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Viscoelastic induced anisotropy in contact mechanics of

rough solids

Carmine Putignano∗, Nicola Menga, Luciano Afferrante, Giuseppe Carbone

Department of Mechanics, Mathematics and Management,Politecnico di Bari, Bari,

Italy.

Abstract

One of most peculiar issues related to soft viscoelastic contacts is the anisotropy
induced on the contact solution: when sliding a perfectly isotropic surface
over a viscoelastic half-space, the solution in terms of contact areas and dis-
placement distribution is anisotropic. This is due to the different behaviour,
in each contact patch, between the leading edge and the trailing one, where
the viscoelastic material needs time to relax. Things become even more com-
plicated when the surfaces into contact are already affected by an anisotropic
degree, as occurring in many cases due to the manufacturing process. In this
paper, by means of a proper Boundary Element Formulation, based on the
definition of a viscoelastic periodic Green’s function, we carry out, on these
topics, a systematic investigation aimed to study the relation between the
rigid surface and the deformed half-space anisotropy tensors. In detail, we
show that the two tensors are related by means of a linear transformation,
based on a rotation and a ”stretching” of the roughness anisotropy tensor.
The role of anisotropy is, then, studied in relation with the friction force and
with the lateral anisotropy induced force originally defined in this study.

Keywords: viscoelasticity, friction, roughness, anisotropy.

1. Introduction

Assessing, by means of analytical, numerical and experimental approaches,
what occurs when two solids, with real rough interfaces, come into contact

∗Corresponding author. Phone: +39 080 596 2711
Email address: carmine.putignano@poliba.it (Carmine Putignano)

Preprint submitted to Journal of Mechanics and Physics of Solids March 6, 2019



has been, for the last two decades, the focal point of large part of solid me-
chanics research. There exist different reasons for such an interest in the field.
Certainly, on the one hand, the genuinely academic attention addressed to
the problem is due to its peculiar intricacy: one of the most fundamental
contact mechanics issues deals, indeed, with the presence of the roughness
that, given a spectrum covering several orders of magnitude and going down
to the atomistic scales, makes extremely complicated the geometrical do-
main of the problem. However, the vast attention paid to contact mechanics
does not finish with its theoretical interest, but it is crucially and strictly
related to the practical importance that contact problems have to design
and optimize engineering components. Common industrial applications, like
tyres, seals and dampers ((1),(2)), are classical examples but a constantly
increasing variety of systems, including e.g. bio-adhesive ((4; 5; 6; 7)), cellu-
lar scaffolds ((8),(9)) and even touch-screen devices ((10)), requires a better
understanding of interfacial phenomena.

The first theoretical answer to these issues has been developed by Green-
wood and Williamson in 1966 with the first of the so-called multiasperity
theories. Indeed, a variety of models has followed the first pioneering ap-
proach (see e.g. (11), (12), (13),(14)): the basic idea, preserved in all the
different developments, is to reduce the surface to a discrete distribution
of asperities that behave as independent Hertzian punches. Crucially, the
mutual interaction between the contact clusters is, thus, neglected: because
of such an assumption, multiasperity theories are not able to match exper-
imental outcomes in terms of applied load and contact area ((28)); these
models predict an area/load relation that is linear only asymptotically, i.e.,
for very small, physically meaningless, applied loads (14). Recently, new
multiasperity approaches have been proposed to take into account, with a
relatevely good accuracy, the elastic coupling and coalescence of asperities
(15)(16). In Ref. (17), Persson has developed a totally different approach to
the problem: the fundamental point in his theory is related to the contact
pressure probability distribution, which is shown to be governed by a diffu-
sive process as we increase the magnification at which the contact interface
is observed. Such a theory is exact in full contact conditions, and furnishes
approximate, but still qualitatively accurate results for partial contacts. To
fill the gap between such qualitative hints and the quantitative predictions
required from an application point of view, many numerical methods and, in
particular, several Boundary Element approaches, developed either in the real
((18),(19),(20),(21),(22),(23)) and in the Fourier space ((26),(27),(24),(25)),
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have been proposed. These techniques have nowadays reached an extremely
high level of accuracy , but are, at the same time, in most cases affected
by a significant limitation: they have been implemented for linearly elastic
contacting solids.

