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A B S T R A C T

Modeling the elasto-plastic contact between rough interfaces may require high computational effort as real
surfaces present broad roughness spectra. In this work, we propose an efficient multi-asperity model where
each asperity follows Jackson and Green’s equations and both coupling and coalescence of contact spots are
considered. In agreement with previous studies, the contact area 𝐴 is found to rise linearly with the applied
load. Moreover, under the assumption of yield stress independent of the asperity size, no differences are
found with respect to the elastic contact solution for nanometric root mean square (rms) roughness amplitudes
ℎrms. On the contrary, for micrometric ℎrms, the slope of the area-load relation is observed to increase when
reducing the yield strength 𝜎Y. We have also investigated the effect of increasing the rms roughness gradient
of the surface ℎ′

rms by adding fine-scale wavelengths to the roughness spectrum. Due to plastic deformations,
the contact area 𝐴 is found to be independent of the high-frequency cut-off of the roughness spectrum as it
converges when increasing the number of roughness scales.
1. Introduction

Contact mechanics between nominally flat surfaces of elastic media
is now well understood [1–4]. Existing theories and models have shown
that, under frictionless conditions, the real contact area 𝐴 increases
linearly with the normal applied load 𝐹 according to 𝐴 ∼ 2𝐹∕(𝐸∗ℎ′rms),
being 𝐸∗ the composite elastic modulus of contacting materials and
ℎ′rms the root mean square (rms) gradient of the surface roughness.
Deviation from linearity are observed when 𝐴∕𝐴0 > 0.2 − 0.3, being
𝐴0 the nominal contact area [4].

The rms gradient increases by adding shorter and shorter wave-
lengths to roughness spectrum, whose truncation frequency defines
the total number 𝑁 of roughness scales. For purely elastic media,
theoretical models predict zero contact area in the fractal limit [5,6],
namely when 𝑁 → ∞. However, for real surfaces, fractal limit will
not be reached for two main reasons. First, atomic scale represents the
natural truncation of roughness spectrum. Second, at higher loads, we
expect that plasticity destroys shorter wavelengths.

Plasticity plays a key role in a tremendous number of applications
and at different length scales. Understanding nanoscale plasticity is
of crucial importance for developing miniaturized smarter technolo-
gies [7]. At the microscale, plasticity may affect the reliability of micro
electro-mechanical systems [8]. At larger scales, plastic deformations
at the asperity level are observed when surfaces are subjected to high
contact pressure as, for example, occur in metallic seals [9].
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Natural and manufactured surfaces present roughness spectra that
may extend on several length scales [10]. As a result, modeling realistic
rough interfaces require fine discretization, which in turns leads to high
computational demand [11].

Over the last years, several methods have been proposed to solve
elasto-plastic contacts between rough surfaces. Among the first ap-
proaches, statistical and microcontact models [12–14] overcome com-
putational issues, but suffer from strong assumptions, such as simplistic
description of surface roughness and absence of coupling between
surface asperities. In fact, these models are based on a bearing area
approach, which is only valid in limiting cases but not applicable to
generic, randomly rough surfaces [4].

Overcoming the limits of bearing area models, Persson [15] de-
veloped a multiscale theory where broad roughness spectra can be
considered and plastic deformation occurs if the mean applied stress
exceeds the yield strength 𝜎Y of the material, which is assumed to
exhibit an elastic-perfectly plastic constitutive behavior. Recently, Xu
et al. [16] proposed closed-form solutions of Persson’s elasto-plastic
theory, which is solved by a superposition of three Gaussian functions.

Carvalho et al. [17] proposed a multiscale algorithm based on the
split of the roughness spectrum; the algorithm can estimate the real
contact area from a given database of contact area fraction and pressure
values. The authors applied their model to study the elasto-plastic
response of a material with a 𝐽2 isotropic plasticity law.
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Fig. 1. A sketch of the problem under investigation: a rigid rough surface is pressed into an elastic-perfectly plastic half-space. The initial surface is replaced by a set of paraboloids
of revolution whose position and height are coincident with those of the asperities summits. The origin of the coordinate system 𝑂𝑥𝑦𝑧 is placed at the highest peak of the surface
with the 𝑧-axis oriented upwards. Therefore, the initial distance ℎi between the asperities and the flat half-space is negative, and the rigid approach 𝛥 and displacement 𝑤i are
taken positive when agreeing with the orientation of the 𝑧-axis.
With their pioneering finite element (FE) approach, Pei et al. [18]
studied the normal contact between a rigid plane and an elasto-plastic
solid with self-affine fractal surface. They found that the contact area
𝐴 rises linearly with the applied load.

