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Abstract 23 

Damping Reduction Factor plays a key role in scientific literature and Technical Codes, but till now 24 

existing formulations present differences and inconsistences probably because obtained by 25 

integration of real recorded events, thus sensitive to specific used data. This paper investigates the 26 

relation between damping reduction factor and earthquake duration by means of random vibration 27 

theory. A stochastic process, that is non-stationary and filtered, is used to model a seismic event. The 28 

modulation function is suitably chosen to describe earthquakes characterized by different durations. 29 

The stochastic process peak theory allows to calculate damping reduction factor after the definition 30 

of the probabilistic response of a simple linear visco-elastic oscillator. The variability with seismic 31 
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duration for different soil conditions and damping ratios is investigated. The study points out that 32 

damping reduction factor is more sensitive to seismic duration in the range of high period and on 33 

rigid soil with respect to other conditions. The results show that, if damping ratio or effective duration 34 

values are increased, the damping reduction factor value diminishes.  35 

 36 

Keywords: Ground Motion Duration, Damping Reduction Factor, Seismic response spectrum, 37 

Stochastic process, random vibration theory 38 

  39 
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1. Introduction  40 

Serious seismic damage observed on structures and infrastructures systems up to today [1] can be 41 

prevented by means of retrofitting interventions if the capacity of these systems and the seismic 42 

demand are properly evaluated [2]-[6]. In structural seismic design, Damping Reduction Factor 43 

(DRF) represents an effective tool for design purposes to estimate the demand by response spectra 44 

characterized also by damping ratios different from 5% as in case of structures equipped with passive 45 

energy dissipation or isolation systems. DMF modifies the values of the conventional elastic spectral 46 

response with damping ratio equal to 5% to the values corresponding to a different damping level. It 47 

is defined as the ratio between the spectral ordinate at 5% of conventional damping and the spectral 48 

ordinate at a different level of damping. 49 

DRF finds many applications to study the behavior of structures [7], especially for the ones equipped 50 

with passive energy dissipation or isolation systems [8]-[12]. In these situations, the DRF permits to 51 

estimate the variation of the structural response (displacements and forces) due to the high 52 

supplemental damping values [13]-[16]. In addition, for inelastic structures, DRF allows to calculate 53 

the maximum displacement demand from the one of an equivalent linear system [8]. For these and 54 

other reasons the DRF is particularly suitable for the seismic design of a structure since it provides a 55 

practical evaluation of the reduction of earthquake loads for effects of structural, non-structural and 56 

supplementary energy dissipation systems. For that reason, it is selected as a key parameter in the 57 

present study. 58 

In past years, several studies for the formulation of the DRF have been carried out by many 59 

researchers, the outcomes of which have been adopted by the main seismic codes. Different 60 

expressions for the DRF can be found in literature. Up to today, the main research efforts have been 61 

oriented to the study of the response of a simple (elastic) SDOF system with viscous damping under 62 

seismic action [17]-[23]. As a consequence, the codes introduce a DRF that depends on the damping 63 

ratio only, whereas different authors [21]-[23] showed that various parameters may affect the DRF. 64 

There are two ways to classify the parameters that much influence the DRF: by non-structural 65 
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parameters such as earthquake magnitude, ground motion duration (GMD), site conditions, epicentral 66 

distance, etc. or by structural parameters such as damping of the structure, natural vibration period, 67 

dissipation device properties (energy dissipation capacity), etc.. A very interesting topic is represented 68 

by the dependence of DRF on seismological parameters. This dependence is much evident 69 

considering local site conditions, source distance and magnitude of the earthquake [21]-[24]. In [25] 70 

a simulation procedure to estimate the DRF based on an artificial neural network has been developed. 71 

The effect of magnitude on the DRF is greater in case of large earthquakes as it was pointed out in 72 

different studies [22] for structures with natural periods greater than 0.5 sec. Attention should be 73 

placed in case of structures with shorter natural periods (< 0.5 sec) for which the magnitude can have 74 

also contrary effects [23]. Concerning the influence of seismological parameters on DRF, Bommer 75 

et al. [22] focused their studies on the GMD. The authors observed that it is possible to take into 76 

account the influence of magnitude and distance by studying the effect of the GMD and the number 77 

of cycles. Based on this observation, Stafford et al. [26] introduced significant equations that give the 78 

DRF for different damping ratios starting from the number of cycles and the GMD. In its research, 79 

Stafford concluded that a prediction model based on the GMD parameter could be used with 80 

difficulties as this parameter usually is not one of the parameters elaborated and directly available in 81 

earthquakes database. However, non - distinction between soil types is given by Stafford et al. [26]. 82 

Rosenblueth [27] suggested an equation to predict the influence of GMD on DRF and, in accordance 83 

with Stafford et al. [26], concluded that the influence of GMD appears negligible for earthquake 84 