However, there exists a wide number of cases and, specifically, all those
involving soft materials, where a clear non-elastic time-dependent mechani-
cal behaviour is exhibited. Soft matter, which marks a variety of systems,
ranging from civil engineering ((2),(3)) to biomechanics ((8),(9),(29)), can
be described, with good approximation, by a linearly viscoelastic rheology.
Recently, given the theoretical and practical importance of viscoelastic con-
tact mechanics, intense research activities have been dedicated to the theme
((30),(31),(33),(34),(35),(36),(37),(38),(40)) : different conditions , including
constant sliding velocity, reciprocating motion and lubricated contacts, have
been explored by some of the authors of this paper and other research groups
in the word ((30),(31),(33),(34),(35),(36),(37),(38),(40), (41),(42), (43), (49),(48)).
Despite there are still many issues to enlighten, these studies have already
shown how deeply viscoelasticity affects the contact solution in terms of
contact area, separation, stiffness and, ultimately, friction. Results can dif-
fer orders of magnitude from purely elastic conditions. In this paper, we
systematically focus on an issue that, so far, has not been properly inves-
tigated, but has a dramatic theoretical and practical significance. This is
the anisotropy induced on the contact solution by the material viscoelastic
rheology: as shown in Ref. (37), when a rigid isotropic surface slides over
a viscoelastic layer, the contact solution shows a strong anisotropy in the
distribution of both contact clusters and displacement. This is due to the
different behaviour, in each contact area, between the leading edge and the
trailing edge, where the material needs time to relax. Things become even
more complicated when the surface in contact with the viscoelastic layer is
already anisotropic, as often occurring in real interfaces due to the manu-
facturing treatment. In addition to its theoretical importance, the practical
implications of the viscoelastic induced anisotropy are dramatic. As an ex-
ample, let us focus on the sealing components and, thus, on the percolation
phenomenon: most of the model and theories in the field ((52),(51),(50),(53))
assume that the distribution of the contact patches is perfectly isotropic. Ac-
tually, in the case of viscoelastic interfaces, the contact regions are anisotropic
and this entails, for the percolating fluid, preferential channels, which are to-
tally ignored when considering a purely elastic model. As a consequence,
current model can underestimate the percolating flow in rubber-based vis-
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coelastic seals.
In this paper, an extensive study of the viscoelastic induced anisotropy

is presented and, specifically, anisotropy of the deformed half-space and im-
plications on global contact area, separation and friction are analyzed. Fur-
thermore, the occurrence of a lateral constrain force is shown to be due to a
combination between the anisotropy of the contacting surface and the layer
viscoelasticity. All the calculations are carried out by means of a Boundary
Element methodology, based on the formulation given in Ref. (31) , but
properly modified to impose periodic conditions to the domain. This enables
us to eliminate any influence related to finite size effects. We conclude the
paper with some final remarks about the importance of taking into account
the proper rheology of the contacting solids and, thus, the anisotropy of the
solution.

2. Mathematical Formulation

In Ref. (31), for a rigid indenter in sliding contact with a linear vis-
coelastic slab, it is shown that the translational invariance and the elastic-
viscoelastic correspondence principle (44) can be employed to obtain the
following integral equation that correlates the surface displacement u (x, t)
and the Lagrangian time derivative σ̇ (x, t) of the normal interfacial stress
σ (x, t):

u (x, t) =

∫ t

−∞

dτ

∫

d2x′J (t− τ)G (x− x′) σ̇ (x′, τ) . (1)

We observe that both the distributions, u (x, t) and σ̇ (x, t), are clearly de-
pendent on the in-plane position vector x and on the time parameter t.
Furthermore, in Eq. (1), G (x) and J (t) are the elastic Green’s function and
the creep function. As well known in linear viscoelasticity, J (t) has to satisfy
causality, i.e. J (t < 0) = 0, and, for a generic linear viscoelastic material

(44), can be expressed as J (t) = H (t)
[

1/E0 −
∫ +∞

0
dτC (τ) exp (−t/τ)

]

,

where H (t) is the Heaviside step function, E0 is the low-frequency elastic
modulus, C (τ) is a strictly positive function usually defined as the creep (or
retardation) spectrum (44; 45), and τ is the relaxation time, continuously
distributed on the real axis.

Now, the direct solution of Eq. (1) requires to discretize both the time and
the space domains, thus resulting computationally high demanding (36)(38)(39)
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. This is particularly critical for rough interfaces, where, because of the large
width of the rough spectrum, we have a huge number of time and space scales
involved in the process and, thus, we cannot solve the problem with the com-
putational resources currently available. However, if we focus our attention
on the case of a rough punch sliding, at constant velocity, over a viscoelastic
half-space and we neglect any thermal effect, given the steady-state features
of the system, it is possible to simplify Eq. (1) as:

u (x) =

∫

d2x′G (x− x′,v)σ (x′) (2)

where G (x− x′,v) depends only parametrically on the speed. Passing from
Eq. (1) to Eq. (2) is crucial since it enables us to exploit the steady-state
conditions of the system and, specifically, to discretize only the space do-
main. In Ref. (31), a specific mathematical procedure has been developed
to determine G (x,v). However, let us follow here a different approach since
we want to explicitly impose periodic conditions to the system by replacing
G (x,v) with a proper periodic Green’s function Gλ (x,v) (32).

