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Morphological optimization of tensegrity-type
metamaterials

D. De Tommasi, G.C. Marano, G. Puglisi, F. Trentadue.

Dip. Scienze Ingegneria Civile e Architettura, Politecnico di Bari, Via Re David 200,
Bari, Italy

Abstract

We analyze the problem of morphological optimization for metamaterials
with tensegrity-type cells. Our mass and morphological optimization scheme
is based on both local and global instability analyses. As a meaningful proto-
typical example we tassellate a slab, subjected to a compression macro-stress
orthogonal to its middle plane, into periodic patterns of triangular, square
and hexagonal cells.

Keywords: Metamaterials, Morphological Optimization, Tensegrities,
Global Stability

1. Introduction

Metamaterials are engineered materials, which may exhibit resistance
and lightness properties unobserved in natural materials [2], [3]. Strong and
lightweight materials are increasingly needed for several advanced applica-
tions as those in aerospace and automotive fields. The new proposed ma-
terials are typically obtained as periodically patterned low scale structures,
whose macroscopic response depends primarily on their topology rather than
chemical composition. Thus understanding how the topology of the struc-
tured material influences the macroscopic properties is a key-point to propose
design criteria for new artificial materials. The interest in this field is also
due to other physical properties of the new designed materials, such as op-
tical properties [4], negative material moduli [7] and vanishing macroscopic
shear modulus [8].

The present study is based on previous results on the mass optimality
of tensegrity structures for compressive load transfer [9], [10]. Here we ana-
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lyze the morphological optimization of metamaterials based on the tensegrity
concept [5], [1], [11], [12]. In particular, we consider a prototypical model
of an infinite slab undergoing a uniform compressive macro-stress. With the
aim of enhancing the structure lightness, we design a periodic array of iden-
tical tensegrity cells supporting the same compressive load. Based on a well
known result on planar tessellation, we consider three different periodic pat-
terns of cells, whose sections on the middle plane of the slab are equilateral
triangles, squares and regular hexagons (see Fig 1).
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Figure 1: Scheme of the three tensegrity-type metamaterials (equilateral triangles, squares,
regular hexagons)

As already observed in other works (see e.g. [6], [9]), the main drawback
of the light designed metamaterials is the onset of both local and global insta-
bility effects, both due to slender struts and to the multiplicity of equilibrium
solutions due to the strong geometrical nonlinearity of the problem. Thus,
our optimization scheme aims to obtain the geometrical and prestress vari-
ables realizing the minimum mass value and relies on the assumption that
each cell satisfies both local and global stability conditions, together with
material resistance. In particular, a local otimization procedure is adopted
for the present analysis. Finally, the morphological optimization is achieved
by comparing the optimum volume of the three tensegrity classes, showing
that the hezagonal cell corresponds to the minimum mass metamaterial.

An important possible improvement of our solution is to consider for each
class of metamaterials the possibility of a hierarchical refinement, substitut-
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ing struts with self similar tensegrities. Indeed in [9, 10] the authors showed
the possibility of strongly decreasing a tensegrity weight by increasing its
complexity.

2. Morphological optimization

As already exposed, our scheme for material optimization is based on
a partition of a slab into a periodic sequence of tensegrity cells with three
different shapes (see the schemes in Fig.1). In particular we consider three
different, symmetric, tensegrity cells having cross sections in the middle plane
of the slab with triangular, square and hexagonal shapes. Our choice is based
on the classical geometrical result by which the only tessellation of the plane
into identical regular polygons is given by equilateral triangles, squares or
regular hexagons.

We assume that a normal compression macro-stress ¥ is applied on the
external plane surfaces, so that the load applied to the single tensegrity cell
(see Fig. 1) is

P= A (1)
Here the tranversal area is given by
H? 2
Aen = b g cos (—W) tan? p=3,4,6, (2)
p

where p is the number of sides of the polygonal cross section. We introduce
the following assumptions:

i) cables undergo only traction forces both in the loaded and unloaded
states and the internal forces respect the condition of material failure;

i) struts undergo only compression axial forces and, both in the loaded
and unloaded states, the conditions of material failure and local Euler buck-
ling are satisfied;

iii) the loaded configuration is globally stable.

