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Abstract: The higher-order convective Cahn-Hilliard equation describes the evolution of crystal
surfaces faceting through surface electromigration, the growing surface faceting, and the evolution of
dynamics of phase transitions in ternary oil-water-surfactant systems. In this paper, we study the H*
solutions of the Cauchy problem and prove, under different assumptions on the constants appearing
in the equation and on the mean of the initial datum, that they are well-posed.
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1. Introduction

In this paper, we study the well-posedness of the Cauchy problem:

Opu + K0y u? + y02u — B2oSu + adiu + 6%0% (%) =0, t>0, x€eR, )
u(0,x) = up(x), x €R,
with
v B adeR, <0, a>0 1« B,6#0, or 2)
B a6eR, x=9=0 a>0 B, 06#0, or 3)
v B adeR, B#0, 6=0 or 4)
kv B adeR, B,5#0. )
On the initial datum, we assume
Uup € H3(R), or, (6)
1o € HH(R) N L (R), /R o (x)dx = 0. @)
Inspired by [1-12], in light of (7), we define the following function:
X
) = [ wo(w)dy, ®
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on which we assume

X 2
HP0||%2(R) = /R (/oo uo(y)dy) dx < oo. )

The equation in (1) is derived in [13] to model the evolution of a crystalline surface with small
slopes that undergoes faceting. The unknown u gives the surface slope, the constant x is proportional
to the atomic flux deposition strength and the convective term xd,u? arises from the deposited atoms
normal impingement. The sixth-order linear term d%u regularizes the equation, taking into account the
surface curvature and the anisotropy of the surface energy under the surface diffusion.

From a mathematical point of view, the existence and uniqueness of weak solutions of (1)
with periodic boundary conditions is proven in [14], under the assumptions ¥ > 0 and ¢ = 0.
In the same setting, a similar result is proven in two space dimensions in [15]. In [16], the authors
derived the stationary solutions of (1), again assuming « > 0 and 7y = 0. In [17], the existence of a
global-in-time attractor is studied, while the well-posedness of the classical solutions of (1) is proven
in [18], requiring (7)-(9), and ¢ = 0. In this paper, we will prove that, if (2) or (3) hold, we have
the well-posedness of the classical solutions of (1) assuming (6), while if (5) holds, we have the
well-posedness of (1) assuming (7)—(9).

Taking x = 0, (1) becomes

dyu + 702 — B2O0u + adtu + 629% (u3) —0, (10)

which is a Cahn-Hilliard type equation [19-21]. It was deduced in [22] to describe the evolution
of crystal surfaces faceting through surface electromigration. It also describes the phase transition
development in ternary oil-water-surfactant systems. One part of the surfactant is hydrophilic, and the
other one (termed amphiphile) is lipophilic. Oil, water, and microemulsion (i.e., a homogeneous,
isotropic mixture of oil and water) can coexist in equilibrium. The unknown u, in (10), gives the local
difference between oil and water concentrations.

From a mathematical point of view, in [23] the initial-boundary-value problem for (10) is
analyzed, under appropriate assumptions on v, B, «, J. In [24], the authors analyze the existence
of a global-in-time attractor. The existence of weak solutions for the initial-boundary-value problem
for (10) is proven in the case of degenerate mobility in [25]. Finally, in [18], the well-posedness of the
classical solution of the Cauchy problem of (10) is proven, assuming (7)—(9), with v = 0. In this paper,
we will show that the classical solutions of the Cauchy problem of (10) are well-posed, assuming (6),
if ¥ <0and a > 0, while in the general case, we will prove the same result assuming (7)-(9).

Observe that in [13], it is proven that, as ¥ — oo, (1) reduces

Ostt 4 9xu? + a102u — b2%u + c10%u = 0, (11)

which is known as the Kuramoto-Sivashinsky equation (see [26-28]). In Section 4, we will prove the
well-posedness of the Cauchy problem for (11), assuming (6).
When 8 =6 =0and a = f2 # 0, (1) reads

st + Ky u® + y92u + f2O%u = 0. (12)

(12) appears in several physical situations; for example, it models long waves on a viscous fluid
flowing down an inclined plane [29] and drift waves in a plasma [30]. (12) was also independently
deduced by Kuramoto [27,31,32] to describe the phase turbulence in reaction-diffusion systems, and by
Sivashinsky [28] to describe plane flame propagation, taking into account the combined influence of
diffusion and thermal conduction of the gas on the stability of a plane flame front.

Equation (12) can be used to study incipient instabilities in several physical and chemical
systems [33-35]. Moreover, (12) is also termed the Benney-Lin equation [36,37], and was deduced by
Kuramoto as a model for phase turbulence in the Belousov-Zhabotinsky reaction [38].
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The existence and the dynamical properties of the exact solutions for (12) can be found in [39-44].
The control problem for (12) with periodic boundary conditions, and on a bounded interval, are studied
in [45-47]. The problem of global-in-time exponential stabilization of (12) with periodic boundary
conditions is analyzed in [48]. A generalization of the optimal control theory for (12) is proposed
in [49], while the f global boundary controllability of (12) is considered in [50]. The existence of
solitonic solutions for (12) is proven in [51]. The well-posedness of the Cauchy problem for (12) is
proven in [52-54], using the energy space technique, a priori estimates together with an application
of the Cauchy-Kovalevskaya and the fixed point method, respectively. Instead, the initial-boundary
value problem for (1) is studied, using a priori estimates together with an application of the
Cauchy-Kovalevskaya, and the energy space technique in [55-57]. Inspired by [58-60], the convergence
of the solution of (12) to the unique entropy one of the Burgers equation is proven in [61].

Finally, due to its general structure, we conjecture that (1) can have a possible application in
machine learning (see [62,63]).

2. Results and Organization of the Paper

In this paper, we improve and complete the results of [14,16-18] working with H? initial data and
having general assumptions on the constants appearing in (1). The main result of this paper is the
following theorem. We prove the global-in-time existence, uniqueness, and stability of the solutions of
the Cauchy problem (1).

Theorem 1. Fix T > 0. Assuming one of the following

(i)  (2)and (6),
(ii)  (3) and (6),
(iii) (4) and (6),
(iv) (5)and (7),

and (9), there exists a unique solution u of (1) such that
ue HY((0,T) x R)NL®(0, T; H*(R)). (13)

In particular, under the Assumptions (7) and (9), we have that

/ u(t,x)dx = 0. (14)
R
Moreover, if uy and uy are two solutions of (1), we have that

lua () = w2t )2y < €T llung — w20l 2y » (15)
for some suitable C(T) > 0, and every 0 < t < T.

The well-posedness of (1) is guaranteed for a short time by the Cauchy-Kowaleskaya Theorem [64].
The solutions are indeed global, thanks to suitable a priori estimates.

The paper is organized as follows. In Section 3 we prove Theorem 1, assuming (i) or (ii).
In Section 4 we prove Theorem 1, assuming (ii7). In Section 5 we prove Theorem 1, assuming (iv).

3. Proof of Theorem 1 Assuming (i) or (i7)

In this section, we prove Theorem 1, assuming (i) or (ii). For the sake of notational simplicity, define

y=—a?, a=1"> (16)
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and then (1) reads
Opu + k0yu? — a?93u — B2o%u + b2o%tu + 620% (u?) =0, t>0, x€R, a7)
u(0,x) = up(x), xeR

Since the short time well-posedness of (17) is guaranteed by the Cauchy-Kowaleskaya
Theorem [64], here we need to prove some suitable global a priori estimates.

