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Abstract

In this paper, using variational methods, we look for non-trivial solutions to the following problem

—div (a(|Vu|2)Vu> —¢@), inRN, N>3,

u(x) — 0, as |x| — +o0,

under general assumptions on the continuous nonlinearity g. We assume growth conditions of g at 0 and,
in the zero mass case, growth conditions at infinity are imposed. If a(s) = (1 — s)_l/ 2. we obtain the well-
known Born-Infeld operator, but we are able to study also a general class of a such that a(s) — 400 as
s — 17 . We find a radial solution to the problem with finite energy.
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1. Introduction

Almost a century ago, Born and Infeld introduced a new electromagnetic theory in a series of
papers (see [16—19]) as a nonlinear alternative to the classical Maxwell theory. This theory was
proposed to provide a model presenting a unitarian point of view to describe electrodynamics
and had the notable feature to be a fine answer to the well-known infinite-energy problem. In
the Born-Infeld model, indeed, the electromagnetic field generated by a point charge has finite
energy. A crucial role is played by the following peculiar differential operator

Vu
=—div| ———].
o) v ( 1-— |Vu|2)

Such an operator is present also in classical relativity, where it represents the mean curvature
operator in Lorentz-Minkowski space, see for instance [6,20].

In the last years many authors focused their attention on problems related to Q in the whole
RN, with N> 1.In particular, some results for

\Y
—div e =p, inRN,
V1= |Vul?

can be found in [10,12-15,24,27,28], under different assumptions about p. Here p can be con-
sidered as an assigned charge source. See also [5], where the Born-Infeld equation is coupled
with the nonlinear Schrédinger one.

Little is still known, on the contrary, in the presence of a nonlinearity, namely, for equations
of this type

—div (%) =g, inRM. (1.1)
— u

Let us observe that classical variational techniques do not work directly for this problem, due
to the particular nature of the operator Q. Indeed, at least formally, solutions of (1.1) are critical

points of the functional
I(u)= / (1 —4/1—= |Vu|2> — / G(u)dx,

RN RN

where G is a primitive of g. However, since we have to impose the condition |[Vu| <1 a.e. in
RY the lack of regularity of the functional on the set {x € RY : |Vu| = 1} requires different and
non-standard strategies.

One of the first paper dealing with this kind of problem using variational methods is [11],
where g(s) = |s|p_2s, for p > 2* = % and N > 3. By means of suitable truncation arguments
(that will be crucial in our approach, as we will see later), the existence of finite energy solutions
is proved.

We mention, moreover, [2,3,33], where (1.1) was studied by means of ODE-techniques find-
ing solutions which could have infinite energy. In particular, in [2,3], the existence of positive or
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sign-changing radial solutions is considered for a pure power nonlinearity or under suitable sign
assumptions on g (a prototype of such nonlinearity is g(s) = —As +s”,forA > 0and p > 1). In
[33], instead, the existence of oscillating solutions of (1.1), namely, with an unbounded sequence
of zeros, is proved for nonlinearities such that g’(0) > 0. Finally, in [7], a similar problem is
considered in an exterior domain.

Our aim is to show existence of finite energy radial solutions involving a large class of opera-
tors and nonlinearities in the spirit of Berestycki and Lions [8,9] and we will present an adequate
variational approach for the problem. More precisely we consider

{—div (a(Vul>)Vu) =g@), inRN, N=>3, (1.2)

u(x) — 0, as |x| — o0,
under the following assumptions about a:

(@0) a :[0,1) — (0, +00) is continuous, of class C! on (0, 1), and [0, 1) 3 5 > a(s)s is strictly
convex;

(al) lim a(s) = +o0;
s—1-

and g:

(g0) g:R — R is continuous and odd;
(gl) for some y > 2, we have

S S
—00 < liminf 8(s) <limsup 8(s) =-m<0;
s—0 |s|r—! 50 |s[r!

(g2) there exists &y > 0 such that G (&p) > 0, where

S

G(s):/g(t)dt, for s € R.
0

Clearly, a(s) = (1 — 5)* with & < 0 satisfies (a0), (al), and we get the operator Q fora = —1/2.
Another important example is the following general mean curvature operator arising in the study
of hypersurfaces in the Lorentz—Minkowski space LY ! and in RV *! given by

a(s) =1 -2y +5)7V2, B>0,y>0, (1.3)

see [20,23,29] and references therein.
With regard to g, by assumption (gl), the problem is in the so called positive mass case. We
will consider also the zero mass case, namely, instead of (g1), we will assume

(g1”) for some y > 2*, we have

g(s)

<limsup =0.

o 8(s)
—o0 < liminf —
s—0 Isl”

s—0 |s|¥—1 =
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If the constant y in the assumption (g1’) is not greater than N, we need also a condition at infinity
on g. More precisely, we require

(g1”) whenever N >y > 2%, lsir_r;s_lolgg(s)/|s|q*_l =0, for some g € (NN—IV’ N),

where ¢* = ]g—l_vq. Observe that, clearly, we have 2* < y < ¢* and it is easy to see that a pure
power non-linearity g(s) = |s|”~2s, with p > 2*, satisfies assumptions (g1’) and (g1”). There-
fore we generalize the existence results contained in [11].

We recall that these kinds of hypotheses about g were introduced for the first time in [8,9] for
the study of

—Au=g(u), inRY, (1.4)

where y = 2. However, we want to remark that, in contrast to what happens in these previous
papers, in our case there is no assumption about the behaviour at infinity of g in the positive
mass case or in the zero mass case if, in (g1’), ¥ > N. This is a direct consequence of the natural
framework associated with (1.2), which has to take into account the condition |Vu| <1 a.e. in
R this ensures that each function is, actually, bounded. See Section 2 for more details.

