)gen (which, of course is not diverging)
and always set Ag)) — AP — 4 (indeed, the magnetic shifts 91530) = 9,0
k

coincide with the identity map (see Remark [3.2))). Moreover, when (ug)ken
is bounded, we set (modulo subsequences)

sequence y©)

(5.2) v €~ lim U
k—ro0
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In what follows we use weak convergence in Hﬁ)cz (RM), which is a weak con-
vergence in a Fréchet space. In particular weakly converging sequences will
converge in the sense of distributions, strongly in LP(£) whenever 2 C RY
is a bounded measurable set and p € (2,2*), as well as almost everywhere.

Theorem 5.1. Let Z 3 0 be a discretization of RN. Let A € CTY(RN, Ay),
N > 3, and let (ug)ken be a bounded sequence in Hi’Q(RN). Then, there
exist exist v € HI{)’CZ(RN) (with v ¢ Hi’Q(RN)), Y™ .= (y,(gn))keN C g,
n € N, such that, on a renamed subsequence,

(5.3) (g,(gn))*lulrc — o™ in HI%S(RN),

(5.4) " =y = 0o forn #m,

(5.5) re oy — Zg,gn)v(") — 0 in LP(RY), ¥p € (2,2%),
n=0

and the series > o0 o |v™ (- — y,(fn))| and the series in converge un-
co?;iiti?vnally (wzth ;‘espﬂc;[ct to n) and uniformly in k, in HY2(RN) and in
gloé)(R ) respectively. Moreover, for any n,

g;kluk — 0 in Hli’CQ(RN) for all (yp)ren in RY s.t. |y, — y,(cn)| — +00.

Note that, since (y;io))keN = (0)ken, formula (5.4) implies that each se-

quence (y,(gn)) ken = (0)ken is diverging for every n # 0, while (5.5 gives the

profile decomposition

G.7) we =00+ 3" g™ oy with rp — 0 in LP(RY), ¥p € (2,2%).

n=1

Theorem 5.2. Assume conditions of Theorem . A subsequence (ug)ren
mn Hi"Q(RN) provided by Theorem satisfies

(5.8) / g Pdz —> Z/ W™ Pdz  as k — 400 Vp € [2,2°),
RN = Jrn

(5.9) ;} /R o™ < limint /R g,

and furthermore,

1 E (w(©™) < liminf E
(5.10) ?;) A (") < liminf Ba(ug),
where Afﬁ) = A, and for n # 0, each AS.Z) is the magnetic potential at
infinity relative to the sequence Y™ = (y,in))keN as in Definition and
ng) = dA(OZ) 1s the related magnetic field.
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Before giving the proof of Theorem [5.1| we like to show that relation (5.3))
is at all possible.

Lemma 5.3. Let A € C*(RN, A1), N > 3, let (up)ren be a bounded sequence
in H}L"z(RN), and let Y = (yg)ren be a sequence in RN. Then, (g;kluk)keN

has a subsequence weakly convergent in Hﬁ)’f(RN) to some v in Hﬁ)’f(RN),

such that, (Ay, (- + yi))ken converges uniformly on bounded sets to some
Ao € COYRN A1) such that

(5.11) Ea (v) < lign inf F4(ug).
—00

Proof. To shorten notation we shall set, for any k € N,

def def _
A S Ay (+yr) and o = g lug

By Lemma the sequence (vk)gen is bounded in Hllo’CQ(RN ) and thus it

has a subsequence weakly convergent to some v € Hﬁ)’f(RN ). Consider

a (renamed) subsequence, given by the Arzela-Ascoli theorem, such that
A )ken converges uniformly on bounded sets to Ao def Ag ) (see Definition
. Set for any R > 0, Qg def Br(0), by applying (3.7)), we have

Ea(ug) = Ea(gy,vr) = /Q |VAyk(.+yk)(gyk_1uk)’2d$
R

= / |V a, (vg)[?dz for all R > 0.

