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Abstract: In this paper, we propose an energy based control approach for a class of
underactuated soft robotic systems. The considered case study consists of an elastic structure
driven by soft dielectric elastomer actuators, and is able to achieve large bending displacement
thanks to a bi-stable design concept. The bi-stability feature, however, causes the system to
exhibit an unstable behavior in open-loop. After providing a port-Hamiltonian description of
the soft robotic system, sufficient conditions for the existence of an energy based stabilizing
controller are provided. A linear matrix inequality approach is then proposed to practically
address the design of the controller gain. The effectiveness of the method is verified by means
of simulation studies, conducted on an experimentally validated model of the real-life device.
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1. INTRODUCTION

Soft-robots play a significant role as a bridge between ma-
chines and people. Instead of relying on rigid materials and
joints as conventional robots, soft robots are characterized
by a compliant structure which makes them intrinsically
safe for applications involving interaction with humans
(Rus and Tolley (2015)). The strong nonlinearities due
to the elastic structure, as well as the large number of
degrees of freedom which often results into underactu-
ation, make the control of soft robots more challenging
in comparison to rigid ones (Della Santina et al. (2020);
Wang and Chortos (2022)). While most of existing soft
robots exploit tendon-driven or fluidic actuators, in this
work we focus on an alternative drive technology based
on dielectric elastomer (DE) artificial muscles. DEs are
highly attractive for soft robotic applications, thanks to
features such as high flexibility, high energy density, large
deformation, and self-sensing (El-Atab et al. (2020)). A
variety of DE-based soft robots have been presented in
the literature over the last years (Gu et al. (2017)). While
most research works on DE soft robots focused on design
and characterization aspects, the development of mathe-
matical models and control algorithms for such systems
is restricted to very few studies, e.g., the optimal control
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approach proposed by Massenio et al. (2022). In case of
DE soft robots, the design of a control system is further
complicated because of material-related nonlinearities and
rate-dependent effects (Gu et al. (2017)). In this work, we
investigate for the first time energy based control of a class
of port-Hamiltonian (pH) models describing a DE-driven
soft robotic structure. Energy based control is attractive
for robotic applications, since it ensures that the system
will remain stable in the presence of a contact with a
generic passive environment by preserving the physical
structure of the model in closed loop (Ortega et al. (2001);
Folkertsma et al. (2017)). The system under investigation
exploits rolled DE actuators (DEAs) in combination with a
flexible structure to achieve in-plane bending (Baltes et al.
(2022)). The system relies on a bi-stable design to achieve
large bending displacements up to ±25°. Such feature,
however, makes the system unstable in open loop. The de-
sign of a stabilizing control system is made challenging by
the combination of underactuation and strong nonlineari-
ties in both Hamiltonian and input-state coupling matrix,
which make established energy based control approaches
for robots not directly applicable (Ortega et al. (2013)). A
pH model of the considered system is first described and
experimentally validated. Then, conditions are derived for
the existence of a controller which ensures that the closed
loop system satisfies (i) passivity at the interaction port
with the environment, and (ii) asymptotic stability of a
target equilibrium point in the interaction-free case. A
linear matrix inequality (LMI) based algorithm is then de-
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Folkertsma et al. (2017)). The system under investigation
exploits rolled DE actuators (DEAs) in combination with a
flexible structure to achieve in-plane bending (Baltes et al.
(2022)). The system relies on a bi-stable design to achieve
large bending displacements up to ±25°. Such feature,
however, makes the system unstable in open loop. The de-
sign of a stabilizing control system is made challenging by
the combination of underactuation and strong nonlineari-
ties in both Hamiltonian and input-state coupling matrix,
which make established energy based control approaches
for robots not directly applicable (Ortega et al. (2013)). A
pH model of the considered system is first described and
experimentally validated. Then, conditions are derived for
the existence of a controller which ensures that the closed
loop system satisfies (i) passivity at the interaction port
with the environment, and (ii) asymptotic stability of a
target equilibrium point in the interaction-free case. A
linear matrix inequality (LMI) based algorithm is then de-
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1. INTRODUCTION

Soft-robots play a significant role as a bridge between ma-
chines and people. Instead of relying on rigid materials and
joints as conventional robots, soft robots are characterized
by a compliant structure which makes them intrinsically
safe for applications involving interaction with humans
(Rus and Tolley (2015)). The strong nonlinearities due
to the elastic structure, as well as the large number of
degrees of freedom which often results into underactu-
ation, make the control of soft robots more challenging
in comparison to rigid ones (Della Santina et al. (2020);
Wang and Chortos (2022)). While most of existing soft
robots exploit tendon-driven or fluidic actuators, in this
work we focus on an alternative drive technology based
on dielectric elastomer (DE) artificial muscles. DEs are
highly attractive for soft robotic applications, thanks to
features such as high flexibility, high energy density, large
deformation, and self-sensing (El-Atab et al. (2020)). A
variety of DE-based soft robots have been presented in
the literature over the last years (Gu et al. (2017)). While
most research works on DE soft robots focused on design
and characterization aspects, the development of mathe-
matical models and control algorithms for such systems
is restricted to very few studies, e.g., the optimal control

⋆ The authors gratefully acknowledge the support of the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation)
through Priority Program SPP 2100 “Soft Material Robotic Sys-
tems” (Projects: SE704/6-2, RI3030/1-2).
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Fig. 1. Picture (a) and sketch (b) of the considered system.

veloped to practically address the design of the stabilizing
controller gain. The ability of the controller in stabilizing
an open-loop unstable configuration is finally validated via
numerical simulations.

