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Abstract 

Tensegrity structures are an intriguing kind of structures by virtue of their deployability, scalability and high 

stiffness to mass ratio. Fraddosio et al. recently proposed a family of five innovative V-Expander elementary 

tensegrity cells, characterized by an increasing degree of geometrical complexity, and designed as morphological 

evolution of a concept originally proposed by Motro and Raducanu. Here, we study the mechanical behavior of 

these innovative V-Expander elementary tensegrity cells by referring to different topologies; in particular, we 

analyze for such cells the feasible self-stress states in the cases in which the components in compression are 

composed of 2, 3, 4 and 6 struts, respectively. In addition, we evaluate the minimal mass of the cells taking into 

account buckling strength of members in the self-equilibrium states according to the indications of standard 

building codes. 
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1. Introduction 

The term tensegrity [1] is a crasis of the two words tensile and integrity [2]. Such systems have attracted the 

attention of the researchers in many different fields [3–5] due to their peculiar features and advantages. 

From the structural point of view, tensegrity structures are pin-jointed reticulated structures composed of a 

discontinuous set of component in compression, called struts, inside a continuous tensile network, usually 

formed by cables or tendons. These structures are capable of being in stable self-equilibrated states in absence of 

external loads [6]. The process of finding feasible self-equilibrium configurations, that is form-finding process or 

shape-finding, is a crucial preliminary step in the design of tensegrity structures. Referring to the definition given 

in [7], the aim of form-finding process is that of seeking the optimal shape of the structure in a state of static 

equilibrium. 



In recent years many researchers have made considerable efforts in proposing different and efficient form-

finding methods, both by means of analytical and numerical approaches [8–13]; for a review of these aspects see 

[14–17] and references therein.  

Analytical methods provide explicit solutions for the self-equilibrium states in which geometrical configurations, 

connectivity of the elements and mechanical parameters are often defined in a continuous variable form [12]. 

However, analytical methods are useful and efficient only for small tensegrity structures having marked 

symmetry properties. 

In this work a form-finding analysis aimed at determining the feasible self-equilibrium states consistent with an 

assigned geometrical shape is carried out. In particular we refer to the well-known concept of force density [18] 

within the Force Density Method (FDM) [19] (see Section 2 for more details). 

In [20], Fraddosio et al. proposed a family of five innovative V-Expander elementary tensegrity cells, 

characterized by an increasing degree of geometrical complexity, and designed as topological evolutions of a 

concept originally proposed by Motro and Raducanu [21,22]. The proposed cells are characterized by several 

advantages, relevant for practical applications: geometrical symmetry, ease of assembly, possibility of 

deployment and tunability. Moreover, the above-mentioned tensegrity cells, as well as other known tensegrity 

structures, exhibit a high stiffness to mass ratio. In particular, by using the notation introduced in [23], we denote 

as Vkk-Expander tensegrity cell a structure formed by: two sets of components in compression made of k 

elements (struts), respectively, each of them connected to one out of the two extremities of the vertical cable 

(expander axis); a continuous set of both diagonal and horizontal cables. 

We further develop the study of the mechanical behaviour of four out of five of the innovative V-Expander 

elementary tensegrity cells (named Variant I, II, III and IV) introduced in [20]. In particular, for such tensegrity 

cells we study the feasible self-stress states in the cases in which the components in compression are composed 

of 2 (topology V22), 3 (topology V33), 4 (topology V44) and 6 struts (topology V66), respectively. 

Further goal of the present work is the evaluation of the structural efficiency of the analysed tensegrity cells in 

terms of minimal mass of the structure in the self-equilibrium states. Structural optimization has been widely 

studied over the last years: most of these studies focus, for example, on the mass minimization, which is of great 

technical relevance in structural mechanics, in view of minimization of the cost of the structure [24]. 

Analyses of the minimal mass of the tensegrity structures can be found in [25–28]. Such researches deals with, 

e.g.: the minimal mass design of tensegrity structures subject to the equilibrium conditions and the maximum 

stress constraints; the parametric design of tensegrity bridges at different scales of complexity. 

Indeed, tensegrity systems can be optimized to reduce the mass and increase the stiffness in virtue of the 

presence of a number of tensile elements greater than the number of the compressive components [29]. Hence, 



recalling that Variant V proposed in [20] has a higher number of struts than that of cables, we do not consider 

such variant in the following analyses, and we limit the study to Variant I, II, III and IV. 

