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PERIODIC SOLUTIONS
OF THE THE DEGASPERIS-PROCESI EQUATION:
WELPOSEDNESS AND ASYMPTOTICS

G. M. COCLITE AND K. H. KARLSEN

ABSTRACT. We prove the well-posedness of periodic entropy (discontinuous)
solutions for the Degasperis-Procesi equation. Partly motivated by the bounded
periodic solutions found by Vakhnenko and Parkes [20], we study the long-time
asymptotic behavior of periodic entropy solutions.

1. INTRODUCTION

We investigate the well-posedness and long-time asymptotic behavior of periodic
discontinuous solutions of the Degasperis-Procesi equation. It has the form

(1.1) Opu — 03 u + 4udyu = 30,ud? u + ud>, ,u (t,x) € (0,00) x R,

txx xxT ™

and is augmented with the initial condition

(1.2) (0, x) = up(x), z €R,
We assume
(1.3) ug € L (R), ug is 1-periodic.

Degasperis and Procesi [7] deduced (1.1)) from the following family of third order
dispersive nonlinear equations, indexed over six constants «, "y, cg, c1,c2,c3 € R:

Oy + coOpu + Y02 u — Q?O} u = 0, (clu2 + co(Opu)? + c;w@izu) .

Using the method of asymptotic integrability, they found that only three equations
within this family were asymptotically integrable up to the third order: the KdV

equation (a = co = cg = 0), the Camassa-Holm equation (c; = —23;%7 = %),
and one new equation (¢; = 720%’, co = c3), which properly scaled reads

TxTrx

9 3
(1.4)  Opu + Opu + 6udyu + 02, u — o (8tgmu + §3$u8§$u + §u83 u) = 0.

One can transform into the form (L.1]), see [8, 1] for details.

Degasperis, Holm, and Hone [9] proved the integrability of by constructing
a Lax pair. Moreover, they provided a relation to a negative flow in the Kaup-
Kupershmidt hierarchy by a reciprocal transformation and derived two infinite
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2 G. M. COCLITE AND K. H. KARLSEN

sequences of conserved quantities along with a bi-Hamiltonian structure. Further-
more, they showed that the Degasperis-Procesi equation is endowed with weak (con-
tinuous) solutions that are superpositions of multipeakons and described the (finite-
dimensional) integrable peakon dynamics. An explicit solution was also found in the
perfectly anti-symmetric peakon-antipeakon collision case. Lundmark and Szmigiel-
ski [14], using an inverse scattering approach, computed n-peakon solutions to (L.1)).
Mustafa [I6] proved that smooth solutions have infinite speed of propagation. Blow-
up phenomena have been investigated for example in [23]. Regarding the Cauchy
problem and the initial-boundary value problem for the Degasperis-Procesi equation
(1.1), Escher, Liu, and Yin have studied its well-posedness within certain functional
classes in a series of papers [I1], 21} 22].

The approach taken in the papers just listed emphasizes the similarities between
the Degasperis-Procesi equation and the Camassa-Holm equation, and consequently
the main focus has been on (weak) continuous solutions. In a different direction,
Coclite and Karlsen [3, [ [5], Coclite, Karlsen, and Kwon [6], and Lundmark [I3]
initiated a study of discontinuous (shock wave) solutions to the Degasperis-Procesi
equation (L.I). In particular, the existence, uniqueness, and stability of entropy
solutions of the Cauchy problem for (1.1 is proved in [3| 4, [5] and for the initial-
boundary value problem in [6].

When it comes to periodic solutions for the Degasperis-Procesi equation much
less is known. The first results in that direction are those of Escher, Liu, and
Yin [111 21} 22], which apply to continuous solutions. To encompass discontinuous
solutions we herein extend the approach of [3, 4, 5l [6].

Following [3] we rewrite and as a hyperbolic-elliptic system:

Osu + udyu + 9, P =0, (t,z) € (0,00) X R,
(1.5) —02,P+ P = 342, (t,x) € (0,00) X R,
u(0, z) = ug(z), x €R.

