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Technical exchange efficiency of industrial symbiosis networks  

using enterprise input-output analysis 
 

 

 

 

Abstract 

 
An important challenge that firms should be able to tackle regards the mitigation of the environmental impact 

of their production processes avoiding additional costs. Using industrial symbiosis (IS), two different firms 

can obtain mutual environmental and economic benefits, at the same time, exchanging wastes for primary 

inputs. Industrial symbiosis networks (ISNs), i.e. networks of firms and production processes exchanging 

wastes among them, are thus emerging and efficiency measures are needed to be defined and investigated, in 

order to drive the ISN design and development. 

In this paper, we develop the concept of technical exchange efficiency of ISNs. A measure of such an efficiency 

is proposed. This measure is computed by using an input-output approach at the enterprise level to model 

symbiotic flows within ISNs. A case example is discussed in order to show the practical application of 

technical exchange efficiency of ISNs. In particular, technical exchange efficiency of ISNs can be useful in 

order to drive the development of existing ISNs and to design new industrial systems exploiting the IS 

approach. 

 

 
Keywords: Industrial symbiosis, Industrial Symbiosis Networks, Technical efficiency, Enterprise Input-

Output 

 

1. Introduction  

Industrial ecology is a concept that concerns the interactions between industrial activities and the 

environment (Graedel, 1994). In particular, industrial ecology analyses materials and energy flows in industry, 

the effect of these flows on the environment, and the way these flows are affected by economic, political, 

social, and legal factors (White, 1994). 

Industrial symbiosis (IS) is a subfield of industrial ecology that engages separate industries in a collective 

approach to competitive advantage, involving physical exchange of materials, energy and services (Chertow, 

2000). This approach allows to achieve economic, environmental, and social advantages for the firms involved 

and for the entire community (Mirata, 2004). The usefulness of the IS approach to boost resource use and 

production efficiency has been recognized by European Commission (2011), which has explicitly 

recommended its implementation. As a result, policymakers of many countries have introduced the IS practice 

in their environmental agenda (e.g., Mirata, 2004; Mirata and Emtairah, 2005; Van Berkel et al., 2009; Costa 

et al., 2010). Applications of IS are available in both developing and developed countries, confirming the 
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effectiveness of IS in pursuing eco-sustainable development (e.g., Sakr et al., 2011; Olayide, 2015). Various 

forms of IS have been recognized (Chertow, 2000, 2007) in terms of spatial scale (within a firm, among firms 

co-located, among firms not co-located), types of relationship (exchange of wastes and by-products, sharing 

of services and information), and planning approach (top down, bottom up). These IS forms are the result of 

the interaction among actors along three different dimensions: technical, economic, and social one.  

An industrial symbiosis network (ISN) is a network of production processes among which IS relationships 

exist (Fichtner et al., 2004). ISNs can either be designed adopting a top-down approach or, conversely, let 

emerge from the bottom (Chertow, 2007). The cases of Kalundborg in Denmark and the National Industrial 

Symbiosis Programme (NISP) in United Kingdom demonstrate that both these approaches can be successful 

(Mirata, 2004; Jacobsen, 2006).  

With the aim to better understand the potentialities of IS approach, several contributions analysing benefits 

generated by ISNs have been proposed by the literature (Chertow and Lombardi, 2005; Mattila et al., 2010; 

Sokka et al., 2011). In particular, the reduction in environmental impact of production processes and in costs 

generated for the firms involved has been quantified for different case studies. However, such an approach of 

analysis is unable to provide indications about the extent to which the IS is applied in an efficient manner 

within a given ISN, i.e. if the benefits currently generated could be further increased by better implementing 

the IS approach. Accordingly, a measure of efficiency for ISNs is lacking. 

In this paper, we contribute to fill this gap by defining the concept of technical exchange efficiency of ISNs. 

A measure of the technical exchange efficiency is proposed adopting an input-output approach at the enterprise 

level (Lin and Polenske, 1998; Albino et al., 2002; Albino et al., 2003) to model production processes 

generating and requiring wastes, as well as the symbiotic exchanges taking place among these processes. A 

case example is used to show the computation of technical exchange efficiency and practical applications of 

such a measure. In particular, technical exchange efficiency of ISNs can be useful to drive the evolution of 

existing ISNs, as well as to design new industrial systems exploiting the IS approach.  

 The paper is organized as follow. Section 2 addresses the topic of IS. Section 3 develops the concept of 

technical exchange efficiency. In Section 4, the measure of technical exchange efficiency for a generic set of 

production processes exchanging wastes is developed and presented. Section 5 addresses and discusses the 

case example. Finally, conclusions are provided in Section 6.  
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2. Industrial symbiosis 

The IS among production processes evokes the metaphor of natural symbiosis among organisms in 

ecosystems (Ayres, 1989; Korhonen, 2001). In this field, the word “symbiosis”, from ancient Greek σύν 

"together" and βίωσις "living", was coined by Albert Bernhard Frank in 1877, to indicate two species that live 

in close association with each other. Three subcategories of natural symbiosis have been identified (Douglas, 

1994): mutualism, commensalism, and parasitism. In mutualistic symbiosis, the relationship between two 

organisms can be considered as a form of “biological barter”: one organism obtains at least one resource from 

the other organism in return for at least one service provided (Ollerton, 2006). Such an exchange allows that 

both the organisms benefit from symbiotic relationship because of their performance improvements. This 

situation does not occur in parasitism and commensalism, where only one organism benefits from the 

symbiotic relationship. This organism obtains nutrients or exploits services (for instance support or 

locomotion) provided by the other organism, without providing anything in return. The difference between the 

two subcategories is that, while in commensalism one organism benefits from symbiosis without affecting the 

performance of the other, in parasitism one organism benefits at the expense of the other, i.e. performance of 

the other organism is reduced (Table 1).  

 Organism A Organism B 

Mutualism Positive Positive 

Commensalism Positive None 

Parasitism Positive Negative 

Table 1. Impact on two organisms in each symbiosis subcategory. 

In the IS context, production processes exchanging wastes for primary inputs correspond to natural 

organisms exchanging resources for services. Two production processes, A and B, implement a symbiotic 

relationship when at least one waste produced by the former is used to replace at least one primary input 

required by the latter (Lombardi and Laybourn, 2012). In such a case, the process B receives one resource 

(waste) from process A in return for a service provided (B is disposing wastes for A). Accordingly, IS can be 

conceptualized as a form of mutualistic symbiosis, since the relationship provides both the processes with 

environmental and economic benefits. In particular, from the environmental point of view, the amount of 

wastes disposed of in the landfill is reduced for process A, whereas the amount of primary inputs purchased 

from conventional sources is reduced for process B. Moreover, from the economical point of view, process A 
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benefits from reduction in waste disposal costs whereas process B benefits from reduction in primary input 

purchase costs (Esty and Porter, 1998; Albino and Fraccascia, 2015; Albino et al., 2016). 

Literature has addressed the IS approach from technical, economical, and social point of view. 

Two different cases of IS relationships can be recognized from the technical point of view: i) pure 

substitution between waste and primary input; ii) impure substitution between waste and primary input. Pure 

substitution occurs if a waste can be directly used in place of a primary input without any treatment process 

(Figure 1a). In the case of impure substitution, wastes need to be recycled before being used as inputs, i.e. 

some physical-chemical characteristics of the wastes have to be changed (Eilering and Vermeulen, 2004; 

Fichtner et al., 2005; Tudor et al., 2007). Hence, treatment processes making wastes suitable to be used as 

primary inputs have to be introduced. In carrying out this treatment, such processes may require additional 

primary inputs and energy and may generate additional wastes, in turn generating environmental impact 

(Figure 1b). However, the waste exchange is considered an IS process only if such an additional environmental 

impact is lower than the avoided one due to symbiotic exchange. Hence, although the need to treat wastes, the 

overall environmental benefits of IS relationships are positive (Mattila et al., 2010; Sokka et al., 2011; Mattila 

et al., 2012). 

 
a 

 
b 

Figure 1. IS relationship with pure substitution between wastes and primary input (a) and 
 IS relationship with impure substitution between wastes and primary input (b). 

