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Abstract: The use of resonant whispering gallery modes (WGMs) for sensing exhibits 
various drawbacks and critical points related to the microsphere and tapered optical fiber 
fabrication tolerance. The uncertainty on the fiber taper and microsphere geometry or the gap 
between the microsphere and the fiber taper can complicate or limit the actual use of these 
devices for sensing, requiring peculiar calibration of the WGM based sensing set-up. An 
alternative double-step approach is proposed in this paper. In particular, the geometrical 
parameters of the set-up are recovered preliminarily and then the rare earth parameters are 
recovered via simple transmittance/gain measurements. The method is based on a refined 
electromagnetic model of the device suitably integrated with a particle swarm optimization 
(PSO) approach. The percent errors made on the up-conversion coefficients Cup and C3 are 
extremely low, being 0.75%, 0.05%, respectively. The procedure is very robust. It can be 
applied more in general, allowing the sensing of other physical parameters via simple 
transmittance measurements instead of wavelength shift ones, in both microsphere and 
microbubble based set-up. 
© 2016 Optical Society of America 
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1. Introduction 

Whispering Gallery Modes (WGMs) confined in dielectric microspheres can be employed for 
high performance sensing. Both absorption-based approach, requiring evanescent 
electromagnetic field coupling to selected WGMs and fluorescence-based technique have 
been largely used in bio-detection [1–5]. The physical parameters of the medium/background 
surrounding the microsphere can be efficiently monitored. These applications promise novel 
sensing systems for label-free chemical/biological monitoring. In [6], Yan et al. propose a 
packaged structure for the microsphere-taper coupling system. It was constructed by 
encapsulating the coupling region with a suitable polymer. The spot-packaged structure, 
integrated with a standard fiber, is an example of feasible structure which could be 
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engineered. Microspheres of silica, tellurite, phosphate and ZBLAN glasses, doped with rare 
earths, have been fabricated, providing low threshold lasing and comb-like emission with 
extremely narrow linewidth [7–12]. The employment of novel materials, e.g. chalcogenide 
glasses, could allow novel applications in the medium infrared wavelength range, such as 
active and passive sensing [13,14]. 

In [15], Palma et al. used the particle swarm optimization (PSO) approach in order to 
optimize a mid-IR amplifier constituted by an Er3+-doped microsphere coupled to a tapered 
fiber. The microsphere and the tapered fiber were made of chalcogenide Ga5Ge20Sb10S65 
glass. The PSO procedure was proposed for both the design of the amplifier [15] and, in 
principle, to recover the unknown spectroscopic parameters of the microsphere glass, i.e. for 
characterization [16]. 

The PSO procedure employed for characterization is here indicated with the acronym 
CPSO (Characterization PSO problem). CPSO approach could be employed, more in general, 
for sensing chemical compounds/mixture or biomolecules lying in the environment around 
the microsphere or within a microbubble. However, CPSO drawbacks and critical points 
related to the fabrication of microsphere and tapered optical fiber could rise. In particular, the 
uncertainty on the taper and microsphere geometry or gap between the microsphere and the 
fiber taper could dramatically complicate the CPSO employment. 

In this paper, the device fabrication tolerance and a number of practical aspects are 
accurately investigated. As example of application, an erbium doped chalcogenide glass 
microsphere coupled to a fiber taper has been considered for spectroscopic measurements. 
The system feasibility is theoretically demonstrated via a self-consistent approach. In 
particular, we propose for the first time to use the CPSO twice (double-step CPSO) in order to 
perform reliable measurements. At first, CPSO is used for an accurate evaluation of the 
geometrical parameters of the set-up constituted by the fiber taper coupled to a microsphere. 
Then, CPSO is used for the recovery (evaluation) of the spectroscopic parameters of the 
microsphere made of rare earth doped glass. The double-step CPSO allows extremely 
accurate and precise recovering of spectroscopic parameters. 

The strength of the proposed double-step CPSO procedure lies in the use of simple output 
signal measurements as basis data for accurate and low cost recovery of both the set-up 
geometrical parameters and the unknown rare earth parameters. This novel approach is very 
promising and can be generalized to other rare earths or to different sensing set-ups (including 
microbubbles) for detection of various analytes. It is feasible also with reference to label-free 
chemical detection. The high efficiency of the double-step CPSO is due to the interaction of 
the WGM resonant modes with the medium, for very long effective lengths, combined with 
the PSO global search method which is applied for the geometry parameter identification 
before the physical characterization. 