Since e~I€1/2 is the Green’s function of the differential operator 1 — 92, the
function P has a convolution structure:

(1.6) P%ax)::P“ﬁ,x)::Zjée’“’mu2@40d%

and (1.5 can be written as a conservation law with nonlocal flux

(S B

? + Z € Ylu (tvy)dy = Oa (t7x) € (07 OO) X R)
R

or as a conservation law with nonlocal source:

(1.8) Butd, ( )+f; [ i (= o)ty =0, (6.2) € (0,00 xR
R

(1.7) @u+@<

u
2
Moreover, the spatial periodicity of u implies the spatial periodicity of P*. Indeed,

3 3
E/Re*\(erl)*MuZ(t?y)dy:Z/Re*\z*(yfl)\UZ(t’y)dy
- §/ef‘z*y'u2(t,y+1)dy: §/6"9’“”9‘u2(t,y)dy,
4 R 4 R

and so P“(t,z + 1) = P*(¢,x).
Following [3] we use the following definition of a periodic entropy solution:
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Definition 1.1. We say that u € L*((0,T) x R), for any T > 0, is a periodic
entropy solution of the Cauchy problem , if
i) for almost every t >0, u(t,-) is 1-periodic;
1) u is a distributional solution of ;
iii) for every convex function n € C%(R) the entropy inequality

(L) Bu(w) + Beqlu) + o/ (WOP <0, qlu) = /uﬁn’(ﬁ)di,

holds in the sense of distributions on (0,00) x R.

The aim of this paper is twofold. First of all, we study the well-posedness
of periodic entropy solutions of the Degasperis-Procesi equation. Second, partly
motivated by the explicit description of bounded periodic solutions found in [20]
(see also [13] [14]), we study the long-time asymptotic behavior of periodic entropy
solutions and prove that they decay to the mean value of the initial condition.

Our main result is the following theorem.

Theorem 1.1. Let ug satisfy . The initial-boundary value problem ,
possesses an unique periodic entropy solution u € L*°((0,T)xR), T > 0. Moreover,
if ve L*((0,T) x R), T > 0, is the unique periodic entropy solution of with
initial condition vy satisfying , then

(1.10) Ju(t,-) —v(t, ')HLl(O,l) < M ||ug — UO||L1(0,1) J

for every n € N and almost every 0 < t < T, where
M =3 loll o=y + 100 | = )

2 2
+ 18T (||U0||L2 0,1) + H'UOHL2 0 1)):| .

Finally, if u € L*°((0,00) x R), we have that as t — oo,

(1.11)

(1.12) ) — / ug(z a.e. and in L} (R), 1 <p < oo.

The article is organized as follows. In Section [2] we introduce a class of regular
approximate solutions and provide a series of uniform a priori estimates. Section
is devoted to the well-posedness of . Finally, in Section [4| we analyze the
long-time asymptotic behavior of bounded periodic entropy solutions.

2. APPROXIMATE SOLUTIONS AND A PRIORI ESTIMATES

We prove prove existence of a periodic solution to the Cauchy problem ([1.1]), (1.2
by analyzing the limiting behavior of the sequence of smooth functions {u.}
where each function u. is the periodic solution of the viscous problem

(2.1)  Opue — 02, ue + 4u Opue = 30,u 0% ue + u 0>, u. + 02 u. — 0L e,

>0

endowed with the initial condition
ue(0,2) = upe(x), z€R,
or equivalently of the following parabolic-elliptic system:
atu5+a( )+8P—€8 2 Ue, t>0,zeR,
(2.2) ~02,P. + P. = 3u2, t>0,zcR,
Uue(0, ) = up (), z eR,
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where we assume that

Up,e € Hfoc(]R), for some £ > 2, wug . is 1-periodic, for every ¢ > 0,
(2.3) ||U0,s||L2(o,1) < ||u0||L2(o,1), ||U0,5||L00(R) < ||UO||L00(R)7 for every e > 0,

upe = up in Li.(R), as € — 0.