More recently, Zhang et al. [19] developed FE models to simulate
the contact between aluminum and polycarbonate interfaces, finding a
good agreement with X-ray tomography measurements of the contact
area.

Liang et al. [20] proposed an incremental equivalent contact model
for elastic-perfectly plastic solids with rough surfaces, comparing the-
oretical predictions with FE calculations of the contact area. They also
observed linearity of the area-load relation in their calculations.

Despite their accuracy, FE simulations are extremely time con-
suming (see, for example, the discussion in Ref. [11]). To overcome
this issue, Frérot et al. [21] recently developed a Fourier-accelerated
volume integral method, which allows to handle fine discretization and
reduce computation time costs.

Zhang et al. [22] developed a hybrid FE-multiasperity approach
to solve rough elasto-plastic contacts, considering the deformation
behavior affected by the asperities size. A similar strategy has been
adopted in Ref. [23].

In Ref. [24], a boundary element (BE) method was proposed to
study the elasto-plastic contact between 1D rough profiles. A similar
problem has been addressed in Refs. [25,26], where Green’s function
molecular dynamics is combined with discrete-dislocation plasticity
to capture size-dependent plasticity. More recently, Tiwari et al. [27]
exploited a BE method to model the contact between 2D rough surfaces,
studying how roughness is modified by the plastic flow.

In this work, we extend Interacting and Coalescing Hertzian As-
perities (ICHA) model [28] to take into account plastic deformations
occurring at the asperity level. Such problem is of practical interest
for metallic interfaces presenting micro(nano)metric roughness [27,
29]. ICHA model showed high accuracy in predicting elastic contact
mechanics between randomly rough 2D surfaces [4]. The model conve-
niently implements elastic coupling between asperities and coalescing
of contact spots and is extremely efficient, running very fast on common
PC [4].
2

Recently, Zhang et al. [30] performed FE simulations of two ad-
jacent elasto-plastic asperities squeezed by a rigid flat. They showed
that coalescence strongly affects contact stiffness. Even assuming a
linear-elastic behavior, coalescence is fundamental to capture contact
mechanical response of realistic surfaces with roughness extending on
several wavelengths [4,31,32].

The original version of ICHA model does not include plastic defor-
mations. Over the last years, different models have been proposed to
describe the elasto-plastic contact mechanics of a single asperity [33–
35], and we refer the reader to recent comprehensive reviews [36,37].
Here, we extend ICHA model assuming that each asperity behaves
according to the well established Jackson & Green model (JG) [35].
Such choice is motivated by the fact that JG equations have been
validated with experiments and consider the evolution of hardness
during contact.

We, therefore, investigate the effect of plasticity in the contact of
realistic fractal geometries with micro(nano)metric roughness ampli-
tudes.

2. Formulation

Consider a linear elastic-perfectly plastic half-space squeezed
against a rigid randomly rough surface (Fig. 1).

Roughness is described by a self-affine isotropic fractal geometry.
Under such an assumption, the morphology of the surface topography
remains unaffected by a scale change and it is independent of measur-
ing direction. It is convenient to describe surface roughness by means
of its power spectral density (PSD). Specifically, we assume a PSD

𝐶 (𝑞) = 𝐶0 for 𝑞L ≤ 𝑞 < 𝑞0
𝐶 (𝑞) = 𝐶0

(

𝑞∕𝑞L
)−2(𝐻+1) for 𝑞0 ≤ 𝑞 < 𝑞1, (1)