 

Literature recognized that the willingness to obtain economic benefit stemming from reduction in 

production costs or increase in revenues is the main driver that forces firms to implement IS (Esty and Porter, 

1998; Lyons, 2007; Paquin et al., 2015). To establish an IS relationship, all the involved firms must achieve 

higher economic performance than in the absence of the relationship. Accordingly, IS relationships can arise 
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at several spatial levels and the choice of such a level is dominated by the transactions deriving from the 

economic logic of the firms involved (Lyons, 2007). Hence, IS relationships may also arise among production 

processes very far from each other until they are evaluated as economically convenient by all the involved 

firms (Sterr and Ott, 2004). 

IS relationships may involve production processes belonging to the same firm or conversely belonging to 

different firms (Chertow, 2000). In the latter case, the effectiveness of IS can be negatively influenced by the 

diverging interests of involved actors, or by a missing collective action and cooperation (Eilering and 

Vermeulen, 2004). For this reason, IS has also been largely studied from the social point of view. Most of the 

literature agrees that trust and collaboration among the involved firms are the key factors for the preservation 

of IS relationships through time (e.g., Lambert and Boons, 2002; Hewes and Lyons, 2008). In fact, the success 

of IS is based on the individual perceptions of decision-makers, driven by their responsibilities and 

commitment on sustainable development (Posch, 2010). Mirata and Emtairah (2005) emphasized the 

importance of stimulating the collective definition of problems and of constructing inter-sectorial interfaces, 

and they defended the relevance of inter-organizational culture as a social component of IS. The development 

of measures able to point out the benefits and the opportunities of IS can strongly support the mutual 

understanding among all the actors involved. 

Despite the importance of economic and social aspects in IS, we focus on technical one, since we evaluate 

it as a conditio sine qua non for the establishment of IS relationships. In particular, the technical aspect is 

related to the structure of symbiotic exchanges taking place among production processes. In the following 

section, we investigate the concept of efficiency related to how these exchanges are implemented. 

 

3. Technical exchange efficiency of industrial symbiosis 

This section is divided in two parts. In the former (Section 3.1), we investigate the concept of technical 

efficiency in industrial field, analysing its definition and measurement (Section 3.1.1) and how IS can affect 

such an efficiency (Section 3.1.2). In the latter, (Section 3.2), by exploiting the previous contribution, we 

develop the concept of technical exchange efficiency of IS. 
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3.1 Technical production efficiency in industrial context and the impact of industrial symbiosis on 

such an efficiency 

3.1.1 Definition and measure of technical production efficiency 

IS is implemented in the industrial context among production processes, each of them uses a given set of 

inputs to produce one or more outputs. In such a context, the concept of technical production efficiency can be 

considered (e.g. Agrell and Martin West, 2001; Ma et al., 2002; Kapelko et al., 2015). Such an efficiency can 

be defined for both a single production process and an industrial system composed by several production 

processes. In both cases, technical production efficiency addresses how the process/system transforms inputs 

into outputs. In this regard, let us consider a generic production process requiring two inputs, x and y, to 

produce a given output. All the combinations of productive factors that can be technically adopted to produce 

Π units of output are represented by the part of the Cartesian plane delimited at the bottom by the curve SS’ in 

Figure 2. Accordingly, Π units of output can be indifferently produced by using Qx units of input x and Qy 

units of input y, by using Rx>Qx units of input x and Ry<Qy units of input y, or by using Px>Qx units of input 

x and Py>Qy units of input y.  

  

 Figure 2. Graphical representation of the framework to evaluate technical production efficiency.  

Koopmans (1951) first provided a formal definition of a production process technically efficient: “A 

producer is technically efficient if an increase in any output requires a reduction in at least one other output 
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or an increase in at least one input, and if a reduction in any input requires an increase in at least one other 

input or a reduction in at least one output”. According to the Koopmans’ definition, all the points on the curve 

SS’ are technically efficient: in fact, for all these points, it is not technically possible to produce the same 

amount of output reducing the amount of input x (y) without increasing the amount of input y (x). For this 

reason, the curve SS’ is defined as the efficient production frontier. 

Let us assume now that the process would produce Π units of output using Px>Qx units of input x and 

Py>Qy units of input y (point P in Figure 2). According to the Koopmans’ definition, such a point is not 

technically efficient, since the process could produce the same amount of output using lower amount of both 

inputs x and y. In this regard, the contributions of Debreu (1951) and Farrell (1957) allowed to develop a 

measure of technical production efficiency, known as the “Debreu-Farrell measure”. Technical production 

efficiency of generic process can be measured as “one minus the maximum equiproportionate reduction in all 

inputs that still allows continued production of given outputs” (Lovell, 1993, p.10). According to this measure, 

all the efficient points have technical production efficiency equal to one. Of course, technical production 

efficiency of process denoted by the point P will be lower than one. It can be measured by using the following 

equation: 

𝑒 = 1 − (
QP̅̅̅̅

OP̅̅ ̅̅
) (1) 

where QP̅̅̅̅  and OP̅̅̅̅  refer to the segments depicted in Figure 2. Hence, the higher the distance between the 

point P and the efficient production frontier (QP̅̅̅̅ ), the lower the technical efficiency will be. Although this 

measure has been referred here to process/system with two inputs and one output, it can be easily extended to 

processes/systems with N≥2 inputs and M≥2 outputs (Farrell, 1957). 

Firms are interested to adopt technically efficient production methods because, so doing, they minimize 

production costs. Moreover, the efficient production frontier can change over time, as a result of technological 

innovation in production methods (Färe et al., 1994). The amount of at least one input required to produce the 

same amount of output, ceteris paribus, can be reduced by such innovations. This case is depicted in Figure 3, 

where the new frontier is denoted as SS’’. Because of innovation, it is now technically possible to produce Π 

units of output with Q’x<Qx units of input x and Q’y<Qy units of input y. Hence, the process denoted by the 
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point Q is no longer technically efficient and its current measure of technical production efficiency becomes 

lower than one. 

 

Figure 3. Effect of technological innovation on the efficient production frontier. 

Firms are interested to innovate their production processes because, so doing, their economic performance 

is certainly improved. In fact, costs of inputs are reduced at equal revenues (when the same output is produced 

using lower inputs) or, conversely, revenues from outputs are increased at equal costs of inputs (when the same 

inputs allow to produce more output) (Farrell, 1957). 

Moreover, as the environmental issue is gaining more attention, the definition of technical production 

efficiency can be extended considering wastes generated by production processes/systems as additional inputs 

(Rehinard et al., 1999; Kortelainen and Kuosmanen, 2004). Hence, at the same level of output, the efficient 

production frontier for a given process/system can be moved by two kinds of technological innovations: i) 

innovations allowing to reduce the amount of at least one required input, ceteris paribus; ii) innovations 

allowing to reduce the amount of at least one produced waste, ceteris paribus. Basing on the extended 

definition of technical efficiency, both these kinds of innovation improve the economic performance of the 

process/system, at the same time reducing its impact on the environment, ceteris paribus. 

Then, technical production efficiency is related to the performance of the process/system: the efficiency 

can increase as the result of improvement in this performance. In particular, the efficiency is equal to one when 

the process/system has the highest reachable performance. 
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3.1.2 The impact of IS on technical production efficiency 

When IS is implemented among processes belonging to an industrial system, the amount of wastes disposed 

of in the landfill as well as of inputs purchased from outside may be reduced. In such a case, some performance 

of the system can be enhanced. 