Using again the fact that e~1¢//2 is the Green’s function of the operator 1 — 92, we
have an explicit expression for P. in terms of u.:

(2.4) P.(t,x) = P (t,x) = (1 —02,)"! <Zu2> (t,x) = %/]Re_lx_y‘u?(t,y) dy.

The well posedness of the periodic solutions of the viscous problem in
C([0,00); Hf,.(R)) for each fixed ¢ > 0 can be proved using an argument similar
the one of [2] Theorem 2.3].

The first step in the analysis of (2.2) is an uniform L120c bound on the approximate
solution u.. The argument is based on a fundamental H? i . estimate on the quantity

ve = ve(t, z) defined by

1 z—y
(2.5)  ve(t,x) = (4 — 02,) u(t,z) = 1/e*‘ u(ty)dy, t>0,z€R.
R

The use of the quantity v. is motivated by the fact that va (u — aimu) dx is a
conserved quantity of the Degasperis-Procesi equation, where 4v — 8% v = u and u

solves (see [8, 3]).

Lemma 2.1 (L? Estimate). The bounds

[[ue (2, )||L2(0 =2 ||“0||L2 0,1) >

(2.6)
Ve ||axus||L2(R+x(o,1)) <v2 HUOHLZ(o,l) ;
hold for any e >0, n €N, and t > 0.

Proof. We multiply (2.2) by v. — 0%,v. and then integrate the result over (0, 1),
obtaining

Ax

1
—|—/ Ue Op e (Vg 6 Ve dm—i—/ 0 Pe( 85351)5 dx
(2.7) 0 (v )

—5/ 02, uc(ve — 0% 0. )d .

Az
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The periodicity of u. gives the periodicity of v.. Therefore, from ({2.5),
1
2 2
Ay = / O (4ve — 07,0:) (Ve — 07,0 )dx
0
1

= / (40pveve — 404002, 0. — Op Ve + O 00240, ) da
0

(2.8) L
= / (48,5115115 + 58t2x11583;va + 6fxxvaaixvg) dx
0
1d [, ) 5 o 1d 9
= 5% o (41}6 + 5(61«’()5) =+ (vas) )daﬁ == 5% ||'U5(t7 .)”ﬁIQ(O,l) 9
where

2 2 2
(29) 17200y = VA oy + 5 17 1oy + 157 12s 0y VF € HP(0,1).

Moreover, using again the periodicity of P. and vy,
1 1
As = / U0yt (ve — 02,02 )dx —|—/ 0y P-(ve — 02, v.)dx
0 0
1 1
= / U0 (ve — 0% 0. )dx —|—/ 0z (P. — 0%, P v.dx
0 0
1 1
:/ U Optte (Ve — 8§Ev5)dx+3/ Ue Op UV dT
0

0
1 1
= / UeOptte (v — agmvs)dx = / ugazusdm =0,
0 0
1
Az = 5/ 02, (4v. — 92 v.) (ve — 02 v )de
0
1
= s/ (402, 0eve — 4(02,02)% — O papVeVe + O ppgVe0ayv:) d
0
1
= 5/ (—4(835115)2 — 4(8§x1}5)2 + 6§xxv58xvg = (aimvg)Q) dx
0
1
_ _g/ (4(0202)? + 5(02,0.)% + (8%,,00)%) da
0

2
= —€ [|0sve(t, ) 20,1 -

In view of (2.8]), (2.7) becomes

d 2 2
(2.10) et ) 1) + 22 1020t ) 20,1y = O
and hence, thanks to the Gronwall lemma,
t
2 2 2
(2.11) llve(t, ')”1?12(0,1) + 25/0 [0z ve (s, ')HﬁQ(oJ) ds = [|ve(0, ')”Eﬂ(o,l) .