To this aim, it is convenient to move to the Fourier space. Thus, let us
take the Fourier-transform of Eq. (1):

u (q) = Mzz (q,q · v)σ (q) (3)

where Mzz (q,q · v) depends on the conditions of the linear viscoelastic solid
and can be written generally as:

Mzz (q,q · v) = −
2 (1− ν2)

E (q · v)

1

q
S(q) (4)

with E (q · v) and S(q) being respectively the viscoelastic complex modu-
lus -related to the Fourier transformed creep function J (ω) by means of
the relation E (ω) = [iωJ (ω)]−1 - and a correcting factor that accounts for
the boundary conditions imposed on the viscoelastic layer and is equal to
S(q) = 1. Now, in order to find Gλ (x,v), let us load the system with a dis-
tribution χλ (x) of uniform pressures, each acting on a square with side a and
periodically applied with a spatial periodicity λ. This will be, later, useful
when solving the integral relation between u (x) and σ (x) by discretizing the
contact domain with boundary elements. For time being, let us formulate
the distribution χλ:
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χλ (x, y) =

+∞
∑

k,h=−∞

χa

(

x−
2π

λ
k

)

(5)

where χa is a pressure distribution being constant in the loaded square and
equal to zero outside and k is the vector k =(k, h). Now, if we load the
system with χλ, we obtain in the real space:

Gλ (x,v) =

∫

d2x′G (x− x′,v)χλ (x
′) , (6)

and in the Fourier space:

Mλ (q,q · v) = Mzz (q,q · v)χλ (q) . (7)

Let us focus on this second expression. We can easily find the Fourier
transform χλ (q) =

∫

d2xχλ (x) e
−iq·x as:

χλ (q) =

+∞
∑

k,h=−∞

4 sin
(

1
2
qhka

)

khq20
δ

(

q

q0
− k

)

(8)

with the wavevector qhk = (hq0, kq0). Now, we can obtainGλ (x,v) as inverse
Fourier transform of Mλ (q,q · v) as Gλ (x,v) = (1/4π2)

∫

Mλ (q,q · v) eiq·x.
By discretizing such an expression, we can rewrite Gλ (x,v) :

Gλ (x,v) =
( q0
2π

)2
+∞
∑

k,h=−∞

Mzz (qhk,qhk·v)
4 sin

(

1
2
qhka

)

khq20
eiqhk·x (9)

Eq. (9) shows that Gλ (x,v) is equal to a Fourier series and can be com-
puted very rapidly by means of the Inverse Fast Fourier Transform algorithm.

Now, we can proceed to the numerical solution of the contact problem.
The contact area can be meshed in M square cells: in each j-th elementary
area with a side aj , the normal stress σ will be constant and equal to σj . The
displacement is, on its turn, measured at the centre xi of each i-th square
and is equal to ui = u (xi, t). Thus, we can write:

ui =

M
∑

j=1

Gλ (xi − xj,v)σja
2
j (10)
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At this point, the contact problem, reduced to a linear system, can be
solved by employing the iterative technique developed in Ref. (19) for elastic
contacts. We observe that such a numerical procedure has a unique advan-
tange: the formulation is fully periodic since it employs the periodic Green’s
function Gλ (x,v), and, at the same time, calculations are carried out in the
real domain, without having any aliasing problem. Indeed, such an issue
could arise when the formulation is made periodic by directly transforming
Eq. (2) in the Fourier space.

Then, once the contact solution has been determined in terms of contact
areas, stresses and strains, it is possible to focus on the frictional force FT
tangentially generated at the contact interface. Incidentally, let us recall
that, unlike the Coulomb friction, the viscoelastic friction is not related to
the interfacial interaction between the contacting bodies, but to the inter-
nal hysteretic dissipation in the solid (31). Now, in the case of isotropic
punches in contact with the viscoelastic half-space, there exists just a com-
ponent which opposes the motion and is the so-called viscoelastic friction
force. When dealing with anisotropic surfaces, as in this paper, things be-
come more complicated. Indeed, without any loss of generality, let us assume
that the velocity v is equal to v = vi, where i is the unit vector of the x-axis.
The viscoelastic interfacial tangential force still has, as usually shown in Ref.
(31), the viscoelastic friction component Fx:

Fx =

∫

D

d2xσ(x)
∂u

∂x
(11)

The viscoelastic contact coefficient is, then, defined as f = Fx/Fn with Fn
being the normal force applied to the contact interface. However, in the case
of anisotropic surfaces, we have also a lateral force Fy:

Fy =

∫

D

d2xσ(x)
∂u

∂y
(12)

A detailed discussion of the two components Fx and Fy is reported in Ap-
pendix A, but let us point out here that, although Fy does not carry out any
work, it has to be present to guarantee the global equilibrium of the system.

3. Results and discussion

In this paper, our aim is to understand what happens when sliding an
anisotropic surface over a viscoelastic half-space. To this end, in our cal-
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culations, following the procedure described in detail in Appendix B, we
generate several surfaces with a different degree of anisotropy: indeed, in or-
der to quantify such an anisotropy, let us focus on the surface power spectral
density C (q) that is equal to C (q) = (2π)−2 ∫ d2x 〈h (0) h (x)〉 exp (−iq · x)
with h (x) being the height distribution and with the symbol 〈·〉 standing for
the ensemble average. In the case of anisotropic surface, C (q) is elliptical:
in our work, we produce surfaces with different ε, defined as the eccentricity
of C (q), and with different values of the angle α, that is, the angle between
the major axis of the elliptical C (q) and the direction of the x-axis. Given
the afore-mentioned assumption on v, the latter coincides with the velocity
direction. In detail, we generate two sets of surfaces: one with α = 0 and
ε = 1 , 0.8 , 0.6 , 0.4 , 0.2 and the other one with ε = 0.6 and α = 0 , π/8 ,
π/4 , 3/8π , π/2. All these surfaces have spectral components in the range
qr < q < qc, where qr = 2π/L0, with L0 being the side of the square punch
equal to L0 = 0.01 m, qr = Nq0 and N number of scales (or wavelengths).