An intermediate step for the study of (1.2), based on an approximation argument, has been
widely studied in the literature, e.g., see [34] and references therein. Indeed, by the Taylor ex-

. 1 . .
ansion of —— to the k-th order, we arrive at the approximated problem
p V= pp p

3 2k — 3)!
A6u__¥A2ku=g(u) II’IRN (15)

1
Q) ~ —Au — = Agu — D12k

2 2.22
Note that [34] deals precisely with (1.5), where g satisfying more restrictive Berestycki-Lions-
type assumptions. In [34] (see also the references therein), it is not clear if one can solve (1.1)
passing to the limit, as k — 4-00. We would like to mention that some partial results using this
approximation process have been obtained only in case of the fixed-charge source p on the right
hand side instead of the nonlinear term g(u), see, e.g., [12,13,27,28]. Therefore (1.1) requires a

different variational approach presented in this work.
Our main result reads as follows.

Theorem 1.1. Suppose that a satisfies (a0), (al) and g satisfies (g0) and (g2). If, in addition,

(gl) holds, or y > N and (g1’) holds, or y < N and both (g1”), (g1”) hold, then there exists a
nontrivial radial solution u to (1.2) such that

/A(qu|2)dx,/a(|Vu|2)|Vu|2dx,/|G(u)|dx<+oo,
RN ]RN RN
where A(s) = [y a(t)dt.

We use a truncation argument applied to a in a similar way as in [1 1], but due to the lack of
scaling of the nonlinearity, we use a different variational approach for (1.2). Inspired by [25,26]
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(see also [1,4,21,22]), we will adapt to our problem the method explored considering an auxil-
iary functional that allows to construct a suitable Palais-Smale sequence, which almost satisfies
a Pohozaev type identity. The compactness properties of the general nonlinear term will be in-
vestigated in a similar way as in [31,32], see Sections 3 and 4 for more details.

The paper is organized as follows. In Section 2, we introduce our functional framework and
some technical tools. Section 3 and Section 4 will deal, respectively, with the positive mass case
and the zero mass one and, therein, we will prove our main result.

We conclude this introduction fixing some notations. For any p > 1, we denote by L” (R the
usual Lebesgue spaces equipped by the standard norm | - |,. In our estimates, we will frequently
denote by C > 0, ¢ > 0 fixed constants, that may change from line to line, but never depend on
the variable under consideration. We also use the notation o, (1) to indicate a quantity which goes
to zero as n — +00. Moreover, for any R > 0, we denote by Bg the ball of RY centred at the
origin with radius R. Finally, if u is a radial function of RY, with an abuse of notation, for any
x € RN, we denote u(x) = u(r), with r = |x|.

Acknowledgments

This work has been partially carried out during a stay of J.M. at Karlsruhe Institute of Tech-

nology. This work has been also partially carried out during a stay of A.P. in Poland at Nicolaus
Copernicus University in Torun, and at Institute of Mathematics of the Polish Academy of Sci-
ences in Warsaw. J.M. and A.P. would like to express their deep gratitude to these prestigious
institutions for the support and warm hospitality.
The authors wish to thank Prof. Antonio Azzollini for many inspiring comments and discussions.
They are also very grateful to the anonymous referee for her/his valuable comments and sugges-
tions that helped to improve the quality of this manuscript and to generalise the growth condition
including the case y =2 in (g1).

2. Functional framework
In this section we introduce the functional framework related to (1.2) with some useful con-

tinuous and compact embedding properties. Moreover, following [11], we present a truncated
problem which will play a crucial role in our arguments.

Take any g > 2. Let on ! be the completion of Co° (RN with respect to the following norm

1/2
lullo = (1Vul3 + [Vul2) /2,

Recall that

[2*, g*] ifg <N,
X3 LPRY),  for pe{[2*, 400) ifg=N,
[2%,4+00] ifg >N,

and, denoting
X = on’r‘;d ={ue on’q : u radially symmetric},
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we have

2%, g* if N,
Xy <> LP(RVN), for p € 2%.47) Tq<

(2*,400) ifg>N,
see e.g. [11,34]. Moreover, as in [11,35], we have the following

Lemma2.1. Let p €[2,q],ifq < N,and p € [2, N), ifqg > N. Then there exists C > 0 (depend-
ing only on N and p) such that for all u € Xy, there holds

lu()| < Clx|~ w IVulp,
for almost every x € RN \ {0}.

In the positive mass case we always assume that ¢ > N and let X>% be the completion of
C5°(RY) with respect to the following norm

1/2
leell = (IVul3 + Va2 + fu2)

and, clearly, if y > 2%, then X 2,97 and on 4 coincides. Moreover X297 is continuously em-
bedded into L?(R") for p € [min{2*, y}, +-00] and

X = X207 = fu e X297 -y radially symmetric)

embeds compactly into LP(R™), for p € (min{2*, y}, +00).
The following lemma is an extension of the well-known Strauss Lemma [35] and the proof is
standard, cf. [36].

Lemma 2.2. Let p > 2. There exists C = C(N, p) > 0 such that for all u € era’dp (RN), N=>2
there holds

lu(x)] < Clx| 0 IIMllwlp,
forall |x| > 1.

Lemma 2.3. Let N > 2, y > 2 and g > max{N, y}. There exists C = C(N,y, q) > 0 such that
for all u € X there holds

lu(x)] < Clx| a ||u||
forall |x| > 1.

Proof. Since y > 2 and ¢ > max{N, y}, by interpolation arguments X —> W1 V(RN ) and the
conclusion follows from Lemma 2.2, where p=y. 0O
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In a similar way as in [11] for @ we introduce a truncated problem. Let us fix 61 € (0, 1). For
any 0 € (0, 01] we fix ¢ = g(0) > N such that

_,d(1=6)1=6) +a(l=6)
1= a(1—06) '

@2.1)

Then we define a continuous function ay : [0, +00) — R* by

-2

a(s) ifo<s<1-6,
ag(s) == _q=2 q-2 .
1—=6)""72a(l—-0)s2 ifs>1-6.