Squaring (2.5 and using (2.9)) we have

1
”ue(t: ')‘&2(0,1) :/0 (16113 + 8(695@8)2 + (321118)2) dr <4 ||Ua(ta ')H%ﬂ(o;) s

1
||azus(t, ')HiZ(O,l) :A (16(817}5)2 + S(aimvg)Q + (8§mzvg)2) d-’I: S 4 ||aa:vs(t, ')||%2(0’1) 9



6 G. M. COCLITE AND K. H. KARLSEN
HUOHL?(O 1) = ”uO 6||L2(0 1)
1
/ (16(02 (0, ))? + 8(0,0:(0, 2))% + (82,02 (0, 2))?) d
0

2
> ||’Ug(0, ) ||H2(0’1) 5

therefore (2.11)) says

t
2 2 2
l[ue(t, )22 0,1y + 25/0 [10ue (s, )2 0,1y d8 < 4 lluollz2(0,1 »

that gives the claim. O

We continue with some a priori bounds on P; that come directly from the energy
estimate stated in Lemma 211

Lemma 2.2. Assume (1.3 and (2.3), and fix any € > 0. Then

(2.12) P. >0,

(2.13) (P ) 0,1y > N0aPe(t, M 10,1y < 6 ||U0||2L2(o,1) , t=>0,
(2.14) 1Pell oo (g, xmy < 12 ||u0||2Lz(o,1) ;

(2.15) 102 Pe |l oo, xr) < 18 ||U0||i2(o,1) ;

(2.16) 1020 P- (8, )| 2 o1y < 12 ll0ollF2 01y s £ =0

for every n € N.

Proof. Clearly, (2.12) follows from (12.4).
From the P. equation in , the periodicity of P., and ([2.12)) we have

1 1
3
/82de+ /Pgd:c =5 /ugdx ,
N N

=[P (£, 11 0,1y lle (691172 6 1)
therefore Lemma gives
2
(2.17) ([ Pe(t, ')||L1(0,1) <6 HU0HL2(0,1) ) t > 0.
Moreover, by (2.4) and (2.12)),

1
0P o) = |
/1

/ / “le=vly2(t, y)dy da = || P.(t, - o1

3
Z@/Re_lx_y‘u?(t,y) dy’dm

§/ I vlsign (y — 2)ul(t, y)dy‘d

and thus, thanks to (2.17)), we arrive at ( -
From the P equation in (2.2)) we obtain

3
H HLI(O 1) < ||P5(ta')||L1 01) ”uS( )||L2(0 1) °

Therefore ) follows from ({2.6]) and -
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Finally, (2.14) and (2.15]) follow from (2.13), (2.16]), the embedding L>°(0,1) C

W11(0,1), and the spatial periodicity of the map Ps. O

Using the W1 bound on {P.}c>0 stated in Lemma we show that the family
{tec}eso is bounded in L.

Lemma 2.3. For everyt > 0,
(2.18) e (8, )l oo (r) < w0l oo ) + 18 HUOHi?(OJ) t.
Proof. Due to and Lemma
Oy + ucOptic — 2021z < (00 Pel| oo (0.00) ) < 18I0l 7201y -
Since the map
F(8) = lluoll oo gy + 180l 7201yt £>0,

solves the equation

df 2
a 18 ||U0||L2(0,1)

and
us(0,z) < f(0), weR,
the comparison principle for parabolic equations implies that
ue(t, ) < f(t), (t,z) € (0,00) x R.
In a similar way we can prove that
ue(t,x) > —f(t), (t,z) € (0,00) x R.

This concludes the proof of the lemma. (I

As a consequence of Lemmas and the second equation in (2.2)) yields
Lemma 2.4. For everyt > 0,

2 2
(2.19) H(‘?ing(t, ')HLOQ(]R) < ||u0||L°°(R) + 12 ||u0||L2(0,1) +18 ||u0||L2(0,1) t.

3. WELL-POSEDNESS OF THE DEGASPERIS-PROCESI EQUATION

Relying on the a priori estimates derived in Section [2] we prove in this section

the existence, uniqueness, and L}, stability of periodic entropy solutions. These

claims are immediate consequence of Lemmas and Corollary [3.1] below.
We begin by proving that there exists at least one periodic entropy solution.

From KHK: Should this
upgraded to a theorem?