Qr

Now, let us remark that

|VAkU]€’2 = |V + 1Ay — (A — Ak)vk\Q =|Va vp — (A — Ak)vk.]2
= ‘VAOOUkP + i(AOO — Ak) (WVAOOUJC — UkvAoon) + |AOO — Ak|2’vk’2,

and that
VeV A Uk — vV a, Uk =V Vug — VU + QiAOO‘Uk‘z.
So, we deduce the following relation

IV 4,06 = VA vkl? = 2400 (Aoe — Ap)|ok]? + [Ace — Ak|*|vi|®
+ (Ao — Ag) (Tx Vo, — v VTg)

and, by arguing as in (2.4)), we get (by applying Cauchy-Schwarz Inequality)

IV a,onl? 2 |V 4 vkl 2| Aoo || Ao — A [k [* 4| Ao — Ak [* [0k * 4] Aoo — A vg] [Vvi].
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. def def
Then, setting oy, = | Akl Lo () and 6y, = [|Ao — Agllpeo () we get, by
Hoélder Inequality, that

EA(uk)Z/ |VAoon|2dx—2ak5k/ |Uk|2dac+5k/ |vk|2d;1:

Qg Qr Qr
— 46 [|vkll 2 ) VUl L2 (0p)

- / \VAoovk|2dx +0(1)
QR

where we have taken into account that §; — 0 and the existence of the local
bound in H%? for the sequence (v )ren according to Lemma So, by weak
lower semicontinuity of seminorms, (5.11)) follows by taking R — oc. (]

We will use the following statement [26, Corollary 3.3] (which can also
be derived from Solimini’s result [24, Theorem 2], with the addition of the
property on the unconditional convergence of the series as underlined in the
Banach space version of the same theorem in [25]).

Proposition 5.4. Let (uy)ren be a bounded sequence in HV2(RN). Then,

for all n € N, there exist w™ e HL2(RN), (y,gn))keN in ZN , such that, on a
renamed subsequence,

(5.12) e +y,§”)) ™,
(5.13) \y( —yk \ — o0 for n # m,
(5.14) D ™ < lim sup g1 31,2,
neN
(5.15) up — Y w™ (- —y) > 0in LP(RY), ¥p € (2,2%),
neN

and the series in converges in HY2(RN) unconditionally (with respect
to n) and uniformly in k. Moreover,

(5.16) ug(-4yr) =0  for all (yx)ren in RV s.t. ]yk—y,(cn)] — 00,Vn € N.

Remark 5.5. One can replace Z" in Proposition with any other dis-
cretization Z of RY. Indeed, for any sequence (y,gn))keN in ZV there exists

a sequence (gj,(cn))keN in Z, such that (g,ﬁ”) - y,in))keN is bounded. Then,

passing to a renamed subsequence and by using standard diagonalization,

—(n) (n)>
ke

we may assume that ( — Y N converges to some point z, € RY, and

def

all assertions of Proposition |5.4| will hold with y( ") and w™ w™ (- + z,)

(n)

replacing ¥, * and w™ respectlvely.

PROOF THEOREM H Let (ug)ren be a bounded sequence in Hfll’Q(]RN),
then, by (2.8), we can apply Proposition appended by Remark [5.5) -, to
the sequence (|ug|)ren. Denoting the magnetic shift 9, ») determined by y(n)
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as g,(g") (see Definition and (5.1)) and the magnetic potential Ay;cn)(. +
y,(fn)) as A](Cn), we have, by Lemma that, on a renamed subsequence,
((g,in))_luk)keN converges weakly in Hllo’f(RN) to some v € Hllo’g(RN),
ie.

o def o, lim(g,(cn))*luk,

k—o0

while A,(Cn) — ASQ) € C%! yniformly on bounded sets. It follows from the

equality \g,(cn)uk\ = |ug(- —|—y,(€n))] and from that [v™| = w™ for all n.
Furthermore, by taking into account , we have, for the same reason as
above, that g,, uy — 0 whenever |y, — yk" | = o0.