Calculations are obtained with N = 64. Furthermore, with regards to
the material properties, in our calculations, we use a one relaxation time
material with a high frequency modulus E∞ equal to E∞ = 108 Pa, the ratio
E∞/E0 = 11 and the Poisson ratio being ν = 0.5.

Figure 1 emphasizes an effect enlightened for the first time in Ref. (41).
Basically, when sliding a perfectly isotropic rough surface over a linearly
viscoelastic solid, the solution in terms of contact clusters results anisotropic:
specifically, each contact area tends to shrink at the contact trailing edge,
where the material needs time to relax. As a consequence, each contact
cluster results stretched perpendicularly to the velocity.

Such an effect can be quantified by defining, in a certain range of wave
vectors ζ1q0 < |q| < ζ2q0, the symmetric anisotropy tensor of the deformed
surface M (ζ1, ζ2):

M (ζ1, ζ2) =

∫

ζ1q0<|q|<ζ2q0

d2qq⊗ qCd (q, ζ1, ζ2) (13)

where Cd (q; ζ1, ζ2) = (2π)−2 ∫ d2x 〈u (0; ζ1, ζ2)u (x; ζ1, ζ2)〉 exp (−iq · x) is
the power spectral density of the filtered deformed surface u (x; ζ1, ζ2). We
notice that Cd could have been divided for |q|2 so that, also in the case of
large range [ζ1, ζ2], the dominant contribution of large wavevectors would
have resulted compensated. However, since the surfaces employed in this
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Figure 1: Contact area for a perfectly isotropic surface (eccentricity parameter ε equal to
ε = 1) sliding over a linearly viscoelastic layer. In the inset, we zoom on single patch of
the contact area.

study have a spectral component in a relatively small range, we prefer to
employ the original form in Equation (10) to preserve the relation, as later
explained, between the components of M and the geometrical moments of
the deformed layer. At the same time, we notice that the band-pass filter
in the interval [ζ1, ζ2] can allow us to focus on the frequencies where the
viscoelastic effects are higher.

Now, with regards toM, let us observe that the quantityMij =
∫

ζ1q0<|q|<ζ2q0
d2qqiqjCd (q),

with i and j = 1, 2 , is the second order moments of the power spectral den-
sity of the filtered surface, i.e. M11 = µ20 = 〈u2

x〉, M22 = µ02 =
〈

u2
y

〉

,
M12 = µ11 = 〈uxuy〉, where ux = ∂u/∂x, uy = ∂u/∂y (see also Ref. (47)).
It is useful to define, moving from the symmetric tensor M, the quadratic
form Q (x) = Mijxixj ; thus, in a polar reference system with x = r cos θ,
and y = r sin θ, one easily obtains:

Q (x) = r2 |∇u · e (θ)|2 = r2µ2 (θ)

where e (θ) is the unit vector (cos θ, sin θ) and

µ2(θ) = µ20 cos
2(θ) + 2µ11 sin(θ) cos(θ) + µ02 sin

2(θ) (14)
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is, then, the average square slope for the profile obtained by cutting the
deformed surface u (x; ζ1, ζ2) along the direction θ (37). If we look at the
quantity µ2(θ) in a polar diagram, we observe that, if we have isotropy, µ2(θ)
is circular; otherwise, we have a different shape. At a quantitative level, the
degree of anisotropy can be quantified by means of the ratio γd = µ2min/µ2max

between the minimum µ2min and the maximum µ2max eigenvalues of the
tensor M, and the principal direction of anisotropy through the eigenvectors
of the tensor M, e.g. by the value of the angle θd maximizing µ2 (θ), i.e.
µ2 (θd) = µ2max.

In a perfectly similar way, it is possible to define the anisotropy tensor
M for the rough surface as M (ζ1, ζ2) =