Lemma 3.1 (Existence). Suppose (1.3) holds. There exists a periodic entropy

solution to (1.1)) and (1.2)).

We will construct a weak solution by passing to the limit in a sequence {u;}eso
of viscosity approximations, see or . We make the standing assumption
that the approximate initial data {ug ¢} -~ are chosen such that they respect
and (2.3). We use the the compensated compactness method [19, [I8] to obtain
strong convergence of a subsequence of viscosity approximations.



From KHK: I changed this
into a lemma. Ok?

From KHK: Lemma should
be changed to Theorem??
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Theorem 3.1. Let {v,},~0 be a family of functions defined on (0,00) x R such
that

vl poo 0,7y xRy < M, T, v>0,
and the family
{8tn(vu) + 8acq(vu)}l/>0
is compact in H;,'((0,00) x R), for every convez n € C%(R), where ¢'(u) = un' (u).
Then there exist a sequence {vy }nen C (0,00), v, — 0, and v € L*>((0,T) x R),
for any T > 0, such that

vy, = v a.e. and in LY

((0,0) x R), 1 < p < 0.

The following compact enbedding of Murat [I5] will be used.

Lemma 3.2. Let Q be a bounded open subset of RN, N > 2. Suppose the sequence
{Ln},en of distributions is bounded in W~1°°(2). Suppose also that

L, =L, + L],
where {L%}neN lies in a compact subset of ngi(ﬂ) and {L%}nEN lies in a bounded
subset of Mi,.(Q). Then {Lyn},cn

We now turn to the proof of Lemma which will be accomplished through
two lemmas.

lies in a compact subset of HJ}(Q).

Lemma 3.3. There exists a subsequence {uc, }ren 0f {tc}teso and a limit function

(3.1) u e L*((0,T) xR), T > 0, 1-periodic in the space variable,
such that
(3.2) Ue, = u a.e. and in L} ((0,00) x R), 1 < p < oo.

Proof. Let n : R — R be any convex C? entropy function, and let ¢ : R — R be
the corresponding entropy flux defined by ¢'(u) = n’(u) u. By multiplying the first
equation in (2.2]) with n'(u.) and using the chain rule, we get

(3.3) O (ue) + 0zq(ue) = Eaga:n(us) _577”(Us) (81“6)2 + W’(us)amps,
—_——

—.rt —.r2
=Ly, =:LZ

where £!

£,a

Ll,—0in H((0,7) x (0,1)), T >0, n €N,

cg,a are distributions. We claim that

(34) L2, is uniformly bounded in L'((0,7) x (0,1)), T >0, n € N.
Indeed, (2.6), (2.18), and imply

(3.5) ||56:r77(“5)||L2((0,T)x(0,1)) < 2v/e ||77/HL°°(IT,TL) HUOHL2(0,1) =0,
09 e 0] oy <7 emm sl
(3.7) 1 (ue) e Pell 11 0,7y 0,1) < 6T 10 | 1 2., HU0||3;2(0,1)v
where

Tron = (= (o)l g ) + 18ll0ll3 20, T) 10 o gy + 18l l1F20.) T ) -
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Hence, (3.4) follows. Therefore, Theorems and give the existence of a
(3.1]

subsequence {ug, }ren and a limit function u satisfying (3.1) such that as k — oo

(3.2) holds.

Finally, the periodicity of u follows from the periodicity of the viscous approxi-
mants and the pointwise convergence stated in (3.2)). (I

A direct consequence of Lemmas and is the convergence of P..
Lemma 3.4. We have that
(3.8) P., — P in LP((0,T); W2P(R)), T >0, 1 < p < oo,

loc

where {ex}ren and u are constructed in Lemma .

Proof of Lemma[3.1] Let ¢ € C> (R, xR) be a compactly supported test function.