Furthermore, large-scale tensegrity structures can be obtained by means of a suitable assembly of elementary 

tensegrity cells [30]. Some assembly strategies can be found in [23,31]. In particular, tensegrity grids [32,33], 

with global and/or local curvature [34,35], as well as tensegrity chains can be assembled by using the innovative 

V-Expander tensegrity cells. Moreover, research of folding/unfolding and deployment procedures require further 

studies, with emphasis on the self-stress states and finite mechanisms. 

The design of tensegrity structures essentially goes through three stages. Starting from a given configuration, the 

feasible self-stress states must firstly be determined. Then, the choice of self-stress state having been made, the 

components must be designed. Finally, analysis of the sensitivity of the system to the inaccuracies in the 

manufacturing should be carried out [23]. Numerous parameters affect the mechanical behaviour of tensegrity 

structures: among these, level and distribution of self-stress in the elements and stiffness to mass ratio play a 

crucial role in the design problem. Knowledge of distribution of the self-stress in a specific geometrical 

configuration, as well as the minimal masses of the structure in a given feasible self-stress state represent 

fundamental preliminary data in the design process of tensegrity structures. This study enable us to generalize 

the mechanical behaviour of the innovative V-Expander tensegrity cells proposed in [20]. 

The paper is organized as follows. Section 2 gives the theoretical background on the mechanics of tensegrity 

structures and on the force-finding problem, by means of the approach of the Force Density Method (FDM); 

moreover, it is recalled the classification of self-equilibrium states, and it is introduced the concept of feasible 

self-equilibrium state. In Section 3 the topology and the morphology for the analysed V-Expander elementary 

tensegrity cells are described; furthermore, for each Variant (Variant I, II, III and IV) and topology we discuss 

the kinematic indeterminacy and the static indeterminacy. Section 4 is devoted to the analysis of the feasible 

self-equilibrium states for each variant and for all the examined topologies. Section 5 deals with the mass 

minimization problem, studied by applying the design criteria of Eurocode 3: Design of steel structures - Part 1-

1: General rules and rules for buildings [36]; in particular, for struts in compression the constraint is represented 

by the buckling strength, whereas for cables in tension by the yielding strength. The results of the mass 

minimization problem are presented and discussed in Section 6, where a comparison between all the analysed 

Variants (Variant I, II, III and IV) and topologies is proposed. 

 

2. Force-finding problem: feasible self-equilibrium states 

In order to solve the force-finding problem for a free-standing tensegrity structure we adopt the following 

assumptions: 



 elements (struts and cables) are rectilinear and connected, only at their ends, by pin-joints; 

 nodal coordinates and nodal connectivity are given; 

 in the self-equilibrium problem no external loads are applied; 

 the cross-sectional area A of each element remains unchanged. 

In this paper, we consider a tensegrity structure with e elements (which can be partitioned in s struts and c 

cables, s + c = e) connected to n nodes; the nodal coordinates are defined in a Cartesian orthogonal reference 

system O{ex, ey, ez} and are collected in three vectors x, y and z ∈ℝn whose components are the coordinates in 

the three directions ex, ey, and ez, respectively. 

The topology of the structure, i.e. the connectivity relations between elements and nodes, can be expressed by 

means of the so-called Connectivity matrix C ∈ℝexn [19]. If the member k connects node i to node j, then the k-th 

row of C has only two non-zero entries in the i-th and j-th position (i < j), which are equal to 1 and -1 

respectively. Hence: 
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Furthermore, the length lk of the k-th member can be expressed as: 
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The self-equilibrium problem can be solved by using the FDM. To this aim, for k-th element of the structure it is 

possible to determine the force density qk: 
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where fk is the internal force in the element k (fk is positive for cables and negative for struts) in self-stress state. 

Force densities of the elements can be collected in a diagonal matrix Q ∈ℝexe, i.e. Q=diag{q1, q2,…, qk}; this 

allows to write the equilibrium equations of the tensegrity structure in the three directions ex, ey, and ez in the 

following matrix linear form [15]: 
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where the superscript “T” indicates the usual matrix transposition operation. By introducing the equilibrium 

matrix A ∈ℝ3nxe, Eq. (4) can be written in compact form: 

,Aq 0  (5) 

where q ∈ℝe is a vector collecting the elements on the main diagonal of Q and the equilibrium matrix A is: 
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Notice that Eq. (5) can be directly obtained by a derivation of the force equilibrium conditions on a node of the 

tensegrity structure [37,38].  