The functions ag (s) and ¢(s) := ag(s)s are differentiable in [0, +00) \ {1 — 68} and, by (2.1) and
(a0), we deduce that ¢'(s1) < ¢’ (1 —0) < ¢/ (1 —0) <¢'(s2), forany s; <1 -6 < 5.
Lemma 2.4. The map ¢(s) is strictly convex.

Proof. Clearly g is strictly convex on [0, ] —6]and on [1 — 0, +00). Take 0 <s <1 —6 < t.If

% <1 — 0, then by the convexity we obtain

go(s)—<p(s+t) >(p/<s+t)<s_s+t)’

2 2 2
s+t s+t s+t
=0 -¢(5) = ¢ () (1-0-=),
o( )—¢ )= >

() —p(1 —0) > ¢\ (1 -0)(t —1+40).

In view of (2.1) we get ¢/, (1 — 6) > (p/(%) and we conclude

<p(S)w2L<p(t) >¢(S42-t).

Similarly we argue if *3* > 1 — 6 and we conclude. O

For the positive mass case we will consider the following truncated problem

—div (ag (|Vu|*)Vu) = in RV,
{ (a0 (IVu?)Vue) = g(w) 02
ueX.
For the zero mass case, instead, we will consider the following truncated problem
—div (ag (|Vul?)Vu) = in RV,
{ (a0(IVul>)Vu) = g(w) 03
ue X().

Clearly, if ug is a solution of (2.2) or of (2.3) such that |Vug| < 1 — 6, then ug is a solution also
of (1.2).
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Observe that there exists ¢y = cg(0) > 0 such that

é <s2 + |s|4) <ap(sH)s? < & <s2 + |s|4) . forallseR, (2.4)

E<s2+|s|q) < Ap(s?) < & <s2+|s|q), forall s € R, (2.5)
where Ag(s) = [ ag(t) dt and

2 (-6 .
ci=—-——————— . min a(s)
g 1+{-— 91)q_2 s€[0,1)

is independent of 6.

We conclude this section with the following lemma, which will play a crucial role in our argu-
ments. The proof of this result seems to be standard but we give the proof for the completeness.

Lemma 2.5. Suppose that u, — ug in Xy and
lim / ap(|Vun|?)|Vuy > dx = / ap (| Vuo|») | Vuo)? dx. (2.6)
n——+0o
RN RN
Then u,, — ug strongly in Xy.

Proof. Let ¢ : RY — R be given by ¢(v) := ag(Jv|*)|v|?, for v € RN, By Lemma 2.4, ¢ is
strictly convex, hence the map & : Xy — R, such that

O(u) = / o(Vu)dx, for u € &y,
RN

is well defined and strictly convex as well. So, since %(Vun + Vug) — Vug, we obtain

1
lim inf / (p(—(Vun+Vu0)) dx > / 0(Vug) dx. 2.7
n——+oo 2
RN RN

Then, taking into account the convexity of ¢, we know that, a.e. in RY,

_— \Y \Y ! \% \% >0
0= 5 (¢(Vi) +@(Vutg)) = (5 (Vs + Viup)) = 0.

hence, by (2.6) and (2.7),

limsup/&ndx=0. 2.8)

n——+00
RN
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For any k > 1 we define

. 1 1 1
Mk 1=lnf{§(<ﬂ(vl) + () — §0<§(U1 + Uz)) v, v € RY st vy, ual <k, Jvp —vo] > E}’

1
Qn,k = {x € RN Vuyl, [Vuol <k, [Vu, — Vug| > %} .

Since py > 0, by the strict convexity of ¢, and (2.8) holds, we infer that the Lebesgue measure
|2, k| = 0, as n — +00. Take any ¢ > 0, we find a subsequence {n;} such that | U,fil Qe kl <
e. Again letting & — 0 and passing to a subsequence we obtain that Vu, — Vug a.e. on RV,
Note that ap is of class C! on (0,1 — 8) and (1 — 6, +00), hence ¢’ exists almost everywhere.
Now take s € [0, 1], by (2.4) we observe that the sequence {¢'(Vu,, — sVug)Vug} is uniformly
integrable and tight and converges a.e. to (p’((l - s)Vuo)Vuo. In view of the Vitali Convergence
Theorem we get

1
/@(Vun)dx—/@(Vun—Vuo)dx=/fw'(Vun—sVuo)Vuodxds

RN RN 0 RN

1
—>//¢’((1—S)Vuo)Vuodxds

n—-+00

0 RN

= / ¢o(Vug)dx.

RN
Since (2.6) holds, we get
/ ©(Vu, — Vug)dx — 0,
RN
as n — 400, and by (2.4) we conclude. 0O
3. The positive mass case
In this section we deal with the positive mass case, namely, we will assume on g (g0), (gl)
and (g2).

Let gi(s) := max{g(s) + ms?~!,0}, for s > 0, and g2(s) = g1(s) — g(s), for s > 0, and
gi(s) = —gi(—s) for s < 0. Then g1(s), g2(s) >0, for s > 0,

hr%gl(s)/sy—l =0, 3.1)
s—>
g2(s) > ms¥~',  fors>0. (3.2)
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If we set

S
Gi(s)zfgi(t)dt, fori=1,2,
0

then, by (3.2), we have

Gas) > Zis|”,  fors eR. (3.3)
y

By (gl) and (3.1), we have that there exist two fixed positive constants, ¢, ¢» such that

()l <éls” 1, for all |s| < &, (34)
|G(s)| <cils], for all |s| < ¢, 3.5)
lgi®) <éilsl’™",  forall |s| <&, (3.6)
IG1(s)| <¢&1]s]”, for all |s| < &,. (3.7)

Lemma 3.1. For any u € X, fRN Gu)dx and fRN gw)udx are well defined. The same is true
for [gn Gi(w)dx and [gy gi(Wudx, for 1=1,2.