The remainder of this paper is organized as follows. In
Section 2, a pH model for the system is developed and ex-
perimentally validated. The control approach is described
in Section 3, and tested in Section 4 via simulation studies.
Finally, Section 5 provides concluding remarks.

2. MODEL DEVELOPMENT AND IDENTIFICATION

The considered system, shown in Fig. 1, consists of a T-
like flexible structure with a rigid top plate and a flexible
beam, which is actuated by two pre-tensioned rolled DEAs.
When a DEA is actuated via high voltage, it becomes
softer and the structure bends towards the other DEA.
As an example, the picture in Fig. 1(a) shows the case
in which DEA 2 is activated. In Prechtl et al. (2021),
an energy based dynamic model was developed for the
system in Fig. 1(a). Here, we summarize the model from
Prechtl et al. (2021) with two essential modifications: (i)
we improve the physical description of the rolled DEAs
based on the new findings presented in Baltes et al. (2022);
(ii) we reformulate the overall set of equations in an equiva-
lent input-state-output pH model (this possibility follows
from the original model derivation based on Lagrangian
mechanics, see Prechtl et al. (2021) for details).

2.1 Port-Hamiltonian system model

The DEA-based soft robotic module in Fig. 1 can be
modeled as the following pH system:


q̇
ṗ


=


0 I
−I 0


−

0 0
0 R22(q)


∂H⊺

∂q
(q, p)

∂H⊺

∂p
(q, p)


+


0

J⊺(q)


u+


0
I


τ

(1)
where q ∈ Rn with n = 3 represents the vector of gener-
alized coordinates, describing the position and orientation
of the beam tip (q = [qx qy α]

⊺
, cf. Fig. 1(b)), p ∈ Rn is

the vector of corresponding generalized momenta, u ∈ Rm

with m = 2 < n is the vector of control inputs (namely the
electrostatic force produced by each rolled DEA, related to
the corresponding applied voltage signals), and τ ∈ Rn is a
vector of generalized forces modeling a generic interaction
with the external environment.

The remaining quantities appearing in (1) are the damping
matrix R22(q) : Rn → Rn,n with R22(q) ≻ 0 ∀q ∈ Rn, the
Jacobian matrix J(q) : Rn → Rm,n, and the Hamiltonian
H(q, p) : Rn × Rn → [c1, ∞) for some c1 ∈ R, given by

H(q, p) = Γ(q) +
1

2
p⊺M(q)−1p (2)

where Γ(q) : Rn → [c1, ∞) represents a potential energy
term, while M(q) = M⊺(q) : Rn → Rn,n with M(q) ≻
0 ∀q ∈ Rn is the inertia matrix.

Before explicitly defining J(q), M(q), Γ(q), and R22(q) for
the considered system, we introduce the vector of DEA
lengths lDEA(q) : Rn → Rm, which is given as a function
of the generalized coordinates as follows:

lDEA(q) =


lDEA1(q)
lDEA2(q)


,

lDEA1(q) =




qx − btop sinα− w cosα+ a
LB − qy + btop cosα− w sinα− b

− 2lcr,

lDEA2(q) =




qx − btop sinα+ w cosα− a
LB − qy + btop cosα+ w sinα− b

− 2lcr.

(3)

All geometric parameters appearing in (3) are reported in
Fig. 1(b). Based on (3), the Jacobian matrix is given by

J(q) =
∂lDEA

∂q
(q). (4)

Assuming that the inertia of DEAs and beam are negligible
compared to the one of the top plate, matrix M(q) is
expressed as follows:

M(q) =




mT 0 mT btop
cosα

2

0 mT mT btop
sinα

2

mT btop
cosα

2
mT btop

sinα

2

mT b2top

4
+ JT


 , (5)

where mT and JT are the top plate mass and moment of
inertia. Quantity Γ(q) is computed as the sum of three
contributions due to top plate, beam, and DEAs, i.e.,

Γ(q) = ΓT (q) + ΓB(q) + ΓDEA(q). (6)

The rigid top plate potential energy ΓT (q) coincides with
its gravitational contribution, namely

ΓT (q) = mT g(LB − qy + btop cosα), (7)

where g is the gravitational constant. The flexible beam
elastic energy ΓB(q) is assumed to depend only on the
position and orientation of its tip, according to the beam
constraint model (see Prechtl et al. (2021) for details):

ΓB(q) =
EBIB

2LB


q⊺S⊺GSq +

�
− qy

LB
+ 1

2
q⊺S⊺PSq

2
IB

ABL2
B

− q⊺S⊺QSq


, (8)

where EB , AB , and IB correspond to the beam Young’s
modulus, cross-sectional area, and second moment of area,
respectively, while the other matrices are defined as follows

S =


L−1
B 0 0
0 0 1


, G =


12 −6
−6 4


,

P =
1

30


36 −3
−3 4


, Q =

1

12600


−18 9
9 −22


.

(9)

The DEA elastic potential energy ΓDEA(q) is computed
as in Baltes et al. (2022):

ΓDEA(q) =

2
i=1

3
j=1

2L1L2L3Cj0


l2DEAi(q)

L2
1

+
2L1

lDEAi(q)
− 3

j

(10)
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Fig. 1. Picture (a) and sketch (b) of the considered system.

veloped to practically address the design of the stabilizing
controller gain. The ability of the controller in stabilizing
an open-loop unstable configuration is finally validated via
numerical simulations.

