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MULTIPLICITY AND NONDEGENERACY OF POSITIVE
SOLUTIONS TO QUASILINEAR EQUATIONS ON COMPACT
RIEMANNIAN MANIFOLDS

SILVIA CINGOLANI, GIUSEPPINA VANNELLA, AND DANIELA VISETTI

ABSTRACT. We consider a compact, connected, orientable, boundaryless Rie-
mannian manifold (M, g) of class C°° where g denotes the metric tensor. Let
n = dim M > 3. Using Morse techniques, we prove the existence of 2P (M)—1
non-costant solutions u € H'P(M) to the quasilinear problem
(P.) { —eP Apgu+uP~t = ut!
u >0

for ¢ > 0 small enough, where 2 < p < n, p < ¢ < p*, p* = np/(n — p)
and Ay gu = divg(|Vu\572Vu) is the p-laplacian associated to g of u (note
that Az g = Ay) and P¢(M) denotes the Poincaré Polynomial of M. We also
establish results of genericity of nondegenerate solutions for the quasilinear
elliptic problem (FP:).

Key words: Quasilinear elliptic equations, Riemannian Manifold, Positive solutions, Morse index, Per-
turbation results.

2000 Mathematics Subject Classification: 58E05, 35B20, 35J60, 35J70.

1. INTRODUCTION

Let (M, g) be a compact, connected, orientable, boundaryless Riemannian ma-
nifold of class C*>° where g denotes the metric tensor. Let n = dim M > 3. Let
HYP(M) be the Sobolev space defined as the completion of C°°(M) with respect

to the norm .

P

lallzroany = (IV00cary + laloar))
We look for solutions u € HY?(M) to the following problem

€ u>0

where 2 < p < n, p < ¢ <p*, p* =np/(n—p), Apgu= divg(|Vu|§_2Vu) is the
p-laplacian associated to g of u (note that Ay ; = Ay) and € > 0.

A large amount of papers is devoted to the study of equation (P, ) in a flat domain
of R™ when p = 2. It is shown that the topology of the domain affects the numbers of
solutions to (P:) for e small. We limit to quote the papers [2, 5, 6, 7] and references
therein. The study of equation (P.) on a manifold remained open for a long time
since it required new ideas for relating the topology and the numbers of solutions
to (P.). It has been understood in the recent paper [4] (see also [17, 23, 19]).

The research of the first and second author is supported by the MIUR project “Variational
and topological methods in the study of nonlinear phenomena” (PRIN 2009).
The research of the first author is also supported by Gruppo Nazionale per I’Analisi Matema-
tica, la Probabilita e le loro Applicazioni (INDAM).
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In the present paper we are interested to extend the result in [4] to the quasilinear
case. Denoting by cat(M) the Lusternick-Schnirelmann of M in itself, we shall
establish the following multiplicity result.

Theorem 1.1. There exists €* > 0 such that, for any € € (0,€*), (P.) has at least
cat(M) + 1 non-constant, different solutions.

Moreover using the topological Morse relations, we correlates the topology of the
manifold M to the minimum number of solution of (P.), counted with their multi-
plicity (the notions of Poincaré Polynomial P;(M) and multiplicity are introduced
respectively in Definition 6.1 and 6.7). Precisely we state the following result.

Theorem 1.2. There exists €* > 0 such that, for any € € (0,¢*), (P.) has at least
2P1(M) — 1 non-constant solutions, possibly counted with their multiplicities.

We remark that the application of Morse theory allows to obtain a better in-
formation on the number of solutions respect to the application of Lusternick-
Schnirelmann theory (see Remark 3.7 in [4]). For instance, if M is the n-dimensional
torus in R™*!, we derive from Theorem 1.1 the existence of at least n+ 2 solutions,
since cat(M) = n+ 1. On the other hand, since P,(M) = (¢t +1)", by Theorem 1.2
we infer the existence of at least 21 —1 solutions, counted with their multiplicities.

Finally, through a deeper look to the notion of multiplicity, we prove the exis-
tence of 2P (M) — 1 non-constant, different solutions for quasilinear elliptic prob-
lems which are indefinitely close to (P.). We stress that the interpretation of the
multiplicity in the quasilinear case p > 2 is not all trivial. Indeed, serious conceptual
difficulties arise when one tries to relate topological objects with differential notions
and perform Marino-Prodi perturbation type results in a Banach (not Hilbert) set-
ting. We derive the following main result.

Theorem 1.3. There exists € > 0 such that, for any € € (0,€*), either (P.) has
at least 2Py (M) — 1 non-constant, distinct solutions or, if not, for any sequence
{as}sen with ag > 0, oy — 0, there exists a sequence {fs}sen with fs € CY(M),
| fsllcrary — O such that problem

. 2\ (p—2)/2 1 g—1

(P,) —eP div, ((as + |Vu|g) Vu) +uPT =ulm 4 fs
u >0

has at least 2Py (M) — 1 non-constant, different solutions, for s large enough. In

particular, if p= 2, the statement holds also if as > 0.

2. NOTATIONS AND PRELIMINARY REMARKS

We denote by B(0, R) the ball in R™ of center 0 and radius R and by By(z, R)
the ball in M of center  and radius R.
We define a smooth real function xg on R* such that

_f 1 ifo<t<
(2‘1) XR(t) = { 0 ift>R
and [x'z(t)] < %2, with xo positive constant.

We recall some definitions and results about compact connected Riemannian
manifolds of class C™ (see for example [18]).

Remark 2.1. On the tangent bundle TM of M the exponential map exp : TM —
M is defined. This map has the following properties:
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(i) exp is of class C;
(ii) there exists a constant R > 0 such that
exp, |Bo,r) : B(0,R) = By(z, R)
is a diffeomorphism for all x € M.

It is possible to choose an atlas C on M, whose charts are given by the exponential
map (normal coordinates). We denote by {1)c}cec a partition of unity subordinate
to the atlas C. Let g, be the Riemannian metric in the normal coordinates of the
map exp,, .

For any u € HY'P(M) we have that:

IValZ ) = /M V() dpg = /C Vo (@) V(@) g

ceC

du(exp,,, () du(exp,,, (z)))
6zi 8Zj

P
2

|92 (2)]2 dz,

= Z 77[}0(6)(pzc (Z)) <g:28]c (Z)

cec’/BOR)

where p, denotes the volume form on M associated to the metric and Einstein
notation is adopted, that is

n
gijZiZj = Z gijzizja
ig=1
(9% (2)) is the inverse matrix of g,,(z) and |ga,(z)| = det(ga,(2)). In particular we

have that g,,(0) = Id. A similar relation holds for the integration of |u(z)|P.
For convenience we will also write for all xp € M and z,£ € R"”

(2.2) |£|£21m0(z) = g4 (2)&¢&; -
Beside the usual norm of u € H?(M), we will consider also the norm
1
(23) fullz = 2 [ (@19u@)f + lua) ) diy.

By the embedding theorem, we assume that M is embedded in RY, with N > 2n.

Remark 2.2. Since M 1is compact, there are three strictly positive constants h, H
and h such that for all x € M and all z,£ € R"

| expy (2) — expy (&) ry < hlz — €|gn
hlEfn < 9:(2)(6,€) < HIEJRn -
Hence there holds
h" <lga(2)] < H".
Definition 2.3. We define the radius of topological invariance r(M) of M as
r(M) :=sup{p > 0 | cat (M,) = cat (M)},

where M, :={z € RN | d(z, M) < p}.

The solutions to (P.) are critical points of the C? functional J, : H*P(M) — R,
defined by

eP

2 aw= [ (SR @ - @) du.
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constrained on the Nehari manifold
(2.5) N = {u € H"P(M)|u # 0 and /M(ep|Vu|§ + |ulP) dpg = /M|u+|q dug} :

Remark 2.4. It is standard that N, is a 1-codimensional submanifold of HP(M),
as it is C'-diffeomorphic to

{ue HY"(M) | |lul| = 1} \ {u € H"P(M) | u <0 a.e.}.
For the proof, see Lemma 2.2 in [6].

In particular, N, is contractible.

Remark 2.5. [t is immediate to see that the only constant critical points of J. are
ug = 0 and uy = 1. Furthermore any critical point u # ug of Je is a solution to (P).
In fact, denoting by u™ (z) = max{0, —u(z)}, it is ||[u~||P = (J.(u),u") =0, so that
u > 0 a.e. in M. Moreover, by classical results (see Theorem 4.1 in [13]), we have
that u € CY(M) and the Strong Mazimum Principle (see [22]) assures that u > 0
in M. In particular there is 6, > 0 such that u > 6, in M.

We consider also the following functional J : H1P(R") — R defined by

1 1 1
(2.6) J(v) == / <|Vv(2)|p + —[v(2)[" — |v+(Z)|q> dz
R \P p q
and the associated Nehari manifold

(27) N= {v € H'P(R") |v#0 and/ (VP + [v|?) dz :/ |U+qdz} .
R R™

n

Let us denote
(2.8) m(J) :=inf{J(v) |veN}.

The infimum m(J) is achieved at a positive, spherically symmetric, decreasing
function U(z). This function and its first derivatives decay exponentially (see The-
orem 3.4 in [12]) and U € C1*(R") (see Theorem 1.9 in [15]). We refer to U as a
positive ground state solution to

(2.9) —Apu+uP~t = u?tin R™.
For any ¢ > 0, the function U,(z) = U (%) satisfies

—ePApu + wP~l =42 tin R™.

3. THE FUNCTION ¢,

Let U be the function defined in Section 2. For any xg € M and € > 0, we
consider the function on M

expy(2)y o
(31) on,e(x) = U(p%) *Ug ifx e Bg(llfg,R),
0 otherwise,
where R is chosen as in Remark 2.1 (4¢) and

R
Ur =U(z) with z€R"™ suchthat [z|=—.
€

€

The function Wy,  belongs to HP(M).
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Remark 3.1. The set N is a C' manifold. Moreover, for all u € H“P(M) with
ut # 0 there exists a unique t.(u) > 0 such that t.(u)u € N, and

Jur (PIVulp + [ul?) dpg
fM |u+ ‘q d,ug

(3-2) (te(u))"™F =

We can define
¢E M — -/\[e
rg +H— tE(VI/YEO’e)V[/VgUO}6 .