From now on, we denote with Cy the constants which depend only on the initial data, and with
C(T), the constants which depend also on T.

Following [65] (Lemma 2.2), we begin with the following energy estimate in the space
L*®(0,00; HY(R)) N L?(0, 00; H2(R)).

Lemma 1. Assuming (2), for each t > 0, we have that

B? 2 5? 4 b? 2
T 10xue(t, ) Ir2ry + 7 [t sy + 5 ()2

t 2 t
+1<%/ 2u(s, ) ds+1<§/ (s, axu(s, )| g ds
0 L2(R) 0 (18)
t
+a2b2./0 Bxu(s, )22z ds
t 2
242 222 (13 _ p2o4
+/O/R (12020 + 822 () — p9ku| " dsdx < Gy,
where K3, K3 are two appropriate positive constants.
Assuming (3), for each t > 0, we have that
2 52 p2
B st ) 2agmy + % (e, sy + o Nt ) gy )
t 2
+ /0 /R (2020 + 822 () — FPoku| " dsdx < Gy,
Moreover, there exists Co > 0, independent on x, a, b, such that, for each t > 0,
[u(t )l () < Co- (20)

Proof. We begin by proving (18). Assume (2). Multiplying (17) by —%d2u + 62u® + b?u, we have that
(—/3Za§u + 6%u® + bzu) ot + 2k (—[B2aiu + 0%u® + bzu) UOxU
— a? (= B20%u + 6% + 0% ) D3 — 7 (— B3R + 0% + 0P ) 1)
+ b2 (fﬁzaiu +02ud 4 bzu) ou 462 (752a§u L 02ud 4 b2u) o (u3) —0.
Performing some integration by parts, we gain
/R (—ﬁzaiu + 8% + b2u> orudx
d (p? 52 b?
—ﬂ(@mﬂﬁwam+4W@ﬂam+ZW@N@®) (22)
ZK/ (—ﬁzaiu + 0% + bzu) udyudx = —21(52/ ud ududx,
R R
R

—a? (—5Za§u + 8%u® + b2u> 02 udx
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2
u(t, )| gy + 3807 )t oy + @20 et )z

- ,82/ (—fsza§u + 6%u® + bzu) Sudx
R
= _[34/ O3uddudx —0—[52(52/ Oy (u3> oJudx + ,szz/ O, uddudx
R R R
_ gt /R (9hu)4dx — 262 /}R %2 () dhudx — a2 /R 2udtudx,
b /R (—BP0Ru + o2 + bPu) Btudx
g2 /R Rudtudx — 5202 /R 9. () udx — b* /R 9 uddudx
o /R 2udtudx + 5202 /]R 2 (v*) Budx +v* /]R (92u)2dx,
(52/ (—5Za§u + 8%u3 + bzu) o4 (u3) dx
R
2 o2 3,13 3 _ 54 3 3 3 1,252 3 3
= B2 /Raxuax(u )dx—s /Rax(u )33 (%) dx — 126 /Raxuax (1) dx
— g / oud? (%) dx + 5* / 2 (u3)}2dx+b2(52 / Bud? (1) dx.
R R R

Therefore, thanks to (22), an integration of (21) on R gives
d (B> 52 b?
W(@wx<mgm+ w<wam+2wu»@®)
2
wt(t) L2(R)
+p! /R(aiu)‘ldx - 2/3252/Ra§ (u3) otudx — Zﬁzaz/Raiua‘}cudx
2
+ 2620 /R 2 (u) Rudx + b* /R (92u)2dx + o /R (02 ()] ax
:ZKﬁz/ ud ud2udx.
R

+a*p? + 3767 |[u(t, )3xu(t, ) |2y + 420 19xu(t, ) | 72(m) (23)

Since
o [ @i+t [ [# (12)] dx + g | @tax
12622 /R % (1) Budx — 267 /]R Rudtudx — 26262 /R 2 () budx
= /R [bzaiu + 0%0% (u3> - ,Bzajfur dax,
(23) becomes

d 2 52 b2
a1 (5 st ey + 5 1, My + 5 10, gy

() ')H;(R)

2
+ /R [bza,%u + 5202 (u3) - ﬁzaiu} dx = 2xp? /R U0 ud>udx.

+ 3078 |u(t, )dxut, ) 2z + a0 [t )| 2wy (24)

Due to the Young inequality,

KUy U

(62 [ [ufosul[@2uldx =267 |

‘,/Dlaiu dx
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2
xu(t/'>

Bt yoeu(t, )Py + D
b, 1409wttt i) + P01 (®)

7

where D; is a positive constant, which will be specified later. Consequently, by (24),

d 2 52 b 2
7 ||8xu(t )||L2(R)+Z“”( )HL4(1R)Jr [t 2 (m)

2
42 (2~ 1) [[23ute )| +(3a252—") et Yzt Nty (@9)

2
+ a0 [yu(t, |2z +/ (203 + 6202 (*) — patu] dx <.

L2(R)

We search D1, such that

2 22 ,32"2
1

Since, after a rescaling, |a| can be taken very big, D; does exist and (26) holds.
Therefore, by (25) and (26),

d (B 2 6 4 v? 2

7\ [[9xu(t, )| T2(m) + vy [t )l am) + > [t )2 (w)
2

xu(tl')

L2(R)

n /R (2020 + 5732 () - ﬁza;%u} dx <0,

+K3 + K3 lu(t,)3xut, |2z + %67 [9xut, )| 2 )

where K2, K3 are two appropriate positive constants. Integrating on (0, t), by (6), we have that

2 52 b?

B 914 (t, ) | 2 gy ZIIM( )||L4R)+ lut, ) 172wy
1<2 WP asvr2 [ )oxu(s, )22y d
+Ki wu(s, ) p ST ] (s, )9xtu(s, )| T2 () ds

+ﬂ2b2 / Haxu )HLZ(R) ds
+ / / (203 + 6203 (u*) - ﬁza;ﬁur dsdx < Co,
0J/R o

that is, (18).
We continue by proving (19). Assume (3). Since ¥ = v = 0, (17) reads

dsu — Bo%u + bPoku + 6202 (u3) =0 (27)
. Multiplying (27), by —p%02u + 6%u> + b*u, arguing as in the previous case, an integration on R gives
2 2 2
2 6 4 b 2
o (5 100, B + 5 10, i + 5 1) )
2
+ /]R (202 + 6202 () — patu] dx =0,

(6) and an integration on (0, ) give (19).
Finally, we prove (20). Thanks to (18) or (19) and the Holder inequality,

X
lu(t,x)|® =3 ‘/ uzaxudy’ < 3/ u?|0yu|dx
—o0 R
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<3 [[u(t, ) | 7sr) 19xu(t, ) 72wy < Co.

Hence,
3
lut, )}y < Co,

which gives (20). O

We continue by proving an L?— estimate, which is independent on «, 4, b.