GMD larger than about 20 sec.  85 

The GMD finds a different definition in the models proposed by Stafford et al. [26] and Rosenblueth 86 

[27] but a very good match is observed for damping ratio equal to 10%. Some discrepancies are 87 

noticeable among the two models when damping ratio increases. The influence of GMD on DRF has 88 

been also investigated by Anbazhagan et al. [28]. The authors choose the pseudo-spectral acceleration 89 

to define the DRF and investigate how the DRF varies as a function of magnitude and GMD, distance 90 

of earthquake hypocenter, classification of site (soil type), period and damping. The dependence of 91 

DRF on the GMD was also analyzed by Daneshvar et al. [29] which concluded that DRF mainly 92 
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depends on the GMD and the frequency content that are different for each record. Zhou et al. [30] 93 

studied how the DRF is affected by the effective GMD. The authors point out that greater values of 94 

the damping ratio or of the effective GMD produce smaller values of DRF. However, the GMD is 95 

function of distance and magnitude of ground motion and of soil type, that are parameters much more 96 

common and available in ground motion database. For that reason, it is usually preferable to define a 97 

function between these parameters and the DRF that indicates also a relation between DRF and GMD. 98 

However, in this study the authors do not include the type of soil in the evaluation of dependence of 99 

DRF with GMD. 100 

Rezaeian et al. [31] propose a model to relate the DRF to the magnitude and distance to include in 101 

the model the high influence of GMD. The influence of different parameters on DRF is not the same 102 

in the cited studies because the sites are classified in different way and the selection of ground motions 103 

is performed by different criteria. So a stochastic process is adopted in the proposed study to 104 

overcome this difficulties. 105 

In a previous study [32] the authors, by means of the random theory approach, investigated the effect 106 

of soil type on DRF and demonstrated that not only the predominant frequency of the seismic event 107 

but also the bandwidth of seismic signal affect the DRF. Since the study of the joint effect on DRF 108 

of parameters such as soil type and GMD has not performed in other studies, the authors  will develop 109 

random vibration theory to analyse in a combined way the influence of earthquake duration and soil 110 

type on DRF. GMD is a key parameter in seismic design. Since the 1950s, the peak acceleration, 111 

frequency content and GMD are considered important parameters to design the structures but up to 112 

today the peak acceleration and frequency content are the only parameters used in design methods. 113 

The influence of GMD on DRF is investigated in the present study by means of the random vibration 114 

theory: a modulated filtered stochastic process is applied on a linear single degree of freedom (SDF) 115 

system and the peak theory of stochastic process is used to calculate the seismic spectrum in stochastic 116 

terms. The product of a time modulation function [33] [34] and a stationary filtered stochastic process 117 

gives a modulated non-stationary stochastic process. A series of two linear oscillators forced by a 118 

modulated white noise process permit to obtain the linear fourth order filter that is adopted in the 119 

procedure. A formulation correlating the modulating function and the GMD through the Arias 120 
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intensity [42] is introduced to analyze the effects of the GMD on DRF. In this way, the stochastic 121 

dynamic response can be evaluated for different GMDs, properly defining the modulation function 122 

and therefore a sensitivity analysis on DRF can be carried out to evaluate how DRF changes as a 123 

function of different parameters. The proposed approach overcomes the limitations of the strategies 124 

based on seismic records of real events, because in these it is difficult to accurately identify the 125 

influence of different factors. This is pointed out by discrepancies between the various studies existing 126 

in the literature.  127 

The main advantage of using a stochastic approach is, on the contrary, the possibility to represent 128 

seismic motion by a simple model defined by few parameters, but able to describe the most 129 

seismological characteristics of real earthquakes as content of energy, frequency and GMD. On the 130 

other hand, the proposed approach would require an assessment of the spectrum parameters 131 

themselves on the basis of seismic models that are more consistent with the seismic scenario. 132 

The study is presented in the following sections: the stochastic model of the seismic acceleration is 133 

explained in section 2. The relation between the modulation function parameters and GMD is defined 134 

in section 3. The evaluation of DRF in stochastic terms is developed in section 4. The results of the 135 

sensitivity analysis developed considering different GMDs and soil conditions are shown and then 136 

discussed in section 5. A formulation for DRF evaluation useful for practical applications is proposed 137 

and compared with other existing formulations in section 6. Finally, the conclusions are given in 138 

section 7. 139 

2. Stochastic Modelling of Seismic Motion 140 

Seismic acceleration is assumed as a uniformly modulated non-stationary stochastic process that is 141 

calculated by the product of a time modulation function ( )t  and a stationary process [35]. The 142 

stationary part of the process is described by the well known filtered process proposed by Clough et 143 

al. [36]: two linear oscillators in series, subjected to a modulated white noise process give a linear 144 

fourth order filter. Ground acceleration gX  is given by:  145 
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 (1) 146 

where ( )W t  is the white noise stochastic process, with Power Spectral Density function 0S ; ( )fX t  is 147 

