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Abstract: In this paper, the detailed modeling of Raman lasers in silicon-on-insulator
guided-wave racetrack resonant microcavities is developed. Modeling based on full-
vectorial equations and systematic design rules are presented for the first time. Simulation
results are compared with experimental and theoretical results in literature, demonstrating a
very good agreement. Moreover, parametric investigations including waveguide sizes, pump
and Stokes coupling factors, cavity shape, polarization states, and waveguide orientation
are presented, and their influence on the laser features are discussed.

Index Terms: Coherent sources modeling and theory, waveguide devices, nonlinear optical
effects in semiconductors, silicon nanophotonics.

1. Introduction
In the last decade, an increasing interest has been widely devoted to silicon photonics [1]. In fact,
silicon is considered as an ideal platform to overcome some actual limitations that the photonics
industry still introduces with respect to Microelectronics [2], [3]. They can be summarized as follows:
i) a variety of different materials used in photonics instead of one: InP as substrate for source
development, silica as material for fibers, lithium niobate for modulators, other materials for dense
wavelength-division-multiplexers (DWDM) and fiber amplifiers, to name a few; ii) no single material
or single technology leading the market; iii) photonics industry characterized by many different small
companies which are only specialized in specific devices. Moreover, chip scale integration of optical
components, enabling low cost and mass-scale production, is not yet achieved. Nowadays, the
development of silicon photonics involves some crucial areas of investigation, such as selective
guiding and transporting of light within the silicon, encoding light, detecting light, amplification and
generation of light, device packaging and, finally, intelligent control of all these photonic
functionalities.

To this purpose, while a wide variety of passive devices were developed since the 1990s, recent
activities have been focused on achieving active functionalities (mostly light amplification and
generation) in silicon-on-insulator (SOI) waveguides. The need to develop very efficient silicon-
based sources and integrated photonic circuits (PIC), in SOI technology platform, represents the
current strategy employed by the industrial giants such as Intel, IBM, and Hewlett Packard in order
to upgrade the microelectronic computing platform, whose intrinsic performances are almost
saturated. To this purpose, optical interconnects on complementary metal-oxide semiconductor
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(CMOS) chips constitute an important driver for silicon lasers, which can solve the communications
bottleneck caused by the conventional metallic electrical interconnects. The main drawback of
silicon, represented by its indirect bandgap and resulting in an extremely poor internal quantum
efficiency for light emission, has been recently faced by investigating the integration of active III-V
devices and passive silicon photonic components on the same SOI chip [4]–[6]. However, the large
lattice and thermal mismatch between silicon and III-V material systems and alloys typically result in
a large dislocation density, which limits the laser efficiency and reliability. On the other hand, silicon
Raman lasers represent crucial devices in silicon photonics, to be employed as wavelength
converters and amplifiers characterized by very high performance. However, they are not practical
for interconnect applications since they need to be optically pumped by an external laser.

In this context, various approaches have been investigated based on silicon-engineered mate-
rials, including silicon nanocrystals [7]–[9], Er-doped silicon oxides [10], Si/SiGe structures [11], and
porous silicon [12]. Recently, a different approach has been demonstrated, based on stimulated
Raman scattering (SRS) effect [13]–[17]. It exploits the very high SRS gain coefficient in silicon
guided-wave structures, being about four orders of magnitude larger than the silica one. Addi-
tionally, SOI waveguides allow to confine the optical field to an area that is approximately 100 times
smaller than the modal area in a standard single-mode optical fiber, making SRS observable over
the millimeter-scale interaction length, typical in integrated optical devices. Starting from 2002,
several experimental and theoretical studies based on this effect have been proposed in literature,
such as Raman amplification in SOI waveguides [18]–[23], Stokes and anti-Stokes Raman con-
version [24]–[26], cross phase modulation (XPM)-based interferometer switch [27], two-photon
absorption (TPA) [28], [29], and lossless modulation [30]. Moreover, the use of a resonant micro-
cavity to enhance the Raman effect represents a strong stimulus toward the development of micro-
scale Raman lasers with low threshold, as demonstrated in some pioneering works [31]–[33].

Recently, a detailed modeling of Raman amplification in SOI guided-wave resonant microcavities
has been proposed in [34], demonstrating a very good agreement between theoretical and
experimental results. In addition, the dependence of the Raman gain in silicon photonic waveguides
on the substrate crystallographic axes, as well as the relative propagation directions of the pump
and Stokes waves due to strong longitudinal mode-field components, has been demonstrated in
several works [35]–[37] by using a full vectorial approach. More recently, a generic model has been
introduced in [38] to describe the lasing characteristics of continuous-wave (CW) circular and
racetrack-shaped ring Raman lasers based on micro- and nano-scale silicon waveguides.

Therefore, the contribution presented by this work is a systematic study to outline the funda-
mental design rules for Raman lasing effect in race-track SOI resonators, since the papers cited in
literature only analyze the physical features of Raman laser for a well defined geometry and
waveguide cross-section. On the contrary, the goal of this paper is to propose, starting from a
general mathematical model, a number of parametric simulations to find the design guidelines for a
race-track Raman laser, in order to predict both polarization state and directionality of its emission,
laser threshold, and quantum external efficiency. Thus, the paper is organized as follows. In
Section 2, we derive the mathematical model to study the Raman lasing in the race-track SOI
resonators coupled to the external waveguides. The proposed modeling includes all nonlinear
effects involved in the integrated structure without any a-priori assumption, i.e., SRS, TPA, free
carrier absorption (FCA) induced by TPA, plasma dispersion effect, self-phase-modulation (SPM),
and XPM effects, as induced by Kerr nonlinearity. In addition, the model takes into account the
polarization effect, the emission directionality of the Stokes waves, the mismatch between the input
beam wavelengths and the microcavity resonance wavelengths, as well as the coupling mechanism
between the microcavity and input/output bus waveguides. In Section 3, a number of numerical
results are shown, including comparisons between our theory and some experiments presented in
literature on CW Raman lasers based on racetrack resonators. Moreover, a parametric study to
select the fundamental design rules for Raman excitation in SOI race-track microcavity is carried
out. Performances in terms of power emission, threshold level, and external efficiency are
evaluated for two different SOI cross-sectional waveguides. Finally, Section 4 summarizes the
conclusions.
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2. Modeling

2.1. General Model
In this section, we propose, according to the full vectorial approach presented in [35]–[37], the

general physical model for the analysis of nonlinear effects occurring in a race-track resonator
based on SOI technology. The proposed model is based on a set of partial differential equations for
the nonlinear coupling between pump and fundamental Stokes waves inside the microcavity, and
one rate equation for the hole-electron pairs generated in the resonator by the TPA effect, as
induced by pump and Stokes waves.

In our analysis, we assume the architecture as sketched in Fig. 1(a), where the input pump ðSpÞ is
injected in the resonator by means of the evanescent coupling between the resonant microcavity
and the input external bus, both based on rib waveguides in SOI, where g and Lcoup are the
directional coupler gap and length, respectively. Moreover, an additional bus has been also
considered, although it is not needed in principle for the analysis of the laser physical behavior. In
most of the photonic applications and experimental devices, for improving the Raman gain, the
microcavity is a racetrack resonator as in Fig. 1(a), as it will be more clear in the following.

In Fig. 1(b), the waveguide cross-section is sketched, showing also the Ex -field and Ey -field
spatial distributions of the quasi transverse electric (i.e., quasi-TE) polarized optical mode at the
operative wavelength � ¼ 1:55 �m, as well as the main geometrical parameters, including the rib
etch depth HR and width W, the overall waveguide height H, and the slab height HS . Numerical
simulations have been performed by using a full-vectorial finite-element method (FEM) [39], with a
total domain area of about 12 �m2 and approximately 90 000 triangular mesh elements. The same
waveguide cross-section has been always assumed for input and output buses, directional
couplers, and race-track resonator. Furthermore, in the proposed design procedure, silicon
waveguide geometrical dimensions are considered as variable parameters, to be optimized for the
excitation of Stokes signals inside the SOI racetrack resonator, according to design rules that will be
presented in this work.

Fig. 1. (a) Schematic architecture of a SOI race-track resonator coupled to the external waveguides.
(b) SOI waveguide cross-section with Ex-Field and Ey-Field spatial distributions of the quasi-TE polarized
optical mode at � ¼ 1:55 �m ðW ¼ 700 nm;H ¼ 500 nm;HS ¼ 300 nm;HR ¼ 200 nmÞ.
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Without any lack of generality, we assume that the electric field inside the microcavity is predo-
minantly a single transverse mode. This condition is appropriately satisfied by choosing rib wave-
guide sizes in order to meet the single-mode condition. Thus, up to two propagating modes can be
assumed as confined in the resonator, one quasi-TE (dominant horizontal x -component of electric
field) and one quasi-TM (dominant vertical y -component of electric field), where x and y designate
the waveguide cross section coordinates.

Hereinafter, the input pump wave ðSpÞ is aligned with quasi-TE or quasi-TM polarization. In
addition, by neglecting the polarization cross-coupling between waveguide and resonator (condition
usually satisfied in SOI directional couplers), the pump wave inside the resonant cavity is assumed
to hold the same polarizations as Sp, thus inducing Stokes waves aligned with quasi-TE or quasi-
TM modes (depending on the laser features).