2. Theory 

The PSO procedure is a global search numerical method [15–20], it is described in Appendix 
A. The tentative solutions are represented by the positions jp of the Nb particles (swarm) with 

velocities jv  in a search space (solution domain) updated by the algorithm in order to 

optimize an objective function (fitness). The movement of each particle depends on three 
factors: i) the cognitive factor, related to the location in the solution space corresponding to 
the best value of objective function for the considered particle (personal best position PBp ), 

ii) the social factor, related to the location corresponding to the best value of objective 
function for the whole swarm (global best position GBp ), iii) the inertial factor, i.e. a suitable 

resistance to the change of the particle direction. Each of these factors is weighted by an ad 
hoc parameter: the cognitive parameter c1, the social parameter c2, the inertia weight Iw. The 
PSO procedure ends when a suitable convergence criterion is satisfied. The global best 
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position GBp is the optimized solution, i.e. the position where the fitness is maximized or 

minimized (optimized). 
In this paper, a reference sensing system (RSS) constituted by a fiber taper coupled to an 

erbium doped microsphere is designed. In the amplifier, the evanescent field of the optical 
fiber propagation modes tunnels in the microsphere via the taper. Therefore, the excitation of 
WGMs is achieved. The interaction of both pump and signal beams with the rare earth doped 
glass allows the signal optical amplification. The simulation of the RSS is based on the model 
illustrated in Appendix B [21,22]. 

More generally, the RSS could be an arbitrary sensing set-up for which the output 
characteristics can be directly measured. The CPSO algorithm recovers the RSS parameters in 
order to obtain a sensing set-up model matching the measured output characteristics (data). 
The CPSO procedure is divided in two steps: G) geometrical and S) spectroscopic 
characterization. In the first one, G), the CPSO is used for an accurate evaluation of the RSS 
sizes. In G) the RSS is considered as a passive system, i.e. the interaction of light with rare 
earth is neglected. The geometrical dimensions obtained in this first step G) are used in the 
next step S) in order to recover the spectroscopic parameters. In this second step, S), the 
CPSO is applied for the characterization of the rare earth doped glass, therefore the 
interaction of light with rare earth is considered. The lifetimes, the up-conversion coefficients 
and the branching ratio are recovered. 

The CPSO fitness function CΦ , which must be minimized, is defined in Eq. (1): 

 ( ) ( )2

,
1

,
pN

j
C k CPSO k

k

RC RC
=

Φ = −jp  (1) 

with 1 2 , bj , , N=  , 1,2, , pk N=  . kRC is the k-th measured RSS output characteristic. In 

particular, i) for the passive microsphere characterization, kRC is the output signal power 

,
out
p kS , as a function of the wavelength, obtained for the k-th input signal power ,p kS ; ii) for the 

active microsphere behaviour, kRC  is the optical gain kg  obtained for the k-th input pump 

power Pp. We underline that in actual sensing set-ups kRC  can be directly measured via an 

optical detector. In this paper, it is simulated by considering the RSS model with nominal 
geometrical and measured spectroscopic parameters. ,

j
CPSO kRC  is the output characteristic 

(output signal power in passive model or gain in active model) simulated for the j-th particle 
of the swarm, i.e. calculated in the j-th particle position within the solution space. 

The CPSO algorithm and the set-up, comprising the tapered fiber coupled to the 
microsphere, constitute the proposed tool for rare earth characterization. RCPSO is the number 
of the different CPSO executions. The weighted mean WMGBP of the CPSO global best 
positions, evaluated by considering all the RCPSO performed executions, is calculated by 
means of Eq. (2): 

 
( )

( )

1

1

1

,
1

CPSO

CPSO

R
GB
r GB

r c r

GBP R

GB
r c r

WM
=

=

 
 ×
 Φ =

Φ





p
p

p

 (2) 

where ( )GB
c rΦ p  is the global best fitness, i.e. the fitness calculated in the global best 

position GB
rp for the r-th CPSO execution, with 1, 2, , CPSOr R=  . The reciprocal of the global 
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best fitness is used as weight in mean calculation because a smaller fitness value corresponds 
to a better CPSO performance. 

In order to investigate the goodness of the proposed method, the percentage error between 
the CPSO recovered parameters, WMGBP, and the nomV  nominal/target parameters used in the 

RSS model for the calculation of kRC  is evaluated. The percentage error, for each parameter, 

is calculated by Eq. (3): 

 % 100,GBP nom

nom

WM -V
E

V
= ⋅  (3) 

This percentage error, if low enough with respect to the physical meaning of the recovered 
parameter, validates the proposed approach. 

3. Electromagnetic design of the set-up and simulated results 

For the modeling of the amplifier constituted by the rare earth doped microsphere coupled to 
the fiber taper, the theory of Appendix B is implemented in a computer code allowing the 
calculation of the optical gain. The details are reported in [21,22]. 

3.1 Design of the reference sensing system RSS 

The pump wavelength is close to λp = 980 nm and the signal wavelength is close to λs = 2770 
nm. In order to carry out a realistic gain calculation, the simulations are performed by 
considering measured spectroscopic parameters of an Er3+:Ga5Ge20Sb10S65 glass sample. The 
refractive index wavelength dispersion is modelled by means of the Cauchy equation, with 
measured spectroscopic parameters reported in Table 1 [21–24], λ being the wavelength 
expressed in microns. The simulation is carried out by varying the parameter n of WGMl,m,n 
from 1 to 3 and by imposing l = m (fundamental mode). WGMs with l ≠ m are neglected 
because they exhibit low overlapping factor ,

, ,
q s
l m nΩ , see Appendix B [21]. WGMs 

competition, i.e. their amplification or attenuation, strongly depends on the absorption and 
emission cross sections at their peculiar resonant wavelength. 