Proof. Let u € X. Since X is embedded into LY (RY) N L (RY), we have that

/|G(u)|dx= f |G )| dx + / |G ()| dx
]RN

{lul=cz} {lu|>c2}

<c] / lu|” dx +meas{|u| > c2}- max |G(s)]
{s<llulloo}
{lul<éca}
< 51|u|))j + meas{|u| > ¢z} max |G(s)| < +oo.
{s<llulloo}

The arguments are similar for [y g)udx, [gy Gi(u)dx and [py gi(wudx,1=1,2. O

Lemma 3.2. If u, — ug in X, then

li,{n/gl(un)undx=/gl(uo)uodx (3.8)
R¥ RN
and
lim/Gl(un)dxszl(uo)dx. (3.9)
n
RV RV
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Proof. Here we follow some ideas of [31, Corollary 3.6] (cf. [32]) and we divide the proof into
three intermediate steps by which the conclusion follows immediately.
STEP 1: We claim that

lirrln/ g1 (up)(uy —ug)dx =0. (3.10)
RV

Since {u,} is bounded in X then, by the continuous embedding of X into L>°(R"), we infer that
there exists M > 0 such that |u,|oo < M, for any n > 1. Take any & > 0 and 8 > 2*. Then, by
(3.1), we find 0 < 6 < M and ¢, > 0 such that

lgis) <elsl”~' if|s| € [0, 8],
lg1()| < celsP~if|s| € (8, M].

Therefore

/lgl(unxun—uo)mxss/ |un|V*‘|un—uo|dx+cs/|un|ﬂ*‘|un—uo|dx,
RN RN RN

and, by the compact embedding of X into L# (R¥), the boundedness of the sequence {u,} in X,
we infer that

limsup/ lg1(un)(uy —uo)|dx <eC
n oy

for some constant C > 0 and so (3.10) is proved.
STEP 2: We claim that

lim / g1 n)uo dx = / g1 (oo dx.
RY RN
Since the sequence {g1(u,)uo} is uniformly integrable and tight, then the conclusion follows by

Vitali Convergence Theorem.
STEP 3: We claim that

lir?’l /gl(un)undx_fgl(”n)(urz_”O)dx Z/gl(MO)Mde~

RN RN RN

Indeed, if we set ¢, (s) = g1(u,) (M, — sugp), for any n € N and s € [0, 1], taking in account
Step 2, we have
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lim fgl(un)undx_/gl(un)(un_uo)dx

RN RN
—hm/ ¢n(0) — qbn(l) _—llm/ /qﬁ (s)ds | dx
RN
1 1 1
:/ llmfgl(un)uodx ds:/ fgl(uo)uodx ds:—/ /d)(’)(s)dx ds
0 RN 0 \RN 0 \RWV
= [ @00~ wo)dx = [ g1tunod
RN RN

d

The proof of (3.9) is similar.
Solutions of (2.2) will be found as critical points of the functional Iy : X — R defined as

Ig(u)_l/A9(|Vu|2)dx+/Gz(u)dx—/Gl(u)dx
RN RN

RN

The functional is well defined in X by (2.5)
the functional Iy : X — R verifies the mountain pass geometry.

Lemma 3.3. For any 6 € (0, 6;
More precisely:

(i) there are o, p > 0 such that Ip(u) > «, for |ull = p;
(ii) there is u € X \ {0}, independent of 6 € (0, 61], with ||u|| > p and |Vu| < 1 — 01, almost

everywhere in RY, and such that Iy (@) < 0
Proof. (i) By the continuous embedding of X into L*° (RM), and by (3.1), we can consider p > 0
sufficiently small such that
ae x eRY and for any u € X with ||u| =

mwu»sgwuw,
Y

Hence, by (3.3) and (2.5), for any u € X’ with ||u|| = p, we have
Val} + Vuld) + 2 ull = clullf = a > 0
ul5 ulg 2 uly, > cllull” = a >0,

N O

Iy(u) >

where 8 = max{2, ¢q, y}.
481
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(ii) Let ug € X such that, for any x € RY,

o in Bg,
ug(x) = —j—%lxl+§o(l+\/§) in Bp, /z\ Br.
0 inRV\ By, /z.

Arguing as in [8], for R sufficiently large, we have fRN G(ugr)dx > 0 and, clearly, |[Vug| <1 —
1. Moreover, for any ¢ > 1, we have also that |[Vug(-/t)| <1 —60; and so, denoting it = ug(-/t),
with R and ¢ sufficiently large and independently by 0 € (0, 61], we have ||u| > p and

(@) < ¢ (zN—2|wR|§+zN—4|wR|3)—erG(uR)dx<o. O
RN

Let us define the mountain pass level for the functional Iy

my = inf max ]H(V(t)),
yel'tel0,1

where
[:={y eC(0,1,X) | y(0) =0,y (1) =u}.
By Lemma 3.3, we deduce that mgy > «, for any 6 € (0, 61].

Observe that, since |Vi| < 1 — 61, we have that Iy, (tit) = Ip(tu), for any ¢t € [0, 1] and for
any 6 € (0, 61]. Hence we deduce that

mp < max
tel0,1

Ip(tu) = max Iy, (tu),
[0,1] 1€[0,1]

for any 0 € (0, 61]. Hence there exists ¢ > 0 (independent of 6 € (0, 61]) such that
0<mg <c, for any 0 € (0, 61]. 3.11)
Following [25,26], we define the functional Jg : R x X — R as

No
Jg(o,u):]g(u(e_".)):%/Ag(e_2”|Vu|2)dx+eN"/Gz(u)dx—eNO/Gl(u)dx.
RN RN RN

With similar arguments of Lemma 3.3, also Jy has a mountain pass geometry and we can define
its mountain pass level as

mg:= inf _ max Jg(o (1), y()),
(0.y)eTxT 1€[0,1]

where
Y :={0eC(0,1],R) | o(0) =0c(1) =0}.
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Observe that arguing as in [25, Lemma 3.1], we obtain

Lemma 3.4. For any 6 € (0, 61], the mountain pass levels of Iy and Jy coincide, namely mg =
my.