and zero otherwise. The quantity 𝑞 is the modulus of the wave vector
𝐪 = (𝑞𝑥, 𝑞𝑦). With 𝑞L = 2𝜋∕𝐿 and 𝑞0 we denote the moduli of the cut-
off and roll-off wave vector, being 𝐿 the lateral size of the system (we
assumed a square domain with 𝐿𝑥 = 𝐿𝑦 = 𝐿). The high-frequency cut-
off is 𝑞1 = 𝑁𝑞L, where 𝑁 is the number of roughness scales. Finally,
𝐻 is the Hurst exponent, which is related to the fractal dimension
𝐷 = 3 −𝐻 .
f
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Fig. 2. (a) The normalized contact area 𝐴∕𝐴0 as a function of the adimensional applied load 𝐹∕(𝐸∗𝐴0ℎ′
rms). Markers refer to ICHA model, while solid and dashed lines denote

ersson’s theory and FE model predictions, respectively. Details about the specific method and parameters of FE simulations can be found in Ref. [20]. Note the value of ℎ′
rms used

or FE data is taken from Ref. [38]. Results are shown for pure power law fractal surfaces with ℎrms = 500 nm, 𝐻 = 0.5, 𝑁 = 128, and 𝐿 = 200 μm. Material properties are 𝐸 = 100
Pa, 𝜈 = 0.3 and 𝜎Y∕𝐸∗ = (0.91, 3.64, 6.73, 9.1) × 10−3. (b) The slope 𝑘 of the area-load curves shown in (a); results are given in terms of the normalized stress 𝜎Y∕𝐸∗.
.1. Elasto-plastic contact of a single asperity

Jackson & Green (JG) performed a comprehensive finite element
FE) study of the contact between an elastic-perfectly plastic sphere and
rigid half-space [35]. Simulations were carried out for a wide range of
aterial properties, typical of engineering applications. On the basis of

E results, JG derived a theoretical (phenomenological) contact model,
hose predictions were found to be in good agreement with numerical
nd experimental data.

The point of first yielding is theoretically derived according to the
on Mises yield criterion and is defined by a critical penetration of the
phere in the half-space. At first yielding, the critical penetration 𝛿c,
ontact area 𝐴c and applied load 𝐹c are

c =
(𝜋𝑐𝜎Y
2𝐸∗

)2
𝑅; 𝐴c = 𝜋3

(

𝑐𝜎Y𝑅
2𝐸∗

)2
; 𝐹c =

4
3

( 𝑅
𝐸∗

)2 ( 𝑐
2
𝜋𝜎Y

)3
, (2)

where 𝑅 is the radius of curvature of the sphere, 𝜎Y is the yield strength
of the material, and 𝐸∗ = 𝐸∕(1 − 𝜈2) is the composite elastic modulus,
being 𝐸 Young’s modulus and 𝜈 Poisson’s ratio of the elasto-plastic
material. Finally, to capture the dependence with 𝜈, JG introduced the
empirical parameter 𝑐 = 1.295 exp(0.736𝜈). In the following, we shall
3

adopt the same adimensional parameters of JG, i.e.,

𝛿 = 𝛿∕𝛿c; 𝐴̄ = 𝐴∕𝐴c; 𝐹 = 𝐹∕𝐹c (3)

Despite 𝛿c identifies the point of first yielding, JG observed that
the transition from elastically dominant behavior to elasto-plastic one
occurs when 𝛿 = 𝛿t = 1.9. As a result, the elastic range is assumed
to hold for 0 < 𝛿 ≤ 𝛿t , where contact is described by Hertz theory; the
normalized contact area 𝐴̄ and applied load 𝐹 are, therefore, (Ref. [39])

𝐴̄ = 𝛿 (4)

𝐹 = 𝛿3∕2 (5)

For penetration 𝛿 > 𝛿t , plastic deformation are no longer negligible
and the contact quantities are returned by the following relations
obtained in Ref. [35] as fit of FE data

𝐴̄ = 𝛿(𝛿∕𝛿t )𝐵 (6)

̄ [ ̄ 5∕12 ] ̄ 3∕2
𝐹 = { exp(−0.25(𝛿) ) (𝛿) +



International Journal of Mechanical Sciences 255 (2023) 108461G. Violano and L. Afferrante

p
𝜈

w
𝑒

m
c

𝐻

Fig. 3. The normalized contact area 𝐴∕𝐴0 as a function of the adimensional applied load 𝐹∕(𝐸∗𝐴0ℎ′
rms). Markers refer to ICHA model, while solid lines denote Persson’s theory

redictions. Results are shown for fractal surfaces with 𝐻 = 0.8, 𝑁 = 128, 𝐿 = 200 μm, 𝑞0 = 2𝑞L, with ℎrms = 100 nm (a) and ℎrms = 1 nm (b). Material properties are 𝐸 = 70 GPa,
= 0.3 and 𝜎Y∕𝐸∗ = (1.3, 3.25, 32.5) × 10−3.
𝛿

4𝐻G
[

1 − exp(−0.04(𝛿)5∕9)
]

(𝛿)∕(𝑐𝜎Y)}, (7)

here the constant 𝐵 = 0.14 exp(23𝑒Y) is a fit parameter depending on
Y = 𝜎Y∕𝐸∗.