the first filter response, with frequency f  and damping ratio ξ f , ( )pX t  is the second filter response 148 

with frequency p  and damping ratio ξ p ; ( )t  is the modulation function. The present research 149 

assumes the Jennings’ modulation function [37], below reported: 150 

( ) , 0tt te       (2) 151 

 ,   being the parameters that describe the shape of the modulation function that will be selected in 152 

section 3.  153 

3. Definition of modulation function considering the earthquake duration  154 

Until now, GMD has been defined in different ways in literature [38] but the bracketed duration, the 155 

uniform duration and the significant duration are the most used. For a given curve that shows the 156 

values of the acceleration as a function of the time, the duration of the ground motion is a time 157 

interval. In the case of bracketed duration, a threshold value of acceleration (usually 0.05 g) is defined. 158 

The bracketed duration [39] is the time interval between the time corresponding to the first and the 159 

time corresponding to the last overrun of the defined threshold value of acceleration. The choice of 160 

the threshold value is different in literature and therefore this definition of GMD results subjective (it 161 

can be absolute or relative e.g. 10% of Peak Ground Acceleration (PGA)). The uniform duration [40], 162 

[41] is calculated as the sum of time intervals. During each time interval the acceleration values 163 

overrun the threshold value of the acceleration. This definition of GMD is explained in a way similar 164 

to the bracketed duration except for the interval between the thresholds. The disadvantages in the use 165 

of this GMD definition are: the dependence of the GDM on the chosen threshold acceleration value; 166 

the influence of small earthquakes recorded before or after the main earthquake record that could be 167 

included in the GMD evaluation. The effective duration is a preferable definition of GMD because it 168 
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is the time interval necessary to release a given seismic energy content. The Arias intensity Ia [42] 169 

that considers the integral square of the ground acceleration, a measure of the energy content, is 170 

usually chosen to define this GDM. The Arias intensity is defined as: 171 

2

0

( )
2

tT

a gI x t dt
g


   (3) 172 

where  ( )gx t  is the time history of the ground acceleration, g is the acceleration of gravity and Tt is 173 

the GMD of the record. The time intervals T5-75 and T5-95 between 5%-75% and 5%-95% of the Arias 174 

intensity (Ia) are respectively the two measures of significant duration most used in literature. 175 

In this study, in order to analyze the influence of GMD on DRF, T5-95 is considered, as it is one of the 176 

most common measure of GMD and it can be related to magnitude, distance and soil type. Different 177 

empirical formulation have been proposed in literature for effective duration [43]-[46] which consider 178 

the dependence on magnitude, distance and soil condition. The outcome was that effective duration 179 

increases with distance, magnitude and moving from rock to soft soil. Among these three influencing 180 

parameters, soil type has a larger influence than distance.  181 

The present research deals with the evaluation of the influence of the  effective duration on DRF for 182 

different soil conditions. To develop a suitable model for this analysis, a formulation correlating the 183 

modulating function and T5-95 (effective duration) throughout the mean value of Ia is obtained. In this 184 

way, stochastic dynamic response can be evaluated for different GMDs, properly defining the 185 

modulation function. In order to achieve the correlation between GMD and modulation function, the 186 

two parameters   and   in Eq. 2 are obtained by an identification procedure. Introducing the time 187 

mt  where the modulation function exhibits its maximum value, parameters   and   are expressed 188 

as functions of this unknown parameter from the simultaneous equations: 189 

( ) 1

( ) 0

m

m

t

d
t

dt












 (4) 190 

The two parameters   and   are then evaluated as function of mt : 191 
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1
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   (5) 192 

m

e

t
   (6) 193 

The dimensionless time ratio 
t

m

T

t
   can be introduced in Eq. (2), so obtaining: 194 

 1
( ) e


  


  (7) 195 

 196 

Figure 1: Modulation function (Φ) in dimensionless time (τ) 197 

The time values at which 5 % and 95 % of the Arias intensity is reached can be used to evaluate the 198 

effective duration T5-95. In stochastic terms, the mean value of Ia could be evaluated as: 199 

   2 2

0

( )
2 2

t

g

T

a g x a tI x t dt T
g g

 
     (8) 200 

where Tt is the total duration of the acceleration record, 2

gx is the variance calculated for the 201 

acceleration of the ground,  
2 ( )gx t  denotes the expected value of the square of  gx  and  a tT  is 202 

defined by:  203 

  2

0

( )
tT

a tT t dt    (9) 204 

Now using Eq. (7), Eq. (9) becomes: 205 
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        (10) 206 

where 
m

T

t
  . At the end of the phenomenon (T   ), it results: 207 

   
2

2

0

e

4
a d  



    (11) 208 

So the dimensionless time k  necessary to release the k% of the total Ia is the solution of the following 209 

equation: 210 

   
2 2

0 0

k

d k d



     