∫

ζ1q0<|q|<ζ2q0
d2qq⊗ qC (q, ζ1, ζ2): its

components are ,then, M11 = m20 = 〈h2
x〉, M22 = m20 =

〈

h2
y

〉

, M12 = m11 =
〈hxhy〉 with hx = ∂h/∂x and hy = ∂h/∂y. For the roughness anisotropy
tensor M, we can define its quadratic form Q, and, finally, the parameters
γs and θs for the quantity m2 (θ), that is, the average square slope for the
profile obtained on the rough surface h (x; ζ1, ζ2) along the direction θ (37).
Incidentally, we notice that θs must be equal to the anisotropy angle α.
Furthermore, we observe that all the surfaces employed in this study have
been generated by keeping constant the trace of the anisotropy tensor M :
the quantity t = m20 +m02 is equal to t = 6.25 · 10−4.
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Figure 2: Polar plots ofm2(θ) for the rigid surface (on the left) and µ2(θ) for the deformed
half-space (on the right), for a dimensionless speed equal to vτ/L0 = 0.13 and a constant
normal pressure p equal to p = 32 kPa.
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Coming back to the case of the isotropic surface in contact with a vis-
coelastic half-space in Figure 1, we can represent m2 (θ) and µ2 (θ). Indeed,
Figure 2 contains the polar plots for both quantities: as expected, m2 (θ) is
perfectly circular (with γs = 1), whereas µ2 (θ) is elliptical with γd = 0.37
and θd is approximately π/2 . This is perfectly consistent with what ob-
served in Figure 1: the contact regions result stretched perpendicularly to
the velocity direction and the angle of maximum anisotropy has to be close
to π/2. Indeed, as shown in Ref. (31), the contact area shrinkage and the
anisotropic shape for the spectral moment µ2 (θ) are strictly correlated: the
contraction of each contact cluster at the trailing edge implies, in practise, a
high-pass filter applied to the frequencies corresponding to the scales along
the velocity direction. Consequently, the spectral moment of the deformed
profile has to reduce in such a direction. This is, indeed, what is observed in
Figure 2.

Now, when dealing with anisotropic surfaces, if we assume pure normal in-
dentation conditions, the spectral moment of the deformed layer µ2 (θ) will be
consistent with the spectral moment of the surface m2 (θ) as the system will
relax and reach a rubbery elastic status. Specifically, the principal directions
for µ2 (θ) and m2 (θ) will correspond. Now, if the anisotropic surfaces starts
to slide over the viscoelastic layer, contact areas tend to shrink at the trailing
edge along the velocity direction and, thus, when looking at the deformed
surfaces, the high-pass filter mentioned before applies to the scales along the
speed direction. This effect, clearly, combines with m2 (θ) of the anisotropic
surface. The contact solution will be characterized by an anisotropic distri-
bution that will be different from the surface initial anisotropy, but, at the
same time, will not be governed, simply and exclusively, as for the sliding
contact of an isotropic surface, by the motion velocity.

All this is clear in Figure 3, where, fixed the eccentricity ε = 0.6 and
the velocity direction, being coincident with the x-axis, we study how the
system evolves with the variation of the anisotropy angle α. Specifically,
we plot m2 (θ) and µ2 (θ) in order to appreciate the role carried out by the
viscoelasticity. Our analysis starts with an angle α equal to 0, i.e., with
a surface whose main anisotropy direction is along the velocity v. Under
such a condition, since viscoelasticity tends to stretch the contact clusters
perpendicularly to v, ultimately, the system tends to be regularized as the
isotropy of the contact solution is increased. Conversely, by rotating the
surface and, then, by increasing the angle α, the anisotropy induced by the
viscoelastic rheology is progressively concordant with the surface anisotropy;
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as a result, the contact solution anisotropy grows. The crucial point is that,
because of the viscoelastic rheology of the solid into contact, and depending
on the relative angle between the velocity direction and the surface main
anisotropy direction, the anisotropy characteristics of the contact solution
are strongly modified.

All this can be defined on a more quantitative basis by determining in
detail the algebraic operations carried out on M to get M. To this aim,
let us introduce the stretch tensor being defined in our cartesian reference
system as:

Σ ≡

[

σ1 0
0 σ2

]

(15)

We can rotate Σ at the anisotropy angle α by applying the rotation matrix
Rα: thus, we obtain Σd = RαΣRα

T . We can, then, write M as:

M = RϕΣdMRT
ϕ (16)

where Rϕ is the rotation matrix associated to the angle ϕ = θd− θs = θd−
α. Basically, M can be obtained by ”stretching” the surface anisotropy
tensor M and, then, by carrying a rotation at the angle ϕ . Eq. (16) can
be easily proved. Let us observe that, if α is the surface anisotropy angle
and Rα is the associated rotation matrix, M can be diagonalized by carrying
out a rotation at an angle −α and by remembering that Rα = RT

α : we
obtain, as a result, Md = RT

αMRα. Due to the viscoelasticity, Md is then
stretched with Σ and rotated back to its original position: we get, thus,
RαΣRα

TM. The latter has to be finally rotated at the angle ϕ to retrieve
M = RϕRαΣRα

TMR
T

ϕ = RϕΣdMRT
ϕ .