Lemma 2. Fix T > 0 and assume (2) or (3). There exists a constant C(T) > 0, independent on «, a, b,
such that

(e, ) ey +26% [ [9suts, ) guy s+ 82 [ [P, @8)
+2b2/0 2u(s, ) iZ(R) ds < C(T),
/O o2ucs, ) ;(R) ds < C(T), (29)
/Ot (s, ) @en(s, )2 iZ(R) ds < C(T), (30)
[ w5, ey ds < (1), (31)
forevery0 <t <T.
Proof. Let 0 <t < T. We begin by observing that
Oxu® = 3u’0cu, 9> (u3) = 6u(dyu)? + 3ud3u. (32)

Multiplying (17) by 2u, an integration on R and several integrations by part give

d
7 ||u(t,-)||%z(R) ZZ/Ruatudx

:—4K/ uzaxdx+2a2/ uaiudx+2ﬁ2/ udbudx
R R R
—2b2/ uaiudx—Zéz/Ruai (u3) dx
= — 20 [ult, )Py 2/32/ axuaiudx—ksz/ 3 uddudx
R R

+252/ axua;i u3> dx

2
2 2 2.4 2
— — 20 |[,ut, )| 22y + 28 /a wdtudz — 207 [2u(t, )|,
—2(52/ aiua,% u )dx
2 2
_n2 2 3 . "2 .
202 wiu(t, ) T2y — 28 [t ) |y ) — 20 (Bt

—2(52/ aiua,% u3> dx,
R
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that is,

d
7 lu(t, Mz + 20 [xu(t, ) | 22g) + 287

2
it ) L2(R)

2
xi(t, ")

L2(R)

_ 52 2,92 (3

= -2 /Bxuax (u )dx.
JR

(33)
+ 207

Due to the Young inequality, we can estimate the right-hand side of (33), as follows:

252/R|a,%u||a,% (u3> ldx < ||Q2u(t, iZ(R)M‘*/R[a,% (u3)rdx.

Consequently, (33) becomes

d
o lu(t, 2y + 20 0xu(t, ) | T2(m)

2
xu(t/')

L2(R) —

2
qu(t,)

L2(R)

2u(t, -)H;(R) w /R 22 (u3)rdx.

(34)
+2b%

Observe that, by (32),

/[a2 ) 2 dx 36/ axu)4dx+9H ,)o2ult, )2

L2

—I—36/ 13 (9,u)?Q2udx

2
—36/ @ u)4dx+9H LRI —36/ i) dx (35)

—9/ zdx

-9 H )9%u(

Using (20),

2u(t, )|
S U RT3

tutt ),

L(R)‘< Co

(36)

[ [ ()] <9 e, ks

It follows from (34) and (36) that
2
2 {33
£
out )|,

2
xu(t, )

L2(R)

d
7 et ) L2y + 207 [oxu(t, ) L2

2
xu(h')

r@ S

(37)
+20%

Since

2
xult, .)HLZ(R)

Lemma 1 and the Young inequality give

2
<2 /
L2(R) R

<QW%M Wiz + B

2
xu(h')

L2(R)

= Co /R Pudiudx = —Co/Raqu;’;udx,

xu(t/ ) Coax”

2]

2
Aqult, )

2R (38)

<Co+ B?

Consequently, by (37),

d 2 9 2
7 lu(t, W2 + 20 [3xu(t, ) | T2my + B |[O3u(t, )

L2(R)
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+2p?

2
x”(t/ ) I

Integrating on (0, t), by (6), we have that

2
w<mpm+M/WQu I 20(5,) 3 g 45
2
2 . < <
+2b ; wu(s,-) 2w ds < Co+ C(T)t < C(T),
which gives (28).
(29) follows from (28), (38) and an integration on (0, t).
We prove (30). We begin by observing that, by (35) and (36), we have that
3 [ 1 @a)'dx <o [u, ) ? =9 st aRuce, ) :
R B @)
—36/ u)?9%udx.
Thanks to the Young inequality,
36 [ uf @ P oRuldx <18 [ w2 (@) +18 s (1, )3Rucs, Ml
u|”(9xu u|dx (0yu)*dx PE)
Consequently, by (39),
18 [ 1 (0,u)tdx < Cy [Ru(r, ) ’ o) O e 2R, ’ (40)
R = O e 2(R)’
Observe that, by (20),
9|u 1, R, ) ? =9 [ ub(@u)dx < Co|Rut, ) ?
B 2103 R = OIS 2Ry
Therefore, by (40),
2 2
2 .
18” J@wt(t, )P, < Co[Rute ) - (41)

Integrating (41) on (0, t), by (29), we have (30).
Finally, we prove (31). We begin by observing that [66] (Lemma 2.3) says that

2
xu(tl')

L2(R)

19wt ) 3y < 6 (It ) ey + 19t ) o)

Therefore, by Lemma 1 and (28), we have that

2
L2(R)

Tut,)

lxie(t, ) |13 gy < C(T)

Integrating on (0, t), by (29), we have (31). O

We continue with an a priori estimate in the space L?(0, o0; H*(RR)).
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Lemma 3. Fix T > 0 and assume (2) or (3). There exists a constant C(T) > 0, independent on x, a, b,
such that

2 2
xi(s, ") du(s, )

t
2
|| 0xu(t, )HLz )+2u LZ(R)ds+ﬁ ; ) ds
o : (42)
. <
+2b ; Ju(s, ) ) ds < C(T)
forevery0 <t <T.
Proof. Let0 < t < T. Multiplying (17) by —29%u, an integration on R gives
iua u(t, V|22my = —2 | 02udsudx
dt X ’ LZ(R) - R x WOt
2
:4K/Ruaxua§udx—2a2 cu(t,-) LZ(R)—ZﬁZ/Raiuagudx
+op? /R 2udtudx + 262 /R Budt (1) dx
2
— _ 37, _n,2 . 2 3.5
= ZK/R(axu) dx —2a“ ||ozu(t,-) LZ(R)+2,8 /Raxuaxudx
2
— 2p? . _ 52 3.3 (,,3
2b" ||o5u(t, )HLZ(R) 25 /Ri)xuax (u )dx
:—ZK/(axu)3dx—2a2 u(t,-) ? tu(t,) :
R T Rm) T em)
2
o2 . 2 [ 54,92 (.3
27 [0t )| 20 /Raxuax () dx,
that is,
d 2 ) 2
a”ax“( )HLZ +2a% ||93u(t,-) 2(R) + 2B ||oyu(t, -) 12(R) )
+op? H / (9xu)3dx + 25 / obud? () dx.

Due to Lemma 1, (36) and the Young inequality,

mw/mﬁw<#ww<mp +asutt, i tacey

< Co+ |xu(t, ) 7w

5202 (u?
252/R|a;tu||a§ () |dx:2/ potu ’;f) dx
2 54 2
2 ) 2

<5t ] 3 [ )

< g? -l C ol
< B ||ult ) LZ(R)+ 0 |[9xut,) I2(R)

Therefore, by (43),

45 2 9 2 ol

ot ) ey + 24° wmoy 8 ottt ),

+op? 2u(t, )|

[2(R)

(1) oy < PsCE M Esgey +Co
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Integrating on (0, t), by (6), (29) and (31),

; 2 ¢ 2
2 2 2,(s. - 2 tu(s, -

[9xu(t, ) I72(m) + 24 /0 asu(s,-) LZ(R)ds—l-ﬁ /0 dyu(s, ) rw

t 2

2 3
20 /0 9t (5,°)|| 2 ) 99
; ) Elly 2
<Co+ [ Ioeu(s, fsqwyds + Co [ [02uts, ), s < €T,

which gives (42). O

We continue with an a priori estimate in the space L?(0, o0; H>(R)).