Due to (2.2)),
oo 2
/ / <u5<9t¢ + % 20 — 0. P-¢p + 5%8596(;5) dx dt + / uo.()p(0,2) dr = 0.
0o JRr R

Therefore, (2.3) and Lemma imply that the function u constructed in Lemma
is a weak solution of (|1.1)), (1.2)) in the sense of Definition

Finally, we have to verify that u satisfies the entropy inequalities in Definition
Let n € C?(R) be a convex entropy with flux ¢ defined by ¢'(u) = un’(u). The

convexity of n and (12.2]) yield
9n(ue) + 0zq(ue) +n'(ue) 0y Pe = €3§xn(ue) —en" (ue)(Bpuc)” < Eaﬁw(us)-
—_———
<0
Therefore, the entropy inequalities follow from Lemmas [3.3] and [3.4] a

Using Kruzkov’s method [12] we can prove the L! stability (and thus uniqueness)
of periodic entropy solutions.

Lemma 3.5 (L! stability). Let u and v be two periodic entropy solutions of (1.1
with initial data u(0,-) = ug and v(0,-) = vo satisfying (1.3)). Fix any T > 0. Then

(3.9) Ju(t,-) = v(t, ')”Ll(o,l) < M ||ug — UO||L1(071) ] ae. t € (0,7),
where the positive constant Mr is defined in (L.11]).
As an immediate consequence of this result is

Corollary 3.1 (Uniqueness). Suppose condition (1.3) holds. Then the Cauchy

problem (1.1), (1.2]) admits at most one periodic entropy solution.

Proof of Lemma[3.5 The doubling of variables argument of [12] gives

w2 — 2
2

(3.10)  O¢lu—v| + 0: <sign (u—v) ) + sign (u —v) 0, (P* — P") <0,

where

(311) - 8§$Pu + P = guz’ 7823513” + P = 21}2.

From KHK: This should be
turned into a Theorem??

From KHK: No need for a
separate result for this. Put
the uniqueness result into
the previous Theorem
(Lemmma)?

From KHK: Change Proof
of Lemma to Proof of
Theorem ...
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Employing the periodicity of the map u — v we get

Ju(t,-) —v(t, ')”Ll(o,l) < Jluo — U0||L1(0,1)
t ol
(3.12) — / / sign (u — v) 9, (P* — P") dsdx
0 Jo

< lwo = voll 10,1y + 102 (P* = P) 21 (0,60 x (0,1)) »

for almost every t.
We have now to estimate the last term. We cannot argue as in Lemma [2.2]
because P* — P¥ may change sign. From (3.11)), we have

(3.13) — 92, (P*—P")+ (P*—P") = g (u® —v?).

Since (P* — P?)(t,-) € C*(R) and is periodic, there exists z(t) € (0,1) such that
0, (P — P")(t,z(t)) = 0.
Therefore, integrating (3.13) in (x, z(t)) we get

0.(P = P (1) = [

z(t)

xX

(P* — PY)(t,y)dy — ;/(t) (u2 _ 1)2) (t,y)dy

e =y u+v u—v
:/z(t)(P PY)(t,y)dy 2/95@)( + ) (t,y) ( ) (£, y)dy.

Then
|0 (P = P*)(t,2)| < ||[P“(t,) = P*(t, ) 10,1y

5l vl ooy Nt ) = vt sy
and thanks to Lemma 2.3]
102 P*(t,-) = 0w PY(t, )| 10,1y < NPt ) = P (E )l L 0.0y
T My fult, ) — ot ) e o -
We conclude estimating || P*(t,) = P*(t, )|l 11(9,1)- From we have

(3.14)

3
|P* — PY| = 5 (u® — v*) sign (P* — P*) + 92, (P — P")sign (P" — P)

3 3 U v U v U v
=3 (u? —v?) sign (P — PY) + 92, |P" — P°| — (3, (P" — P"))? 6 pu_puy

<0
3
< Slutvllu = vl + 07, |P" — P7l,
where 0y pu_pvy is the Dirac delta concentrated on the set {P* = PV}. An integra-
tion on (0,1) and Lemma[2.3] give
(3.15) 102 P*(t,-) — 0. P (1, ')”Ll(o,l) < My |lu(t, ) — v(t, ')||L1(0,1) g
where we used the periodicity of the map 9,|P* — P?|, namely
05| P* — P®|(t,0) = 04| P — P"|(t,1), a.e. t > 0.
Using (3.14) and (3.15) in (3.12) we get

t
[[u(t,-) —v(t, ')HL1(071) < lJuo = UOHLl(o,l) + Mr /0 [[u(s, ) —v(s, ')||L1(0,1) ds,
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for almost every t. The claim follows from the Gronwall Lemma.