We indicate with ep, esþ, and es� the electric field vectors of the pump ðpÞ and Stokes ðsÞmodes,
respectively, with real transverse and imaginary longitudinal components. In particular, esþ
represents the Stokes wave co-propagating with the pump inside the resonator. Moreover, es�
indicates the counter-propagating Stokes mode which, for definition, has the same transverse
components as esþ but with the longitudinal component equal to the complex conjugate. Finally, the
electric field ep;s� is normalized by means of the following coefficient:

N̂ i ¼
1
2

Z
eiðx ; yÞ � h�i ðx ; yÞ
� �

� ẑ dx dy with i ¼ p; sþ; s� (1)

In Eq. (1), we have assumed the electro-magnetic field evaluated in the waveguide coordinate
system ðx ; y ; zÞ, generally rotated by an angle � with respect to the crystallographic axes ð~x ; ~y ; ~zÞ.
Thus, the mode fields are given by means of the rotation matrix in the form

e~x
i

e~y
i

e~z
i

0
BB@

1
CCA ¼

cosð�Þ 0 �sinð�Þ

0 1 0

sinð�Þ 0 cosð�Þ

0
BB@

1
CCA

ex
i

ey
i

ez
i

0
BB@

1
CCA: (2)

Consequently, the electric field inside the race-track resonator can be written as

eðx ; y ; z; tÞ ¼
X
n

ep;nejð�p;nz�!p;ntÞ þ c:c:

" #
þ

X
l

es;l ejð�s;l z�!s;l tÞ þ c:c:

" #
(3)

where c.c. indicates the conjugate complex terms; the subscripts n and l designate all possible
longitudinal resonant modes in the cavity for pump and Stokes waves, respectively; !p;n ð!s;lÞ is the
resonant angular pulsation of pump (Stokes) mode inside the cavity; and �p;n ð�s;lÞ is the
propagation constant of pump (Stokes) wave under the resonance condition.

It is clear that, if the resonator is excited from an external optical beam travelling in the bus
waveguide, only a few terms have to be considered in the summations of Eq. (3). In fact, if the
input pump ðSpÞ is launched into the bus waveguide with an angular frequency !p, the generated
Stokes wave will have an angular frequency !s, where !p � !s ¼ �R , and �R ¼ 15:6 THz is the
Raman frequency shift in silicon. Then, only those resonant modes whose angular frequencies are
closer to !p and !s will give a contribution to summations in Eq. (3). These modes are char-
acterized by longitudinal orders, i.e., �n and �l , according to the resonance condition as �n �
ð!pneff ;pLcavity Þ=ð2�cÞ and �l � ð!sneff ;sLcavity Þ=ð2�cÞ, where Lcavity is the cavity length, neff ;p ðneff ;sÞ
is the effective index of pump (Stokes) wave inside the ring resonator, and c is the light velocity in
vacuum.

The presence of only two resonant modes in the microcavity holds if the cavity free spectral range
(FSR) is larger than the input pulse bandwidth, �!pulse. For example, by assuming a Gaussian input
pump pulse with full-width-at-half-maximum (FWHM) time width TFWHM , the condition
FSR 9 �!pulse means Lcavity G ð2�cTFWHM Þ=ð2

ffiffiffiffiffiffiffiffiffiffi
2ln2
p

neff ;pÞ.
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According to the full-vectorial nonlinear coupled mode theory (CMT), the equations describing the
power transfer among the pump wave ðpÞ and fundamental Stokes waves ðsÞ can be written as

@ap
@t
þ vg;p
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@z
¼ jð!p;�n � !pÞap �

1
2
1
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1
2
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where ap, as�� represent the slowly varying field amplitudes (time, z functions) for the pump and
Stokes waves inside the race-track resonator, respectively, with � ¼ þ, � and � ¼ TE, TM. Thus,
the system of Eqs. (4)–(8) is complete taking into account the possible excitation of Stokes waves in
both propagation directions with respect to the pump as well as both states of polarization (quasi-TE
and quasi-TM). Group velocity dispersion (GVD) is not included as second order time derivative,
since this effect is negligible in SOI micro-scale structures [40] and for TFWHM 9 1 ps (as in most of
the laser applications). Moreover, the power transferred to higher order Stokes waves is also
negligible for short interaction lengths and relatively large values of TFWHM , as in this work.

The terms ð!p;�n � !pÞ and ð!s;�l � !sÞ indicate the mismatch from the resonance condition of input
pump and Stokes waves frequency, respectively. The term �p ð�sÞ represents the overall photon
decay time of the pump (Stokes) wave inside the cavity. It is related to the overall resonator quality
factor by means of the relationship Qp ¼ !p�p, where �p is given by

1
�p
¼ 1
� lp
þ 1

�c;1p

þ 1

�c;2p

(9)

being the three contributions related to loss ð� lpÞ, input bus coupling ð�c;1p Þ, and output bus coupling
ð�c;2p Þ, and time constants. Similar definition holds for �s. Furthermore, the decay time related to
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losses can be also given as a function of the overall linear loss coefficient ð�lossÞ by means of the
relationship � li ¼ 1=ð�loss;i vg;iÞ, where vg;i is the wave group velocity ði ¼ p; sþ; s�Þ. Moreover,
coefficient 
p in Eq. (4) is related to the power fraction transferred into the resonator from the input

pump ðSpÞ as follows: 
p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðvg;p=Lcavity Þð1=�c;1p Þ

q
. Hereinafter, it is convenient to introduce the

coupling factor 2p;j ð2s;jÞ, defined as the power fraction of the input pump (Stokes) wave coupled
between the race-track resonator and the external bus waveguides. It is possible to demonstrate
that the coupling factor 2p;j ð2s;jÞ is related to the coupling time constant �c;jp ð�c;js Þ; j ¼ 1; 2 by means
of the following equations [40]:

2p;j ¼
1

�
c;j
p

Lcavity
vg;p

(10.a)

2s;j ¼
1

�
c;j
s

Lcavity
vg;s

: (10.b)

Furthermore, in Eqs. (4)–(8), the terms with �ðTPAÞij ði ¼ p; sþ; s�Þ represent the TPA effect on the
i th beam induced by the j th wave. Moreover, the coefficients 	i ¼ n2!i=c take into account the SPM
and XPM effects, as induced by Kerr nonlinearity, where n2 is the nonlinear refractive index and !i

the angular frequency of the i th beam inside the cavity.
The effective modal area relevant to the i th wave ði ¼ p; sþ; s�Þ plays a fundamental role since it

determines the efficiency with which any nonlinear effect manifests inside the optical SOI wave-
guide. According to the full vectorial CMT [35]–[37], the effective modal areas are calculated as
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where np; ns is the refractive index at the pump and Stokes wavelengths, respectively, calculated
through Sellmeier equations. Finally, geff

s�;� (with � ¼ þ;� and � ¼ TE, TM) represents the effective
Raman gain into the race-track resonator for the Stokes wave with polarization state and propaga-
tion direction with respect to the pump, indicated by the indexes � and �, respectively. It is defined
as a microcavity average gain as follows:

geff
s�;� ¼

2Lg�s�
���
�0
þ2R

R�þ�0
�0

g�s�ð�Þd�

2Lþ 2�R
(13)

where �0 is the orientation of race-track straight section with respect to the crystallographic axes. In
Eq. (13), the coefficient g�s�ð�Þ depends on the Raman gain for bulk silicon and SRS effective modal
area, as follows:

g�s�ð�Þ ¼
gSRS
bulk

ASRS
s��;p

: (14)
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By using the definition of SRS effective modal area in Eq. (11) and after some algebra, we obtain

g�s�ð�Þ ¼ B�
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s� ¼ gSRS

bulk
"0nsnp

4�0 N̂
�

s�N̂p

� � Z Z
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��� ���2jepj2 þ e�s� � ep

��� ���2� �
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� 

C�
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bulk
"0nsnp

4�0 N̂
�

s�N̂p

� � Z Z
2 ~e�;ys�

��� ���2 ~ey
p
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D�
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� � Z Z
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� �2
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þ Im e�;zs�

� �� �2
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p

� �� �2� �
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E�
s� ¼ gSRS
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"0nsnp
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�

s�N̂p

� � Z Z
1
2

e�;xs�

� �2
Im ez

p

� �� �2
þ Im e�;zs�

� �� �2
ex
p

� �2� �
dxdy

� 
:

By substituting Eqs. (14) and (15) in (13) and solving the integral, we obtain the following rela-
tionship for the effective Raman gain:

geff
s�;� ¼

g�s�
���
�0
þRshapeg�s�

���
�¼�=8

1þ Rshape
(16)

where Rshape ¼ �R=L is the shape factor of the race-track resonator. Some comments can be
derived from Eqs. (11)–(12), (14), and (16). First, the definition proposed in this paper in Eq. (11) for
the effective Raman gain inside the race-track resonator allows a rigorous evaluation of the cavity
shape influence on the Raman emission to be made. In addition, according to [35]–[38], Eqs. (11)
and (14) take into account the polarization state and the silicon waveguide orientation with respect
to the crystallographic axes.

