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Fractional–Calculus–Based FDTD Algorithm for

Ultrawideband Electromagnetic Characterization

of Arbitrary Dispersive Dielectric Materials
Diego Caratelli, Member, IEEE, Luciano Mescia, Pietro Bia, Student Member, IEEE, and

Oleg V. Stukach, Member, IEEE

Abstract—A novel finite–difference time–domain algorithm
for modeling ultra–wideband electromagnetic pulse propagation

in arbitrary multi–relaxed dispersive media is presented. The
proposed scheme is based on a general, yet computationally

efficient, series representation of the fractional derivative op-
erators associated with the permittivity functions describing the

frequency dispersion properties of a given dielectric material.
Dedicated uniaxial perfectly matched layer boundary conditions

are derived and implemented in combination with the basic
time–marching scheme. Moreover, a total field/scattered field

formulation is adopted in order to analyze the material response
under plane–wave excitation. Compared to alternative numerical

methodologies available in the scientific literature, the proposed
technique features a significantly enhanced robustness and ac-

curacy which are essential for solving complex electromagnetic
propagation problems.

Index Terms—Dispersive Media, Finite–Difference Time–
Domain, Fractional Calculus, Dielectric Relaxation.

I. INTRODUCTION

THE modeling of electromagnetic field propagation in

disordered dielectrics, such as polymers, biopolymers,

biomolecules, biological tissues, colloids, and porous mate-

rials, is a subject of increasing importance for a growing

number of engineering applications [1]–[3]. As a matter of

fact, the development of theoretical models and computational

techniques for the analysis of the interaction between pulsed

electric fields (PEFs) and disordered dielectrics is instrumen-

tal for gaining a deeper insight into the involved physical

mechanisms. Said materials exhibit, both at microscopic and

macroscopic scale, complex relaxation dynamics which cannot

be described by a conventional exponential law. In order to

overcome this limitation and provide an enhanced description

of non–exponential dielectric relaxation processes, a number

of empirical dispersion functions, such as Cole–Cole, Cole–

Davidson, Havriliak–Negami, Jonscher, and Raicu, have been

introduced in the scientific literature [4].

The finite–difference time–domain (FDTD) method has

been widely used in electromagnetic analysis due to its
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straightforward implementation and ability to model a broad

range of exposure conditions [5], [6]. Since the aforemen-

tioned dispersion functions include fractional powers of the an-

gular frequency ω, suitable mathematical models, adequately

describing the response of such complex dispersive materials,

have to be embedded in the core of the FDTD algorithm

[7]–[9]. To that end, a novel methodology has been recently

introduced by the authors in [1] in order to characterize

Havriliak–Negami (HN) materials with single relaxation time

τ, and general dispersion parameters α, β . Such formulation is

based on the optimal truncation of the binomial series relevant

to the HN fractional derivative operator, in accordance with the

Riemann–Liouville theory. By performing several test cases, it

has been found out that, for ωτ . 10, α < 0.5, and β < 0.25,

the mentioned approach provides a reliable and very accurate

approximation of both the real and imaginary parts of HN

permittivity functions over broad frequency ranges [1]. On the

other hand, further investigations have highlighted that, for

α > 0.5 and β > 0.25, numerical inaccuracies can possibly

occur wherein the truncated series expansion is used to model

the HN material behavior over ultra–wide bands (ωτ > 10)

[10]. In order to overcome these limitations, the authors

have extended the previously presented FDTD scheme by

implementing a more general series representation of the frac-

tional derivative operators that, furthermore, allows accounting

for multiple higher–order dispersive relaxation processes and

ohmic losses. The enhanced accuracy of the modified FDTD

procedure has been assessed by several test cases involving

complex dielectric media, and compared against a fully ana-

lytical modeling approach.

The paper is organized as follows. In Section II the extended

fractional–calculus–based model for dielectric dispersion is

proposed, and the associated FDTD algorithm is derived

while devoting emphasis to the relevant numerical stability

and derivation of dedicated absorbing boundary conditions.

Numerical results illustrating the soundness of the proposed

methodology are then presented in Section III. The concluding

remarks are summarized in Section IV.