Moreover for any § > 0 we consider the following subset of A,
(3.4) Yo :={ue N | Je(u) <m(J)+d}.

We can derive the following result.

(3.3)

Proposition 3.2. For any ¢ > 0 the map ¢ : M — N, is continuous. For any
d > 0 there exists eg = €y(d) > 0 such that if 0 < € < €

¢6(1.0) S 26,5
for all xg € M.
Proof. (I) The map ¢. : M — N is continuous.

By the continuity of ¢.(u) on H“?(M) (see Remark 3.1), it is enough to prove
that

lim ||I/Vgc,mE — Wj’EHHl,p(M) = 0.
k—o0
for any sequence {xy}ren in M, converging to &.

We choose a finite atlas C for M, which contains the chart with domain C =
By(Z,R). The functions W, . and W; . have support respectively on By(xy, R)
and on By(&, R). Since zy — & the set Zy, = [By(zk, R) \ By(&, R)] U [B,y(&, R) \
By(zk, R)] is such that p4(Z;) — 0 as k — co. Then we have

/ |V (Way e (ZB)—Wi,e(x))|§dug—>0 as k — 00.
Zy,

We still have to check the integral on By(zg, R) N By(Z, R). We write Ay =
exp; ' (By(xx, R) N By(&, R)) and ni,(2) = expy,! (exp;(2))

9 (Wape () = Wa ()] dptg = / IV [Ue((2)) = U2, o 92 ()| 2=
expg (Ag) Ay
< [, IV - U .

Since 7y (z) tends point-wise to z and VU, is continuous, |V[U(nk(2)) — Uc(2)]"
tends pointwise to zero. Applying Lebesgue theorem, we obtain that

[ 19 W) = Wl diy 0.
M

In an analogous way we have that [|Wy, . — W@,eHip(M) tends to zero.
(IT) The limit of & fM [VWa.e(x )|§ dpg is ||VU||IEP(R,L).
To prove the second statement of this proposition, first we show that

(3.5) i 5 [ O Weq @) ity = 19U e

uniformly with respect to zg € M.
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We evaluate the following:

4
i/ |VWIO€pdug—/ VU dz
en M g Rn

P

7/ |V [Ue(expy, ()] |7 dﬂgf/ |VU|P dz
B, (z0,R) g Rn

ETL

P

1
S NG, ol - [ U
€" JB(0,R) R™

Changing variables, we obtain

/n X (0,2) (%) (g”( )3U8U>5|gx0(€z)é_< auav)

0z; 0z 0z; 0z
where X, 5)( z) denotes the characteristic function of the set B (0, £) and where

dz

3

d% is the Kronecker delta (it takes value 0 for i # j and 1 for i = j). The previous
integral is bounded from above by the sum I; + Is + I3, with

oUu oU

ho= [ e (s 50 o )g

(2)[2 —1‘dz,

o oUaU A

I, = - ij ij 9% 9

2 /'n. XB(O"?) (Z) <gmo <€ )821 8z] ) (6 82’1 8z]> dz ’

oU U
= — 1"7
Is /R ‘XB(O, 1’ (5 92 azj) dz.
As regards the first term, it can be written
oU U\ ,

I - R i T 5 - 1

= L 00 (50 5 (et 1]

L OU AU\ )
+/ Xp(o &) (2 (ggo €z ) Juo (€2)|2 — 1| dz
R™\B(0,T) B(O’ € )( ) ( )82’1 (9zj ‘| ( ‘

with T > 0. It is easy to see that the second addendum vanishes as T — oo.
As regards the first addendum, fixed T', by compactness of the manifold M and
regularity of the Riemannian metric g the limit

. 1
tim [lga, (e2)1 — 1] =0

holds true uniformly with respect to g € M and z € B(0,T). The second term
can be written

Iy .1 oU oU
ngo(ez) -0 j| o7 (923 dz

S (IR (o) 20N il

where 6 = 0(z) € [0,1]. As before, it is possible to split the integral on and outside
the ball B(0,T). In R™\ B(0, T) the integral tends to zero uniformly with respect
to 29 € M, while in B(0,T) g% (ez) tends to */ uniformly with respect to 2o € M
for any 1 <4,j <n. The thlrd term is independent of xy and

I = / VUIPdz
R\B(0,£)
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tends to zero. This proves (3.5).
(IIT) The limits of % [y, [Wae.e(@) dpg and & [, [Wit (2)|” dug are respectively
112 gy and U7, .

As before we consider

1
TL/ |W10,6|pd,ug—/ \UP dz
€ M n

~ |P
/ [XB 0, R ‘U —Ur
R™ €

Summing and subtracting, one obtains

1
n/ |”zo,€|pdﬂg_/ U dz
€ JMm R

L, = /XB(og)(Z)’U(Z)—ﬁgp

o= [ e @|Ue) -
b= [ e @-1|UePR:.

Analogously to part (II) it is easy to prove that Iy, I5 and Is tend to zero for e
tending to zero uniformly with respect to g € M. The proof is the same also for
L [y IWit (@)|" dig. Then we have proved

|gao (€2)]2 — |U(z)|p} dz

<Li+1s+1Is

where

1

‘|gmo(ez |z — l‘dz

—|U(2)|P| d=

)

(36) gg%:n | Weoc@P dity = WU
. q
(37) tim = [ WL @I g = [0

(IV) The parametert. (Wy, ) tends to 1 for e tending to zero uniformly with respect
toxg € M.
By Remark 3.1 and the limits (3.5), (3.6) and (3.7), it is obvious that

hmt (Wae,e) = 1.

e—0

(V) Conclusion.
By (II), (IIT) and (IV) we obtain that J.(¢c(xg)) tends to J(U) = m(J) for e
tending to zero uniformly with respect to xg. This completes the proof. O

Remark 3.3. By the previous proposition, in particular we know that, given § > 0,
for any positive € sufficiently small 3. 5 is not empty.
4. THE FUNCTION (8

Given a function u € N, u # 0, it is possible to define its center of mass
B(u) € RN by
(4.1) By = Jur T @I iy
Jog T @)1 ditg
To prove that 8 : ¥¢5 — M,(a) (see Definition 2.3), we use the fact that the
functions in ¥, s concentrate for € and ¢ tending to zero.
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First of all we find a positive inferior bound for the functional J. on the Nehari
manifold. Let us denote

42 — inf .
(4.2) me = inf Je(u)

It is easy to see that
inf , >0
g Tellran
and, since the manifold M is compact, that the infimum m, is achieved.

Lemma 4.1. There exists a positive constant K > 0 such that for any ¢ > 0 the
inequality me > K holds.

To prove this lemma we need the following technical lemma, whose proof can be
derived, arguing as in Lemma 5.2 in [4].

Lemma 4.2. For anyr € (0,7(M)), there exist constants ki, ko > 0 such that for
any u € HYP(M) and for any € > 0, there exists v € Hé’p(Mr) such that v|y = u
and

(4.3) lolnry < Fallwll?,

(4.4) >

ko
||U||%q(MT) 6TL||7v‘||qu(]\/1)-

Proof of Lemma 4.1. We notice that, for any u € N, we have

1 1\ 1
= —_— = —_— q
Je(u) (p q) €" /M e

Taking into account Remark 3.1, it follows that

me = inf{ TP (t.(w))? : we HP(M), iﬂ/ o, |7 = 1}
pq € M

— 1
— it { TP P/ ) e HYP(M), 7/ wl? = 1.
pq € JMm

Taking into account Lemma 4.2, we have that for any w € HP(M)

0 < m(y) < Winon) b fy (1Vulp + ul?)
>~ HUH]ZA(MT) - kg/q (eiﬂ fM |w|Q)p/q
The lemma follows since [,, [w|? > [, [wi]9. O

In the following lemma for every function v € A, it is stated the existence of a
point in the manifold where w in some sense concentrates.

Lemma 4.3. Let C be an atlas for M with open cover given by Bg(Za, %), a =
1,...,k. There exists a constant v > 0 such that for any fixred 6 > 0 and for
any 0 < € < €(8), where € is defined in Proposition 3.2, if u € N, there exist
a1 = a1(u) and as = as(u) such that

1 1\ 1
( - ) 7/ (e’ |Vulp + |ul?) dug > v,
P a) € Jp, (e, 2)

Taysg

(4.5) N
( - ) 7/ lu*|dpg > .
P a) € Jp, (e, 2)
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Proof. Let u be in N,. Let {t¢)g }a=1,... 1 be a partition of unity subordinate to the
atlas C. It is possible to write

s = (3= 1) lule] )

2

1 1 1 b p p p
B l(p - q> @ E_:l/m) el (vl + 1 )dug] et

[N

1 1\? 1 3
<[|[--- k — PV u|P P\ 4 J.
< (3 b) Vi (5 ) ) o)
By this inequality and Lemma 4.1 we conclude that

1 1\ 1 1 K
n P p p > — >
1<3§k( ) en /By(%’g2 (6 |Vull + |u] )dug > k:JE(u) > -

Nl

b q

and the first equation in (4.5) is proved. The second equation can be proved in the
same way. ([

In the following proposition the concentration property is better specified.

Proposition 4.4. For any n € (0,1) there exists §1(n) < m(J) such that, for any
0 € (0,01(n)) there exists €1(8) such that for any e € (0,€1(8)) and for any function
u € X5 we can find a point xo = xo(u) € M with the property

1 1) 1
(—)/ lu|%dpy > nm(J).
n g
P a) € Jp, (a0 mi0)

Moreover €1(0) is nondecreasing with respect to 9.

The proof of this proposition needs the following lemmas. We state the following
splitting lemma (see Theorem 3.6 [12]).

Lemma 4.5. Let {v;}reny C N be a sequence such that:

J(vg) = m(J) as k — oo,
J'(vr) = 0 in (HYP(R™)*  as k — +oo.