It easily follows from convergence properties of the series in that the
series in converges unconditionally (with respect to n) and uniformly
in k in H, 2 (RY).

Now, we shall prove by means of Lemma i.e. by proving that
the sequence (ry)ren (therein defined) G-converges to zero. So, given a
sequence (yi)ren in =, we have to prove that, for the corresponding sequence
of magnetic shifts (gy, )ren, we have g;}rk — 0 in Hﬁ)z (RM). Actually, we
have to face two cases.

If (first case), for all n, |y — y,in)\ — 400 as k — 400, we have, by (5.6),
that not only gy, ur — 0, but also each term in the series of concentrations

vanishes as well, i.e. gykg,g")v(”) — 0, 50 gy, T — 0.

If otherwise (second case), (yi)ren in RY is such that (|yz — y,(cn)])keN is
bounded for some n € N, then passing to a renamed subsequence we may

assume that yi — yl(Cn) — 7™ with some 5™ e RN. Note that, in such a

case, |gy, (g,(cn))_lu] — |u(- —7™)| in HY2(RN) and that the same is true to
their adjoint operators as well. Then, denoting by 0™ (1) a sequence weakly
convergent to zero, we have

g (16 = (9) 0™ | = |y (o) (0l s = 0|

= ’(g,gn)uk - v(")> (- —ﬂ("))’ +0“(1) =0,

from which we conclude that gy, ry — 0. Then, by Lemma we deduce
that r, — 0 in LP(RY), for all p € (2,2*) getting (5.5). O

ProOF OF THEOREM [5.21 The first assertion is an iterated version of
Brezis-Lieb Lemma for the sequence (|ug|)ren and its profile decomposition
in HY2(RY) (sce e.g. [12] : note that [ug|(- — yi™) = |g\uk] — [0™] in
HY2(RY) since for sequences bounded in H%“?(R") weak and a.e. conver-
gence coincide).
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Let us prove the third assertion. Following the proof of Lemma to
(n)

v=0" y, = Y, we have

(5.17) / |VAuk|2dx > / |VA(n)v(")|2dx + 0p—oo(1).
Br(y," Br(0) %

Yy )
On the other hand, due to (5.13), we can assume that, for any R > 0, for
k large enough, BR(ylgn)) N BR(y,gm)) = () for all m # n, so for any M € N,
M #0, Ea(ur) > Y0l fBR(y,ﬁ")) |V aug*dz. So, by (B.17), we get

M
liminf Ey4 (ug) > / v (n)U(n)|2de-
[Rs 7;) Br(0) %

Then, (5.10) follows since M and R are arbitrary. O

6. APPLICATIONS

Given a bounded electric potential V', described as a positive measurable
function on RY, we introduce the following functional defined by setting for
all u € Hy*(RN)

(6.1) Jay(u) = /RN (|(VAu(x)|2 + V(z)|u(:p)|2) dz.

We shall emphasize the case in which the electric potential is constant, i.e.
when V' = X € R, by using the notation J4 ) instead of J4 v .

6.1. A ground state problem. Set Ay def infj,,,—1 £a(u), we shall intro-
duce, for A > — g, the following minimization problems:

def

(6.2) Clp, N, AN inf Jaa(u), pe (2,29

ueHY2(@®N)
llullp=1
We will show that, for any p € (2,2*), the problem attains no minimum
if the magnetic field B = dA vanishes at infinity.