Let us consider an industrial system composed by two production processes, A and B. For the sake of 

simplicity, let us assume that each process produces only one output (O(A) and O(B), respectively), requiring 

only one primary input (I(A) and I(B)) and producing only one waste (W(A) and W(B)) (Figure 4).  

 
a 

 
b 

 Figure 4. Industrial system composed by two production processes, when IS does not occur (a) and when IS occurs (b). 

 

Let us assume that the system is perfectly efficient from technical point of view, i.e. that no inputs or wastes 

can be reduced at equal produced output (technical production efficiency of the system is equal to one). In 

particular, the amount of I(A) required and W(A) generated are directly proportional to the amount of O(A) 

produced. Similarly, the amount of I(B) required and W(B) generated are directly proportional to amount of 

O(B) produced. In such a system, there is no substitutability among productive factors, i.e. the current 

combination of required inputs and produced wastes is the only one able to produce the current amount of 

outputs. Hence, the efficient production frontier is composed by only one point, denoting the current status of 

the system in the space ℝ4 (the number of dimensions is equal to the total number of inputs required and wastes 

produced by the system). 

Let us assume now that feasibility conditions to replace I(B) with W(A) arise. Moreover, let us assume that 

one unit of W(A) is technically able to replace T units of I(B). Hence, Q units of waste produced by process A 

can be potentially used to replace TxQ units of input required by process B (Figure 4b). In this regard, two 

different cases may occur: pure substitution and impure substitution. 
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Pure substitution between W(A) and I(B). Let us consider the Cartesian plane where the x-axis denotes 

the amount of W(A) disposed of in the landfill and the y-axis denotes the amount of I(B) required from outside 

the system. For the sake of simplicity, we do not consider the other two dimensions (I(A) and W(B)), since 

these parameters are not affected by the IS exchange. In such a plane, the point N=(W(A), I(B)) denotes the 

system when IS does not occur. When Q units of W(A) are exchanged between processes, three different 

conditions may occur: i) Q =
I(B)

T
< W(A). Such a case is denoted by the point S=(W(A)-Q, 0) in Figure 5a: 

the system does not purchase any units of I(B) from outside but it has to dispose of in the landfill W(A)-Q 

units of W(A); ii) Q = W(A) <
I(B)

T
. Such a case is denoted by the point S=(0, I(B)-TxQ) in the Figure 5b: the 

system does not dispose of in the landfill any units of W(A) but it has to purchase I(B)-TxQ units of I(B) from 

outside; and iii) Q = W(A) =
I(B)

T
. Such a case is denoted by the point O in the Figure 5c: the system does not 

purchase any units of I(B) from outside and does not dispose of in the landfill any units of W(A). The 

achievement of one of these three status depends on two parameters: i) the match between the produced amount 

of waste W(A) and the required amount of input I(B); and ii) the substitution rate T between waste and input. 

The angle α in Figure 5 is representative of this parameter: the higher T, the lower α will be, ceteris paribus1. 

 

 
1 In fact, it results: 

α = arccos {T ∙
I(B)

√[W(A) − Q]2 + I(B)2
} if Q =

I(B)

T
< W(A) (Figure 5a) 

α = arccos {T ∙
I(B) − T ∙ Q

√W(A)2 + [I(B) − T ∙ Q]2
} if Q = W(A) <

I(B)

T
 (Figure 5b) 

α = arccos {T ∙
I(B)

√W(A)2 + I(B)2
} if Q = W(A) =

I(B)

T
 (Figure 5c) 
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a 

 

 
b 

 

 
c 

Figure 5. Effect of IS (when pure substitution occurs) on the efficient production frontier,  

in case: 𝐐 =
𝐈(𝐁)

𝐓
< 𝐖(𝐀) (a), 𝐐 = 𝐖(𝐀) <

𝐈(𝐁)

𝐓
 (b), 𝐐 = 𝐖(𝐀) =

𝐈(𝐁)

𝐓
 (c). 

 

Based on the definition of technical production efficiency, in all the three previous cases the system denoted 

by the point S is more efficient than the one denoted by the point N: in fact, at equal produced output, the 

amount of both W(A) disposed and I(B) purchased are lower than in the scenario without IS. This means that 

in all cases depicted in Figure 5, the efficient production frontier has moved due to IS. In fact, the system 

denoted by the point N, which was efficient before than IS became possible, is currently no longer efficient. 

Because of the Debreu-Farrell measure, the system denoted by the point S has now efficiency equal to one. 

All the points on the segment SN̅̅̅̅  become now technically attainable by the system. These points (except for 

the point S) have technical efficiency lower than one: in particular, the lower the distance from S, the higher 

the efficiency will be.  

However, differently from the case in Figure 3, such a change of the efficient production frontier is not 

dependent on technological innovation reducing the amount of W(A) generated by process A and the amount 

of I(B) required by process B at equal produced output. In fact, the amount of both W(A) generated to produce 

O(A) and I(B) required to produce O(B) remain constant even when IS occurs, ceteris paribus. Instead, such 
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a change is due to the possibility provided by the IS to use part of generated W(A) to replace part of required 

I(B). Hence, in case of pure substitution between W(A) and I(B), production costs are of course reduced for 

both the processes: therefore, according to the economic logic driving the implementation of the IS approach, 

the system will implement IS, moving from point N to point S. 

Impure substitution between W(A) and I(B). Let us consider now the case when impure substitution 

between W(A) and I(B) occurs. In such a case, we assume that I(C) units of additional input are needed to 

exchange Q units of W(A) between processes A and B. In the space depicted in Figure 6, the point N=(W(A), 

I(B), 0) denotes the system when IS does not occur, whereas the point S denotes the system when IS occurs. 

In particular, three different cases may occur: i) S=(W(A)-Q, 0, I(C)) if Q =
I(B)

T
< W(A) (Figure 6a); ii) S=(0, 

I(B)-TxQ, I(C)) if Q = W(A) <
I(B)

T
 (Figure 6b); and iii) S=(0, 0, I(C)) if Q = W(A) = I(B) (Figure 6c).  

 

 
a 

 

b 

 

 
c 

Figure 6.  Effect of IS (when impure substitution occurs) on the efficient production frontier,  

in case: 𝐐 =
𝐈(𝐁)

𝐓
< 𝐖(𝐀) (a), 𝐐 = 𝐖(𝐀) <

𝐈(𝐁)

𝐓
 (b), 𝐐 = 𝐖(𝐀) =

𝐈(𝐁)

𝐓
 (c). 
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Basing on the Koopmans’ definition of technical production efficiency, we can argue that the systems 

denoted by points N and S in Figure 6 are characterized by the same efficiency. In fact, both W(A) disposed 

of in the landfill and I(B) purchased from outside are reduced by IS, but the symbiotic exchange requires 

additional input I(C), which is not required when IS does not occur. Hence, in case of impure substitution 

between W(A) and I(B), IS does not improve the technical production efficiency of the system. However, IS 

expands the space of production possibilities for the industrial system, making all the points on the segment 

NS̅̅̅̅  technically reachable by the system. This means that new combinations of production inputs are now 

available to produce the same amount of output. Nevertheless, on the contrary than the previous case, all the 

points denoting these combinations have the same technical production efficiency. Assuming that the 

advantage due to lower costs of input purchasing and waste disposing will be higher than the additional costs 

arising due to IS, the system will implement IS moving from point N to point S.  