Table 1. Spectroscopic Parameters of the Er3+-doped Chalcogenide Glass [21–24] 

Cauchy Equation ( )
42

0003.00551.0
2181.2

λλ
λ −+=n  

Cross-relaxation and up-conversion coefficients Value

[ ]/sm
3

3C  23102 −⋅  

[ ]/sm
3

upC  23103 −⋅  

[ ]/sm
3

14C  24105 −⋅  

Energy level 
transitions 

Wavelength [nm] Lifetime [ms] Branching ratio [%] 

4I13/2 → 4I15/2 1532 τ2 = 1.83 β21 = 100.0 
4I11/2 → 4I15/2 986 τ3 = 1.37 β31 = 86.28 
4I11/2 → 4I13/2 2771 τ3 = 1.37 β32 = 13.72 
4I9/2 → 4I15/2 810 τ4 = 1.08 β41 = 80.38 
4I9/2 → 4I13/2 1719 τ4 = 1.08 β42 = 18.82 
4I9/2 → 4I11/2 4529 τ4 = 1.08 β43 = 0.80 
4F9/2 → 4I15/2 663 τ5 = 0.13 β51 = 91.99 
4F9/2 → 4I13/2 1168 τ5 = 0.13 β52 = 4.32 
4F9/2 → 4I11/2 2019 τ5 = 0.13 β53 = 3.34 
4F9/2 → 4I9/2 3623 τ5 = 0.13 β54 = 0.35 
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Therefore, the different emission and absorption cross section values are accurately taken 
into account for the modelling of the WGMl,m,n resonating at different wavelengths. The 
absorption cross section at the pump wavelength λ = 980 nm is close to 1.32 × 10−24 m2, 
while the emission and absorption cross sections at the signal wavelength λ = 2770 nm are 
close to 1.4 × 10−24 m2 and 1.23 × 10−24 m2, respectively. The thickness of the erbium-doped 
region (close to the microsphere surface) and the erbium concentration are hEr = 3 μm and CEr 
= 0.5 w%, respectively. 

A reference sensing system RSS is designed with the aim of obtaining feasible 
geometrical parameters maximizing the amplifier optical gain g. The microsphere radius ρ0, 
the taper waist radius WT, the taper angle α and the taper-microsphere gap G are designed by 
considering these technological needs: i) a suitable microsphere radius in order to have 
resonance at both the pump and signal wavelengths; ii) the waist radius larger than the 
inferior limit WT = 0.5μm, since chalcogenide glass exhibits a number of drawbacks in the 
construction of taper having smaller waist; iii) the waist radius smaller than the superior limit 
WT = 1μm in order to have single-mode propagation; iv) feasible taper angle; v) feasible 
taper–microsphere gap. The designed geometrical parameters are reported in Table 2. The 
input pump power is Pp = 100 mW and the input signal power is Sp = −50dBm. The data in 
Table 1 and 2 and the computer code based on theory of Appendix B allow the simulation of 

kRC values to be used in Eq. (1). These values should be measured in actual sensing set-ups. 

Ten different resonating WGMs are simulated in the RSS. In Table 3, the main characteristics 
of these resonating modes are reported. The resonance wavelength λr, the modal parameters l, 
m and n, the optical gain g and the intrinsic quality factor Q [21] for each WGM mode are 
listed. In particular, the signal WGM maximizing the amplifier gain g has modal order n = 1; l 
= m = 117 at the wavelength λs ≈2760 nm; the WGM at the pump wavelength has modal 
order n = 1, l = m = 349 at the wavelength λp ≈981 nm. 

Table 2. RSS Design Parameters 

Parameters RSS value 
Microsphere radius ρo [µm] 24.8 
Taper waist radius WT [µm] 1.0 
Taper – microsphere gap G 

[µm] 
0.5 

Taper angle α [rad] 0.04 

Table 3. WGM Characteristics of RSS at Signal Wavelength λr 

WGM resonance 
wavelength 
λr [nm] 

l = m 
parameter 

n 
parameter 

Optical 
gain 

g [dB] 

Quality 
factor 

Q [·107] 
2806 115 1 4.02 9.06 
2783 116 1 5.66 9.10 
2760 117 1 8.34 9.14 
2809 108 2 2.19 8.75 
2785 109 2 3.17 8.79 
2762 110 2 4.76 8.84 
2819 102 3 2.84 8.47 
2795 103 3 3.65 8.52 
2771 104 3 4.97 8.56 
2747 105 3 4.44 8.61 

 
Preliminary investigations on the RSS showed that the effect of the cross-relaxation 

parameter C14 (
4I15/2, 

4I9/2) → (4I13/2, 
4I13/2) on the gain calculation is negligible. Similarly, the 

ion lifetime τ4 related to the transition 4I9/2 → 4I15/2, if varied in the range [0.8 ms ÷ 1.3 ms], 
does not cause significant RSS gain changes. Therefore, the recovery of C14 and τ4 is not 
considered as CPSO goal. 
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3.2 Sensitivity of gain to fabrication tolerance and to rare earth coefficients 

The sensitivity of the calculated optical gain g to the dimensions variation of the RSS is 
evaluated. The gain g is calculated as the ratio between the optical powers at the fiber ends, 
including the coupling/interaction with rare earth microsphere, see Eq. (13), Appendix B. 