II. MATHEMATICAL FORMULATION

The macroscopic dielectric properties of materials with

disordered structure are determined by the interaction of the

electromagnetic energy with the material constituents at micro-

scopic and mesoscopic scale, as well as by the intermolecular
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and dipole–dipole interactions. As a result, the permittivity

and electrical conductivity vary from material to material and

depend on the working frequency. In order to accurately model

the electromagnetic wave propagation over broad frequency

ranges, suitable analytical models of the dielectric properties

are needed. In particular, the characteristics of a general

dispersive medium exhibiting multi–relaxation processes can

be modeled by using the following relationship:

εr(ω) = εr∞ +
N

∑
l=1

∆εrl

Γl( jωτl)
+

σ

jωε0

, (1)

where ω = 2π f is the angular frequency, εr∞ denotes

the asymptotic relative permittivity at high frequency (for

ω → +∞), ∆εrl
is a dimensional constant (also called the

dielectric increment in some cases), and Γl( jωτl) is a heuris-

tically derived fitting function depending on the characteristic

time τl for l = 1,2, . . .,N , with N being the number of

relaxation processes occurring in the considered dielectric

material. In (1), as usual, σ is the static ionic conductivity, and

ε0 denotes the permittivity of free space. For consistency of

the representation, we assume furthermore that the following

condition holds true:

lim
ω→+∞

|Γl( jωτl)| = +∞. (2)

By using the expression (1), one can synthesize a wide

variety of different dielectric dispersion laws, such as the

classical ones [11]:

• Debye (D): Γ( jωτ) = 1 + jωτ,

• Cole–Cole (CC): Γ( jωτ) = 1 +( jωτ)α
,

• Cole–Davidson (CD): Γ( jωτ) = (1 + jωτ)β
,

• Havriliak–Negami (HN): Γ( jωτ) =
[
1 +( jωτ)α]β

,

• Raicu (R): Γ( jωτ) =
[
( jωτ)s +( jωτ)α]β

,

with the parameters α, β , and s determining shape and

behavioral features of the permittivity function. Clearly, more

complex laws resulting from the generalization or combination

of those listed above can be handled similarly.

A. Fractional–Calculus–Based Dielectric Dispersion Model

In the proposed FDTD scheme, the following approximated

fractional expansion is adopted in place of the truncated

binomial series representation introduced in [1]:

Γl( jωτl) '
Kl

∑
n=0

χn,l ( jωτl)
ζn,l = Γ

(a)
l

(
jωτl ,ζn,l, χn,l

)
, (3)

where ζn,l and χn,l denote suitable real-valued parameters.

Let Kmax be the maximum expansion order in (3), and δ be

a given small positive threshold to be used for controlling the

accuracy of the approximation. In this way, the parameters Kl ,

ζn,l , and χn,l can be evaluated, for l = 1,2, . . .,N , by means

of the following algorithm:

1) Initialize Kl = 1, and set the working frequency range

ωmin 6 ω 6 ωmax;

2) Define the relative error function:

erl

(
τl,ζn,l, χn,l

)
=

=

√√√√√√

∫ ωmax

ωmin

∣∣∣Γl( jωτl)−Γ
(a)
l

(
jωτl ,ζn,l, χn,l

)∣∣∣
2

dω∫ ωmax

ωmin

∣∣∣Γl( jωτl)
∣∣∣
2

dω

; (4)

3) Determine χn,l and ζn,l corresponding to the minimum

of erl

(
τl ,ζn,l, χn,l

)
;

4) If erl
≤ δ or Kl = Kmax stop, otherwise update the

expansion order as Kl → Kl +1, and go to step 2.

In particular, the minimization of the error function in (4) is

here carried out by means of a dedicated numerical procedure

based on the enhanced weighted quantum particle swarm

optimization (EWQPSO) technique proposed in [12], by virtue

of the superior effectiveness in terms of convergence rate and

accuracy in comparison to alternative heuristic search methods

available in the scientific literature [13], [14]. As a matter

of fact, contrary to conventional evolutionary algorithms, the

developed EWQPSO technique does not rely on complex

operators or require gradient information, and is therefore

characterized by reduced computational time, and low memory

usage [15].