Then

o cither {vy }ren converges strongly in H*P(R™) to a positive ground state solu-
tion of (2.9) or

o there exist a sequence of points {yk}ren C R", with |yx| — +00 as k — 400,
a positive ground state solution U of (2.9) and a sequence {v9}ren such that, up to
subsequence:

(i) vi(z) =vQ(2) + U(z — yg) for any z € R™ ;
(i3) vQ — 0 strongly in H'P(R™), as k — +o0.

Lemma 4.6. Let {e;}ren and {0k }ren be two positive sequences tending to zero
for k tending to infinity. For any k € N let uy be a function in X, 5, such that for
any u € Ty, X

€kyOk

e, (k) (w)] = o(1)[[ulle, ,
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where || - ||e is defined in (2.8). There exist a sequence {xk}ren of points in M and
a sequence of functions {wg}ren on R™, defined as

(4.6) w(2) = Uk(expxk(€k2))xffz(|z|),

such that the following properties hold:

(i) There exists w € H“P(R™) such that, up to a subsequence, {wy }ren tends
to w weakly in H*?(R™) and strongly in L] (R™).
(ii) The function w is a weak solution of —Apw + |w|P~2w = (wT)4~! on R,
(iii) The function w is a positive ground state solution.
(iv) limg—yoo Je, (ur) = m(J).

Proof. To get started we consider xj to be points in M such that uj has the property
(4.5). We will be more precise in point (4i7).

(i) It is sufficient to prove that the sequence {wy }ren is bounded in H'?(R™). We
write:

Jeullman = | o ) (V) + g (2)]7) d=

<c / Viue(exp., (@I [x (21)] " dz

+c/ [

1 +12.

We consider the following inequality:

7t t
& Vs, =L [ [Gulgdn
kJM € JBgy(z,R)

Ep 1
=% [ Vu(ep, (D (s ()]s
B(0,R) k

()] + g D[] hon(empy, cnzlras

(4.7)
Lo IVusespe, (D] o lom(er2)] s
B(OJZ

h3 hz
> — : Py > —— 1.
2 ot /B(o,;:) |V (exp,, (ex2))|Pdz > ot b
Moreover for k sufficiently big the following inequality holds

Xpep
pec(Mhin) [ e, @)
B(O’fk)

(4.8) <2 jur(expy, (2)) Pdz

€x JB(0,R)
2C /

< = lug(x)|Pdpy
h%€d Jp,(anR) !

with C' a positive constant. By (4.7) and (4.8), we have that
C
B L2 G [ (@ITuly + lunlo)P) duy < Cody () < Calm() + 1),
kM

where C1, Cy are positive constants and k is sufficiently big.
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(i) First of all we prove that for any § € C§°(R") J'(wx)(§) = o(1)[|€]lzrm(rn)
for k tending to infinity. For k sufficiently large and for any z in the support of &
E we have x & (|z]) = 1, so J'(wr)(§) = J'(ur(exp,, (ex2))(§). Now we define the

function & in HYP(M) as follows:

exp; ()

en(z) = £ (ﬂc) Vz € By(zy, R),
otherwise.
Then we want to write
I (wy)(§) = J, (ur) (&) + B,
where Ej, is an error. Now, if &, € Ty, X, s,, by hypothesis

| JL (ur) (r)] = o(D|€klle, = o€l r.m (e y-
If & & T, X, 5, then it is easy to show that &, + A\puy € Ty, 2e, 5, With

1 1

[CE /M (el Vur b2 gu, (Vur, VE) + plug P >ury
€k

—aluf |17 dpg -
Then we have
| I () (€R)] = [ T2, (un) (& + Akun)| = o(1) 1€ + Apugle
= o(L)(Ikller + [Melllurlle,) -

Since |Jug |, is bounded from above and from below away from zero (recall Lemma
41),

A =

C _ ple=1) 1
el < T (a2 el + lullen ™ = el aan
e I, i

1
< (II&kek + leéqu(M)> ;

€k
where C and C’ are positive constants. By the fact that

1
€kller < CNIENlHrrRny and =&kl La(ary < C”|1EN rp(rm)
€
for a suitable positive constant C”', we can conclude that
| I (uk) (&) | = oDIE N rrr ey -
Now we have to check the error: we can write
|Ex| < |Ev k| + |Eok| + | Es il
where

1
Eij = / |Vwg [P~ 2Vwy, - VEdz — e—n/ 62|Vuk|§_29$k(Vuk,ka) dprg ,
n k M

_ 1 _
Es =/ lwi [P wié dz — TL/ k[P 2us dpg ,
n Ek M
1 et
" g |7 &k dpag -

n
€k

Bax = [ lufl"¢dz -
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Let i (2) = up(exp,, (exz)), then for the first term we have

Bvsl < /

(Va2 = Vi) ™*) Vg - €] dz

+ /_ |Vﬂk|5_2

0z; 87:]

~ —2¢ij ~ —2 i3 1
(IVar[P=26" — [V QQZJk(ekZ)\gmk(ekZ)P)

ij _ _ij 1 Oy, Bf
(07 = g (@2)lga () ) 5 5> | d

ij i Oy, Oy,
/'v“’“ 6r 1d+(1-6,)g | (97, (€12) = 53)377 Vi - VE| dz
+ / Vinly (07 = g (e () D G2 55| .

where 0, = 04(2) is in (0,1). The limits
lim |g;j (ekz) - 5”| =0, lim |6ij - gfcj. (ekz)|gIk (ekz)‘%| =0
k—o0 k k—o0 k

are uniform with respect to z € =. Since there exists a positive constant C' such
that

8uk auk
Bz 0z

H|Vﬁk |§72

Vi, - V€| dz < Cllae]Fpi) 1€l mr i)

1
o dz < Cllill5r ) 1€l (2

and 4y is bounded in Hf(:), we conclude that |Ey x| = o(1)|[€]|g1.p(rn). Similar
arguments give that also |Es x| and |E3 | are o(1)[|£]] g1.p(mn)-

Our second and last step is to prove that for any £ € C5°(R™) J'(wg)(§) tends
to J'(w)(§) for k tending to infinity. By Lemma 3.1 in [21], we have that

Vw, — Vw a.e. in R™
(4.9)
|Vwi[P~2Vwy, — |[Vw|P~2Vw  weakly in L7 T (R") and a.e. in R™

as k — oo. Therefore [p, |Vwg[P~2Vwy, - VEdz tends to [5, [Vw[P~2Vw - VEdz.
By the mean value theorem there exists a function 6(z) with values in (0,1) such
that

[wr P2k = [wif 171 = JwlP~?w + w771 ¢]
= |(p = Dowi + (1 = 0w’ — (¢ = 1|(Owr + (1 — 0)w)™|772| Jwy, — wl|¢].

Integrating on R™ the previous quantity, we obtain

[l 1771 ol 2w+ ¥ ¢
R‘IL
<=1 [ Jownt (1= 0wl 2l ~ wllg]ds

a1 [ J6wnt (1= 0)w) 172~ wllg| .
By Hoélder inequality the righthand side is bounded from above by
(p = DIIfwi + (1 = 0w}, iz lw = wll o) 1€l Lo (=)
+ (¢ — D[0ws, + (1 - 9)w||qL;(25)||wk —wlLaz)ll€llzaz)
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where ||wy —w||zr(z) and ||wy —w||Le(z) tend to zero by (). Besides the sequences
|6wy + (1 — 9)w||’£;(25) and ||Qwy + (1 — 9)w||qL;(25) are bounded.

(#31) Let t), = t(wy) be the multiplier for the problem on R" defined analogously to
Remark 3.1. First of all we prove that there exist 0 < t; < t5 such that t; <ty <tq
for all k£ € N. Since

tq p_ || k?HI[)-[l p(]Rw
77

[y ||Lq(Rn)

we estimate

1
ke s > A2 / Vunl? dyiy + o / kP dja
H1.p(R™) HQEZ Bg(ﬂck,%) g 9 H262 Bg<xk,§) g

min{h%,1} 1
> e [ IV + ) g
k g\ ZTks3
S min{h?%,1}pq
~ H3(g—p)
H> +1 (H% +1)pg
p < I S e
||wk||H1,P(Rn) > h, HukHek h%(qu) Jek(uk)
_ (H? + Dpg(m(J) +1)
- h%(q—p) ’
1 Pq
w1 a@n) = g | dpy > —= oF
ke H?EE By(en®) 0T H2(g—p)
Pq pg(m(J) + 1)
w190 @n) < || e = 7 e () < —5 ;
el = S lLnon = g5 —p) h%(q—p)

where we have used both equations in (4.5). So we consider
v R
min{hz,1}hzy) 77
t1 =\ —= 3~ < )
Hz(m(J)+1)

ty = <(H§’ + 1)(22(? + I)HZ)lp |

By the boundedness of {t;}reny we conclude that, up to subsequences, tj con-
verges to t.

If £ € CF°(R™), it is easy to see that |J'(tpwg)(§)| = o(1)[[]|g1.pmn). We can
then apply the Splitting Lemma 4.5 to the sequence {Wj, = tpwy }ren.

In the first case we have that {t;wy }ren strongly converges to a positive ground
state solution w in HP(R™). It is easy to show that {t;wy }ren strongly converges
to tw. Therefore we conclude that @ = tw, and thus w # 0. Since both w and @
belong to A, we infer ¢ = 1 and (i7) follows.

Otherwise, there exist a sequence of points {yx }ren, with |yx| — +00, a sequence
of functions {w?}ren and a ground state solution U of —A,w + |w|P~2w = (wt)4~!
on R” such that, up to a subsequence, Wy, (z) = tjwy(z) = wl(z) 4+ U(z — yx) where
{w}ren tends strongly to zero in HMP(R™).
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We can consider three different cases:
(a) limg—oo Y| — EE > 2T > 0 for some T > 0;

(b) limp—soo [ye| — 2 = 05
(¢) limg— o0 6—12 — |yr| > 2T > 0 for some T > 0.