Moreover, in Eqs. (4)–(8), �ðFCAÞi , i ¼ p, s, is the contribution to the total losses due to FCA, as
induced by the change of free carrier density generated mainly by TPA of pump and Stokes waves.
We have evaluated �ðFCAÞi according to Soref’s relationship [41] as

�
ðFCAÞ
i ¼ 8:5 � 10�18 � �i

1:55

� 2

�Ne þ 6:0 � 10�18 � �i
1:55

� 2

�Nh ¼ �i � Nc ¼ �0 �
�i

1:55

� 2

Nc

where Nc ¼ �Ne ¼ �Nh is the density of electron-hole pairs generated by TPA process. The
coefficient �0 ¼ 1:45 � 10�17 cm�2 [24] is the FCA cross section measured at � ¼ 1:55 �m, and �i is
the relevant mode (pump or Stokes wave) wavelength.

Furthermore, �n ¼ �8:8 � 10�22 � ð�i=1:55Þ2� �Ne � 8:5 � 10�18 � ð�i=1:55Þ2 � ð�NhÞ0:8 	
�1:66� �i � Nc [41] is the change of effective index due to plasma dispersion effect, as induced
by free carriers, where �i ¼ 8:8 � 10�22ð�i=1:55Þ2 [24]. The terms bs represent the backscattering
induced by the lateral roughness and depend on the amplitude reflectivity coefficient
Rback ðjbsj ¼ ð2cRback=ðneff ;sLcavity ÞÞÞ.

Finally, the full physical consistence of the system of Eqs. (4)–(8) requires the rate equation
governing the free carrier dynamics into the waveguide core. Thus, generalizing the equation given
in [20], we can write

dNc

dt
¼�Nc

�eff
þ 1
2

X
i

�
ðTPAÞ
ii

�h!i AðTPAÞi ;i

� �2 P2
i

� �
þ 1
2

X
i

X
j 6¼i

�TPAji

�h!s ATPA
j ;i

� �
ATPA
j ;j

� �PiPj þ
�TPAji

�h!s ATPA
j ;i

� �
AðTPAÞi ;i

� �PiPj

0
@

1
A

i ; j ¼ p; s þ TE ; s � TE ; s þ TM ; s � TM (17)
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where �eff is the effective recombination lifetime for free carriers, and �h is the reduced Planck
constant.

It seems interesting to outline some features in the mathematical model presented in this section,
as well as in works proposed in literature. First, our model is based on a full-vectorial generalization
of that proposed in [34] which, on the contrary, does not allow the influence of waveguide
orientation and structure on the Raman gain to be appropriately taken into account. In addition,
even though we propose a general formalism based on the full vectorial CMT as in [35]–[38], some
important differences are not trivial. In fact, we include in the model the terms ð!p;�n � !pÞ and
ð!s;�l � !sÞ, indicating the mismatch from the resonance condition of input pump and Stokes waves
frequency, respectively. It is intuitive to guess that the shorter the cavity length, the stronger the
influence of such a mismatch. Consequently, it can be considered a critical factor for inducing
Raman lasing in very small resonators with very high enhancement factors ð� ¼ jap=SpjÞ. More-
over, in our model, the backscattering between Stokes waves is appropriately included, as due to
the lateral roughness of the race-track resonator. This effect becomes very important in the possible
applications of Raman laser for optical gyros, since it determines the width of the dead band region
[42]. Finally, the general formalism proposed in this paper takes into account the walk-off effect (i.e.,
first order time derivative) between pump and Stokes waves inside the resonator. Thus, Raman
lasers based on race-track SOI resonators can be analyzed in both pulsed and continuous wave
regimes. However, in CW regime, our equations become similar to those in Ref. [38], except for the
resonance mismatch and backscattering effect. It is worth to outline that, in the mathematical
model, the stimulated Brillouin scattering (SBS) [43] has been neglected. In fact, although nano-
scale modal confinement is known to radically enhance the effect of intrinsic Kerr and Raman
nonlinearities within nanophotonic silicon waveguides, SBS effect is stifled in conventional silicon
nanophotonics, requiring coherent coupling between guided photon and phonon modes. Recently,
travelling-wave Brillouin non-linearities and Brillouin gain in silicon waveguides have been
demonstrated through a novel class of hybrid photonic–phononic waveguides based on silicon
waveguide core within the silicon nitride membrane [43].

Finally, additional comments are needed about cascaded Raman effect. The possibility to induce
the cascaded Raman effect in SOI racetrack resonators has been already demonstrated [44] to
further extend the laser emission in mid-infrared wavelength region. To this aim, directional couplers
are to be designed under critical coupling condition for the pump wavelength and close to zero
coupling condition for the first Stokes wavelength (thus achieving high intracavity power that
generates Raman gain at the second-order Stokes wavelength) as well as low coupling for the
second-order Stokes, in order to obtain at the same time both low lasing threshold and enough
output power extraction from the resonator. However, design rules in this paper are completely
different, because the aim is to optimize both threshold and quantum efficiency for the first order
Stokes emission. Then, critical coupling is not satisfied and higher order Stokes waves in the partial
differential equations system can be neglected in the most cases. In any case, the general model
presented in this section could be easily extended to include further Stokes contributes, according
to our previous work [45].

2.2. CW Laser Operation
In several applications, it is important to use the SRS for CW laser operation. From the system of

Eqs. (4)–(8) and (17), we can observe that a quasi-CW regime occurs if the input pump time width
TFWHM in the bus waveguide satisfies the condition TFWHM 
 maxð�p; �eff Þ. Since �p is of the order
of a few tens of picoseconds in the most cases, it must be TFWHM � 100 ps, resulting in �eff as the
dominant factor for the quasi-CW regime. Moreover, a large TFWHM means that the group-velocity
mismatch does not influence the SRS process in microcavities. Then, we can assume that the
pump and the Stokes waves travel with the same velocity inside the resonator, and thus, the partial
differential equations (4)–(8) can be transformed in ordinary differential equations by writing [46]

dap;s
dt
¼ @ap;s

@t
� vg

@ap;s
@z

with vg;p ffi vg;s ¼ vg : (18)
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In this subsection, the relationship to calculate the threshold condition for the Raman lasing effect
in the resonator under quasi-CW regime is found in closed form. A number of considerations can be
made on the system of Eqs. (4)–(8) and (17) under assumption of Eq. (18). Quasi-CW regime
means a steady-state analysis, where the threshold condition for SRS effect leads to neglect the
terms depending on Kerr effect. In particular, SPM and XPM effects can be considered under
threshold when the Raman effect is assumed at the threshold, since Raman effect dominates over
Kerr effect in SOI technology. Finally, we guess that only one state of polarization for Stokes wave
is at the threshold, while the other one is under-threshold. In this sense, the differential equations for
under-threshold polarization state can be neglected. Although this last condition seems to be too
restrictive, in a number of operative situations, it is really satisfied, as it will be demonstrated in the
numerical results section. For compactness needs, we indicate with sþ and s� the co-propagating
and counter-propagating Stokes waves with respect to the pump direction, respectively, with the
polarization state candidate to be emitted. In order to determine the threshold relationship, it is
convenient to formulate the complex amplitude coefficients as ai ¼ uiej�i . Consequently, two
possible cases that are of interest occur:

2.2.1. CASE A) ASRS
sþp ffi ASRS

s�p
In this condition, the threshold values for both Stokes waves are very similar. Consequently,

close to the threshold u2
sþ ffi u2

s� ffi 0, TPA effects induced by Stokes waves can be neglected.
Then, we can write

� Nc

�eff
þ 1
2

�
ðTPAÞ
pp

�h!p AðTPAÞpp

� �2 u4
p

� �2
64

3
75 ¼ 0 (19)
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�npupej�p þ 
pSp ¼ 0 (20)
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1
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us�ej�s� � 1
2
vg;s�

ðFCAÞ
s� us�ej�s� � vg;s
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ATPA
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p
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s�u

2
p

� �
us�ej�s� þ jvg;s

2�
�s

�ns�us�ej�s� � 1
2
bs�usej�s ¼ 0: (21)

Moreover, if the pump angular frequency !p is appropriately selected, it is possible to use the
plasma effect to shift the pump frequency in such a way that it coincides with an angular resonance
frequency of the optical cavity. In this condition, we can assume �pþ ¼ 2m�, where m is an integer
number. For the same reason, we can set �sþ ffi �s� obtaining, after some algebra, the following
equation:

up!s�
1;2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vg;s�gs� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðvg;s�gs�Þ2 � vg;s&�s�s�

q
vg;s�s&

vuut
(22)

where

gs� ¼ �
�TPAsþp

ATPA
s�p
þ 1
2
geff
s�

 !
;
1
2
�s� ¼

1
2
1
�s
þ 1
2
bs�; and & ¼ �eff =ð2�h!pÞ

� �
�
ðTPAÞ
pp AðTPAÞpp

� �. 2
� �

:

The nomenclature ðp ! s�Þ in Eq. (22) indicates the pump amplitude value that induces the
threshold for the forward ðþÞ or backward ð�Þ Stokes waves versus the pump direction. Finally,
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substituting Eq. (22) in Eq. (20) and considering u2
sþ ffi u2

s� ffi 0 (threshold condition), we obtain the
following relationship for the value of Sp at the threshold:

P�th1;th2 ¼ Sp!s�
1;2

��� ���2

¼ 1

p

� 2 1
2
1
�p

up!s�
1;2 þ 1

2
vg;p�p& up!s�

1;2

� �4
up!s�
1;2 þ vg;p

1
2

�TPApp

ATPA
pp

up!s�
1;2

� �2" #
up!s�
1;2

 !2

: (23)

Thus, the two values of SRS threshold depend on both TPA and FCA effects (see the signs þ and
� under the root square of Eq. (22)). In addition, for a given coupling factor for the input pump 2p,
the upper threshold ðP�th1Þ increases while the smaller threshold level ðP�th2Þ decreases by
decreasing 2s . In contrast, for a given value of 2s , both threshold levels increase by decreasing 2p.
However, for long cavities, the upper threshold ðP�th1Þ assumes too large values. Consequently,
hereinafter, we will consider only the second solution P�th2.