Lemma 4. Fix T > 0 and assume (2) or (3). There exists a constant C(T) > 0, independent on x, a, b,

HaX”HLw((O,T)xR) < C(T), (44)
oqu(t,) . +2a2/t oxu(s,-) . d (45
T R) o (19X L2(R) ° )
2 [F |55 2 2 [f |4 2
. . <
+B ./0 oyu(s, ) () ds 4 2b ./0 asu(s,-) () ds < C(T),

for every 0 < t < T, where C(T) is independent on x, a, b.
Proof. Let 0 <t < T. We begin by observing that, by (32), we have that
23 (u3) = 6(0,u)> + 18u0,ud>u + 3u?d3u. (46)

Multiplying (17) by 29%u, thanks to (46), an integration on R gives

d |32 2 4
7 oyu(t,-) ) _Z/RE)xuatudx
— 2 /R U9 ud udx + 202 / 2udtudx + 22 / Ot udbudx
R R
2
—_2p2 (|9 . _ns2 4.~4 (3
2b axu(t,)HLZ(R) 26 /Raxuax () dx
2 2
— 4 _n2 3 . _ 2 5 .
= ZK/Ruaxuaxudx 2a” ||o5u(t,-) ) 2B° ||oqu(t,-) )
2
o2 |k, 2 5 43 (.3
27 [odu(t, )| +20 /Raxuax () dx
2 2
— 4 _n2 3 . _ 2 5 .
= ZK/Ruaxuaxudx 2a” ||o5u(t,-) () 2B° ||oqu(t,-) )
2
— 202 ottt )|, — 1227 /R (9x11)%0udx — 36 /R udududsudx
—6/ w2 uddudx,
R
that is,
d 2 2 2 4 2
¥ oyu(t,-) LZ(R)—I-ZQ du(t,-) )
2 2
2 ||55 . 2 |54 .
1282 [|83ult, )HLZ(R)—kZb ICR] . 47)

= —ZK/Ruaxuaiudx— 1252/R(8xu)38§udx
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—36(52/ uaxuaiuaiudx—wz/ w23 uddudx.
R R

Due to Lemma 1 and the Young inequality,

20| [ Jul euloduldx < [ (@) u(t, )|
R X X = R X X 7 LZ(R)
2 2 2 4 2
<« [t ) Loy N9xue(E ) 12 (my + || ue(t, ) 12(®)
2 2
< .
Co [[9xu(t, |2y + || (t, ) I <t ) L)
12(52/ |0xu| |85u|dx—2/ ‘ ‘,B\/ D202u
366 6 ) 2
>~ ‘B:ZT (axu) dx+ﬁ D2 xu(t,') LZ(R)
3664 ) 2
: 82D, 1921 oo 0,1) ) 19524t |72y + B*D2 [|93u(t, ) 2R)’

3652/R\u||8xuaiu\\a§“|dx336‘52 u(t )| oo /Iaxuaiuﬂaiﬂdx

gch/R|axua§u||a§u|dx:z/ Coa “a ! ‘[3\/ D,%u
= (axu)Q(azu)2dx+,B2Dz‘85u(t O
=D, Jr x ) 2 gy
0 2 2 2 2 2
R P CCR] WY = U

652/ 12|33u)|23uldx < 65 |u(t, ) ||§w(R)/ 193 u| |95udx

<2c0/ |a3u||a5u|dx<2/ ‘coa | |5 /Drdu
- Co 2 b 2
2 e, [ g, + 8702 020

where D; is a positive constant, which will be specified later. Therefore, by (47),

d 2
— ||o3u(t, )LZ(R)+2a Su(t,) )
2 2
2 . 2 .
+ B%(2—3D,) |[92u(t,-) Z(R)+2b cu(t,-) (®)
2 3604
wu(t,-) L +/32D Hax”HLw (0,7)xR) [10xu(t, )||L4
Co 2 2 Co ||43 2
+§2||axu||Lw((o,T) Zut,-) 2@ D, du(t,) 2[R’
and taking Dy = %
d 2 ) 2
dt X”(t")’LZ(R)Ha 0|2
2 2
2 (|25 . 2 .
Sl CCR] IS R
2 1085*
< Co + ||93u(t,-) L2(]R)+7ﬁ HaXuHL‘” (01)xR) [[0xu(t, )||L4

12 of 32
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Buct |
R m)

aiu(t,-)H +Co

2
+Go ||ax“”%°°((0,T)xR) L2(R)

Integrating on (0, t), by (6), (29), (31) and (42), we obtain that
2 t
+ 24? /
L2(R) 0
2 (M55 2 2 [
+B /0 Pu(s, .)HLZ(R) ds +2b /0

t
§C0+C0t—|—/
0

2

2 .
2u(t, ) .

dqult,)

2
dzu(s,)

s (48)

2

4 .
dsu(s,-) ) s

1085 '
=g sl rya ) 105u(s, )t ds

uls,-) ? ds
e m

t 2 t
2 2
+ Co [|9x [T ((0,7) xR) /0 dyu(s, ) HL2(R) ds +Co /0
< C(T) (1 + HaX””%“’((O,T)XR)) :
We prove (44). Thanks to Lemma 1, (48) and the Holder inequality,

X
(@xu(t 1)) :z/f 9, uddx < z/IR 19]193uldx < 2 [3ue(t, )| 2z [[O2ut, )

L2(R)

<c(r)y (1 1onale )
Hence,
19214 Fo (0,1 ) — C(T) 1952t T 0,1 iy — C(T) <0,

which gives (44).
Finally, (45) follows from (44) and (48). O

We continue with an a priori estimate in the space L*(0, c0; W24(RR)).

Lemma 5. Fix T > 0 and assume (2) or (3). There exists a constant C(T) > 0, independent on x, a, b,
such that

t 4
2
. <
/0 2u(s, ), 45 < CT), (49)
forevery0 <t <T.
Proof. Let 0 <t < T. We begin by observing that
/R(aiu)‘de = /R(E)chufaiudx = —3/Raxu(8,zcu)28§cudx. (50)

Due to the Young inequality,

9 1
3 /R foyt0(22u)2|o3uldx < - /]R (@)@ + /R (92u)4dx.

It follows from (50) that
/R (92u)4dx <9 /R (3)2(33u)2dlx.
By (44), we have that

2
2(®)

2u(t, )|
Y L2(R)

3 .
. Rult, )

< 91[3xul[Fo 0,1y xR)
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Integrating on (0, t), by (28), we have that

[

which gives (49). O

4

2u(s, )| ds < c(T) /Ot ds < C(T),

L4(R) L2(R)

We continue with an a priori estimate in the space L?(0, o0; H®(R)).

Lemma 6. Fix T > 0 and assume (2) or (3). There exists a constant C(T) > 0, independent on «, a, b,
such that