(a) Since by definition W, = 0 in R™\ B (O, 6%), we have that w{(z) = —U(z—yx)
for any z ¢ R*\ B (O, g) Then we have
/ (V)P + [wl(2)P) dz
5 (0.2)
- / (VUG — ) + U=z — o)) d=
Rn\B(o,%
> / (VU (= — )l + [U(z — e)|P) dz
B(yk,T)
- / (VU — g) P+ [U(z — ) P) dz + (1)
B(yi,T)

- / (IVw (=) + |w(2)]P) dz + o(1) > 0
B(0,T)
and this is in contradiction with the fact that wg tends strongly to zero.

(b) If limp o0 |yx| — E—I"Zf =0, let 7(yx) denote the projection of y; onto the sphere
centered in the origin with radius g. Then

/ (IVa ()P + [wl(2)?) d=
Rn\B(

R
0,;

:/ (IVU(z — yi)|P + U (2 — yp)|") d=
R"\B(O,TIZ)
> /{ZEB(be) ‘ s (IVU(z — ye)|” + U (2 — yx)|") dz 4+ o(1)

Vu(2)|” + w(z)[") dz + o(1)

- /{ZeB(O,T) | > 2} !

- / (VU +|U(2)) dz + o(1)
{zeBOD) | 21> 2

-/ (VU +[UE)P) dz +o(1)
{zeB(O,T) | z-ﬁzﬁ‘)zo}
> min / (IVU(2)|P + |U(2)") dz + o(1)
CES™ J{2eB(0,T) | z:¢>0}

=C+o0(1) >0,

where S™ is the unit sphere in R™, z - ( is the scalar product in R™ and C is a
positive constant. The previous quantity is greater than % for k sufficiently large,
which is a contradiction.
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(c) Finally, if limy oo & — |yx| > 2T > 0, for k sufficiently large B(yy,T) is
contained in B (0, g) There holds

1 1
G-2) [ 0=
p g B(yk,T)
1 1
= (—)/ |U(2)|%dz = v > 0.
p q B(0,T)

We consider the new sequence of points
Ty = exp,, (exyr) € By(zp, R) .

For k sufficiently large, if we set U(Zx) = exp,, (exB(yx,T)), which is a neighbor-
hood of Ty, then

1

L ! lut
€, Ju(ay)

1
g |9dpy = = uy; (expg, (2))|%192, (2)]7 dz
€k JerB(yk,T)

> B3 / |w,:'(z)|qdz.
B(yx,T)

Since t, € [t1, 2],

1
/ |w,’€"(z)|qdz > —q/ |tkw,j(z)|qdz.
B(ye.T) t2 JBye.1)

By the Splitting Lemma 4.5 we have

q
[ wr@me= [ e+ 06 -u) [ i
B(yk,T) B(yx,T)

:/ U (2 — yp)|?dz + o(1)
B(yx,T)

:/ U (2)%dz + of1) = 22
B(0,T) q—

So we have proved that for any k sufficiently large
1

n
€k JU (&)

Yo +o(1).
, (1)

(4.10) luji |%dpg > o > 0.

By definition, for k big enough U(&y) is contained in By (Zx, R) and so we can
substitute xy by Zx and wy by Wy, defined as in (4.6) with the new choice of points.
Steps (7) and (i) are independent of xj, (provided wy, is not identically zero) and so
wy, tends weakly to a weak solution w. It is possible to see that there exists T>0
such that U(Z) C Bg(ik,ekf) for any k. Then we have

~ 1
[ gatel e e [ s,
B(0,T) H2e )b, @)

7|
> —= lu ()| %y -
Hzep Jug,) § !

By (4.10) and by the strong convergence of @y, to @ in L4(B(0,T)), we conclude

that _
/ ’@+(z)’qdz > 702
B(0,7) H~>
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and so w # 0 and w € N.

From now we write as before wy, instead of wy, x) instead of T and w instead of
w. Finally the last step is to show that J(w) = m(J). Let us consider the following
inequalities

1 /1 1
() + 2 Jal) = 2 (5= 2] It T
(4.11) K

1 1 / 1
>-—-- Wi | ge, (er2)|2dz .
(G-1) [ 1t Vo)

We define the sequence of functions in L4(R"):

Fi(z) = (1 - 1) "t ()9 ()|

p q

By (4.11) this sequence is bounded in LI(R™) and there exists a weak limit F €
L(R™). We prove that

(4.12) F(z) = <1 - 1) Tt ()]
Let &€ be in C§°(R™). There holds

Fu(2)€(2) = (; - f]) "t (2)(2)

for almost every z € =, the support of £&. We can now apply Lebesgue theorem. In
fact, there holds

Fo(2)|Je(2)] < (; - ;) " (2)EC)

and, since wy, converges strongly to w in L4(Z), there exists W € L4(Z) such that for
1

all k |wy(2)| < W (z) almost everywhere and | Fy,(2)] |€(z)] < H2a (% - %)E W(z)|&(2)| €
L%(Z). So (4.12) is proved. By weak lower semicontinuity of the norm

HF”LQ Rﬂ < hkn;l)gf HFk”%q(Rn) )

1 1 / tiq . (1 1>/ N .
- _Z wT|%dz < liminf | = — = w9 ga. (ex2)|3dz .
<p q> n | | k—o00 p q n ‘ k“ | k( )‘

By this inequality and (4.11) we conclude that
m(J) = lim m(J) + 0 > lim Je,, (ur)

that is

1 1
q) / i (2) ] g (e02) | 2 dz

1
(4.13) > liminf I;
1
( - ) 2)|9dz > m(J).

k— o0

q
The equality is immediate from (4.13). (]

We recall here Ekeland Principle (see for instance [14]).
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Definition 4.7. Let X be a complete metric space and ¥ : X — R U {400} be a
lower semi-continuous function on X, bounded from below. Givenn >0 andu € X
such that
U(u inf ¥
(@) < nf (u) +

NIES]

for all X > 0 there exists uy € X such that
U(uy) < ¥(u), d(ux, @) < A
and for all u # uy it holds
W(uy) < U(u) + gd(uA,u).

Remark 4.8. (1) We apply Lemma 4.6 when uy is a minimum solution uy €
N, Jep(u) = me,. By (iv) we have limy—yo0 me, = m(J). In particular
there exists a nondecreasing function

0 € (0,400) — €1(d) € (0, +00)

such that if € € (0,€1(0)), then |me —m(J)| < 4.
(2) Applying Ekeland principle for X = X, 5, with € < €1(0) as in (1), we obtain
that for all u € 3. 5 there exists us € X 5 such that

Je(us) < J.(a), us — @l < 4V
and for allu € TS 5
(4.14) | ! (us) (w)] < V5[ulc.

Proof of Proposition 4.4. By contradiction we assume that there exist ny € (0,1),
two positive sequences {0 }ren, {€k}ren tending to zero as k tends to infinity and
a sequence of functions {ug }ren, with uy, € X, s, , such that for any x € M

1 1 1
4.15 - —-= —/ u9d <mom(J).
(119) (P Q) €n Bg(x77'(M))| eldpg < mom(J)

2

By Ekeland principle for any k we can consider 4 as in 2 of Remark 4.8. Property
(4.15) becomes

1 1\ 1
4.16 = —= 7/ wf|%dpg < mom(J
(1.16) (5 0) T L s <)
with 7 still in (0,1). To prove this we have to evaluate the difference
1

_ ~+lg |, e
e Bg(;c#)“l%l |yl | ‘dﬂga

which by mean value theorem can be written

q " —1,.
(4.17) L[ Ny 1 = .
€, JB

where B is B, (m, T(éw)) and uj(z) = 0(z)ug(x) + (1 — 0(z))uk(x) for a suitable

function 6(z) with values in (0,1). By Hoélder inequality (4.17) is bounded from
above by

g—1 1

1 Tq 1 5 q

(4.18) (= / [ A I / iy — ugldpsy )
Ek B ek B
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We prove that the first factor in (4.18) is bounded and the second one is infinitesi-
mal. In fact, for positive constants C, C’, C"”, we have

1 . 1 . C -
:"/ |(uk)+\‘1d,ug < ETL/ ‘“g +U2I“dug < ETL/ (Wl“r |“Z|q) dpg
L /B L /B kJB

<O (T, (g) + Je, (ug)) < C”.

For the second factor, if it is zero for infinitely many k, we finished. Otherwise, on
each chart with domain By(x, R) overlapping B, we consider the functions on R™

Vak(2) = (@n(expy, (€12)) — ur(expy, (r2))) x28(2).

Then we have

1 N H> 3
— |ty — ug|?dpg < —— |t (exp,,, (y)) — uk(exp,, (v))|*dy
€k JBy(2a,R) €; JB(O,R)

gH%/ o (2)]9d

As it is written in the proof of (ii¢), Lemma 4.6, there exist 0 < ¢; < t5 such that
t1 < tg, t), < to, with tgvgo € N and —tjvg,o € N, so

o)z = [ (@) G +1(00n) () d2

1
< [ (a1 (1) ds
1
= [ (0T 00k P + 000 P + 60 r (P + thvar (P d
7 L.
2t5 » »
<52 [ (Toas@IP + as(2)l) d:
1 JR»
2D H % 220 HUP T p
< 2277 Ty p o2 2777 53
< t(fh% ||t Uk||€k7 t(fh% 0y

and this proves that the second factor in (4.18) is infinitesimal.

We apply Lemma 4.6 to the sequences {0y }ren, {€x }ren and {Ug }ren, obtaining
a sequence of functions on R™ {wy}ren. Let w be the weak limit in HLP(R™) of
wy. Let 72 be a constant in (0,1) such that 7e > 1+2n1_ Since J(w) = m(J), there
exists T" > 0 such that

(4.19) G-2) [ o T (),

p q

On the other hand, up to a subsequence, we have

1 1 1 1
( - ) / lwt|9dz = lim < — > / lw;|?dz
P aq/) Jpomr k=oo \P  q/ JB(o,1)

1 1\ 1 q
= lim (—) —n/ ‘(ﬂkoexpzk)Jr’ dz.
k=oo \P Q) € JB(0,eT)

By compactness the sequence {xy}ren converges (up to a subsequence) to
for any z € B(0,T) the limit of |g,, (exz)|2 for k tending to infinity is |gz(0)|

(4.20)

and
=1.