In Eq. (7), the contact hardness 𝐻G, which is commonly approxi-
ated to be a material constant (𝐻G ∼ 2.8 𝜎Y), actually varies during

ontact as it depends on the penetration according to the empirical law

G = 2.84𝜎Y
⎡

⎢

⎢

⎣

1 − exp

(

−0.82

(

𝜋𝑐𝑒Y
2

√

𝛿
(

𝛿
𝛿t

)𝐵∕2
))−0.7

⎤

⎥

⎥

⎦

. (8)

Note the present formulation assumes the plasticity is size-
independent. As an example, this assumption can be used to describe
the mechanical properties of specific metallic alloys [40–43]. However,
it is known that the yield stress can be a function of the asperity size
at the micrometric scales [44–47], making higher the elastic limit for
smaller asperities.

2.2. Elasto-plastic rough contact: the ICHA multi-asperity model

According to ICHA model [28], the rough surface is replaced by a set
of paraboloids of revolution whose position and height are coincident
4

with those of the asperities summits (see schematic plot in Fig. 1). The
curvature 𝜅 of each paraboloid is computed as the geometric mean of
the principal curvatures of the corresponding asperity, that is we calcu-
late 𝜅 as the root square of the first order approximation of the Gauss
curvature: 𝜅 =

√

(𝑘𝑥𝑘𝑦 − 𝑘𝑥𝑦), where 𝑘𝑥, 𝑘𝑦 and 𝑘𝑥𝑦 are the curvature
in the 𝑥 and 𝑦 direction and the ‘composite’ curvature, respectively.
Note the curvatures will depend on the surface discretization as they
are computed from the heights on the initial mesh grid by eqs. (2–4)
of Ref. [28].

In the initial configuration, rigid surface’s location is adjusted by
imposing zero gap between the half-space surface and the highest
asperity. Contact is solved under displacement controlled conditions,
by increasing the approach 𝛥 of the rigid surface in the half-space.

An asperity 𝑖 gets into contact if its penetration 𝛿𝑖 > 0, being

𝑖 = ℎ𝑖 + 𝛥 −𝑤𝑖. (9)

In Eq. (9), ℎ𝑖 is the asperity’s height in the initial configuration and 𝑤𝑖
is the displacement due to all contacting asperities.

At the first contact, the generic contact radius is estimated by
√

𝐴̄ 𝐴 ∕𝜋, (10)
𝑎𝑖 = 𝑖 c𝑖
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Fig. 4. The normalized mean separation 𝑠∕ℎrms as a function of the adimensional applied load 𝐹∕(𝐸∗𝐴0ℎ′
rms). Results are shown for fractal surfaces with 𝐻 = 0.8, 𝑁 = 128, 𝐿 = 200

m, 𝑞0 = 2𝑞L, with ℎrms = 100 nm (a) and ℎrms = 1 nm (b). Material properties are 𝐸 = 70 GPa, 𝜈 = 0.3 and 𝜎Y∕𝐸∗ = (1.3, 3.25, 32.5) × 10−3.
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here the normalized contact area 𝐴̄𝑖(𝛿𝑖) is returned by Eqs. (4) or
6), depending on whether we are in the elastic regime (0 < 𝛿𝑖 ≤ 𝛿t𝑖)
r elasto-plastic one (𝛿 > 𝛿t𝑖). For a penetration increase 𝛥𝛿𝑖, the
orresponding contact radius increase is calculated by exploiting the
ifferentiation rule 𝛥𝑎𝑖 = 𝛥𝛿𝑖∕(𝑑𝛿∕𝑑𝑎) [28]. The derivative 𝑑𝛿∕𝑑𝑎 is
btained from Hertz or JG theory, after performing some basic maths
n Eqs. (4)–(6). The load due to the asperity 𝑖 is

𝑖 = 𝐹𝑖𝐹c𝑖, (11)

here the normalized load 𝐹𝑖(𝛿𝑖) is returned by Eq. (5), if 0 < 𝛿𝑖 ≤ 𝛿t𝑖,
nd Eq. (7), if 𝛿 > 𝛿t𝑖.