B. Basic Time–Marching Scheme

The evaluation of the electromagnetic field distribution

excited within the dielectric material under analysis is per-

formed by using an extended formulation of the FDTD scheme

proposed in [1], useful to model the ohmic losses as well as the

multi–relaxation response of media with fractional–power–law

frequency dispersion.

Let us consider a non–magnetic dispersive medium with

complex relative permittivity described by (1). Under such

assumption, the differential version of the Ampere’s law in

time domain, within said material, can be written as:

∇×H = ε0εr∞ ∂tE +σE +
N

∑
l=1

Jl , (5)

with ∂t denoting the partial derivative operator with respect

to time, and where the auxiliary displacement current density

terms Jl (l = 1,2, . . .,N) have been introduced. It is straight-

forward to find out that the k–th term (1 ≤ k ≤ N) is such to

satisfy the equation:

D
(k)
t Jk = ε0∆εrk

∂tE, (6)

involving the generalized fractional derivative operator:

D
(k)
t = F

−1{Γk( jωτk)} '
Kk

∑
n=0

χn,kτ
ζn,k

k D
ζn,k
t . (7)

Upon substituting (6) in (5), and applying a second–order

accurate finite–difference scheme, one readily obtains, at the

time instant t = m∆t:

(∇×H)|m −
εr∞

∆εrk

(
D

(k)
t Jk

)∣∣∣
m

=
N

∑
l=1

Jl|
m +σ E|m , (8)



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, 2016 3

where the vector terms appearing on the right–hand side of

the equation are evaluated by means of the semi–implicit

approximation:

{
Jl

E

}∣∣∣∣
m

=
1

2

({
Jl

E

}∣∣∣∣
m− 1

2

+

{
Jl

E

}∣∣∣∣
m+ 1

2

)
. (9)

In a similar way, from equation (6) it follows that:

E|m+ 1
2 = E|m− 1

2 +
∆t

ε0∆εrk

(
D

(k)
t Jk

)∣∣∣
m

. (10)

Let νn,k be the integer number such that νn,k − 1 6 ζn,k 6

νn,k. So, applying the Riemann–Liouville theory based proce-

dure detailed in [1] for the finite-difference approximation of

the operator D
(k)
t yields, after some mathematical manipula-

tions which are omitted here:

(
D

(k)
t Jk

)∣∣∣
m

'
Kk

∑
n=0

χn,k(
νn,k −ζn,k

)
!

( τk

∆t

)ζn,k
νn,k

∑
p=0

[
An,k,p Jk|

m−p+ 1
2

+

Qn,k

∑
q=1

Bn,k,p,q ΨΨΨn,k,q

∣∣m−p

]
, (11)

with:
{

An,k,p

Bn,k,p,q

}
= (−1)p

(
νn,k

p

){
∑

Qn,k

q=1 an,k,q

e−bn,k,q

}
, (12)

the coefficients an,k,q and bn,k,q for q = 1,2, . . .,Qn,k resulting

from the non–linear least–square minimization of the function:

Wn,k(p) =

∣∣∣∣∣(p +1)νn,k−ζn,k − pνn,k−ζn,k −

Qn,k

∑
q=1

an,k,q e−bn,k,q p

∣∣∣∣∣ ,

(13)

depending on the integer index p. In (11), ΨΨΨn,k,q denotes

the auxiliary current density vector defined by the following

recursion formula:

ΨΨΨn,k,q

∣∣m =

{
an,k,q Jk|

m− 1
2 + e−bn,k,q ΨΨΨn,k,q

∣∣m−1
, m > 1,

0, m 6 0.
(14)

Finally, by combining (8) with (9), (10), (11), one can

readily obtain:

[(
εr∞ +

σ∆t

2ε0

)
Ck

∆εrk

+
1

2

]
Jk|

m+ 1
2 +

1

2

N

∑
l=1,l 6=k

Jl|
m+ 1

2 =

= (∇×H)|m −σE|m− 1
2 −

1

2

N

∑
l=1

Jl|
m− 1

2 −

(
εr∞ +

σ∆t

2ε0

)

·
1

∆εrk

Kk

∑
n=0

χn,k(
νn,k −ζn,k

)
!