‘ aiu(t,)sz + 242 /t dtu(s,-) 22 ds
L2(R) ? 2L (R) t . (51)
+52/0 agu(s,.)HLZ(R) ds+zb2/0 u(s, )| 5 g, 45 < C(T)
In particular, we have that
2 ‘L“((O,T)X]R) < C(T), 62)
where C(T) is independent on x, a, b.
Proof. Let 0 <t < T. We begin by observing that, by (46),
o (u3) = 36(9x11)20%1 + 18u(2%u)? + 24ud ud’u + 3u2d*u (53)
Multiplying (17) by —2d%u, thanks to (46), an integration on R gives
% Ru(t,) ;(R) :_z/Raguatudx
:4K/Ru8xu8,6cudx—ZaZ/RE)iuagudx—Zle u(t,-) iZ(R)
+2op? /R ot udbudx + 262 /R Pud (v) dx
:4K/Ruaxuagudx—l—Zaz/Raiuaiudx—2,82 Oul(t,-) iZ(]R)
—op? ||33ult, ) iZ(R) + 7252 /R (9x1)202ud udx
+ 3662 /Ru(aiu)zagudx + 4862 /R ud ud3udludx
+6(52/Ru28§uagudx
:4K/Ru8xu8gudx—2a2 otul(t, ") iZ(IR) — 282 10%u(t, ) iZ(R)
— 202 |[aBu(t, ) iz(R) + 7282 /R (3511)202udCudx
+3652/]Ru(aiu)zaiudx+48(52/Ru8xu8iu8§udx
+6(52/Ru28§u82udx.
Therefore, we have that
% ‘ du(t,) ;(R) +2a2 {|9tu(t, ) ;R) + 282 ||a%u(t, -) ;R) + 262 ||Q3u(t, -) iZ(R) (54)
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= 4x /R ud udSudx 4 726> / (01)?0%u0Sudx
+366% | u(d%u 2E)éualx + 4852 uaxu83u86udx +66% | u?9*udbudx.
R X R X X
Due to Lemma 1, (44), (45) and the Young inequality,

4|K]/ |u8xu||86u|dx§4|1c| l|u(t,-) HLOO / |8xu||8§u\dx

SZCO/ |0y u||08u|dx = 2/ ’COaxu )‘B\/ 30 udx‘dx
2

S ”axu( )HL2 +ﬁ2D3 au(t, ) L2(R)

< —+ﬁ2D Bu(t, |

= D3 3 X 7 LZ(R),

7252/(axu)2|a§u||agu|dx < 7262 \|axu|\§m (OT ) / 102u) (98w |dx

< 20(T /82u86u|dx—2/‘ S5 ]ﬁfaé

c(T) 2 2 2

< Ds xu(tl') L2(R +ﬁ Ds xu(t/'> I2(R)
CT) | p 2

<D, + B°Ds ||dxu(t, ) )

3652/R|u| (32u)?(9uldx = 3687 [|ull (0.7 XR)/(azu )2(08udx

gzcm/(az ) |86u|dx—2/ '

C(T) ||+ 4
D; It ) L4(R)

480% [ Ju @y 03] 0Su | < 480% u(t, ) | [, [0l 0]

2
u(t, )

< 4
B L2(R)

+ B?D;3

<26 [, |axu||a§;u||a§u|dxszco||axu||Lm 1R / 9%u] 0%/ dx
=T

< 20(T /a3u86u|dx<2/‘ N

_ )
<

652/ u2(0%u][36uldx < 662 lu(t, )2 e / 04| |98 u| dx
<2c0/ |84u||86u|dx—2/ ‘coa ~ ||/ Dadtu

2
xu(tf')

L2(R)

2
xu(t/'>

2
+p°Ds3 Pw)

2
u(t,-)

L2(R)

7

ottt g, + D5

where Dj is a positive constant, which will be specified later. It follows from (54) that

2 » 5 ; 2
x(t) rE w(t) L2(R)
. 2 2 . 2
+ B (2 —5D3) ||95u(t, -) LZ(R)+2b Ju(t,-) ®)
C(r) , <(1) 4 C(T) : Co |[-a 2
<Dy T oy 1% ey Ty 1O gy T By [0 gy

15 of 32
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Taking D3 = %, we have that

2
12(R)

xu(tr')
+C(T)

d

242
it + 2a

Bul(t, ? t -
wu(t, ) ®) wu(t, )

u(t,-)Hiz(R) 22

2
R2(®)

2
x”(t")HLZ(R) +Co

2
xu(tr')

L2(R)

4
xu(t/')

< C(T)+C(T) ‘ .

Integrating on (0, t), by (6), (28), (42), (49), we have that

2 t
+24? /
L2(R) 0
t

) ’LZ(R)

02u(s, ) !
T IAm)

2

xu(tl')

xu(sl )

S
[2(R)
t
ds + 21 / \
0

ds+C(T)/

0

ds

2
2(R)
du(s, )

t 2

SCo-i-C(T)/t

0

LZ(]R) ds + C()

Hds
< C(T),

which gives (51).
Finally, we prove (52). Thanks to (45), (51) and the Hoélder inequality,

X
(02u(t, x))? :2/_w8§uazudy < 2/R|a;7;u||833(u|dx

2t )| g [0 g, < .

*(R) L2(R)

Hence,

5 2
x

< C(T),
Lo((0,T)xR)

which gives (52). O

We continue with an a priori estimate in the space H'((0,00) x R).

Lemma 7. Fix T > 0 and assume (2) or (3). There exists a constant C(T) > 0, independent on x, a, b,
such that

2
2
w(t,)|| gy +O

@ st ) ey + B2 |03 i+ ] ot ey ds < C(T), - (65)
forevery0 <t < T.
Proof. Let 0 <t < T. Multiplying (17) by 20;u, we have that

2(0u)? + dcudsudu — 220%udgu — 20udu + 2620 udu + 2820wk () = 0. (56)

Since,

d
Y /Raiuatu = [9xu(t, ) |2 (w)

2
—Zﬁz/Raguatudx: 2 103u(t, ) P®)’
d 2
2 [ 4 _2a .
2b /Raxuatudx =b ; u(t, ) Pw)’
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thanks to (53), an integration of (56) on R gives

d 2 . -
i <a [|0xu(t, )HLZ(R + 7| oxu(t ) LZ(R)> +b

= —4K/ uaxuatudx—7252/ (axu)za,%uatudx
R R

2
xu(t,-)

oy 2 12t ) gy

+ 3602 / 1(9%1)29udx — 4857 /
R

uaxua,zcuatudx — 652/ uzaiuatudx.
R R

Due to Lemma 1, (44), (45), (52) and the Young inequality,
x| [ Jul @l ruldx < 41l (e, )| o gay [ [Osl Pruldn
COaxu ‘\/ atu‘dx

Co
Ha u(t, )Ile )+ Ds [|9su(t, ')HLZ( D + D3 [|9:u(t, )||L2

< 2(:0/ 1019l dx = z/

7252/( xu) 102u)|9yu|dx < 72(52||8xu||%w . / 102u)|9; udx

<2C(T / |82u||8tu|dx—2/ ’ ‘dx
c(1) : c(1)
< 5 )| )+Dg||atu< Wiz < =57 + D owm(t, )12z

3652/R|u|(a§u)2|atu|dx§3652||u(t,.)|\Lm<R /(a )29l dx

< 22 _ / 2
<2Cy /R(axu) |0su|dx = 2Co ‘Lm OT)XR |05 1| |0pu|dx
< 2C(T)/ |0%u|[9su|dx = 2/ ‘ ’\/ 8tu‘
c(m) 2 C(T)
< oy 1%t )| o+ Ds 0l )HLZ(R <, tDsllom Mz

48(52/R|u||axu||8§u||8tu]dx < 4862 ||u(t,-)\|Loo(R)/ |01t [0211] 91| dx

< 2c0/ 1] |82 |9suldx < 2C, ||axu\|Lm 01)xR) / 102 |5 dx

2¢(T )/ |82u||atu|dx:2/’ IV

2 C(T
< [gg )L+ D ot >\|L2<R <#+Dsilatu< M)

652/ 12|04 u) |0yl dx = 662 [[u(t, )|Pw R)/ 104 u[ || dx

O

<2c0/ |a4u||atu|dx—2/ Coa - \fatu\
Co [|4 2
< p, ||%u(t) Lz(R)+D3”af”(t")||L2<R>'

where Dj is a positive constant, which will be specified later. As a consequence, (57) becomes

aiu(tr')

2
LZ(R)>

+2(1—-2D3) [[9pu(t, )| {2z

2 (2 10, Mz +
2u(t, )|

+ b= d
L2(R)

dt

17 of 32

(57)
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LG, G

otu(t ?
- D3 D3 M ’.)