   (12) 211 

that means in implicit form: 212 

   221
e 1 e 1 2 1 0

4
k

k kk
  

       (13) 213 

Equation (12) allows the definition of the ρ5 and ρ95 values corresponding to the 5% and the 95% of 214 

the energy Ia calculated on the modulation function respectively. The values so obtained are: 215 

9

5

5

0.40884

3.1478






   (14) 216 

Thus the values tm corresponding to the selected effective duration T5-95 can be determined by the 217 

definition of the ratio ρ: 218 

9

5

5

0.40884

3.1478

m

m

t

T t

T




 (15) 219 

Finally, the effective duration is 5 95 2.7390 mT t  , so that it is possible to define mt  as: 220 

5 95

2.7390
mt

T   (16) 221 

 222 
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 223 

Figure 2:    /a a     in dimensionless time scale (ρ) 224 

4. Evaluation of Damping Reduction Factor by peak theory  225 

In this section, the seismic ground acceleration action ( )gX t  given by Eq. (1) is applied on a simple 226 

linear-viscous SDOF system to evaluate the DRF in stochastic meaning. For this system, the motion 227 

equation is: 228 

2( ) 2 ( ) ( ) ( )s s s gX t X t X t X t      (17) 229 

where sX  is system-ground relative displacement,   is the natural frequency and  is the damping 230 

ratio: 231 

 
k

m
   and 

2

c

km
  , (18) 232 

k and m being the system mass and stiffness, respectively. 233 

In the state-space, the motion equation of the system becomes: 234 

�̇�(t) = 𝐀𝐙(t) + 𝐅(t).  (19) 235 

where F is the force vector and Z is the state-space vector: 236 

 , , , , ,
T

s p f s p fX X X X X XZ
 (20) 237 

 0 ,0 ,0 ,0 ,0 , (t) w(t)
T

 F
 (21) 238 

Finally 𝐀 is the state matrix: 239 
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2 2

2
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2 2 2

0 0 2 2

0 0 0 0 2

p f p p f f

p f p p f f

f f f

        

     

  

 
 
 
 

  
     
    
 
   

A   (22) 240 

The matrix Lyapunov differential equation [47]-[54] can be used to calculate the stochastic response 241 

of the system when it is excited by the non-stationary modulated Clough and Penzien stochastic 242 

process: 243 

( ) ( ) ( ) ( )Tt t t t  R AR R A B  (23) 244 

where ( ) Tt R ZZ  is the covariance matrix and ( )tB is a matrix that is square and has all elements 245 

equal to zero except for the last one that assumes the value
2

02 ( )S t  .  246 

For the analyzed system, a definition of the displacement spectrum is: 247 

(t)d s max
S X  (24) 248 

The DRF ( ) parameter permits to approximate the high damped elastic response spectrum ( dS ) 249 

starting from the 5% damped one ( , 5%dS   ): 250 

, 5%d dS S    (25) 251 

where ξ is the damping ratio that is greater than 5% for the high damped system. 252 

A seismic response spectrum gives the maximum displacement or acceleration response of a 253 

SDOF system when a recorded earthquake [4], [6], 5[55][61] is applied as a function of the natural 254 

period of the system. Different relations are obtained for different values of structural damping. From 255 

a stochastic point of view, the response spectrum is still a relation between the maximum acceleration 256 

or displacement response of a SDOF system, that is subjected to a ground motion, and the natural 257 

period of the SDOF system but the maximum response and the ground motion are considered in 258 

stochastic terms. Different values of structural damping again give different response spectra.  259 
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In the present paper the authors propose a procedure to calculate the DRF value starting from the 260 

definition of the stochastic displacement spectrum by mean of the peak theory. This theory assumes 261 

that the maximum response of a SDOF system in displacement 
max

sX  is the displacement value that 262 

is not overrun with a fixed value of the probability P*
f. For this reason the analysis focuses on the 263 

evaluation of this maximum displacement that, from a mathematical formulation, is the displacement 264 

threshold b that will not be exceeded with a probability P*
f during the system lifetime [62]. If this 265 

problem is analyzed for a generic process X and for a threshold b, the Vanmarcke formula [63] gives 266 

the probability that the process X exceeds the threshold b: 267 

0

( , ) 1 exp ( )

t

P t b d  
 

   
 
  (26) 268 

where the expected decay rate ( )   is: 269 

( , )
1 exp

( , )
( ) ( , )

( , )
1

(0, )

R

X

X

X

X

b t

b t
b t

b t

t




  











 
  

 



 (27) 270 

( , ) ( , ) ( , )X X Xb t b t b t    
 
being the expected rate of the response that exceeds the threshold. The 271 

up and down crossing expected rates are given by [64]:  272 

( , ) ( ) ( , ; , )

( , ) ( ) ( , ; , )

X XX

b

b

X XX

b t x b f t b t x dx

b t b x f t b t x dx













 

  