N ]
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Since 1%:77171 € (0,1), for k sufficiently big for any y € B(0, e,T) we have |g,, (y)|2 >

2m_ Gg the last limit in (4.20) is less than

14+m
1 1 1\ 1 q 1
i (2= D)2 [ J(een,) T Gl
B(0,eT)

2’171 k—oo \ D q %
1 1 1\ 1 1
_ldbm o (_)n/ | dug < 2 Mn (),
2 k=00 \P  q) € JB,(ay.eT) 2

where we have used property (4.16). By this inequality together with (4.20) and
(4.19) we get g < H% which is in contradiction with the choice of 7. O

It is now possible to prove the following proposition:

Proposition 4.9. There exists § € (0,m(J)) such that for any § € (0,6) there
ezists € = €1(0) > 0 such that for any e € (0,€1(9)) and u € X5 the barycenter
B(w) is in Mypry. Moreover 0 € (0,0) — €1(0) is a nondecreasing function.

Proof. Denoting by D be the diameter of the manifold M, it is natural to assume
that (M) < D. Let 7= 1— "3 ¢ (0,1) and § = min {6,(77), r(M)m(J)/4D},
where 01 (7)) is defined by Proposition 4.4. So, in particular, 6 < §;(7) < m(J) and
Proposition 4.4 defines €1(d), which is nondecreasing with respect to 6. For any
§ € (0,6), € € (0,€1(9)) and u € X 5, there exists a point xg such that

1 1\ 1
(—)/ lut|9dpy, > nm(J).
n g
p q) € Bg(onw)

Since u € ¥, 5 we also have

(1—1) i-/ lut|9dp, <m(J)+96.
M

p q
By the previous inequalities we have then
fBg(mo,w) [u (2)|? dpg il
> .
Jar lut (@) 2dpg 1+ »”LELJ)

We can now esteem
Jas (@ = o) [ut ()| dpg
Jar lut (@)]9 dpag
S, (5o, 2any (& = wo)[u™ ()| dg
fM \u*(x)|qdug

7”(M)+D<1H776> < r(M).

1B(u) — wo| =

fM\BQ(mO,w)(l‘ — xo)|ut ()] dpg
fM |u+(m)\qd,ug

IN

2

5. THE FUNCTION [,

We prove now that the composition I, of ¢. and g is well defined and homotopic
to the identity on M:
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Proposition 5.1. There exists ea > 0 such that for any € € (0, €2) the composition
I, :ﬂod)e:M*)Mr(M)
is well defined and homotopic to the identity on M.

Proof. By Proposition 3.2 and 4.9, I. is well defined, choosing € suitably small.

Let us consider the function H : [0,1] x M — M, (), defined by H(t,xz) =
tlc(z) + (1 —t)z. This function is a homotopy if for any ¢ € [0,1] H(t,z) € My (ap)-
It is enough to prove that for any xg € M |I.(xq) — 0| < r(M). Since the support
of ¢c(zo) is contained in B,(zo, R), taking account of Remark 2.2 we have

Jar (& = x0) (Be(20) () Idpy
Jas (De(@0)(2))9dpg

0, 2)(€@pag (€2) = €xpuy (0)(U(2) = Un)?|gay (e2)|2dz
50,2 (U(2) = Us )9|gs,(€2)|2 dz
iLH%GfB(O,%) 2|(U(2) — ﬁ%)qdz
=T J0,2)(U(2) —Uxr)1dz

[e(20) — 20| =

where Uz is the value U(z) for any z € R™ such that |z| = £ Since U de-

cays exponentially, we conclude that there exists a positive constant C; such that
‘[E(Io) — I’0| S Clé. |:|

We immediately infer the following lemma.

Corollary 5.2. There exists § > 0 such that for each § € (0,0), there exists €(5) > 0
such that

cat(M) < cat(Zes).

Proof of Theorem 1.1. Since M is a compact manifold, it is standard to prove
that for any € > 0 the functional J. satisfies the (P.S.) condition on N;. The exis-
tence of cat(M) critical point of J with energy less then m(.J)+4 follows from Corol-
lary 5.2 and classical results in Lusternick- Schnirelmann theory. The existence of a
critical point w of J with m(J) 40 < Jz(u) < ¢ can be derived arguing as in section
6 of [4] (see also [7]). We remain to prove that the found solutions are not constant.
This follows from the fact that the only constant solution to (P;) is 4 = 1, for which

Jg(ﬁ):q;—pp%%—i—oo,asaﬁo*‘. O

Proposition 5.1 has another immediate consequence.

Corollary 5.3. There exists 6 > 0 such that for each § € (0,0), there exists €(§) > 0
such that

dim H*(2, 5) > dim H*(M).
Moreover & € (0,6) + &(J) is a nondecreasing function.

Proof. Let & and ¢;(0) be defined by Proposition 4.9. The thesis follows from
Proposition 5.1, choosing €(6) = min{e;(d), €2 }. O
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Remark 5.4. Following the notations of the previous corollary, we can assume
that for any § € (0,0) and for any € € (0,€(8)) there exists &' € [5,8) such that
m(J) + &' is a regular value for J. and, moreover, € belongs also to (0,€(0")), due
to the monotonicity of function €.

In fact, if not, there is § € (0,6) and é € (0,&(6)) such that m(J) + & is critical
for any &' € [5, §), so that, considering also Remark 2.5, the corresponding problem
(P.) has infinitely many solutions and Theorems 1.2-1.3 are both proved.

6. MORSE POLYNOMIALS

Definition 6.1. Let K be a field and X a topological space. For any B C A C X,
we denote Pi(A, B) the Poincaré polynomial of the topological pair (A, B), defined

by
+oo

Pi(A,B) =Y _dim H*(A, B)t*,
k=0
where H¥(A, B) stands for the k-th Alezander-Spanier relative cohomology group of
(A, B), with coefficient in K; we also set H¥(A) = HF(A, ) and P;(A) = P(A, )
is called the Poincaré polynomial of A.

In what follows, if a < b, we denote by
J = {ue H""(M) | J(u) < b}
Jb={ue H'"P(M) | a < J(u) < b}, where we skip € for simplicity
int(J?) = {u€ H*»(M) | a < J.(u) < b}.

Lemma 6.2. J-'{a} \ N, is a deformation retract of J°\ N, for any a > 0 and
b > a. In particular, if a € (0,m.) and b > a, then J-*{a} is a deformation retract
of Jo \ Ne.

Proof. Let D = H"?(M)\ (N. U{0}), C ={ue H'"*(M)\{0} | u <0 a.e}.
For any u € C, the function
fi0,400) = R f(t) = Je(tu)

is strictly increasing, while, if u € D\ C, f has exactly one maximum point 6,, and
0, # 1, since u ¢ N.. So we also define the sets A = {u € D\ C | §, < 1} and
B={ueD\C |60, >1}. It is apparent that J> \ N, C (AU BUC).

If u € J°N A, let 6(u) be the only value ¢t > 1 such that J (tu) = a.

Ifu € J°N(BUC), let §(u) be defined as the only t € (0, 1] such that J.(tu) = a.

In this way

vt e [0,1],Yu € JE\N,.  (t6(u) +1—t)u € J2\ N,

The function § : J2\ N, — R is continuous. In fact, let F : (0, +00) x H*P(M) — R
be defined by F(t,u) = J.(tu) — a. For any ug € J° \ Ne, F(6(up),u) = 0 and, as
d(ug)ug & N,

O (5u0), o) = {7 (Buto)uo) o) # 0

s0, by the Implicit Function Theorem, § is continuous.
Now let H : [0,1]x (JL\N;) — HP(M) be defined by H(t,u) = (t6(u)+1—t)u.
The proof is completed, as we see immediately that:
e H is continuous;
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e HO,u)=u Vu;

e J(H(Lu)=a Yu

o H(t,u) € JO\N. Vi, Vu;

o H(t,u)=u Vt, Vue J {a}\ N

Proposition 6.3. Ifa € (0,m.) and b > a is a noncritical level for J., then
Pr (S8 02) =P (JENNC)

Proof. We recall (see Lemma 5.3 in [6]) that if M is a manifold, N’ C M a closed
oriented submanifold of codimension d and W is a subset of N closed in N, then

PoM, M\W) =t? PN, N\ W).
Taking account of Remark 2.4, if we set M = int(J?), N = MNN_and W = N,
the previous equality gives

Py (int(J2), int(J2) \ N.) =t Py (int(J2) NN;)

hence, as a and b are not critical values for J., we have

(6.1) P (JLJL\NN) =t P (JENN).

Since by excision
Pe (g8 0) = Pe (92,07 Had)

the assert comes by (6.1) and Lemma 6.2.

Proposition 6.4. There exist a, b, € > 0 such that, for any e € (0,€),
a € (0,me), b > m, and

(6.2) Pu(JL, JE) = tPy(M) + tZ(t)
(6.3) P(HYP (M), J7) = t2(Py(M) = 14 Z(1))
where Z.(t) is a polynomial with nonnegative integer coefficients.

Proof. Following the notations of Corollary 5.3, fix 6 € (0,8) and é = €(8). Let
a € (0,m.). By Remark 5.4, for any e € (0,¢), there is & € (4,8) such that
b=m(J)+?d, is aregular value for J.. In this way (6.2) follows from Proposition 6.3
and Corollary 5.3.

Moreover, as N is contractible (see Remark 2.4), Proposition 6.3 gives also

(6.4) Pe(HYP(M), J&) = tPy(Ne) =t

Combining this relation with the exactness of sequence

HE Y (HYP(M), JE) — HM N (J2,J8) — HF(HYP (M), J?) — HF(HYP (M), J¢)
we have that
(6.5) HO(HYP (M), J!) ~ {0}
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and
(6.6) dim H*(HY? (M), J°) = dim H*1(J°,J%) Vk > 3.