It is possible to show that Eq. (6) expresses the relationship between the projected lengths in ex, ey, and ez 

directions, respectively, and the force densities of the elements [39]. Let rA be the rank of A (e < 3n); it is clear 

from Eq. (5) that if rA < e, non-trivial solutions exist. These non-trivial solutions correspond to nA independent 

self-stress modes, which can be considered as the bases of the vector space of the force densities of the elements, 

with: 

1.A An e r    (7) 

Indeed, the force-finding problem aims at determining the above-introduced nA bases of the vector space of the 

force densities of the elements. Moreover, if rA < e, when six rigid-body motions in three-dimensional space are 

opportunely constrained, the number of possible infinitesimal mechanisms mi is mi = 3n - rA - 6 [40]. It follows 

that tensegrity structures are statically indeterminate and usually kinematically indeterminate structures [41], 

with nA > 1 and mi ≥ 0, respectively. 

A general solution q̅ ∈ℝe of Eq. (5) can be calculated as linear combination of nA independent self-stress modes 

[42], that is: 

1
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where αi, i = 1, 2,…, nA, are the real coefficients of the linear combination. Generally, Eq. (8) leads to an 

independent self-stress state which is not compatible with the unilateral behavior of the elements, i.e., struts in 

compression and cables necessarily in tension [43]. Furthermore, for statically indeterminate structures (nA ≥ 1) 

having certain symmetry properties, as is often the case for tensegrity structures, many members are in 

accordance with the symmetry and then can be collected into suitable groups [44]. An independent self-stress 



state consistent with the symmetry properties of the structure is called integral self-stress mode q̅, and can be 

written as: 

1
,


 

h
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where h is the number of the symmetry groups, qi, i = 1, 2,…, h, is the force density of the elements in the i-th 

group and the vector ei ∈ℝe, i = 1, 2,…, h, has non-zero entries, equal to 1, in the i-th position if element i 

belongs to the same group. Thus, from Eqs. (8) and (9) it is possible to write: 

1 1
.
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Let 𝐒 ∈ ℝ ( ) be a matrix whose first nA columns correspond to the independent self-stress modes and the 

last h columns correspond to the opposite of the above mentioned vectors ei; then, Eq. (10) leads to: 

,Sγ 0  (11) 

where vector 𝜸 ∈ ℝ( ) collects the nA real coefficients of the linear combination in Eq. (8) and the h force 

densities of the groups in Eq. (9). In this way, it is possible to calculate an integral self-stress state by solving the 

linear homogenous system in Eq. (11) via Singular Value Decomposition (SVD) [45]. Let rS̅ and nS̅ be the rank 

and the dimension of the null space of the matrix S̅, respectively, such that: 

  .  AS Sn n h r  (12) 

Then, there exist nS̅ independent solutions of Eq. (11). If the rank deficiency nS̅ of the matrix S̅ is equal to zero, 

then the tensegrity structure has not self-equilibrium states consistent with the geometric symmetry. Therefore, 

nS̅ must be greater or equal to 1 in order to ensure the existence of non-trivial solutions of Eq. (11). Here we 

consider only the case in which nS̅ is equal to 1; for nS̅ > 1 we refer, e.g., to [46]. 

Finally, feasible self-stress modes q͂ ∈ℝe are particular integral self-stress modes satisfying also the unilateral 

behaviour of the elements (struts only in compression and cables only in tension); a procedure for determining 

feasible self-stress modes is described in [47], to which we refer for full details. 

Given a feasible self-stress mode q͂, the corresponding internal force vector f͂ ∈ℝe can be calculated as: 

, f Lq  (13) 

where L ∈ℝexe is the diagonal matrix whose k-th element of the main diagonal is the length lk. 

 



3. Topology and morphology of V-Expander tensegrity cells 

The study of the topology represents one of the most important step in the analysis of the mechanical behavior of 

tensegrity structures. In this vein, recently in [48] and [49], innovative methods for topology design of such 

structures were investigated. 

Fraddosio et al. [20] analyzed the properties of a new family of tensegrity cells, which can be viewed also as a 

possible elementary structures for lattice materials, starting from the original concept of V-Expander tensegrity 

cells proposed by Motro and Raducanu [50]. In particular, by recalling the definition given by Skelton [6] of a 

class k tensegrity structure as a tensegrity structure that has as many as k bars connected at their ends, the 

original V-Expander can be classified as a class 2 tensegrity structure. In [20] was developed the concept of this 

innovative cell by means of a topological study, and was proposed five new kind of V-Expander tensegrity cells. 

V-Expander tensegrity cells exhibit some intriguing properties and advantages [33]; furthermore, Quirant et al. 

[51] described a feasible application of the V-Expander tensegrity cells as a constitutive paradigm of a double 

layer grid. 