It is worth to remark that several known existence results (see [2], [17],
[22]) prove existence of minimum when the electric potential increases at
infinity and offsets the possible decrease of energy (due to the magnetic field)
at infinity, penalizing (in minimizing sequences) any possible translation
towards infinity. Of course, this setting excludes the constant potential
V = A. Below, we show in an elementary statement, that if the magnetic
field at infinity is zero and the electric potential V' = X is constant (so
there is no penalty mechanism) the ground state does not exist. Note that
the statement is restricted only to positive values of A, leaving it as an
elementary exercise for the reader to prove that, when V = A < 0, the

infimum in (6.2)) is zero.
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Proposition 6.1. Let N > 3 and let B = dA be a bounded magnetic field
with A € CH® for some o € (0,1). Assume moreover that suppB = RY and
that lim,| o B(x) = 0. Then, for all \ > 0, Problem (6.2)) has no solution,

in particular the infimum is positive but it is not attained.

Proof. Nonnegativity of the infimum easily follows by the assumption A >
0 > —M\g, while positivity follows from diamagnetic inequality and from
the Sobolev embedding applied to |ul.

Assuming, by contradiction, that the infimum in is attained at some
function u, we get C(N,p,A,\) > C(N,p,0,\). Indeed, by taking into
account that the diamagnetic inequality is strict on suppB N suppu,
and by using , we have

(6.3) C(N,p, A, X) = Jax(u) > Joa(u]) = Jor(u) > C(N,p,0,N).

On the other hand, since the constant C'(N,p,0,)\) (see (6.2)) with A = 0)
is attained by the well-known minimizer wg, (which decays exponentially at
infinity), and since, by (3.9]), we have that the magnetic potential AL (see

Definition ) associated to any diverging sequence Y def (yr)ken C RY is
zero, we have

C(vaa Aa )‘) < JA,)\(U)O(' - yk)) — JO,)\(U)U) = C(vaa 07 )‘)a
getting in contradiction to (6.3)). ([

6.2. A minimax problem. Let N >3, A > 0 and p € (2,2*). We consider
on HA’Q(RN ) the following Hamiltonian functional, (see (6.1])):

1 1
Iaao) = 3 an(o) =5 [ fupda
(6.4) PR

1
(Ba(w) + Allull3) - ];IIUHQ

N

Since in this section we shall deal with the case in which the magnetic
potential A vanishes at infinity, we shall set

1 1
Lo () < Ty () = 2/ (1Vu(@)]? + Mu()?) dz - / ufPdz
RN P JrN
1 1
=3 (Eo(u) + Allull3) — Z;H“Hﬁ

(6.5)

This functional is defined on defined on HV2(RY).
Note that critical points of the functional /4 y and I, are weak solutions
to the problems

(P) {—Viu + Au = |u[P~%u

ue Hy*(RN),



20 G. DEVILLANOVA AND C. TINTAREV

and

—Au+ M\ = |u|P2u
(P) { 4

u € HY2(RY),

respectively. In particular, since every weak nontrivial solution to (Psl)
belongs to the Nehari manifold

def
Noo = {u € HP2RM)\ {0} | Joa(u) = [Vull3 + Aull3 = ul},
we call ground state level of the functional I, the quantity

def .
Coo = }\r/li Io.
It is well-known that ¢ is achieved by a unique (up to translations and
change of sign) function ws (to which one refers as to the ground state
solution to ([P))) which is smooth, positive and radial decreasing with ex-

ponential decay at infinity. In particular, we have

(6.6) Jop(weo) = [[Vweo |3 + Mwso 3 = [[weo |2,
and, as a consequence,
_p=2 p
Coo = % Hwoon
or, conversely,
2
(6.7) oo |2 = p_p2000.

It is possible to see ¢y as a min — max level. Indeed, it is standard to prove
that for any v € H'2(RY)\ {0} there exists a unique scaling factor ¢ > 0

such that @ & u e Ny and

Io(u) = ten[%)a,ho)i) I (tu).