The crucial point here is that, in order to define the transformation carried
out on M, it is necessary to determine just three parameters, that is, σ1

, σ2 and ϕ, being functions of the viscoelastic material properties, of the
velocity, of the normal load and, interestingly, of the relative angle between
the velocity direction and the surface main anisotropy one. Indeed, when this
angle is equal to π/2, ϕ reaches its maximum, while it tends to vanish when
the velocity and the surface anisotropy directions coincide. Incidentally, we
observe that, in the elastic limits, ϕ must be zero, and σ1 and σ2 have to
be equal. Let us observe that such a strict relation between M and M
has indeed a dramatic importance in a variety of systems: as an example,
we recall the percolation problems, where, own to the anisotropic contact
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Figure 3: Polar plots ofm2(θ) for the rigid surface (on the left) and µ2(θ) for the deformed
half-space (on the right), for a dimensionless speed equal to vτ/L0 = 0.13 and a constant
normal pressure p equal to p = 32 kPa. 13



clusters distribution, leaking flow can find preferential channels to percolate.
As a consequence, the percolation threshold tends to decrease with a marked
increment of the system permeability. For such a reason, it is crucial to
determine σ1 , σ2 and ϕ so that M is known as a rotation and a stretch of
M .

In Figure 4, we observe that the effects of the surface anisotropy angle on
global quantities, like contact area and separation, may be less evident. This
can be explained easily by observing that, in the elastic limits, i.e. when the
sliding speed is very low or very high, nothing can change by rotating the
surface, i.e. by changing the anisotropy angle. Consistently, in the interme-
diate speed, we cannot expect a large dependence on the anisotropy angle.
In detail, as for the contact area A/A0, such a quantity slightly increases
with α: a minimum is, indeed, reached for α = 0. From a physical point
of view, this can be explained observing that, for α = 0, the majority of
the scales are along the velocity direction, i.e., along the direction where the
contact patches undergo a shrinkage at the contact trailing edge. Basically,
this is equivalent to a stiffening of the contact interface and, thus, a reduc-
tion of the contact area in comparison with what occurs with larger angles
α. Coherently, when looking at the dimensionless separation s/hrms, in the
proper viscoelastic range, that is, between the low and the high frequency
elastic regimes, such a quantity decreases with α: a larger separation occurs
when the contact area is smaller, that is, for smaller angles α. Incidentally,
as expected when dealing with the mean separation in rough contacts (19),
we observe that s/hrms is also affected by the different maximum heights of
each realization numerically generated for the rough surfaces. This explains
why, at high speed, i.e. in the glassy elastic regime, where the separation
is largest, the curves referring to different values of α converge to slightly
different values.

Now, let us finally focus on the viscoelastic friction since the combina-
tion of the surface anisotropy with the material viscoelasticity has significant
implications on the energy dissipated by the viscoelastic layer. In Figure 5,
we plot the viscoelastic friction f as a function of the velocity for different
values of angle α. What we observe is that, for a fixed value of the velocity,
the friction decreases when increasing the angle α and, specifically, reaches
its minimum when the velocity is perpendicular to the main anisotropy di-
rection, that is, for α being equal to α = π/2. In fact, by increasing α, we
decrease the spectral moment in the velocity direction, being equal to m20:
this means that, along the sliding direction, there are less scales capable of
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Figure 4: Contact area A/A0 (on the left) and separation s/hrms (on the right) as a
function of the dimensionless speed equal to vτ/L0 for a constant normal pressure p equal
to p = 32 kPa.

dissipating energy. Thus, the viscoelastic friction must decrease. Such an
effect, related to the spectral moment m2 (θ) and to the number of scales in
the speed direction is confirmed in Figure 6 , where, fixed α = 0 , we change
the eccentricity ε. Specifically, we pass from a perfectly isotropic surface with
ε = 1 to a strongly anisotropic surface by keeping again constant anisotropy
tensor trace t. As a consequence, by decreasing ε, we decrease m2 (θ) in the
velocity direction and, thus, reduce the quantity of dissipating scales and the
overall friction.

Coming back to the role of the anisotropy angle α, as mentioned before,
one of the most interesting issues when focusing on viscoelastic contacts of
anisotropic surfaces deals with the lateral force occurring in the system. This
force does not carry out any work, but it is essential, as a constrain force,
to guarantee the system equilibrium. Indeed, from a physical point of view,
in the case of viscoelastic contacts, the pressure distribution is dissymmetric
and, to have the global equilibrium, has to be compensated by tangential
stresses: these have one component in the sliding direction, which dissipates
energy and produces the viscoelastic friction, and the other one, which is
the viscoelastic later force. By recalling that, without any loss of generality,
we have assumed v = vi the two components have been defined respectively
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as Fx and Fy .The latter occurs, then, if the pressure distribution is dis-
symmetric also with respect to the y-axis: clearly, this cannot happen if the
velocity direction coincides with one of the principal directions of the surface
anisotropy spectrum. Indeed, what we see in Figure 7 is that the lateral
force vanishes for α being equal to 0 and π/2. Conversely, there exists Fy
for different values of α: although it is smaller than Fx, it has a theoretical
significance and, in practical applications, can be important when contact
forces become large.
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Figure 7: Dimensionless lateral force Fy/Fn as a function of the dimensionless speed equal
to vτ/L0 for a constant normal pressure p equal to p = 32 kPa.
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4. Conclusion

In this paper, we focus on the anisotropy that is induced, in the case
of a viscoelastic rheology, on the contact mechanics between rough solids.
More specifically, a detailed investigation is carried out to understand how
the viscoelasticity induced anisotropy of the contact solution is related to
the anisotropy degree of the rigid surface into contact with the viscoelastic
half-space. Such a study is implemented by means of an original Boundary
Element formulation, where the Green’s function is properly defined in the
Fourier space and, then, obtained in the real space by applying the Inverse
Fast Fourier Transform. In practise, this eliminates any finite size effect
by making the formulation fully periodic. At the same time, the contact
problem keeps on being solved in the real space, thus avoiding any aliasing
issue. This may affect a fully Fourier-based method when dealing with the
pressure peaks typically marking the pressure distributions in viscoelastic
contact problems.