The remainder of this paper is organized as follows. In
Section 2, a pH model for the system is developed and ex-
perimentally validated. The control approach is described
in Section 3, and tested in Section 4 via simulation studies.
Finally, Section 5 provides concluding remarks.
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The considered system, shown in Fig. 1, consists of a T-
like flexible structure with a rigid top plate and a flexible
beam, which is actuated by two pre-tensioned rolled DEAs.
When a DEA is actuated via high voltage, it becomes
softer and the structure bends towards the other DEA.
As an example, the picture in Fig. 1(a) shows the case
in which DEA 2 is activated. In Prechtl et al. (2021),
an energy based dynamic model was developed for the
system in Fig. 1(a). Here, we summarize the model from
Prechtl et al. (2021) with two essential modifications: (i)
we improve the physical description of the rolled DEAs
based on the new findings presented in Baltes et al. (2022);
(ii) we reformulate the overall set of equations in an equiva-
lent input-state-output pH model (this possibility follows
from the original model derivation based on Lagrangian
mechanics, see Prechtl et al. (2021) for details).

2.1 Port-Hamiltonian system model

The DEA-based soft robotic module in Fig. 1 can be
modeled as the following pH system:
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where q ∈ Rn with n = 3 represents the vector of gener-
alized coordinates, describing the position and orientation
of the beam tip (q = [qx qy α]
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, cf. Fig. 1(b)), p ∈ Rn is

the vector of corresponding generalized momenta, u ∈ Rm

with m = 2 < n is the vector of control inputs (namely the
electrostatic force produced by each rolled DEA, related to
the corresponding applied voltage signals), and τ ∈ Rn is a
vector of generalized forces modeling a generic interaction
with the external environment.

The remaining quantities appearing in (1) are the damping
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where Γ(q) : Rn → [c1, ∞) represents a potential energy
term, while M(q) = M⊺(q) : Rn → Rn,n with M(q) ≻
0 ∀q ∈ Rn is the inertia matrix.

Before explicitly defining J(q), M(q), Γ(q), and R22(q) for
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lengths lDEA(q) : Rn → Rm, which is given as a function
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inertia. Quantity Γ(q) is computed as the sum of three
contributions due to top plate, beam, and DEAs, i.e.,

Γ(q) = ΓT (q) + ΓB(q) + ΓDEA(q). (6)

The rigid top plate potential energy ΓT (q) coincides with
its gravitational contribution, namely

ΓT (q) = mT g(LB − qy + btop cosα), (7)

where g is the gravitational constant. The flexible beam
elastic energy ΓB(q) is assumed to depend only on the
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where L1, L2, L3 are the DEAs principal lengths in the un-
deformed configuration, and Cj0 are the Yeoh parameters
describing the DE material hyperelastic response. Finally,
the positive definite damping matrix R22(q) is given by

R22(q) = DB + J⊺(q)




2L2L3η

lDEA1(q)
0

0
2L2L3η

lDEA2(q)


 J(q) (11)

where DB is a matrix describing the beam viscous damp-
ing, modeled as follows

DB =


bqx 0 0
0 bqy 0
0 0 bα


(12)

for some positive constants bqx , bqy , and bα, while positive
coefficient η describes the DEA viscous damping. The
complete model equations can finally be obtained by
replacing (2)-(12) in (1). The final set equations is omitted
for the ease of compactness. Compared to the model
previously presented in Baltes et al. (2022), the control
inputs ui can be converted to the physically applied
voltages vDEi via a simple coordinate transformation

u =


u1

u2


=



αelαbϵ0ϵrL2

L3
v2DE1

αelαbϵ0ϵrL2

L3
v2DE2


 , (13)

where αel and αb are DEA loss factors, while ϵ0 and ϵr rep-
resent vacuum and relative DE permittivity, respectively.

2.2 Experimental validation

The accuracy of model (1) is validated in this section. The
prototype is characterized based on the same experimental
test rig presented in Baltes et al. (2022). Details on the
identification procedure are omitted for conciseness. The
calibrated values of the model parameters are as follows:
mT = 12 · 10−3 kg, JT = 1.296 kg·mm2, g = 9.81 N·kg−1,
AB = 14 mm2, a = 15 mm, b = −11.5 mm, w = 18 mm,
LB = 92.64 mm, btop = 14.55 mm, lcr = 14.33 mm, αel =
0.74, αb = 0.71, L1 = 68.2 mm, L2 = 74.25 mm, L3 = 47.6
µm, ϵ0 = 8.854 · 10−12 F·m−1, ϵr = 2.8, EB = 2 GPa,
IB = 1.31 · 10−12 m4, C10 = 219.85 kPa, C20 = −20.39
kPa, C30 = 16.06 kPa, η = 1.33 kPa · s, bx = 0.25 · 10−3

kg·s−1, by = 1 · 10−3 kg·s−1, bα = 0.39 · 10−3 kg·m·s−1.
The ability of the model in reproducing the experimental
results is shown in Fig. 2, where a good agreement in terms
of q is observed. Note in particular how the model well
predicts the bi-stable feature of the bending module, i.e.,
the system exhibits different equilibrium states in response
to a zero input voltage (see Prechtl et al. (2021) for a more
detailed discussion).

3. CONTROLLER DESIGN

As it can be seen from Fig. 2, the DEA soft robotic module
is bi-stable in open loop. If on the one hand bi-stability is
the key for the large bending displacement, it also causes
a range of unstable equilibrium points along the beam
vertical configuration (i.e., when qx = 0 and α = 0). In this
section, an energy shaping controller for the stabilization
of open-loop unstable equilibria is discussed.

Fig. 2. Comparison between model and experiments.