In this paper we focus our attention on feasible self-stress states of four out of five variants proposed in [20], i.e., 

Variant I, II, III and IV (Figs. 1-4). In particular, we study some different topologies for each Variant, that is, 

V22, V33, V44, and V66-Expander elementary cells (Fig. 5). To this aim, we refer to the following three parameters 

that fully describe the geometry of the cell (Fig. 6): 

 r, the radius of the circle circumscribing the quadrangle formed by the nodes of the cell in the xy plane; 

 h, the height of the triangle formed by each couple of struts joined by a node of the expander axis; 

 d, measures the length of the active cable (0 < d ≤ h). 

 

Table 1 

Static and kinematic determinacy of Variant I 

Topology n e c s rA mi nA 

V22 6 11 7 4 10 2 1 

V33 8 19 13 6 18 0 1 

V44 10 25 17 8 24 0 1 

V66 14 37 25 12 36 0 1 

 

Table 2 



Static and kinematic determinacy of Variant II 

Topology n e c s rA mi nA 

V22 6 12 8 4 11 1 1 

V33 8 19 13 6 18 0 1 

V44 10 25 17 8 23 1 2 

V66 14 37 25 12 35 1 2 

 

Table 3 

Static and kinematic determinacy of Variant III 

Topology n e c s rA mi nA 

V22 6 13 9 4 12 0 1 

V33 8 19 13 6 18 0 1 

V44 10 25 17 8 24 0 1 

V66 14 37 25 12 36 0 1 

 

For our purposes, it is useful to further define a parameter a equal to the d to h ratio (0 < a ≤ 1). In order to avoid 

cell configurations which can lead to potential difficulties in the construction of the cell, we consider a feasibility 

range for the parameter a, i.e., 0.1 < a ≤ 1 (a = 0.1 dot-dashed line in figures); moreover, without loss of 

generality, we consider for the numerical analyses presented below r = h = 1000 mm. Given these assumptions, 

we determine the force densities (normalized respect to the force density of a set of struts), as well as, the 

internal forces in the elements as a function of the parameter a. 

We show the results of the analysis of the static and kinematic determinacy for the four variants in Tables 1-4. 

Notice that V44, and V66-Expander tensegrity cells of Variant II and, in addition, all topologies of Variant IV 

have multiple independent self-stress modes (that is, it results nA > 1). In order to obtain the feasible self-stress 

states for these tensegrity structures, we calculate the force densities of the elements by applying the procedure 

described in the previous Section. Notice that the topology V22 for both Variant I and II, as well as, the 

topologies V44, and V66 for Variant II, are kinematically indeterminate, i.e., mi > 1, whereas the other examined 

V-Expander tensegrity topologies are kinematically determinate, i.e., it results mi = 0. 

 

Table 4 

Static and kinematic determinacy of Variant IV 

Topology n e c s rA mi nA 



V22 6 14 10 4 12 0 2 

V33 8 22 16 6 18 0 4 

V44 10 29 21 8 24 0 5 

V66 14 43 31 12 36 0 7 

 

4. Results: comparison of feasible self-stress states 

In this Section we show the results of the analysis of the self-equilibrium problem for all topologies of Variant I, 

II, III and IV. According to the properties of symmetry of the cells, we compare the values of the force densities 

and of the internal forces, respectively, for representative elements of the symmetry groups (Fig. 7) and for 

feasible values of the parameter a; in particular we observe how the above-mentioned values change for a 

ranging from 0.1 to 1. 

4.1. Variant I 

Representative elements of the symmetry groups of Variant I are: vertical, horizontal and diagonal cables; struts. 

Their force densities can be normalized respect to that of the struts (which, in the present case, assume all the 

same value). 

From Figs. 8, 9 it is clear that V22 presents the lowest values of the force densities as well as of the internal 

forces in the vertical cables among all the examined topologies. In general, we observe that the force densities 

and the internal forces in these cables increase as the degree of geometrical complexity increases. Moreover, the 

force densities in such cables decrease with a until they reach their minimum in the left neighborhood of a=1, 

while the internal forces in vertical cables are independent of a. 

The force densities in the horizontal cables increase as the degree of geometrical complexity increases, while 

decrease as the parameter a increases. It is interesting to note that the internal forces in these cables have the 

same behavior of that of vertical cables; except for the fact that in the horizontal cables for values of the 

parameter a greater than about 0.32 their minimum corresponds to the V22 topology; vice versa, for 0.1 < a < 

0.32 the minimal value of the internal forces is attained for V33 topology (Figs. 10, 11). 

Finally, for what concerns the diagonal cables, their internal forces decrease as the geometrical complexity 

increases (Fig. 12), while their force densities remain unchanged. Topology V22, for such cables, corresponds to 

the maximum value of the tensile internal forces. 