L2(R)

and taking D3 = %,

d (o )12 2 {43 NE 24 |2 Nk NI
o (P un, Mgy + 82 B2t [ )+ 020 [0 [+ 100000 B
2
< fu(t, .
<C(T) +Co |[otu(t, ) )

Integrating on (0, t), by (6) and (42), we have that

@ 9t )|y + B [Duct, ) Ru(t,)

+1? ‘
2
L2(R)

: : o Tm d
L2(R) LZ(R)+/() I19exts, iz s

dyu(s, )

t
<G +C(T)t+Co/O | ds < C(T),

which gives (55). O
We are finally ready to prove Theorem 1, assuming (i) or (7).

Proof of Theorem 1 assuming (i) or (i7). The well-posedness of (1) is guaranteed for a short time by
the Cauchy-Kowaleskaya Theorem [64]. Thanks to the a priori estimates proved in Lemmas 1-7,
we have that the global-in-time existence of a is the solution of (1) that satisfies (13).

The stability estimates (15) can be proved using the same arguments of [18] (Theorem 1). O

4. Proof of Theorem 1 Assuming (iii)

In this section, we prove Theorem 1 assuming (iii). Due to (4), here, (1) becomes

{Btu + 10y u? + y02u — B20%u + adiu =0, t>0, x€R, (58)

u(0,x) = up(x), xeR.

The argument of this section is analogous to that of the previous one. We deduce the local-in-time
well-posedness from the Cauchy-Kowaleskaya Theorem [64], and we improve the local-in-time existence
to the global-in-time one, proving some suitable a priori estimates on u.

We begin with an energy estimate in the space L2, (0, 00; L>(R)) N L% (0, 00; H3(R)).
Lemma 8. Fix T > 0. There exists a constant C(T) > 0, such that
t 2
2 2 Cot [ ,—Cs ||33,( .

(e, Yz + B2 [ 0duts, ), ds < C(T), 9)

for every 0 < t < T. In particular, (29) holds. Moreover, we have that
t
| a5, ) aqe ds < C(T), (60)

forevery0 <t <T.

Proof. Let 0 <t < T. Multiplying (58) by 2u, an integration on R gives

d 2
St )z =2 [ udiux

=4K/ uzaxudx—z'y/ ua,%udx—i—ZﬁZ/ uagudx—Za/ udtudx
R R R R
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:—ZW/Ruaiudx—Zﬁz/Raxuaiudx+20c/Raxu8;°’Cudx

2
xu(t/')

__ 2 2 2 54 .
= ZV/Ruaxudx+2,B /Raxuaxudx 2u 12(®)

:—27/ udtudx — 2p% ||93u(t )Hz — 2w ||95u(t, ) ?
R T lem) e
that is,
LTI S |F = 2 [ e ou |, ) ? 61)
dr IR Ny T T M I R)
Since, using the Young inequality,
20y [ full@Zuldx < 92 lu(t, )|22ge + |22t )|
r)/ R X = ’Y 7 LZ(R) X 7 LZ(R) 7
we can pass from (61) to
d ? <C C ’ 62
) Bagey 20(t,) |y < Colnt Moy + Co[2uce - 2
Observe that )
wu(t,-) L) CO/Raj%ua,zcudx = —CO/Raxuaf’cudx.
Therefore, by the Young inequality,
2
2ut, )|, <2 / COa"” ]\/D4a3
L2(R) R
. (63)
<52 [su(t, ey + Ds [t ),
where D; is a positive constant, which will be specified later. Observe again that
Co 2 _ G __ G 2
B sttt ) = D—4/Raxuaxudx - —D—4/Ruaxudx.
Consequently, by the Young inequality,
COD4Ll
B [3su(t, ) ey o | [VDsu
cD? ) (64)
0~4 2 2
§T5 ”u(tr')HLZ(]R) + D5 || oxu(t, ") PR’
where Ds is a positive constant, which will be specified later. Il follows from (63) and (64) that
2 C0D4 2 3 2
(Co — Ds) ) LZ(R) = Dy [[u(t, ) I72(r) + Da ||9xu(t, ) PR
Choosing
Co
Ds = —
5 5’ (65)
we have that c ) )
0 2 2 3
S [utt ), < 2D% Ity + D[R, ),
that is ) )
. < 4D?
() [y < 4Dtz + 208 [t ) [ (66)
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It follows from (62) and (66) that

d 2
g 140 ) ) +2 (82 = Da) [t )| ) < (Co+4DR) 1t )liEzce)
Choosing
‘BZ
Dy =", (67)
we have that
At Yoy + B[220t )|, < Cofutt, )%
dt 7 IL2(R) 2wy — ML2(R) -

By the the Gronwall Lemma and (6), we get

t 2
2 2 ,Cot —C 3 Cot
[t Y2y + B2 [ |aus, )|, ds < e < (1),
which gives (59).
We prove (29). Thanks to (59), (66) and (67),
C 2 omy+ Bl :
o [t )|y < €D+ 5 Bt
Integrating on (0, t), by (59), we have that
: ds < C(T)t+ ﬁ2 : ds < C(T
2u(s, )| gy 85 < €T+ B [ oduts, [ ds < ),
which gives (29).
Finally, we prove (60). Thanks to (59), (64) and (67),
2
Colldwtu(t, ) [Fagr) < C(T) + Co [t ), -
Integrating on (0, t), by (29), we have that
t 2
CO/ lloxu(s, ||L2 () s < C(T)t+Co A wu(s,-) @) ds < C(T),

which gives (60). O

We continue with an energy estimate in the space L (0, 00; H'(R)) N L7 (0, 00; H*(R)).
Lemma 9. Fix T > 0. There exists a constant C(T) > 0, such that
[l oo 0,7y x ) < C(T), (68)
o, ) (s, )| A < CT) (69)

forevery0 <t < T.

Proof. Let0 <t < T. Multiplying (58) by —202u, an integration on R gives
d 2 2
7 [[9x1(t, ) 12(m) = —2/Raxu8tudx

2
xu(t/')

— 2
=4x /R U U0y 28

—2/32Aaguaiudx+2a/lgaiu8§udx
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2
wi(tr:) L2(R)

2
xu(h')

L2(R)

2
w(t) L2(R)

u(t, )| 26|
)

=4k / Udy 0>
R

+ 282 /R uddudx — 2u

2
— 2
L2(R)

=4x /R U0 1d> cu(t, )

Consequently, we have that

2
xi(t, )

2
1t ) [z + 28 .

) 70)

— 2
= 4K/Ru8xu8x LE)

2
u(t.)HL%R)Aiza

x”(tr')

Due to the Young inequality,

2
xu(t/')

ax [ udeul[02uld <22/ 2(3
K/R|Ll ©u||osu|dx <2k Ru(xu) 2®)

2
wu(t,)

<2x* ||”||L°° (0T)xR) [19xu(t, )IIE PR

Therefore, by (70),

B cu(t, ) oy + 26 [4uce ||

L2(R)

2
a?{u(t/ )

< 20 [l o 1y 19218ty +201+ 1) [2 .