3.1 A general class of energy shaping controllers

The goal of this section is to define a class of feedback laws
for (1) in the following form

u = γ(q, p), (14)

such that the resulting controlled plant, given by


q̇
ṗ


=


0 I
−I 0


−

0 0
0 R22(q)



∂H⊺

∂q
(q, p)

∂H⊺

∂p
(q, p)




+


0

J⊺(q)


γ(q, p) +


0
I


τ

(15)

defines a passive operator at the port τ → q̇. Unlike
conventional robots, a generic PD-like control law in q does
not necessarily imply passivity of (15), due to the presence
of the configuration-dependent rectangular matrix J⊺(q)
multiplying γ(q, p) (Ortega et al. (2013)).

In this paper, we focus on the following class of closed loop
controllers:

γ(q, p) = −
∂Γ⊺

C

∂lDEA
(lDEA(q))−DCJ(q)M

−1(q)p

≡ −
∂Γ⊺

C

∂lDEA
(lDEA(q))−DC l̇DEA(q)

(16)

where DC = D⊺
C ∈ Rm,m with DC ⪰ 0, while ΓC(lDEA) :

Rm → [c2, ∞) for some c2 ∈ R.
Proposition 1. Assume thatH(q, p) and ΓC(q) are bounded
from below, and that there exist a DC = D⊺

C such that
R22(q)+J⊺(q)DCJ(q) ≻ 0 ∀q ∈ Rn. Then, general control
law (16) ensures that (15) defines a passive operator at the
port τ → q̇ with storage function HC(q, p) given by

HC(q, p) = H(q, p) + ΓC(lDEA(q)). (17)

Proof. Replacing (16) in (15), and using the fact that (17)
satisfies



∂HC

∂q
(q, p) =

∂H
∂q

(q, p) +
∂ΓC

∂lDEA
(lDEA(q))J(q),

∂HC

∂p
(q, p) =

∂H
∂p

(q, p),
(18)

we obtain


q̇
ṗ


=


0 I
−I 0


−

0 0
0 R22C(q)



∂HC

⊺

∂q
(q, p)

∂HC
⊺

∂p
(q, p)


+


0
I


τ (19)

with

R22C(q) = R22(q) + J⊺(q)DCJ(q) ≻ 0, ∀q ∈ Rn, (20)

by assumption. Based on the structure of (19), it follows
immediately that HC(q, p) satisfies

ḢC(q, p) = q̇⊺τ − q̇⊺R22C(q)q̇ ≤ q̇⊺τ. (21)

Condition (21), together with the fact that HC(q, p) is
bounded from below (since both H(q, p) and ΓC(lDEA(q))
are lower bounded by assumption), allows us to conclude
that Proposition 1 holds true (Ortega et al. (2013)). �

Remark 1. Control law (16) consists of two contributions,
i.e., a term depending on ΓC(lDEA(q)) which allows to
shape the closed loop potential energy (cf. (17)), and a

term DC l̇DEA(q) representing a damping injection. In case
lDEA(q) : Rn → Rm with m < n, as for the model in
Section 2, the open-loop system poses some constraints on
the way the the closed-loop potential energy can be chosen.

3.2 Locally asymptotically stabilizing energy shaping law

We denote as q⋆ ∈ Rn a generic admissible equilibrium
configuration, in the sense that it satisfies

J⊺
0 (q

⋆)
∂Γ⊺

∂q
(q⋆) = 0 (22)

where J0(q) : Rn → Rn,n−m is a full-rank right annihilator
of J(q), i.e., J(q)J0(q) = 0 ∀q ∈ Rn. In this section, we are
interested in finding an energy based control law within
the class defined by (16) such that, whenever τ = 0, the
state [q⋆⊺ 0⊺]

⊺
is an asymptotically stable equilibrium for

the closed loop system (15). To this end, we restrict the
general controller (16) to the special case given by

ΓC(lDEA(q)) =
1

2
(lDEA(q)− lDEA(q⋆))⊺AC(lDEA(q)− lDEA(q⋆))

− u⋆⊺ (lDEA(q)− lDEA(q⋆))− Γ(q⋆),

(23)

for an arbitrary AC = A⊺
C ∈ Rm,m such that AC ⪰ 0 (to

ensure that (23) is lower bounded), and u⋆ given by

u⋆ = (J(q⋆)J⊺(q⋆))
−1

J(q⋆)
∂Γ⊺

∂q
(q⋆). (24)

Choice (23) corresponds to the following control law

γ(q, p) = −AC(lDEA(q)−lDEA(q⋆))−DCJ(q)M−1(q)p+u⋆. (25)

Proposition 2. Assume that H(q, p) is bounded from be-
low, there exist a DC = D⊺

C such that R22(q) +
J⊺(q)DCJ(q) ≻ 0 ∀q ∈ Rn, J(q⋆) ∈ Rm,n with m < n is
such that rank(J(q⋆)) = m, and that the following holds

J̃0
⊺
K̃J̃0 ≻ 0, (26)

where

K̃ = K̃⊺ =
∂2 (Γ− u⋆⊺lDEA)

∂q2
(q⋆), J̃0 = J0(q

⋆). (27)

Then, there exist a matrix AC = A⊺
C ⪰ 0 such that control

law (25) ensures that (15) satisfies the following condi-
tions: (C1) it defines a passive operator at the port τ → q̇
with storage function (17); (C2) it admits [q⋆⊺ 0⊺]

⊺
as a

locally asymptotically stable equilibrium point whenever
there is no interaction with the environment, i.e., τ = 0.