( τk

∆t

)ζn,k

[
νn,k

∑
p=1

An,k,p Jk|
m−p+ 1

2

+

νn,k

∑
p=0

Qn,k

∑
q=1

Bn,k,p,q ΨΨΨn,k,q

∣∣m−p

]
= ηηηk|

m
, (15)

where:

Ck =
Kk

∑
n=0

An,k,0
χn,k

νn,k −ζn,k

( τk

∆t

)ζn,k
, (16)

for k = 1,2, . . .,N . It is apparent from (15) that in the pre-

sented formulation, contrary to the methodology in [1], the

evaluation of the displacement current density entails solving

a symmetric system of N linear equations, this reflecting the

multi–relaxation characteristics of the dielectric material under

analysis. As a matter of fact, equations (15) can be recast in

the more compact matrix form:
[

1

2
U+

(
εr∞ +

σ∆t

2ε0

)
D

]

︸ ︷︷ ︸
T

· J|m+ 1
2 = ηηη|m , (17)

with U being the unit matrix of order N , and D =
diag{D1,D2, . . .,DN} the diagonal matrix with nonzero entries

Dk = Ck/∆εrk
. In (17), J|m+ 1

2 denotes the vector of the

unknown current densities at the time instant t =
(
m+ 1

2

)
∆t ,

namely:

J|m+ 1
2 =




J1|
m+ 1

2

J2|
m+ 1

2

...

JN |
m+ 1

2




. (18)

Similarly, the column vector ηηη |m is built up by arraying the

auxiliary electromagnetic field quantities ηηηk|
m

(k = 1,2, . . .,N)

as defined in (15). It is worth noting that the inverse of the

coefficient matrix T of the linear system (17) can be con-

veniently computed only one time before the time–marching

scheme is initiated. In this way, in comparison to the FDTD

procedure described in [1], the algorithmic implementation of

the technique proposed in this research study actually results in

a reduced additional computational cost of O
(
N2
)

floating–

point operations useful to determine the solution of (15) as

J|m+ 1
2 = T−1 · ηηη|m.

Once the current density terms Jl|
m+ 1

2 (l = 1,2, . . .,N) are

evaluated, the electric field distribution within the considered

dielectric medium can be derived from (5) as:

E|m+ 1
2 =

2ε0εr∞ −σ∆t

2ε0εr∞ +σ∆t
E|m− 1

2 +
2∆t

2ε0εr∞ +σ∆t

[
(∇×H)|m

−
1

2

N

∑
l=1

(
Jl|

m− 1
2 + Jl|

m+ 1
2

)]
, (19)

where judicious use of (9) has been made. Finally, by carrying

out a second–order accurate finite–difference approximation

of the Faraday’s law in the time domain, the following update

equation for the magnetic field is readily obtained:

H|m+1 = H|m −
∆t

µ0

(∇×E)|m+ 1
2 , (20)

with µ0 denoting the magnetic permeability of free space.

C. Numerical Stability

Following the von Neumann’s spectral approach for the

stability analysis of finite–difference schemes [5], [16], let’s

assume a harmonic time dependence e jωt of the electromag-

netic field quantities in the foregoing. At any discrete time

step, the instantaneous distributions of E, H, and Jl vectors

for l = 1,2, . . .,N can be Fourier–transformed with respect to

the space variable x to provide a spectrum of monochromatic
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plane–wave modes propagating along the computational lat-

tice. By using the usual FDTD notation, one can write for the

individual eigenmode:





E

H

Jl






∣∣∣∣∣∣

m

h

=






Ê

Ĥ

Ĵl




e j(ωm∆t−ξ h∆x), (21)

with ∆x and ξ being, respectively, the increment step of the

grid, and the real wavenumber of the arbitrary harmonic field

component. In (21), Ê, Ĥ, Ĵl denote the amplitude vectors

relevant to the corresponding wave quantities.