2.2.2. CASE B) ASRS
s�p G ASRS

sþp
This condition induces a lower threshold value for the backward Stokes wave with respect to the

forward Stokes wave. Consequently, it is lawful to suppose that the following relationship is verified
close to the threshold condition for s- wave: us� ! 0 and usþ ¼ 0. Similar to the previous case, we
can neglect the TPA effects induced by the Stokes waves and write:

up!s�
1;2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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It is worth to note that, in this case, it is not possible to find the closed form solution for the forward
Stokes wave threshold, because the presence of the backward Stokes wave above threshold
induces some transcendental equations.

Thus, Eqs. (22) or (24) demonstrate that, by considering a real field amplitude of the input pump
Sp and both real solutions up!s�

1 ðupþ!s�
1 Þ and up!s�

2 ðup!s�
2 Þ, SRS effect in the resonator can

have a finite threshold only if the following relationships are verified:

Case AÞ ðvg;sgs�Þ
2 � vg;s&�s�s� (26.a)

Case BÞ ðvg;sgs�Þ
2 � vg;s&�s=�s: (26.b)

Therefore, Eqs. (26) imposes a limitation over the total cavity decay time �s for Stokes wave. In
particular, it leads to find the upper limit for 2s value, which is compatible with the SRS effect
threshold inside the microcavity resonator.

Consequently, Eqs. (26) state that the Stokes photon decay rate related to coupling must have an
appropriate value in order to guarantee that the photon generation rate induced by SRS effect can
compensate the overall photon decay rate due to linear losses, FCA, and coupling process. Finally,
according to [34], the laser external efficiency �ex has been estimated as

�ex ¼e��sLout2s
p
2

gpvg;pu
p!s�
2

1

2
ffiffiffiffiffiffiffiffiffi
P�th2

q (27.a)

�ex ¼e��sLout2s
p
2
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p!s�
2

1

2
ffiffiffiffiffiffiffiffiffi
P�th2

p (27.b)
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where �s is the linear propagation loss inside the bus waveguide for Stokes wave, and Lout
represents the waveguide length from the coupling region to the photodetector.

3. Numerical Results and Discussion

3.1. Design Rules
The goal of this sub-section is to analyze the features of the SRS emission by means of the

effective Raman gain definition, previously proposed in Eq. (16). By this way, it will be possible to
find the design guidelines for Raman lasers based on SOI race-track resonator. In this context, we
briefly introduce the numerical solution adopted for the calculation of effective modal areas in case
of TPA and SRS effects, as previously indicated in Eqs. (11)–(12). These modal areas represent
very critical physical parameters in a silicon Raman laser, since ATPA

i ;j is strictly related to the
threshold power in the resonant cavity (see Eqs. (23) and (25)), as well as to the laser external
efficiency �ex (see Eqs. (27.a)-(27.b)), and ASRS

s��;p is related to the normalized effective SRS gain for
the Stokes signal excitation (see Eqs. (14)–(16)). In this context, the algorithmic procedure for
calculation of the effective modal areas has been implemented and investigated in detail using a
full-vectorial FEM [39]. The main numerical problem encountered in these calculations consists in
solving hybrid products (e.g., the scalar product jes�� � epj2) occurring in Eqs. (11) and (12). In
particular, with the term Bhybrid,[ we mean the product of an electric field component associated to
the pump optical mode propagating at �p (e.g., �p ¼ 1550 nm) with an electric field component of
the optical Stokes mode propagating at a different wavelength �s (e.g., �s ¼ 1686 nm). Unfor-
tunately, it is not possible to calculate integrals defined in Eqs. (11)–(12) by using any standard
integral function available in the software, since the two quantities to be first multiplied and then
integrated are calculated in two separate simulation domains because of the different operative
wavelengths (i.e., two different eigenvalue problems, solved separately). Consequently, optical
modes solved for the same waveguide but at different operative wavelengths cannot be processed
simultaneously in the same simulation workspace.

To this aim, we have developed an algorithmic procedure based on saving in Matlab workspace
the optical field mode distributions evaluated by Femlab. In particular, once all electric and mag-
netic field components of the optical mode calculated by the software are extracted [40] and all
required variables are saved, data can be processed offline for general purposes (e.g., products
and integrals), independently from the original simulation software. The main objective of the
proposed approach is the necessity to develop a numerical tool for the integral calculus since all
variables are processed out from the simulation software. Then, we have developed an algorithmic
procedure for integral equations and implemented an optimization procedure in order to best fit our
results with those calculated by the software. Obviously, this comparison can be executed only in
case of non hybrid products (e.g., jep � epj2). In particular, a percent relative error function can be
defined as

"r ;�ð ; �Þ ¼
ATPA
i ;j ðsoftwareÞ � ATPA

i ;j ðalgorithmÞ

ATPA
i ;j ðsoftwareÞ

� 100½%� ði ¼ j ¼ �; with � ¼ s; pÞ (28)

where  is the software parameter by which it is possible to set the number of mesh elements in the
FEM simulation domain (i.e., the maximum element size scaling factor [39]), and � is the parameter
related to the accuracy of the calculations (i.e., the element growth rate [39]). In Eq. (28),
ATPA
i ;j ðsoftwareÞ and ATPA

i ;j ðalgorithmÞ are the modal effective TPA areas calculated by the simulation
software and our algorithmic procedure, respectively. In particular, the same error definition can be
applied in case of modal effective SRS areas, resulting in identical numerical results. In fact, the
relative error "r ;�ð ; �Þ introduced by our model is independent from the integral expression. Several
iterations have been done in order to calculate the percent relative error as a function of different
set of  and �, at both wavelengths �p and �s. In all simulations, an extremely fine mesh has been
set consisting of a number of mesh elements ranging from � 60 000 to � 100 000, depending on
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the parameter  . Moreover, other simulation parameters such as mesh curvature factor, i.e., mesh
curvature cut-off and resolution of narrow regions, have been always set to their default values [39].

In Table 1, we report the numerical results of our optimization procedure applied in case of two
different silicon rib waveguides (i.e., WG1 and WG2) at both pump and Stokes operative
wavelengths (i.e., �p ¼ 1550 nm and �s ¼ 1686 nm). In particular, silicon waveguides are
characterized by the following dimensions properly named according to the schematic shown in
Fig. 1(b):

• WG1: HS ¼ 300 nm, W ¼ 700 nm, H ¼ 500 nm, HR ¼ 200 nm;
• WG2: HS ¼ 180 nm, W ¼ 700 nm, H ¼ 500 nm, HR ¼ 320 nm.
The aim of the optimization procedure consists in setting the couple ð ; �Þ for which it is possible

to obtain the minimum percent relative errors for the selected waveguide simultaneously at both
wavelengths. In particular, for the waveguide WG1, the optimum couple is (0.125, 1.0005). In fact,
by using this set of mesh parameters, the percent relative error is as small as �0.54% at �p and
�0.51% at �s. Then, the error introduced in the calculation of hybrid scalar integrals is
approximately the mean between those calculated in case of non hybrid ones at both wavelengths,
in between "r ;pð ; �Þ and "r ;sð ; �Þ. In conclusion, the couple ð ; �Þ optimized for the waveguide
WG2 is (0.1, 1.2), since the percent relative errors at wavelengths �p and �s are as small as�0.23%
and �0.4%, respectively.

The validation of the integral calculus, based on the optimization procedure described above, has
been tested by comparing our results with those proposed by Krause et al. in Ref. [37]. To this
purpose, we have calculated normalized local Raman-gain efficiency (i.e., gs�;� ¼ 1=ASRS

s��;p) in a
silicon photonic wire with width W ¼ 500 nm, height H ¼ 220 nm and surrounded by silica, as a
function of the waveguide orientation � ranging from 0� to 45�, for co-propagating and counter-
propagating pump and Stokes waves. Moreover, the operative wavelength of the pump signal is
�p ¼ 1455 nm, while the wavelength of the Stokes signal is �s ¼ 1574 nm. Numerical results
plotted in Fig. 2 are in very good agreement with theoretical curves in Ref. [37], confirming our
algorithmic procedure as a very efficient numerical tool for the calculation of both hybrid and non
hybrid integrals.