In the original formulation of ICHA model [28], 𝑤𝑖 is the sum of
he local Hertzian displacement plus the contribution of all the other
sperities in contact. Such procedure is based on the validity of the
uperposition principle, which requires the material behavior to be
inear elastic.

For several engineering problems, full-contact condition is rarely
eached, and real contact area is split into contact spots. In such case,
e expect that plasticity is confined at the asperity level [29], while

t is reasonable to assume that the gross of the half-space response is
lastic [48]. As a result, we can assume that the global coupling is still
5

lastic. A similar approach has been previously proposed by Zhao &
hang [48], where a zeroth order asperities interaction was considered.
herefore, we compute the displacement 𝑤𝑖 as the sum of the asperity

ocal displacement 𝑤𝑖0 and the contribution of the other asperities in
ontact 𝑤𝑖𝑗 , so that

𝑖 = 𝑤𝑖0 +𝑤𝑖𝑗 . (12)

In Eq. (12), the term 𝑤𝑖0 is

𝑖0 = 𝑎2𝑖 ∕𝑅𝑖 (13)

n the elastic regime (Ref. [39]), and

𝑖0 = 𝛿c𝑖
(

1.9𝐵𝜋𝑎2𝑖 ∕𝐴c𝑖
)1∕(𝐵+1) (14)

n the elasto-plastic regime (from JG model [35]).
The term 𝑤𝑖𝑗 can be estimated by exploiting the Boussinesq formula

or concentrated load [39]; as a result

𝑖𝑗 =
1

𝜋𝐸∗

𝑛ac
∑

𝑗=1,𝑗≠𝑖

𝐹𝑗

𝑟𝑖𝑗
(15)

where 𝑛ac is the total number of asperities in contact and 𝑟𝑖𝑗 is the
distance between the asperities 𝑖 and 𝑗. Finally, the load 𝐹 due to the
𝑗
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Fig. 5. The normalized contact area 𝐴∕𝐴0 as a function of the adimensional applied load 𝐹∕(𝐸∗𝐴0). Results are shown for fractal surfaces with 𝐻 = 0.8, 𝑁 = 32, 64, 128, 256,
= 200 μm, 𝑞0 = 2𝑞L, and ℎrms = 1.04 μm. Material properties are 𝐸 = 70 GPa, 𝜈 = 0.3 and 𝜎Y∕𝐸∗ = (1.3, 6.5, 32.5) × 10−3.
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b
i
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eneric asperity 𝑗 is given by Eq. (11). Eq. (15) is strictly valid in the
lastic regime.

When an asperity undergoes plastic deformations, the term 𝑤𝑖𝑗 is
nstead computed as the mean displacement that the load 𝐹𝑗 determines
n the square domain, by exploiting Love solution (see Ref. [39]).

To capture coalescence of merging contact patches the procedure
eveloped in ICHA model is adopted. Therefore, when two spots with
ontact radius 𝑎𝑖 and 𝑎𝑗 overlap, the corresponding asperities are sup-
ressed and replaced by an equivalent macro-asperity, which maintains
he same contact area (𝑎2eq = 𝑎2𝑖 + 𝑎2𝑗 ) and geometrical volume centroid.
he equivalent radius of curvature is calculated with the geometrical
ean 𝑅2

eq = 𝑅2
𝑖 + 𝑅2

𝑗 . Finally, the height of the equivalent asperity is
djusted to effectively return the area 𝜋𝑎2eq at the given separation.

The total contact area 𝐴 and applied load 𝐹 are calculated by
umming up the contribution of each asperity

= 𝜋
𝑛c
∑

𝑖=1
𝑎2𝑖 ; 𝐹 =

𝑛c
∑

𝑖=1
𝐹𝑖. (16)

In the model, a self-balanced load distribution is applied to the
ystem to zero the mean interfacial displacement of the half-space. As
result, the mean separation 𝑠 is obtained by subtracting the approach
f the rigid rough surface to the initial separation 𝑠0, being 𝑠 = 𝑠0 − 𝛥.