 

Fig. 1. (a).Simulated optical gain g versus the RSS geometrical parameters. For each curve, 
only the parameter specified in the legend is varied, the other parameters have the nominal 
values of Tables 1 and 2. Input pump power Pp = 140mW, input signal power SP = −50dBm. 
(b) Simulated optical gain g versus the rare earth coefficients. For each curve, only the 
coefficient specified in the legend is varied, the other parameters have the nominal values of 
Table 1 and 2. Input pump power Pp = 140 mW, input signal power Sp = - 50dBm. 

Figure 1(a) reports the optical gain g as a function of the percent variation of the 
geometrical dimensions. For each curve, only the geometrical parameter specified in the 
legend is changed, while the others have the nominal values reported in Table 1 and 2. The 
red cross represents the RSS gain obtained by using nominal values for all the geometrical 
parameters. This reference optical gain is g = 7.06 dB, obtained with input pump power Pp = 
140 mW and input signal power Sp = −50 dBm. In Fig. 1(a) it is apparent that small percent 
variations of geometrical parameters strongly affect the calculated optical gain g. A variation 
of the microsphere radius ρ0 (dashed curve) causes the variation of the guided WGM. For the 
sake of conciseness, in Fig. 1(a) only three resonating WGMl = m,n are indicated. Changes in 
the calculated gain g are caused by the variation of the waist radius WT (full curve) or the gap 
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G (dotted curve) in the range [-5% ÷ 3%]. A decrease of the waist radius WT causes an 
increase in the fiber evanescent field and therefore a strongest coupling between microsphere 
and fiber. A coupling increase can be also obtained by decreasing the gap G. If the gap G 
increases more than 3%, the optical gain drastically decreases because the coupling becomes 
too weak and the inversion of rare earth ion population is not reached. 

The change of taper angle α (dash-dotted curve) has a very slight effect on the calculated 
optical gain. In fact, a variation of taper angle Δα = ± 5% causes a negligible change of the 
simulated optical gain, close to Δg = ± 2.5%. In the actual case, the uncertainty on taper angle 
is of about Δα = ± 5%. Therefore, in this paper the taper angle α is not considered in CPSO 
recovery. Figure 1(a) demonstrates that the model can be sensitive to the variations of 
microsphere radius ρ0, taper waist radius WT and taper-microsphere gap G. This result is 
worthwhile since the fabrication tolerance is about 10% for all the aforesaid parameters. 

Figure 1(b) reports the optical gain g as a function of the percent variation of the rare earth 
coefficients. For each curve only the rare earth coefficient specified in the legend is changed 
while the other parameters have the nominal values reported in Table 1 and 2. The red cross 
represents the RSS gain obtained by using nominal values for all the rare earth parameters. 
The reference optical gain is g = 7.06 dB, obtained with input pump power Pp = 140 mW and 
input signal power Sp = −50 dBm. The simulated gain g depends on the change of rare earth 
coefficients. The gain variation due to the change of rare earth coefficient Cup is slighter than 
that occurring for the other parameter fluctuations. 

4. CPSO characterization 

Before applying the CPSO procedure, the RSS gain gk, k = 1,…,NP, is simulated for the input 
signal power SP = −50dBm and for different input pump powers Pp . In particular, Np = 7 
pump powers linearly spaced in the range Pp = [20 ÷ 140]mW are considered. The 
geometrical and spectroscopic parameters have the nominal values reported in Table 1 and 2. 

The calculated gain gk, (circles) versus the input pump power are reported in Fig. 2, the 
full curve linearly interpolates the simulated points. The Np input pump powers showed in 
Fig. 2 are arbitrarily chosen. In the actual case, after the set-up design and fabrication, the 
RSS optical gain gk values can be easily measured. 

 

Fig. 2. Calculated RSS optical gain gk versus the input pump powers Pp. Input signal power is 
SP = −50 dBm. The geometrical and spectroscopic parameters are reported in Table 1 and 2. 

In CPSO procedure, the cognitive parameter is c1 = 1.494, the social parameter is c2 = 
1.494, the inertia weight Iw is a vector with IPSO elements linearly spaced from 0.4 to 0.9. The 
reflecting walls boundary conditions are used, i.e. the particles that hit the boundary of 
solution space are reflected backward [19]. PSO algorithm is characterized by a very high 
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convergence speed. In some cases, this can be a problem because the PSO could converge in 
a local minimum/maximum. In order to reduce convergence speed, a mutation operator is 
introduced. This operator modifies in a stochastic way the positions of the particles [19]T. 

For a comparison between single and double-step CPSO, when the geometry uncertainty 
is taken into account, the geometrical and the rare earth parameters are simultaneously 
recovered. Therefore, the simulation reported in the following does not refer to the double-
step CPSO; it is performed via a single CPSO. The nominal values in Table 1 and 2 represent 
the target values of CPSO procedure. The up-conversion coefficients Cup and C3 and the 
values of ion lifetimes τ2 and τ3 are CPSO recovered. 