So,

Coo = Ino(Woo) =

~

Io(a) = max [ (tu).

inf in
ueHL2(RV)\{0} ueH2(RN)\{0} t€[0,00)

Now, by taking the set ® C C([0, 00), H%2(RY)) consists of all paths satisfy-
ing 0(0) = 0 and lim;_, |0 (t)| = +00 (and, as a consequence, lim;_,o Iso(0(t)) =
—o0) we have the following further characterization of ¢

def .
= I t)).
o R )
Finally, it is worth to remark that the ground state we, equals, up to a
scalar multiple, the (radial) minimizer of C(p, N,0, ) defined in (6.2)), so

— Woo 3
wo = Moo |lp? 1.e.

‘]0,)\ <u}00> = C(p7 N’O’ )‘)

lweolp

Let A€ CY(RYN,A;)\ {0} and assume the following conditions:
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(A) BY) = 0ae. for any diverging sequence Y’ def (yr)ren C RY, (equiv-
alently, limy,, |0 Ay, (- +yx) = 0);

@ Dl
P — Weolh
B) [|B|le < .
(B) Bl < ( e )
Let us define a map 7:= (1, Iv+1) : HXQ(RN) — RVF1 by setting:
—Ti g |P -
(6.8) ni(u) = v 1] lulPdz, i=1,...,N,
IRN |u|pd$a i=N+1.

Note that, since wy is radially symmetric,

2
(6.9) = (O, pfp

5¢00) = (0w, [lweollp) € RV

Let us fix T' > 2 sufficiently large so that I (Twe) < 0, and assume that
R > 0 is large enough (in what follows the value of R will be subjected to a
finite number of restrictions). Let Bg denote the closed ball in RY centered
at the origin with radius R > 0, and let

(6.10) T =Trr € {y € C(Br x [0,T,RV*1) | 5 =, on 8Bk x 0,71},

where
(6.11)  Y0(y,t) =t wn(- — y) = tgywes, Y(y,t) € Bg x [0, TY,

and ¢, is given by Lemma (see (3.6)). Taking ng as in , we have

that, by construction,
(612) deg(n077 BR X [OaT]7n0) = deg(UO%a BR X [OaT]vn()) 7& 0 Vv el

(Note that the degree of 1 o~y to if well-defined. Indeed, by the choice of
T, we have I(Tws) < 0 and, since ws, is radially symmetric, we have
no7(y,t) # 0 whenever y # 0.) Then, provided R and T are sufficiently
large, the following number is well defined

def .
13 = T = fF B T 1))
(6.13) C=CRT = }{n s I%?JEX[O, ]IA,A(Y(QI )

Lemma 6.2. If A€ CYRM,A;)\ {0}, then
(6.14) CR,T > Coos

provided R and T are sufficiently large real numbers.
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Proof. By (6.12), and by taking into account that the last component of g

_ 4PCx

is [Jwoollp = p—2 s We have

1 1
c> inf [ ZJax(u) — —|ul}
ant(Saat) - Sl )

1
> “Jar(u) — —=c
l[ullp=lwsoll 2 p—2 "7

1 2
> inf 7J07,\(|u\)—p_

= lullp=llwoollp 2

where, in the last equality, we have used (6.6)) and (6.7)). Then, the thesis
follows since the diamagnetic inequality (2.8]) is strict on any minimizer

Fweo (- — ), y € RV, of s (since supp B N supp wee = RY). O

Coo = Coo;,
2

Lemma 6.3. If (B) holds true, then

(6.15) CRT < 2Co0,

provided R and T are sufficiently large real numbers.