Proof. First, we show that [q⋆⊺ 0⊺]
⊺

is an equilibrium
state for closed loop system whenever τ = 0. Replacing (2)
and (24)-(25) in (15), and enforcing [q⊺ p⊺]

⊺
= [q⋆⊺ 0⊺]

⊺

as well as τ = 0, we obtain

I − J⊺(q⋆)

�
J(q⋆)J⊺(q⋆)−1


J(q⋆)

 ∂Γ⊺

∂q
(q⋆) = 0. (28)

The fact that identity (28) holds true can be proved by left-
multiplying the equation by the nonsingular square matrix
[J⊺(q⋆) J0(q

⋆)]
⊺
, and recalling the definition of admissible

equilibrium in (22). This result qualifies [q⋆⊺ 0⊺]
⊺
as an

equilibrium point for the closed loop system when τ = 0.

Next, we study under which conditions asymptotic sta-
bility of equilibrium point [q⋆⊺ 0⊺]

⊺
holds true. To this

end, we define q̃ = q − q⋆ and p̃ = p. The linearized ver-
sion of (15) with control law (25) around the equilibrium
[q⋆⊺ 0⊺]

⊺
, considering τ = 0, can be expressed as


˙̃q
˙̃p


=


0 M̃−1

−

K̃ + J̃⊺AC J̃


−

D̃ + J̃⊺DC J̃


M̃−1

 
q̃
p̃


,

(29)

with K̃ defined as in (27), while

M̃ = M̃⊺ = M(q⋆) ≻ 0, D̃ = D̃⊺ = R22(q
⋆), J̃ = J(q⋆).

(30)
Given the structure of (29), if the following LMI holds true

K̃ + J̃⊺AC J̃ ≻ 0, (31)

then it is straightforward to prove that

V (q̃, p̃) =
1

2
p̃⊺M̃−1p̃+

1

2
q̃⊺


K̃ + J̃⊺AC J̃


q̃ (32)

represents a suitable Lyapunov function for (29). Indeed,
(30)-(31) imply that (32) is positive definite, and since

V̇ (q̃, p̃) = −˜̇q⊺

D̃ + J̃⊺DC J̃


  
≻0 by assumption

˜̇q ≤ 0 (33)

asymptotic stability of the origin of (29) can be easily
concluded from LaSalle’s invariance principle.

We now study the condition for the existence of a matrix
AC ⪰ 0 which satisfies (31). By congruence transfor-
mation, we have that any LMI F (x) ≻ 0 is such that
F (x) ≻ 0 ⇐⇒ T ⊺F (x)T ≻ 0 for an arbitrary nonsingular
square matrix T of appropriate dimension (Boyd et al.
(1994)). We perform a congruence transformation on (31)
via the nonsingular matrix T =


J̃⊺ J̃0


, thus obtaining


J̃K̃J̃⊺ + J̃ J̃⊺AC J̃ J̃

⊺ J̃K̃J̃0
J̃0

⊺
K̃J̃⊺ J̃0

⊺
K̃J̃0


≻ 0. (34)

By Shur’s complement, LMI (34) is verified if and only if
J̃0

⊺
K̃J̃0 ≻ 0,

J̃K̃J̃⊺ + J̃ J̃⊺AC J̃ J̃⊺ − J̃K̃J̃0
�
J̃0

⊺
K̃J̃0

−1
J̃0

⊺
K̃J̃⊺ ≻ 0.

(35)

If the first LMI in (35) is satisfied (as per assumption),
then it is always possible to find a matrix AC ⪰ 0 which
satisfies the second LMI. One example is given by

AC = λAI, (36)

for any scalar λA > min{0,max eigenvalue of Λ}, with

Λ =
�
J̃ J̃⊺

−1

J̃K̃J̃0

�
J̃0

⊺
K̃J̃0

−1
J̃0

⊺
K̃J̃⊺ − J̃K̃J̃⊺

 �
J̃ J̃⊺

−1
.

(37)
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
q̇
ṗ


=


0 I
−I 0


−

0 0
0 R22C(q)



∂HC

⊺

∂q
(q, p)

∂HC
⊺

∂p
(q, p)


+


0
I


τ (19)

with

R22C(q) = R22(q) + J⊺(q)DCJ(q) ≻ 0, ∀q ∈ Rn, (20)

by assumption. Based on the structure of (19), it follows
immediately that HC(q, p) satisfies

ḢC(q, p) = q̇⊺τ − q̇⊺R22C(q)q̇ ≤ q̇⊺τ. (21)

Condition (21), together with the fact that HC(q, p) is
bounded from below (since both H(q, p) and ΓC(lDEA(q))
are lower bounded by assumption), allows us to conclude
that Proposition 1 holds true (Ortega et al. (2013)). �

Remark 1. Control law (16) consists of two contributions,
i.e., a term depending on ΓC(lDEA(q)) which allows to
shape the closed loop potential energy (cf. (17)), and a

term DC l̇DEA(q) representing a damping injection. In case
lDEA(q) : Rn → Rm with m < n, as for the model in
Section 2, the open-loop system poses some constraints on
the way the the closed-loop potential energy can be chosen.