The numerical procedure presented above has been generalized by considering the silicon rib
waveguide sketched in Fig. 1(b). In particular, the normalized effective gain ðgeff

s�;�=g
SRS
bulk Þ has been

evaluated as a function of slab height HS , for different polarization combinations between pump and
Stokes waves, assuming W ¼ 700 nm, H ¼ 500 nm, Rshape ¼ 0:05, and � ¼ 45�. The pump beam

TABLE 1

Percent relative errors "r ;�ð ; �Þ% calculated by optimization procedure applied to waveguides WG1 and
WG2 at wavelengths �p ¼ 1550 nm and �s ¼ 1686 nm
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is injected at 1550 nm, and the Stokes wavelength is originated at 1686 nm. Numerical results are
plotted in Fig. 3. The plot clearly indicates that, for all values of slab height, the excitation
pTM ! s�TM ð� ¼ þ;�Þ does not occur due to the very weak normalized effective gain, resulting in a
negligible spontaneous emission efficiency for the polarization state combination pTM ! s�TM . On
the contrary, the other combinations exhibit relatively large values of geff

s�;�=g
SRS
bulk , revealing a

decreasing trend of the normalized effective gain as a function of increasing slab height HS . In fact,
the electric field distribution in the waveguide cross section is less confined by increasing HS ,
resulting in a larger effective area for the SRS effect, as given by Eqs. (11)–(14). It is worth to outline
the particular behavior for the excitation pTE ! s�TE . As it is evident in Fig. 3, in the whole swept
range of HS , the normalized effective gain for the counter-propagating Stokes beam is larger than
the co-propagating one. However, the difference between the two values decreases by increasing
the slab height HS . Then, in the case of pTE ! s�TE polarization state combination and for
HS G 400 nm, the excitation is always counter-propagating with respect to the pump wave, but at

Fig. 2. Normalized gain in a silicon photonic wire (width W ¼ 500 nm, height H ¼ 220 nm) as a function
of the waveguide orientation � for co-propagating and counter-propagating pump and Stokes waves.

Fig. 3. Normalized effective gain as a function of slab height for different polarization state combinations.
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HS ¼ 400 nm, the Raman laser could emit in both directions since the difference between
normalized effective gain for co-propagating and counter-propagating Stokes signals becomes
negligible. However, in this last situation, the direction of emission should be uncertain, because it is
influenced by the mode competition due to TPA effects induced by the growing Stokes waves.

Finally, it is worth to consider the excitations corresponding to the polarization state combinations
pTM ! s�TE and pTE ! s�TM . As it is evident, the behavior is quite similar in both operative conditions.
In fact, the difference between the values of normalized effective gains geff

s�;�=g
SRS
bulk for co-

propagating and counter-propagating Stokes beams is substantially negligible. Moreover, even in
these cases, the directionality of the Stokes emission, in principle bidirectional, strongly depends on
the mode competition between co- and counter-propagating Stokes signals. Anyway, the
pTE ! s�TE excitation surely guarantees efficient single direction emission for a large range of HS .

In order to complete the analysis of the silicon rib waveguide and the calculation of relative
normalized effective gains for the Stokes signal excitation, we report the investigation on the optical
mode spatial distributions for both quasi-TE and quasi-TM polarizations, for three rib waveguides
characterized by W ¼ 700 nm, H ¼ 500 nm and different silicon slab heights HS , i.e., 180 nm,
300 nm, and 350 nm. To this purpose, in Figs. 4 and 5, it is possible to observe the spatial
distributions of Ex and Ey components of the quasi-TE polarized optical modes at pump and
Stokes wavelengths. Simulation results confirm that quasi-TE fundamental modes are always
supported by the silicon rib waveguide in the whole slab height range, extended from 100 nm to

Fig. 4. Spatial distribution of the Ex- and Ey-field components of the fundamental quasi-TE optical mode
for silicon rib waveguides with W ¼ 700 nm, H ¼ 500 nm and different slab height HS ¼ 180 nm (a),
HS ¼ 300 nm (b) and HS ¼ 350 nm (c). �p ¼ 1550 nm.

Fig. 5. Spatial distribution of the Ex- and Ey-field components of the fundamental quasi-TE optical mode
for silicon rib waveguides with W ¼ 700 nm, H ¼ 500 nm and different slab height HS ¼ 180 nm (a),
HS ¼ 300 nm (b) and HS ¼ 350 nm (c). �s ¼ 1686 nm.

IEEE Photonics Journal Raman Lasers on SOI Racetrack Resonators

Vol. 5, No. 6, December 2013 1502431



400 nm, at both wavelengths. However, the higher the slab, the lower the optical mode con-
finement in the silicon rib, resulting in a larger effective area for the SRS effect. Consequently, this
behavior justifies the descending trends that characterize the normalized effective gains in case of
co-propagating and counter-propagating Stokes signal emission, for the polarization state
combination pTE ! s�TE .

Simulation results calculated by FEM reveal a completely different behavior in case of quasi-TM
polarized optical mode. In fact, in Figs. 6 and 7, it is possible to observe how the fundamental quasi-
TM optical mode is supported only in silicon rib waveguides with a slab height HS ¼ 180 nm, while
not for HS ¼ 300 nm and 350 nm. In fact, the calculated slab height limit values for the excitation of
the fundamental quasi-TM mode in the silicon rib waveguide are HS ¼ 300 nm at the pump
wavelength and HS ¼ 290 nm at the Stokes wavelength. Thus, it is useful to distinguish between
two different conditions. The first one identifies all values of Hs that determine a weak optical
confinement near the limit values mentioned above (i.e., HS ¼ 290 nm and 300 nm). To this aim, it
is convenient to refer to Fig. 6(b), showing the spatial distribution of the Ex component of the
fundamental quasi-TE optical mode in the rib waveguide with HS ¼ 300 nm (i.e., the limit value). In
this case, the Ey component is fully confined into the rib waveguide, while the Ex component is
partially distributed into the silicon slab, resulting in a decreasing normalized effective gain in case
of pTM ! s�TE , for both co-propagating and counter-propagating Stokes emissions according to
Fig. 3. We have verified that a similar behavior characterizes both pTE ! s�TM and pTM ! s�TM
excitations, with the limit value HS ¼ 290 nm.

Fig. 6. Spatial distribution of the Ex- and Ey-field components of the fundamental quasi-TM optical mode
for silicon rib waveguides with W ¼ 700 nm, H ¼ 500 nm and different slab height HS ¼ 180 nm (a),
HS ¼ 300 nm (b) and HS ¼ 350 nm (c). �p ¼ 1550 nm.

Fig. 7. Spatial distribution of the Ex- and Ey-field components of the fundamental quasi-TM optical mode
for silicon rib waveguides with W ¼ 700 nm, H ¼ 500 nm and different slab height HS ¼ 180 nm (a),
HS ¼ 300 nm (b) and HS ¼ 350 nm (c). �s ¼ 1686 nm.
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In Fig. 3, the region labeled as BHigher order modes[ has been evidenced, to be distinguished
from the region named BFundamental modes.[ In fact, in all different polarization state
combinations analyzed for the Stokes signal emission, with the only exception of pTE ! s�TE ,
quasi-TM polarized higher order modes are excited into the silicon rib waveguide for slab values
higher than the limit ones (i.e., HS ¼ 290 and HS ¼ 300), and the fundamental quasi-TM mode is
not supported. To this purpose, in Figs. 6(b) and (c) and 7(c), it is evident how the Ex component of
the optical mode presents uniformly distributed multiple lobes into the silicon slab, although the Ey

component is well confined into the silicon rib. This condition results in low normalized effective
gains associated to a number of higher order modes, as clearly shown in Fig. 3 in the squared
region labeled as BHigher order modes.[

In this context, the spatial distributions of the Poynting power of the quasi-TM polarized optical
modes into the silicon waveguide cross-section are plotted in Figs. 8 and 9 as a function of different
slab heights.

Numerical results confirm that high optical power confinement into the silicon rib waveguide can
be still achieved in case of higher order modes. However, waveguide configurations characterized
by slab heights higher than the limit values for the fundamental quasi-TM optical mode excitation, at
both pump and Stokes wavelengths, are not useful for a strong Raman excitation, since the
normalized effective gain is too low and the difference between the co-propagating and counter-
propagating Stokes gains is quite negligible, resulting in an unpredictable Stokes mode competition.

Finally, simulations plotted in Fig. 3 with the investigation of the silicon waveguide considered in
Figs. 4–9 represent a very useful tool to find the characteristic performance of Raman emission in
race-track SOI resonator. In fact, this type of analysis allows to link the definition of the geometry of
the racetrack resonator (i.e., Rshape) directly to the physical properties of the selected silicon
waveguide, with the final task of defining the optimum waveguide architecture able to maximize the
stimulated Raman emission.