CPSO fitness function SCΦ , to be minimized, is derived by Eq. (1). It is expressed as a 

function of the optical gain gk of the amplifier, see Eq. (4): 

 ( ) ( )2

1

,
pN

j
SC k k

k

g g
=

Φ = −jp  (4) 

with 1 2 , bj , , N=  , 1,2, , pk N=  . kg is the optical gain of the RSS illustrated in Fig. 2, j
kg  

is the optical gain kg  for the j-th particle of the swarm and the k-th pump power. 

The single CPSO does not allow an accurate geometrical and spectroscopic parameter 
recovery. For example, spectroscopic values are affected by large errors, E% ≈30%, for the 
up-conversion coefficients Cup and C3 and E% ≈50% for the ion lifetimes τ2 and τ3 . In fact, the 
increase of the parameter number to be simultaneously recovered makes the algorithm 
convergence critical. Moreover, the computational cost increases exponentially. On the other 
hand, the method suggested in [16], if the geometry uncertainty is realistically considered, is 
not completely reliable. 

4.1 Double-step CPSO: G) geometrical characterization 

The alternative approach is here illustrated. The problem is solved in two subsequent steps: i) 
geometrical characterization G) and ii) rare earth spectroscopic characterization S). In G) the 
recovered parameters are the microsphere radius ρ0, taper waist radius WT and taper-
microsphere gap G. In order to neglect the rare earth - light interaction, the pump at λp ≈981 
nm is not considered (it is set equal to zero). Without optical pump power, the erbium level 
4I11/2 is depopulated and there is not optical gain. 

In the geometrical characterization, the fitness function ( )GCΦ jp  is given by Eq. (5). It is 

derived by Eq. (1): 

 ( ) ( )2,
, ,out out j

GC p p CPSOS SΦ = −jp  (5) 

with 1 2 , bj , , N=  . out
pS is the RSS output signal power versus the wavelength, for the signal 

input power Sp = 100 mW, the other parameters are listed in Table 1 and 2. ,
,

out j
p CPSOS is the 

output signal power simulated for the j-th particle. 
The RSS output signal power out

pS  versus the wavelength is depicted in Fig. 3, it is used in 

the fitness function ( )GCΦ jp  calculation. The ten dips in Fig. 3 refer to the ten WGM 

resonances listed in Table 3. The modal order l = m, n is reported for all the dips. The dashed 
RSS output signal power corresponds to WGM having modal order l = m = 117, n = 1, which 
allows the highest amplification in active behavior (it will be considered in the next section). 

In the case of geometrical characterization, the CPSO suitable maximum iteration number 
is IPSO = 50 and the number of particles is Nb = 50. The space dimension is D = 3 and the 

position vector is j j j
j o tρ ,W ,G =  p , with 1, 2, , bj N=  . For each parameter, the solution 

                                                                               Vol. 24, No. 23 | 14 Nov 2016 | OPTICS EXPRESS 26964 



domain is chosen in agreement with the fabrication process tolerance (about 10%). RCPSO = 20 
CPSO executions are performed. The weighted mean GBPWM is calculated via Eq. (2), by 

choosing, among the 20 executions, the five global best positions GB GB GB GB
o tρ ,W ,G =  p with 

lower global best fitness. 
Table 4 reports the RSS target values, the solution domains, the CPSO recovered 

weighted mean GBPWM values, the percent error %E  and the CPSO standard deviation SD for 

each parameter. 
The recovered values are in excellent agreement with the target values. The reason is 

apparent: the microsphere radius ρ0 is strictly related to the resonant wavelengths λs where the 
dips of Fig. 3 occur. CPSO can recover the microsphere radius with a negligible error close to 
E% = 1 × 10−8%, so the three-dimensional solution space (D = 3) becomes very close to a bi-
dimensional (D = 2) one, making easier the problem solution. 

It is worthwhile to note that the percent error E% on the recovered taper radius WT and gap 
G have similar absolute value but opposite sign. This behavior is observed not only for the 
weighted mean WMGBP, but also in each CPSO execution and agrees with Fig. 1(a). 

In the next section, the recovered geometry is used in order to perform the rare earth 
characterization. 

 

Fig. 3. RSS output signal power out
pS  versus the wavelength. Input signal power Sp = 100 mW  
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Table 4. Geometrical G) Characterization 

Variable 
ρ0 

[μm] 
WT 

[μm] 
G 

[μm] 

Target Value 24.8 1 0.5 

Solution Domain 
Ranges 

24.7 ÷ 24.9 0.9 ÷ 1.1 0.4 ÷ 0.6 

WMGBP 24.8 0.9997 0.5002 

SD 1.7·10−7 9.9·10−4 4.1·10−4 

Percent Error E% [%] 0% −0.03% 0.03% 

4.2 Double-step CPSO: S) Rare earth characterization 

In the second step, the optical pump power is used in order to activate the interaction between 
light and rare earth ions and simulate the amplifier gain gk. This allows the spectroscopic 
characterization, the geometrical parameters being identified in the previous section. In CPSO 
– I case, the up-conversion coefficients Cup and C3 and the lifetimes τ2 and τ3 are the unknown 
parameters. Very large solution domains are taken into account in order to test the method 
robustness. Typical measurement uncertainty on lifetimes is about 5-10% (using Judd-Ofelt 
theory), about 30% on up-conversion coefficient Cup and about 20% on C3 (estimated by 
fitting the simulated decay curves to the measured ones [25]). 