3.2 Locally asymptotically stabilizing energy shaping law

We denote as q⋆ ∈ Rn a generic admissible equilibrium
configuration, in the sense that it satisfies

J⊺
0 (q

⋆)
∂Γ⊺

∂q
(q⋆) = 0 (22)

where J0(q) : Rn → Rn,n−m is a full-rank right annihilator
of J(q), i.e., J(q)J0(q) = 0 ∀q ∈ Rn. In this section, we are
interested in finding an energy based control law within
the class defined by (16) such that, whenever τ = 0, the
state [q⋆⊺ 0⊺]

⊺
is an asymptotically stable equilibrium for

the closed loop system (15). To this end, we restrict the
general controller (16) to the special case given by

ΓC(lDEA(q)) =
1

2
(lDEA(q)− lDEA(q⋆))⊺AC(lDEA(q)− lDEA(q⋆))

− u⋆⊺ (lDEA(q)− lDEA(q⋆))− Γ(q⋆),

(23)

for an arbitrary AC = A⊺
C ∈ Rm,m such that AC ⪰ 0 (to

ensure that (23) is lower bounded), and u⋆ given by

u⋆ = (J(q⋆)J⊺(q⋆))
−1

J(q⋆)
∂Γ⊺

∂q
(q⋆). (24)

Choice (23) corresponds to the following control law

γ(q, p) = −AC(lDEA(q)−lDEA(q⋆))−DCJ(q)M−1(q)p+u⋆. (25)

Proposition 2. Assume that H(q, p) is bounded from be-
low, there exist a DC = D⊺

C such that R22(q) +
J⊺(q)DCJ(q) ≻ 0 ∀q ∈ Rn, J(q⋆) ∈ Rm,n with m < n is
such that rank(J(q⋆)) = m, and that the following holds

J̃0
⊺
K̃J̃0 ≻ 0, (26)

where

K̃ = K̃⊺ =
∂2 (Γ− u⋆⊺lDEA)

∂q2
(q⋆), J̃0 = J0(q

⋆). (27)

Then, there exist a matrix AC = A⊺
C ⪰ 0 such that control

law (25) ensures that (15) satisfies the following condi-
tions: (C1) it defines a passive operator at the port τ → q̇
with storage function (17); (C2) it admits [q⋆⊺ 0⊺]

⊺
as a

locally asymptotically stable equilibrium point whenever
there is no interaction with the environment, i.e., τ = 0.

Proof. First, we show that [q⋆⊺ 0⊺]
⊺

is an equilibrium
state for closed loop system whenever τ = 0. Replacing (2)
and (24)-(25) in (15), and enforcing [q⊺ p⊺]

⊺
= [q⋆⊺ 0⊺]

⊺

as well as τ = 0, we obtain

I − J⊺(q⋆)

�
J(q⋆)J⊺(q⋆)−1


J(q⋆)

 ∂Γ⊺

∂q
(q⋆) = 0. (28)

The fact that identity (28) holds true can be proved by left-
multiplying the equation by the nonsingular square matrix
[J⊺(q⋆) J0(q

⋆)]
⊺
, and recalling the definition of admissible

equilibrium in (22). This result qualifies [q⋆⊺ 0⊺]
⊺
as an

equilibrium point for the closed loop system when τ = 0.

Next, we study under which conditions asymptotic sta-
bility of equilibrium point [q⋆⊺ 0⊺]

⊺
holds true. To this

end, we define q̃ = q − q⋆ and p̃ = p. The linearized ver-
sion of (15) with control law (25) around the equilibrium
[q⋆⊺ 0⊺]

⊺
, considering τ = 0, can be expressed as


˙̃q
˙̃p


=


0 M̃−1

−

K̃ + J̃⊺AC J̃


−

D̃ + J̃⊺DC J̃


M̃−1

 
q̃
p̃


,

(29)

with K̃ defined as in (27), while

M̃ = M̃⊺ = M(q⋆) ≻ 0, D̃ = D̃⊺ = R22(q
⋆), J̃ = J(q⋆).

(30)
Given the structure of (29), if the following LMI holds true

K̃ + J̃⊺AC J̃ ≻ 0, (31)

then it is straightforward to prove that

V (q̃, p̃) =
1

2
p̃⊺M̃−1p̃+

1

2
q̃⊺


K̃ + J̃⊺AC J̃


q̃ (32)

represents a suitable Lyapunov function for (29). Indeed,
(30)-(31) imply that (32) is positive definite, and since

V̇ (q̃, p̃) = −˜̇q⊺

D̃ + J̃⊺DC J̃


  
≻0 by assumption

˜̇q ≤ 0 (33)

asymptotic stability of the origin of (29) can be easily
concluded from LaSalle’s invariance principle.

We now study the condition for the existence of a matrix
AC ⪰ 0 which satisfies (31). By congruence transfor-
mation, we have that any LMI F (x) ≻ 0 is such that
F (x) ≻ 0 ⇐⇒ T ⊺F (x)T ≻ 0 for an arbitrary nonsingular
square matrix T of appropriate dimension (Boyd et al.
(1994)). We perform a congruence transformation on (31)
via the nonsingular matrix T =


J̃⊺ J̃0


, thus obtaining


J̃K̃J̃⊺ + J̃ J̃⊺AC J̃ J̃

⊺ J̃K̃J̃0
J̃0

⊺
K̃J̃⊺ J̃0

⊺
K̃J̃0


≻ 0. (34)

By Shur’s complement, LMI (34) is verified if and only if
J̃0

⊺
K̃J̃0 ≻ 0,

J̃K̃J̃⊺ + J̃ J̃⊺AC J̃ J̃⊺ − J̃K̃J̃0
�
J̃0

⊺
K̃J̃0

−1
J̃0

⊺
K̃J̃⊺ ≻ 0.