 (28) 273 

where ( , ; , )
XX

f t b t x  is the joint probability density function (JPDF) of X  and X . 274 

In Eq. (14) the expected up-crossing rate of the envelope process R(t) is indicated with ( , )R b t 
and 275 

R(t) can be expressed as: 276 

2ˆ( ) (t) X (t)R t X 
 (29) 277 

where X̂(t)  is the Hilbert transform of (t)X . 278 
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In Eq. (27) ( , )R b t 
 is obtained from Eq. (15) replacing x  and ( , ; , )

XX
f t b t x  with r  and ( , r; , r)

RR
f t t279 

respectively if the JPDF ( , r; , r)
RR

f t t  is available. 280 

For convenience, the above crossing rates are evaluated in a normalized way by introducing the 281 

normalized variables: 282 

(t)
(t)

(t)x

X
Y


    (30) 283 

2 (t)ˆ( ) (t) (t)
(t)x

R
Q t Y Y


  

                

(t)
(t)x

b



   (31) 284 

(t)x  being the standard deviation of X process and ˆ(t)Y  the Hilbert transform of Y(t). 285 

Since 
ˆ(t)Y  and Y(t) result uncorrelated, Eqs. (15) become:  286 

0

0 0 0

( , ) (t, ) ( )X Yt b
  

      
  

 
    

        
    

 (32) 287 

0

0 0 0

( , ) (t, ) ( )X Yt b
  

      
  

 
    

        
    

 (33) 288 

where   is the standard normal density function,  is the standard normal distribution function and 289 

0 is the standard deviation of (t)Y , given by: 290 

2 2

0 2

2

2 3 2

( ) (t) (t) ( )
( )

( )

( ) ( ) ( )
2 ( )

( ) ( ) ( )

X X

X

X XX

XX

X X X

t X X t
E Y t E

t

t t t
c t

t t t

 




  

  

 
     

 

  

 (34) 291 

The functions Q(t) and (t)Q  are mutually independent in the case of a normal process, with the 292 

Rayleigh and normal distribution respectively given by: 293 

 
2

exp
2

Q

q
f q q

 
  

 
  (35) 294 

 
   

2

2 22 2
00

2 1
exp

22
Q

q
f q

   

 
  
   

 (36) 295 
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where λ(t) is the covariance of Y(t) and ˆ(t)Y . Since X(t) and X̂(t)  are uncorrelated, X̂(t) and X̂(t)  296 

are uncorrelated too. Starting from the above equations, it is simple to introduce the relation: 297 

 
 

2 2

ˆ ˆ( ) (t) X(t) ( )( )ˆ( ) (t)
( ) ( ) ( )

XXX X

X X X

c tt X tX t
t E Y t Y E

t t t

 


  

      
     

  (37) 298 

Then the evaluation of the up-crossing rate for the envelope is possible by: 299 

         

2

2 2 2
0

2 2 2 2 2 2

0 0 0

, ,R Q Q Q
t b t f s f s ds

e





    

  
   

     



 



   

    
       
          


  (38) 300 

If 2 ( )X t , 2 ( )
X

t , ( )
XX

c t and 
ˆ
( )

XX
c t  are available, then the crossing rates of X(t) and R(t) can be 301 

evaluated directly. The variation of the natural period of the SDOF allows to calculate the 302 

displacement spectrum. 
*

max ( )PX t
 
is the maximum displacement such that the probability that X(t) will 303 

exceed the domain [−
max

PX ,+
max

PX ] is equal to a given value 
*P . This inverse problem can be solved 304 

by a numerical approach as described in [62].
 

305 

5. Analysis results 306 

In this section, a sensitivity analysis on DRF is carried out considering the effect of natural period, 307 

damping ratio, soil type and effective duration. More in details, different effective durations are 308 

considered, and modulation function parameters are identified by the procedure described in section 309 

4. A wide range of GMD is considered, in order to cover all possible earthquakes. Different soil 310 

conditions are analyzed (soft, medium and rigid) by assigning the Clough and Penzien model 311 

parameters as reported in Table 1. In the analysis it is assumed 
* 310P   . 312 

 313 

 314 

 315 

 316 
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Soil type 
p (rad/sec) 

p  
c (rad/sec) c  

Rigid  15 0.6 1.5 0.6 

Medium 10 0.4 1 0.6 

Soft 5 0.2 0.5 0.6 

 317 
Table 1 Filter parameters for different soil types 318 

 319 

Figures 3 - 5 show the variability of DRF (for different soil conditions versus the system natural 320 

period 0 2 /T   . Each plot corresponds to an assigned value of the system damping ratio ξ. Six 321 

values of ξ are considered: 0.10, 0.15, 0.20, 0.40, 0.60 and 0.80. Vertical line defines the ground 322 

motion predominant period 2 /f fT   . Figure 3 shows the results for a soft soil. Different colored 323 

lines correspond to different values of the effective duration 5 95T  , which varies in the range 10.94s - 324 