2
Gﬂb®+ﬂa

e,

<Co ||“HL°0 (0 1)xR) 19x1(t, )HLZ +Co 2[®)"

(L,

+Co

2
)HLZ(R)
(6), (29), (59), (60) and an integration on (0, t) give

9 (t, ) 72z ds

2

Lz(R)

< Co+Co ||”HL°° (O1)x®) / Josus, >||Lz ds 7
2

25 | o (s, )

< C(T) (1+ Iullisor)x) ) -

We prove (68). Thanks to (59), (69), and the Holder inequality,

2

ds

+Co fy L2(R)

dS+C0
0

X
2(t, x) :2/ udyudy < 2/ 1] |0 u|dx
—o0 R

< itz 190, 2y < €D (1 o1y

Hence,
/1 (0,7)R) = CCT) 11llFs (0,77 %) — C(T) <0,
which gives (68).
Finally, (69) follows form (68) and (71). O

We continue with an energy estimate in the space L. (0, 00; H2(R)) N L7 _

(0,00; H?(R)).

Lemma 10. Fix T > 0. There exists a constant C(T) > 0, such that

2
xu(tr')

2(R)

5 c(T), (72)
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forevery 0 < t < T. In particular, (44) holds.

Proof. Let 0 < t < T. Multiplying (58) by 201y, an integration on R gives

2
d = 2/ Otudsudx
L2(R) R

dt

u(t,-)

2
_ 4 2, ~d 2 [ 56,44 4
——4K/Ruaxuaxudx—27/H£axuaxudx+2ﬁ /Raxuaxudx—Za dsu(t,-) ()
:—4K/ ud udiudx + 27 ||03u(t )Hz —2B% ||93u(t )”2 —2u||Q%u(t, ) ’
R 2wy 2w 2wy
Therefore, we have that
d 52 2 2|55 2
g [Bue ), 26 [0t [
= —41</ udyudiudx + 2 ||3u(t, ) ? —2u ||9%u(t, ) ?
R ) )
Due to (68), (69) and the Young inequality,
4fx] [ Judeuouldx < 41el 1l o rye) [, 19sulobuldx
2
4 2 4
< c(r) [ Pulfpbuldx < CT) [, ) ey + C(T) [obute, )|, o
2
< At - ]
<om)+ () [oiut )|,
It follows from (73) that
d |32 2 2 |55 2
gt 28 e
<cm) o) ftute )|, + 2l a2l |fpuc )
= 2y TV | 2y T | | 2
2 2
< 4 . 3 . .
< C(T)+C(T) ||oxu(t,-) L2(]R)+C(T) oyu(t,-) )
Integrating on (0, t), by (6), (59) and (69), we have
2 t 2
2. 01 2 5 (c .
azu(t,-) LZ(R)+2'B /0 ayu(s, ") ) s
t 2 t 2
< 4 . 3 .
_CO+C(T)t+C(T)/O IODT ds+C(T)/0 (s, )|, 25
< C(T),
which gives (72).
Finally, by (69), (72) and the Holder inequality, we have (44). O
We continue with an energy estimate in the space L (0, 00; H3(R)) N L? (0, 00; H®(R)).

Lemma 11. Fix T > 0. There exists a constant C(T) > 0, such that

2 5 t
—
forevery 0 < t < T. In particular, (52) holds.

u(t,-)

ou(s, ) ?
T R®)

ds < C(T),

22 of 32

(73)

(74)



Mathematics 2020, 8, 1835 23 of 32

Proof. Let 0 < t < T. Multiplying (58) by —20%u, an integration on R gives

2
B0, )

L2(R)

:4K/Ru8xuagudx+2fy/Ragu8§udx—

= —2/ 9%udsudx
R

u(t,~)H2 +2o¢/ udtudx
L2(R) R ©

:41c/ 1o uaéudx—2'y/ oouddudx — 2% ||0%u(t, -) ? —2u||Q3u(t, ) ?
R R ©T ) 2wy
:41</ ud 108 u(t,-) ? 2 |19%u(t, -) : —2u||Q3u(t, ) :
R N 2wy 0 2wy N 2wy
Therefore, we have that
d 2 2
I xu(tl') ?cu(tr')
L2(R L2(R
=4K/R u(t,-)HLZ(R) — 2w ||0yu(t, ) L)
Due to (68), (69) and the Young inequality,
4[x) [ fulloual Pl < 21w il ooy [, [0l
§2C(T)/ denoguldx =2 [ ﬂ Bl dx
) 2
CT) [t ) ey + 8% 28, ),
2
2|56, (+ .
C(T) + B~ ||o%u(t,-) PE)
It follows from (75) that
d 2 6 2
a [t L2(R) wi(tr:) L2(R)
< (T | 2la) [33uct, )|
<) bt ) [ gy 20 250
2 2
< : : .
< c(m)+(n) [odutt, )|, + C0) e ) [,
By (6), (69), (72), and an integration on (0, 1),
il 2 [ P
w(t) LZ(R)+'B 0 w5 r®™
t 2 t 2
< 4 . / 5 .
_CO+C(T)t+C(T)/O (s, )|, @5+ CT) [ [0t 5
<C(T),
which gives (74).
Finally, arguing as in Lemma 6, we have (52). O
We continue with an energy estimate in the space L. (0, 00; H3(R)) N H}. ((0,00) x R).

Lemma 12. Fix T > 0. There exists a constant C(T) > 0, such that

o ) (s, ey s < (1) 76)
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forevery0 <t <T.
Proof. Let 0 <t < T. Multiplying (58) by 20;u, an integration on R gives

d
(e — 7t e
— 2 / drudbudx + 2 / uudtudx + 27 / 910, ududx
R R

2
xu(tl')

L2(R)

2
xu(t/')

L2(R)

= —2||0su(t, )||L2 41</ UOx U0 UdX.
R

Therefore, we have that

i (ﬁz ) )} [ (t, )17 >

— xu L xu L, U

dt 2(®) R T LAR) 77)
+ 2 ||osu(t, )||Lz = —4K/Ruaxu8tudx.

Due to (68), (69), and the Young inequality,

x| [ lul sl Pruldx < 4l [l oy [, OsullOpuld
<20(T) [ [osullduuldx < C(T) osn(t, ) Fagey + (e, ey
< C(T) + [t ) Fage)

Consequently, by (77),
o (B2 o8t [+ 0 B0 g, = s ey )
+ [13eu(t, )| T2(z) < C(T).
(6) and an integration on (0, t) give
) 2 2
2 02ut [+ Bt ) L — 7 ot e

+/ 9ru(s, )22y ds < Co + C(T)t < C(T).

Therefore, by (69), (72), we have that

o (s, e
2
xu(t/')

<
_C(T) + | P®)

+ 7] 19xu(t, ) |2y < C(T),

which gives (76). O
We are finally ready to prove Theorem 1 assuming (iii).

Proof of Theorem 1 assuming (ii7). The well-posedness of (1) is guaranteed for a short time by the
Cauchy-Kowaleskaya Theorem [64]. Thanks to the a priori estimates proved in Lemmas 8-12, we have
that the global-in-time existence of a is solution of (1) that satisfies (13).

The stability estimates (15) can be proved using the same arguments of [18] (Theorem 1). O
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5. Proof of Theorem 1 Assuming (iv)

In this final section, we prove Theorem 1 assuming (iv).

25 of 32

The argument is again analogous to the one of the previous sectionss. We deduce the local-in-time

well-posedness from the Cauchy-Kowaleskaya Theorem [64], and we improve the local-in-time

existence to the global-in-time one proving some suitable a priori estimates on u.
We begin with the zero mean estimate.