(35)

If the first LMI in (35) is satisfied (as per assumption),
then it is always possible to find a matrix AC ⪰ 0 which
satisfies the second LMI. One example is given by

AC = λAI, (36)

for any scalar λA > min{0,max eigenvalue of Λ}, with

Λ =
�
J̃ J̃⊺

−1

J̃K̃J̃0

�
J̃0

⊺
K̃J̃0

−1
J̃0

⊺
K̃J̃⊺ − J̃K̃J̃⊺

 �
J̃ J̃⊺

−1
.

(37)
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The existence of Λ is ensured by the fact that J̃ J̃⊺ ∈ Rm,m,
and rank(J̃) = m by assumption. This choice of AC

qualifies (32) as a Lyapunov function for (29), allowing
us to conclude asymptotic stability of its origin. Based on
Lyapunov’s indirect method, this result also implies that
(15) with control law (25) is locally stable around [q⋆⊺ 0⊺]

⊺

when τ = 0, thus proving that (C2) holds true.

Finally, note that the the existence of a stabilizing AC ⪰ 0
ensures that (23) is lower bounded. Then, all the assump-
tions of Proposition 1 are satisfied, from which we can
conclude that (C1) holds true as well. �

Remark 2. The system considered in Section 2 satisfies
R22(q) ≻ 0 ∀q ∈ Rn since it is fully damped, and thus
(33) always holds even for DC = 0. Conversely, it is not
always true that (32) is positive definite for AC = 0. This
is the case, e.g., whenever we linearize the system around
an open-loop unstable equilibrium point, for which the
the open-loop potential energy is found to be locally non-
convex (i.e., K̃ is not positive definite). When this occurs,
shaping the closed loop potential energy through AC turns
out to be essential to achieve closed loop stability.

3.3 A practical approach towards regional stabilization

While the controller proposed in Section 3.2 ensures that
passivity holds in a global sense, asymptotic stability of the
target equilibrium state is true only locally. As discussed
in Ortega et al. (2013), an admissible equilibrium [q⋆⊺ 0]

⊺

of an unforced and fully-damped Euler-Lagrange system
(and, by extent, model (15) with control law (25) whenever
τ = 0 andR22C(q) ≻ 0 ∀q ∈ Rn) is globally asymptotically
stable if its potential energy Γ(q) satisfies:

Γ(q⋆) = 0,
∂Γ

∂q
(q⋆) = 0,

∂2Γ

∂q2
(q) ≻ 0 ∀q ∈ Rn. (38)

Even though the closed loop potential energy Γ(q) +
ΓC(lDEA(q)) as in Section 3.2 always satisfies the first
two conditions in (38), it is hard to verify the third one
analytically due to the system strong nonlinearities. In
order to practically increase the basin of attraction of the
target equilibrium, we define a finite set Ω ⊂ Rn with q⋆ ∈
Ω, obtained by gridding the estimated operating region of
the system with a sufficiently fine resolution. Then, instead
of applying the third condition in (38) ∀q ∈ Rn, we ensure
that potential energy Γ(q) + ΓC(lDEA(q)) satisfies:

H(q, AC) :=
∂2 (Γ + ΓC)

∂q2
(q, AC) ≻ 0, ∀q ∈ Ω, (39)

where H(q, AC) is a shorthand notation for the Hessian
matrix of Γ(q) + ΓC(lDEA(q)), whose dependency on AC
has now been made explicit. For the ease of notation, we
define U(i,j) as the (i, j) component of a generic matrix
U . Based on (23), the (i, j) component of H(q, AC) can be
computed as follows

H(q, AC)(i,j) =
∂2Γ

∂qi∂qj
(q) +

m
k=1

 m
p=1

J(q)(k,i)AC (k,p)J(q)(k,j)

+


∂2lDEAk

∂qi∂qj
(q)



(i,j)

AC (k,p)(lDEAp(q)− lDEAp(q
⋆))



+


∂2lDEAk

∂qi∂qj
(q)



(i,j)

u⋆
k



(40)

which clearly shows how H(q, AC) is an affine function of
the entries of AC . Whenever the conditions of Proposition
2 are satisfied, we can exploit the affine dependency of
H(q, AC) on AC(k,p) to convert (39) into a LMI problem,
which can be readily solved with efficient numerical tools
(Boyd et al. (1994)). In principle, any AC satisfying (39)
is acceptable from the stability perspective. In practical
scenarios, however, it might be convenient to design AC

according to an optimal criterion. A possible example is
as follows (Boyd et al. (1994)): find a symmetric matrix
AC of appropriate dimension and a scalar η such that



min η

AC ≻ 0

H(q, AC)− βI ≻ 0, ∀q ∈ Ω
ηI AC

AC ηI


≻ 0

(41)

LMI problem (41) ensures that the minimum eigenvalue
of H(q, AC) is larger than an arbitrary constant β ≥ 0,
representing a free design parameter, while minimizing
at the same time the norm of AC (in order to reduce
excessively large control actions). Note that, for the special
case in which Ω = {q⋆} only, (41) provides a minimum-
norm solution to the local stabilization problem analyzed
in Section 3.2. As a final remark, since in our application
we have that R22(q) ≻ 0 ∀q ∈ Rn, the design of DC is
not critical for stability, and thus it can be performed
via hand-tuning. Nevertheless, the damping term DC still
allows to shape the transient, thus its inclusion in the
controller might be beneficial whenever the response is
highly underdamped.