. Results

First, we compare the results of the present model with those of
ther approaches available in the literature. Specifically, Fig. 2a shows
he adimensional contact area 𝐴∕𝐴0 in terms of the normalized load
∕(𝐸∗𝐴0ℎ′rms). Dashed lines refer to the finite element (FE) predictions

aken from Ref. [20], while markers denote ICHA results. Moreover,
heoretical predictions of Persson’s theory for elastoplastic contacts, as
ecently revised by Xu et al. [16], are also shown with solid lines.
esults are presented for pure power law fractal surfaces (without roll-
ff) with ℎrms = 500 nm, 𝐻 = 0.5, 𝑁 = 128 and 𝐿 = 200 μm. Moreover,
he elastic modulus and Poisson’s ratio of the material are 𝐸 = 100 GPa
nd 𝜈 = 0.3, respectively.

Notice FE simulations are performed on a single realization of the
urface with 200 × 200 discretization points. We have numerically
enerated surfaces with the same roughness parameters. However,
hanks to its efficiency, ICHA data are averaged on four different
ealizations of the surface with 1024 × 1024 discretization points
resulting in ℎ′rms ∼ 0.147). Even if computations have not been carried
6

ut on the same surface realization, a good agreement is observed
Fig. 6. The spots distribution for a fractal surface with 𝐻 = 0.8, 𝐿 = 200 μm, 𝑞0 = 2𝑞L,
rms = 1.04 μm, with 𝑁 = 128 (red spots) and 𝑁 = 256 (green spots). Material
roperties are 𝐸 = 70 GPa, 𝜈 = 0.3 and 𝜎Y∕𝐸∗ = 3.25 × 10−2. Results are shown for
∕(𝐸∗𝐴0) ∼ 0.0017.

etween ICHA predictions and FE data. Interestingly, a good match
s also obtained with Persson’s theory, where calculations have been
erformed assuming a constant contact hardness 𝐻G = 2.8 𝜎Y.

Results show linearity of the area-load relation, in agreement with
existing literature [18]. The values of the slope 𝑘 of the area-load curves
are collected in Fig. 2b. We observe that k takes values much higher
than the elastic case (where 𝑘 ∼ 2, [3,4,49,50]) and increases with
decreasing 𝜎Y∕𝐸∗, showing that plasticity effects are significant for
micrometric rms roughness amplitudes. Non-linearity of the area-load
relation is expected for larger values of the contact area [15] and when
bulk plastic deformation becomes predominant [51]. However, we are
assuming that plastic deformations occur at the asperity level, which
is realistic for micro(nano)-metric surface roughness amplitudes [29],
and in the investigated range of contact area.
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Fig. 7. The normalized mean separation 𝑠∕ℎrms as a function of the adimensional applied load 𝐹∕(𝐸∗𝐴0). Results are shown for fractal surfaces with 𝐻 = 0.8, 𝑁 = 32, 64, 128, 256,
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To investigate the contact behavior at nanometric values of ℎrms we
ave performed calculations on surfaces with ℎrms = 1, 100 nm, and
= 0.8, 𝑁 = 128, 𝐿 = 200 μm, using 2048 × 2048 discretization points.

oreover, a roll-off wave vector 𝑞0 = 2𝑞L has been fixed to reduce
eviations from a Gaussian surface. Finally, we have considered the
ollowing yield strength values 𝜎Y∕𝐸∗ = (1.3, 3.25, 32.5) × 10−3 in the
imulations.