4.2. Variant II 

From the analysis of the feasible self-equilibrium states, it is possible to identify the following elements 

representative of the symmetry groups of Variant II (Fig. 7): vertical, bottom, horizontal and diagonal cables; 



upper and bottom struts. In this case, we express the force densities of the above-mentioned elements normalized 

respect to those of the bottom struts. 

Vertical and bottom cables have analogous behavior, although with different values of force densities; in 

particular, the minimum degree of geometrical complexity, that is V22 topology, corresponds to a minimum 

value of the force densities, as well as of the internal forces (Figs. 13-16). Notice that such force densities, as 

well as such internal forces, decrease as the parameter a increases. As a tends to 1, force densities in these cables 

tend to the same value. 

Moreover, we observe that for the force densities of the horizontal cables the minimum values are obtained for 

V22 topology; moreover, the internal forces vary similarly to those of the horizontal cables of Variant I (Figs. 17, 

18), according to the results obtained in [20].  

In the same way, internal forces in the diagonal cables exhibit an analogous behavior of that of Variant I. Unlike 

the Variant I, force densities in the upper struts vary as the parameter a goes from 0.1 to 1; in particular, upper 

struts of class 6 tensegrity, i.e., V66 topology, has internal forces greater than corresponding internal forces of 

class 2 tensegrity, i.e. V22 topology (Figs. 19, 20). 

Finally, real coefficients αi, i = 1, 2,…, nA, of Eq. (10) for V44 and V66 topologies are listed in Tables 5 and 6, 

respectively. 

Table 5 

Real coefficients of (10) for V44 topology of Variant II 

Real coefficients 

α1 -1 

α2 
2 + √2 − √2𝑎

2(−2 + 𝑎)𝑎
 

 

Table 6 

Real coefficients of (10) for V66 topology of Variant II 

Real coefficients 

α1 -1 

α2 
−7− 4√3 + 6𝑎 + 4√3𝑎 − 3𝑎

2(−2 + 𝑎)𝑎(−2 − √3 + √3𝑎)
 

 



4.3. Variant III 

Properties of symmetry of Variant III allows for identifying the following representative elements: vertical, 

bottom and diagonal cables; struts (Fig. 7). As for Variant I, force densities of such representative elements are 

normalized respect to the force densities of the struts, which here present the same value. 

The analysis of the feasible self-equilibrium states leads to the following observations: for vertical cables, force 

densities, as well as internal forces, monotonically decrease as the parameter a increases. Among the four 

considered topologies of Variant III, more complex is the geometry, greater are force densities and internal 

forces; consequently, the highest values are obtained for V66 topology (Figs. 21, 22).  

Moreover, for what concerns the bottom cables we observe that as parameter a goes from 0.1 to 1 both the force 

densities and the internal forces decrease. Notice that for a equal to 0 such force densities tend to the same value 

(Figs. 23, 24).  

Force densities of diagonal cables increase as the parameter a increases, reaching the value 0.5 for a equal to 1. 

(Figs. 25, 26). Analogously, internal forces in such cables increase as a increases. For such cables, it results that 

the force densities, as well as the internal forces, assume greater values as the geometrical complexity increases. 

4.4. Variant IV 

Representative elements of the symmetry groups recognized for Variant IV are vertical, bottom, horizontal and 

diagonal cables; struts (Fig. 7). In this case too, all the struts are characterized by the same force density, and 

consequently force densities in the other elements are normalized respect to the force densities of the struts. 

From the results of the analysis of the self-equilibrium problem, we have that the force densities of the horizontal 

cables are equal to 0, and then the corresponding internal forces vanish. 

Moreover, we observe that the force densities of the different groups of elements have the same expressions of 

those of the corresponding elements of Variant III; hence, for Variant IV we have the same properties described 

above for Variant III.  

Finally, we report that the coefficients αi, i = 1, 2,…, nA, of the linear combinations in (10) for all topologies of 

Variant IV are equal to 1. 

 

5. Minimal mass analysis: general criteria 

In this Section we study the structural efficiency of the examined topologies of the four innovative proposed V-

Expander tensegrity cells. To this aim, a possible criterion is that of comparing the minimum structural mass of 

each cell in the self-equilibrium state. In particular, starting from the axial forces determined in Sect. 4, we 

assume that both cables and struts are made of structural steel S235 with nominal yield strength fy = 235 N/mm2, 



Young’s modulus E = 205000 N/mm2 and density s = 7850 kg/m3, and have a circular cross section. Then, we 

perform a minimum mass design of the elements according to the design criteria prescribed by Eurocode 3: 

Design of steel structures - Part 1-1: General rules and rules for buildings [36]. Of course, for cables (in tension) 

the design constraint is represented by the yielding strength, whereas for struts (in compression) the design 

constraint comes from the necessity of avoiding buckling. Afterward, the minimum mass of all the elements are 

summed, in order to have the minimum mass of the cell. 