In S) CPSO problem, the fitness function SCΦ , which must be minimized, is defined in Eq. 

(4). The considered input pump powers are showed in Fig. 2. After a preliminary 
investigation, the CPSO suitable maximum iteration number and the number of particles are 
IPSO = 50 and Nb = 40 respectively. The space dimension is D = 4 and the position vector 

is 3 2 3, , ,j j j j
j upC C τ τ =  p , with 1, 2, , bj N=  . RCPSO = 10 different CPSO executions are 

performed. 
Figure 4 shows the global best positions in the C3-Cup and τ2- τ3 solution domains for the 

ten CPSO executions (dots), the target values (circles) and the weighted mean WMGBP (cross) 
calculated using Eq. (2) and reported in Table 5. The high Cup dispersion, i.e. the large 
standard deviation, is originated, as expected, from the low RSS sensitivity to this parameter 
change. The WMGBP calculation allows the recovery of Cup parameter very close to the target 
one in spite of the large dispersion. 

 

Fig. 4. Position in C3-Cup and τ2-τ3 solution domains of the global best positions (dots) 
recovered via the RCPSO = 10 CPSO executions, the target values (circles) and the weighted 
means WMGBP reported in Table 5 (crosses). 
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Table 5. Spectroscopic Characterization, S) CPSO – I case 

Variable 
3C  

[
2310−⋅ m3/s] 

upC  

[ 2310−⋅ m3/s] 

2τ  

[ms] 
3τ  

[ms] 

Target Value 2 3 1.83 1.37 

Solution Domain 
Ranges 

1 ÷ 3 2 ÷ 4 0.1 ÷ 3 0.1 ÷ 3 

WMGBP 2.01 3.16 1.89 1.38 

SD 0.04 0.47 0.15 0.02 

Percent Error E% 0.64% 5.49% 3.39% 0.52% 

 
Table 5 reports the solution domain, the recovered weighted mean WMGBP, the percent 

error %E  and the CPSO standard deviation SD for each parameter, S) CPSO – I case. 

The target values and the related CPSO recovered WMGBP are very close. Each of these 
errors is extremely low and much smaller than the usual measurement uncertainty. In other 
words, these errors are much smaller than those performed with actual high cost measurement 
systems. This S) CPSO I-case application shows that, even if i) the search domain is large, ii) 
the up-conversion coefficients Cup and C3 are not easily measurable, the followed approach 
allows a very robust characterization. The computation time is about 6 days with an Intel 
Xeon E5-2620 CPU. 

 

Fig. 5. Fitness function Φc (in logarithmic scale) versus τ2, τ3 and β32 for the global best 

positions 
GB
p recovered by all the RCPSO = 10 executions in S) CPSO-III case. The vertical 

line represents the target position in each dimension. 

In order to further test the method, two other cases are considered. In S) CPSO-II case, the 
branching ratio β32 (4I11/2 → 4I13/2) and the up-conversion coefficients Cup and C3 are 
recovered. In S) CPSO-III case, the branching ratio β32 and the ion lifetimes τ2 and τ3 are 
recovered. For the branching ratio β32, a typical measurement uncertainty is close to 30%. In 
these S) CPSO cases, the fitness function, which must be minimized, is defined in Eq. (4). 
The input pump powers used are those of Fig. 2. The CPSO suitable maximum iteration 
number and the number of particles are IPSO = 50 and Nb = 40, respectively. The space 

dimension for the both cases is D = 3 and the position vectors are 3 32, ,j j j
j upC C β =  p  and 
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2 3 32, ,j j j
j τ τ β =  p , with 1, 2, , bj N=  , for the CPSO-II case and CPSO-III case, 

respectively. 
Figure 5 reports the fitness function Φc as defined in (4), in logarithmic scale, versus τ2, τ3 

and β32 for the global best positions
GB
p recovered via the RPSO = 10 executions in CPSO-III 

case. The vertical line represents the target value in each dimension. The global best position 
with the smallest fitness (about Φc = 5.4·10−8) corresponds to the best solution among the 
RPSO = 10 executions. In this case the best global solution is defined by the particle position 
closer to the target (lying on the vertical line) in the three dimensions space. For this particle, 
the percent error on lifetimes τ2 and τ3 and on branching ratio β32 are respectively E% = 0.78%, 
E% = −0.03% and E% = −0.54%. In other case the minimum of the fitness could occur for 
particle with recovered parameters slightly more distant from the target ones, as expected in a 
global search approach. In order to minimize the error made on the single parameter, Eq. (2) 
is employed for evaluating the weighted mean WMGBP. 

Table 6 and Table 7 report the solution domain, the recovered weighted mean WMGBP, the 
percent error %E  and the CPSO standard deviation SD obtained via RCPSO = 10 executions for 

the CPSO-II case and CPSO-III case, respectively. Table 6 shows that, in the worst case, the 
largest error E% = 0.75% is made on Cup parameter recovery. Table 7 shows that, in the worst 
case, the largest error E% = 1.35% is made on τ2 parameter recovery. The computation time in 
each case is about 6 days with an Intel Xeon E5-2620 CPU. 