4. ASYMPTOTIC BEHAVIOR
Let u be the periodic entropic solution of (1.1)) and (1.2). Assume that
(4.1) u € L*((0,00) x R).

Following [I] we introduce the functions

ur(t,z) :=uw(Tt,Tz), Pr(t,x):=P(Tt,Tx), T,t>0,zeR.

Clearly, ur and Pr are 1/T periodic in the space variable.
Since (u, P) solves (1.5)), (ur, Pr) satisfies
atuT + urdyur + O, Pr = 0, (t,z) € (0,00) X R,
(42) a PT+PT_ U’T7 (t,.%')E(0,00)XR,
uT(O, x) = ug(Tx), z eR.

Moreover, up formally solves

o3 30, urd? o2
Dyur + durdur = Ha T UTTz S
Due to (2.6) and (4.1 the estimates
(4.3) l|ur(t, ')||L2(0,1) <c ||U0||L2(0,1) )
(4.4) [z [l Loo ((0,00) xRy < 16l 20 ((0,00)xR) >

11
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hold for any T > 0, t > 0, and some constant ¢ > 0 independent on ¢, and T', where

[T] is the integer part of T'. Indeed

1 1 1 /7
/ un(t, z)dx —/ uw?(Tt, Tx)dx = T/ u?(Tt, x)dx
0 0

T]+1
g—/ Ttmd

T]+1 T 1 1
§—/ ud(z 2[ L+ / ud(z)d.
T 0
Arguing in the same way and using , , 4.4) we have
[T]+1 2
1 Pr(t, ')||L1(0,1) < c—r lluollzz2(0,1 »

(4.5) (T]+1

102 Pr(t, ) 2001) < € [wollz2(0,1) »

IPr [l oo (0,00 xR) < 12/l oo ((0,00) xR) »

for very T'> 0, n € N, £ > 0, and some constant ¢ > 0 independent on n, ¢, and T
Let n € C%(R) be a convex entropy with flux ¢ defined by ¢'(u) = un/(u). It is

not restrictive to assume 7" € L>°(R). We claim that

(4.6) O (ur) + Ouq(ur) + ' (ur)dePr = —pur,
for some nonnegative Radon measure pr on (0,00) x R such that
[T]+1

(47) o ((0,00) % (0,1)) < e " iy o ol 20,1
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for every T' > 0 and some constant ¢ > 0 independent on 7.
The compactness argument of the previous section guarantees that

(4.8) e = wa.e. and in LP ((0,00) xR), 1 <p<ooase— 0,

loc

where u. and u solve (2.2]) and (L.1)), respectively. Defining
ue,r(t, ) := u(Tt, Tx),

we have
(4.9) ue, 7 — up a.e. and in LY ((0,00) xR), 1 <p<ocase—0,
and u. 1 solves

Opue 7 + Oy (u%T) + 8xPE7T = %Qﬁxuej, t>0,zeR,
(4.10) — 2502, Peg + P = 342 4, t>0,z€R,

ue,r(0,2) = ug (Tx), z eR.
We have

Oin(ue,r) + 9eq(ue ) +1'(ue, )00 Pe

(4.11) c

= 7 0%un(ue ) = o' (ue ) D 7).

Since (see (2.6)))

[e%s) 1 [e%s) T
i " 2 _ i " 2
T/o /0 N (ue,7)(Optie, ) dtdx T3_/ / 0" (ue)(Opue ) dtdx

€ 1 [T]+1
< ﬁf/ 0" (us)(Opue ) dtdx
0

LIS
< el poo gy T3 [uollz2(0,1) -

as € — 0 we get (4.6) and (4.7)).