5.1. Struts in compression 

Considering the self-equilibrium state, by imposing that the compressive internal force acting on the k-th strut f͂s,k 

does not exceed its buckling strength fb,Rd [52], we get the following inequalities: 
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For uniform cylindrical steel struts with radius rs, length lk, the inertia Is and the mass ms can be evaluated as 

follows, respectively: 
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According to [36], buckling strength for a compression member fb,Rd can be determined as: 
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where A is equal to 1 for the adopted class of cross-sectional area A;  ( ≤ 1.0) represents the reduction factor 

consistent with the relevant buckling mode, and M1 is a partial safety factor; in our case it is possible to set M1 = 

1.05. 

The value of  is related to the non-dimensional slenderness �̅� of the strut, and can be calculated from the 

relevant buckling curve equation: 
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and the coefficient α is the imperfection factor, corresponding to the appropriate buckling curve. For solid 

circular cross sectional area, we have to refer to buckling curve c, and then α  0.5. 

The non-dimensional slenderness �̅� can be expressed as: 
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where crN is the Euler elastic critical load: 
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From Eq. (14), by the above equations, we obtain the following expression for the minimal radius rs,min of the 

strut, necessary in order to avoid buckling in the self-equilibrium state: 
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Substituting Eq. (22) in Eq. (16) we can obtain a lower bound ms,min for the mass of the strut so that it does not 

buckle. 

5.2. Cables in tension 

For what concerns the cables, the following inequality should be verified: 
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where f͂c,k is the tensile internal force in the k-th cable in the feasible self-equilibrium state, and ft,Rd is the tensile 

strength of the cable. 

Let rc the radius of the circular section of cable; we have: 
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where also in this case it is possible to set M1 = 1.05. Then, the minimum radius rc,min for a cable can be 

determined by solving the equality in Eq. (23). In particular, we have: 
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Inertia Ic and mass mc of the k-th cable can be obtained by, respectively: 
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Finally, minimum mass for a cable mc,min can be estimated by substituting in Eq. (27) the expression in Eq. (25) 

for the radius of the cross section. 

 

6. Minimal mass analysis: results and comparison 

From the results of the analyses of the feasible self-equilibrium states (Sect. 4) it is possible to evaluate the 

maximum internal forces in the elements – compression for struts and tension for cables – for each of the 

examined V-Expander tensegrity cells. Then, according to the criteria in Sect. 5, by determining the minimum 

mass of the elements, struts and cables, respectively, it is finally possible to obtain the minimal masses of the 

considered V-Expander tensegrity cell.  

In particular, once considered a V-Expander tensegrity cell (of a particular variant and having a particular 

topology), its minimal total mass can be evaluated by means of the following steps: 

1. From the self-equilibrium analysis in Sect. 4, determine the maximum compressive internal force f͂s,max 

for the struts and the maximum tensile internal force f͂c,max for the cables; 

2. Calculate minimal radius rs,min of the struts (see Sect. 5.1) and minimal radius rc,min of the cables (see 

Sect. 5.2) consistent with the maximum internal forces; 

3. Determine the minimum mass for the struts ms,min according to Sect. 5.1 and the minimum mass for the 

cable mc,min according to Sect. 5.2; 

4. Evaluate the minimal total mass of the cell Mtot by Eq. (28). 

   
   

        2 2
tot ,min ,min ,min ,min ,min ,min

1 1 1 1
M M M ,

c s c s

c s c s c c sk s s ck
i i i i

m m r l r l  (28) 

where rs,min and rc,min can be determined by using Eq. (22) and Eq. (25), respectively. Notice that in Eq. (28) the 

total mass Mtot of the V-Expander tensegrity cell is a function of the parameter a, that varies in the range defined 

in Sect. 3. 

Thereby, it is possible to compare the total masses for each of the examined topology of the four variants of the 

V-Expander tensegrity cells analyzed, i.e., for V22, V33, V44, and V66. The aim of this analysis is the evaluation of 



the efficiency of the innovative V-Expander tensegrity cells proposed in [20] in terms of the possible reduction 

of the total mass of the structure as the degree of geometric complexity increases. 