In Fig. 10(a) and (b), the normalized effective gain is sketched as a function of the slab height for
two different shape ratios, Rshape ¼ 0:01 and Rshape ¼ 0:1, respectively. All the other parameters
are the same as before. We have assumed the pump wave aligned only with the quasi-TE mode. In
particular, we can observe that both co-propagating and counter-propagating Stokes waves present
a normalized effective gain which decreases with increasing the slab height Hs. This trend depends
on the reduced confinement of the optical modes into the rib region, thus inducing a larger effective
modal area. Thus, according to Eq. (24) or (25), we can conclude that the increase in the slab height

Fig. 8. Poynting power distribution into the x-y plane of the silicon waveguide cross-section with
W ¼ 700 nm, H ¼ 500 nm and different slab height HS ¼ 180 nm (a), HS ¼ 300 nm (b) and
HS ¼ 350 nm (c). �p ¼ 1550 nm.

Fig. 9. Poynting power distribution into the x-y plane of the silicon waveguide cross-section with
W ¼ 700 nm, H ¼ 500 nm and different slab height HS ¼ 180 nm (a), HS ¼ 300 nm (b) and
HS ¼ 350 nm (c). �s ¼ 1686 nm.
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Hs induces, in its turn, an increase in the Raman laser threshold. In addition, it is evident that, for
both shape ratios, the differences between the normalized effective gains associated to s�TE and
sþTE , s

�
TM and sþTM Stokes waves are significant, being maximized in case of pTE ! s�TE emission. In

addition, geff
s�TE assumes always higher values in the range of HS from 100 nm to 240 nm,

independently from the shape ratio of the race-track resonator. Moreover, larger values of Rshape

induce a very weak shift toward lower values of geff
s�;�=g

SRS
bulk . In summary, we can conclude that the

counter-propagating Stokes waves are characterized by the highest values of geff
s�;�, when injecting a

quasi-TE polarized pump wave into the race-track resonator.
It is worth to outline that previous plots allow to individuate the emission features (i.e., co- or

counter-propagating emission) for an a-priori fixed Stokes-pump polarization state combination only
in terms of normalized effective gain. However, it is not possible to predict the effective polarization
state of the Stokes beam emitted since the condition geff

s�TE 9 geff
s�TM does not immediately implicate

the emission of the quasi-TE polarized mode, depending on the coupling factor between the bus
waveguides and the race-track resonator, too. In this context, it is evident how the physics of the
Raman excitation into the silicon waveguide results to be strictly related to the geometry of guided-
wave optical components, i.e., race-track resonator (i.e., Rshape), as well as directional couplers for
the coupling of optical signals from input buses into the resonant cavity and vice versa. In order to
demonstrate this last concept, hereinafter, we will consider the SOI waveguides named WG1 and
WG2, as defined previously.

In Fig. 11(a) and (b), the normalized effective gain is shown as a function of the shape ratio for
WG1, by considering all possible combinations between the polarization states of pump and Stokes

Fig. 10. Normalized effective gain as a function of slab height: (a) Rshape ¼ 0:01; (b) Rshape ¼ 0:1.
Waveguide orientation � ¼ 45� with respect to the crystallographic axes in both graphs (a) and (b).

Fig. 11. Normalized effective gain as a function of the shape ratio for the waveguide WG1: (a) � ¼ 0�,
(b) � ¼ �=4.
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waves and assuming � ¼ 0 and � ¼ �=4, respectively. Two considerations are important. First, in
case of � ¼ 0, the excitation pTE ! s�TE is the only polarization state combination for which it is
possible to observe curves monotonically increasing as a function of Rshape, with a saturation effect
for Rshape 9 5. In addition, all other cases exhibit a flat shape for both co-propagating and counter-
propagating Stokes modes. Second, the excitation pTM ! s�TE maximizes the Raman gain, inducing
high laser emission efficiency. Very interesting considerations can be also outlined for WG1 in case
of � ¼ �=4. In fact, Fig. 11(b) shows how the excitation pTE ! s�TE monotonically decreases as a
function of Rshape, saturating for Rshape 9 5. In addition, for Rshape G 0:5, the normalized effective
gain for pTE ! s�TE is larger than for pTM ! s�TE excitation.

At this step of the analysis, we can demonstrate that larger Raman gains can be obtained with an
appropriate selection of the waveguide orientation with respect to the crystallographic reference
system (i.e., �), shape ratio Rshape, pump polarization, and propagation direction of Stokes wave.
However, curves plotted in Fig. 11 are not enough to completely predict the features of Stokes wave
emitted by SRS effect, since other effects need to be included in the analysis, such as the signal
coupling between the bus waveguide and the racetrack resonator.

The normalized effective gain as a function of the shape ratio is plotted in Fig. 12 for WG2.
Despite of similar profiles characterizing curves plotted in Fig. 12(a) and (b) with respect to those in
Fig. 11(a) and (b), some different physical features are worth to outline. In particular, although the
waveguide WG1 presents normalized effective gain values ðgeff

s�;�=g
SRS
bulk Þ for pTE ! s�TE excitation

larger than those for pTE ! s�TM for each fixed value of Rshape, the waveguide WG2 exhibits
comparable values of geff

s�;�=g
SRS
bulk for Rshape G 0:5. Consequently, it seems reasonable to assume

that the Stokes emission will be counter-propagating, due to the large difference between geff
s�;TE

and geff
s�;TM , if the race-track resonator based on the waveguide WG1 is excited with a quasi-TE

pump wave. However, the same conclusion is not suitable to WG2, for two reasons. The first one is
that the difference between geff

s�;TE and geff
s�;TM depends on Rshape. In particular, for Rshape 9 0:5,

geff
s�;TM dominates geff

s�;TE , being exactly the opposite trend with respect to WG1 case. Second,
although we select Rshape G 0:5 resulting in geff

s�;TE 9 geff
s�;TM (as in WG1), the difference between

effective Raman gains is too small to predict the laser emission without including the coupling
effects between the race-track resonator and the bus waveguides. In this context, a very useful
coupling coefficient map for quasi-TE and quasi-TM polarized mode excitations for WG2 is plotted
in Fig. 13, assuming the parameter set: � ¼ �=4, Rshape ¼ 0:01, Lcavity ¼ 2763 �m, and
0:05 G k2

p;TE G 0:7.
In the plot, the horizontal and vertical red lines represent the upper limit values of power coupling

coefficients for quasi-TM and quasi-TE Stokes modes, respectively. In particular, for k2
s;TM and k2

s;TE
lower than the aforementioned limits (i.e., k2

s;TM ¼ 0:0817 and k2
s;TE ¼ 0:0828), the SRS lasing

occurs with threshold given in Eq. (26). Moreover, the diagonal black line divides the plane into two
regions labeled as BTE-mode excitation[ and BTM-mode excitation,[ where threshold levels satisfy
the conditions Sp!s�TE

2 G Sp!s�TM
2 and Sp!s�TM

2 G Sp!s�TE
2 , respectively. Consequently, for a

Fig. 12. Normalized effective gain as a function of shape ratio for waveguide WG2. a) � ¼ 0�, b) � ¼ �=4.
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given couple of values ðk2
s;TE ; k

2
s;TM Þ selected for the design of the directional coupler, the

localization in the map univocally indicates the polarization state for the excited Stokes wave, which
guarantees the lower threshold level. Therefore, the coupling coefficient map is a powerful tool to
find the design guidelines for the directional coupler, with the goal to obtain a race-track resonator
Raman laser with a specific polarization state.

In Fig. 14, the influence of the resonator shape ratio on the coupling coefficient map is shown.
The plot clearly indicates that the TM-mode excitation region increases by increasing Rshape from
0.01 to 1.

For example, by considering the coupling coefficient sets (k2
p;TE ¼ 0:4, k2

s;TE ¼ 0:02, k2
s;TM ¼ 0:06,

for quasi-TE excitation) and (k2
p;TE ¼ 0:4, k2

s;TE ¼ 0:05, k2
s;TM ¼ 0:03, for quasi-TM excitation), we

have simulated the Stokes signal excitation with a pump power of 100 mW, launched in the input

Fig. 13. Coupling coefficient map for waveguide WG2 with orientation � ¼ 45� with respect to the
crystallographic axes.

Fig. 14. Coupling coefficient map as a function of different values of the resonator shape ratio.
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bus waveguide. In particular, in case of Rshape ¼ 0:01, the power of the quasi-TE-polarized Stokes
signal is 1 mW, while the power of quasi-TM polarized Stokes signal is 2 mW. Moreover, in case of
Rshape ¼ 0:1 and Rshape ¼ 1, calculated output powers associated to quasi-TE and quasi-TM
polarized Stokes signals are Pout ;TE ¼ 2:03 mW, Pout ;TE ¼ 2:15 mW and Pout ;TM ¼ 0:9 mW,
Pout ;TM ¼ 0:45 mW, respectively.

Thus, both Figs. 13 and 14 are critical for the design of Raman lasers based on SOI race-track
resonator. In fact, once the waveguide cross-section is defined, plots similar to those shown in
Fig. 12 can be used for selecting the optimum race-track geometry and identifying the polarization
state and the emission directionality of the laser. Consequently, the coupling coefficient map (see
Figs. 13 and 14) individuates the requirements for the directional coupler design in order to select
the desired Stokes polarization states.