54.80s. The dependences between the parameters damping ratio, structural vibration period, soil type 325 

and GMD are represented by means of the plots in Figures 3 - 5. The DRF shows a period-dependent 326 

nature in Figure 3. It is worth noting that all curves show the same variability as T0 varies and moves 327 

downwards and as the damping ratio increases in the considered range. The lowest values of DRF 328 

occurs when the natural period T0 equals the predominant period of earthquake Tf. In detail, for T0 329 

<Tf  the DRF decreases with the increase of T0 and reaches a minimum in Tf . Then, for T0 >Tf  the 330 

DRF increases with the increase of the natural period T0. The DRF tends to assume a unity value in 331 

correspondence of the lowest or highest values of period. This can be explained by the fact that the 332 

forces can be independent from the damping ratio in a very stiff or very flexible structure. It also 333 

emerges that DRF value decreases as damping ratio ξ increases. These results have been observed by 334 

Zhou et al. [30]. In addition, when period changes the DRF variation seems lower for low damping 335 

ratio. For example for  = 0.1 (Figure 3), DRF varies between 0.84 and 0.64 (for a GMD of 54.8 s), 336 

whereas for  =0.8, DRF varies between 0.57 and 0.12 (for a GMD of 54.8 s). 337 

With regard to the variability of DRF with GMD, that is the main topic of this study, two different 338 

considerations can be carried out: firstly, it is noticed that as the GMD increases, the DRF decreases 339 
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and the plots move downwards. This variability of DRF with GMD is in agreement with the studies 340 

from Bommer et al. [22] and Zhou et al. [30]. These authors observed a decrease of DRF when GMD 341 

increase. In addition, results show a larger variability of DRF with GMD in the range of high natural 342 

periods. The results of these studies make evident that the GMD has important effects on DRF and 343 

this should be considered in engineering implications. Secondly, the influence of earthquake GMD 344 

depends on damping ratio and it seems larger for the system with lower damping ratio and tends to 345 

reduce as the damping ratio increases. Later we will see that this is not always true.  346 

Figures 4 and 5 show the results of the sensitivity analysis for medium and rigid soils. Firstly, it is 347 

observed that the soil type affects the DRF and more precisely DRF is larger for soft soil. This result 348 

agrees with the ones presented by Lin et al. [20]: the soil type has a significant effect on DRF 349 

especially for very stiff and rock sites. The aspects related to the influence of soil type on DRF have 350 

been discussed in a previous study by the authors to which reference is made [32]. With regard to  the 351 

variability of DRF with earthquake effective duration that is the topic of this study, the same 352 

variability of the DRF, already observed in the case of soft soil, is observed for medium and rigid 353 

soils when GMD varies.  354 

 355 

Figure 3 Variability of DRF (η) with system natural period (T0) for soft soil. The ground motion 356 

predominant period (Tf) is the blue line. 357 
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 358 
Figure 4 Variability of DRF (η) with system natural period (T0) for medium soil. The ground motion predominant period (Tf) is the 359 

blue line. 360 

 361 
Figure 5 Variability of DRF (η) with system natural period (T0) for rigid soil. The ground motion predominant period (Tf) is the blue 362 

line. 363 

Moreover, the dependency of DRF on effective duration is more evident in these two cases with 364 

respect to soft soil. Also for medium and rigid soil it is observed that the variability of DRF is more 365 

evident for small values of structural damping ( =0.10 – 0.20) while tends to be negligible for 366 

greater values.  367 

To better analyze the influence of natural period and damping ratio on the variation of DRF as a 368 

function of the effective duration, it is useful to analyze Figs. 6 - 8, representing the DRF (η) versus 369 

where the effective duration (T5-95). Different colored lines correspond to different values of system 370 

damping ratio (ξ); the 4 sub-figures correspond to different system natural periods T0 (T0=0.5 sec, 371 

T0=1 sec, T0=1.5 sec, T0=2 sec).  372 
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Firstly, the case of soft soil is analyzed. It is observed that earthquake GMD does not affect the DRF 373 

for system with low natural period  (T0=0.5 sec), except for earthquakes with a very short duration. 374 