Moreover, writing the previous exact sequence for k = 1,2, we have

HO(JY, Jo)y—HY (HP(M), J) &5 HY(H'7 (M), Jo) 5
b HJ, TS HA(HY (M), JY) — H2(HY (M), J%).

By Proposition 6.3 HO(J?, J&) ~ H='((Jo)% NN.) ~ {0}, so that j' is injective.
We will exploit the geometry of functional J,. to show that i! is injective.
First note that HY(HYP(M)) ~ {0}, so, taking account of (6.4), by the exact
sequence

HO(HYP(M),J¢) — HO(HYP(M)) — HO(J¢) — HY(H"P(M), J¢) — H'(H"? (M)
we infer that dim H°(J2) = dim H*(HY?(M)) + dim H'(H"?(M), J&) = 2. This
shows that JZ has exactly two connected components, one bounded containing
ug = 0 and the other unbounded. From the geometry of J, there is a path & in J®
whose end points belong to the two different connected components of JZ.
Let us choose a co-chain ¢ € Z'(HYP(M), J*) such that [7,¢c] = 1. Denoting by =
the cohomology class of ¢ in H(HYP(M), J%) and by &, = i'(Z), we have that 7, is
the cohomology class of &, = S'(i)(¢), where S1(i) : ZY(HYP(M), J&) — Z1(J?, J2)
is the homomorphism induced by the injection i : (J°, J%) — (HYP(M), J%).
So, in particular,

[0.e) =[0.5'()(@) =lico,d]=[o,6] =1
which implies that & ¢ B!(J’, J%), so that #, # 0. Hence i! is injective, as
dim HY(HY?P(M),J%) = 1 and there is z € HY(H"? (M), J%) such that i*(z) =
Zp # 0. Consequently we have

(6.7) HY(HY? (M), Jb) ~ {0} ~ H°(J?, J%).

Moreover we infer that H'(J?, J%) ~ HY(HP(M),J*) @& H?>(H“P(M), J?) so
that

(6.8) dim H?(H"P(M), J?) = dim H*(J°,J%) — 1.
(6.5), (6.6), (6.7) and (6.8) can be written as
P(HYP (M), JY) = tPy(J2, %) —

€)Y€

which, together to (6.2), proves (6.3). O
We need to recall some useful definitions and results (cf. [8, 9]).

Definition 6.5. Let X be a Banach space and f be a C? functional on X. If u is
a critical point of f, the Morse index of f in u is the supremum of the dimensions
of the subspaces of X on which f”(u) is negative definite. It is denoted by m(f,u).
Moreover, the large Morse index of f in u is the sum of m(f,u) and the dimension
of the kernel of f"(u). It is denoted by m*(f,u).
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Definition 6.6. Let X be a Banach space and f be a C' functional on X. Let K
be a field. Let u be a critical point of f, ¢ = f(u), and U be a neighborhood of u.
We call
Cq(fsu) = HU(fNU, (f*\{u})NU)

the g-th critical group of f at u, ¢ =0,1,2,... , where fc={ve X : f(v) <c},
H1(A, B) stands for the g-th Alexander-Spanier cohomology group of the pair (A, B)
with coefficients in K. By the excision property of the singular cohomology theory
the critical groups do not depend on a special choice of the neighborhood U.

Definition 6.7. We denote Pi(f,u) the Morse polynomial of f in u, defined by

o0
Pu(fou) = dim Cr(f, u) t*.
k=0

We call the multiplicity of u the number P1(f,u) € NU {400}.

In order to obtain a multiplicity result of solutions to problem (P.) via Morse
relations, we recall an abstract theorem, proved in [10] (see also [3] and [8]).

Theorem 6.8. Let A be a open subset of a Banach space X. Let f be a C!
functional on A and uw € A be an isolated critical point of f. Assume that there
exists an open neighborhood U of w such that U C A, u is the only critical point of
f in U and f satisfies the Palais—Smale condition in U.

Then there exists i > 0 such that, for any g € C*(A,R) such that

o [If —glleray < i B
e g satisfies the Palais—Smale condition in U,
e g has a finite number {uy,us, ..., un} of critical points in U,

we have .
> Pulg,ug) = Pulf,u) + (1+0)Q(D),
j=1

where Q(t) is a formal series with coefficients in N U {+oo}.

Proof of Theorem 1.2. Let ¢ be as required by Proposition 6.4. From (6.2) and
(6.3) we have that, for any € € (0,€), J. has at least 2P, (M) — 1 critical points, if
they are counted with their multiplicity.

From Morse relations (see Theorem 3.4 [8]) we get

a<Je(u)<b
> Pi(Jeu) =Pi(M) =1+ Zc(1) +2Q.(1) > Py (M) — 1
Je(u)>b

where Q.(t) and Q.(t) are suitable formal series with coefficients in N U {+oc}.
Moreover it is useful to remark that

+oo
(6.9) S dim Cy(Je, w)t? = (t+ )Pe(M) — £ + (1 +1)Sc(t)

Je(u)>a q=0



MULTIPLICITY AND NONDEGENERACY OF POSITIVE SOLUTIONS 25

where Sc(t) = Qc(t) + Qc(t) + tZ(t) and Z(t) is defined by Proposition 6.4.
Taking account of Remark 2.5, as J.(0) = 0 < a, we infer immediately that (P)
has at least 2P;(M) — 1 positive solutions, if counted with their multiplicity. In
order to prove that these solutions are not constant, i.e. different from u; = 1, we
must deal with two cases separately.

When p > 2, we choose €* = é&. As (J/(u1)v,v) = B4 [, v dugy, we have
that J”(u;) is negative on HP(M), so by Theorem 3.1 in [20], it is clear that
Cq(Je,u1) = 0 for any ¢ in N. This means that u; does not appear in (6.9), hence
the 2P (M) — 1 solutions given by this equation are surely non-constant.

When p = 2, let us consider the nondecreasing sequence {\,, },en of the eigenvalues
of —Agy in M, where it is known that A\g = 0 < A; and A,, = +o0. In this case we

choose € = min {é )?;32} Considering that in this case

o) = ([ Vel au, + -0 [ *d, )
€ M M

if e € (0,€*) then m(Je,u1) > n+ 3 so that

(6.10) Cy(Je,u1) =0 Vg <n+2.

As the Poincaré polynomial P;(M) has no terms with an order higher than n, from
equations (6.9) and (6.10) we infer that (P.) has at least 2/P; (M) —1 non-costant so-
lutions. 0

Remark 6.9. When p = 2, Theorem 1.2 can be slightly improved, as there is
a decreasing infinitesimal sequence {u;tien in (0,€*) such that if € # u; for any
i € N, then (P.) has at least 2P1(M) non-costant solutions. Indeed, following the

notations of the previous proof, let u; = )\q;ir_. If € € (phig1, i), then uy is a

nondegenerate critical point and, from classical Morse theory in Hilbert spaces,

+oo

Z dim Cy(Je, ur )t = tm(‘]““l),

q=0
where the Morse index m(Je,u1) =n+3+i > n+3. As (t +t2)P(M) has no
term with order higher than n+2, by (6.9) we infer that Sc(t) # 0, thus there is at
least one more solution @ of (P.), such that Cyq(Je,w) # 0 for g = m(Je,u1) +1 or
qg=m(Je,ur) — 1.

7. REGULARITY OF ¥

In all this section we consider solutions u € H?(M) to a quasilinear equation
of the form

—div, ((a + |Vu\3)(p_2)/2 Vu) = h(x,u)

where 0 < o, 2 <p<mnand h: M x R — R satisfies the assumption:
e (h) for any s € R, h(:,s) is continuous on M, h(x,-) is C* on R and
Y(z,8) € M xR, |Dsh(x,s)| < c1|s|P" 2+ cq, with ¢1, co positive constants,
p* = pn/(n—p).
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Naturally, any solution u € H?(M) corresponds to a critical point of the Euler
functional I, : HYP(M) — R, defined by

1 y2)
@) L= [ (e Vu@E) duy - [ HE ) d
M P M
where H(z,s) = [ h(z,t)dt.
We recall this crucial result proved in [13].

Theorem 7.1. Let ug be a critical point of the functional I, such that I/(ug) is
injective. Then m(I,,ug) is finite and

CoIn,w) =K, if ¢ =m(I,uo),

Cy(In,uo) = {0}, if ¢ # m(Iy,uo).

This theorem, extending a classical result in Hilbert spaces, suggests the following
definition.

Definition 7.2. A critical point ug of I, is said nondegenerate if I!! (ug) is injective.

In the following of this section we want to complete some results proved in [13].
Let us fix an isolated critical point ug of I,. In [13] (see Proposition 4.7) the
following result is proved.

Proposition 7.3. There are V and W subspaces of H*P(M), r >0 and p € (0,7)
such that
(1) HY"»(M)=V e W
(2) V C CY(M) is finite dimensional
(3) V and W are orthogonal in L*(M)
(4) for each v in VN B,(0), there exists one and only one w € W N B,.(0) such
that for any z € W N B,.(0) we have
Io(uo +v+w) < In(up + v+ 2)
moreover W is the only element of W N B,.(0) such that
(7.2) (I' (uo +v+w),z) =0 VzeW
(5) foranyveV,zeW
(I (ug)v, z) = 0.

Remark 7.4. If (1), (2) and (3) of the previous proposition hold when replacing V
with a new subspace V. and W with W such that W C W, then even (4) still holds.

From the previous proposition, we can define the map
(7.3) Y : VN B,0)— WnB,.(0)

where 1)(v) is the unique minimum point of the function w € WNB,(0) — I, (uo+
v+ w).
In this way, reasoning as in Section 4 of [13], we have the following result.

Remark 7.5. There exist Ry, Cy, 1> 0 such that
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e if 2 € Br,(ug) and (I'(2),w) = 0 for any w € W, then z € C*#(M) and
HZHCLﬁ § CO? with 6 6]071[;

e setting K = {z € Bg,(ug) NCYP (M) | ||zl|c1.s < Co}, thereis > 0 such
that, if z € K, then (I"(z)w,w) > u||w||%,1,2(M) for any w e W;

o K is conver and ug +v +(v) € K, for any v € VN B,(0).