Under the mentioned hypotheses, the central finite–

difference approximations of the first–order derivatives in time

and space degenerate in algebraic multiplication operators

which can be expressed in terms of the unnormalized cardinal

sine function as follows:



∂t → jΩ (ω) = jω sinc ω∆t
2

,

∂x →− jΞ (ξ) = − jξ sinc
ξ ∆x

2
,

(22)

so that the update equations of the electric and magnetic fields

at the general nodal point x = h∆x and time instant t = m∆t

become:
[

ε0ε̃r(ω)Ω (ω) Ξ (ξ)

Ξ (ξ) µ0Ω (ω)

]
·

[
E|mh

H|mh

]
=

[
0

0

]
, (23)

where:

ε̃r(ω) = εr∞ +ρ(ω)

[
N

∑
l=1

∆εrl

γl( jωτl)
+

σ

jΩ (ω) ε0

]
, (24)

with ρ(ω) = cos ω∆t
2

and, assuming that the effect of the initial

and boundary conditions can be neglected:

γl( jωτl) = lim
m→+∞

(
D

(l)
t Jl

)∣∣∣
m

h
·
(

Jl|
m
h

)∗
∥∥Jl|

m
h

∥∥2
=

Kl

∑
n=0

χn,l [ jΩ (ω)τl ]
νn,l

·e− j(νn,l−1)ω∆t
2

(∆t/τl)
νn,l−ζn,l

(
νn,l −ζn,l

)
!

Qn,l

∑
q=1

an,l,q

1− e−bn,l,q− jω∆t
,

(25)

where the superscript ∗ denotes the complex conjugation. For

brevity, the details of the derivations are not included here

since they are quite lengthy, though not complicated.

For the electromagnetic field update equations (23) to admit

a non–trivial solution, the relevant determinant must be forced

to zero, this leading to the dispersion relation:

Ξ2(ξ)−

[
Ω (ω)

c0

]2

ε̃r(ω) = 0, (26)

c0 being the speed of light in free space. Upon introducing

the numerical amplification factor over time as:

z = exp

(
j
ω∆t

2

)
, (27)

it is not difficult to verify that:
{

jΩ∆t

2ρ

}
=

1

z

(
z2

{
−
+

}
1

)
. (28)

Similarly, the relative permittivity ε̃r turns into a rational

function of z, namely:

ε̃r(z) =
Ñr(z)

D̃r(z)
. (29)

In this way, the characteristic polynomial equation of the

proposed FDTD algorithm is easily derived from (26) as:

[c0∆tΞ (ξ) z]2 D̃r(z)+
(
z2 −1

)2
Ñr(z) = 0, (30)

subject to the condition D̃r(z) 6= 0.

The eigenvalues zi (i = 1,2, . . .) satisfying (30) can be

easily determined by using the Jenkins–Traub root–finding

method, which is characterized by global convergence for

polynomials with complex–valued coefficients [17]. Clearly,

the numerical stability of the proposed time–marching scheme

is verified if the following condition on the spectral radius of

the polynomial (30):

max
i

|zi| 6 1, (31)

holds true for any spatial frequency ξ ∈ [0,π/∆x] once a given

Courant factor S = c0∆t/∆x 6 1 is selected.

D. Uniaxial Perfectly Matched Layer Boundary Conditions

In order to truncate the FDTD computational domain and

solve electromagnetic problems with open boundaries, dedi-

cated uniaxial perfectly matched layer (UPML) conditions [18]

have to be derived and implemented numerically accounting

for the electrical conductivity and the multi–relaxation charac-

teristics of the dielectric material under analysis. To this end,

let us first introduce the auxiliary electric field vector e as:

e =

(
κx +

σx

jωε0

)
E, (32)

with κx, σx denoting the UPML material parameters in accor-

dance with the complex coordinate stretching approach [5].

Multiplying both sides of (32) by jω and transforming into

the time domain immediately yields:

∂te = κx∂tE +
σx

ε0
E. (33)

In this way, it is not difficult to find out that the Ampere’s law

can be written, within the UPML region, as:

∇×H = ε0εr∞ ∂te+σe+
N

∑
l=1

jl , (34)

where the l−th displacement current density term (1 ≤ l ≤ N)

satisfies the fractional derivative equation:

D
(l)
t jl = ε0∆εrl

∂te. (35)

The discretization of the considered equations on the Yee

lattice can be conveniently carried out by adopting the usual

leapfrog scheme in time, wherein the loss terms are averaged

according to the semi–implicit approximation [see (9)]. Over-

all, as it can be easily figured out by comparison with (5)

and (6), this leads to time–stepping expressions which are

formally equivalent to (15) and (19) with the stretched vectors

e and jl replacing the quantities E and Jl , respectively, for
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(a)