We now use again the argument of the proof of Lemma [3.3] for the family

{ur}r>0. Thanks to (4.4), (4.5), and (4.7), we have that {On(ur) + 0q(ur)}r>0
is bounded in M}, .((0,00) xR). Therefore, Theorems|3.2|and [3.1|give the existence
of a subsequence {ur, }ren, Tx, — 00, and a limit function u* € L°((0,00) x R)

such that as k — oo

(4.12) ur, = u* a.e. and in L} ((0,00) x R), 1 < p < c0.
Moreover,
(4.13) Pr, — P* in LP((0,T); W2P(R)), T > 0, 1 < p < o0.

Using the P equation in and we gain

(4.14) Pp, — g(u*)2 in L},.((0,00) x R) and a.e. in (0,00) x R.
In particular

(4.15) P = g(u*)2.

Therefore, u* is a weak solution of

{@u* +0, 2w)?) =0,  (t,x) € (0,00) x R,

(4.16) ut(0,2) = [y uo(w)dz, xR,
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where we used the convergence of the periodic functions to the mean value as
the oscillations diverge. We claim that u* is the unique entropy solution of (4.16]),
namely

(4.17) u*:/o uo(z)dz.

Let ¢ € C*°((0,00) x R) be a nonnegative test function with compact support.
Thanks to [10, Corollary 2.5] and [I7], it suffices to consider the convex entropy

(4.18) n(u) = IUI3

and its corresponding flux (see (4.16]))

(4.19) a(u) = ubsign (u).
We have to prove that
[e%e) * |3
(4.20) / / <u3|3t<p + (u*)*sign (u*) 3x<p> dtdx > 0.
o Jr
Let 6 > 0 and define
u 53 /u 454

4.21 = ———dE.

Using the entropy 75 and gs in we get

> 1
/ / <775(uTk,)8t<p + 4q5(uTk,)8xgp) dtdx
o JRr

= - (ur,)?
> 0 Pr. 5 (u gadtdx:/ /@P —L—pdtdx
/0 /]R Tk 6( Tk) o . T \/ﬂ
- 8, Pr, (Pr, — =92, P, | —L_ odtd
/‘/ ”(“ T2 n)w;+f ’
T
- 8 PT PT p———
/ / * * /uT +6
8, Pr, 02, Pr, — T odtdz
3T / / * * u%k +45
:—7/ /PT 76xgpdtdx 12/ /(PTk)Q%w(pdtdx
8 Pr) 781<pdtdx

5
— Oy Pr ) ——_odtd
+3T,§/0 /R( i) (uZTk+5)3/2‘p r

1 o uT,
—— Pr)? ——0,¢dtd / / dtd
3/0 A( Tk) u2 +5 2 T — 3T2 Tk 2 +5)3/2s0 x
Tk

pdtdx

From KHK: Replace ”where
we used the convergence of
the periodic functions to
the mean value as the
oscillations diverge” by a
reference to the precise
result.
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(0 Pr,) 78 odtda.
3T2 / / " + 5

The bounds in (4.5) and the compactness of the support of ¢ give

for

)
3T2 / / 5)3/2 pdtdx

(0.Pr,) 78zgadtdx
3T2/ / ' uT +(5
[Te]+1

1
<e—0
< 3T2/ / (Pr,)%*¢ + (0, Pr,)? |(r“)wg0\dtdaj| c 7T,

some constant independent of k. Therefore as k — oo, thanks to (4.12)), ,

and (4.15) we get

/ -/ (n(s(u*)aﬂﬁiqa(u*)@wso) dtde > —> / [ ¢— Oyipdtir.

As § — 0 we get (4.20).
Thanks to m Corollary 2.5] and [17], u* is the unique entropy solution of (4.16)).

Therefore, and ( - ) hold.

Proof of Theorem[I.1. The existence, stability, and uniqueness of entropy solutions
are stated in Lemmas[3.3] 3.5] and Corollary[3.1} The asymptotic behavior is proved
in this section. O
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