First, let us consider the topology V22, and let us compare the efficiency of the four Variants I, II, III and IV in 

terms of minimal total mass Mtot. The results of this comparison are shown in Fig. 27. We observe that, as a that 

varies from 0.1 to 1, Variant I is characterized by the lowest minimal total mass with respects of the other 

examined Variants. On the contrary, the highest minimal total mass is that of Variant II for each a in the 

considered range. The minimal total mass of Variant III is lesser than that of Variant IV; both are slightly higher 

than the minimal total mass of Variant I; for example, for a = 0.6, the minimal total mass of Variant IV differs 

from the minimal total mass of Variant I of about 6%. Moreover, as a approaches 1, the minimal total mass of 

Variant III tends to be equal to that of Variant I. 

We consider then the topology V33, and discuss again the efficiency of the four Variants I, II, III and IV in terms 

of minimal total mass Mtot. The results of this comparison are shown in Fig. 28. In this case, for a ranging from 

0.1 to about 0.7, Variant I is characterized by the lowest minimal total mass; on the other hand, for a > 0.7 the 

lowest minimal total mass is that of Variant III. Notice that Variant III has a more complex geometry with 

respect to Variant I: thus, for the examined topology V33 it is possible to affirm that (at least for a > 0.7) a more 

complex geometry corresponds to a higher efficiency. For each a in the considered range, the highest minimal 

total mass is that of Variant II, as in the previous case. Moreover, we observe that the differences between the 

minimal total masses of Variants I, III and IV are very low: for example, for a = 0.6, the minimal total mass of 

Variant IV (the highest among the three considered) differs from the minimal total mass of Variant I (the lowest 

among the three considered) of about 7%. 

We now pass to the topology V44, and compare the efficiency of the four Variants I, II, III and IV in terms of 

minimal total mass Mtot. The results of this comparison are shown in Fig. 29. We have substantially the same 

results discussed for the topology V33, except for the fact that the lowest minimal total mass is that of Variant I 

for a ranging from 0.1 to about 0.8, and of Variant III for a > 0.8. 

Finally, we consider the topology V66, discussing the efficiency of the four Variants I, II, III and IV in terms of 

minimal total mass Mtot. The results of this comparison are shown in Fig. 30. In this case, the results are rather 

similar to that obtained for the topology V22: Variant I and Variant II are characterized by the lowest and the 

highest minimal total mass, respectively, as a that varies from 0.1 to 1. The minimal total mass of Variant III is 

lesser than that of Variant IV; both the minimal total masses tends to that of Variant I as a approaches 1. The 

remarkable difference between the topology V66 and the topology V22 is that for small values of a the minimal 

total masses of Variants III and Variant IV are substantially higher than that of Variant I. 

The above analyses show that for all the considered topologies Variant II is the less efficient, since it is 

characterized by a far greater minimal total mass. Indeed, from the analyses of feasible self-stress states for 



Variant II it emerges that, for reasons related to symmetry properties, the compressive forces in the upper struts 

are greater than the compressive forces in the bottom struts. Exclusively for a which tends to 1 both bottom and 

upper struts tend to have the same value of the compressive internal forces. On the contrary, either for Variant I, 

and for Variant III and for Variant IV all the struts are characterized by the same compressive internal forces: 

this uniformity justifies the fact that the highest value of the maximum compressive forces for Variants I, III and 

IV are lower than those for Variant II. 

Moreover, it is worth to note that, for all topologies analyzed, minimum masses of tensegrity cells decrease as 

the length of the vertical cable increases, that is, for a that goes from 0.1 to 1, due to the decreasing of the total 

masses of the cables. 

Finally, we can state that for a that ranges from 0.1 to 0.7 (or to 0.8 for topologies V33 and V44) the minimum 

total mass of Variant I is the lowest minimum total mass among the other examined variants; on the other hand, 

for a > 0.7 (or to 0.8 for topologies V33 and V44) the lowest minimum total mass is that of Variant III. Anyway, 

the minimum total masses of Variant I and III only slightly differ: for example, in the right neighborhood of 0.1 

minimum masses of Variant III differs from the minimum masses of Variant I of about 13.9%, 16.7%, 17.7% and 

34.6% for V22, V33, V44 and V66 topologies, respectively. 

 

7. Conclusions 

We propose a study of the mechanical behavior of the innovative V-Expander tensegrity cells proposed in [20] 

aimed at analyzing the feasible self-stress states of these tensegrity elementary cells in different topologies, that 

are obtained by increasing the number of struts forming the elements in compression the cell. In particular, we 

perform the analyses of the self-equilibrium states of four out of five innovative cells, i.e., Variant I, II, III and 

IV, in the cases in which the components in compression are made of 2 (topology V22), 3 (topology V33), 4 

(topology V44) and 6 struts (topology V66), respectively. 