(b)

Fig. 1. Distribution of the relative error er as a function of the model

parameters α and β relevant to a HN dielectric material with single relaxation
time τ = 140 ps as computed by (a) the procedure detailed in [1] and (b)
the methodology developed in this study. The normalized working frequency

range is 0.1 6 ωτ 6 10.

l = 1,2, . . .,N . On the other hand, the electric field update

equation directly follows from (33) as:

E|m+ 1
2 =

2ε0κx −σx∆t

2ε0κx +σx∆t
E|m− 1

2 +
2ε0

2ε0κx +σx∆t

·
(

e|m+ 1
2 − e|m+ 1

2

)
. (36)

Finally, by Fourier–transforming the Faraday’s law ∇×E =
−µ0 ( jωκx +σx/ε0)H and discretizing at the time instance

t =
(
m+ 1

2

)
∆t , one can readily derive the time–stepping ex-

pression for the magnetic field within the UPML termination:

H|m+1 =
2ε0κx −σx∆t

2ε0κx +σx∆t
H|m −

2Y 2
0 ∆t

2ε0κx +σx∆t
(∇×E)|m+ 1

2 ,

(37)

with Y0 =
√

ε0/µ0 being the wave admittance in free space.

III. NUMERICAL RESULTS

The validation of the developed numerical procedure

has been carried out by different one–dimensional test

cases involving complex dispersive dielectric materials under

plane–wave excitation. To this end, the conventional total

Fig. 2. Location of the zeros zi of the stability polynomial associated with the
FDTD scheme used to characterize a HN dielectric material with parameters

α = 0.9, β = 0.3, εr∞ = 4, ∆εr = 88, σ = 0 S/m, and τ = 140 ps, under
the assumption of a Courant factor S = 1, and normalized spatial frequency
ξ∆x = π . The unit circle is also shown.

field/scattered field (TF/SF) formulation detailed in [5] has

been implemented using a sinusoidally time–modulated Gaus-

sian pulse source polarized along the y axis:

Is(x, t) = exp

[
−

(
t −Tc

Td

)2
]

sin [2π fe (t −Tc)]δ (x− xs) ŷ,

(38)

with δ ( ·) denoting the usual Dirac delta distribution, and

where the parameters Td = 0.475/ fe, Tc = 4Td , fe = 6 GHz

have been selected in such a way as to achieve a spectral

bandwidth of about 10 GHz.

In all computations, the truncates series representation of

the fractional derivative operators related to the considered

dispersive materials is derived by means of the EWQPSO–

based fitting algorithm described in the previous section,

while enforcing the passivity of the approximated permittivity

function in order to ensure the physical consistency of the

model. In doing so, the error threshold δ = 10−6 and expansion

order K = 5 have been adopted.

A. Single–Layered HN Dielectric Slab

The first test case is relevant to a single–layered HN

dielectric slab in air. The material parameters are α = 0.9,

β = 0.3, εr∞ = 4, ∆εr = 88, σ = 0 S/m, and τ = 140 ps, the

thickness of the slab being d = 10 mm.

Fig. 1 shows, in logarithmic scale, the relative fitting error er

associated with the expansion (3) as a function of α and β , in

comparison to the one achieved by means of the truncated

binomial series approximation illustrated in [1]. As it can

be noticed, the newly introduced methodology provides a

significantly larger accuracy in the representation of the HN

fractional derivative operator with a maximum error value,

over the complete problem space, of about 4.2% contrary to
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Fig. 3. Normalized space–time distribution of the electric field resulting from

the plane–wave excitation of a single–layered HN dielectric slab located in
air, as computed by the proposed FDTD–based procedure.

Fig. 4. Reflectance and transmittance versus frequency of a HN dielectric

slab with dispersion parameters α = 0.9, β = 0.3, and single relaxation time
τ = 140 ps. The thickness of the slab is d = 10 mm.

the methodology in [1] which, on the other hand, can result in

a maximal error of about 45.0%, this being due to the fact that,

for the selected HN parameters, the truncated binomial series,

even if it is never divergent, provides a poor approximation

accuracy for ωτ > 1.