The S) CPSO I, II and III cases demonstrate that the proposed approach provide to recover 
different spectroscopic parameters with errors lower than the typical measurement 
uncertainties. Moreover, this approach is a solution to avoid the use of expensive 
measurement instruments since it requires a simple optical detector and a personal computer. 

Table 6. Spectroscopic Characterization, S) CPSO – II case 

Variable 
3C  

[
2310−⋅ m3/s] 

upC  

[
2310−⋅ m3/s] 

32β  

[%] 

Target Value 2 3 13.72 

Solution Domain Ranges 1 ÷ 3 2 ÷ 4 11 ÷ 17 

WMGBP 2 3.02 13.78 

SD 0.002 0.257 0.49 

Percent Error E% 0.05% 0.75% 0.42% 

Table 7. Spectroscopic Characterization, S) CPSO – III case 

Variable 2τ  

[ms] 
3τ  

[ms] 
32β  

[%] 

Target Value 1.83 1.37 13.72 

Solution Domain Ranges 0.1 ÷ 3 0.1 ÷ 3 11 ÷ 17 

WMGBP 1.855 1.369 13.598 

SD 0.18 0.002 0.96 

Percent Error E% 1.35% −0.03% −0.89% 

5. Conclusion 

WGM resonance and double CPSO approach constitute a solution for complete and robust 
rare earth characterization based on transmittance/gain measurement. The procedure, in order 
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to mitigate the effect of uncertainty on geometrical dimensions, follows two steps. In the first 
one, the geometrical characterization is performed. In the second step, the spectroscopic 
parameters are recovered. The largest error in geometrical characterization is on the gap 
between microsphere and taper fiber and it is 0.03%. The developed characterization tool 
recovers the spectroscopic parameters with an error less than that provided by high-cost 
measurement instruments. The errors made on the up-conversion coefficients Cup and C3 and 
the branching ratio β32 are 0.75%, 0.05% and 0.42%, respectively. The method can be applied 
to other rare earths. Moreover, the same approach can be applied to other sensing systems. 
For example, the model of the medium surrounding a passive microsphere or of a 
microbubble, containing a polluted solution or a biological fluid, can be considered. In this 
case, the parameters to be recovered can be those related to the analyte concentration. They 
can be evaluated via direct transmittance measurement instead of resonance wavelength-shift 
one, e.g. performed by employing the optical spectrum analyzer. 

6. Appendix A: PSO algorithm 

The PSO is a global search numerical method, inspired by the social behavior exhibited by a 
variety of animals during their search for food, e.g. bees, fishes, birds [17–20]. In PSO 
algorithm, a population of Nb tentative solutions or particles corresponds to the swarm of 
bees. The tentative solutions are updated in the multidimensional solution space with the aim 
of optimizing a suitable fitness function. For a D-dimensional search space, the position of 
each particle is identified by a D-dimensional vector jp , which constitutes the tentative 

solution (a set of tentative values of the independent variables). The fitness function is 
optimized (e.g. maximized or minimized) during the execution. Each particle trajectory is 
updated till the convergence criterion is reached. The particle trajectory depends on i) the 
location in the solution space where the best fitness value is found by the single particle, 
called personal best PBp , and ii) the best location found by the entire swarm, called global 

best GBp . The change of the current particle position is obtained by applying a velocity, jv , 

which depends on both the personal experience and on the collective experience of the 
swarm. The velocity of the particle is updated at the n+1 iteration according to the following 
equation [19]: 

 ( ) ( ) ( ) ( ){ ( ) ( ) }1 1 2 21 ,PB GB
j j j j jn n c r n n c r n nχ    + = × + × × − + × × −   v v p pp p (6) 

 ( ) ( ) ( )1 1 ,j j jn n n+ = + +p p v  (7) 

with 1,2, , bj N=  . 

 
2

2
,

2 4
FC

χ χ χ
=

− − −
 (8) 

with 1 2c cχ = + and 4χ > . 

CF is the constriction factor, c1 and c2 are the cognitive and social parameters respectively, 
r1 and r2 are two random numbers uniformly distributed in the range [0, 1], employed to 
obtain an efficient search. 