If an exception is made for the curve corresponding to the lowest value of the damping ratio  =0.10, 375 

the curves are practically horizontal. When the natural periods of the system increase, a greater 376 

influence of the GMD on the DRF is observed, even for high values of damping ratio. The largest 377 

effects of the GMDs are for the system with natural period T=2 sec. In this case, the DRF varies 378 

between 0.82 and 0.72 (values evaluated for  =0.10). This variability is important since it leads to 379 

a 12% reduction of the spectral response and the implication in practical engineering applications are 380 

relevant. As before mentioned, a greater GMD value means a greater time window in which the 381 

seismic recording is analyzed. If the GMD increases, the number of cycles of the seismic event 382 

increases and so also damping effects on the response of the system increase. Consequently this 383 

produces [65] the decrease of DRF value. By observing in detail plots in Figs 6-8, one can observe 384 

that DRF variation with GMD is significant in the initial part and then it reaches gradually a steady 385 

state. Generally, it is observed that for a GMD greater than 20 sec the GMD of the excitation does 386 

not affect DRF. This result agrees with Stafford et al. [66]. This outcome is also consistent with the 387 

conclusions from Zhou et al [30]. The authors concluded that the maximum displacement curve shows 388 

a plateau without increasing further in the case of a system on which a higher number of cycles is 389 

applied. This study is based on the analysis of the harmonic excitation of SDOF and the results show 390 

that DRF is almost constant for each damping value. In addition, it is observed that, at all damping 391 

ratio values, the variation trends of DRF with the effective duration are consistent with each other.  392 

The greatest variability of DRF is observed for T0=2 sec. The same considerations can be made by 393 

observing the graphs in Figs 7 and 8, which refer to a medium and rigid soil, respectively. As already 394 

mentioned, for this last type of soil the greater variability of DRF with the earthquake GMD can be 395 

observed.  396 
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 397 

Figure 6 Variability of DRF (η) with earthquake effective duration (T5-95) for soft soil; T0 is the system natural period. 398 

 399 

 400 

 401 

Figure 7 Variability of DRF (η) with earthquake effective duration (T5-95) for medium soil; T0 is the system natural period. 402 

 403 
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 404 

Figure 8 Variability of DRF (η) with earthquake effective duration (T5-95) for rigid soil; T0 is the system natural period. 405 

 406 

In order to evaluate the amount of the DRF variation with GMD and therefore the engineering 407 

implications, in Figs 9 - 11 the maximum variability of DRF (∆()), that is the DRF value evaluated 408 

for the lower effective duration minus the DRF value evaluated for the larger effective duration, is 409 

shown. All soil conditions are considered. From Fig. 9 (soft soil), it can be firstly observed that the 410 

influence of the effective duration on DRF is more relevant in the range of high periods. The 411 

maximum variation equal to 0.11 is for T0=2 s and  =0.15. For T0=0.5 sec the variability of DRF 412 

with effective duration always decreases as the damping ratio increases, whereas as the system 413 

becomes more deformable a different behavior can be observed. In fact, as the damping ratio increases 414 

the effect of effective duration on DRF firstly increases and then decreases as the damping ratio grows 415 

up. This tendency is more evident for the system with the largest natural period considered in this 416 

study (T0=2 sec). From Figures 10 and 11 (medium and rigid soil) an analogous behavior can be 417 

observed. 418 

 419 
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 420 

Figure 9 Maximum variability of DRF (Δ(η)) with system damping ratio for soft soil; T0 is the system natural period. 421 

 422 

Figure 10 Maximum variability of DRF (Δ(η)) with system damping ratio for medium soil; T0 is the system natural period. 423 

 424 

 425 

Figure 11 Maximum variability of DRF (Δ(η)) with system damping ratio for rigid soil; T0 is the system natural period. 426 
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Figure 12 shows the maximum DRF variability ∆() as damping ratio increases. The different colored 427 

lines correspond to the 4 structural periods analyzed, while the three symbols on the curves identify 428 

the three soil types. The variability of DRF with GMD is influenced by the natural periods of the 429 

system, by the damping ratio and by the soil type. The greater variability is for deformable systems 430 

on rigid soils and generally in the range of low damping ratio values, although a precise damping 431 

value at which the maximum variability is obtained can be identified. For rigid soil, the maximum 432 

DRF variability ∆() is 0.125 for 0.2  . 433 

 434 

Figure 12 Comparison of maximum variability of DRF (Δ(η)) with system damping ratio for different soils; T0 is the system natural 435 

period. 436 

 437 

6. Proposed DRF formulation 438 

In this section a novel formulation for the DRF useful for practical application, which, in addition to 439 

the period and the damping, also accounts for the effects of GMD and soil characteristics is furnished:  440 
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Nonlinear multiple regressions are carried out using a Matlab code [67] to acquire the relationship 445 

that assures the best-fit of the DRF with the influence of the soil type, GMD, damping ratio and 446 

natural period. The parameters in Eqs. (40) and (41) are given in Table 2. 447 

In order to assess the efficiency of developed regression, first a comparison with results of stochastic 448 

analysis is shown. Figures 13-15 show the comparison between the proposed formulation and the 449 

results from the stochastic analysis for different soils. The dashed line is the proposed formulation 450 

while the continuous line is the result obtained by the stochastic analysis. A very good agreement is 451 

noticeable for rigid soil and medium soil whereas for soft soil some discrepancies can be observed in 452 

the range of high natural periods. For rigid soil, except for T0=0.5 sec, the curves are practically 453 

coincident each other.  454 

Table 2 Parameters in equations (40) and (41) for different soil types 455 
 456 

Soil type         

Rigid  16.3450 0.4626 0.4626 -0.6286 

Medium 18.9182 0.5615 0.0677 -0.6259 

Soft 171.8278 2.0195 -0.1364 -0.3302 

 457 

 458 

Figure 13 Comparison between the proposed formulation (Dashed line) and the results from stochastic analysis (continuous line) for 459 