Pervious cases show that IS can affect two performance of ISNs: i) the amount of wastes disposed of in the 

landfill; and ii) the amount of primary inputs used by production processes. The higher the improvement in 

these performances, the higher the benefits provided by IS will be. Moreover, the improvement in these 

performances depend on how waste exchanges allow the match between waste supply and waste demand. For 

this reason, in defining the concept of efficiency related to IS, we refer to a technical exchange efficiency: such 

an efficiency focuses on waste exchanges among firms belonging to an ISN, evaluating the extent to which 

these exchanges are providing benefits. 

Taking into account the previous contributions, in the next section we provide formal definition of technical 

exchange efficiency of IS and we propose a measure of such an efficiency. 

 

3.2 The concept of technical exchange efficiency of IS 

Let us consider an ISN when only one symbiotic exchange occurs, for instance the one depicted in Figure 

4b. Assuming that replacing I(B) with W(A) is feasible from the environmental and economic point of view, 

the higher the amount of W(A) not disposed of in the landfill and the amount of I(B) not purchased from 

outside due to IS, the higher the benefits provided to the ISN by the IS approach will be. In particular, the 

highest benefits that such an exchange can provide are those arising when the overall amount of the produced 
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waste is not disposed of in the landfill and contemporaneously the overall amount of the required input is not 

purchased from outside the ISN because replaced by the waste. Therefore, we argue that the ISN is efficient 

from the symbiotic exchange point of view if, as a result of implementing IS among its processes, the ISN does 

not dispose of in the landfill any units of the exchanged wastes and, at the same time, does not purchase from 

outside any units of the replaced inputs. Such a condition has been defined as “perfect symbiosis” by Yazan et 

al. (2016). Therefore, as a corollary, we can argue that the ISN is efficient from the exchange point of view if 

perfect symbiosis occurs. 

Let us consider the industrial system in Figure 4b. Such a system can be represented in the Cartesian plane 

where the x-axis denotes the amount of W(A) disposed of in the landfill whereas the y-axis denotes the amount 

of W(A) equivalent to the amount of I(B) required by the ISN. In such a plane, the system when IS does not 

occur can be represented by the point N=(W(A),I(B)/T). According to the definition of technical exchange 

efficiency, the ISN is efficient when Q=W(A)=I(B)/T. In such a case, the system will be denoted by the point 

O=(0,0). Let us consider now the case where Q=I(B)/T<W(A). Perfect symbiosis does not occur because the 

system has to dispose of in the landfill W(A)-Q units of waste. The point denoting the system when symbiosis 

occurs is S=(W(A)-Q,0). Perfect symbiosis would occur when, from the geometrical point of view, S≡O: in 

such a condition, no difference between angles α and β in Figure 7 would occur (α=β). Hence, the point S (ISN 

when symbiosis occurs) is much more distant from the point O (condition of perfect symbiosis) when |α-β| is 

higher. The segment PN̅̅ ̅̅  in Figure 7 is obtained by rotating the segment ON̅̅ ̅̅  by the angle β-α anticlockwise. It 

can be demonstrated that the segment PS̅̅ ̅ is proportional to |α-β|: the higher the difference between α and β, 

the longer PS̅̅ ̅ will be. Such a framework can be used to propose a measure of technical exchange efficiency 

for the considered ISN defined by the following equation: 

e =
SN̅̅̅̅

ON̅̅ ̅̅
 (2) 

since ON̅̅ ̅̅ = PN̅̅ ̅̅ . Accordingly, technical exchange efficiency ranges between zero and one. In particular, it 

is equal to zero when symbiosis does not occur within the ISN (S≡N and therefore SN̅̅̅̅ = 0) whereas is equal 

to one when perfect symbiosis occurs (S≡O and therefore SN̅̅̅̅ = SO̅̅̅̅ ). Moreover, the higher the distance 

between points S and P, the lower the technical exchange efficiency will be. 



15 
 

 

Figure 7. Graphical representation of the concept of technical exchange efficiency of IS. 

Actually, the ISN depicted by point S is technically efficient from the production point of view but is not 

technically efficient from the symbiotic exchange point of view. This is due to the structure of the ISN, which 

does not allow the complete match between the amount of produced waste and the amount of required input. 

However, technical exchange efficiency can be increased by modifying the current structure of the ISN. In this 

regard, two kinds of structural changes can be implemented to increase technical exchange efficiency: i) 

reducing the amount of W(A) produced within the ISN; and ii) increasing the amount of I(B) required within 

the ISN. The former change can be obtained through technological innovation reducing the amount of W(A) 

generated to produce one unit of output O(A), ceteris paribus. The latter change can be obtained by increasing 

the amount of O(B) produced, ceteris paribus. In both cases, we can observe that lower amount of W(A) will 

be disposed of in the landfill. Moreover, from the geometrical point of view, |α-β| decreases. 

It can be noted that one waste may replace more than one input within the ISN. In this regard, let us suppose 

that in a generic ISN W(A) can indifferently replace the two inputs I(B) and I(C). In such a case, the overall 

amount of required inputs can be expressed in terms of the equivalent amount of W(A). Hence, also this case 

can be depicted on the Cartesian plane shown in Figure 7. The point denoting the system when symbiosis does 

not occur will be N=(W(A), I(B)/TAB+I(C)/TAC), where TAB and TAC denote how many units of inputs I(B) and 

I(C) can be replaced by one unit of W(A), respectively. Assuming that, when IS occurs, W(A) replaces 40% 

of I(B) and 50% of I(C), the point denoting such a condition will be S=(0, 0.4*I(B)/TAB+0.5*I(C)/TAC). Also 

in this case, technical exchange efficiency can be computed by using Equation (2). 
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Technical exchange efficiency of IS can be a useful tool to drive the evolution of the existing ISNs, aimed 

to improve the current performance of existing industrial systems. In addition, new industrial systems with 

high performance can be built by designing ISNs with high technical exchange efficiency, where production 

processes are highly integrated among them from the IS point of view. Such new systems based on IS approach 

can have lower environmental impact than the traditional ones since they are able to better use resources within 

them.  

 

4. Measuring technical exchange efficiency for an industrial symbiosis network 

In this section, we discuss about how to measure the technical exchange efficiency for a generic ISN 

composed by a given set of production processes.  

In order to model the ISN, we use an input-output approach at the enterprise level. In particular, we first 

use the Enterprise Input-Output (EIO) model (Lin and Polenske, 1998; Albino et al., 2002; Albino et al., 2003) 

to shape primary input requirement and waste production by each production process. Then, we design the 

extension of the general EIO model to take into account also the symbiotic flows among production processes 

(Section 4.1). Afterwards, we show how to measure technical exchange efficiency by using data from the EIO 

model (Section 4.2). 

4.1 Enterprise Input-Output model for ISNs 

General EIO model. The EIO model describes the ISN as a network of production processes using an 

input–output approach. In general, a network of production processes consists of processes that procure 

materials and energy (primary inputs), transform them into outputs, and produce wastes. Two kinds of outputs 

can be produced: i) intermediate goods, destined to be used as input by other processes; ii) final goods for 

external markets. Hence, each process uses primary inputs from external markets and intermediate goods from 

other processes to produce outputs. Moreover, the wastes generated are disposed of in the landfill. 