In order to check the numerical stability of the proposed

algorithm based on the derived optimal fractional expansion

with terms (ζ0 = 0, χ0 = 1), (ζ1 = 0.6428, χ1 = 0.2591),

(ζ2 = 0.0249, χ2 = 1.0942 × 10−16), (ζ3 = 9.766 × 10−7,

χ3 = 1.4302× 10−18), (ζ4 = 5.8399× 10−8, χ4 = 5.6964×
10−20), (ζ5 = 1.0758× 10−7, χ5 = 4.2302× 10−20), the von

Neumann’s spectral criterion detailed in the previous section

has been applied. To this end, the location of the zeros zi

(i = 1,2, . . .) of the characteristic equation (30) has been

analyzed as a function of the Courant factor S, and the

normalized spatial frequency ξ∆x of the general plane–wave

mode propagating within the FDTD lattice. In this way, it

has been found out that the spectral radius maxi |zi| of the

polynomial (30) is always smaller than unity. In particular,

the characteristic zeros tend to get closer to the unit circle

as S → 1 and ξ∆x → π , when the relevant distribution is as

TABLE I
CHARACTERISTICS OF A THREE–LAYERED HN DIELECTRIC SLAB WITH

SINGLE RELAXATION TIME.

medium α β τ (ps) ∆εr σ (S/m) εr∞ d (mm)

1 0.85 0.3 135 48 0 4 10

2 0.9 0.5 155 65 0.01 2.5 5

3 0.8 0.8 140 33 0.06 2.5 15

Fig. 5. Reflectance and transmittance versus frequency of a three–layered

HN dielectric slab with single relaxation time (see Table I).

shown in Fig. 2.

Fig. 3 shows the space–time distribution of the electric field

resulting from the plane–wave illumination of the considered

HN dielectric slab, as computed by means of the developed

FDTD procedure. The wave contributions associated with the

reflection and transmission processes can be easily identified

by visual inspection. Starting from the space–time field dis-

tribution, the frequency–domain behavior of reflectance and

transmittance of the slab has been evaluated, and compared to

the same quantities determined by using the methodology in

[1], as well as a rigorous fully analytical technique based on

the transfer matrix approach for the characterization of layered

lossy media in frequency domain. The excellent agreement

with the analytical technique validates the proposed method-

ology. On the other hand, the inappropriateness of the original

FDTD scheme [1] to model the considered HN medium at high

frequencies is apparent.

B. Multi–Layered HN Dielectric Slab

The second test case consists of a three–layered HN di-

electric slab in air, featuring the geometrical and electrical

parameters listed in Table I. As it can be observed in Fig.

5, even in this case, the new FDTD formulation allows a

more accurate electromagnetic modeling in comparison to the

original scheme in [1], the difference being more noticeable

at higher frequencies.

The third test case is the more general one since it is

relevant to the electromagnetic characterization of a three–

layered dispersive dielectric slab over an ultra–wide frequency

band spanning from fmin = 100 MHz to fmax = 10 GHz. Each

layer of the slab is assumed to be made out of a HN medium
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TABLE II
CHARACTERISTICS OF A THREE–LAYERED HN DIELECTRIC SLAB WITH

MULTIPLE RELAXATION TIMES.

medium α1,2 β1,2 τ1,2 (ns) ∆εr1,2
σ (S/m) εr∞ d (mm)

1 0.93 0.5 0.008 37 0 4 8

0.92 0.57 6.8 179

2 0.92 0.6 0.0083 2.3 0.01 2.5 10

0.91 0.35 2.3 79.2

3 0.91 0.7 0.0138 8.2 0.06 2.5 12

0.7 0.3 6.4 130

Fig. 6. Reflectance and transmittance versus frequency of a three–layered
HN dielectric slab with multiple relaxation times (see Table II).

having the geometrical and electrical parameters listed in

Table II. In order to assess the reliability and robustness

of the developed numerical code, very different relaxation

times τi, j are considered across the various material layers.

As a matter of fact, with the specific choice of parameters

in Table II, the normalized frequency 2π fmaxτi, j ranges from

about 0.5 to about 430. The frequency–domain behavior of the

slab reflectance and transmittance evaluated by means of the

proposed FDTD procedure, as well as the scheme in [1], and

the aforementioned analytical transfer–matrix–based approach,

is reported in Fig. 6. It is apparent from the obtained results

that the original FDTD technique in [1] is not suitable for

handling complex material dispersion characteristics.