Now, as an immediate consequence of Ekeland’s variational principle [37, Theorem 2.8] (cf.
[26, Lemma 2.3]) we obtain the following results.

Lemma 3.5. Let 6 € (0,01] and & > 0. Suppose that y € ¥ x I satisfies
max Jp(y (1)) <mg + ¢,
tel0,1]

then there exists (o, u) € R x X such that

(1) distgx (0, w), 7([0, 1)) <2./&;
(2) Jo(o,u) € [mg — &, mg + ¢l
(3) IDJo(o, w)||Rx 1+ <24/

Proposition 3.6. For any 6 € (0, 61], there exists a sequence {(oy,u,)} C R x X such that, as
n — 400, we get

(1) on = 0;

(2) Jo(on,un) — my;

(3) 95 Jg(on, uy) = 0;

(4) 0yJo(on, u,) — 0 strongly in X*.

Proof. In view of Lemma 3.5 we conclude by letting ¢ — 0. O

Now we find a radial solution of the truncated problem (2.2).

Proposition 3.7. For any 6 € (0, 01], there exists ug € X a non-trivial solution of (2.2) such
Iy (ug) = mg. Moreover there exists C > 0 such that

lugll <C, forany0 € (0, 61]. (3.12)

Finally ug is a weak solution of

= (" ag (uy () Puy () =V g (o (), (3.13)
namely
+00 o
/ rN g (Jug (r)Pug (r)v' (r) dr = / rN e (ug(r))v(r) dr,
4 0
forallveX.
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Proof. Fix 6 € (0, 01]. By Proposition 3.6, there exists a sequence {(oy,, u,)} C R x & such that

Noy
s [ Ao Pydx e [ Gawndx =¥ [ Grun dx=ma + 0,00,
RN RN RN
NelNon
5 /Ag(e*2<’n|w,,|2)dx—e<N*2)°" /ag(e*2“n|wn|2)|w,,|2dx

RV RY
+NeNU"fGQ(Mn)dx_NeNGII/Gl(un)dXZOH(l)’
RN RN
(N =200 / ag (e |Vu |*) Vi, |* dx + N / 82 (up)uty dx

RN RN

—eNon f 81Uy dx = 0, (1)|uy .
]RN

(3.14)
From the first and the second equation of the previous system we get

e / ag(e ™27 |Vuy|*) | Vun|* dx = Nmg + o,(1).
]RN
Therefore, since o, — 0, as n — +o00, by (2.4) we deduce that {«,} is a bounded sequence in

Xj and so also in L>°(R"), namely there exists C > 0 such that |u,|e < C, for any n > 1. This
implies that, by (3.1) and Lemma 2.1, there exists R > 1 such that

Gi(u,(x)) < 2£|Mn(x)|y, a.e. x € RN with |x| > R and for any n > 1.
v
Hence

[ Grunds= [ Grund+ [ Giu)dx =€ max (G101 + 7 / a1 d.
{s<C)

RN B RN\ Bg *

By this, by (3.3) and by the first equation of (3.14), we infer that {u,} is a bounded sequence also

in X. Then there exists ug € X such that u, — ug in X. Since 9, Jy (0;,, u,) — 0 strongly in X*
and o, — 0, we have that uy is a weak (possibly trivial) solution of (2.2) and so it satisfies

[ anvuPyvuobax+ [ gwomadx= [ oo dx.
RN RN RN
Since u, — ug in X, by the weak lower semicontinuity and the Fatou’s Lemma we have that
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/ae(|w9|2)|wa|2dxsliminf/a9<|wn|2>|wn|2dx,
n——+0oo

RN RN
/gz(ug)ug dxfliminf/gg(un)undx;
n——+00
RN RN

while, by Lemma 3.2, we have

fgl(ue)ued)c:n_lirfw/gl(un)undX-
RN RV

Therefore, by the third equation of (3.14),

/ as (Vg ) Vg dx + / a2 (g dx
RN RN

< liminf /ag(qun|2)|Vun|2dx+/gz(u,,)undx
n——+o0o
| RV RV

= limint | ¢4~ / a6 (€2 Vit ) Vit 2 dx + €N / 2 (un)itn dx
i RV RN

= liminf eNU”/gl(un)undx+0n(1)||u,,||

n—+00
- f g1 (ug)uup dx = / as (Vg ) Vg dx + / g2(ug)ug dx
RN RN RN
and so
/a9<|we|2>|we|2dx= lim /ae(|wn|2>|wn|2dx, (3.15)
n—+00
RN RN
/gg(ug)ugdx: lim /gz(un)u,,dx. (3.16)
n—-+00
RN RN

In view of Lemma 2.5 equation (3.15) implies that u,, — ug strongly in Xp.
Moreover, since, by (3.2), we know that for any s € R we can write ga(s)s = m|s|” + h(s),
where / is a non-negative continuous function, by Fatou’s Lemma we deduce that

lug|” dx <liminf | |u,|” dx,
n——+00
RN RN
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/h(ug)dxgliminffh(un)dx.
n——+00
RN RN

These last two inequalities and (3.16) imply that

[ ot ax= tim [ il ax
R¥ R¥

and so, actually, u,, — up strongly in X and so Iy (ug) = my.
Finally, since

/ a5 (IVug ) [ Vatg P dx = Nmo,
RN

by (3.11) and (2.4), we prove that there exists C > 0 such that |[ug|lo < C, for any 6 € (0, 6;].
Since {ugl are uniformly bounded in &} and so also in L®@RN), there exists C > 0 such that
lugloo < C, for any 6 € (0, 61]. This implies that, by (3.1) and Lemma 2.1, there exists R > 1

such that
Gi(ug(x)) < 2ﬂ|u9(x)|y, ae. x € RY with |x| > R and for any 0 € (0, 61].
14

Hence

/Gl(ue)dx=fG1(u9)dx+ f Gl(ue>dstmaz<|G1<s)|+zﬂ/|u9(x>|ydx.
{s<C} Y
RN Bgr RN\BR ’ RN

By this, by (3.3), since Iy (ug) = my and by (3.11), we infer that exists C > 0 such that |ug|| < C
forany 6 € (0,61]. O

We are now able to conclude the proof of our main theorem in the positive mass case.