We begin to derive the following lemma.

Lemma 7.6. The map ¢ : V OEP(O) — W is Lipschitz continuous with respect to
the norm || - | gr2(ary on W.

Proof. Let v,z € V N B,(0). We evaluate
0= (I (uo + v +(v)),¥(v) = ¥(2)) = (Lo (uo + 2 +1(2)), ¥ (v) — ¥(2))
=(I5(uo +tv +t(v) + (L = t)z + (1 = 1)9p(2)) (¥ (v) — 9(2)),v — 2 + ¥ (v) — 9(2))
for a suitable ¢t € (0,1). By Remark 7.5 we have that u; = ug + tv + t(v) + (1 —
t)z + (1 — t)Y(2) € K, so that

19 (v) = () 2ar) < 1/l (ue) (D (v) = 9(2)), D (v) = ¥(2))

= —1/u{I5(ue) ($(v) = ¥(2)),0 = 2) < Ko = 2]l [¢(v) = ¢(2) [ mr.2(01)-
Hence we have

[0(0) = () a2 ary < Kllo -2
where K is a positive constant. ([l

If u € K, we can extend I’,(u) to H“?(M) by defining A, (u) : H"*(M) — R
W), = [ o+ IVu@)) F (Fula) V@), dg

a /M h(z,u(z)) z(x) dpg;

for any z € H"?(M).
Analogously we can extend I’ (u) by defining As(u) : HY2(M) x HY2(M) — R

p—2
2

(As(u)z, 0) = /M (o + [Vu@)2) T (Va(@)|VO())y dig
+0-2) [ (@ +Vu@P) T (Vu(o)Va(e)), (Tula) [F0(), da

= [ Dulau(@)2(@() di

for any z,0 € HY2(M).

We now denote by H* the orthogonal of V in H?(M) according to the scalar
product in L?(M), so that H* is the completion of W in H'2(M).
It is easy to see that Aj(u) is linear, As(u) is bilinear and symmetric, both are
continuous and the following result holds.

Lemma 7.7. It results that
(1) if v € VN B,(0) then (A1(ug +v+1(v)),z) =0 for any z € HT;
(2) there is > 0 such that (Ax(u)z, z) > ;LHZH%[LQ(M) for any v € K and
z€ HT;
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(3) if ur,us € K and z € HY2(M), the real function g : (0,1) — R defined by
g(t) = <A1(tU1+(1*t)U2), Z> 8 Cl and gl(t) = <A2(tU1+(1*t)U2)Z, ’U,17UQ>.

In what follows, we prove directly that the map 1 is C'* with respect to the norm
|| z71.2(ary on W. The same argument can be also performed for problems defined
on domains of R™ instead of on manifolds. We also precise that in Lemma 2.2 of
[11] - which will be completely stated and proved again in next Theorem 7.12 - the
C! regularity of the map v is already stated. However, even if the statement is
true, that proof does not work, since it relies on the introduction of a penalized
functional, which is not C? on the Hilbert space (see, for instance, Proposition 2.8,
Chapter 1 in [1]).

Theorem 7.8. ¢ is a C* map with respect to the || - || gr.2(ar) norm on W.

Proof. We begin to prove that ¢ is differentiable with respect to the || - ||H1,2(M)
norm on W. Let us consider o € V N B,(0). Setting @& = ug + v + (), by (2) of
Lemma 7.7 we have that Ly : HT — (H1)* defined by (Lz(2),6) = (Aa(u )z ) is a
linear and continuous isomorphism. Moreover, for any h € V', (A2(@)-, h) belongs to
(HT)*. We denote by By(h) = L' ((As(@)-, h)), so that By (h) is the only element
of HT verifying the equality

(7.4) (Ay(u)z, By(h)) = (As(u)z,h) Vze€ HT.
It is obvious that By : V — H™ is linear, moreover it is also continuous, as
(7.5) IBa(M)lmrr2ary < L3 sup [(A2(@)z, h)| < C|A].

2EHN ||zl 1,2 (pr)=1
If we show that

" 172

then the differentiability of ¢ is proved, being ¢'(7) = —Bg.
Let us choose h € V', h # 0 such that v+ h € V N B,(0).
Denoting by z, = ¥(v+h) —1(v) + Bz(h) € H*, by Lemma 7.7 and (7.4) we have,
for a suitable ¢ € (0, 1), that
0 = (Ai(uo +0+h+9(0+h)),zn) = (Ar(uo + 0+ ¢(0)), zn)
= (Ag(ug + 0+ th+tp(U+ h) + (1 — )Y(9))zn, h)
(7.6) +(Az(uo + 0+ th +t(+ h) + (1 — t)y(0))2n, 2n)
—(Aa(utg + 0+ th + t(5 + h) + (1 — )p(0))2n, Ba(h))
+(A2(@)zn, Ba(h)) — (A2(w)zn, h).
In what follows we denote by wu;, = uo + U+ th 4+t (v + h) + (1 — t)9(0).
The Ascoli-Arzeld Theorem assures that ilbirrb lwt, — @llcr =0, so
—

(7.7)
[(Aa(ur, )z, 0) — (A2(@)z,0)| < o(h)|| 2|2 a0l arzary V2,0 € HY?(M)

Therefore (7.6), (7.7) and (7.5), taking account of Lemma 7.7, give

=0

wllzn e ary < (Aa(us,)2n, 2n)
<|((A2(us,) — Aa2(@)) z, Ba(h))| + [((A2(a) — Az(us,)) zn, 1)
o(h) |znll zr2(an) (C + D[R 5.2 (ary
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so that

z :
o alnean
h—0 1Al
Now we recognize that ¢ is C'. We consider a sequence {v,}nen C V such
that v, — ¥ with o € V, as n — 4o00. Let us denote w,, = up + v, + ¥(v,) and
Ly, = As(uy)|, . : HT — (H")* the linear isomorphism. It results that

|H+

1" (vn) = ' ()| = sup. 1" (vn )l = &' (@) ]| 1112 ar)

1Al

< sup Lyt ((Aa(un)-, B)) — Lyt ((Ao (@), b)) oz oany
heV,|hl=1
< sup 1Ly ((Aa(un) b)) — Ly H((Az (@), )| oz
heV,|hl=1

+  sup L, N((Ax (@), b)) — Lyt ((Aa(@)-, k) || 2 oany

heV,||hl=1
<[[L M sup sup  |((Az(un) — Az(w))z, h)|
heV,|[h|l=1 2W,| 2| =1
+ L, = Lyt sup sup  [(Az(a)z, h)

heVi|[hl|=1zeW,||z||=1

which tends to zero as n — 400, as u, tends to w and Vu,, tends to V# uniformly
in M, as n — +00. O

Remark 7.9. We notice that ' (0) = 0. In fact, by (5) of Proposition 7.8 we have
that, for each h € V', (As(ug), h) =0 on HT and so, from the previous proof,

W (0)(h) = —Ly ((As(uo)- b)) = 0.

Lemma 7.10. Let H=V or H=H". The function By : V N B,(0) — H*defined

by

(Br(v),2) = (A1 (ug + v+ (v)),2) YveVNB,0),z € H,
is C1 and
(7.8) (B (v)h, 2) = (Az(uo +v + () (h + ¢’ (v)h), 2)

for anyv € VN B,(0), heV, z€ H.

Proof. Let us consider v € V N B,(0) and h € V, such that v +h € V N B,(0).
Denoting wy, = ¥(v + h) — ¥ (v), we have, for a suitable ¢ € (0,1),
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1B (v +h) — B (v) — (Az(uo + v + ¥ (v))(h + ¢/ (0)h), )|

= zefilﬁlz)H:lKAl(uo +uth+yv+h),z) = (Ai(uo + v +P(v)), 2)

—(Az(uo + v+ () (h+ ¢ (v)h), 2)]|

=  sup |[{As(ug+v+th+p(v)+twr)z, h)
z€H,||z||=1

+(As(ug + v+ th+ P (v) + twp) 2z, wp)
—(A2(uo +v +1(v)(h + ¢ (v)h), 2)|
|

< sup  |{((A2(ug + v+ th+ 9 (v) + twp) — Aa(ug + v + ¥(v))z, h)|

T LeH,||z|=1
+{A2(uo +v + th +(v) + twp) — Az (ug +v + (v))wn, 2)|
+[{Az(uo + v+ () 2, (Y (v + h) = p(v) — ¢ (v)h))]

From the above inequality we immediately derive

[ Br(v+h) — Br(v) = (Az(uo + v +9(v))(h + ¢'(v)h), )|

=0.
[[]|—0 (|4l

In order to prove continuity of Bj;, let us consider a sequence {v,, }nen C (VNB,(0))
such that v, — ¥. Reasoning as in (7.7), we have that

(Bl (vn)h, 2) — (B (0)h, 2)]
(uO +04+19(0))(h + 1 (0)h), 2)]

= [(A2(uo + vy + Y (vn)) (b + ¢/ (vn)h), 2) — (A2

< [{(Az(uo + vy + (vn)) — Az(ug + 0 + 1(0)))h, 2)

+ [{(A2(uo + vn + ¥ (vn)) — Aa(ug + 0+ ¥(0))) Y (vy) b, )
+ [(Az(uo + 0 +9(9))) 2,9 (va)h — ¥ (0)h)] < o(n) ||| ||Z||'

Therefore
lim ||B(vn) — By (9)]| =0

n—oo

Proposition 7.11. For anyv € VN B,(0) and he V
(7.9) V' (v)he (CHM)NH) CW.

Proof. Using the notations of Lemma 7.10, where H = H™, from (1) of Lemma 7.7
+: VN B,0)— (HT)* is constantly equal to zero, so that (7.8) gives

(7.10) (Az(up+v+¢())(h+¢'(v)h),z) =0, YveVNB,0), heV, z€e H'.