Fig. 3a shows the adimensional contact area 𝐴∕𝐴0 in terms of the
ormalized load 𝐹∕(𝐸∗𝐴0ℎ′rms) for ℎrms = 100 nm. Moving towards
igher values of 𝜎Y∕𝐸∗, namely when plastic effects are less important,
CHA model (markers) predicts a higher contact area than Persson’s
heory (solid lines). Such a difference can be related to various as-
ects. First, in the linear elastic case, Persson’s theory predicts 𝐴 ∼
.6𝐹∕(𝐸∗ℎ′rms); however, there is consensus in the literature that the
lastic asymptotic limit is 𝐴 ∼ 2𝐹∕(𝐸∗ℎ′rms) [2,4]. In this regard, Pers-
on himself derived a new version of his elastic theory [52], revising
he calculation of the elastic energy stored in the contact regions.
n the present work, we are considering the elasto-plastic solution of
ersson [15,16], where, to the best of the authors knowledge, a similar
orrection has not been implemented. Furthermore, Persson’s theory
ssumes a constant hardness 𝐻G = 2.8 𝜎Y, while in ICHA model 𝐻G is
function of the contact penetration.

Fig. 3B gives the same results for ℎrms = 1 nm. Both ICHA model
nd Persson’s theory show all curves collapsing on the elastic solu-
ion. These results are in agreement with the findings of Venugopalan
t al. [26], where dislocation dynamics has been exploited to sim-
late the contact between rigid rough profiles and an elasto-plastic
alf-plane.

In our model plasticity occurs when the asperity penetration reaches
he value 𝛿t = 1.9

(

𝜋𝑐𝜎Y
2𝐸∗

)2
𝑅, being 𝑅 the radius of curvature of the

asperity. For a rough surface, the average radius of curvature 𝜌 is
related to the rms roughness curvature ℎ′′rms, being 𝜌 ≈ 1∕ℎ′′rms. In our
alculations, ℎ′′rms is about 1∕100 times lower when scaling ℎrms from
00 nm to 1 nm (as a result, 𝜌 is 100 times higher). Therefore, larger
sperity penetrations are required to reach the onset of plasticity when
rms = 1 nm, explaining results of Fig. 3b. Moreover, this agrees with
he general point of view that smaller ℎrms usually stands for surfaces
ith smoother asperities. Therefore, stress concentrations on the peak
f asperities reduces when decreasing ℎrms and, as a result, the plastic
eformation on the summits becomes less.

Similar considerations can be deduced from Figs. 4a–b, where the
dimensional mean separation 𝑠∕ℎrms is given in terms of the load

∗ ′
7

∕(𝐸 𝐴0ℎrms) for rms roughness of 100 nm and 1 nm, respectively. The a
Fig. 8. The spots distribution for a fractal surface with 𝐻 = 0.8, 𝐿 = 200 μm, 𝑞0 = 2𝑞L,
rms = 1.04 μm with 𝑁 = 256. Material properties are 𝐸 = 70 GPa, 𝜈 = 0.3. Results are
hown for 𝐹∕(𝐸∗𝐴0) ∼ 0.005, in the elastic case (cyan spots) and for 𝜎Y∕𝐸∗ = 32.5×10−3

magenta spots).

ean separation is a key quantity for estimating the contact stiffness,
hich in turns can be exploited to predict thermal and electrical contact

esistance (Refs. [53,54]). Again, we observe that the contact response
onverges to the elastic solution when higher 𝜎Y and smaller ℎrms

are considered, in agreement with previous theoretical findings [55]
(‘‘...plastic deformations only involves very short-wavelength, . . .which will
influence the average separation only at very high contact pressures...’’),
where the contact mechanics quantities are calculated according to
Persson’s contact theory and under the assumption that plasticity oc-
curs when the pressure reaches the penetration hardness of the material
𝜎Y.

The rms gradient ℎ′rms is affected by the high-frequency cut-off
1 = 𝑁𝑞0 of the roughness spectrum. Increasing 𝑁 is equivalent to
dd fine scale roughness components to the surface topography. To
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Fig. 9. The gap probability distribution Pr(𝑢∕ℎrms) for a fractal surface with 𝐻 = 0.8, 𝐿 = 200 μm, 𝑞0 = 2𝑞L, ℎrms = 1.04 μm, and 𝑁 = 256. Material properties are 𝐸 = 70 GPa,
𝜈 = 0.3. Results are shown for 𝐹∕(𝐸∗𝐴0) ∼ 0.001, in the elastic case (cyan) and for 𝜎Y∕𝐸∗ = 32.5 × 10−3 (magenta). Markers refer to ICHA model, while cyan solid line shows the
predictions of Persson elastic theory.
investigate the role of fine scale roughness, in the following we consider
fractal surfaces with increasing number of scales 𝑁 = 32, 64, 128, 256.
Moreover, we fix ℎrms = 1.04 μm, 𝑞0 = 2𝑞L, 𝐻 = 0.8, 𝐿 = 200 μm and
use 2048 × 2048 discretization points.