Proof of Theorem 1.1. By Proposition 3.7, for any 6 € (0, 1], there exists uyp € X a nontrivial
solution of (2.2) such Iy(ug) = myg. Since g > N, up € L®(R™) and since ug is a solution of
(3.13) in (0, +00), it is easy to check that uy is regular for » > 0.

CLAIM 1: ug € C'* in a neighbourhood of 0 for some « € (0, 1).

Integrating the equation (3.13), for any r, > r; > 0, we have

r

=y ag (up (r2) P (r2) + '~ ag (uy (ri) Py () = / sVl g ug () ds.

r
Observe that

r

/SN_llg(ue(S))ldS <c@d —rh,

r
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for some constant C > 0. Thus A := lim,_, rN_1a9(|ué(r)|2)u’0(r) exists and it is finite. If
A #£0, then lim, ¢ |u’9(r)| = 4-00. Since we can find constants cy, ¢2, p > 0 such that

cils|? <ag(s®)s> <calsl?,  for|s| > p,
and ug is constant on a sphere centred at 0, in view of Lieberman’s result [30], ug € C Le in

a neighbourhood of 0 for some o € (0, 1). This contradicts lim, . |uy(r)| = +o0c. Therefore
A = 0. Furthermore, since for any r, > r; > 0

N-1 2
r 1 _

—ag (Jup(r2) PYug (r2) + == as (uy (r) Dy (r1), = —— / sV g(up(s)) ds,
) )

1
and letting r1 — 0, we deduce that

rn

l A 1 N-1
ag(lug(r)Dug(r2)| < ——= [ 87 1g(up(s))|ds < Crs.
"
0

Therefore
lim ag (|uly (r)[P)uy (r) =0,
r—0
hence
lim uy (r) =0.
r—0

Since, for some constants c1, ¢z, p > 0, we also have

c15? < ag(s?)s? < cas?, for |s| < p,
in view of [30], we conclude the claim.
CLAIM 2: There exists C > 0 such that
|a9(|u{9(r)|2)u’9(r)| <C, forany r > 0 and 6 € (0, 0;]. (3.17)

By the regularity of ug, we infer that u;,(0) = 0 and so also
ag (Jug ()i (0) = 0.

Now, integrating the equation (3.13), for any r > 0, we have

1 r
—ag (Juy (NP () = —— f sN g ug(s)) ds.
0
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By Lemma 2.3 and by (3.12), we deduce that there exists R > 1, such that

lug(r)| <cp, foranyé € (0,0;] and for any r > R, (3.18)

where ¢ is defined in (3.4).
By the continuous embedding of A" in L>®([RN) and by (3.12), there exists C > 0 such that
lugloo < Cllug|l < C, for any 0 € (0, 61], and so we have that, for any 0 <r < R and 6 € (0, 6],

r
1 _
g (u ()P ()] < = f s"Ngug(s))ds < C.
0
If r > R, then

1 r
o (u ()P ()] < —= / sN g o (5)) | ds

0
| R r
< f Mg ()1 ds + f Mg (ua ()1 ds
0 R
r
C cl
=

w7t W—_I/sN‘Hg(ue(s»us.
1

(4)

We have to estimate (A). First of all, Lemma 2.3 and (3.12), for » > 1, we have that

_N-1 S N1
lug(r) = Cr 7 Jlugll <Cr v .

From (3.18) and (3.4), and since y > 2, we get

r r

C _q-N=lg, Nl
/sN*‘|u9(s)|V*‘ds5 N_lfsN CE 0 s e (fT ) =
r
1 1

(A) <

FN—T

Therefore the claim is proved.
CLAIM 3: There exists 6 € (0, 6;] such that

luz(r)] <1 -0, for any r > 0. (3.19)

Suppose by contradiction that (3.19) does not hold, then there exists a sequence {6,} C (0, 1]
which tends to zero and a sequence {r,} C R such that

lim|uf9 r) =1,
n n
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which implies, by (al), that

- / ’

limag, (lug, (rn) Dlug, (ra)| = +o00.

Thus we obtain a contradiction with (3.17).

Finally, observe that u; solves (1.2). Moreover, taking into account (2.4), (2.5) and Lemma 3.1,
we get

/ A(|Vug|*) dx, / a(|Vug|*)|Vug|* dx, / |G(ug)|dx < +oo. O
RN RN RN
4. The zero mass case
In this section we deal with the zero mass case, namely, we will assume that g satisfies (g0)
and (g2). Moreover y > N and (g1’) holds, or y < N and both (g1’), (g1”) hold. In the former
case, for the definition of Xy, we fix ¢ € (N, y), while in the latter, g is given by (g1”).

Let g1(s) := max{g(s), 0} and g2(s) := g1(s) — g(s) for s > 0 and then we can extend them
as odd functions for s < 0. Then g1 (s), g2(s) > 0, for s > 0 and

lim gl(s)/|s|y_l =0, forsomey > 2", “4.1)
s—0
Moreover, whenever y € (2%, N], we have
lim g1(s)/]s]9 "' =0. 4.2)
§—>—400

Fori =1, 2 we set
N
Gi(S)=/gi(t)dt
0

and note that G;(s) > 0 for s € R.
In view of (gl’), there exist two positive constants, ¢; and ¢, such that

lg(s)| < é&ls)” L, for all |s| < &2, (4.3)
IG(s)| <c1ls]”, for all |s| < &3, 4.4)
lg1(s) < é&ls|” !, for all |s| < &, (4.5)
IG1(s)| <éerlsl”, for all |s| < ¢,. (4.6)

Moreover, in the case y € (2%, N1, by (g1’) and (g1”), there exists a positive constant ¢3 such
that
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lg(s)| <c3 (IslV‘1 + |s|q*—1), forall s € R, 4.7
1G(s)| < & (|s|y + |s|‘1*), foralls € R, (4.8)
lg1(s)] < &3 (|s|V—1 + |s|q*—1), forall s € R, 4.9)
1G1(s)| < & (|s|V 4 |s|4*), forall s € R. (4.10)

Arguing as in the proof of Lemma 3.1, we have

Lemma 4.1. For any u € X, fRN G(u)dx and fRN gW)udx are well defined. The same is true
for fRN G;(u)dx and fRN gi(wyudx, for1 =1,2.