A generic ISN is made of n processes. For the sake of simplicity, we assume that each process produces 

only one main output. This output can be: i) all sold on final markets; ii) all used as intermediate good by other 

processes; and iii) in part sold on final markets and in part used as intermediate good by other processes. Hence, 
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each process has to produce output to satisfy: i) the final demand from external markets; and ii) the internal 

demand from other processes. In this regard, let 𝑓0 be the 𝑛 × 1 vector of the final demand from external 

markets and 𝑥0 the 𝑛 × 1 vector of gross outputs. Moreover, let 𝑍0 be the 𝑛 × 𝑛 matrix of the domestic 

intermediate deliveries, where the generic element 𝑍0𝑖𝑗  denotes the amount of output produced by process i 

and used as intermediate good by process j. Then, the following identity holds: 

𝑥0 = (𝐼 − 𝑍0 ∙ 𝑥0
−1) ∙ 𝑓0 (3) 

where I is the 𝑛 × 𝑛 identity matrix and a “hat” is used to denote a diagonal matrix where 𝑥0𝑖𝑖 = 𝑥0𝑖 ∀ i and 

𝑥0𝑖𝑗 = 0  ∀ 𝑖 ≠ 𝑗. In case of no flows of intermediate goods occur between processes (𝑍0 = 0⃗ ), the gross output 

of each process has only to satisfy the corresponding final demand (𝑥0 = 𝑓0). 

To produce its output, process 𝑖 requires 𝑛(𝑟𝑖) primary inputs and generates 𝑛(𝑤𝑖) wastes (Figure 8). The 

network as a whole requires 𝑛(𝑟) primary inputs, with 𝑛(𝑟) ≤ ∑ 𝑛(𝑟𝑖
𝑛
𝑖=1 ), and generates 𝑛(𝑤) wastes, with 

𝑛(𝑤) ≤ ∑ 𝑛(𝑤𝑖
𝑛
𝑖=1 ). Equality holds when either each primary input is used by only one process or each waste 

is produced by only one process, respectively. 

 

 

 

 
Figure 8. Graphical representation of a process in the ISN model. 

Let 𝑟0 be the 𝑛(𝑟) × 1 vector of primary inputs used in production processes and let 𝑤0 be the 𝑛(𝑤) × 1 

vector of wastes generated by production processes. Both primary inputs need and wastes production are 

related to the gross outputs by the following equations: 

𝑟0 = 𝑅𝑥0 (4) 

𝑤0 = 𝑊𝑥0      (5) 

where the 𝑛(𝑟) × 𝑛 matrix of primary input coefficient 𝑅 and the 𝑛(𝑤) × 𝑛 matrix of waste output coefficients 

𝑊 are obtained from observed data. The generic element 𝑅𝑙𝑗 denotes the quantity of primary input 𝑙 required 

𝑥0𝑖 

 

𝑛(𝑤𝑖) 

𝑛(𝑟𝑖) 
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to produce one unit of the output of process 𝑗. Similarly, the element 𝑊𝑘𝑗 denotes the quantity of waste 𝑘 

generated to produce one unit of the output of process 𝑗.  

When a new final demand 𝑓 (𝑛 × 1) occurs for the ISN, we assume that matrices 𝑅 and 𝑊 remain constant. 

Then, we have a new gross output vector 𝑥 (𝑛 × 1) based on Equation (6) and, consequently, we can compute 

new vectors 𝑟 (𝑛(𝑟) × 1) and 𝑤 (𝑛(𝑤) × 1) from Equations (7) and (8). 

𝑥 = (𝐼 − 𝑍0 ∙ 𝑥0
−1) ∙ 𝑓 (6) 

𝑟 = 𝑅𝑥      (7) 

𝑤 = 𝑊𝑥      (8) 

 

EIO model for IS exchanges. When IS occurs, wastes of a process can be used to replace primary inputs 

in other processes. Then, in an ISN, processes can exchange among them intermediate goods and wastes for 

primary inputs. In particular, wastes of each production process can be either disposed of in the landfill or used 

as primary inputs by other processes. Each process can either purchase primary inputs from outside the ISN or 

use wastes from other processes as primary inputs. An ISN can be fully described if, for each production 

process, all the flows of primary inputs, intermediate goods, outputs, and wastes from and to both the other 

processes and the external markets are identified. 

In order to model waste flows taking place among processes, for each couple of processes i and j we can 

define 𝑒𝑖𝑗 as the 𝑛(𝑤) × 1 vector of the observed symbiotic flows between i and j. The generic element 

𝑒𝑘
𝑖𝑗
 denotes the amount of the k-th waste flowing from process i to process j.  

Taking into account such a symbiotic exchange, two different cases may happen: i) pure substitution 

between waste k and primary input l; ii) impure substitution between waste k and primary input l. 

In case of pure substitution among waste and primary input, the waste can be directly used in place of 

primary input. If one unit of waste k generated by process i can replace 𝑃𝑙𝑘
𝑖𝑗

 units of primary input l required 

by process j, 𝑒𝑘
𝑖𝑗

 units of waste k produced by process i replace 𝑃𝑙𝑘
𝑖𝑗
∙ 𝑒𝑘

𝑖𝑗
 units of primary input l in process j. 

In case of impure substitution among waste and primary input, the waste has to be treated before being used 

as primary input. In the EIO approach, such a treatment is modelled as a process transforming wastes (input 

of treatment processes) in primary inputs (output of treatment processes). In Figure 9, the treatment process 
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transforming waste k generated by process i in primary input l required by process j is graphically depicted. 

Let 𝑅𝑇𝑝𝑘
𝑖𝑗

 be the amount of additional input p required to treat one unit of waste k and 𝑊𝑇𝑚𝑘
𝑖𝑗

 the amount of 

additional waste m generated by treating one unit of waste k. Hence, treating 𝑒𝑘
𝑖𝑗

 units of waste k requires 

𝑅𝑇𝑝𝑘
𝑖𝑗
∙ 𝑒𝑘

𝑖𝑗
 units of additional inputs p and generates 𝑊𝑇𝑚𝑘

𝑖𝑗
∙ 𝑒𝑘

𝑖𝑗
 units of additional waste m. 

 

 

 

 

 
 
 

Figure 9. Graphical representation of the k-th waste treatment process in the ISN model.  

 

Considering now the ISN as a whole, we can compute the environmental benefits due to the IS approach 

by using the EIO model. First, the 𝑛(𝑤) × 1 vector 𝑤𝑆 of wastes saved, i.e. not disposed of in the landfill, is 

computed by using the following equation: 

𝑤𝑆 =∑∑𝑒𝑖𝑗
𝑛

𝑗=1

𝑛

𝑖=1

 (9) 

Then, the 𝑛(𝑟) × 1 vector 𝑟𝑆 of primary inputs saved, i.e. replaced by wastes and hence not purchased from 

outside the ISN, is computed by using the following equation: 

𝑟𝑆 =∑∑𝑃𝑖𝑗 ∙ 𝑒𝑖𝑗 

𝑛

𝑗=1

𝑛

𝑖=1

 (10) 

𝑒𝑘
𝑖𝑗

 𝑃𝑙𝑘
𝑖𝑗
∙ 𝑒𝑘

𝑖𝑗
 

𝑅𝑇𝑝𝑘
𝑖𝑗
∙ 𝑒𝑘

𝑖𝑗
 

𝑊𝑇𝑚𝑘
𝑖𝑗
∙ 𝑒𝑘

𝑖𝑗
 

Waste k destined to 

treatment process 

Primary input l obtained 

by the treatment process 

Additional input p required 

by the treatment process 

Additional waste m generated 

by the treatment process 



20 
 

where 𝑃𝑖𝑗 is the 𝑛(𝑟) × 𝑛(𝑤) matrix denoting substitution rates among wastes produced by process i and 

primary inputs required by process j. The generic element 𝑃𝑙𝑘
𝑖𝑗

 denotes how many units of primary input l are 

replaced by one unit of waste k. 