7. Appendix B: Model of a rare earth doped microsphere 

The modeling of the amplifier is based on electromagnetic mode analysis of both fiber and 
microsphere, the coupled mode theory [27] and the rate equations describing the rare earth 
ions behavior. The solution of the scalar Helmholtz equation in spherical coordinates is: 
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 ( ) ( ) ( ) ( ), , , , ,l m n sr N R rψ θ γ θ γ= Θ Γ  (9) 

where ( ), , , ,l m n r Eθψ θ γ = , for the transverse electric (TE) modes, ( ), , , ,l m n r Hθψ θ γ = , for the 

transverse magnetic (TM) modes; Ns is a normalization constant, it is calculated by setting the 
volume integral of 2

, ,l m nψ  over all the space, divided by the microsphere circumference, equal 

to unit [27]. The resonant electromagnetic modes bounded in the microsphere are called 
Whispering Gallery Modes (WGMs). Each WGM is identified by three integers , ,l m n ; 

1l m− +  is the number of field maxima in the polar direction θ̂ ; n is the number of field 

maxima along the radial direction. The azimuthal dependence ( )γΓ  is expressed via a 

complex exponential function with argument depending on the mode number m. The 
approximation 1θ <<  for the polar angle has been considered because the predominant 

WGMs are those coupled via the tapered fiber; the polar dependence ( )θΘ  is expressed by 

the Hermite polynomials of order N = l - m. The radial solution ( )R r  is expressed by the 

spherical Bessel functions depending on the mode orders l and n. The boundary conditions 
and the matching conditions for the tangential components of the electric and magnetic fields 
at the sphere/background interface are set and the characteristic equation is written. The 
solution of the characteristic equation leads to the calculation of the resonance wavelengths 
and their corresponding modal field distributions. 

The coupling of the optical power between the tapered fiber and the microsphere is 
modeled by using the coupled mode theory [21, 22, 28]. The coupled-mode equations are 
obtained by considering: weak coupling, small internal resonator losses, small perturbation of 
optical fiber and resonator modes, slowly varying amplitude approximation, single mode fiber 
coupled to a WGM of the cavity, adiabatic tapered fiber, coupling region much smaller than 
the microsphere diameter. 

For adiabatic taper, the fiber radius TW can be expressed as: 

 ( ) ( )0 ,T TW z W z α= +  (10) 

where α is the taper angle and ( )0TW  is the fiber radius at the waist of the tapered fiber. The 

z-depending propagation constant, fβ , of the optical fiber mode can be calculated by solving 

the z-dependent characteristic equation [21]. 
The interaction of the WGMs with the rare earth doped microsphere has been investigated 

by using the rate equation model. The electronic transitions and the energy transfers of the 
trivalent erbium ions in the chalcogenide glass have been taken into account, i.e. the (4I15/2 → 
4I11/2) pump transition at the wavelength 0.98μm, the (4I11/2 → 4I13/2) stimulated emission 
transition at the wavelength 2.7μm, the spontaneous energy transfer mechanisms occurring in 
a pair of Er3+ ions, (4I13/2, 

4I13/2 → 4I15/2, 
4I9/2), (

4I11/2, 
4I11/2 → 4I15/2, 

4S3/2), (
4I15/2, 

4I9/2→4I13/2), 
(4I9/2, 

4I9/2 → 4S3/2,
4I13/2), (

4I15/2, 
4S3/2 → 4I13/2, 

4I9/2), (
4I13/2, 

4I9/2 → 4I15/2, 
4S3/2). 

The WGMs overlap the microsphere doped area, in the plane ˆr̂ θ⋅ , which is divided in q 
sectors [21]. The rate equations describing the population dynamic of the ion energy levels 
are written as function of i) q

iN , i =1,2,…6 the concentration of i-th level in the q-th sector; ii) 

the contribution to the pump and signal rates of each WGM propagating into the microsphere. 
The time domain evolution of the amplitude A of the internal cavity electromagnetic field 

at the pump P and the signal S wavelengths, for the WGM solution identified by l,m,n, can be 
obtained by solving the differential equations [21, 28–32]: 
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with 

 ( ) ( ), ,
, , , , , , .

2
y q q y q q y

g l m n i ji WGM l m n i ij WGM l m n
q qeff

c
O N N

n
σ ω σ ω

 
= Ω − Ω 

 
   (12) 

with y = P, S. 
The gain g of the amplifier is: 

 

2

, , ,

, , ,

y
out l m n

y
in l m n

A
g

A
=  (13) 

where , , ,
y

in l m nA  is the input and , , ,
y
out l m nA  the output slowly varying amplitudes which scale the 

normalized electric field on the r θ− plane; 02 effn cτ πρ=  is the circulation time inside the 

microsphere, 0ρ is the microsphere radius, effn  is the WGM effective refractive index, c the 

speed of light in vacuum; in WGMω ω ωΔ = −  is the frequency detuning of the fiber input signal 

from the WGM resonance frequency; 2
0 0 01 WGMQτ κ ω= = , 0Q  is the intrinsic quality factor 

and 0κ is the intrinsic cavity decay rate; ( )2
ext mτ π ωκ=  is the coupling lifetime; κ is the 

cavity decay rate or coupling coefficient, calculated via the overlap integral between the 
electromagnetic field of the fiber guided mode and the microsphere WGMs [13]; WGMω  is the 

WGMs resonant frequency; ( )ij WGMσ ω is the erbium cross-section at frequency WGMω ; 
,
, ,

q y
l m nΩ with y = P, S is the overlap factor of each WGM with the rare earth profile in the q-th 

sector expressed in Eq. (14): 

 ( ) 2,
, , , , , ,

q

q y y
l m n l m nA

K r rdrdθ θΩ =   (14) 

where ( ), , ,y
l m nK r θ is the normalized electric field on the plane r̂ θ⋅


and Aq is the area of q-th 

sector. 
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