Under the above assumptions, we aim to minimize the volume density

__ tensegrity volume
P= AcellH ’

where tensegrity volume is the global volume of all members of a tensegrity
cell and A is given by (2).
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A similar problem, in a two-dimensional setting, was proposed in [9, 10]
where explicit solutions have been obtained. We thus refer the reader to
these works for a detailed analytical discussion of the problem, while we here
extend to the three-dimensional case the problem in a numerical setting.

2.1. FElastic equilibrium of tensegrity cells

The optimal metamaterial is designed considering both the loaded and
the unloaded state. The unloaded (prestressed) configuration is assumed
as reference configuration, while the loaded configuration presents a homo-
geneous contraction in the direction orthogonal to the middle plane and a
homogeneous extension in the middle plane of the slab.

Consider now a tensegrity cell, that in the terminology of [13] is assigned
by a T-bar (see Fig.1) characterized by the same height H of the slab. Due
to the periodicity and the symmetry propertics of the metamaterial, any
tensegrity cell is two-degrees statically indeterminate. To describe the inter-
nal forces in the loaded state (P = X A.y;) we consider the two parameters
and 7, defined as follows:

{B = E>1

— T ’
T = F>0

(3)

where N is the compression force in the principal struts and T, is the trac-
tion force in the transverse cables on the middle plane. By imposing the
equilibrium in the loaded state we find the following axial internal forces:

N = 8P
2 .
N, = —(f—1)Ptana+ 27sin —
(- 1P . @
T = ————
P COS &
T. = 1P

where: « is the angle formed by the principal struts and the principal cables
(see Fig. 1); T and N; are the traction force in the principal cables and
the compression force in the transversal struts, respectively. In the unloaded
state (P = 0) we choose to describe the prestress by the parameter 5 and 7,
having analogous meaning of § and 7. By using superposition, we determine
the following relation between the two parameters in the loaded and unloaded
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states B
= A+ My
= 7+ Tup

SN o

{ )
Here N, n) is the (negative) compression force induced in the principal strut by
a unitary traction force (P = —1) and Tct[l] is the (negative) traction force
induced in the tranversal cables by the same external force. The explicit
expression of these quantities is not given here for sake of brevity.

Finally, the equilibrium conditions give the following relations for the
axial forces in the unload state:

(N = 3P
N, = 2B_PtanoH—Q?sinz
) pBP P ©)
T =
P Cos a
T, = 7P

2.2. Global stability analysis

In the stability analysis we do not consider localization effects, that is
we assume that all cells undergo the same critical displacements. Consider a
T-Bar of length H, subjected to an axial force P. We suppose that the ma-
terial is homogeneous with Young modulus E. We measure the incremental
displacements from the homogeneously deformed loaded configuration. Pre-
critical displacements are assumed small and then the deformed lengths of
the members are identified with the natural ones. The total potential energy
(set equal to zero in the loaded state) can be written as

2+3p 2
EA®) 7 ALK
V(u,P) = E N®AI® 4 — (l(—k)> 1| —2Puy, (7)
k=1

where
Al = |[Az™ + T® || — 1),

Here: w is the vector of generalized incremental displacements; 2u; is the
contraction in the direction orthogonal to the middle plane of the slab; {(*)
is the length of the (k)-th member, whose area and elongation are denoted
by A® and AI®: Az® and T™®wu are the axial vector and the relative
incremental displacement vector between the end joints of the (k)-th bar. In

3
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particular, we have:

A k=12

Ap k=34,.2+p

A, k=3+pA+p,..24+2p
Ag k=3+2p4+2p,...2+3p

AP = (8)

that is A and A; are the areas of the cross sections of the principal and
transversal struts respectively. Similarly we indicate by A, and A.; the cross
section areas of the principal and traversal cables.