Assuming that treatment processes generate tw additional wastes and require tr additional inputs, we can 

compute the 𝑛(𝑡𝑤) × 1 vector of additional wastes generated (𝑤𝑇) and the 𝑛(𝑡𝑟) × 1 vector of additional 

inputs required (𝑟𝑇) by the treatment processes by using the following equations: 

𝑤𝑇 =∑∑𝑊𝑇𝑖𝑗 ∙

𝑛

𝑗=1

𝑒𝑖𝑗
𝑛

𝑖=1

 (11) 

𝑟𝑇 =∑∑𝑅𝑇𝑖𝑗 ∙

𝑛

𝑗=1

𝑒𝑖𝑗
𝑛

𝑖=1

 (12) 

where 𝑊𝑇𝑖𝑗 is the 𝑛(𝑡𝑤) × 𝑛(𝑤) matrix modelling waste generation by treatment processes and 𝑅𝑇𝑖𝑗 is the 

𝑛(𝑡𝑟) × 𝑛(𝑤) matrix modelling input requirement by treatment processes. 

Finally, let us consider the symbiotic exchange between processes i and j, where waste k replaces primary 

input l. In general, we highlight that the amount of exchanged waste cannot be higher than the amount of waste 

produced by process i. At the same time, such quantity cannot be higher than the correspondent amount of 

replaced input that is required by the process j. From numerical point of view, the following condition must be 

verified: 

𝑒𝑘
𝑖𝑗
≤ min {𝑊𝑘𝑖𝑥𝑖;

𝑅𝑙𝑗

𝑃𝑘𝑙
𝑖𝑗
∙ 𝑥𝑗}     ∀ (𝑖, 𝑗, 𝑘, 𝑙), 𝑃𝑘𝑙

𝑖𝑗
≠ 0 (13) 

 

 

4.2 Technical exchange efficiency measures 

Let us consider the generic ISN where n(w) wastes are exchanged. For the sake of simplicity in 

mathematical notation, let us assume that each waste is able to replace only one primary input. Hence, it results 

that n(w) = n(r). Let 𝑤𝐸  be the 𝑛(𝑤) × 1 vector of wastes equivalent to the input requirement. Such a vector 

is computed by using the following equation: 
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𝑤𝐸 = [(∑∑𝑃𝑖𝑗  

𝑛

𝑗=1

𝑛

𝑖=1

)

−1

]

𝑇

∙ (𝑅𝑥) (14) 

 

where the generic element 𝑤𝑘
𝐸 denotes how many units of 𝑤𝑘 are equivalent to the required amount of the 

input that waste k can replace. 

Then, in the space ℝ𝑛(𝑟)+𝑛(𝑤) = ℝ2∙𝑛(𝑤) we can identify the point N =

(w1, w2, … ,wn(w), w1
E, w2

E, … ,wn(w)
E ), denoting the ISN when no symbiotic exchanges occur, and the point 

S = (w1 −w1
S, w2 −w2

S, … ,wn(w) −wn(w)
S , w1

E −w1
S, w2

E −w2
S, … ,wn(w)

E −wn(w)
S ), denoting the ISN 

when IS occurs. Technical exchange efficiency can be computed by using the following equation, which is the 

generalization in the multi-dimension space of the Equation (2): 

𝑒 =
|N − S⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

|N − O⃗⃗⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |
 (15) 

 

where N − O⃗⃗⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = (w1, w2, … ,wn(w), w1
E, w2

E, … ,wn(w)
E ) and N− S⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = (w1

S, w2
S, … ,wn(w)

S , w1
S, w2

S, … ,wn(w)
S ). 

Similarly to the case discussed in Section 3 for a two-dimension case, 𝑒 values range between zero and one. 

In particular, 𝑒 = 0 when S ≡ N whereas 𝑒 = 1 when S ≡ 0. Moreover, the higher |N − S⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|, i.e., the lower the 

distance from the point O, ceteris paribus, the higher the technical exchange efficiency will be. 

Using such a framework, we can decompose 𝑒 in two further measures, which separately take into account 

the technical exchange efficiency for the wastes not disposed of in the landfill, 𝑒𝑤, and for the primary inputs 

saved, 𝑒𝑃𝐼. Let us consider ℝ𝑛(𝑤) and ℝ𝑛(𝑟) as two vector subspaces of ℝ𝑛(𝑤)+𝑛(𝑟). In the former, the point 

Nw = (w1, w2, … ,wn(w)) has coordinates equal to the amount of all the produced wastes when IS does not 

occur, whereas the point Sw = (w1 −w1
S, w2 −w2

S, … ,wn(w) −wn(w)
S ) has coordinates equal to the amount 

of the wastes disposed of in the landfill when IS occurs. Similarly, in the latter space, the point Npi =

(w1
E, w2

E, … ,wn(w)
E ) has coordinates equal to the amount of all primary inputs required by the ISN when IS 

does not occur, whereas the point Spi = (w1
E −w1

S, w2
E −w2

S, … ,wn(w)
E −wn(w)

S ) has coordinates equal to the 

amount of all primary inputs purchased from outside the ISN when IS occurs. 𝑒𝑤 and 𝑒𝑃𝐼 can be computed by 

using the following equations: 
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𝑒𝑊 =
|Nw − Sw⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |

|Nw − Ow⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |
 (16) 

𝑒𝑃𝐼 =
|Npi − Spi⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |

|Npi − Opi⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|
 (17) 

Both the measures range between zero and one. They are equal to zero when IS does not occur. In particular, 

𝑒𝑊 measures how ISN is efficient in reducing wastes disposal of in the landfill. It is equal to one when Sw ≡

Ow i.e. when no wastes produced by the ISN are disposed of in the landfill, being recovered by symbiotic 

exchanges. Similarly, 𝑒𝑃𝐼 measures how ISN is technically efficient in reducing primary inputs purchasing 

from outside the network. This measure is equal to one when Spi ≡ Opi, i.e. when the primary inputs 

requirement of ISN is entirely satisfied by the wastes recovered within the network.  

The efficiency measures previously identified can be also used to classify ISNs about their structural 

characteristics. Such a kind of classification is needed in order to understand how different structural attributes 

influence the exchanges of wastes and to better identify the strengths and weaknesses of a given ISN (Zhang 

et al., 2015). We identify three kinds of ISNs: 

- Waste absorbing ISNs. They are characterized by 𝑒𝑃𝐼 ≪ 𝑒𝑊 as the waste supply is much lower than 

the waste demand. Hence, the ISN has high performance in avoiding that wastes could be disposed of 

in the landfill but it shows low performance in saving the primary inputs (Figure 10a); 

- Primary input saving ISNs. They are characterized by 𝑒𝑃𝐼 ≫ 𝑒𝑊 as the waste supply is much higher 

than the waste demand. Hence, the ISN has high performance in saving the primary inputs but it shows 

low performance in avoiding that wastes could be disposed of in the landfill (Figure 10b); 

- Balanced ISNs. They are characterized by 𝑒𝑃𝐼 ≅ 𝑒𝑊 as there is an equilibrium between the waste 

supply and the waste demand. Hence, the ISN has quite similar performance in avoiding that wastes 

could be disposed of in the landfill and in saving the primary inputs (Figure 10c). 
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a 

 
b 

 

 
c 

Figure 10. Graphical representation of the proposed ISN classification: (a) waste absorbing ISN; (b) primary input saving ISN; (c) 

balanced ISN. The same value of technical exchange efficiency can be obtained by ISNs with different 𝒆𝑾 and 𝒆𝑷𝑰. 

 

 

5. Case example 

In this section, we use a case example to show the computation of the technical exchange efficiency for a 

given ISN. Moreover, we show and discuss how such a measure can be useful to drive the evolution of the 

ISN. 

5.1 Case description  

The analysed ISN is composed by four production processes (n=4): exhausted tyres collection (process 1), 

cement production (process 2), synthetic grass production (process 3), and iron and steel production (process 

4). No flows of intermediate goods occur among processes, so as the gross output of each process has only to 

satisfy the correspondent final demand. The gross output yearly generated by each process (vector x) is reported 

in Table 2. 
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Main product Gross output 

Exhausted tyres (𝑥1) 300 t 

Cement (𝑥2) 3000 t 

Synthetic grass (𝑥3) 300000 m2 

Iron and steel (𝑥4) 1000 t 

Table 2. Observed gross output per year of each main product. 