In Figs. 15(a)–(c), the coupling coefficient maps calculated for different effective recombination
times and shape ratios are plotted, by considering waveguide WG2 and assuming � ¼ �=4,
Lcavity ¼ 2763 �m, and k2

p ¼ 0:3. As it is possible to observe, by increasing �eff , both the excitation
regions decrease, as induced by the lowering of the upper limit value for k2

s , according to the
relationship in Eq. (26). The value of �eff can be controlled by the reverse voltage applied to the p-i-n
silicon waveguide, as investigated in the systematic analysis proposed in Ref. [47].

3.1.1. Directional Coupler Design
The design of symmetrical directional couplers based on silicon rib waveguides (i.e., WG1 and

WG2) has been modeled by employing both full-vectorial FEM [39] and CMT [48]–[50], supported
by the three-dimensional (3D) beam propagation method (BPM) [51]. The calculation of symmetric
and anti-symmetric supermodes in silicon rib waveguides by full-vectorial FEM has been carried out
in order to jointly apply the supermodes approach and CMT for the calculation of coupling lengths
Lc and power coupling coefficients (i.e., k2

i ;j with i ¼ s, p and j ¼ TE, TM) for both waveguides WG1

Fig. 15. Coupling coefficient map for different values of the effective recombination lifetime: (a) Rshape ¼
0:01, (b) 0.1, (c) 1.
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and WG2, as a function of directional coupler gaps, g. Furthermore, the coupling length is a function
of the directional coupler gap by the typical exponential law as

Lc ¼ AeBg (29)

where A and B are fitting parameters to be found in order to best fit numerical results of Lc
corresponding to different directional coupler gaps simulated by FEM.

Fitting parameters are summarized in Table 2 by considering TE and TM optical mode
polarizations, as well as both pump and Stokes wavelengths. The numerical procedure described
until now has been validated by simulating some directional coupler configurations (e.g.,
g ¼ 0:1 �m, 0.15 �m, 0.2 �m, to name a few) through the 3D-BPM propagator and comparing
results as plotted in Figs. 16–18, revealing a very good agreement for both waveguides and TE and
TM polarizations, at the operative wavelengths �p and �s.

3.2. Model Validation
The mathematical model developed and discussed until now and the physical assumptions for

the Raman laser effect induced in microcavities have been tested by comparing our numerical
results with some experiments proposed in literature. A very interesting set of comparisons with
experimental results involves the CW Raman laser based on SOI resonator. The architecture used
in the experimental setup proposed by Rong et al. in Ref. [33] is similar to that considered here as
based on a SOI racetrack resonator, but it is characterized by only one input/output bus waveguide.
To this purpose, in our simulations, we have properly removed the bottom bus according to the
schematic previously shown in Fig. 1. The proposed device is characterized by a p-i-n silicon rib
waveguide with the following geometrical parameters: width W ¼ 1:5 �m, overall height
H ¼ 1:55 �m, rib etch depth HR ¼ 0:76 �m, and slab height HS ¼ 790 nm. In our validation test,
we have considered two different cavities having racetrack-ring total lengths of Lcavity ¼ 3 cm and

TABLE 2

Fitting parameters for waveguides WG1 and WG2 at both pump and Stokes wavelengths and TE and
TM optical mode polarizations

Fig. 16. Fitting results for waveguide WG1 in case of quasi-TE optical mode at pump (a) and Stokes
(b) wavelengths.
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1.5 cm, respectively. Both devices are based on the same silicon rib waveguide described above,
and characterized by a bend radius of 400 �m. Finally, the measured optical parameters presented
in Ref. [33] and used in our simulations are listed in Table 3. In the experiments, Raman laser
devices have been also tested by considering different reverse bias voltages applied to the p-i-n
silicon rib waveguide. Moreover, different coupling factors for pump and Stokes waves have been
considered, too. To this purpose, Fig. 19(a) and (b) shows the laser output power Pout versus Pin

(pump input power) as a function of the following reverse bias voltages: 0, 5, 10, and 25 V.

Fig. 17. Fitting results for waveguide WG2 in case of quasi-TE optical mode at pump (a) and Stokes
(b) wavelengths.

Fig. 18. Fitting results for waveguide WG2 in case of quasi-TM optical mode at pump (a) and Stokes
(b) wavelengths.

TABLE 3

Physical parameters used in our model for the validation test with experiments presented in Ref. [33]
(pump at �p ¼ 1550 and Stokes at �s ¼ 1686 nm)
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Moreover, as indicated in Table 3, the effective free carrier lifetime changes as a function of the
applied reverse bias voltage, as depicted in the legend in Fig. 19. In conclusion, in case of a cavity
length Lcavity ¼ 3 cm, the coupling coefficients considered in simulations are 2p ¼ 0:3 for pump at
�p ¼ 1550 nm and 2s ¼ 0:12 for Stokes signal at �s ¼ 1686 nm, while for Lcavity ¼ 1:5 cm, coupling
coefficients are 2p ¼ 0:43 and 2s ¼ 0:063, respectively.

The plots shown in Fig. 19(a) and (b) exhibit a very good agreement with the experimental data
published in [33], in terms of threshold values, output powers above thresholds, and external effi-
ciencies. Moreover, arbitrary fitting parameters have not been used. Finally, our investigations
indicate that the Raman emission is aligned as quasi-TM mode, resulting to be co-propagating with
respect to the pump wave. In particular, in case of cavity length Lcavity ¼ 3 cm, measured threshold
power with a reverse bias voltage equal to 25 V is as low as 20 mW [33], with a maximum output
power of about 50 mW, revealing a good agreement with our numerical results plotted in Fig. 19(a).

3.3. Raman Laser Performance
In this sub-section, we present a number of numerical results on the performance exhibited by

Raman laser based on a SOI race-track resonator, calculated by numerically solving the system of
Eqs. (4)–(8) and (17) and applying Eqs. (23), (25), and (27) as a validation test. For the following
simulations, WG1 and WG2 waveguides are assumed, with physical and geometrical parameters
calculated and listed in Table 4. Furthermore, other significant parameters assumed in our simu-
lations, such as propagation losses at both pump and Stokes operative wavelengths, non-linear
parameters, effective recombination lifetime for free carriers, to name a few, are summarized in
Table 5.

Fig. 20(a) and (b) show the external emission efficiency and the threshold power, respectively, as
a function of the coupling factors for pump ð2pÞ and Stokes ð2sÞ waves. The 3D plots have been
performed for WG1 by assuming a cavity length Lcavity ¼ 2763 �m and a resonator shape ratio
Rshape ¼ 0:01, resulting in the following effective SRS gains: geff

s�TEpTE ¼ 340:1215 ½W �m��1 and
geff
sþTEpTE ¼ 312:7744 ½W �m��1. According to the previous discussion, the Stokes emission is back-

ward with respect to the pump with a quasi-TE polarization state. Fig. 20(a) shows that the effi-
ciency increases by increasing 2p for a given 2s . On the contrary, for a given value of 2p, the
external efficiency versus 2s presents a maximum.

In addition, Fig. 20(b) shows an opposite trend for the threshold power. In fact, it is possible to
observe a decreasing profile as a function of decreasing 2s , with a given value of 2p.

Moreover, for larger values of 2s , the threshold power exhibits a minimum as a function of 2p. A
maximum external efficiency can be estimated as high as �ex ¼ 23%, with 2p ¼ 0:4 and 2s ¼ 0:05.
Similar simulations have been performed by assuming Rshape ¼ 0:1 (i.e., geff

s�TEpTE ¼ 327:5638 ½W �
m��1 and geff

sþTEpTE ¼ 300:2167 ½W �m��1) and Rshape ¼ 1 (i.e., geff
s�TEpTE ¼ 264:1870 ½W �m��1 and

geff
sþTEpTE ¼ 236:8399 ½W �m��1), resulting in a maximum efficiency of 22% (with 2p ¼ 0:4 and

Fig. 19. Simulation results of the Raman laser presented in Ref. [33] characterized by different cavity
lengths Lcavity ¼ 3 cm (a) and Lcavity ¼ 1:5 cm (b), as a function of reverse bias voltages applied to the
p-i-n silicon rib waveguide.
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2s ¼ 0:03) or 17% (with 2p ¼ 0:4 and 2s ¼ 0:018). Moreover, by increasing the resonator shape
ratio, it is possible to observe a reduction in the external efficiency and, simultaneously, a lower
threshold power level for the Raman laser. Furthermore, it is worth to note that previous results
have been achieved by using the design relationships given in Eqs. (23), (25), and (27). To confirm
the correctness and strength of Eqs. (23), (25), and (27), we have solved without any a-priori
assumption the system of Eqs. (4)–(8) and (17) in CW regime for different values of input quasi-TE
pump power. Thus, Fig. 21 shows the laser output power versus the input pump power, assuming a
cavity length Lcavity ¼ 2763 �m, a resonator shape ratio Rshape ¼ 0:01, and power coupling coeffi-
cients 2p;TE ¼ 0:4, 2s;TE ¼ 0:05. In the following simulations, the output laser power has been
calculated at the end of the bus waveguide with length of 150 �m and a coefficient loss of about
0.5 dB/cm.