Proof. Since 7o (see (6.11))) trivially belongs to the set I' (see (6.10)), set

et 1Bl J ol da

Hwooug

9

we get, by (3.9), that

1 1
c< sup §t2JA,A(gywoo) — —tPJwsol[}
yEBR t€[0,T] p

1, 1
= sup Sty (g (Weo) — =P ||weo|h
yEBR,t€[0,T] 2 yCr) ATl T e

1 1
< sup 2o a(wse) — S wsoll?+ 2B / 2P, da
te[0,77] p RN

1 1
= sup §t2llwoo|!§— —t?||woo |} + 20 |l weo 1%
t€[0,T] p

1 1
= |[weo |/ sup <t2(1 +o0)— tp>
o \ 2 P

2 (1 1 p_
~ sl +0)77 (5= 3 ) = emli )7,

where, in the last equality, we have used (6.7]). Then, the thesis follows since
assumption (B) just implies (1 4+ O')P%Q < 2. O
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Remark 6.4. Note that without assumption (B) one has cpr < 2¢o0 +
OR—00(1). This can be shown by considering the inequality

crr < sup  Tan(v(y,t))
yeBthE[OvT}

with v € I defined by setting, for all (y, t) € Br x [0, T7,

v(y,t) = tcos ( 2|1?1JE|> g_ ywoo + tsin < 2|;J2|) g lywoo

Theorem 6.5. Assume (A) and (B). Then, provided R >0 and T > 2 are
sufficiently large, the number crr defined by 1s a critical level for the
functional 14y for any X > 0. In particular Problem admits a solution
at the energy level cr .

Before giving the proof of the theorem we shall discuss about profile de-
compositions of a Palais Smale sequence (P.S. for short) for the functional
14, at the level cr 1 given by .

Let (uk)ren be a P.S. sequence for 4 y in HA’Q(RN) at the level ¢ = cp 1,
i.e. such that I'4 (ux) — ¢ and Ig)\(uk) — 0 as k — oco. By applying the
nowadays standard argument from [I] we deduce that the sequence (ug)gen
is bounded in H;"Q(RN )- So we can use a profile decomposition (see (5.7]))

of (uk)ken given by Theorem Since each sequence (y,(cn)) ken is diverging

for n # 0 we deduce, by assumption (A), that each magnetic potential AE.Z)

associated to each sequence (y,(cn))keN is 0 if n # 0 (while A9 — A). So,

(5.10) gives

Ea(w®) + Y By(v™) < lim inf By (uy),
n=1 =

where v(® and v(™ are defined by (5.2) and (5.3) respectively. Then, by
taking into account (6.4} and , we get, by using (5.8)), that

1
Lia(v W)+ " I (™) < hmlnff Es(ug) + Mugll3) — =|lullb
(6.16) Z ZEl )l

= lim Iy x(ug) =c.
k—o00

Note that, since I 1'4’ ) is a weak-to-weak continuous functional and (uy)ken is

a Palais Smale sequence, we deduce that its weak limit v(©) is a solution to
. Analogously, due to assumption (A), the other profiles v for n # 0,
are solutions to (P)). Therefore, either v is trivial (actually it is not a
profile) or I (v(” ) > ¢oo. As a consequence, 6|) implies that the number
m of (nontrivial) profiles is finite and that

m

(6.17) Moo < Tan (V) 4+ meoo = Taa () + Z Io(v™) = ¢,

n=1
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where last equalities hold (instead of inequalities) since the profile decom-
position of (uy)ren is finite and each v(™ is a solution to (Pa).

Claim 6.2.1. Assume (A) and (B). Then,
(6.18) co = Lia(0®) > oo

Proof. Assume first that v(?) = 0. By combining (6.17)), (6.15) and (6.14)

we have necessarily 1 < m < 2, a contradiction that shows that v(©) = 0.

Recalling that wg = ”;”7” is a minimizer for Jy ) over all vectors with
oollp

unit LP-norm, we have

Weo [0
Jox < > < Jox ;
[[woollp [0,

and, by applying the diamagnetic inequality, we get

(0)

w v

6.19 Jox <°°)§JA,A — .
(6.19) 07 | Twmelly O],

By taking into account that v(®) and wy, are solutions to and ([Ps)
respectively, we have Jy \(v(?) = ||o(?|]} and that (see (6.6)) Ja(woo) =
|weo||5- Then, from (6.19)), follows that