For the sake of simplicity, only wastes and primary inputs that can be involved in symbiotic exchanges are 

considered. The Process 1 generates two kinds of wastes from exhausted tyres collection: carcasses (𝑤1) and 

wheel rims (𝑤2). On the side of inputs, coal (𝑟1), resilient granules (𝑟2), and iron (𝑟3) are required by Process 

2, Process 3, and Process 4, respectively. It results n(w) = 2 and n(r) = 3. Assuming that tyres consist in 

50% carcass and 50% wheel rim, 0.5 tons of carcasses and 0.5 tons of wheel rims are produced for each ton of 

collected tyres. Moreover, producing 1 ton of cement requires 0.063 tons of coal, whereas producing 1 m2 of 

synthetic grass requires 1.05 ∙ 10−4  tons of resilient granules (Albino and Yazan, 2013). Finally, we assume 

that 1 ton of iron is needed to produce 1 ton of steel. Hence, it results: 

W = (
0.5 0 0 0
0.5 0 0 0

)           R = (
0 0.063 0 0
0 0 1.05 ∙ 10−4 0
0 0 0 1

) 

According to Equations (7) and (8), the primary inputs required (vector r) and the wastes produced (vector 

w) are reported in Table 3. 

  Process 1 Process 2 Process 3 Process 4 

PRIMARY INPUT      

Coal 𝑟1  189 t   

Resilient granules 𝑟2   31.5 t  

Iron 𝑟3    1.000 t 

WASTE      

Carcasses 𝑤1 150 t    

Wheel rims 𝑤2 150 t    

Table 3. Amount of required primary inputs and produced wastes by each process. 

Carcasses can replace both coal and resilient granules. In this regard, the practice of substituting fossil fuels 

as coal with ground tires is widespread in the cement industry (Kääntee et al., 2004; Albino et al., 2011). 

Positive environmental effects of such a practice have been recognized in form of reducing net CO2 and NOx 
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emissions in comparison to fossil fuels (Cook and Kemm, 2004; European Cement Association, 2009; 

International Energy Agency, 2009). According to Corti and Lombardi (2004), 1 ton of tyres can replace 0,877 

tons of coal. Moreover, the use of exhausted tyres as substitute of resilient granules in synthetic grass 

production is recognized as positive from environmental point of view. In this regard, 1 ton of exhausted tyres 

is assumed to replace 0,8 tons of resilient granules (Albino and Yazan, 2013). Finally, we assume one ton of 

wheel rim replaces one ton of iron. Accordingly, it results: 

𝑃12 = (
0.877 0
0 0
0 0

)   𝑃13 = (
0 0
0.8 0
0 0

)  𝑃14 = (
0 0
0 0
0 1

) 

For the sake of simplicity, we assume that pure substitution is possible for each symbiotic exchange. 

The analyzed ISN is depicted in Figure 11, where only wastes and primary inputs that can be involved in 

symbiotic exchanges are represented.  

Exhausted tyres 
collection

(Process 1)
x1

w2

w1
Cement production

(Process 2)

Synthetic grass 
production
(Process 3)

e1
12

e1
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12+e1

13)

x4(R34· x4)-(P32
14·e2

14)e2
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w2-e2
14

R34· x4w2-e2
14

 

Figure 11. EIO graphical representation of the analysed ISN. 

If the Process 1 choses the Process 2 as the first co-operator, then Process 2 will be supplied with priority. 

Accordingly, Process 1 will send 150 tons of carcasses to Process 2 whereas any tons of exhausted tyres will 
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be sent to Process 3. Moreover, the Process 1 sends 150 tons of wheel rims to Process 4. According to the EIO 

model in Section 4.1, it results:  

𝑒12 = (
150
0
)  𝑒13 = (

0
0
)  𝑒13 = (

0
150

)  

Hence, 150 tons of carcasses and 150 tons of wheel rims are not disposed of in the landfill due to IS. In 

fact, from Equation (9), it results: 

𝑤𝑆 = 𝑒12 + 𝑒13 + 𝑒14 = (
150
150

)  

We can compute the amount of primary inputs saved using Equation (10). It results: 

𝑟𝑆 = 𝑃12 ∙ 𝑒12 + 𝑃13 ∙ 𝑒13 + 𝑃14 ∙ 𝑒14 = (
131.55
0
150

)  

Accordingly, 131.55 tons of coal are replaced by carcasses and 150 tons of iron are replaced by wheel rims. 

The vector of wastes equivalent to primary input required can be computed by using Equation (14). It results: 

 𝑤𝐸 = [(𝑃12 + 𝑃13 + 𝑃14)−1]𝑇 ∙ (𝑅 ∙ 𝑥) = (
254.88
1000

) 

This means that the overall amount of coal and resilient granules required within the ISN can be replaced 

by 254.88 tons of carcasses. Similarly, 1000 tons of wheel rims are required to replace all the iron used within 

the ISN. 

In the vector space ℝ𝑛(𝑤)+𝑛(𝑟)=2∙𝑛(𝑤) we can define the point N=(150, 150, 254.88, 1000), denoting the 

ISN when IS does not occur, and the point S=(0, 0, 104.88, 850), denoting the ISN when IS occurs. Technical 

exchange efficiency can be computed by using Equation (15). In this case, it results N − S⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ =

(150, 150, 150, 150) and N− 0⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = (150, 150, 254.88, 1000).  

𝑒 =
|N − S⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

|N − O⃗⃗⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |
=

300

1053.55
= 0.2847 

Efficiencies 𝑒𝑊 and 𝑒𝑃𝐼 can be computed using Equations (16) and (17), respectivley. It results 𝑒𝑊 = 1 

and 𝑒𝑃𝐼 = 0.2056. Graphical representation of the three measures is provided in Figure 12. 
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Figure 12. Graphical representation of the three efficiency measures for the analyzed ISN. 

 

5.2 Discussion 

The ISN has technical exchange efficiency equal to 0.2847. In particular, the ISN has high down-stream 

efficiency (𝑒𝑊 = 1), meaning that symbiotic exchanges are very effective in reducing the amount of wastes 

disposed of in the landfill. However, the up-stream efficiency is low (𝑒𝑃𝐼 = 0.2056), meaning that low 

performance in reducing the amount of primary inputs purchased is achieved. In fact, nevertheless the 69.6% 

(150*0.877/189) of coal is replaced by carcasses, no amount of synthetic grass is saved and only the 15% 

(150/1000) of the required iron is replaced by wheel rims. According to the classification proposed in section 

4.2, this ISN can be actually considered as a “waste absorbing network”. Then, a strong difference between 

the amount of produced wastes and the amount of required primary inputs is observed.  

Technical exchange efficiency can be increased by reducing such a difference. As the waste production is 

lower than the corresponding demand, the amount of wastes produced and exchanged within the ISN has to be 

increased. In turn, based on Equation (5), the amount of 𝑥1 (collected tyres) has to be increased. In this regard, 

in Figure 13, the three measures of technical exchange efficiency are depicted as a function of the amount of 

collected tyres, ceteris paribus. Three different parts of the plane may be noted:  

- As long as 𝑥1 ≤ 500 t, 𝑒𝑊 remains equal to one and 𝑒𝑃𝐼 increases. This is because all the additional 

amount of produced wastes replaces primary inputs: hence, the amount of primary inputs purchased 

from outside the ISN is reduced. As an overall result, e increases;  
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- As long as 500 t < 𝑥1 ≤ 2000 t, e continues to increase with lower growth rate. In particular, all the 

additional amount of wheel rims replaces iron in Process 4: therefore, since the amount of iron 

purchased from outside the ISN is reduced, 𝑒𝑃𝐼 increases. However, now the amount of produced 

carcasses has become higher than the correspondent demand. Therefore, part of produced carcasses 

has to be disposed of in the landfill. As a result, 𝑒𝑊 decreases. As a whole, since the amount of 

disposed carcasses is lower than the amount of saved iron, e increases;  

- When 𝑥1 > 2000 t, the demand of all the required primary inputs is entirely satisfied by the wastes 

available within the ISN: hence, 𝑒𝑃𝐼 becomes equal to one. However, the additional amount of both 

wastes produced have to be disposed of in the landfill: therefore, 𝑒𝑊 decreases, causing that also e 

decreases.  