It is evident how the unique solution different from zero is the quasi-TE backward Stokes wave,
thus confirming the physical discussions and predictions made in the previous sub-section. In
addition, Fig. 21(a) gives the threshold power as P�th2 ffi 0:15 W and the external efficiency (curve

TABLE 4

Physical and geometrical waveguide parameters calculated through our model, by assuming the pump
at �p ¼ 1550 nm and the Stokes signal at �s ¼ 1686 nm

TABLE 5

Physical parameters for Stokes excitation in SOI racetrack resonator at wavelengths �p ¼ 1550 and
�s ¼ 1686 nm
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slope close to the threshold) as high as �ex ffi 22%, in good agreement with values previously
obtained in Fig. 20. Moreover, the curve in Fig. 21(a) shows a saturation as due to TPA effect
induced by both pump and Stokes waves. Then, at the saturation, the output laser power is 1.6 mW
for an input power of 0.4 W. Similar simulations have been performed for Rshape ¼ 0:1 and
Rshape ¼ 1, resulting in output laser powers of 1.58 mW and 0.5 mW, respectively. Then, the
saturation induced by TPA increases by increasing the resonator shape ratio. Fig. 21(b) well
clarifies the influence of the nonlinear effects considered in the model. In particular, we have
simulated the output Raman laser power versus the input pump power considering each effect step

Fig. 20. External emission efficiency (a) and threshold power (b) versus the pump and Stokes coupling
factors.

Fig. 21. Output power of the quasi-TE polarized Stokes backward signal as a function of input pump
power (a) with all non-linear effects (b) with some non-linear effects.
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by step. We can observe that the largest detrimental effect is induced by TPA. In fact, the only
presence of TPA induces larger threshold and lower quantum efficiency than in all other cases.
Moreover, blue and black curves are perfectly overlapped, revealing that FCA alone has a
negligible influence. Thus, FCA shows its detrimental effect only occurring together with TPA.
Finally, the only presence of Kerr effect does not influence both the threshold level and the quantum
efficiency, but it reduces the output Raman laser power with increasing more and more the input
pump power.

Furthermore, it is worth to show similar simulations performed for WG2, as in Fig. 22, where
Lcavity ¼ 2763 �m, Rshape ¼ 0:01 (i.e., geff

s�TEpTE ¼464:2749 ½W �m��1, geff
sþTEpTE ¼ 402:4356 ½W �m��1,

geff
s�TMpTE ¼ 435:4718 ½W �m��1, geff

sþTMpTE ¼ 429:0462 ½W �m��1) , 2p;TE ¼ 0:4, ( 2s;TE ¼ 0:05,
2s;TM ¼ 0:03 - case (a)), and (2s;TE ¼ 0:02, 2s;TM ¼ 0:06 - case (b)). The solutions of the system
of Eqs. (4)–(8) and (17), plotted in Fig. 22, show the lasing effect for backward quasi-TM Stokes
wave (a) and backward quasi-TE Stokes wave (b). These results are in very good agreement with
the prevision derived from the coupling coefficient map (see Fig. 13). In fact, it is easy to check that
the couple of values (2s;TE ¼ 0:05, 2s;TM ¼ 0:03) localizes a point in the TM-mode excitation region.
On the contrary, the values (2s;TE ¼ 0:02, 2s;TM ¼ 0:06) match a point in the TE-mode excitation
region. In addition, the quasi-TM emission presents a larger value of external efficiency as high as
21% with respect to quasi-TE mode (i.e., �ex G 10%). On the contrary, the backward Stokes quasi-
TM wave has a threshold level of 0.05 W, higher than the quasi-TE emission (i.e., �0.043 W).
Finally, a Raman laser based on waveguide WG2 gives similar values of external efficiency but
lower threshold powers and higher output laser powers with respect to that based on WG1. This is
particularly due to the larger SRS effect in highly confined waveguides.

A very useful analysis is presented in Figs. 23 and 24. The output Stokes power evaluated at the
end of the waveguide bus, with length of 150 �m and coefficient loss of 0.5 dB/cm, has been
simulated as a function of different cavity lengths and Rshape, by considering a constant pump
optical power (350 mW) over the threshold level, in case of both waveguide configurations, i.e.,

Fig. 22. Output laser power versus the input pump power: (a) quasi-TM backward Stokes wave;
(b) quasi-TE backward Stokes wave.
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WG1 and WG2. In Fig. 23, the output power of the counter-propagating quasi-TE-polarized Stokes
signal excited in the waveguide WG1 is shown as a function of different cavity lengths and Rshape.
We can observe the optimal value of the resonant cavity length, since the curves present a
maximum peak for each Rshape value in our simulations (i.e., 0.01, 0.1, and 1). In particular, by
considering the waveguide configuration named WG1, it is convenient to refer to Fig. 11(b) too,
where the normalized effective gains are plotted as a function of Rshape for various polarization state
combinations. In fact, according to Fig. 11(b), the SRS gain in case of pTE ! s�TE emission tends to
decrease with increasing Rshape. Consequently, by considering the same cavity length (e.g.,
Lcavity ¼ 1 cm), the output Stokes power decreases with increasing the parameter Rshape. In addi-
tion, the presence of an optimal condition (curve peak) is justified because, by increasing more and
more the cavity length, the SRS gain cannot compensate the propagation losses that the Stokes
signal undergoes along multiple cavity roundtrips. Analogously, with decreasing more and more
Lcavity , the Stokes signal excitation cannot occur when the pump signal propagates along a too short

Fig. 23. Output power of the counter-propagating quasi-TE-polarized Stokes signal excited in the
waveguide WG1, as a function of different cavity lengths and Rshape. The input pump power is constant,
equal to 350 mW.

Fig. 24. Output power of the counter-propagating quasi-TE (a) and quasi-TM (b) polarized Stokes signal
excited in the waveguide WG2, as a function of different cavity lengths and Rshape. The input pump
power is constant, equal to 200 mW.
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distance. By considering the Raman laser based on WG1 with power coupling coefficients
2p;TE ¼ 0:4 and 2s;TE ¼ 0:05, the optimum cavity length of 1.16 cm results in case of Rshape ¼ 0:01,
while optimal values Lcavity ¼ 1:23 cm and Lcavity ¼ 1:85 cm are related to Rshape ¼ 0:1 and
Rshape ¼ 1, respectively.

It is interesting to note, by the logarithmic scale in Fig. 22, the saturation and dropping down of the
output Raman laser with increasing the input pump power, as induced mainly by TPA and FCA
effects in case of quasi-TM (a) or quasi-TE backward Stokes wave (b). In Fig. 24(a) and (b), a
similar analysis has been executed for the Raman laser based on WG2 with power coupling
coefficient combinations 2p;TE ¼ 0:4, (2s;TE ¼ 0:05, 2s;TM ¼ 0:03 - case (a)), and (2s;TE ¼ 0:02,
2s;TM ¼ 0:06 - case (b)), assuming a pump power of 200 mW. As previously suggested for WG1, it
is convenient to refer to Fig. 12(b) in case of pTE ! s�TE and pTE ! s�TM emissions. Analogous
considerations discussed in the previous case can be extended to this case, too. In particular, for
counter-propagating quasi-TE polarized Stokes signal, the trends of the curves plotted in Fig. 24(a)
are similar to those already investigated in Fig. 23. Moreover, optimal cavity lengths are equal to
6 mm and 6.5 mm in case of Rshape ¼ 0:01 and Rshape ¼ 0:1, respectively, while a cavity length of
3 mm is suggested in case of Rshape ¼ 1, although the output Stokes power is quite low (i.e.,
�0.6 mW). On the contrary, in case of counter-propagating quasi-TM polarized Stokes signal, as in
Fig. 24(b), it is noteworthy to observe that any substantial difference cannot be appreciated among
all three curves associated to Rshape values. This behavior is due because the SRS gain for
pTE ! s�TM emission is characterized by a very smooth slope in the range extended from
Rshape ¼ 0:01 toRshape ¼ 1. Finally, a cavity length as long as 5 mm can be considered as optimal for
all Rshape values considered in our investigation, with an output Stokes power as high as 3 mW. In
conclusion, the Raman laser based on waveguide WG2 can be considered as the best design
solution for simultaneously assuring high optical laser power, high external efficiency, relaxed
fabrication tolerances, and compact dimensions. In particular, we obtain an output laser power of
3 mW for backward quasi-TM emission in 5 mm long cavity and an external efficiency of 21% (i.e.,
4.2 %/mm), well larger than 10% in 3 cm long cavity (0.33 %/mm) demonstrated in Ref. [33].

4. Conclusion
The generalized model presented in this paper allows the wave evolution and power transfer
(pump, Stokes) propagating in a SOI microcavity resonator to be accurately predicted, by taking into
account the SRS and all other linear and non-linear physical effects involved in the Raman lasing
mechanism. Analytical formulas have been derived in order to estimate the threshold power and the
external efficiency for CW Raman laser based on a race-track resonator, resulting in a very useful
tool for the design of such photonic devices. The influence of the waveguide sizes, pump and Stokes
coupling factors, cavity shapes, polarization states, and waveguide orientations has been rigorously
described and evaluated in order to select the fundamental design guidelines of integrated silicon
Raman lasers. Finally, a number of numerical simulations are presented in order to estimate the
Raman laser performance and confirm the physical predictions obtained from proposed design
rules. Although not optimal, the designed laser structures have revealed external efficiencies and
output powers well larger than those achieved in architectures presented in literature.
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