The self-equilibrium analyses are parameterized by using only three parameters (h, r and a), governing the 

morphology of the cells. By fixing two out of these three parameters (h, and r), it is possible to describe how the 

force densities and the internal forces in the elements in the feasible self-equilibrium states vary as the parameter 

a changes in a representative range of values. 

Results presented in Section 4 point out that it can be identified a peculiar mechanical behavior of the 

representative elements of the V-Expander tensegrity cells according to the properties of the symmetry of each 

variant. 

 



According to the obtained results, some observations about the morphological aspects of the assembly of the 

examined V-expander tensegrity cells can be point out. Variant I, II and IV lend themselves more easily to 

realization of tensegrity grids due to the presence of horizontal cables [35]. Tensegrity chains can be easily 

obtained by assembling Variant III tensegrity cells in the direction of the vertical cable. Tensegrity chains 

obtained by means of juxtaposition of Variant I, II and IV, respectively, permit smaller variation of the geometry 

due to horizontal cables overlapping. Furthermore, further studies on mixed assemblies of such variants, in order 

to build planar or curved grids, roofs, columns or chains as well as arches, should be carry out. 

Moreover, by solving the mass minimization problem in the feasible self-equilibrium states according to the 

member design criteria in Eurocode 3 [36], we discuss how the minimal total masses Mtot of the tensegrity cells 

vary as the parameter a changes. We evaluate the efficiency of these innovative V-Expander tensegrity cells for 

each of the considered topologies in terms of minimal total masses. We observe that to a higher degree of 

complexity does not always correspond an increase of the minimal total mass of the structure; indeed, Variant III 

and Variant IV have about the same minimal total mass of Variant I, especially for values of the parameter a 

which tend to 1.  

This work will constitute the basis for facing the mass minimization problem for complex tensegrity structures 

composed of assemblies of the considered innovative V-Expander tensegrity cells. Moreover, the mass 

minimization problem will be developed by also considering the effects of external loads. 
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Fig.1 Variant I  Fig.2 Variant II 

 

 
Fig.3 Variant III  Fig.4 Variant IV 

 



a] 

 

b] 

 

c] 

 

d] 

 

e] 

 

f] 

 
Fig.5 Different topologies of Variant III (d = h): a] V33-Expander top view, b] V33-Expander axonometric view, c] V44-Expander top 

view, d] V44-Expander axonometric view, e] V66-Expander top view, f] V66-Expander axonometric view. (axonometric view of V22-

Expander of Variant III is shown in Fig. 3) 
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Fig.6 Parametric description of geometry of the V22-Expander cell: a] top view (Variant I), b] lateral view (Variant I). 

 

 
 Fig.7 Representative elements of the V22-Expander cells. 

 



 
Fig.8 Variation of force densities of the vertical cables of Variant I.  

 
Fig.9 Variation of internal forces in the vertical cables of Variant I.  



 
Fig.10 Variation of force densities of the horizontal cables of Variant I.  

 
Fig.11 Variation of internal forces in the horizontal cables of Variant I. For 0.1 < a < 0.317 lower bound of the internal forces is V22 
topology.  



 
Fig.12 Variation of internal forces in the diagonal cables of Variant I.  

 

 
Fig.13 Variation of force densities of the vertical cables of Variant II.  



 
Fig.14 Variation of force densities of the bottom cables of Variant II.  

 
Fig.15 Variation of internal forces in the vertical cables of Variant II.  



 

Fig.16 Variation of internal forces in the bottom cables of Variant II.  

 
Fig.17 Variation of force densities of the horizontal cables of Variant II.  



 
Fig.18 Variation of internal forces in the horizontal cables of Variant II. For 0.1 < a < 0.317 lower bound of the internal forces is V22 

topology.  

 

Fig.19 Variation of force densities of the upper struts of Variant II.  



 

Fig.20 Variation of internal forces in the upper struts of Variant II.  

 

 
Fig.21 Variation of force densities of the vertical cables of Variant III.  



 
Fig.22 Variation of internal forces in the vertical cables of Variant III.  

 
Fig.23 Variation of force densities of the bottom cables of Variant III.  



 
Fig.24 Variation of internal forces in the bottom cables of Variant III.  

 
Fig.25 Variation of force densities in the diagonal cables of Variant III.  



 
Fig.26 Variation of internal forces in the diagonal cables of Variant III.  

 

 
Fig.27 Comparison of masses of V22-Expander topology.  



 
Fig.28 Comparison of masses of V33-Expander topology.  

 
Fig.29 Comparison of masses of V44-Expander topology.  



 
Fig.30 Comparison of masses of V66-Expander topology.  

 