Further numerical investigations have shown that the con-

ventional binomial series approximation introduced in [1] to

characterize HN materials becomes inaccurate when the nor-

malized frequency ωτ is larger than 10 as, on the other hand,

it typically occurs in biological media displaying complex dis-

persion mechanisms. Conversely, the methodology illustrated

in Section II tends to be, always, in excellent agreement with

theory over ultra–broad frequency ranges.

C. Multi–Layered R Dielectric Slab

The Raicu dispersion function has been recently introduced

in the scientific literature in order to enable an accurate

description of the dielectric properties of a wide range of

biological tissues in close agreement with experimental data

[19]. This model, resulting from the generalization of Debye–

like (D, CC, CD, HN) and Jonscher’s universal responses,

TABLE III
CHARACTERISTICS OF A THREE–LAYERED R DIELECTRIC SLAB WITH

MULTIPLE RELAXATION TIMES.

medium α1,2 β1,2 s1,2 τ1,2 (ns) ∆εr1,2
σ (S/m) εr∞ d (mm)

1 0.8 0.7 0.9 0.008 2 0 4 5

0.7 0.8 0.1 7 33

2 0.8 0.2 0.1 0.016 3 0.01 2.5 10

0.2 0.85 0.75 0.2 80

3 0.2 0.8 0.9 0.005 50 0.07 2 6

0.8 0.6 0.8 0.06 6

Fig. 7. Reflectance and transmittance versus frequency of a three–layered R
dielectric slab with multiple relaxation times (see Table III).

can actually describe the classical relaxation mechanisms in

combination with the effect of the interfacial polarization

across cell membranes.

The R equation includes all the classical dispersion func-

tions as its special cases. However, the complexity associated

with the higher–order fractional–power–law structure of the

representation poses non–trivial problems in the embedding of

the model, as such, into the core of an existing FDTD scheme.

Said drawback can be, however, overcome easily by making

use of the proposed methodology.

As a matter of fact, the final test case pertains the elec-

tromagnetic analysis, in the frequency band between fmin =
100 MHz and fmax = 10 GHz, of a three–layered R dielectric

slab located in air, and featuring the geometrical and electrical

characteristics listed in Table III. In this case, the developed

FDTD algorithm is even more stressed in comparison to the

previously considered examples, since the normalized fre-

quency 2π fmaxτi, j spans three decades ranging from about 0.3
to about 440. Fig. 7 shows the reflectance and transmittance

versus frequency as calculated by means of the developed

time–domain technique and the analytical transfer–matrix–

based method in frequency domain. Clearly, the agreement

between the two approaches is very good. Here, no comparison

with the FDTD formulation illustrated in [1] is possible since

that procedure is not applicable to the study of electromagnetic

wave propagation in R dielectric materials.

IV. CONCLUSION

A novel FDTD technique based on the fractional derivative
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operator theory has been presented. The developed numerical

approach allows analyzing short–pulse wave propagation in

general layered dispersive materials characterized by multiple

relaxation times, while overcoming some drawbacks limiting

the applicability of the fractional–calculus–based approach

previously published by the authors at high frequencies. Ded-

icated UPML boundary conditions have been derived and

implemented in combination with the basic time–marching

scheme. Furthermore, the numerical stability of the proposed

procedure has been analyzed by means of the von Neumann’s

spectral approach, and the relevant numerical dispersion equa-

tion has, also, been derived.

The soundness and reliability of the modified FDTD pro-

cedure has been assessed by several test cases involving

dielectrics featuring, among others, HN and R dispersion

characteristics. The obtained results show a good agreement

with theory, and confirm the enhancement of the numerical

accuracy of the new methodology in comparison with the

previously introduced one, especially when the ultra–wideband

characterization of multi–relaxed media is to be carried out.

The presented technique provides a general–purpose tool

useful to address complex electromagnetic problems in the

field of bio–engineering. Its application to the study of temper-

ature elevation in biological tissues subject to PEF excitation,

as well as the investigation of electroporation processes in cells

exposed to high–voltage electric pulses is currently ongoing.
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