Our numerical investigation allows to conclude that the anisotropy tensor
of the deformed surface M can be obtained from the surface anisotropy
tensor M by rotating and stretching the latter. Such an operation can be
identified by means of three parameters, that is, the rotation angle ϕ and
the stretching constants σ1 and σ2. As a result, this can reduce or increase
the solution anisotropy depending on the relative angle between the sliding
velocity v and the surface anisotropy angle α. The crucial point is that the
contact solution properties in terms of displacements and contact patches
anisotropy cannot be deducted exclusively by looking at the rigid surface.
This has to be properly accounted for when coping with, for example, a
percolation problem. On the other hand, global contact area and separation
are only weakly affected by the surface anisotropy angle α: indeed, in the
two elastic limits, i.e., the elastic rubbery regime and the glassy one, nothing
can change by changing α, that is, by rotating the surface; in the speed range
where viscoelastic effects occurs, we cannot have dramatic deviations with
α. Different is the case of the friction force, where the spectral component of
the surface in the velocity direction does really matter since it influences the
dissipated energy: our results show, for such a reason, a strong dependence
on the surface anisotropy. We have a similar trend also in the case of the
lateral friction force. This is a component originally shown in this study: it
is due to the contact pressure non-symmetric distribution and, although it
does not carry out any work and, then, does not dissipate energy, must be
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present to guarantee the global equilibrium of the system.

Appendix A. Normal and tangential stresses in sliding viscoelastic

contacts

In Appendix A , we discuss on the normal and the tangential stresses
originated when sliding a rigid surface over a viscoelastic layer. Once the
stresses are known , it will be then straightforward to obtain the two com-
ponents of the tangential force described in Section 2, i.e., the viscoelastic
friction component Fx and the lateral constrain force Fy .

Indeed, if we assume no Coulomb friction, the elementary force dFn at
the contact interface will be completely along the vector n being normal
to the deformed surface u (x) , i.e. dFn = dFnn. Now, let us introduce
the unit vectors k, which is normal to the undeformed Cartesian plane Π0

identified by i and j , and eψ, which is located in Π0 and defines the direction
where the directional derivative Du (x) reaches its maximum value. As well
know, such a direction corresponds to that one of the gradient vector ∇u (x)
and, consequently, eψ is equal to eψ = ∇u (x) /|∇u (x) | . We can, then,
decompose dFn into the normal component dN along k and the tangential
one dT along eψ:

dN = dNk =dFn cos βk (A.1)

dT = dTeψ = dFn sin β
∇u (x)

|∇u (x) |
(A.2)

with β being the angle between Π0 and the plane tangential to the de-
formed surface u (x). Under the assumption of small displacements, we
can linearize Eqs. (A.1) and, in particular, by considering cos β≈1 and
sin β≈|∇u (x) | , we can write:

dN = dFnk (A.3)

dT = dFn∇u (x) = dN∇u (x) (A.4)

Passing from the elementary normal and tangential forces to the normal
and tangential stresses can be easily done by dividing the aforementioned
expressions for an elementary area dA0 on the plane Π0. Thus, we have:
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σ (x) = σ (x)k =
dN

dA0

k =
dFn
dA0

k (A.5)

τ (x) = τ (x) eψ=
dT

dA0
eψ = σ (x)∇u (x) (A.6)

Now, if we project τ (x) along i and j , by then integrating over the contact
area A, we will obtain respectively the viscoelastic friction component Fx and
the lateral constrain force Fy

Appendix B. Numerical generation of anisotropic surfaces

In this Appendix, we briefly report the spectral method employed to
generate homogeneous randomly rough surfaces with given anisotropic prop-
erties. To this end, first of all, let us introduce the power spectral den-
sity C (q) = (2π)−2 ∫ d2x 〈h (x) h (0)〉 exp (−iq · x), where q = (q1, q2) is the
wave-vector, h (x) refers to the single realization of the surface spatial height
distribution, and the symbol 〈·〉 stands for the statistical average over a very
large number of surface realizations, i.e. the so-called ensemble average. To
generate the anisotropic surface, we assume the following form for the PSD:

C (q) = C

(
√

q21
a2

+
q22
b2

)