2 2
p _pzcoo = Joa(woo) < Jan(v®) = P _Z)QIA,A(U(O)),
which immediately gives (6.18]). O

PROOF OF THEOREM [6.5] Let R and T be large enough to apply Lemma
and Lemma and get that ¢ € (coo,2¢s0). Since the diamagnetic
inequality is strict on supp B Nsupp v(?), we deduce, since v(?) # 0, that

co = Tap(v ) > I (v?) = Lo (v V) > e

So, (6.16]) implies that (m + 1)coe < Mmoo + co = ¢ < 2¢o0, i.€. that m = 0.
Then, the thesis follows since (6.17)) gives, for m =0, ¢y = IA,)\('U(O)) =c O

In conclusion we give a straightforward generalization of Theorem for
a magnetic Schrodinger equation that also includes a nonconstant electric
potential. The proof, which follows step by step the one of Theorem [6.5] is
left to the reader.

Theorem 6.6. Let A € CY(RY,A;)\ {0}, V € L¥(RYN), and assume con-
dition (A) as well as the following conditions:

p—2

(B') IBI1% Jaw l2Pwiede + fon (V() = Nuwddr < (277 — 1) %5,

(V) A e limyy 00 V(y) < V (), for a.e. x € RY.
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1,2

Then, there exists a solution u € H“(RYN) to the equation

(6.20) — Viu+ Vu = |ulP2u,
satisfying Iy (u) = ¢ > 0, where
def 1 1
Iav(u) = §JA’V(U) — / |u|Pdx
P JrN

and c is given by the relation (6.13)) (with the functional 14 ) replaced by
Iay) with R >0 and T > 2 sufficiently large.

APPENDIX: THE GROUP OF MAGNETIC SHIFTS

Magnetic shifts of a lattice-periodic magnetic field do not generally form
a group. Let us look at that in more detail. Note first that, for every

y1,y2 € ZN | by using (2.11]), we have
Gy G U = elPu2 6i@y1(v—y2)u(. — g — 1) =
(6.21) e ion iy (- — gy — yp) = ey,

In other words, a product of magnetic shifts is a magnetic shift up to a
constant scalar multiple of magnitude 1. This proves that a larger set,
namely

def 0 i 1,2
Ga = {gyﬂ tU eleewyu(' - y)?“ € HA (RN)}yEZN,QERa
is closed under multiplication law. We see below that G4 is a group. Without
loss of generality, since every function ¢,, y € ZN which satisfies (2.10)), is
defined up to a constant, we may fix its value at a given point, which we
choose as follows:

(6.22) ou(/2) =0, yezV.
Then ¢y(0) = 0 and since Vg = A(- —0) — A(-) = 0, we have
(6.23) o(z) =0, zeRY.

From (2.11]) with o = 0 it follows immediately that for every y € Z
Y(y,0) =~(0,y) = 0.

Moreover, by evaluating (2.11) with y1 =y, y» = —y at = —y/2, and by
using (6.22)), we have

(6.24)  v(y, —y) = ¢y(y/2) + o—y(—y/2) + (¥, —y) = po(—y/2) = 0
for every y € ZN.

Lemma 6.7. For every y € ZV, 6 € R:

(6.25) Grh = 9-y0-
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Proof. Note first that it is sufficient to prove (6.25) for # = 0. Fixed y € Z",
from (6.23) and by applying (2.11)) with y; =y, y2 = —y, we get by (/6.24)

oy =—py(-+y).
Then, solving the equation g, ou = v, one has
u=e (4 y) = (- +y) = gy,
O

Note that by (2.15]) the set G, and thus, the set G4, consists of isometries
1,2/ N
on H 7 (RY).
Finally, we can see that G4 is a multiplicative group because it is closed

with respect to multiplication (by (6.21])) which is trivially associative; it
has go,0 as neutral element (see (6.23)); and any of its elements g, ¢ has its

own inverse g_, —g (see (6.25))).
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