DRF (η) in case of rigid soil; ξ is the damping ratio. 460 
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 461 

Figure 14 Comparison between the proposed formulation (Dashed line) and the results from stochastic analysis (continuous line) for 462 

DRF (η) in case of medium soil; ξ is the damping ratio. 463 

 464 

Figure 15 Comparison between proposed formulation (Dashed line) and results from stochastic analysis (continuous line) for DRF 465 

(η) in case of soft soil; ξ is the damping ratio. 466 

 467 

Finally, it would be interesting to compare the proposed formulation with results performed by other 468 

studies. However as explained in the introduction, there are not studies which consider simultaneously 469 
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the effect of soil type and GMD on DRF. Therefore, a possibility is to compare the results attained 470 

by proposed formulation with results reported in [69], in which only the influence of damping ratio, 471 

natural period and duration, but not type of soil, is considered. 472 

The results of this comparison are shown for different soils in Figures 16-18. The comparison shows 473 

that in some cases the Zhou’s formula overestimates the value of the DRF compared to the proposed 474 

formulation. This is generally true for low natural periods and for low damping. The formulations 475 

proposed, on the contrary, are in good agreement for T0=2.0 s and for high damping ratio.  476 

 477 

Figure 16 Comparison between proposed formulation (Dashed line) and results in  [69] in case of rigid soil; ξ is the damping ratio. 478 

 479 
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 480 

Figure 17 Comparison between proposed formulation (Dashed line) and results in  [69] in case of medium soil; ξ is the damping 481 

ratio. 482 

 483 

 484 

Figure 18 Comparison between proposed formulation (Dashed line) and results in  [69] in case of soft soil 485 

 486 
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The results obtained from this work have a practical relevance in seismic engineering applications as 487 

they allow a more accurate evaluation of the DRF, which accounts also for soil type influence, with 488 

respect to other formulation existing in literature, and therefore it furnishes design forces on structures 489 

in a more accurate way. One should remind that in practical applications, the effective GMD can be 490 

evaluated by existing formulations [70]  for a given earthquake scenario that is characterized by 491 

parameters such as magnitude, epicentral distance and soil type and therefore the DRF factor can be 492 

calculated by proposed formulation for a particular value of damping at any specific period of the 493 

structure. 494 

 495 

7. Conclusions 496 

In this study, a combined evaluation of DRF sensitivity to ground motion duration (GMD), soil type, 497 

damping ratio and natural period has been studied; the peak theory of stochastic processes is at the 498 

base of the proposed procedure. This theory models the seismic excitation by a non-stationary process 499 

characterized by means of a stationary predominant frequency and a given bandwidth. Parameters of 500 

modulation function have been identified in order to represent earthquake with different effective 501 

durations. The following conclusions can be given on the base of the obtained results. In detail: 502 

 DRF decreases with the increasing of damping ratio. Moreover, DRF is significantly 503 

dependent on the vibration period, reaching a minimum for natural period equal to earthquake 504 

predominant period; 505 

 the effective duration influences DRF: as effective duration increases, DRF decreases. 506 

However, this variability is evident in the first part of the effective GMD for reaching the 507 

steady state response in the final part. For GMDs larger than 20 s, the DRF tends to an 508 

asymptotic final value and there are no significant differences between them (the same result 509 

for different GMDs).  510 

 the variability of DRF with GMD concerns especially deformable systems (in the study T0=2 511 

sec is considered) with low damping ratio and becomes negligible for rigid structures (T0=2) 512 

with high damping ratio.  513 

 the variability of DRF with GMD cis greater for small damping ratio ( =0.10) and reduces 514 

as the damping ration increases.  515 

 DRF depends also on ground type and a larger sensitivity is observed for rigid soil. For 516 

example, for this soil the variation of DRF can amount to 0.125 and the implication on 517 

practical application can be relevant.  518 
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Based on conducted stochastic analyses a simple formulation for DRF evaluation, which accounts of 519 

effective duration, soil type, damping ratio and natural period of structure has been given. This study 520 

gives results with great relevance in structural applications because it emerges that as well as the 521 

earthquake GMD must be considered for damage structural evaluation it should be considered also 522 

in the evaluation of DRF to avoid an undervaluation of reducing factor of structural seismic forces. 523 

This aspect is more relevant for deformable structures on rigid soil and with low damping ratio. The 524 

proposed formulation for the DRF, which accounts in addition to the period and the damping also 525 

for the effects of the GMD and soil characteristics, results therefore useful for practical applications. 526 

 527 
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