The following compactness results hold.

Lemma 4.2. If u, — ug in Xy, then
lim / g1(up)u,dx = / g1(ug)ugdx
RN RN
and
lim/ Gi(uy)dx = / Gi(ug)dx.
n
RN RN

Proof. In the case y > N, the arguments are similar to those of the proof of Lemma 3.2. Here
we treat only the case y € (2%, N], enlightening the main differences.
By (4.1) and (4.2), take any ¢ > 0 and 8 € (2%, ¢g*), then we find § > 0 and ¢, > 0 such that

lg1()| <els|”~!  if|s] €0, 4],
lg1(s) < celsP™1if |s| € (8,1/8),
lg1(s) <els|? 1 if |s| € [1/8, +00).

Therefore

/|g1(un>(un—uo)|dx<s/|un|V —uo|dx+cgf|un|ﬁ—1|un—uo|dx
]RN

+ef 19" i, — )] dix,

and, by the compact embedding of Xp into L#(R™), the boundedness of the sequence {u,} in
X, we infer that
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1imSUP/ |g1(p)(up — up)|dx < eC
n RN
for some constant C > 0. Now the proof goes on in a similar way as in Lemma 3.2. O
Solutions of (2.3) will be found as critical points of the functional Iy : Xy — R defined as
1 2
lo(u) = 3 Ap(|Vul)dx + | Ga(w)dx — | Gi(u)dx,

RN RN RN
which is well defined in A}. Here and in what follows, with an abuse of notation, we use Iy, Jy,
mg, Mg, I', and X in the zero mass setting, as well.

We show that Iy satisfies the mountain pass geometry.

Lemma 4.3. For any 6 € (0, 0], the functional Iy : Xy — R verifies the mountain pass geometry.
More precisely:

(i) there are o, p > 0 such that Iy(u) > «, for ||ullo = p;
(ii) there is u € Xy \ {0}, independent of 6 € (0, 011, with |\ullo > p and |Vu| < 1 — 61, almost

everywhere in RY, and such that Iy (i) < 0.

Proof. (i) We start with the case y > N. Since g € (N, y), by the continuous embedding of Xp
into L*°(R"), and by (4.4), we can consider p > 0 sufficiently small such that

Gux)) <crlu)|”, a.e. x € RN and for any u € Xy with |lullo = p.
Hence, by (2.5) and since X} is embedded into L? (RV), for any u € Xy with |ju||o = p, we have
lo@) = ¢ (IVul3 + [Vull = lul} ) = e (19ul} + Vulf = |Vul} = |Vul} ) =« > 0.

Let us consider now the case y € (2%, N]. By (4.1) and (4.2), take any ¢ > 0 and B €
(max{2*, g}, ¢™), then we find ¢, > 0 such that

0<G(s)<¢ (|s|V 4 |s|q*) teolslf,  foralls eR.
Hence, if p < 1, we have
o) = ¢ (IVuld +1Vulf) =& (ul} + ull.) - celul}
> ¢ [|vu|§ +Vull —¢ <|Vu|§ FVul + |Vuld + |vu|3*) - (|W|§ + |Vu|g)]
> e[ lully = Nt =& (hlly + 1l )] z e > 0.
(i1) As in the proof of Lemma 3.3. O
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Let us define the mountain pass level for the functional Iy

mg := inf max Iy(y (1)),
yel'tel0,1]

where
[:={y €eC(0,1], Xp) | y (0) =0, y (1) = ir}.
By Lemma 4.3, we deduce that mg > «, for any 0 € (0, 61].

Observe that, since |Vit| < 1 — 61, we have that Iy (ti) = Io(tu), for any ¢ € [0, 1] and for
any 6 € (0, 61]. Hence we deduce that

mg < max
t€[0,

Io(tu) = max Iy, (tu),
0,1] te[0,1]

for any 0 € (0, 61]. Hence there exists ¢ > 0 (independent of 6 € (0, 61]) such that

0<myg <cy, for any 0 € (0, 61]. 4.11)

As done in Section 3, we define the functional Jy : R x Xy — R as

No
Jy (o, u):le(u(e_”~))=67/Ag(e_2“|Vu|2)dx+eN"/Gz(u)dx—eN“/Gl(u)dx.
RN RN RN

The functional Jy has a mountain pass geometry and we can define its mountain pass level as

g = ol D% Jo (c®,y®),
where
Y:={o€C(0,1],R) |0 (0) =0 (1) =0}.
The following holds

Lemma 4.4. For any 6 € (0, 61], the mountain pass levels of Iy and Jy coincide, namely mg =
my.

Lemma 4.5. Let 6 € (0,01] and & > 0. Suppose that y € ¥ x I satisfies
max Jo(y (1)) <mg + &,
tel0,1]

then there exists (o,u) € R x Xy such that

(1) distrox, (0, 1), 7([0, 1)) < 2./&;
(2) Jo(o,u) € [mg —e, myg + €l;
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(3) IDJa(o, w) R xx+ < 24/e.