Fig. 5 shows the adimensional contact area 𝐴∕𝐴0 as a function of
the normalized load 𝐹∕(𝐸∗𝐴0). As expected, in the elastic case the real
contact area reduces for increasing 𝑁 , as a larger load is required to
establish the same contact area. In the fractal limit (𝑁 → ∞) the contact
area tends to vanish (see, for example, Refs. [5,6]). Interestingly, this
effect is not observed when plasticity occurs as all curves collapse into
a single one. This suggests that plastic deformations destroy fine scale
roughness components, whose contribution is no longer fundamental to
predict the slope of the area-load curve. In ICHA model, when plasticity
occurs, small loads are sufficient to cause coalescence of merging
contact spots and to determine larger contact areas. Fig. 6 shows the
spatial distribution of contact spots for the same surface realization
with 𝑁 = 128 (red spots) and 𝑁 = 256 (green spots). Results are shown
for 𝐹∕(𝐸∗𝐴0) ∼ 0.0017 and 𝜎Y∕𝐸∗ = 3.25 × 10−2. The corresponding
contact area is 𝐴∕𝐴0 ∼ 0.034, independently of the number of scales
𝑁 . However, some marginal differences can be observed in the spots
distributions as the implementation of coalescence is based on an
empirical law.

Fig. 7 shows the adimensional separation 𝑠∕ℎrms in terms of the
applied load 𝐹∕(𝐸∗𝐴0). It is known that 𝑁 negligibly affects the
separation-load curves in the elastic case [3], but our results show that
this is especially true when plastic deformations occur.

Fig. 8 shows, at fixed applied load, the modification of the contact
regions when plasticity occurs. Specifically, it shows the contact spots
distribution for a surface with 𝑁 = 256 under a load 𝐹∕(𝐸∗𝐴0) ∼ 0.005,
for the elastic case 𝜎Y∕𝐸∗ → ∞ (cyan spots) and for 𝜎Y∕𝐸∗ = 32.5×10−3

(magenta spots). The resulting contact areas are, respectively, 𝐴∕𝐴0 ∼
0.04 and 𝐴∕𝐴0 ∼ 0.1.

We expect that the plasticity-induced enhancement of the contact
area also affects local contact quantities. This clearly emerges in Fig. 9,
where the gap probability distribution Pr(𝑢∕ℎrms), for 𝑁 = 256 and
𝐹∕(𝐸∗𝐴0) ∼ 0.001, is shown for the elastic case 𝜎Y∕𝐸∗ → ∞ and for
𝜎Y∕𝐸∗ = 32.5 × 10−3. The prediction of Persson’s theory (cyan solid
line) in the elastic limit is also shown, being Pr(𝑢∕ℎrms) computed as
proposed in Ref. [4]. The probability Pr(𝑢∕ℎrms) is a critical quantity
for estimating percolation [56] and adhesion at the interface [57–59].
The probability of finding smaller gaps increases due to plasticity as an
effect of the contact area enhancement, which determines a reduction
8

of the mean separation.
4. Conclusions

ICHA model [28] has been extended to the elasto-plastic case by
implementing the asperity contact model of Jackson & Green [35]. In
agreement with previous studies [55], where the yield stress is assumed
independent of the asperity size as in our model, we find that effects of
plasticity are negligible for rms roughness amplitude ℎrms of the order
of a few nanometers, as large penetrations should be required for plastic
deformations to occur. On the contrary, the contact response is strongly
affected by the value of the yield stress 𝜎Y for micrometric ℎrms, even
when small loads (large separations) are considered.

In the elastic case, we know the contact area-load relation is af-
fected by ℎ′rms whose value depends on the high-frequency cut-off of
the roughness spectrum and is intrinsically related to the instrument
sensitivity in roughness measurements. In presence of plasticity, the
dependence of the area-load relation on the number of roughness scales
is lost as plastic deformations destroy short wavelength roughness. As a
result, their contribution is no longer crucial to predict the real contact
area, in contrast with what happens in the purely elastic regime.
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