(B.1)

where a and b are two dimensionless real number chosen in such a way that
a2+ b2 = 2 and b/a = ε with ε being the PSD eccentricity. Indeed, Equation
(B.1) implies that the contours of the PSD are represented by ellipses defined
by the relation:

q21
a2

+
q22
b2

= ρ2 (B.2)

which reduces to the equation of the circle q21 + q22 = ρ2 when ε = 1. In-
cidentally, let us observe that ρ has the same dimensions as q1 and q1, i.e.
l−1 where l is the dimension of spatial lengths. Now in order to completely
define the PSD, we must define the functional form for Eq. (B.1). To this
purpose, we choose a surface which appears to be self-affine in a certain range
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of frequencies:

C (q) = C0

[

1

q21 + q22

(

q21
a2

+
q22
b2

)]−(H+1)

; ql ≤ q ≤ qr

C (q) = C0

[

1

q2r

(

q21
a2

+
q22
b2

)]−(H+1)

; qr ≤ q ≤ qc (B.3)

C (q) = 0; q ≥ qc

where ql = 2π/L, with L being the lateral size of the surface we need to
generate. We also defined q = |q|, and qr and qc the roll-off and cut-off
wavevector respectively. The quantity H is the so-called Hurst exponent of
the surface, related the fractal dimension Df trough the formula Df = 3−H .
Note that Eq. (B.2) is a canonical representation of the ellipse. Therefore,
Eq. (B.1) represents a randomly rough surface with the two principal di-
rections of anisotropy aligned along the x- and y- axes respectively. The
argument of Eq. (B.1) can be equivalently represented in tensorial form as:

Tq · q =Tijqiqj = ρ2 (B.4)

where the Einstein summation notation is used. The symmetric tensor
T ≡Tij has, in this case, a diagonal representation: its components are
T11 = a−2, T12 = T21 = 0, T22 = b−2.

Now, in order to generate an anticlockwise rotation for the surface prin-
cipal directions, we need just to rotate the ellipse of an angle α. Thus, let
us define the rotation matrix Rα such that R11 = cosα, R12 = − sinα,
R21 = sinα, R22 = cosα. Then, we first rotate the tensor T using the
formula:

Tα = RαTRT
α (B.5)

where RT
α is the transpose matrix of Rα. Therefore, we can define the equa-

tion of the rotated ellipse as

Tαq · q = ρ2

It follows that the PSD of the anticlockwise rotated surface becomes C (q) =
C (Tαq · q) and, for the self-affine case considered here, we can rewrite Eq.
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(B.1) as:

C (q) = C0

(

Tαq · q

q21 + q22

)−(H+1)

; ql ≤ q ≤ qr

C (q) = C0

(

Tαq · q

q2r

)−(H+1)

; qr ≤ q ≤ qc (B.6)

C (q) = 0; q ≥ qc

Now, it is straightforward to generate the surface with a certain degree of
anisotropy by using a spectral approach and the Fast Fourier Transform
(FFT) technique.

To this end, we generate a periodic surface whose representation in ex-
ponential form is:

h (x) =

+∞
∑

k,h=−∞

ahke
iqkh·x (B.7)

where ahk are random complex numbers, qkh = (kql, hql), x = (x, y). Since
h (x) is real, we must have a−h,−k = ahk. Moreover, for randomly rough
surface, the following relation must be satisfied: 〈ahkalm〉 = 0 with l 6=
−h, m 6= −k. For such a surface, the PSD is equal to:

C (q) =
+∞
∑

k,h=−∞

〈

|ahk|
2〉 δ (q− qhk) (B.8)

from which it follows:
C (qhk) =

〈

|ahk|
2〉 δ (0) (B.9)

using that the value of δ (0) in discrete terms, i.e. δ (0) = q−2
L = L2/ (4π2) ,

we obtain:
〈

|ahk|
2〉 =

(

2π

L

)2

C (qhk) (B.10)

In order to completely characterize the rough surface, we still need the
probability distribution of the quantities ahk. Thus, let us write ahk as
ahk = αhk + iβhk where αhk and βhk are independent random real vari-
ables. Note that the condition a−h,−k = ahk yields α−h,−k = αhk and
β−h,−k = −βhk. In order to generate a random Gaussian surface, αhk and βhk
must follow a Gaussian distribution with zero mean, i.e. 〈αhk〉 = 〈βhk〉 = 0
and same variance 〈α2

hk〉 = 〈β2
hk〉 = σ2

hk. Note that this choice fulfill the
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condition 〈ahkalm〉 = 0 with l 6= −h, m 6= −k. Now, observing that
〈

|ahk|
2〉 = 〈α2

hk〉+ 〈β2
hk〉 = 2σ2

hk , and using Eq. (B.10) one obtains

σ2
hk =

1

2

(

2π

L

)2

C (qhk) (B.11)

Therefore in order to generate the randomly rough anisotropic surface, first
of all, we have to drawn the values of αhk and βhk from two identical Gaussian
distribution of zero mean and variance given by Eq. (B.11), calculate the
quantity ahk = αhk + iβhk, and then use the FFT procedure to compute
Eq.(B.7).
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