Lemma 13. For each t > 0, we have (14).

Proof. Integrating (1) on R, we have that

d
./]R oru(t, x)dx = 7 ./Ru(t,x)dx =0
(14) follows from (6) and (78). [

Remark 1. In light of (14), we can consider the following equation:

P(t,x) = /x u(t,y)dy.

—00

Moreover, again by (14), we have that
P(t,—o0) = P(t,00) = 0.
We continue by proving some energy estimates on the function P.

Lemma 14. Let T > 0. There exists a constant C(T) > 0, such that

2
dqu(s, ")

t
2 2 2t -2
1P(t, ) gy + 26 [ o™ .

2t
+ 262! /0 e ||u(s, -)oyu(s, -) H%Z(R) ds

t 4 t 2
<C(T) +C(T) [ uls,)tagmy ds +C(T) [ asu(s, o ds,

forevery0 <t < T.
Proof. Let0 <t < T. Integrating (1) on (—oo, x), we have that
X
/ dpudx + xu? + Yoxu — BAO5u + adiu + 6293 (u3> =0.

Differentiating (79) with respect to ¢, we obtain that

d X X
o¢P(t,x) = T L u(t,y)dy = / oru(t,y)dy.
It follows from (82) and (83) that

0P + xku® 4+ ydyu — BF3u + addu + 6203 <u3) =0.

(78)

(79)

(80)

(81)

(82)

(83)

(84)
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Arguing as in [18] (Lemma 2), we have that

2
xu(tl')

_2p? / PoSudx =2p° )

2oc/ Poudx =2a [[3xu(t, )| 22z (85)
252/Rpa§ (%) dx =602 |u(t, )Du(t, ) [ F2 s

Therefore, multiplying (84) by 2P, thanks to (85), an integration on R gives

d
i 1Pt )2y +267

2
Wt )| gy 6 ()0t 2y
L2(R) (86)
— ZK/ Puldx — 27/ Poyudx — 2a ||0xu(t, )HLz
Due to the Young inequality,
20| [ [Pludx < [[P(t, ) ey + o ) ey
29| [, IPlIdsuldx <|[P(E ) gy + 2 1osu(t, ) Fagey
It follows from (86) that
2 5 5
20t )| g + 6021, Ds0(t, ) ey

<2|[P(t,) [Ty + Co l[u(t ) sy + Co 1xu(t, ) [ F2(w)

d
S 2, + 267

Therefore, by the Gronwall Lemma and (9), we have that

2

t
I1PCt ) Eaqey +26%% [ o7 [Ru(s, )

t
+ 65262 /0 e |lu(s, )dxu(s, )||72 (g ds

s
L2(R)

t
<@+qﬁ/ 2 s,y 5+ Coe? [ su(s, ) e, ds
) COT) [ s, ) sy s+ CT) [ 0305, ) e s
which gives (81). O

Lemma 15. Let T > 0. There exists a constant C(T) > 0, such that

2
B ot ) ey + S (e, ey < €T, ®7)
for every 0 < t < T. In particular, we have (29), (31),

IP(t, )l 2wy <C(T),
([t )l 2 () <C(T),

[ s, Joen(s, )y ds <C (),

/0 t/R [;sz(agﬁu) — 52 (uB)} dsdx <C(T),
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for every 0 < t < T. Moreover,

[Pl (0,1 x ) <C(T)
HMHL"O((O,T)X]R) <C(T).

Proof. Let 0 <t < T. Consider an real constant A, which will be specified later. Observe that

P [ woRude =~ 36% Jult, (e, )z

(88)
2A7/ uddudx = — 2A [yu(t, ) 22, -
R
Multiplying (1) by
_R232 2.3
Bozu + 0u’ + Au,
thanks to (88) and arguing as in [18] (Lemma 3), an integration on R gives
d (B> 52 A
o (@ lxut(t, ) 172y + 7 1t Tae) + 5 lult, ->|%2(R>)
2
204,12 _ 5292 (4,3
+/R [,B (ozu)” — 595 (u )} dx
2 3
= —B2(A+a)|du(t,) . — 6% (A+a) ./R 02ud? <u3) dx
2
2\ |52 2 2
— (A= yB2) [t )], + 3827 e, Do, ) e
+2/32K/Ruaxu8§udx.
Taking
A= —u,
we have that
d (p? 52 o
o (ﬁz et IEaqgy + 7 Nl Mzsey = 5 Nt ~>||%2<R>)
2
204,32 _ 5232 (, 3
+ [ [Pt -2 ()] ax (89)
2
— 2 2 2 2 2 2 2
(“ + 9B ) o2u(t,-) 2R +36%y [[u(t,-)oxu(t, )| T2 (m) + 2P K/Ruaxuaxudx.
Due to the Young inequality,
2
220 [ (w108l < B u(t)osu(t, ) [Fagey + 2[Rt ), -
It follows from (89) that
d (B 52 o 2
o (’32 loxte(t, )2y + 7 et Mise) = 5 ||u<t,.>||%z<R>) + [ [t -0 (w)] ax
2
2
< Co ||9zu(t,-) g T [Ju(t, ) 9xu(t, )| T2(w) -

Integrating on (0, t), by (7), we have that

B 2 & 1 o 2
5 [0xu(t, ) |12 (m) + Y [Ju(t, ) [y — 5 Ju(t, ) |72 (w)
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+// 72— 822 (u 3)}2dsdx

2
SCo—i—CO/O su(s,-) L )ds+Co/ (s, -)oxu(s, )HLz ds,
that is
2 2
%Haxu(t,.)ugz( ||u W) +// (62 @4y — %02 ()] dsdx (90)
2
< Cot o [ [oRuts, )|, o s+ Co [ s, 0asuts, ey ds + § lute, g

t
< Co+Cy 92
0

“<S~>Hp< s +Co [ (s, 2w, ) ey ds +Co (e, )sge
Observe that, by (79) and (80),

Co ||u(t,-)||%z(R) = Co/Ruudx = —CO/Rpaxudx.

Therefore, by the Young inequality,

V3C, P u
ol My <2 | V50" | [E a

<ColIP(t, )2z + ﬁ 9t sy

1)

It follows from (81), (90) and (91) that

2 2
%naxu(t,-)u%Z( e s + [ [, [@02 - 92 (12)] s
2
<CotCo [ [|oRuts, ), 45+ Co / (s, )au(s, ) |2 gy 45 + Co | P(E ) [F2e)
T) + C(T /H ks gy ds + C(T /||axu 2z ds

<+ (£ [ fants, W ds+ 5 [ uts, e ).

Therefore, we have that

2 52
B ot iy + % It )
‘32
< C(T)+C(T ( /||axu Wiz ds + /||u s ds)

The Gronwall Lemma and (7) give (87).
Finally, arguing as in [18] (Lemma 3), the proof is concluded. [J

Arguing as in [18] (Theorem 1), we have Theorem 1.

6. Conclusions

This paper is dedicated to the well-posedness of a solution to the Cauchy problem for a
higher-order convective Cahn-Hilliard equation. Such an equation models the evolution of crystal
surfaces faceting through surface electromigration, the growing surface faceting, and the evolution of
dynamics of phase transitions in ternary oil-water-surfactant systems. The well-posedness of (1) is
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proved for a short time by the Cauchy-Kowaleskaya Theorem [64]. The global-in-time well-posedness
is thus proved, proving several a priori estimates.
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