4. CONTROLLER RESULTS

In this section, thfe control strategy presented in Sec-
tion 3 is validated by means of numerical simulations
conducted on the model from Section 2. All simulations
are conducted in the MATLAB 2021b environment, while
LMI problems are solved via YALMIP (Lofberg (2004))
based on SEDUMI (Sturm (1999)). In the considered case
study, we aim at stabilizing the admissible equilibrium
point [q⋆⊺ 0⊺]

⊺
with q⋆ =


0 1.5 · 10−6 0

⊺
. The eigen-

values of the corresponding K̃ are given by −5 · 10−3,
17.51, and 3.02 · 105, making the matrix not sign definite.
The corresponding eigenvalues of (29) for AC = 0 and
DC = 0 are given by 7.01, −8.71±5.02 ·103j, −22.54, and
−168.20±86.16j, confirming that q⋆ is open-loop unstable.
To achieve the stabilization goal, we adopt a control law
in the form given by (25). Matrix AC is designed based on
the approach presented in Section 3.3, while DC is simply
chosen as DC = cI for an arbitrary c ≥ 0. It is verified that
the model satisfies all conditions required by Proposition
2 for the target q⋆, making it possible to apply the devel-
oped control strategy. The set Ω is estimated by driving
the system with a pseudo-random input u within typical
operating limits for a sufficiently long time and recording
the corresponding trajectory q (4000 sample points are
considered), starting from initial condition q(0) = q⋆ so
that q⋆ ∈ Ω is ensured. The free design parameters are
then β and c.

First, we test the system response in case only the feed-
forward term u∗ is applied. We choose [q⋆⊺ 0⊺]

⊺
as initial

Fig. 3. Comparison between feedforward controller and
proposed energy based feedback controller.

Fig. 4. Convergence to q⋆ for different initial conditions.

condition, and perturb the system with a large, pseudo-
impulsive disturbance τ for a duration of 0.02 s. The
resulting system response, shown as a blue line in Fig.
3, illustrates how the feedforward controller is not able
to stabilize the target equilibrium, as expected. A feed-
back controller as in (25) is then designed, by considering
c = 0.01 and solving (41) for β = 0.01. The closed loop
behavior is evaluated by applying the same perturbation τ
as in the feedforward case. The resulting response, shown
as a black line in Fig. 3, clearly illustrates that the stabi-
lization goal is satisfactorily achieved. Further simulation
studies reveal that increasing β results in an increase in
overshoot and a decrease in settling time, while increasing
c causes the opposite effect (the corresponding plots are
omitted for conciseness). Such results are congruent with a
physical interpretation of β and c as parameters related to
the closed loop stiffness and damping, respectively. Finally,
Fig. 4 shows the result of several simulations conducted
with different initial conditions chosen within Ω, based on
the same feedback controller from Fig. 3. Convergence to
the set-point is ensured in all cases, practically confirming
the non-local validity of the control design method pro-
posed in Section 3.3.

5. CONCLUSION

In this paper, we presented and experimentally validated
a port-Hamiltonian model for a DEA-driven soft robot,
and used the model to develop an energy based control
law. Sufficient conditions for the existence of a class of
energy shaping stabilizing controllers were provided. A

LMI algorithm was then presented to practically address
the stabilizing controller design. The approach was vali-
dated by means of simulation studies, in which an open-
loop unstable DEA soft robotic system was successfully
stabilized by means of the proposed controller. The re-
sulting controller always results in a closed loop system
exhibiting a port-Hamiltonian structure which, in turns,
implies passivity at the interaction port with the external
environment. This feature makes our solution particularly
attractive for envisioned interaction control applications.
In future studies, we will extend the presented approach
by accounting for more complex effects, such as control
input saturation and model uncertainties. Experimental
validation of the controller will also be performed.
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Fig. 3. Comparison between feedforward controller and
proposed energy based feedback controller.

Fig. 4. Convergence to q⋆ for different initial conditions.

condition, and perturb the system with a large, pseudo-
impulsive disturbance τ for a duration of 0.02 s. The
resulting system response, shown as a blue line in Fig.
3, illustrates how the feedforward controller is not able
to stabilize the target equilibrium, as expected. A feed-
back controller as in (25) is then designed, by considering
c = 0.01 and solving (41) for β = 0.01. The closed loop
behavior is evaluated by applying the same perturbation τ
as in the feedforward case. The resulting response, shown
as a black line in Fig. 3, clearly illustrates that the stabi-
lization goal is satisfactorily achieved. Further simulation
studies reveal that increasing β results in an increase in
overshoot and a decrease in settling time, while increasing
c causes the opposite effect (the corresponding plots are
omitted for conciseness). Such results are congruent with a
physical interpretation of β and c as parameters related to
the closed loop stiffness and damping, respectively. Finally,
Fig. 4 shows the result of several simulations conducted
with different initial conditions chosen within Ω, based on
the same feedback controller from Fig. 3. Convergence to
the set-point is ensured in all cases, practically confirming
the non-local validity of the control design method pro-
posed in Section 3.3.

5. CONCLUSION

In this paper, we presented and experimentally validated
a port-Hamiltonian model for a DEA-driven soft robot,
and used the model to develop an energy based control
law. Sufficient conditions for the existence of a class of
energy shaping stabilizing controllers were provided. A

LMI algorithm was then presented to practically address
the stabilizing controller design. The approach was vali-
dated by means of simulation studies, in which an open-
loop unstable DEA soft robotic system was successfully
stabilized by means of the proposed controller. The re-
sulting controller always results in a closed loop system
exhibiting a port-Hamiltonian structure which, in turns,
implies passivity at the interaction port with the external
environment. This feature makes our solution particularly
attractive for envisioned interaction control applications.
In future studies, we will extend the presented approach
by accounting for more complex effects, such as control
input saturation and model uncertainties. Experimental
validation of the controller will also be performed.
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