The lengths [*) of the members are given by

% k=1,2
l(k) Ht;na k=3,4,...24+p (9)
201;1501 k=3+pA+p,...242p

H sin % tan v k=3+2p4+2p,....2+3p

The axial forces N*) (numbered such as the lengths and the member areas)
are given by (4). The tangent stiffness matrix K is the 9x9 Hessian matrix
of the total potential energy in the loaded configuration:

0?V
= , 10
Oudu lu=o0 (10)
The matrix K is imposed to be semidefinite positive:
K > 0. (11)

The above positivity condition is imposed by requiring that its leading prin-
cipal minors are all non-negative.

Based on the symmetry properties of the tensegrity cell, in our numerical
analysis we choose symmetric and antisymmetric generalized displacements
as shown in Fig.2 in the case of square cell. Thanks to this approach, the
Hessian matrix K is a block diagonal matrix, with maximum 2x2 submatrices
dimension. This is very important in the optimization procedure, since it
significantly simplifies the numerical analysis of positiveness.
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Figure 2: Scheme of the generalized displacements.

2.8. Constrained minimum problem

We choose the following design vector

T
X = {$1 i) I3 Ty s Tg $7}

(Ao, Aoy Aoy, Aoy, T
= iz Iz Iz iz 6 T tana} ,

(12)

where o, is the yield stress of the material, assumed unique for both struts
and cables.
As already stated, we aim to minimize the volume density. Given the
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design variables (12), this can be written as

8 (A+gAtt&DO!+2pAcV 1+tan204+PActtanOé Sini)
p

p(x) =

2
P cos (—W) H?tan? o
p

8P (ml + Bmgm +2pa3/1+ 22 +pryay sin%)

2

2
0y COS (—T) H?x2
p

(13)

We suppose that all the bars have the same cross section shape and we

indicate by J =

5’2‘% their axial area moment (here £ depends only on the form

of the cross section). In view of the assumptions (i)-(iii) and of the equations
(4)-(5), the design variables must satisfy a set of inequalities defining the

feasible set X

Xox <—

T
P
1 . (14)
P

In determining X we have considered that the unloaded state is the most
severe for principal cables and tranversal struts, whereas the loaded state
is the most severe for principal struts and tranversal cables. Finally, our
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constrained minimum problem can be written as
min {p(x) ‘ X € X}. (15)

3. Numerical results

A slab of thickness H = 100 mm has been considered. The material has
Young modulus £ = 200 GPa and yield stress o, = 200 MPa. The struts

have thin annular sections, with ratio between the average radius and the
2.

The optimization problem has been solved for 30 different values of the
uniaxial macro-stress ¥ in the range [107°,107!] MPa. The local solver
fmincon of Matlab 2016 has been adopted and the active-set algorithm has
been chosen. The algorithm requires an initial estimation x(® of the optimal

solution, that in the present case has been set as

N ey
xgo)zl.lmax ?§(§§ N/E) (U_]g)}
28 = 1.1max %; <£lta2na\/]\—]t/E) (U_Ig)}

thickness equal to 10, corresponding to £ =

a{” = e
x© = L . (16)
e =112
xéo) = 1.1 max fN[l](x); 1}
~Toar)(x); 0}

:13((50) = 1.1 max

2 =01

Fig. 3 is the log-log graph of the volume density versus ¥ for the three
tensegrity shapes here considered. Interestingly we find a quasi-linear de-
pendence for all shapes. As the figure shows, the exagonal shape is the most
convenient.
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Figure 3: Optimal volume density

In Fig. 4 we represent the optimal value of the geometrical parameter
tan « for the three different shapes. Notice that the optimal values for the
quadrangular and triangular shapes are almost equal. Moreover, in all cases
the optimal tan o changes slightly with respect to the macro-stress X, so
determining an almost constant cell dimension. This is a remarkable result
of our approach in the perspective of new materials design.
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In Fig. 5 the optimal prestress parameter 3 for the three different shapes
is represented. Notice that the optimal values of the quadrangolar and hexag-
onal shapes are almost coincident and varies slightly with respect to the
macro-stress Y, wheras the optimal values relative to the triangular shape
exhibits a more complex behavior.
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Figure 5: Optimal values of the prestress parameter 3 the prestress
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