Since ug + v + ¥ (v) € CY#(M), we derive that h + ¥’ (v)h belongs to C*7 (M) for
some 7 € (0,1) (see [16]), and, as V C C'(M) and ¢'(v)h € HT, (7.9) is proved.
(]

Now we can derive the following regularity result.
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Theorem 7.12. Let I, be defined by (7.1), where a > 0, p € [2,n) and h satisfies
assumption (h), let V, W satisfy (1), (2) and (3) of Proposition 7.3 and v be defined
by (7.8). The map ¢ : VN B,(0) — R defined by p(v) = I (up + v + ¥(v)) is C?
and, for any v € VN B,(0) and z,h € V

(7.11) (¢'(v),2) = (I},(uo + v + ¢(v)), 2)
(7.12) (" (0)h, z) = (I5(uo + v+ (V) (h+ ¥ (v)h), 2)

(7.13)  ¢"(v) is an isomorphism if and only if I" (ug + v + ¥ (v)) is injective.

Proof. Let us choose v € V N B,(0) and h € V, such that v + h € V N B,(0).
Denoting wy, = ¥(v + h) — ¢ (v), we have, for suitable ¢,s,7 € (0,1)
e(v+h) — o(v) = (I, (uo + v +P(v)), k)
=(I4 (w0 + v+ th+1(v) + (v +h) — ¥ (v))) — I, (uo + v+ (v)), h)
+ (I (uo + v+ th +(v) + twp) — I (uo + v+ ¥(v)),wp)
=t(As(up + v + sth + ¥ (v) + stwp)h, h)
+ t(Asy(ug + v + sth + ¢¥(v) + stwp)wp, h)
+ (A2 (uo + v + 7th + ¥ (v) + Ttwp )wp, h)
+ t(Az(up + v + 7th + Y (v) + Ttwp )wh, wh).
We infer that
lp(v+h) = @(v) — (L4 (uo + v + ¥ (v)), h)|
17|
< [(A2(ug + v+ ¥(v) + sth + stwp)h, h)|
- 17|
n [{(Ag(up + v + ¥(v) + sth + stwp)wp, h)]|
1]
n (A2 (uo + v + P (v) + Tth + Ttwp)wp, b)|
(|2
n [{(As(ug + v+ ¥(v) + Tth + Ttwp, )wh, wh)|
(IRl

which tends to zero as ||h|| — 0, proving (7.11). Moreover, by Lemma 7.10, where
H =V, we immediately see that ¢’ = By, ¢ is C? and

(7.14) (@"(v)h, z) = (As(ug + v+ Y())(h+ ' (v)h),z) Vh,zeV.

Proposition 7.11 assures that any h + v¢/(v)h € HYP(M) which, together with
(7.14), gives (7.12).

In order to prove (7.13), we fix v € V N B,(0) and suppose that ¢”(v) is an
isomorphism. By way of contradiction, if I/ (ug + v + ¥(v)) is not injective, there
exists z € HVP(M) \ {0} such that

(I (ug +v+1(v))z,2) =0, Vze HP(M)
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Writing zZ = ¥ + w, where © € V and w € W, by (7.12) and (7.10) we infer
(" (v)h,v) = (I3(uo +v + ¥ (v))(h+ Y’ (v)h),v)
= (I"(uop + v+ ¥ ))(h + ' (v)h), z) = 0, VheV

so that v =0 and z € W. By Remark 7.5, Z = 0 which is absurd.
On the other side, if I/(up + v + ¥ (v)) is injective but ¢”(v) is not, there is
v € V'\ {0} such that

(I (up + v + Y (v)) (v + ' (v)v), h) = (¢’ (v)v, h) = 0, VheV
which, by (7.10), gives
(I (uo + v + () (v + ¢ (v)v),2) =0, Vze HY2(M).

As I!(up + v + ¢ (v)) is injective, this means that © + ¢'(v)v = 0, so also © = 0
which is again a contradiction. ]

Corollary 7.13. Any nondegenerate critical point is isolated.

Proof. If ug is nondegenerate, I (ug) is injective and (7.13) assures that " (0) is an
isomorphism. As V is finite dimensional, this implies that 0 is an isolated critical
point for ¢ and, by (7.11), ug is an isolated critical point for 1. O

8. MORSE THEORY AND INTERPRETATION OF MULTIPLICITY

For any € > 0 and a > 0, we introduce the C? functional T,  : H?(M) — R
defined by

u:i Lpoz upr/z luxp—lzﬁ'xq
Toct) = 5 [ (5 (4 1Pu@PR) 4 Sl = St @l ) diy

Moreover, for any given T, . and any f € C'(M) we define I, s : H"?(M) — R
by

Ia,e,f(u) = Ta,é(u) - /M f’LL d,ug .
We remark that, for any bounded subset A of H?(M),
lm [T e = Jelloray =0 and lim  |[a.es — Taellcra) =0.

Hf”cl(M) —0
Moreover, if « > 0 then T, . and I, s satisfy the hypothesis required in the
previous section, for any f € C'(M) and € > 0.

Proof of Theorem 1.3. Let ¢* be as required by Theorem 1.2 and € € (0, ¢*),
so that (P.) has at least 2P; (M) — 1 non-constant solutions, possibly counted with
their multiplicities. If these solutions are distinct, then the theorem is proved.
Otherwise J. has finite number h of isolated critical points w1, w1, ... %, having
multiplicities My, M1, ... My, where 1 < h < 2P;(M) — 1 and, by Theorem 1.2,

h
> iy > 2Pi(M) - 1.
j=1
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Let § > 0 be such that Bs(u), Bs(us),...Bs(uy) are pairwise disjoint, hence
introduce the open set A defined by

(8.1) A= Bs(i).

Let {as}sen be a sequence such that o > 0 and oy — 0. If T, . has at least
2P1(M) — 1 distinct critical points in A, then we just choose fs = 0, otherwise
T.,. has k < 2P (M) — 1 isolated critical points w1, ...uy, having multiplicities
my, ... my. For simplicity, we omit the dependence from s of k, u; and their related
objects. If s is sufficiently large, by Theorem 6.8, k¥ > h and

k h
(8.2) > mi =Y iy > 2Py (M) - 1.
i=1 j=1

For any i = 1,...k, let V; and W; be the subspaces of H'P(M) defined by
Proposition 7.3 applied to Ty, . and wu;. Setting V = Vi + Vo + ...V, and
W = ﬂle W;, (4) of Proposition 7.3 still holds for Ty, . and w; replacing V; with
V and W; with W, as underlined by Remark 7.4. In particular there are r > 0 and
p € (0,7) such that, for any ¢ = 1,...k and v € V' N B,(0), there exists one and
only one w; = ¢;(v) € W N B,-(0) which verifies

(8.3) (T, (ui +v+w),z) =0 VYzeW.
Moreover 7 and p can be chosen so that, setting U; = w;+(V N B,(0))+(W N B,(0)),

k
we have U; NU; = 0 if ¢ # j and Uﬁi C A, where A is the bounded open set
i=1
defined by (8.1).
Now we consider the k functionals ¢; : V N B,(0) — R defined by

pi(v) = Ta, e (u+v+1i(v)).

Let {e1,...e;} be an L?-orthonormal basis of V, where [ = dimV. For any
v' € V' we introduce the functional L, : HYP(M) — R defined by

l

Lv' (u) = /M fv/u d:u’g ) where fv/ = Z<U/7 ek>ek .

j=1

For any i =1,...k, let u; be defined by Theorem 6.8 relatively to T, ., u;, A and
Ui and p = min{puy, ... px}. Let v > 0 be such that || Ly |lciay) < p/k if " € V/
and ||v'||y, < 5. Denoting by v = min{y,1/n}, by Sard’s Lemma there exists
vy € V' such that |vi|lvy < v and if ¢ (v) = v] then ¢{(v) is an isomorphism.
Moreover there is 81 > 0 such that if v' € V', [|¢/||y+ < 1 and ¢} (v) = v] + v’ then
Y (v) is an isomorphism.
Analogously, for ¢ = 2,...k, there exist 3; > 0, v; = min{yy, %, . kﬁf;il} and
v; € V' such that ||v}|lyv < v and

(8.4) v eV ||V|lv: < Bi, pi(v) =] +... 0l + 0 = ¢(v) is an isomorphism.
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So we can choose

We immediately see that f, € C1(M), lim HszCl(M) =0 and solutions to

—eP di 2 (p—2)/2 p—1 _ a1
(P) { € (;wg ((as + | Vul?) Vu) +uPt =l 4
u >

are critical points of the functional

To=u€ H""(M) s T,, (u) — / fsu dpy .
M

k
Moreover we will see that any critical point of Ty belonging to U U; is nonde-
i=1
generate. In fact, we start by observing that
k
(8.5) / fowdpg =0 Ywe W and / fsv dpg = Z(vé,v) Yo e V.
M M Pt

Denoting by K; = {u € U; | Ti(u) = 0} and fixed @ € K;, there is (0,w) € V x W
such that v = u; + v + w and, by (8.5),

(T, (@), w) = (TU(a),w) =0 Ve e W

so (8.3) assures that w = ¢;(7).

Applying Theorem 7.12 to @i we see that ¢}(v) = v| +...v; +vi ; +...v}, hence

considering that [|vi,, +...v[[v: < Bi, by (8.4) ¢} (v) is an 1somorphlsm so that by

(7.13) T (u) = T} .(u) is injective, that is @ is nondegenerate. As all the critical
k

points of Ts in U U, are nondegenerate, by Definition 6.7 and Theorem 7.1
i=1

Pr(u,T) =1 Yue U K;.
=1

Moreover ||Ts — Ta, |lc1(a) < p and (8.2) holds, so Theorem 6.8 gives

k
> Pl(uT 22 ;> 2P (M) — 1
uGUz: i=1

which means that Ts has at least 2P (M) — 1 distinct critical points in A. In
order to prove that they correspond to non-constant solutions to (Ps), we note
that, for any j = 1,...h, there are at least m; of these 2P, (M) — 1 critical points
of Ty which belong to Bs(iij). Let us denote them by ull,...ul™. As ul! are
uniformly bounded in C(M) (see [16]), we have that ul! — @; in C'(M), for any
Il =1,...m;. If sis sufficiently large, any u?! is positive and non-constant, so the
proof is completed. [J
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