Proposition 4.6. For any 0 € (0, 0], there exists a sequence {(o,,u,)} C R x Xy such that, as
n — 400, we get

(1) on —0;

(2) Jo(On,up) —> my;

(3) 35 Jo(on, up) — 0;

(4) 3yJo(0n, up) — 0 strongly in X

Proposition 4.7. For any 0 € (0, 01], there exists ug € Xy a non-trivial solution of (2.2) such
Iy (ug) = mg. Moreover there exists C > 0 such that

lugllo <C, forany6 € (0,01]. (4.12)

Finally ug is a weak solution of

—(r" " ag (up ()P yuy(r) = r¥ g g (), (4.13)
namely
+00 o0
f PN gy (1 () Py () () dr = / Nl gup(r)u(r) dr,
0 0

forall v e &y.

Proof. Fix 6 € (0, 61]. By Proposition 4.6, there exists a sequence {(o,, u,)} C R x Aj such that

eNarl
2

f Ag(e2 Vi ) dx + &N / G (uty) dx — Vo f G () dx = mg + 0 (1),

RN RN RN

NeNon
2

/ Ag(e™27" | Vuy|*) dx — eN2n / ap (€27 | Vun|?) | Vuy|* dx
RN RN
+NeNU"/G2(u,,)dx—NeNU”/Gl(un)dxzon(l),
RN RN
(V=20 / (&2 Vg 2| Vit P s + €N f g2(utn)in dx

RN RN

—eNUn/gl(un)undXZOn(l)““"”'
RN

From the first and the second equation of the previous system we get

493



J. Mederski and A. Pomponio Journal of Differential Equations 370 (2023) 470-497

N2 [ e V10, ) VP = N+ 0, ()
RN
Therefore, since o, — 0, as n — +o00, by (2.4) we deduce that {u,} is a bounded sequence in

Xp. Then there exists uy € Xy such that u, — ug in &p. Since 9, Jg (0, u,) — 0 strongly in X(’f
and o, — 0, we have that uy is a weak (possibly trivial) solution of (2.3) and so it satisfies

/ae(|VM9|2)|VM9|2dX+/gz(ue)uedx=fgl(ua)u9dx-

RN RN RN

Arguing as in proof of Proposition 3.7 we can show that

/a9(|Vu9|2)|Vu9|2dx= lim /a9(|Vu,,|2)|Vun|2dx.
n——+oo
RN RN

In view of Lemma 2.5, we have that u,, — uy strongly in Xy and so Iy (ug) = mg.
Finally, since

/ a5 (IVug ) [ Vatg P dx = Nmo,
RN

by (4.11) and (2.4), we prove that there exists C > 0 such that |lug||o < C,forany 6 € (0,6;]. O

We are now able to conclude the proof of Theorem 1.1.

Proof of Theorem 1.1. By Proposition 4.7, for any 6 € (0, 0], there exists uy € A a nontrivial
solution of (2.3) such Iy(ug) = mg. When y > N, since g > N, the space &) is embedded into
L>®(RY) and the regularity arguments and the estimates of Section 3 can be adapted with slight
changes. Therefore, here we deal just with the case 2* < y < N and so we have to assume, in
addition, (g1”). Being ¢ < N, we cannot repeat the arguments of the previous section and now
we follow some ideas of [11, Lemma 3.2]. Since ug is a solution of (4.13) in (0, +00), it is
easy to check that uy is regular for » > 0. Moreover, rV “lag (Juy (r) |2)u’9 (r) satisfies the Cauchy
condition at the origin so that it has a finite limit as » — 0. We claim that

1ir%rN—1a9(|u’9(r)|2)u;(r) =0. (4.14)

Suppose, by contradiction, that it is different from zero and then there should exist 79 > 0 such
that |u2) (r)| > 1—0, for r € (0, ro]. Therefore, for r sufficiently small,

C < |r"ag(up (N Pug ()| = rV M ()17,

namely

N—

lug(r)] > Cr~ 1.
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By this we have

N—

N—-1 2 2 N—1 =
rag (lug () [ lug (N 1° =r" " Hug (|7 = Cr~ a1

near 0, which is not integrable since g < N. Since uy is a solution of (4.13), we get a contradic-
tion.

Let us prove the following

CLAIM: there exists C > 0 such that

lag (|uly () [Huy(r)] < C, forany r > 0 and 6 € (0, 0;].

By the regularity of ug, we infer that u;,(0) = 0 and so also

a (lu (0)*)ug (0) = 0.
We now consider the case r > 0. Integrating the equation (4.13), for any r > 0, we have

r

1
—ag (Juy (N () = —— / sN g ug(s)) ds.
0

By Lemma 2.1 and by (4.12), we deduce that there exists R > 1, such that

lug(r)| < ¢y, forany6 e (0, 6] and for any r > R, 4.15)

where ¢; is given in (4.3).

By the continuous embedding of &} in L”(RN), for p € [2*, q*], and (4.12), there exists C > 0
such that |ug|, < Cllugllo < C, for p € [2*,4*] and any 6 € (0, 0;]. So, using (4.7), we have
that, forany 0 < < R and 0 € (0, 61],

r

1
g (I ()P ()] < = [ s¥ N g(ua(s))lds < C.
0

If r > R, then

r

1
o (u ()P ()] < = / sN g o (s))|ds
0

R r
1
T f Mg ()1 ds + f Mg (ua ()1 ds

0 R

IA
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)
C Cq _
<t oy [ lswaonlds.

1

(A)
We have to estimate (A). First of all, by Lemma 2.1 and (4.12), for r > 1, we have that

_N=2 - _N-=2
lug(r)| <Cr~ "2 |Vuglp <Cr~ 7.

Hence, by (4.15) and (4.7), since 2* < y < g¥,

r

C _ _ *_
(A) = /sN Hlug )7+ ug ()14~ ") ds
1
,
= —NC_I /‘SN_I_NT_Z(V_D ds<C (FI_NT_Z(V_U + 1) =C.
r
1

Therefore the claim is proved.
Now we conclude as in the previous section. 0O

Data availability
No data was used for the research described in the article.
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