 

Figure 13. Technical exchange efficiency (e), down-stream efficiency (eW), and up-stream efficiency (ePI)  
of the ISN as a function of the amount of collected tyres. 

 

Figure 13 also shows that increasing the amount of collected tyres, ceteris paribus, does not allow the ISN 

to achieve the condition of perfect symbiosis. In fact, the highest level of e achievable is lower than one. Perfect 

symbiosis occurs when the amount of each produced waste has to be equal to the correspondent amount 

demanded. Such a condition can be formalized by the following system of equations (Yazan et al., 2016): 

{
 

 𝑤1 = 𝑟1 + 𝑟2 ⇒ 𝑊11𝑥1 =
𝑅12𝑥2
𝑃11

+
𝑅23𝑥3
𝑃12

𝑤2 = 𝑟3         ⇒  𝑊21𝑥1 =
𝑅34𝑥4
𝑃23

               

 (18) 

0

0,2

0,4

0,6

0,8

1

0 500 1000 1500 2000 2500 3000 3500

amount of collected tyres [t]

e

eW

ePI



29 
 

In particular, W11, R12, P11, R23, P12, W21, R34, and P23 are constant. Hence, solving for x, it results: 

{
0.5𝑥1 = 0.0718𝑥2 + 1.31 ∙ 10

−4𝑥3
0.5𝑥1 = 𝑥4                                            

  

In this case, ∞2 solutions exist. In Table 4, one of the possible solutions (for instance, that obtained by defining 

a priori the levels of 𝑥3 and 𝑥4) is shown. 

Process New final demand Variation rather the current 

situation 

1 6000 t + 5700 t  

2 41200 t + 38210 t 

3 300000 m2 + 0 m2 

4 3000 t + 2000 t 
Table 4. Final demand for each production process which ensure the perfect symbiosis among processes. 

Based on this solution, final demands of Processes 1, 2, and 4 have to be increased by 5700 t, 38210 t, and 

2000 t, respectively, rather than the current levels. Such an increase could be obtained by adopting two different 

strategies: i) creating additional demand for outputs produced by firms currently involved in the ISN; and ii) 

including new firms within the ISN with the same production processes than those currently involved (tyres 

collection, cement production, steel production). Alternatively, final demand of process 3 does not need to be 

increased. Figure 14 shows the current values of efficiency (blue line) as well as the highest value achievable 

(green lines). 

 

Figure 14. Graphical comparison between current efficiency (blue line) and highest efficiency achievable (green line). 

Finally, notice that the condition of perfect symbiosis can be achieved by this ISN because the system in 

Equation (18) is solvable under the constraint that none of the x is equal to zero. In fact, a given x equal to zero 
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means that the correspondent process has to be eliminated from the ISN. Alternatively, if the system cannot 

be solved under such a constraint, the condition of perfect symbiosis cannot be achieved. In this regard, let us 

consider for instance the ISN depicted in Figure 15, where a symbiotic exchange closed-loop exists, i.e., waste 

from Process A is used by Process B and waste from Process B is used by Process A. 

 

Figure 15. Graphical comparison between current efficiency (blue line) and highest efficiency achievable (green line). 

The condition of perfect symbiosis can be mathematically described by the following equation system:  

{
𝑃𝐴𝐵 ∙ 𝑊𝐴 ∙ 𝑥𝐴 − 𝑅𝐵 ∙ 𝑥𝐵 = 0

−𝑃𝐵𝐴 ∙ 𝑅𝐴 ∙ 𝑥𝐴 +𝑊𝐵 ∙ 𝑥𝐵 = 0
  

In particular, such a condition can be achieved if and only if 
𝑅𝐵

𝑃𝐴𝐵∙𝑊𝐴
=

𝑃𝐵𝐴∙𝑊𝐵

𝑅𝐴
. Alternatively, if such an 

identity is not verified, the only solution for the system will be 𝑥𝐴 = 𝑥𝐵 = 0: therefore, perfect symbiosis 

cannot be achieved by this ISN, due to the current structure of symbiotic exchanges. 

 

6. Conclusions 

IS is recognized as a useful approach to boost resource use in industrial systems, generating environmental 

and economic advantages. However, such an approach lacks of efficiency measures, able to compare the 

current performance of ISNs with the highest performance achievable, providing indications about how to 

improve the current performance raising in turn benefits generated by IS relationships.  
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In this paper, we propose the concept of technical exchange efficiency of ISNs, measuring how efficiently 

the symbiotic exchanges among processes in ISNs occur. Technical exchange efficiency of ISNs is maximized 

when there is perfect balance between the amount of produced wastes and the amount of required primary 

inputs, i.e. when perfect symbiosis occurs within the ISN. Increasing the technical exchange efficiency of a 

given ISN may allow to increase the technical production efficiency of that ISN, i.e. the efficiency with which 

the industrial system uses resources and produces wastes. In fact, we showed that the effect of implementing 

IS among a given set of production processes is the same of technological innovations on each of the involved 

process, able to reduce the amount of at least one required input or at least one produced waste at equal input 

generated. Therefore, increasing technical exchange efficiency allows to fully exploit the potentialities of IS 

in generating advantages for firms involved and for the collectivity. For this reason, it is important that ISNs 

will be characterized by high technical exchange efficiency.  

To support the efficiency evaluation, we designed a measure of technical exchange efficiency based on an 

enterprise input-output model. Such a measure ranges between zero and one: it is equal to zero when no 

symbiosis occurs in the ISN whereas it is equal to one when perfect symbiosis occurs. Low value of technical 

exchange efficiency is due to misalignment between the amount of wastes produced and the amount of 

correspondent inputs required. In this regard, the up-stream and down-stream efficiency measures help to better 

identify the cause. In particular, the up-stream efficiency is low when waste supply is lower than demand, i.e. 

when high quantity of inputs has to be purchased from outside the ISN. On the contrary, when waste supply is 

higher than demand, i.e. high quantity of wastes has to be disposed of in the landfill, the down-stream efficiency 

is low. 

The proposed measure of technical exchange efficiency can be useful for different purposes. It can be used 

as a communication tool conveying information to firms and stakeholders about the extent to which IS is 

currently providing benefits rather than its potential one. In addition, it can be useful in driving and planning 

the evolution of ISNs. By measuring technical exchange efficiency, the mismatches between demand and 

supply of each exchanged waste can be easily discovered. Afterwards, strategies aimed to reduce these 

mismatches can be designed by using the EIO model. The proposed strategies can address changes in the 

amount of output of involved firms or the evolution of the ISN structure by adding new firms within the ISN. 

Despite all these strategies can be designed by using the EIO model, it can be noted that such a model does not 
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provide any indications about which is the best strategy from the environmental or economic point of view. In 

order to overcome this limit, additional measures providing such an information should be considered in the 

analysis. In this regard, measures of efficiency able to characterize each exchanged waste on the basis of its 

environmental impact and economic value are a subject for future research. 
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